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1. Introduction

Often, when modelling the movement of inertial particles in the ocean, the assumption is made that
the object’s mass does not influence its trajectory with no thorough justification of whether this is a good
assumption or not. A detailed summary of current methods in this field can be found in [27]. Purely data
driven approaches without physical modelling can provide new insight into environmental issues connected to
this topic, including ocean plastics [22]. Given the enormous environmental impact of small plastic pollutants
(see e.g. [26]), a better mathematical understanding of models related to this phenomenon are crucial.

In the development of an equation which accounts for the effects of mass, the Maxey-Riley equation
[15] has dominated literature since its introduction in 1983 [16]. Following on from a number of historical
results dating back as far as the 19th century [1,5,10,18,23,25], M. Maxey and J. Riley conglomerated
these results into a useable equation which has proven very appealing to researchers as an ‘off-the-shelf’
solution. Unfortunately, the Maxey-Riley equation is difficult to implement in practice. Specifically, the
equation features temporal memory and thus presents data storage issues when numerically implemented.
Furthermore, the equation is nonlinear and features a nonlocal integral term. These difficulties have been
avoided in some studies by ignoring the Basset history term [16], or the so-called Faxén corrections [13].
These simplifications look to be questionable in light of a growing body of evidence in support of the
role of the Basset history term [7,8,12]. It’s worth noting that making crude simplifications to the Maxey-
Riley equation may appear reasonable on the surface, however throwing away any term in the Maxey-Riley
equation is equivalent to ignoring the corresponding result from the historic literature. Nonetheless, authors
have attempted to use a simplified version of Maxey-Riley for ocean transport applications [3]. Attempts
have been made to circumvent the need for the Basset history term by using a simplified Maxey-Riley
equation and including a stochastic noise to match the equation to experimental data [21]. A recent paper
[20] has given hope to the idea of numerically solving the ‘full’ Maxey-Riley equation with memory, and
attempts have been made to use the Maxey-Riley equation as inspiration to create a framework more tailored
to oceanography applications [2,4,17]. As a separate issue, the suitability of the Maxey-Riley equation for
particles in the ocean remains contentious due to the assumption on the size of the Reynolds number in the
seminal paper [15].

From an analytical perspective, little is known about the Maxey-Riley equation or other fractional differ-
ential equations of this type. In [9] the local existence and uniqueness of weak solutions of the Maxey-Riley
equation is shown. Also, if the solution is differentiable at its initial time, the equations of motion can
be re-written into a form which does permit strong solutions. In this paper, we present a comprehensive
analysis on the Maxey-Riley equation.

We do so by considering the Maxey-Riley model as a fractional differential equation, and use methodology
from fractional calculus to address complications caused by the Basset history term. This follows from the ob-
servation that the Basset history term takes the form of a fractional derivative of Riemann-Liouville type [24].

In this work we show that many of the classical properties of ordinary differential equations (ODEs) also
apply to the Maxey-Riley equation, and in doing so we provide detailed analytical properties for the Maxey-
Riley equation. Since the complications in achieving this stem almost entirely from the Basset history term,
these properties will extend to a class of equations featuring this term. We will address the issue of global
existence and uniqueness of a weak solution, as well as introduce precise conditions under which a unique
global strong solution exists. Furthermore, we will perform a sensitivity analysis with respect to the initial
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condition, thus establishing a restriction on how far ‘nearby particles’ can move apart, as well as prove
that two inertial particles with different initial conditions can not collide within the Maxey-Riley model.
A Dbetter understanding of models featuring memory with this structure will assist in numerical studies by
highlighting certain solution properties and thus enable researchers to understand what properties of ODEs
are preserved in spite of the effect of memory on the solution.

Contribution of the paper.

o In section 3, we introduce assumptions (weaker than those assumed in [9]) under which the Maxey-
Riley equation has local weak solutions. Next, we prove the main result of the section; that solutions
of Maxey-Riley are global in time, building on previous local existence and uniqueness results [9]. In
doing this, we also prove that the classical notion of a ‘maximal solution’ extends to the Maxey-Riley
equation and, in general, to fractional order equations. A Gronwall inequality for fractional differential
equations [14] (see Appendix A) is used to provide the necessary control on the solutions.

o In section 4, we cover the regularity of the solutions of the Maxey-Riley equation. Much of the difficulty
here lies in the behaviour of the fractional order Basset history term at its lower limit ¢y. Conditions
under which solutions are differentiable are introduced.

e In section 5, we examine the equation which governs the evolution of the derivative of the solution to
the Maxey-Riley equation with respect to the initial conditions. This enables us to perform a sensitivity
analysis. A bound on this derivative gives a control on the distance between a pair of inertial particles.
We derive the equation governing the matrix inverse of the derivative with respect to the initial con-
ditions, and we show that this derivative is also bounded. This boundedness proves that two inertial
trajectories, with distinct initial conditions, governed by the Maxey-Riley equation can not meet.

2. Preliminaries and existing analytical results
2.1. Framework

The equations of motion. The results we prove here extend those in Farazmand and Haller [9]. To ensure
clarity we will use much of the same notation as in [9].

For a fluid moving in a domain 2 C R™ with velocity field u : 2 x [0, 00) — R™, we denote the trajectory
of a inertial particle with mass released at time to by y : [tg, 00) — R™, and its velocity by v : [tg, 00) — R™.
We nondimensionalise our problem by length scale L, time scale T, and velocity U which are characteristic
to the ambient flow u. For this flow, we have a Reynolds number (Re) and, for a particle of radius a, the
problem corresponds to a Stokes number (St) where these quantities are defined via the kinematic viscosity

v by
Re = uL St = gi (1)
v 9uT’
In a frame of reference moving with the particle, the Maxey-Riley equation may be written in the following
form
y=v
Du 3R R D Yo
v RDt+< 2)g+2Dt(“+10“ "
(2)
w(s)
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where

and the additional parameters are defined by

2py¢ R 9R 9R
R — 14 ) R Y Y= S50
pr+2pp St 2m 2Re

As in [9], we write equation (2) in the following form

1/2 d

w = —,uw—Mu(Z/,t)IU—’f,U E dS+Bu(y7t)7

t

/ w(s)
Vt—s

to

where Ay, By : 9 X [tg,00) = R™ and M,, : 2 X [tg,00) — R™*"™ are defined by

Ay =u+ %u‘lAu,

3R Du R 1\ D
po= (5 ) (5 o)+ (- 5) v e "
7 o
Ly (Vu+6u VAu) Au,

M, =Vu+ %u‘1VAu.

Well-posedness properties. We consider the integrated version of (5)

t

Mﬂ=m+/wﬁ+%@@ﬁﬂa

to
t

w(s
w(t) = wo + / (—uw(s) — My, (y(s), s)w(s) — Hulﬂ% + Bu(y(s), s)) ds.
—s
to
Remark 2.1. Equation (7) is not a standard ODE, since the integrand of the equation in w has t as an
argument. Standard ODE theory can not be applied and we need to develop all notions and results in the
new context.

