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Abstract

This thesis focuses on redefining the notion of emergence to a mathematically

tractable concept: emergence in state spaces.

In doing that, we will study the probabilistic measures of state spaces with emer-
gence, how to control their volume growth and the differences between them and
typical state spaces. This study will introduce two stylistic models, both intuitively
simple and practically helpful.

To provide statistical tools for modelling randomness with similar emerging prop-
erties, we will introduce different probability distributions from the first principle
and derive their preliminary properties. At the same time, we will see that these
results are expressible in closed form, by which we can analytically study the emer-
gence in states. Also, for practical reasons, statistical inference will be revisited for

distributions’ parameter estimation.

Next, we briefly study systems with emerging properties in state spaces by using
information-theoretic measures. Alongside that and inspired by the ideas from this
discussion, we will propose a pairing time series that combines certainty and uncer-
tainty. In addition, we prove that the Shannon entropy and the rate entropy are

well-defined in various circumstances for infinite pairing time series.

And finally, we show that standard statistical mechanics methods fail to yield ther-
modynamical quantities for some simplistic models with emerging states. We will
propose a mathematical tool rooted in the geometry of emergence states spaces from

the first part of the thesis to resolve this problem.
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Chapter
ONE

Introduction

The concept of emergence has been debated for around 150 years [16, 25|, and more
often than not, it is characterised ambiguously as “the whole is greater than the
sum of the parts”[24]. Nevertheless, it seems baffling us in the modern-day without
any coherent agreement about its definition. One can sceptically assume that the
lack of consensus about the meaning of the emergence is rooted in its subjectivity.
Therefore, there is no practical reason to utilise it in our mathematical modelling,

let alone to take it as more than philosophical speculation.

However, a resolution of such a dilemma is mathematical clarity in the definition
of the emergence. Moreover, the price of it would compromise the generality of the
description. In this thesis, we shall pursue this goal by restricting the extent of

emergent phenomena that one may categorise as such.

After a brief review of different definitions and perspectives, especially in complex
systems science, we shall narrow the meaning of emergence to a concrete mathemat-
ical notion. Although our account may not be all-encompassing regarding the vast
and diverse conceptions of emergence, its clear mathematical definition enables us

to apply it to tractable models of complex systems.

We shall see that this intentional restriction is fruitful. We construct stylistic models

that are intuitively straightforward, applicable and have practical consequences on

29



Chapter 1: Introduction

our understanding of the distinction of complex systems from other phenomena.
Besides discerning the distinction, we shall construct novel mathematical artefacts
from first principles, such as probability distributions. Along the way, we will also

discuss the geometry of state spaces with emergence property.

Common state spaces grow exponentially for the number of constituents elements of
systems of interest. i.e., for a system with N individual components, 2(N) denotes
the number of available states accessible to a fully interacting system. Asymptot-
ically, such exponential state space grows as Q(N) ~ O(kY) for a real, positive
constant k. Accordingly, deviation from exponential growth is sometimes a signa-

ture of complex systems [34, 62, 68].

For example, suppose the interdependence between the components can freeze some
of the states and make them inaccessible. In that case, Q(NN) may grow slower than
exponentially — some examples of this case are described in [26]. On the contrary,
if new collective states become possible due to the inter-component interaction,
Q(N) will grow faster than exponentially. The faster than exponential growth as an

indicator of complexity was initially proposed and reported in [33].

Some generic simplified models, known as pairing models [33, 53], construct the be-
haviour of faster than exponential state spaces and have been studied in relating the
N dependence of 2(N) to generalised entropies in several complexity publications
— see [3, 26, 31, 33, 34, 38, 39, 40, 62, 68, 70]. We will revisit the pairing models in
detail here.

The direct consequence of an exponential state space manifests itself as the additivity
property of macroscopic quantities. We will see how the exponentially growing
spaces result in additive quantities such as free energy in disciplines like statistical
mechanics. In contrast, non-extensivity of the same quantities is inevitable for faster
than exponential spaces. Consequently, the standard statistical mechanics fails to
find well-defined quantities like specific free energy, and based on that, applying
standard statistical mechanics for complex systems requires attention, or one might

say, new techniques.
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1.1: Emergence

1.1 Emergence

The concept of emergence was first coined by British philosopher George H. Lewes
[16, 25] around 150 years ago. In the early 20 century, Emergent Evolutionist philoso-

phers and scientists [43] were discussing:

“the emergence in terms of a sudden arising of new ‘collocations’ or ‘integrations’
with new properties arising on a new ‘higher’ emergent level out of ‘lower’ level

components.” [25].

The idea continued in contemporary research, specifically complexity science, in-
cluding biology, cellular biology, evolutionary biology [1, 13], solid-state physics and

statistical mechanics [1, 2, 18, 5], etc.

