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Free vibrations of spatial frame structures:
Analytical modelling and solution

Omer Ekim Genel' ®, Mertol Tiifekci2®, and Ekrem Tiifekci'

Abstract

This study analytically handles the three-dimensional free vibrations of spatial frames using the initial values method,
considering the axial and shear deformations alongside rotary inertias, namely, torsional, in-plane bending and out-of-plane
bending. To handle the spatial geometry, the direction cosine matrices are used. Validation is performed with three cases in
total, one case available in the literature alongside two numerical examples that are solved analytically and compared to the
finite element models. Excellent agreements are found between the analytical results and the results in the literature, as well

as those obtained from the finite element models.
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I. Introduction

Beams, with various geometric and material characteristics,
are one of the most common load-carrying members that are
used in many engineering structures such as shafts of ro-
tating machinery, turbine blades, vehicle chassis, buildings,
marine structures, etc. (Chaker and Cherifati, 1999; Chen
and Zhu, 2021; Ibrahim et al., 1996; Tiifekci et al., 2020a,
2020b; Tuzzi et al., 2020; Woo, 1986; Yucel et al., 2014,
Zhu et al., 2016). Beams usually have predictable me-
chanical characteristics due to their geometric simplicity,
which allows certain assumptions to be made. These as-
sumptions typically depend on many parameters like the
deformations the beam undergoes, cross-sectional proper-
ties of the beam as well as the geometry of the beam axis
(Eroglu and Tufekci, 2017; Freund and Karakog, 2016;
Tiifek¢i and Arpaci, 1998; Tiifekei et al., 2020a). Therefore,
the assumptions must be made carefully considering the
properties of the beam. Correctly made assumptions sim-
plify the mathematical expressions, significantly reducing
the need for intensive computational resources without
introducing much inaccuracy.

Tailoring the mechanics of a particular structure to meet
the operational requirements is the primary purpose of the
design process. To build stiffer structures or to meet the
design criteria, one can tune the material properties, which
can be done by employing functionally graded materials.
Thus, members made of functionally graded materials are
found quite useful (Al-Furjan et al., 2020; Huang et al.,
2021; Kumar et al., 2021; Van Vinh and Tounsi, 2022).
Apart from the materials, geometry is also another useful

design parameter. To this extent, beams are mounted to-
gether, and these structures are called frames (Ansell, 2005;
Antes et al., 2004; Lin and Ro, 2003; Lin and Wu, 2005;
Mead, 2002; Moon and Choi, 2000; Ovunc, 1974; Rafezy
et al., 2007). The most recent example of these structures in
mechanical engineering can be given as three-dimensional
load-carrying systems in aerospace structures that require
lightweight and stiffness simultaneously (Kaiser et al.,
2017; Wallner et al., 2010; Zbrowski, 2014). As assem-
blies of multiple beams, frame structures display similar
behaviour to the beams but with a more complex nature.
The complexity is, of course, caused by the interaction of
the axial-flexural-torsional deformations of individual
beams belonging to the frame structure (Ng and Kuang,
2000; Yucel et al., 2014). Alongside these couplings,
preloading is a common issue with the frame structures.
These beam structures can be mounted together so that the
structure remains loaded without the effects of gravity or
any other external factor, which clearly influences the
dynamics of the frame (Howson and Williams, 1973; Mead,

'Faculty of Mechanical Engineering, Istanbul Technical University, Istanbul,
Turkey

2Department of Mechanical Engineering, Imperial College London, London,
UK

Received: 23 May 2022; accepted: 28 July 2022
Corresponding author:
Mertol Tiifekci, Department of Mechanical Engineering, Imperial College

London, Exhibition Road, London SW7 2AZ, UK.
Email: m.tufekeil 7@imperial.ac.uk


https://uk.sagepub.com/en-gb/journals-permissions
https://doi.org/10.1177/10775463221122086
http://journals.sagepub.com/home/jvc
https://orcid.org/0000-0003-2574-5036
https://orcid.org/0000-0002-5530-1471
https://orcid.org/0000-0003-3991-4005
mailto:m.tufekci17@imperial.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1177%2F10775463221122086&domain=pdf&date_stamp=2022-08-18

Journal of Vibration and Control 0(0)

2002). Also, nonstationary loads can be applied to the
system that requires detailed investigations (Chen et al.,
2019; Sophianopoulos and Kounadis, 1989).