Definition 2.1. A solution of (5) is called weak if it satisfies the integrated formulation (7). A solution of (5)
is called strong if it satisfies (7) and also it is differentiable in time.

Remark 2.2. Farazmand and Haller [9] prove that (5) has a weak solution under the following constraints:
that u(z,t) is three times continuously differentiable in both x and ¢ and that all of its partial derivatives
are uniformly bounded and Lipschitz continuous up to order three. Under these assumptions, for any initial
condition (yg,wp) € 2 x R™, there exists some T > ty such that over the time interval [ty,T) the integral
equation (7) has a unique solution (y(t),w(t)) with (y(t0), w(to)) = (Yo, wo). Within the proof of this result,
it is also shown that y,w have continuous paths on the interval [to, to + T, and are hence bounded.



D. Crisan, O.D. Street / J. Math. Anal. Appl. 516 (2022) 126467 5

Moreover, in [9] this result is proven for a closed time interval. We state here the results with the half open
interval [tg,T'). If we were to include the endpoint T" we would have complications defining the derivative at
T due to the inability to define the limit from above. Furthermore, the inclusion of the half open interval
will allow us to introduce the notion of a maximal solution.

Here we will relax these conditions (see (x) below), before extending this result to be global in time.

Remark 2.3. One can not determine whether a solution exists for the system of equations (5) from any
general theorems known to the authors from the literature of both ordinary and fractional order differential
equations (see e.g. [19]). This is due to the specific nature of the nonlinearity of the system.

2.2. Mazey-Riley equation as a fractional differential equation

In the context of the Basset-Boussinesq-Oseen equation, in the 1980s it was observed that the Basset
history integral is in fact a Riemann-Liouville type fractional derivative [24]. The same remark has been
made in the context of the Maxey-Riley equation by a number of authors since [7-9]. To illustrate this, we
recall a definition of fractional derivatives [19].

Definition 2.2. For a real number p € R, define the integer n € Z to be such that n — 1 < p < n. We may
then define the left Riemann-Liouville fractional derivative of order p by

By comparing (8) with (2), we can immediately see that the history integral is a Riemann-Liouville
fractional derivative of order 1/2

toD1/2w( _\/_dt \/t—_S (9)

Following [9], we write the Maxey-Riley equation as a system of nonlinear fractional differential equations

D'y (t) = w+ Au(y, 1),

(10)
to D w(t) = —pw — M, (y, t)w — nul/QﬁtODlmw(t) + B, (y,1).

Whilst this observation has been made as a remark in previous works, its consequences have not been fully
exploited until now.

In the 1960s, Caputo [6] developed an approach to fractional differential equations which allows for initial
value problems to be formulated to involve only the values of integer derivatives of the variables at to (see
e.g. [19]). This means that, in general, initial value problems for Caputo-type fractional differential equa-
tions feature physically interpretable initial conditions. We give below the definition of a Caputo fractional
derivative.

Definition 2.3. For a non-integer real number p € R\Z, define the integer n € Z to be such that n—1 < p < n.
We may then define the Caputo fractional derivative of order p by

CDVF(t) = —— (/ ) s (11)

Tn—p) ) s
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It can be shown (see e.g. [19]) that this derivative is a true interpolation between standard integer order
derivatives, i.e. that

lim EDPf(8) = f(2). (12)

The system of equations (10) has a weak solution under conditions (*) (stated below). However, should
the Maxey-Riley equation featuring the Riemann-Liouville fractional derivative have a strong solution,
then it will coincide with the version of the Maxey-Riley equation where the Riemann-Liouville fractional
derivative is replaced by a Caputo fractional derivative. Farazmand and Haller [9], show that the latter
has a strong solution, nevertheless they do not show the existence of a strong solution of the Maxey-Riley
equations featuring the Riemann-Liouville fractional derivative. In this paper, we close this gap and give
a clean criterion for the existence of a strong solution. In particular, in Theorem 4.1 we show that the
Maxey-Riley equation has a strong solution if and only if w(tp) = 0.

3. Global existence and uniqueness of a weak solution

In this section, we extend the local in time existence and uniqueness result in [9] to a global in time
result. We do so by using variations of the standard arguments from the theory of ordinary differential
equations [11], as well as a tailored Gronwall lemma for fractional differential equations (see Appendix A).
In the following we work with the assumptions:

The velocity field, u, and its derivatives are sufficiently smooth to ensure that the first derivatives

(%)

in time and space of A, and B, are continuous and uniformly bounded in time and space.

By uniformly bounded, we mean that its supremum norm is bounded by some constant L;. Thus there
exists some constant L; such that

”atAu”om ||VAu||007 HatBuHOOv ||VBu||oo < Ly.

Notice that the assumption (*) is sufficient to deduce that A, and B, are Lipschitz in space uniformly in
time, meaning that there exists some L. > 0 such that for any ¢ € [tg,to +T) and y1,y2 € Z, we have

|Au(tay1) - Au(t7y2)| S Lc|y1 - y2| B
|Bu(t,y1) — Bu(t,y2)| < Lelyr — yal .-

Similarly, A, and B, are Lipschitz in space. The assumption (x) is sufficient since the proofs of the lemmata
in [9] may be modified to prevent the use of the boundedness of A, and B, in the same way that those in
Appendix B have been modified to prevent this.

Definition 3.1. A solution (g, w) of (7) with domain [ty,T') is called an extension of the solution (y,w) with
domain [tg, T) if to < T < T and the solutions are identical on [tg, T). The solution (y,w) is called mazimal
if there exists no such extension.

Proposition 3.1. Suppose (y1,w1) and (y2,w2) are two solutions to (7) with domains [to,T1) and [to,T2)
respectively, corresponding to the same initial condition (yo,wo), then the two solutions coincide on

[to 5 min{T1 5 TQ}) .

Proof. See Appendix C. O
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Lemma 3.1. Let {(ya(t), wa(t))}aca be a family of solutions to (7) with initial condition (yo,wo), where A is
an arbitrary index set. Let the domain of (Ya,wa) be [to, To). We define T such that [to, T) = Jycalto, Ta),
and then define a function on [to,T) by

W), w(t) = (ya(t), wa(t)), ift € [to,Ta). (13)
Then (y(t), w(t)) is also a solution to (7) with the same initial condition.
Proof. See Appendix C. O

Proposition 3.2. Assume that u satisfies the conditions in (x), then we have a unique mazimal solution to
(7) with ingtial condition (yo,wo).

Proof. We need only prove that the solution identified in Lemma 3.1 corresponding to the family of all
possible solutions to (7) with initial condition (yo, wp) is the unique maximal solution. We know that (y, w)
is indeed a solution of (7) and it is maximal since its domain contains the domains of all other possible
solutions. It only remains to prove uniqueness.

Let (g,w) be another such maximal solution. Similar to Lemma 3.1, the union of our two maximal
solutions is a solution of (7) with initial condition (yg,wo) and extends (y,w) and (g, ). By the definition
of maximality, this union must be identical to both (y,w) and (§,w) and hence we have uniqueness. O

Theorem 3.1. Assume that u satisfies the conditions (x), then if (y(t),w(t)) is a mazimal solution with
domain [to,T) and T is finite, then (y,w) leaves any compact set S C P x R™ as t approaches T.