Ironically, the most cryptic and mystical definition of the emergence is the most
well-known statement of it: the whole is greater than the sum of the parts[24].
The ambiguity in this definition is what we try to exclude in this study, as David

Chalmers clearly refers to here:

“The term ‘emergence’ often causes confusion in science and philosophy, as it is

used to express at least two quite different concepts.” [11].
Or, as John Holland humbly cautions us:

“It 1s unlikely that a topic as complicated as emergence will submit meekly to a

concise definition, and I have no such definition to offer”[29].
He again tries to give us a flavour of what he believes in as:
“The behaviour of the whole is much more complex than the behaviour of the parts”[29].

Loosely speaking, emergence refers to the properties of an entity that is not observed
in or owned by its parts. Perhaps one of the carefully articulated definitions of

emergence finds in [52] Timothy O’Connor:

“Property P is an emergent property of an object O iff
(1) P supervenes on properties of the parts of O,

(2) P is not had by any of the object’s parts,

(3) P is distinct from any structural property of O, and
(4)

4) P has a direct (“downward”) determinative influence on the pattern of behaviour
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Chapter 1: Introduction

involving O’s parts” [6].

Nevertheless, reductionism, as an opposition position to emergence, believes that
understanding the fundamental laws accounts for the detailed knowledge of the
behaviour of nature. To put it merely as what reductionism conveys, for example,
elementary particle physics entails the explanation of solid-state physics, chemistry
explains molecular biology, molecular biology maps the details of cell biology, and
so on [2]. However, reductionism is not entirely immune from the same ambiguity
and hypothesises a debatable claim. Following an argument by Phil Anderson in his

celebrated article “More is different”, he said:

“The reductionist hypothesis does not by any means imply a constructionist one: The
ability to reduce everything to simple fundamental laws does not imply the ability to
start from those laws and reconstruct the universe”[2]. One can argue that the
upward explanation of reductionism is a self-imposed assumption that might not be

justifiable based on its merits.

Similarly, Mark Bedau pushes the definition further into more fine-grained categories
of emergence. He tries to make a sharp distinction between two types of emergence:
weak and strong. In his view, a strong emergence is a form of causal influence that
is not irreducible to the micro-properties of its part [6]. For instance, Chalmers sug-
gests consciousness is a strongly emergent phenomenon [11] in the light of Bedau’s
definition. And similarly, as Bedau explains, for a system S composed of micro-
states/micro-levels and various macros-states/macro-levels, weak emergence defines
such that “macrostate P of S with micro-dynamic D is weakly emergent iff P can
be derived from D and S’s external conditions but only by simulation”[6]. Here, it
is assumed that the number and identity of micro-levels might change in time by the
micro-dynamics denoted by D, and simulation corresponds to numerical modelling

of the system’s evolution.

The ambiguity around the definition of emergence increases as one tries to reconcile
ideas from different thinkers and philosophers, and as usual, the mentioned brief
definitions are the favourites of the author of this thesis, which can be prone to
biases. At some point, it might not be unreasonable to say the number of accounts
for emergence is close to the number of thinkers in that matter. However, one thing
is clear: a definition with practical purpose will be justified by its merits in its

applicability, as we try to develop in this thesis.

Intentionally, we kept the emergence review very brief without details of philosoph-
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1.2: Emergence in State Space

ical debates around it. The reason for omitting them is more practical than philo-
sophical. Accessing a simple but mathematically rigorous definition of a concept
turns it into a tractable mathematical practice and a verifiable model for natural
phenomena. If history is any guide, from Newton’s to modern time, constructing
a mathematical model provides a level playing field for scientists to evaluate their
understanding of a concept, up to the extent of the boundary of their hypothesis,

and leaves philosophical debates for philosophers of science.

Considering this point of view, later in the next section, we shall define what we
believe is a precise definition of emergence, not tacitly but explicitly in a mathe-
matical fashion. We do not claim the proposed definition is universal, although it is

unambiguous in its stance.

1.2 Emergence in State Space

For experiments or observations whose results involve uncertainty, the set of all
possible outcomes is called sample space, denoted by W, whereas its subsets are
event sets [22]. In general, modelling the randomness in experiments is instrumental
in defining a probability space [51, 57], denoted by (W, F, P), such that F is the o-
algebra of subsets of the sample space W, and P : F — [0, 1] is a probability measure

satisfies
(1) P(W) =1,
(2) P(A; N Ag) = P(A;) + P(As) for disjoint subsets Ay, Ay C W.

This thesis handles probability spaces defined over discrete sample spaces, so we
do not use measure-theoretic treatment. For discrete sample spaces, the probability
measure P defines as usual, whereas the volume of the sample space is the cardinality
of the number of its elements — or its points. We will distinguish the volume from

the sample space by 2 = |[W|.

The sample state set is general enough for modelling the uncertainty in observa-
tion outcomes of any abstract object. However, the systems we are interested in
are composed of individual elements; each has pre-specified states, and the proper-
ties of elements directly depend on their states. Hence, the properties of members

supervene in their statistical states.

In the same way, this is true for the properties of an aggregate of the same elements:
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the aggregate properties occur as the result of its states, and further, the set of
aggregate states, namely the system’s ensemble, is formed of all possible distinct
configurations in experiment outcomes. Consequently, to highlight this fact, we

rename the sample space to state space’.