Most studies handle frames’ vibrations by employing
various numerical methods. The finite element method
(FEM) is among the most prominent numerical methods.
Taking advantage of its standardised workflow and flexi-
bility, this scheme can serve decently for even the most
complicated structures. Nikolakopoulos et al. (1997) de-
velop a finite element for determining crack location and
depth in planar frame structures. Chen and Wu (1995)
develop the finite element-based strip wavelet element
method, which enables one investigation of the vibrations of
frame structures with better precision. Pham et al. (2020)
study the vibrations of functionally graded frame structures
with semi-rigid joints and uncertainties. Massumi and
Absalan (2013) present a numerical study handling pla-
nar frames with moment-resisting joints. Basci et al. (1979)
formulate a finite element for more precise modelling of the
vibrations using displacement functions obtained from the
exact solution. Ranjbaran (2014) explores the effect of
stiffening members on the vibrations of frame structures. Li
et al. (2022) investigate the dynamic behaviour of a solar
greenhouse modelled as a three-dimensional frame structure
subjected to wind loads. Lumped mass properties, often
employed to represent complicated mechanical systems,
simplify the problems with frame dynamics (Rezaiee-
Pajand and Khajavi, 2011). In contrast, consideration of
continuous mass properties improves the accuracy and the
representation capabilities of the model significantly
(Ovunc, 1974). Apart from FEM, there are other numerical
methods, such as the differential quadrature method (Al-
Furjan et al., 2021, 2022; Cuong-Le et al., 2022; Fatahi
et al., 2015; Wang et al., 2004).

Furthermore, Ibrahim et al. (1996) investigate the in-
fluence of the frame stiffness on the vibrations of frame
structures that are used to construct trucks. Chan and Ho
(1994) model the hinges in steel frame structures as semi-
rigid and perform linear and nonlinear vibration analyses of
these structures. Minghini et al. (2010) study the vibrations
of fibre-reinforced polymer planar and spatial framework
structures with the same joint properties. Kamgar and
Saadatpour (2012) present a method to calculate the first
natural frequency of a complicated system in which frames
are involved.

Even though vibrations of frame structures can be ef-
fectively analysed by utilising finite element analysis, it
should be emphasised that analytical approaches can be
more effective, especially in the investigation of certain
parameters that can affect the dynamic behaviour of the
structure. It is observed that there is a minimal number of
published studies that utilise analytical approaches in the
literature. Due to the complexity of the expressions obtained
during analytical modelling, usually simpler systems are
handled, such as a two-member frame (Heppler et al.,

2003). Another common simplification is to separate the
in-plane and out-of-plane behaviours of frames (Akesson,
1976). However, it should be noted that limiting the scope
of the formulations to only out-of-plane or only in-plane
will, of course, yield a certain set of the natural frequencies
of the structure and not a complete set of natural frequencies
in the range of interest. To this extent, the transfer matrix
method is one of the most frequently encountered analytical
methods in the literature (Bozdogan and Ozturk, 2010; Lin
and Ro, 2003; Nagem and Williams, 1989; Uhrig, 1966;
Yang et al., 2017). As a method for analytical solutions, the
wave vibration approach enables one to solve the vibrations
of structures as complex as multi-bay frames in an exact
way (Mei, 2013).