Proof. Let (y,w) be a maximal solution of (y,w) to (7) with domain [tg,T) corresponding to an initial
condition (yo,wp). Assume further that there exists a compact set S C 2 x R™ such that the solution
remains inside S, i.e. V7 € (to,T), 3t1 € (1,T) s.t. (y(t1),w(t1)) € S. We will find a contradiction and hence
conclude that no such S exists.

Take a sequence {(yn,wn)}nen defined by (yn,w,) = (y(tn),w(t,)) for a sequence ¢, — T. Further-
more, we assume that (y,,w,) € S for all n. Since S is compact, there exists a converging subsequence
{(Ynys Wn,, ) }wen where t,, — T. We call the limit of this sequence (yr,wr):

(ynk7wnk) — (yT7wT) €S
k—o0

We may take an element of the sequence which is ‘arbitrarily close’ to (yr, wr) in the following way: Ve > 0
ye,, we, ) € S st [T —t1| < e. We will pick ¢; close to T', and use this as an initial condition (y;,,wy,) for
a Maxey-Riley equation with memory starting at a time before ¢1, at tp. In the setup, we have that (y,w)
is given on [tg,¢1) (and indeed beyond this to T) and by construction our Maxey-Riley equation starting at
t; will be shown to extend our solution beyond 7', hence contradicting maximality.

We have that w at ¢; is given by

wltn) = o+ [ —p(s) = Malu(s)s)uls) + Bulyloh s -t [ Has

to tO
If w is extendable beyond T', then for ¢ > T we would have

t t

W) =+ [ —pm(s) = M (u(5).)0(s) + Buly(s). ) ds — ' [ j’i ds, (15)

to to



8 D. Crisan, O.D. Street / J. Math. Anal. Appl. 516 (2022) 126467

and thus

wl(t) = w(ts) = [ —po(s) - Maly(s): 5)u(s) + Buly(s).s)ds

t t1
o 1)2 w(s) d 1/2/ w(s) d
K /—m S+ Ku —\/m S
to to

t (16)
= [ pnls) = Malyls). ) + Bulus)5) — 2L s
e [ wl)wls)
R t/\/tl—s \/t—sd'
We will consider equation (16) together with
w0 =u(t) + [ () + Auly(s). ) ds: (17)

t1

We want to prove that this system has solutions on an interval of length ¢ depending only the compact set
S and not on t;. We define the map

where

(PB)1(t) =, + / 0(s) + Au(E(s), 5) ds, (19)

t1

1/2

(PD),(t) = wy, +/t_ <M+ K

S 4 MLE(D) s>) 0(s) + Bu(€(s).s) ds

(20)

ty
1/2 w(s) _ w(s)
wllt [ -
to

Note that a solution to equations (16) and (17) corresponds to a fixed point of the map P. We define R to be
such that S C By(R), then Lemmata B.1 and B.2 from Appendix B give that, for K = 4max{R, 2R\/T — o}
and any 0 chosen such that

6+ b 4 260 2V6 + Ly < 6 4 pd + 2k V6 4+ 3Ly6 < 1/5,
(2+ K)L.6 < 1/4,
(2L46 + Ay (0, t0) + Bu(0,t0))8 < K/4

the map P has a unique fixed point.
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To complete our proof, notice that J here depends only on the Euclidean norm of the initial conditions,
i.e. on the compact set S. Hence we may choose t; to be within a distance d from T and thus we have
extended our solution beyond the supposedly maximal domain. We have found the required contradiction
and proven our theorem. 0O

Theorem 3.2. Assume that u satisfies the conditions (x), then for any initial condition (yo,wg) € 2 x R™,
there exists a unique global solution (y(t),w(t)) (i.e. a solution on [ty,0)) to the integral equation (7) with

(y(to), w(to)) = (yo,wo)-

To prove Theorem 3.2, we must first introduce a Lemma which finds an appropriate bound on the solution
to (7).

Lemma 3.2. If u satisfies the conditions (x) and (y,w) satisfies (7), on the interval [ty,T), there exists some
(Cy,Cw) depending on T, yo, wo, K, it and Ly such that

sup [y(t)] < Cy, (21)
tE[to,T)

sup |w(t)| < Cw. (22)
tefto,T)

Proof of Lemma 3.2. See Appendix C. O

Proof of Theorem 3.2. Let (y,w) be the unique maximal solution from Proposition 3.2 and [to,T) its do-
main. We aim to show that [tg, T") = [to, 00). Assume the contrary is true, then T is finite. By Theorem 3.1,
(y, w) leaves any compact set S € 2 x R™ as t — T. Take a specific compact set

S = B()(’I’l) X B()(TQ).

For ¢ sufficiently close to T, we know ||y|| > r1 and |Jw| > ra. Since r1, 72 were chosen arbitrarily, we may
deduce that

Iyl lwl| — o0, ast—T.

On the contrary, we have boundedness of y and w from Lemma 3.2. Thus we have reached a contradiction
and proven our theorem. 0O

4. From weak to strong solutions

In the previous section we showed the global existence of a weak solution of equation (7), extending the
known local in time result. We will now explore the observation in [9] that strong solutions exist under
more restrictive conditions and ‘mild’ solutions (which we will refer to here as weak) exist in general.
The interesting relationship between this result and the Maxey-Riley equation in the context of fractional
derivatives is discussed in section 2.2.

In [9] it is stated without proof that solutions to (7) are not necessarily (continuously) differentiable and
hence are not, in general, also solutions to (10). Farazmand and Haller go on to explain that, if continuously
differentiable solutions to the differential form of the equation (10) exist, then under the special initial
condition w(tg) = 0 the Basset history term takes the form




10 D. Crisan, O.D. Street / J. Math. Anal. Appl. 516 (2022) 126467

Reviewing Definitions 2.2 and 2.3, we see that this is equivalent to saying that, in this special case, the
Riemann-Liouville fractional derivative takes the form of a Caputo fractional derivative of the same order.
Thus, if continuously differentiable solutions to (10) exist and w(ty) = 0, then (10) can be written as

to D y(t) = w + Ayu(y, 1), =
s Diw(t) = —pw — My (y, t)w — k> /w § DY *w(t) + Bu(y, t).

In [9], it is proven that this equation (24) indeed admits continuously differentiable solutions with y(tp) = yo
and w(tg) = 0. It still remains to prove under which conditions the solution to (7) is differentiable at tg.
This will involve proving the necessary conditions for the fractional integral

/ w(s)
t/\/mds7 (25)

to be differentiable at ¢y. Without proving this, the expression (23) does not make sense at ¢t = ¢y and thus
we cannot say that continuously differentiable solutions to (24) are also continuously differentiable solutions
o (10). In the following, we resolve this issue.

When considering the differentiability of solutions to (7), we can see that any issues will arise from the
history term (25). In particular, with the following results we clarify under what assumptions this term is
differentiable at t.