To elaborate, consider a die. The outcome of throwing a die involves observing a
number between one to six on its top side. Thus, one can say, the die has six possible
states. Meanwhile, when we denote the state space of N dice with DV, throwing N
dice together involves a combination of an N-tuple, say (X1, Xs,..., Xy), for X; €
D = {1,2,3,4,5,6}. For such an aggregate of N dice, the possible configurations
are all in DV. In other words, the independently combined states of dice are the

points of the aggregate’s state space.

For the case of N dice and many other similar aggregates, the state space is de-
composable to the states of single entities such that the aggregate state space is a
Cartesian product of its elements’ states. Thus, for instance, the N dice state space

is a Cartesian product of NV individual sets

DVN=DxDx---xD. (1.1)

N

Calling it a Cartesian product space, if each individual element has k£ € N distinct
states, an aggregate of identical entities has an exponential volume/cardinality equal

to kV. For instance, for N dice, we have

DN = 6". (1.2)

One can observe that for Cartesian state spaces, the state of individuals is indepen-
dent of each other. 7.e. the accessible states to a single element remain unaffected
irrespective of being part of an aggregate or the aggregate’s size. e.g. the state of a
die does not depend on the states of others. To emphasise this feature in Cartesian

state spaces, we say element states are aggregate independent.

We have to stress that independence concerns the possible outcomes of observa-
tion and not their probabilities. For example, the probability of observing a six
in throwing a die might depend on the others — statistical dependence — while the

die states are always in D — aggregate independence. Consequently, since element

!State space or phase space is more common terminology in statistical mechanics literature.
The name phase space usually implies there is a dynamic over the states of the system.
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1.2: Emergence in State Space

properties depend on their states, they are independent of other elements’ states or

their properties too.

Despite the commonality of aggregate independence assumption, we argue it is not
always the case. As we will see in some examples later, one can easily envisage
objects that access more states whenever they are part of a group. Two or more
elements together can access more states than any single one for such systems.
Nevertheless, we shall see that new states are accessible only to compound elements,

and stand-alone elements have their own state space.

Through such a mechanism, the new states emerge and directly result from being
part of the aggregate. Therefore, we call them emergent states. As a result, proper-
ties that depend on these new states are emergent properties. To elaborate further,
we start by giving two examples and next introduce a prototype model to define the

emergent states more rigorously.

1.2.1 Example One: Larvae

The larvae of Perreyia Flavipes Konow has been documented in some part of South
America since 1899 [60]. The larvae form small, closely packed masses on the ground
— see figure (1.1) — and from June to September, these masses of larvae are found
crawling over the grass, forming an orderly column approximately 15 cm long and
8 cm wide [60].

2 one can see the group is composed of moving

Looking at the rolling swarm of larvae
layers with different speeds such that larvae in each layer move over the others in
the underlying layer. For example, when a single layer of larvae moves at speed V
— see figure (1.2) — the second one moves at 2V relative to the ground. Thus, on

average, the speed of each larva is 3V//2 when considering a complete circle.

Now, let us look at the speed state space of an aggregate of two larvae, as it is plotted
in panel (c), figure (1.2). The Cartesian state space of two larvae is the V' x V' square.
However, when we include the aggregation effect of layers, the 3V//2 x 3V/2 square
becomes accessible to both larvae together. It is important to emphasise that the
emergent state is accessible to the compound elements, not the stand-alone ones.
Hence, although a system of two larvae moving alone has the same size, its states are

aggregate independent, while the compound larvae states are aggregate dependent.

2A short video of a rolling swarm: https://twitter.com/rpazuki/status/1461692222215180294
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Figure 1.1: Perreyia Flavipes Konow Larvae.

Image reproduced with permission of the rights holder, Elsevier.

B3V
2 o~
~
V ................. -
—~
= v 3V

()

Figure 1.2: (a): A layer of Larvae that moves with speed V. (b): The second layer
has a relative speed of 2V, and following a single larva around one loop, on
average, its speed is 3V//2. (c) The state space of stand-alone and compound

systems.
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1.2.2 Example Two: Delivery Joint Venture

As a second example, let us assume two delivery companies that established their
warehouses in two different locations, say A and B, separated by L. The first
company delivers goods from A to B, while the second carries from B to A. Since
each delivery vehicle must return to its original warehouse, one trip amounts to
driving 2L. Therefore, if the delivery per L values C'/2, each trip must cost C, or

the cost of two companies that simultaneously operate is 2C' — see figure (1.3).

Figure 1.3: (1) Delivery company carries the parcel from A to B, (2) delivers, (3)

and returns to its warehouse at A.

However, when both companies agree to set up a joint venture, they can reduce
the cost by half through a new emergent state. For example, imagine each delivery
vehicle drives L/2 of the AB road and exchanges its goods with another vehicle from
the other warehouse — see figure (1.4). Thereupon this arrangement, each vehicle
drives L, and the total cost of the joint venture reduces to C'. Consequently, halving
the cost is accessible only to the joint venture and is impossible for stand-alone

companies.
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The joint venture and its emerging states are cooperative. However, the joint venture
can have a spectrum of cooperative/competitive states in a more general setting.
So, denoting a as the factor of cost reduction, @« = 1 amounts to no change in
cost, or say, companies act stand-alone, while @ < 1 corresponds to cooperation,
especially o« = 1/2 is halving the cost like the midway exchange strategy. Similarly,
for a > 1, the system is in a competitive state, or say, the cost of delivery increases

when another delivery company is in the neighbourhood.