Furthermore, Antes et al. (2004) deal with the dynamics
of Timoshenko beams and frame structures by using the
integral equations in the Laplace domain. Moving on to
more complex cases, Labib et al. (2014) propose a meth-
odology to identify cracks in frames. Khan et al. (2020)
combine experimental, analytical and FE methods to assess
if a frame structure is damaged. Bozyigit et al. (2020) in-
vestigate the free vibrations of a frame system consisting of
straight and curved axis beams using a dynamic stiffness
matrix. Free vibrations of spatial frame structures consisting
of only curved beams are reported by Calio et al. (2014) by
using the exact dynamic stiffness matrix method.

In the literature, planar frames are more common
(Mansouri and Saffari, 2012). Sotiropoulos (1982) deals with
the vibration problems of planar frames using the exact
stiffness matrix in a semi-analytical approach. Moreover,
Beattie (1987) develops a technique to calculate the lower
bounds of the natural frequencies of frames and tests this
methodology on planar frames. There are studies analytically
modelling the free vibrations of planar frame-type structures
using the initial values method. In these studies, a beam
formulation that considers the effects of axial stretch, shear
strain, and rotary inertia is utilised, and the in-plane and out-
of-plane behaviours are considered together. Yucel et al.
(2014) handle the vibrations of planar frame structures us-
ing the initial values method, considering axial elongation,
shear deformation and rotary inertia. Eroglu and Tiifekci
(2017) develop an analytical solution to model the vibrations
of damaged frames where the axial and shear deformations,
as well as rotary inertia, are taken into account. Besides, some
studies focus on the analytical modelling of spatial frame
structures using a more straightforward approach, namely,
the Euler—Bernoulli beam theory, for each member (Mei and
Sha, 2015; Tu et al., 2008).

This study develops a method to model the three-
dimensional free vibrations of spatial frame structures con-
sisting of straight beams, based on the exact analytical
solution with the method of initial values. As can be seen from
the published literature, no study has been published yet
which aims to investigate the free vibration behaviour of
spatial frame structures analytically by considering the effects
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of axial and shear deformations and rotary inertias. The
consideration of the shear deformations in the formulation
enables one to analyse frames that consist of short and thick
beam members with better accuracy. Initially used for
modelling the planar frames (Eroglu and Tufekci, 2017; Yucel
et al., 2014), the method is implemented here to analyse
complex, three-dimensional frame structures by considering
spatial behaviours. The position and orientation of the beams
needed to be defined in three-dimensional space are con-
sidered in the continuity conditions with the help of the di-
rection cosines matrix. The first example shows that the
computer code written in GNU Octave can give consistent
results with the Euler—Bernoulli beam model for a frame
structure made of slender beams. Furthermore, to demonstrate
the effect of shear deformations on the natural frequencies,
computed results for a frame having lower slenderness ratios
are compared with those calculated with a commercial finite
element software package, ABAQUS. In the second and third
examples, two well-known three-dimensional engineering
structures, namely, a radio antenna mast and a Stewart
platform-like structure, are analysed, and it is shown that
computed results are consistent with those calculated with
ABAQUS. In all examples, the mode shapes displayed are
extracted from the finite element analyses. The main con-
tribution of this study is to develop the analytical method-
ology and to formulate the exact solution of the free vibrations
of spatial frames that predicts their spatial dynamic behaviour
accurately without the question of convergence and the
computational cost of the numerical methods. This method
enables one to easily examine the effect of each parameter on
the dynamic behaviour of the spatial frames and to design the
desired structure quickly.

2. Formulation
2.1. Governing differential equations

The system of first-order differential equations that repre-
sents the structural response of a Timoshenko beam of
uniform cross-section with a straight axis can be written in
the most general form as in equation (1)

Y s m
4

Here, z is the beam axis coordinate; y is the vector of
variables; A4 is the coefficient matrix, f(z) represents the
external load vector including the external distributed forces
and moments. Based on this system of equations, the dif-
ferential equations governing the free vibration behaviour
can be expressed through the following set of 12 first-order
differential equations that mathematically represent in-
plane and out-of-plane vibrations simultaneously, with
the assumption that inertia forces and moments are included
within the external load vector in accordance with the

d’Alembert’s principle, and the harmonic vibration as-
sumption (Yucel et al., 2014)

e @)
g =0+ %Fy 3)
dg" = E]I xMx )
M %M (©)

d;zz _ G][b a 7)