We start with some lemmata. In particular, we study the smoothness properties of the integral (25) which
may assist in proving differentiability. Recall that since w is a solution to (7), it satisfies the continuity and
boundedness properties in Remark 2.2. We can certainly prove that the integral (25) is continuous at tg.
Indeed, for every e > 0 there exists § > 0 such that 2K+/§ < e. For this €,6 we have that for |t — to| < &

t/f%ds—j%ds = /\;U%ds
’ ’ ’ (26)

t

1

<K ds < 2K\t —ty < e.

8 /m“ "ot
to

From this, one can deduce that the integral is 1/2-Ho6lder continuous.
Lemma 4.1. Assuming (y,w) is a solution of (7), we have that

(i) the integral (25) is 1/2-Hélder, i.e. there exists some constant C > 0 such that for any ti,ts with
tg < t1 < to we have

to t1
w(s) w(s) 1/2
————ds— | —==ds| < Clty —t 27
[ am - | gam | <cta-np, 0
to to

and
(i) if w(to) = 0 then the following limit exists and is equal to zero

ow()
tligt\/m_o' (28)
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Proof. See Appendix C. O

Lemma 4.2. A solution w(t) of (7) is 1/2-Hélder on the interval [to, to+€) and locally Lipschitz on [to+e€,00),
for any € > 0.

Proof. By Lemma 4.1 (i), there exists some constant C' > 0 such that for any ¢, ts with to < 1 < t2 we
have that the memory term in (7) is 1/2-Holder on the interval [to,to + €) (see (27)). As all other terms in
(7) are Lipschitz continuous, we deduce the 1/2-Hoélder continuity of w.

Tt remains to prove that w(t) is Lipschitz on any interval [tg+ €, T, for any € > 0 and T' > to+ €. Without
loss of generality we will assume that ¢y = 0. The definition of w(t) is then

t

wit) =w(0)+ [ (—mo(s) = Maly(s), syw(s) — mpt/2 25 1 B (y(s),5) ) ds,
) Vi—s

and for ro € [0,1] and ¢, s € [¢, 00) we have

Tot

wirot) — w(res) = / (—pw(q) — M (y(a), 9)w(a) + Buly(). )

T0S

/&d f/Ld
) Vrot — ¢ 4 ) Vros —¢q 1

Making substitutions ¢ = r17¢t and ¢ = r179s in the penultimate and final integrals in the above equation
respectively, we have

rot
wlrot) — w(ros) = [ (—p(a) = M0 0w (a) + Buly(@).0)
T0S
12 7“17“0t d / (riros)
A / R vl
Tot (30)
= [ (~uule) - Ma(ol0) ula) + Bulola). )
TS
— w2 [ (Vrok — W) (7"17"0t) L+ W/ (r1rot) — w(riros) dry
\/ RV 1-— 1 ’
and from local boundedness of w and the assumptions (x), this implies
1/2 |w rirot) — w(rires|)
lw(rot) —w(res)| < Kolt — s| + kp /1o Nie= dry . (31)

To obtain the above estimate, we used the fact that (recall that ro € [0,1])

t—s 1
Vrot — /Tos| < \ro—F———= < —=[t — 5
V7o 03] < O\/i+\/§*2\/é|
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Within the integrand of the above inequality, we may iterate the argument by substituting in the definition
of w to evaluate w(rirot) — w(rirgs). We claim that after iterating k times we have

lw(rot) — w(res)| < Kilt — s + (kp'/?\/705) k+1/\/1_7~1/\/1—r2

1
1
. \/TTH |w(rgs1ms ... rot) — wW(rgs1Tk - .. 708)| drggr ... dr
0

(32)

where {K;,i € N}, k is an appropriately chosen collection of constants. We will prove this by induction,
where the above calculation acts as a base case. Suppose our inductive hypothesis (32) is true, then we
iterate once more by substituting in the difference

|w(rk+1rk coorot) —w(rgp1TE - r05)| < K|t — |
1

W(Tkro rot
+/£u1/2‘(\/rk+1...r0 _\//rk+1.../r08\/ (\/firk)drkﬂ
— Tk+2

0

1
rot) — W(rg42...708)

W(rgts ...
VTk+1---T0S drk+2
V39—t

0

_i_lwl/z

rot) — w(rgss ... ros)|

1
|w(rgss ...
< Kpqalt — s —I—/f,ul/Q./rkH...ros/ driso .
1—7r
) vV k+2

Using our inductive hypothesis (32), we get

1 1 1
1/2 k+2 Tlf—H 7"5
|w(rot) — w(res)| < Kr1lt — s| + (kp/=y/r05) e
]. — T ]. — T2
0 0 0

1 (33)
O/ N |w(rk+2 .. .1ot) — w(rks2...708)| drgqa...dry,
and hence we have proven our claim by induction.
Noting that r; € [0,1] for each ¢ € N, we take supremum over {r;,i € N} to deduce that
sup |w(at) —w(as)| < Kglt —s| +Zx, sup |w(at) — w(as)|, (34)

ael0,1] ael0,1]

where

<

1 1 1 1
k k—1
T = 1/2«/—’““/ N / "2 / / .. dry 35
k (’i:u’ TOS) 1_7,1 1 _ ) m Tk+1 1 ( )
0 0 0 0

We now observe the integral

/2

; k
ay = / T dr=2 / sin*t1gdp . (36)
0 0
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Note that the sequence (ax)x converges to zero as k tends to infinity, and does so at the same rate as 1/v/k.
Indeed, note that

w/2
ag =2 / sin* "1 0(1 — cos?0) df = a_o — % ,
0
where we have used that
/2 w/2
25 k@ /2 25 k41 0
- cos 6 = / 2sin* 10 cos? 9 — % df = / 2sin* "1 0 cos® 0 do — % .
0
0 0

Therefore we have that

ap = i a = 17L a
k—k+1 k—2 = ] k—2 -

Since 1 — y < exp(—y) for positive y, we have, for k odd

T 21
< — — J—
= 5 XP nzzz om |

and the case where k is even is similar. Note that we have used the fact that a; = 7/2, in the case where k
is even we would instead use ag = 2. Therefore

k+1

™ 1 11
\/%akggexp Elogkfizﬁ

n=2

In the following we will use the fact that the sequence (by )y defined as

"1
bkzlogka —
n

n=1

converges to the Euler-Mascheroni constant v. We have that

1 1 1
Vkay, < gexp <§logk—§ (log(ki)—l—b%l)) .

Observe that the limit on the right hand side converges to 7 exp (@ + % + %) In particular, the sequence
on the right hand side is bounded, since it converges, and hence the sequence vkay, is bounded above. The
analysis for the even terms is similar. We have found that there exists M such that

\/EakSM - ap <

5=

thus 7, — 0 as

I < (M/iul/za/ros)k+1 -0 as k— 0.

=~
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Hence we choose k € N sufficiently large to ensure that
Tp <1, (37)
and thus (32) implies

(1-=1Zx) sup |w(at) —w(as)| < Kglt —s|. (38)
a€(0,1]

Rearranging gives

w(t) —w(s)] < sup Jwat) - w(as) £ Tt =), (39)

a€l0,1] B

and we have thus proven our claim. O
We are now in a position to prove the main result of the section.