Figure 1.4: (1) Each company’s vehicle drives halfway through AB (2) exchanges

the parcels, (3) and returns to its warehouse of origin.

Finally, for a system of N companies, let us say at each moment 2n, of them are
working together and n, = N — 2n,, are stand-alone. On average, the cost of the

system is
Cy =aC(2n,) +C(ng) = Cny =C[N+ (a—1)(2n,)], (1.3)

where the expectation (.) is taken over the ensemble of states — see figure (1.5). In

section (5.3), we will derive C'y analytically.

38



1.2: Emergence in State Space

Figure 1.5: A system of N delivery companies, some simultaneously working as a

joint venture.

1.2.3 Pairing Models: Introduction

Returning to the discussion of emergence, we will propose a generic model that
systematically generates emerging states. Recall that coins are an instrumental tool
to form binary variables in statistical modelling. Inspired by them, we propose
paring coins that every two can attach and stand upright. One can assume they

are magnetised on sides and stick together. The upright state, or the pair state, is

an emergent one and is not accessible to a single pairing coin or two in stand-alone

4

mode — see figure (1.6).

Figure 1.6: Pairing coins in single and pair states.

This model will be discussed in detail in the next chapter, but it is enough to mention
that the faster than exponential growth of their state space — due to emergent states

— is imposed by a recursive relation. This relation is one way to specify the state
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space’s geometry accurately. We will find it through a combinatorial argument,

making the calculation mathematically tractable.

In conclusion, to study the emergence in general, we will restrict our definition to
the emergence in states and, further, construct generic models that precisely control
the rate of emerging states. In the end, quantities in Cartesian state space have a
corresponding counterpart in state spaces that grow faster than exponentially, and
the differences between them are due to the emergence of states. For instance, the
entropy of binary random variables for ordinary coins has a corresponding pairing
entropy. We remark here that studying the pairing entropy and related quantities

is the main aim of this research program.

1.3 Additivity and Cartesian Product Spaces

As mentioned in the previous section, we restrict the definition of emergence to
state-space emergence to systematically study it. Furthermore, after studying its
effect on the volume growth rate, we will investigate the corresponding quantities
in faster than exponentially growing state spaces. Logically, the difference between

exponential and faster than exponential effects is due to emerging states.

In particular, perhaps the first effect of the emerging states is on the additivity of
some properties in that state space. In short, the additivity principle violates in
faster than exponentially growing state spaces. To clarify, the aggregate value of
an additive quantity is equal to the sum of its parts. Mathematically, denoting the
aggregate quantity and its parts by QQn and Q);, respectively, it is

N
o =% (1.4
i=1
and for N identical parts such that Q; = @, it simply is

QN =NQ. (1.5)

For instance, quantities like volume, energy and number of molecules are extensive
[10, 23], and the same additive relation governs them. In this brief introduction,
to differentiate between additivity and weaker conditions, we need to introduce

two more related concepts, namely eztensivity and asymptotic extensivity, since

40



1.3: Additivity and Cartesian Product Spaces

sometimes the distinction between them can confuse, as we read in [35]:

“Many sources, tacitly if not explicitly, equate additivity and extensivity, often lead-

g to trouble” .

One can say extensivity is a weaker condition, and additivity is sufficient and not
necessary for extensivity. Note that extensivity is a general property of a continuous
function @ : R¥ — R. Mathematically, it is defined as [10]

QOX1, ..., AXy) = A\Q(X1, ..., X1), (1.6)

where A € RT and X;s are intensive parameters of the function® (). Broadly speak-

ing, if a function is extensive, it is additive too, but not vice versa [35, 10]

In some contexts, a more relaxed version of the extensivity introduces in its asymp-

totic form, and we call it asymptotic extensivity to prevent confusion
lim — < oo. (1.8)

Asymptotic extensivity is more or less the same as additivity, although for macro-
scopic systems only — by macroscopic here, we mean 1 < N. Mind that an extensive
function is asymptotic extensive, but the inverse is not necessarily true. In short,

for an extensive function (), we have

Q(NX177NX/€):NQ(X177XIC) =

. Q(NXy,...,NXy)
lim

Specifically, in the following, we look at the additivity of some quantities in statistical
mechanics for exponential state spaces. Recall that the Boltzmann distribution finds
the probability of a configuration, say ¢, with its Hamiltonian H(c) and inverse

temperature 3 as
P e_BH(C)
= 1.10
©="5—. (1.10)

where Zy is the normalisation constant or partition function — as it is called in

30r more precisely, @ is a homogenous function degree one.
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statistical mechanics literature [49] — and it is defined as
Q(N)
Iy = Z e PH(e), (1.11)
i=1

Here again, 2(N) denotes the state space volume or the number of distinct config-
urations. Observe that for g — 0, we find
lim Zy = Q(N). (1.12)
B—0
So, properties like multiplicity and exponential growth that govern the partition
function must also comply with the state space volume. Thus, we will investigate

the property of both the emerging state space volume and the normalisation constant

of the probability distributions that define over them.
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Figure 1.7: One dimensional Ising model, which is composed of up and down spins.