T o ®)

% = e’y ©

i{iz = —uw’w (10)
L (11)
P~ b, (12)
T oo, (13)

Here, u, vand w are the displacement components in the
x, y and z axes, respectively; {2, {2, and (2 are the rotation
angles of the section around these axes, respectively. In-
ternal forces are Fy, F, and F.. Similarly, M., M, and M.
represent internal moments. The shear correction factors in
the x and y axes are defined as k, and &, respectively, and
both are taken as 6/5 for rectangular cross-section and 10/
9 for circular cross-section in this study. Also, £ and G are
moduli of elasticity and shear, respectively; A4 is the cross-
sectional area; /I, , and I, are the area moments of inertia
in the x, y and z axes, respectively; I, is the torsional
constant; x4 stands for mass per unit length and o for
angular frequency.
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Segment

)

Vi

Figure 1. Coordinate systems used in the formulation.

2.2. Approach to the solution

Equations (2)—(13) can be written in matrix form as in
equation (14)

d

d (19

Equation (14) is also the homogeneous form of equation
(1) which needs to be formulated individually for each beam
member in the frame system. Hence, the number of un-
knowns becomes /2 x n for a frame system with » beams. If
each beam member has a uniform cross-section, the matrix
A only consists of constants, which makes an exact solution
conductable. The exact solution of the system of differential
equations which is given in equation (14), can be obtained
as in equation (15)

y=evy, (15)

Here, y,, is the vector of initial values, and its open form

is presented in equation (16)

qu Qyo on

Yo=ltto Vo W,

Also, the matrix e used to obtain displacements, ro-
tations, internal forces and moments at any position of the
beam from these initial values is called the principal matrix
and contains the exact solution. While solving the free
vibration response of a single beam member can be obtained
by using only the relevant boundary conditions over this
principal matrix, the free vibration behaviour of stepped
beams (Tufekei and Yigit, 2013) or frame-type structures
(Eroglu and Tufekei, 2017; Yucel et al., 2014) can also be
investigated by defining the continuity conditions. The
boundary conditions used in this study belong to the fixed
and free ends and can be defined as follows

Fixed end

u=v=w=0,=0,=0,=0 a7

Free end

Fo=F,=F.=M,=M,=M=0 (18)

In these models with more than one beam member,
the three-dimensional expression of the transition
points/nodes, which ensure the kinematic and kinetic
continuity of the beam junctions, is explored in Section
2.3.

Regardless of whether the structure of interest is a beam
or a frame, the set of equations obtained as a result of
applying the boundary and continuity conditions together
with equation (15) is algebraic and leads to the eigenvalue
problem

F(o)y, =0 (19)

It is sufficient to find the roots of the coefficients
matrix F(®) (using numerical root-finding algorithms)
to obtain the natural frequency of the structure of
interest.

F, F, F, M, M, M,]" (16)

2.3. Modelling of the continuity conditions

The kinematic and kinetic continuity conditions,
which are also expressed by (Eroglu and Tufekci, 2017)
for planar frames, mentioned in the previous
section, are given below in equations (20) and (21) using
the matrix form. These equations are formulated to
express the continuity between the i/ beam and the
others

Qi+mXi(Li) _Xi+m(0) :O(I’I’l: 172""3}1) (20)
Fi(L) =Y 0./ Fin(0) =0 1)
m=1



Genel et al.

Figure 2. Points and coordinate systems used to describe the
beam members in space.

Define geometric and material properties

2. Define each point in Global Coordinate System

3. For each segment in the structure

4, Calculate matrix T

o Calculate each point in Segment Coordinate System
6. Calculate matrix @ for each beam in the segment
7. For each beam in the frame

8. Build matrix A

9. Calculate the principal matrix

10. Apply beoundary and transition cenditions

11. Build F(w)

. Calculate natural

[N}

frequencies

Figure 3. The algorithm of the computer program.