Theorem 4.1. Under the assumptions (x), there exists a strong solution of the Maxey-Riley equation (5) if
and only if w(ty) = 0.

Proof. To prove this theorem, note that the existence of classical solutions is equivalent to the differentia-
bility of the integral (25) at tg, since the differentiability of the remaining terms in (7) is trivial.

Firstly, assume that w(tg) # 0. Then by adding and subtracting w(to) to the numerator of the integrand
of (25), we have

t

o [l [t

to

_ / % ds + 2w(to) Vi — o

to

One may observe that the second term is not differentiable at ¢y, indeed

. Qw(to)\/t—to . 2w(t0)
lim ——————— = lim ——=% =
t—to t— tO t—to \/t — tO

Since, by Lemma 4.2, w is 1/2-Holder as t approaches tg, we know that for suitably small ¢ — ¢ there exists
some co such that

/tw%m(to . </|w )_utl m w0

to
We have calculated the integral on the right hand side in the proof of Lemma 4.1 (ii), and thus

t

1 w(s) —w(to) CoT
t—to/ i ds ST' (41)

to
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We may conclude that if w(tg) # 0, then the integral (25) is not differentiable at tg and thus solutions of
(7) are not differentiable at ¢y and can not be classical solutions. Hence the contrapositive is true, and if
solutions of (7) are classical solutions, then w(ty) = 0.

We next prove the reverse implication, by assuming that w(tg) = 0. By Lemma 4.1 (i), for w(to) = 0 the
following function is bounded

since

()| Jw(s) — wito)]
Vit it ¢

by the definition of Holder continuity. In this case we have

\/sftoq \/sfto cC 7 Cr
< = —— |2 -to)| =5~ (42)
t—to t—S t—to t—S t—t() 2 2
By Lemma 4.1 (ii) the following limit exists
lim ¢(s) = 0, (43)

s—to

and therefore for ¢ suitably close to ty we have

and thus

7ﬁ6< 1 /\/s—toq(s)d Crn
Vi—s -2

2 T t—tp
to

Hence the integral (25) is differentiable at ¢ = tg, with value zero.
It remains to prove differentiability away from the initial time. By Lemma 4.2, w(¢) is Lipschitz and thus
absolutely continuous, hence there exists a locally bounded measurable function a : [tg,00) — R such that

S

w(s) = w(s) —w(ty) = /a(r) dr.

to

By integrating by parts, we have the identity
s ¢ t d
_ (\/—t— s/a(r) dr) _ /d—<«/—t— 5 (w(t) —w(to))) ds
to §
to

0

to to
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and we thus it suffices to prove the differentiability of

t t t
w(s) — w(to) / w(s)
16 = [aloi—sis— - [ PO g [ B (45)
to to to
Notice that if we prove that f is differentiable for any t > tg, then the Basset history term is differentiable
and hence so is w(t). The proof is from first principles: We have that

tte ¢
t — f(t 1 1
f(t) = lim fltreo =7 = lim |- / a(s)Vt+e—sds— — /a(s)\/t —sds
e—0 € e—=0 | € €
to to
1 t+e t (46)
TTe—s—i—
= lim —/a(s)\/t—l—e—sds —|—lim/a(s) [\/ Femsoy S} ds.
e—0 | € e—0 €
t to
It remains to prove that the limit can be exchanged with the integral. For € > 0, note that
1 t+e 1 t+e
- /a(s)\/t+efsds < |- /a(s)\/gds <( sup la(s)))Ve,
€ € s c
t t €lt,t+e]
the boundedness of a(s) gives
1 t+e
liH(l) —/a(s)\/t+e—sds =0.
€E—> €

t

In the last term in (46) we can switch between the integration and the limit with respect to € by observing
that, for any € > 0, we have

Vtt+e—s—t—s

€

t+e—s—(t—s) < SUPselto ) la(s)]

(Wt+e—s++t—s)| — 2/t —s

a(s)

_ ’a(s)e

and the above upper bound is integrable on the interval [to, t].
For € < 0 sufficiently small so that ¢t + ¢ > t; one shows in a similar manner that

e—0 | €
t

¢
lim 1/a(s)\/t—sals =0.
+e

Also
f oo [T s [t o

where ¢(s,€) =0 for s € [t + ¢,t] and

Vite—s—\t—s  t+e—s—(t—s) - 1

0<q(s,e) = . T e(Vite—s+t—s) " Ji—s
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and we have, for any s € [to, t],

Vit+e—s—+t—s

€

< SUPselto,t] la(s)]

T

and the above upper bound is integrable on the interval [to, t].
Hence we have the required differentiability by the dominated convergence theorem, that is, we have

a(s)

explicitly that

f’(t):/zj%ds. O

to

5. Properties of the solution as a function of the initial conditions

In this section we will work under the following assumptions.

The velocity field, u, is four times continuously differentiable and its partial derivatives are Lipschitz ()

continuous up to order four.

5.1. Behaviour of neighbouring inertial particles

Proposition 5.1. Under the conditions (xx), the distance between two trajectories at any time t is controlled
by the difference between their initial conditions. Indeed, for two initial conditions x1,xs € R2", there exists
some constant M such that

ly(t, z2) —y(t, z1)|| < Mllza — 2],
[w(t, z2) — w(t,z1)|| < Mllzz — 21,

where the notation y(t,x;) and w(t,z;) is used to reflect the dependence of the solution on its initial condi-
tions.

Remark 5.1. This result implies that one can ensure that two trajectories are arbitrarily close at time ¢ by
selecting suitably close initial conditions for them.

Proof. Suppose (y(t),w(t)) denotes a solution of (5) corresponding to an initial condition (yo,wq) € R?™.
We denote the derivatives of y and w with respect to (yo,wo) by Dy and Dw respectively. Note that these
derivatives are matrix valued and may be considered as a map [tg, c0) — R™*?", As in [9], these derivatives
satisfy the equation

Dy(t) = (I,|0n) + (Dw(s) + VA, (y(s), s)Dy(s)) ds,

Du(t) = (Oull) + “47)

/
/t ( — nDw(s) — L(y(s),w(s), s)Dy(s) — Mu(y(s), s) Dw(s)

— H,ulﬂgzu—_@ + VB, (y(s), S)Dy(s)) ds,

where £ is an n-dimensional square matrix with components defined by
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and I,, and O,, denote the n-dimensional identity and null matrices respectively.

The equation (47) has solutions under assumptions (xx). With a similar methodology to that developed
in section 3, this result may be shown to hold globally in time. Under assumptions (xx), we have that
VA,, L, M, and B, are all bounded and we thus have sufficient conditions to apply a fractional Gronwall

argument as in Appendix A. Let

ft)= sup > [Dy'(s)|+ |Dw'(s)], (48)

s€[to,t] ;1

then there exist constants C7, Cy such that

£(t) < 2n—|—/le(s) ds+/02(t—s)_1/2f(s) ds . (49)

We may once again apply the Gronwall inequality from Appendix A. Hence Dy and Dw are bounded above
on intervals [tg, T') for all T > ty. Suppose M is such that Dy and Dw are bounded above by M. Then, for
two initial conditions x1, z2 € R%?® we have

z2
ly(t, x2) — y(t,z1)| = /Dy(tZ) dz < M||lzs — 2],

1

To
l(t, z2) — w(t, z1)|| = / Dy(t.2)dz < Ml — 21| . ©

Z1

5.2. Non-collision of inertial particles

Proposition 5.2. Under conditions (xx), the distance between two trajectories is always strictly positive if
their initial conditions are distinct.