For the purpose of this introduction, we use the Ising model as a prototype of a
system with a Cartesian state space [27, 28, 37]. In this model, each element has
a spin that orients in an up or down direction, denoting by s; = 1 and s; = —1
respectively. So, a single spin has a binary state space — similar to an ordinary coin

— see figure (1.7).

The Hamiltonian of a configuration depends on the orientation of all its spins and

the interactions between them
H(C) = JZZSiSj—FBZSj, (113)
[N J

for B as external magnetic field and .J as neighbour’s interaction strength coefficient.
Note that, depending on the dimensionality of the model (1D, 2D, 3D, etc.), the

sums run over the lattice that spins are located.
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5
B

B

Figure 1.8: One dimensional Ising model (a): spins only interact with an external
magnetic field. (b): spins only interact with the external magnetic field and

their nearest neighbours.

One can construct different variations of the above Hamiltonian. e.g., for J = 0, the
neighbour’s interaction is zero, and the Hamiltonian only depends on the interaction

of spins with the external magnetic field — figure (1.8), panel (a) —
H(c)=B) s;. (1.14)
J

Or, including the nearest neighbour interactions — figure (1.8), panel (b) — the Hamil-
tonian is
He)=J> sisi+ B s, (1.15)
(:3) J
where the sum is over nearest neighbours, (i, j). In particular, including all interac-
tions, as it is in D7, >, is known as Curie-Weiss model [8, 14, 65].

By listing the Hamiltonians here, we want to highlight that one always finds the
state space is Cartesian. In other words, this is an intrinsic feature of the spins that
their states are aggregate independent, regardless of the Hamiltonian. For instance,
for N spins, we see Q(N) = 2V for all the mentioned Hamiltonians, and this fact is

valid for all d-dimensional Ising models for d € N.

At the same time, the system’s free energy, say F', is proportional to the logarithm
of the partition function. As a result, the free energy is always additive in Cartesian

state spaces. To see that, since the partition function decomposes as a multiplicative
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quantity
ZN :leNfl, (116)

or equivalently its state space volume
Q(N) =2V = Q(N — 1)Q(1), (1.17)
therefore, the logarithm of partition function must be additive
Fv=lhZy=hZi+InZy_1 =
Fy = NF. (1.18)

Later, we will propose probability distributions for systems with emerging states,
and these objects live in spaces that have faster than exponential growth. Also, we
will construct an emerging Ising model using pairing coins in chapter (5). Further,
we will show that the normalisation constants of these probability distributions are

not multiplicative, nor is the logarithm of their partition functions additive.

1.4 Parts of the Thesis

In what follows, chapter (2) introduces two pairing models: the pairing coins and
balls. After that, we will discuss the state space volume and its asymptotic leading

term.

Chapter (3) begins with constructing probability distributions over these models
from the first principle. Next, the normalisation constant of the distribution and
its properties are derived in the same section. After that, we will review the large
deviation probabilities of the mentioned distributions, plus two limiting distributions

which are resulted from parameter scaling.

Some of the statistics of the mentioned distributions are expressible in closed form.
First, section (3.3) addresses the statistics and their asymptotic leading terms in de-
tail, and following that, marginal and joint probability distributions will be discussed
in sections (3.4) and (3.5).

It is sometimes necessary to infer the distribution parameters from one or more

observed values. We derive the maximum likelihood estimations of the parameters
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in section (3.6). Finally, section (3.7) makes the statistical inference in a Bayesian

setting.

Chapter (4) is about information theory measures. In its first part, we will review
the ensemble entropy of distributions from chapter (3). Next, the joint entropy for
two or more elements in a system with size n is briefly discussed, and we will see how
it relates to the additivity property of the entropy in emerging state space. After
that, we shall derive the mutual information of a single element and the rest of the
system. Then, it follows the mutual information between two single elements or the
interaction entropy of three or more elements in a more general setting. Finally, we

shall see two non-extensive entropies derived for the pairing models.

Part two of the chapter (4) introduces a pairing time series. After devising a tech-
nique to enumerate their state space, we show that the entropy of the infinitely long

pairing time series is well defined under some assumptions.

Chapter (5) is about the application of the pairing model. Its first part introduces a
pairing Ising model and shows that free energy is diverging using standard statistical
mechanics. The second part briefly reviews the analytic solution of the delivery joint

venture introduced in the section (1.2.2).

Finally, the last chapter outlines the open questions and future works that this
research program can pursue. We have to remark that the details of the calculations
are reported in appendices to separate the results from calculations anywhere that

it was possible.