Here, Q refers to the transformation matrix. Also, vectors
X and F represent the vectors containing displacements
(and rotations) and internal forces (and moments),
respectively.

However, although the planar cases and spatial cases
follow similar steps of application, two new cases arise that
need to be considered in the mathematical model:

(1) If the frame structure of interest is three-dimensional,
obviously, all the beam elements are no longer in the
same plane. Therefore, in order to model the positions
of these elements in space, it is necessary to construct
the transformation matrix written in the planar state for
the spatial form.

(2) The orientation of the section in space must also be
considered.

To include these two aspects in the analysis, the direction
cosine matrix is used (Nikravesh, 1988). To do so, three
different sets of coordinates, namely, local coordinate
systems, segment coordinate systems and global coordinate
system, are used in the structure (Figure 1).

The local coordinate system (x; — y; — z;) is the set of
coordinates defined on each beam. Segment, as a sub-beam
group containing only one junction point; segment co-
ordinate system (xs — ys — zs) is defined as the coordinate
set on only one beam in each segment. The global co-
ordinate system (xg — yg — zg) is the only set of coor-
dinates placed at any point on the frame.

o~

Figure 4. Three-dimensional three-storey frame structure.

A

Figure 5. Ham radio antenna mast.

Based on the fact that at least three points are needed to
be known precisely for the determination of the position and
orientation of a beam in space. Therefore, alongside the first
end (A) and the second end (B) points on the axis of the
beam, an arbitrary point (S) is chosen in the cross-section
where (A) is also located to specify the cross-sectional
orientation (Figure 2).

By using these three points defined according to the
global coordinate set, transformation is made between the
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1(0.173648177666930, 0.984807753012208, 0)
B(0.939692620785908, -0.342020143325669, 0)

C(0.766044443 118978, -0.642787609686539, 0)
D(-0.766044443118978, -0.642787609686539, 0)
E(-0.939692620785908, -0.342020143325669, 0)
F(-0.173648177666930, 0.984807753012208, 0)
G(0.604022773555054, 0.766044443118978, 0.780153689607046 )
H(0.925416578398323, 0.173648177666930, 0.663175911166535)

1(0.321393804843270, -0.939692620785908, 0.883022221559489)
J(-0.321393804843270, -0.939692620785908, 1.116977778440511)
K (-0.925416578398323, 0.173648177666930, 1.336824088833465)
L(-0.604022773555054, 0.766044443118978, 1.219846310392954)

Figure 6. The Stewart platform-like spatial structure.

Table |I. Comparison of calculated natural frequencies (Hz).

Modes Present study [47] ABAQUS
| 1.4399 1.4403 1.4403
2 1.4399 1.4403 1.4403
3 2.0799 2.1494 2.0803
4 4.6945 4.6961 4.6959
5 4.6945 4.6961 4.6959
6 6.3311 6.4730 6.3328
7 7.3274 7.3366 7.3297
8 82924 8.2972 8.2951
9 82924 82972 8.2951
10 9.3792 9.4069 9.3823

global coordinate set and the segment coordinate set over
the direction cosine matrix, and the coordinates of the beam
are redefined in the segment coordinate system. Here the
transformation matrix is expressed as in equation (22)

T: [I’IX nS/A nB/A:I7] (22)

Then, using the same approach, the transformation matrix
that provides the relationship between the segment co-
ordinate system and the local coordinate system is generated,
and the continuity conditions given in equations (19) and (20)
are written using this matrix as presented in equation (23)

T 0

The algorithm of the computer code is presented in

Figure 3.