Proof. Define the matrix Dy by

then this matrix evolves according to the equation

t
On On ds
Do) = [ (07 ey, ) Do) 1
to
t (50

VA, (y(s),s)I, I,
+ / ((VBu(y(S), s) — L(y(s),w(s),s))In  —(p+ Mu(y(s), S))In) Dyp(s)ds.

to

Immediately following Appendix D, the inverse of Dy(t) evolves according to
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et [0 8 ) g
. (51)
1 VA (y(r),r)I, I,
_/DQO (r) <(VBu(y(r),r) — ﬁ(y(r),w(r)m))ln —(,u + M, (y(r), r))]n> dr.

Since left and right Riemann-Liouville derivatives are equivalent up to time reversal, the same Gronwall
argument from Appendix A may be applied. This is valid since u is sufficiently smooth and bounded under
the assumptions (xx) for the coefficients to satisfy the required conditions for the Gronwall theorem to hold.
Hence there exists some M which is an upper bound for Dy~!' and Dw™!, and hence

1
0<=<Dy,Dw. O (52)
M

5.8. Time reversibility property

We have so-far shown that the solution of the Maxey-Riley equation was shown to be injective as a map
from the initial conditions to the solution at time ¢. In order to prove that this map is surjective we need
to show that, for any point (7,w) € R?", there exists some solution (y(t),w(t)) corresponding to an initial
condition (yo,wp) and some time T such that (y(T),w(T)) = (y,w). This is related to the idea of time
reversal.

Our existence and uniqueness results for the Maxey-Riley equation apply forwards in time. Thus, if we
know the value of our solution at a particular time tg, our existence and uniqueness results only provide
us information about the problem beyond this time, and not before it. To extend on this, we introduce the
concept of a right fractional derivative defined as follows.

Definition 5.1. For a real number p € R, define the integer n € Z to be such that n — 1 < p < n. We may
then define the right Riemann-Liouville fractional derivative of order p by

D210 = o (%) /b (5 — 1"~ (s)ds. 53)

Notice now that this derivative is equivalent to the left derivative under time reversal. Indeed, where

s = —c and t = —7, we have
D50 = ot (4] / (t — 57 f(s)ds.
- (1) / (-7 + )" f(~0) (~1)do

—a

1 d\" e

v (3 [ e o = 2 = D s ).
T

Thus, by relabelling the time variable to ensure that memory is accumulated starting at time ¢ = 0 (i.e.

to = 0), the ‘backwards’ equation for the Maxey-Riley equation has a similar form as the forwards equation,

with the Basset history term being a right Riemann-Liouville fractional derivative rather than a left one.
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By existence and uniqueness arguments similar to those for the forward equation, the backwards equation
has a unique solution and hence time reversal is possible within this model.
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Appendix A. Gronwall result for fractional differential equations

The following version of Gronwall’s lemma may be applied to a broad class of fractional differential
equations, it may be found as Theorem 1.4 in [14].

Theorem A.1. If, for any t € [0,T), we have

t

n

at) + 3o0(0) [ (¢ )" Mu(s)ds, (54)
i=1 rd

where all the functions are nonnegative and continuous, the constants B; are positive, and b; (i =

1,2,...,n) are the bounded and monotonic increasing functions on [0,T]. Then, for any t € [0,T), we

have

u(t) < sup | a(t)+ Z Z Hl ilb

te[0,T] k=1 \1/,2/,... k'=1 Z 1 ﬁl

/ Liz 151’71a(s) ds < 0. (55)

0

Remark A.l. For bounded b; and a, the infinite sum in (55) converges. To show this, we assume that
a(t) < A and b;(t) < B for all i = 1,...,n, furthermore we may assume without loss of generality that £;
are ordered 81 < B2 < --- < 3,,. We label the terms of this series ay, and for k& > 2/8; we have

S Bk(maxi F(ﬁi))

ap < A T max{t, 1}Fn
v e T(SEB) kB
k
x
< Ank——— where z := Bmax{T, 1}’ maxI'(5;
= T 1By ) kB {T, 1} maxT'(8;)
k
<Az
T(kp1)

for a constant A’. Note that the inequality in the second line above is only true for k£ > 2/8; since the
gamma function is increasing on the interval [2, 00) however is decreasing nearer to 0. We split &k into the
following subsets S, = {k : m < kB; < m + 1}, and notice that on S,, we have I'(kf1) > (m — 1)!. Thus
we may bound ay by the terms of the following series

ZZA’

m=2keS,,
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We have
Z ok < mﬁt 1ymﬁt1 , where y := max{z, 1},
k€S,
and the sum defined by
S gmt v
— B1 (m—1)!

obviously converges. Hence the infinite sum in (55) converges as claimed.
Appendix B. Lemmata for the map P

Proofs of the following lemmata, which are analogous to lemmata 1 and 2 from [9], are required to
complete the proof of Theorem 3.1. We define the following space of functions

Xsx ={f € C([tr,t1 +90);R™) : ||f[| < K}

where m can be either n or 2n as required. Note that in the following we will be dealing with the map P
defined by (18), in the context of which ® is 2n-dimensional and 7, £ are n-dimensional.

Lemma B.1. For P as defined by equation (18), there exists a K > 0 large enough and § = 6(K) > 0 small
enough and independent of the initial condition such that P maps functions from X5k to Xs k.

Proof. We must first prove that P® is continuous for continuous ®, given assumption (). This continuity
is obvious with the exception of the continuity of the integral

[ ()
/ T as (56)

for n € Xs Kk, as well as the integral

i w(s)
/ L as (57)

for w € X5 . Following same argument as in the proof of Lemma 4.1 (i), we may see that (56) is continuous.

It remains only to prove that (57) has the required continuity. Recalling that R is such that w € S C BO(R),
2

we have that (57) is continuous at 7 since for all € > 0, if we have [t — 7| < {55z, then

tl tl tl tl
w(s) w(s) / w(s) w(s) / 1 1
ds — ds| = - ds| <R - d
/\/t—s * /\/T—S ° Vi—s JT—35 1= Vi—s T—35 i
to to to to
=2R| —Vt — 1+t —to+ VT — 11 — VT — 10|
<2RIVT —t1 =Vt —t1| + 2RVt — to — /T — to|
|7 — ¢ [t — 7]

\/T7t1+\/t7t1 \/t7t0+\/77t0

=2R + 2R
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|7 — ¢ [t — 7|
< 2R + 2R <AR+/|T — ]
VIt =t VIt =]

<e.