45






Chapter
TWO

Pairing Models

After restricting the general definition of emergence to states, it demands a concrete
mathematical model to investigate the concept further. This section introduces mod-
els within which the generic state-space grows faster than exponentially. In what
follows, we shall briefly explain how immediately after a new element adds to the
system, the model’s emergent states accumulate in its state space by design. Fur-
thermore, as the arguments follow, we shall see that states emergence causes faster
than exponential growth of the state space volume. Additionally, the mechanism

details of the emerging state directly control the growth rate.

We shall introduce two intuitively simple but mathematically rigorous models, namely
pairing balls and coins, each of which constitutes elements with emerging properties.
Alongside their simplicity, pairing models are the first step toward modelling state
emergence. As we will describe later, both models include pairwise combinations.
The emerging properties result from double-element compounding, even though one
can easily generalise this machinery to include more than two coalescence elements.
However, this report contains the pairing mechanism for mathematical convenience,
although we must stress that every step is reproducible for the trio, quartet, quintet

mechanisms and more.

Meanwhile, a combinatorial argument finds a recursive relation by which the com-

plete description of the state space geometry is provided. Using that recursive
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equation inside a generating function technique lets us see the state space volume
regarding the number of constituent elements. From there, we find the asymptotic
leading term of the volume for large system sizes. Hence, it is not unreasonable to

say the recursive equation is the core of this chapter.

The importance of the combinatorial argument and its recursive relation becomes
evident when one generalises the model to more than two-element compounding:
There is a corresponding combinatorial structure and its recursive relation for every
number of elements in a compounding mechanism. Nevertheless, we touch on this

fact briefly in appendix (E.1) and postpone the matter to future work.

Finally, we will see the asymptotic form of the state space volume grows faster than
exponentially. We have to remark that this is the first manifestation of emerging

states. Consequently, the logarithm of the state space volume is no more additive.
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2.1 Pairing Coins: A Simple Model

Customarily, coins are a suitable prototype to envisage a Bernoulli random variable
and its binary states — see figure (2.1). Denoting the configuration of a single coin
by ¢; and its state space by Wi, the outcome of throwing a coin would be head (H)
or tail (T") such that

oo €Wy ={H,T}. (2.1)

\9 Normal Coins \1)

Figure 2.1: A normal coin in two different states.

Again, denoting a configuration of N coins by cy and its state space by Wy, we

must have
CN € WN = {($1,$2, ...,,CL’N) X, = H, T}, (22)

whereby the state space is a Cartesian product of single coin state spaces

Wy ={H,T} x---x{H,T}. (2.3)

Next, suppose a mechanism for aggregating two coins with two possibilities: The
first is that a coin behaves as an isolated one and takes either head or tail state.
The second possibility is that a coin enters into a pair state with another one as if
they were sticking to each other, such that two coins can stand upright. This new

state is solely the result of coins aggregation.

Figure (2.2) shows the case for two coins schematically. We see that the first four
configurations are the usual combinations for ordinary coins, while the last one is

the emergent state.

Of course, one might allow the pair to have internal states such as head against the
head or head against tail etc., but for simplicity, we assume the pair state of being

structureless and unique.

When the pair state is structureless and unique, the corresponding state space for

two pairing coins, denoted by W2(2), includes the set W5 and a pair state, P, such
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that
W = w, U {P}. (2.4)

Magnetic Coins

09 00 99 90 H)

Figure 2.2: Two magnetic coins and their state space.

Let us first elaborate on the notation. Remember that a coin has two possibilities in
its stand-alone state. So, in general, for elements with k possible stand-alone states
(k € N), we denote the state space of N pairing coins by W](f ), Therefore, I/V](V2 )

denotes the state space of N pairing coins.

T (T,H)|(T,T)

H (H,H)|(H,T) /

H T

(a) (b)

Figure 2.3: Pairing coins state space: (a) The fifth square in the top right is an

emergent state. The overall state space is larger than the usual two by two
squares of the Cartesian product. (b) For three coins, the inner blue cube is
a Cartesian product space. The three rectangular prisms are emergent states

that the pairing construct.

Notice that including the mechanism of pairing introduces emergent states com-
pared to standard sets constructed by Cartesian products. Figure (2.3) plots state

spaces for systems of two and three pairing coins, respectively, to elaborate on this
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statement. In panel (a), the first four distinct configurations construct as Wy x Wy,
or the Cartesian product of the set Wy = {H, T} by itself. And the fifth state is
an emergent one, resulting from the pairing mechanism. Panel (b) plots the state
space for three coins. The inner blue cube is a Cartesian product, or Wy x Wy x W7.

And the three rectangular prisms are emergent states of the pairing mechanism.

Indeed, compared to the subsets constructed by the Cartesian product, the state
space volume is generally larger than its inner hypercube. So, in conclusion, the

state space grows faster than exponential.

2.1.1 The Pairing Coins State Space Volume

For an aggregate of N pairing coins, {25(/N) denotes the cardinality or volume of the
set WJS,Q )
2
Q(N) = (W7 (2:5)

20h0000% 3°

N

QN — 1)

20200208 V'
I

Figure 2.4: The mechanism of adding a new coin to the system.