(23)

3. Numerical examples
3.1. Example |

As the first example, the three-dimensional three-storey frame
structure given in Figure 4 is considered, which is also solved
by Tu et al. (2008). In this structure, the lower ends of the

ground floor beams are fixed, and all the beams are L = 100 in
long. The cross-sectional dimensions for the rectangular
profile are 2 in x 2 in. Density is taken as 2.588%10 Ib/in’
the modulus of elasticity and the shear modulus as 1x107 psi,
and 8x10° psi, respectively. The finite element model is built
in ABAQUS using 1200 B31 beam elements.

Furthermore, the same case is investigated for different
slenderness ratios by using different beam lengths for all the
beam members while keeping the material properties, cross-
section, number of elements and the three-storey structure
the same.

3.2. Example 2

The ham radio antenna mast is an essential structure that
amateur radio enthusiasts use due to being portable and
deployable. It is mainly located outdoors, so it is necessary
to perform modal analysis during design considering its
interaction with the wind. A similar structure shown in
Figure 5 is aimed to analyse as an application of the method
here. The length of the upper portion of the antenna (L) is
taken as 3 m, and its circular cross-section has a 10 cm
diameter. Each support leg is L; =1 m in length with
a circular cross-section in 5 cm diameter, and it is assumed
that support legs build a hypothetical tetrahedron at the
base. The material is assumed to be steel with a density of
7800 kg/m?, Poisson’s ratio of 0.3 and modulus of elasticity
of 210%10° N/m?. In addition, one end of the support legs
and the base of the antenna are modelled as clamped. The
finite element model is built using 687 B31 beam elements.

3.3. Example 3

In the third example, a relatively more complex structure
that is similar to the Stewart platform is analysed (Figure 6).
In this structure, all cross-sections are assumed as circular,
and while diameters of the upper members are taken as
0.1 m, for the lower members as 0.06 m. Same material
properties as in Example 2 are used, and the lower ends of
lower members are clamped to the ground. Coordinates of
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Figure 7. Mode shapes of the first 10 modes.
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Mode:7 Numerical
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Figure 8. Natural frequencies of the first 10 modes for various slenderness ratios.

Table 2. Comparison of the calculated natural frequencies (Hz).

Modes Present study ABAQUS
1-2 7.0512 7.0511
34 442743 442722
5-6 122.6839 122.6736
7 193.7706 193.7648
8-9 206.0957 206.0824
10-11 226.9958 226.9796

the boundaries and junctions with respect to global co-
ordinate system are presented in Figure 6. The finite element
model is built using 634 B31 beam elements.

4. Results and discussion: Numerical
examples

4.1. Example |

The natural frequencies calculated for the first 10 modes
using the GNU Octave are compared to the results obtained
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from the literature and the ABAQUS finite element software
package and presented in Table 1.

It is observed that there is a very good agreement be-
tween the calculated results and the results from the liter-
ature (Tu et al., 2008). It is also noted that the maximum
error is around 3.2% between the calculated results and the
ones in Tu et al. (2008). This is judged to be based on the
differences in the formulations used in this study and Tu

N I\ ) S

Mode 1-2 Mode 3-4  Mode 5-6 Mode 7 Mode 8-9  Mode 10-11

Figure 9. Mode shapes of the first six modes.

Table 3. Comparison of the calculated natural frequencies for the
third example (Hz).

et al. (2008). The presented formulation in this study takes
into account the effects of shear deformations and rotary
inertia due to bending deformations, Tu et al. (2008) ne-
glects these effects in the formulation. The first 10 mode
shapes are also displayed in Figure 7.

As seen from Figure 7, mode 1 is the first out-of-plane
bending mode and mode 2 is the corresponding in-plane
one. Similarly, the pairs of modes 4-5 and 8-9 are the second
and third out-of-plane and in-plane bending modes. Mode 3
and 6 are the first and second torsional modes. The rest are
coupled mixed modes.

Besides, based on the results calculated for various
slenderness ratios (A = L/+\/1/A), which are presented in
Figure 8, it is also noted that the formulation stays in good
agreement with ABAQUS results for decreasing slender-
ness ratios of the beam members. The orthogonal bending
modes (1-2, 4-5 and 8-9) coincide with each other as ex-
pected and so they are shown with the same curves.