We find a bound on P as follows

t

(P®)(1)] < llyo + / 0(s) + Au(€(s). 5) ds]lnc

o /2
+lhwo + / (10 T M(E05):9)) o)+ B, )

t1

1/2 w()d”
¢— Vi—s

+ [|rp
Let us examine the integral in the final term as follows

(Vt—s—+ty —s)ds

/\/tlTs\/ﬁ /mx/h—s

w(s)(t — t1)
\/tfs\/tlfs(\/tfs+\/t175)’

and we can bound this using |t — t1| < 0, VI — s > /I — 1 and /T — s + T1 — s > VI — t1 > /0

w(s) 8)d w(s
m Vies mmw =l s

oo 0 0o

< 2R+\/T —to.

o0

1
1
R ds
- \/tl — S
to
Recall that, from assumption (x), we have for any z1,z2 € R™ and 71,7 € R

|Ay(z1,71) — Au(z2,72)| < [Au(z1, 71) — Aulz2, 71)| + |Au(z2, 71) — Au(22, 72)|
< |[[VAulloolz1 — 22| + ([0t Aulloc|T1 — T2l
< Ly (|21 — 22| + |11 — 72])

|Bu(z1,71) — Bu(w2,72)| < Ly (|o1 — 22| + |71 — T2|) |

by the mean value theorem. By integrating from t; to ¢,

t t

[ A9 < [ Ll +1s = ta) +14,(0,t0) ds

t1 tl

< Lylllloo(t = 1) + Lpd(t — t1) + [Au(0, t0)|(t — t1)

o0
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/Bu(g(s),s) < LpllElloo(t = 1) 4+ Lpd(t — t1) + [Bu(0, to) [(t — t1)

Hence we may improve our bound

((PRYO] < [y + hwe, |+ [1Plloe (¢ = t1) + plt = 1) + 2642 VE= T + Lyt = t1) + 2Lyt — 1))

+ 2R\/T — to+ (t — t1) [2Ls6 + Ay (0, to) + Bu(0,t0)] .
Setting K = 4max{R,2R\/T — to} and § such that
§ 4 ud + 26 V8 + 30,6 < 1/4,  (2Ly6 + Ay (0, to) + By (0,t0))8 < K /4,
we have that our lemma holds. O

Lemma B.2. For P as defined by equation (18), there exists § such that for any ®1, P2 € X5 x we have

1
[PP1 = P®sfloc < S [[P1 = P2foc (58)
Proof. The proof of this is as in Lemma 2 in [9], since in P®; and P®, the integral from tq to ¢ is the
same and thus cancels. Thus the proof exactly follows that of the standard Maxey-Riley system without
additional memory, with no modifications necessary since the boundedness of A, and B, is not used. Thus
this lemma holds for § sufficiently small to ensure that

64 ud + 26p V6 4+ Lyd < 1/4, 2+ K)LS <1/4. O (59)
Appendix C. Proving the results from sections 3 and 4

Proposition 3.1. Suppose (y1,w1) and (y2,w2) are two solutions to (7) with domains [to,T1) and [to,T2)
respectively, corresponding to the same initial condition (yo,wp), then the two solutions coincide on
[to,min{Tth}).

Proof. For ¢ in [to, min{7y,T>}) we have

t

yi(t) zy0—|—/wi(8)—|—Au(yi(s),s) ds, 1=1,2

’, (60)
w;(t) = wo +/ (—uwi(s) — My (y:(s), s)w;(s) — nulm% + Bu(yi(s),s)> ds, i=1,2.

to

We now consider the Euclidean norm of the differences ||y — y2|| and ||wy —ws]|, and find a bound on these
as follows:

[y1(t) — y2(t)]

Il
g
[y
—
»
~
|
g
no
—~
»
~—
+
b
IS
—~
<
[
—
»
~—
»
~
|
b
IS
—~~
<
V)
—~
w0
~
»
~—
Qu
»

(61)
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and

[w1(t) —wa (D) = H / —p(wi(s) — wa(s)) = Mu(y1(s), s)wi(s) + Mu(y2(s), s)wa(s)

el ( wi(s)  wa(s)

ol ﬁf) T Bu(y(s). 8) — Bulya(s). s) ds

. (62)
< /ullﬂu(S) —wa(s)[| + Lollwi(s) — wa(s)]|

ropl/?

t—s

[wi(s) = wals)| + Lellya(s) — ya(s)| ds.

We have uniqueness from an application of the Gronwall result from Appendix A with ‘u(t)’ equal to
lly1(t) — y2 ()| + |lw1(t) + wa(t)]], noting that a(t) = 0 in the case of the above bounds. O

Lemma 3.1. Let {(ya(t), wa(t))}aca be a family of solutions to (7) with initial condition (yo,wo), where A is
an arbitrary index set. Let the domain of (Ya,wa) be [to, To). We define T' such that [to, T) = Jycalto, Ta),
and then define a function on [tg,T) by

(y(t), w(t)) = (Yo (t),wa(t)), ifte [to,Tu). (13 revisited)
Then (y(t), w(t)) is also a solution to (7) with the same initial condition.

Proof. We must justify first that (13) gives a consistent definition of (y,w), i.e. that (y(¢),w(t)) does not
depend on the choice of a. For t € [tg, Ta,), (13) gives that (y(¢), w(t)) = (Ya, (t), wa, (t)). If ¢ also belongs
to [to, T, ), then t € [to, min{T,,,Tu,}) and therefore our uniqueness result Proposition 3.1 implies that
Yoy (£); Wy (1) = (Yaun (), ey (t)) for this value of .

Now we prove that (y,w) defined by (13) defines a solution to (7) on [tg,T). We know that ty € [to, Ta)
for any « and therefore

(y(to), w(to)) = (ya(to), wa(to)) = (Yo, wo), (63)

since (Yq, Wy ) is a solution to (7) with initial condition (yo,wp). Furthermore, for any ¢ € [to, 7)) there exists
a such that t € [tg,Ty). We know that (ya,ws) solves (7) on [to,Tw), (¥, w) = (Yo, Ws) on [to, Tu), and
therefore (y,w) solves (7) at any t € [to,T). O

Lemma 3.2. If u satisfies the conditions (x) and (y,w) satisfies (7), on the interval [ty,T'), there exists some
(Cy,Cw) depending on T, yo, wo, K, it and Ly such that

sup [y(t)| < Cy, (64)
t€lto,T)

sup |w(t)] < Cw. (65)
t€lto,T)

Proof. We seek to apply a bound on the solution using the integrated form of the equation. We first notice
that, as in Appendix B, we may bound the integral of B, (y(s), s) using the Lipschitz property. That is, for
any x1,r2 € R™ and 7, € R, we have
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|Bu(x1,71) — Bu(x2,72)| < |Bu(z1,71) — Bu(z2,71)| + |Bu(22, 71) — Bu(22, 72)|
< |IVBuylles|z1 — 22| + [|0: Bulloo| 71 — T2

< Ly(lzy — 22| + |11 — 72).-
Therefore, choosing 1 = y(s), 71 = 8, and 29 = 72 = 0, we have that

t t

] [ Butos)s)ds| < [ Loty + D)+ 1Bu0,0)1 s

t() tO

t t
SLb/|y<s>|ds+Lb/|s|ds+ 1B(0,0)](t — o)

Ly(t? —t

SLb/Iy(s)Ids+ 5 g)+|Bu(o,o)\(t_to).