To determine 9(N) through a combinatorial argument, we observe that adding a

new coin to an aggregate of NV existing coins introduces two possibilities:

1. The new coin stays in a stand-alone (non-pair) state. So, it must be in one of
the head or tail states. Since the existing N coins have Qy(N) distinct states,
there are 2€5 (V) available states for the whole system of N + 1 coins. For

example, see the top row in figure (2.4).

2. The newly added coin pairs with another one in the aggregate. However, the
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remaining coins make an aggregate of N — 1 elements with Qy(/N — 1) distinct
configurations. Moreover, for the new coin, there are N possible choices to
make pair. Consequently, there are NQy(N — 1) available states for the whole
system of N + 1 coins. See the bottom row in figure (2.4).

Combining both cases, Q2(N + 1) must be the sum of distinct configurations for
each possibility
Qo(N +1) =205(N) + NQy(N —1). (2.6)

Equation (2.6) is a recursive relation amongst volumes of state spaces with different
sizes. In fact, starting from initial values 5(0) = 1 and 2,(1) = 2, it finds vol-
umes of every sizes iteratively. For instance, figure (2.5) shows the first four values

schematically. We shall find a closed form for Q5(/NV) in the following section.

N|Q(N)| Configurations

1] 2 ’ .

| s |00 00 00 00 §
LCORUORCORGON X
SED KD WD WD O
ohohoh oW ..

41 43 Q(4) =20(3) +30(2)

20(2)

Figure 2.5: Magnetic coins and their state-space.
Image reproduced with permission of the rights holder, IOP Publishing Ltd.

2.2 Pairing Balls Model

The paring coins model (C'-model) assumes two distinct states for a stand-alone coin

— panel (a) in figure 2.6. We introduce a second model whose constituent elements
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2.2: Pairing Balls Model

are stateless, like balls in a stand-alone state, to simplify the matter further. We
call it the paring balls model, or in short, B-model. It is schematically plotted in
figure (2.6), panel (b). The B-model has an emerging state similar to the C-model.
Nevertheless, it is mathematically convenient to start from the B-model and later

move to the C-model.

(a)z O (b)o 8

Figure 2.6: (a) Coins in single and pair state (b) Balls in pair and stand-alone

state.

Following the same notation, balls have a single state as a stand-alone element or
k = 1, and therefore, T/V](\,1 ) denotes the state space of N pairing balls. Similarly,

21 (N) denotes its state space volume
Q1 (N) ——|W(1)] (2.7)
N I :

Adding a new ball introduces two possibilities:

1. The newly added ball stays in a stand-alone (non-pair) state. Since the ball is
in a single state and the existing N coins have ;(N) distinct states, in total,
there are ;(N) available states for the whole system of N + 1 balls.

2. The new ball makes a pair with another one in the aggregate, and in total,
there are N{); (NN — 1) available states for the whole system of N + 1 balls.

Therefore, the total number of distinct configurations for N+ 1 pairing balls obtains

(N +1)=(N)+ NQ (N —-1). (2.8)

Notice that the difference between equations (2.6) and (2.8) is in the factor that
corresponds to the number of stand-alone element states. Specifically, for s € N and

p € N as the number of states for stand-alone and pair elements, respectively, the
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Chapter 2: Pairing Models

general state-space volume complies with the following recursive equation
Qs(N 4+ 1) = sQs(N) + pNQg(N — 1). (2.9)

For instance, the C-model corresponds to s = 2 and p = 1. In the next section, we

will derive the general form of Q,(N) by using the following initial values
Q,(0) =1, Q4(1) = s, (2.10)

and after that, find (V) and Qa(N).

2.3 Finding Q,(N)

By employing a power series generating function [71], we will show how to derive

Qs(n). Denoting G(z) as a converging power series like

G(z) = Z%Z—T (2.11)

n>0

for z € A C R, we assume ,(n) is the coefficient of the term Z; in the power series
expansion of G(z), or
a, = Q(n). (2.12)

The details of obtaining G(z) are explained in appendix (A.1). We see in equations
(A.16) and (A.17) the coefficients of even and odd powers are different, and G(z)

derives as

3

3
|

—

2 SZk(g)g—k 2 32k+1(7§’)"§1—k n
G(z) = loaa(n) » nl—rr—c + loen(n) » n! — :
nzzo ; 2k1(2 — k) % (2k + D)I(252 — k)| n!
(2.13)

whereas 1,4q(n) and 1eyen(n) are indicator functions for odd and even numbers. In
equation (A.26), the last result writes Q4(N) as

N2
Q(N)= > (2n )(2np— 1)1V =2m e (2.14)
np=0 p

where | .| denotes the floor function. Observe that (2]7\;) (2n, — 1)!! is the degeneracy
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2.3: Finding Q,(N)

corresponds to n, pairs among N elements. To elaborate, choosing 2n, elements
from N is equal to (ZJX ) distinct combinations, and there are (2n, — 1)!! different
P

distinguishable pairs that 2n, selected elements can make. In total, (2]7\;) (2n, — !
is the number of distinct configurations without considering the states of single or

pair elements.