4.2. Example 2

The natural frequencies for the first six modes are calculated
analytically using the described method, and these are
compared to the results of the ABAQUS finite element
analysis software package (Table 2). All the results are
found to be consistent with good precision, and it is de-

Modes Present study ABAQUS termined that the maximum error is approximately 0.008%.

Figure 9 depicts the first 11 mode shapes of the ham radio
I 29.2013 29.2009  antenna mast. Similar to the first example, orthogonal
2 337316 337310 pending modes are observed and presented in pairs both in
3 59.4725 59.4703  Table 2 and Figure 9. The mode pairs 1-2, 3-4, 5-6, 8-9 and
4 65.4999 654989  10-11 are dominantly the first five bending modes of the
5 73.2034 732006 mast with a coupling with the supporting beam members
6 118.1502 118.1493  while mode 7 is the first torsional mode. One thing to note
7 128.8642 128.8638 about the torsional mode is that Figure 9 displays the
8 133.9379 133.9374 translational displacements and therefore the mast seems
9 142.9266 142923] hot to deform. However, the mast is in torsional motion
0 1531653 1531635 which is calculated within the rotational degrees of freedom

of the beam elements during the finite element analysis.

Yo T T 5 ™

Mode | Mode 2 Mode 3 Mode 4 Mode 5
Mode 6 Mode 7 Mode 8 Mode 9 Mode 10

Figure 10. Mode shapes of the first 10 modes.
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4.3. Example 3

Table 3 presents calculated results and numerical analysis
results obtained from the ABAQUS finite element analysis
software. The natural frequencies calculated using both
methods are congruent with just minor numerical precision
errors, which are way below 0.004%. The mode shapes for
the first 10 modes are displayed in Figure 10. For the mode
shapes calculated for this example, there is no straight-
forward way to describe them using a dominant de-
formation type. The mode shapes all appear to be coupled
mixed modes of bending, torsional and extension de-
formations of individual beams and there is no global
dominant deformation.

5. Conclusion

In this study, the free vibration behaviour of spatial frame
structures is analysed and solved analytically using the
general basic equations of the beam theory. The effects of
axial elongation, shear deformation and rotary inertias are
considered in this analysis. Considering constant rigidity, an
analytical solution is obtained exactly using the initial
values method. In the spatial modelling of the frame
structure, the method of direction cosine matrices is used.
Three different examples are solved and the results com-
puted are compared with the literature and the results ob-
tained from the finite element analysis. A good agreement is
found between the results. The approach in this study
presents an effective and rapid way for computer-aided
design engineers who want to set up and perform the
modal analyses of frame structures in a short time.

It should be mentioned that the main objective of the
presented study is to show the initial values method can be
successfully applied to the free vibration analysis of the
spatial frames. The main advantage of following this
methodology is achieving a great level of precision and
accuracy while having to deal with only a fraction of the
computational cost of the conventional numerical methods
such as FEM. As mentioned above, the constant rigidity
assumption provides a basis for the exact analytical solu-
tion, but the method can also be implemented in the variable
rigidity case, which requires a semi-analytical or numerical
solution. In this sense, it is possible to extend the presented
work to investigate the mechanical behaviour of spatial
frame-type structures made of functionally graded materials
and composite materials, which include straight and curved
beams together.

Another point that should be noted is the importance of
the analytical investigation. Today, finite element analysis is
a powerful tool to analyse such structures given in this study.
However, the authors believe that analytical modelling is one
of the most suitable frameworks that allows engineers to
conduct detailed parametric analyses in addition to its sci-
entific value. Besides, the analytical studies have always

contributed to the development of numerical methods. Thus,
it is expected that the analysis of the mechanical behaviour of
spatial frame-type structures, which is only found in a limited
number of publications in the literature, with analytical
methods can be made more interesting and can be conducted
in a powerful way by this method.
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