Beginning with the equation for w, we seek a bound on the solution as follows

(o) < funl + | = ) = Mo, 9(s) = 2 ZEL 4 Buty(s). o] s

<funl + [ 1ot alloo)]+ e ? L | 1B, o] ds

< uo +|M+Lb|/|w ) ds -+ w”ﬂ/ ) ()| ds

Ly(t? — 3)

0+ [Bu(0,0)](t — to)

4Ly / ly(s)| ds +

We now proceed with the equation for y

ly()] < [yol +/IW(8)| + [Auly(s), )| ds

to

/|w \ds+Lb/|y )| ds + ( )+|A (0,0)|(t — to) -

We then must consider the above inequalities for |y(s)| and |w(s)| as a pair. In particular, we define a(s) by

a(s) = [y(s)] + [w(s)],

and then we have the following inequality
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a(s) < a(to) + Ly(t* — t5) + (1A4u(0,0)| + [Bu(0,0)])(t — to)

¢ ¢
—l—max{l,u—i-Lb}/a(s) ds + |/@u1/2|/(t—s)_1/2a(s)ds.
to t()

A Gronwall-style result of S. Y. Lin [14], gives a bound on the solution as required (see Appendix A). O

Lemma 4.1. Assuming (y,w) is a solution of (7), we have that

(i) the integral (25) is 1/2-Holder, i.e. there exists some constant C > 0 such that for any ti,ts with
tg < t1 < to we have

to ty
/ \/—fz(ids— / \/—Z(—s,)sds < Clty = 0['/?, (27 revisited)
to tO

and
(i) if w(to) = 0 then the following limit exists and is equal to zero

Lo w(t)
tlg?o\/tf—to_()' (67)

Proof. We prove the two parts separately, beginning with part (i).
Part (i): We bound the left hand side of (27) as follows

and it remains to prove that both terms on the right hand side are indeed 1/2-Ho6lder continuous. By the
same argument as (26), the first term is 1/2-Holder and so is the second term since

t1 tl
/ w(s) B w(s) s SK/ 1 B 1 s
\/tQ_S \/tl—S \/tg—S \/tl—S
to tO
< ’—2K\/t2—t1 +2K\/t2—t0—2K\/t1—t0’
< 2Kty — t1 + 2K |Vta — tg — V1 — to|

|t2 — 1]
< 2Kty —t1 + 2K
Vit —to+t —to
|t2 — 1]
< 2Kty —t1 + 2K

\/tg—tl —l—\/tl — 11
S 4K \% t2 - tl?
where in the first line we have made use of the boundedness property of solutions to the Maxey-Riley

equation, see Remark 2.2.
Part (ii): Recall that w satisfies

t

w(t) = w(to) +/ (uw(s) — My (y(s), s)w(s) — ku'/?

to

w(s)

\/T—s + By (y(s), s)> ds . (68)
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Dividing through by /t — ¢y and considering w(tg) = 0, we have

rpt/? w(s)

d
\/t—to Vit—s y
to

A [ () Myl s)uls) + Buly(s),5)) ds —

Vi—to  Vi—to (69)

We know that w is locally bounded and, under assumptions (x), M, is uniformly bounded and B, is
sufficiently smooth to ensure that it is locally bounded on each interval [tg, t]. Hence, there exists some ¢,
which (locally) bounds the integrand of the first integral on the right hand side and hence

T [ (i) = Ma(y(s). )uls) + Bulu(s). ) ds < 1T . (70)

We may therefore deduce that

. 1
Jim / (—peo(s) — M, (y(s), s)w(s) + Bu(y(s), s)) ds = 0. (71)

It remains to show the existence of the limit

1
li ds =
tg?o\/t—to/\/t—s §
to

. 1 1 r
Jim | / — / (=rw(r) = Maly(r),r)ulr) + Buly(r), 7)) dr ds (72)

1 1/2
i drds|
tﬂﬁ{\/tto \/t—s/\/s— " S]

where to show the equality we have used the equation (7) for w(s). We may bound the middle line of (72)
by

C1 ; S — to
~ M e Bt ) s = = s

s | i f

The integral on the right hand side may be calculated by making a suitable substitution

t 0 t—to
— t—tn —
/S / 0 — —————2udu = / (t—to) —u’du
to Vi—To 0

=2 ((t - t0)3/2 _ %(t — t0)3/2> _ g(t _ to)3/2 )

Therefore, the limit in the second line of (72) is equal to 0. We now observe the limit in the final line of
(72), i.e
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}H?O[\/tlto / \/tl_s t/ ;;(i)r drds]. (73)

First recall that w is bounded by K, then we may bound and again calculate by making a series of suitable

substitutions
R S B
w(r
drds < drd
\/t—to/\/t—s/\/s—r " s_\/t—to/\/t—s/\/s—r ras
to to
/\/Sftg
\/t—to tfs
JE (74)
/ du
t—to J \/t—u2—t0
/2
§4K\/t—t0/sinQHdesz/t—to,
0
and thus

, L1 [ ) -
tlgglo \/t—tot/\/t—s/\/s drds| =0. (75)

Putting these calculations together, we have proven our claim. O

Appendix D. Fractional evolution of a matrix inverse

If an n X n matrix, My, evolves according to
M, =1, +/AsMsd8,
and another matrix, N, according to
Ny =1, —/NsAsds.
Then we have

N:M, =1, +

t
/ dN,
ds

to

:InJr/NSASMg ds—/NsAsMsds

=1,.
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Thus, det(N:M;) = det(Ny) det(M;) = 1 and therefore det(M;) # 0 and M; is invertible. Moreover, NV; is
the inverse of M; for all ¢.
In the fractional case, this is less simple. Suppose instead that M; evolves according to

t
1 AgM.

My=1,+— > % ds, 76
t + ﬁ/ Ji—s S (76)

to

S0, in differential form,
dM.

S =0 D). )

Recall that the right Riemann-Liouville fractional derivative may be defined similarly to the standard, or
left Riemann-Liouville derivative in Definition 2.2, by instead changing the equation (8) to

DL = s () [0 s (19

We then note that, for continuous functions f and g, we have the following result

“\@'

b

b
/ F(t)aD%g(t) ds = / a(s)D§ f(5) ds (79)

a

Suppose now that the matrix Ny evolves by

¢

1 N, A,
Ny=1I+—=

+ NZ IRV

dr, (80)

where this evolution depends on time. In differential form this is

AN,

= D}*(N,A,). (81)

Now suppose that A; = A is constant, then we have

t t
dMg dNg
NtMt:InJr/Ns ds+/ Mds,
to

ds ds
to
¢ t (82)
— I+ / Ny DY2(AM,) ds — / DY2(N, A)M, ds
to to
Now by the equation (79), we have
NtMt = In ) (83)

and thus we have determined the equation for the inverse when M; is a matrix evolving according to a
fractional differential equation.
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