For pairs with p state, p"» enumerates distinct combinations of a given n, pairs.
Similarly, sV =" enumerates combinations for stand-alone elements with s states.

Overall, in total, for n, pairs

N
Wy(n,) = <2n )(znp — )N 2w e (2.15)
P

is the degeneracy of the set of N elements with n, pairs.

In appendix (A.2), we used a second method to derive Q4(N) in terms of the
renowned generalised Laguerre polynomials, denoted by Lgla)(:v), for degree n and
o = {—3,3}. Equations (A.36) and (A.37) write ,(N) as

1, o2
2(2N) = Np)VLy (o ), (2.16)
Ny (b, =8

2.3.1 B-model’s Q;(N)

For B-model, using s = p = 1 equation (2.14) obtains

[N/2]
M(N)= > (;Zp) (2n, — 1! (2.18)

np=0

2.3.2 C-model’s 2y(N)

For C-model, s = 2 and p = 1 equation (2.14) yields

LN/2)
D(N) =) (2?1;) (2n, — 112N =2, (2.19)

np=0
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Chapter 2: Pairing Models

2.4 Asymptotic Leading Terms

Generally, macroscopic systems have many constituent elements, namely, 1 < N.
Accordingly, for any practical purposes, the leading term of the asymptotic expan-
sion of state-space volume contains all the relevant information. On account of this
fact, in this section, we shall derive the asymptotic leading terms of equations (2.18)
and (2.19).

We start with a different form of equation (2.14), shown in appendix (A.1), equation
(A.23)
[N/2] (282 )k

O,(N) = N!(g)W?J kz:; o b (2.20)

(L5]=mr

Appendix (A.3) explains the details of the steps. Here, we go through the main

results in order.

First, note that we use the exact form for even numbers and start by numerically in-
vestigating the properties of the summand in equation (2.20). Since different choices
of s and p do not affect the general feature of the summand, the numerical calcula-

tion is done for s = 2 and p = 1. This choice corresponds to 5(2N) parameters.

Numerical calculation shows that the summand in the following sum has a maximum

at k* = |V2N] (or in general k* = [/s?N/2p]) for even numbers

23k

> NN H > tn(k). (2.21)

0<k<N 0<k<N

Next, we obtain the limit of the ratio ty(2V2N)/ty(v2N), and finds its limit

approaching zero exponentially fast

v ON —2v2N
lim V2N (5> et = 0. (2.22)
n—00 tN(Q*/QN) n—oo \ 4

In other words, other terms around the maximum decrease exponentially fast, and

in that sum, the bulk of contributions are from the terms around the maximum.
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2.4: Asymptotic Leading Terms

Using these findings, we can divide the range of the sum into

N[ (25
Rl DR S T T b

(2.23)

where % and A are exponentially small in comparison to the sum in the middle.

We have to highlight the term corresponds to k = 0 is 1/N!. After that, using the
Stirling approximation [7, 17]

N!'=+2 N(%)N(l + 0(%)), (2.24)

equation (2.23) simplifies to

2k
52N

Q,(N) = p2 N3 (%>N1<k<§m ;pe {HO(\/—%)}.

(2.25)

And finally, the Euler-Maclaurin summation formula [59] derives the leading term

for the summation as

N

O,(2N) = \/];eii <%)Ne2\/m (1 + 0(\%)) . (2.26)

Equation (2.26) gets the asymptotic leading term for both €, (2/V) and §22(2N). For

the former, s = p =1 and

Q1(2N) = \/%ei (%)N& N/2 <1+0(\/%))7 (2.27)

while for the latter, s =2 and p =1

0,(2N) = é <%>Ne2m <1 + O(\/LN)) . (2.28)

It is apparent from equation (2.26) that the dependence of state-space volume on

N grows faster than exponentially. For instance, keeping the most significant term
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Chapter 2: Pairing Models

written as

QN) ~ (ﬂ) _ N, (2.29)

for 1 < N and N = N/e, with e as Euler constant and v = £ [33).

However, for a typical state space where a single element has %k distinct states, the
Cartesian multiplications of N sets have a volume equal to k. In comparison, the
state space volume equal to N7V grows asymptotically faster than exponentially for
positive . That is to say, N7V is faster than the exponential function, namely k%,

and similar to N for factorial state spaces’.

Indeed, state spaces with faster than factorial growth also exist. For example, the
state space growth rate for directed networks with self-loop is 2V for an ensemble

of networks with /N nodes.

2.5 Conclusion

In section (1.3), we reviewed the definition of additivity and its relation to multi-
plicative quantities such as partition function or the volume of exponential state
spaces. Recall that for elements with & states, the volumes of exponential state

space with different sizes write as
Q(N +1) = Q(1)QN). (2.30)

Since Q(N) is a strictly increasing function and therefore has an inverse function,

there exist two continuous conjugate functions as
Qz) =k = Q '(2) = In (2.31)

for a positive, real number z. Consequently, after taking the logarithm of the mul-

tiplicative relation, it transforms into an additive quantity
QN +1)=Q1DQ2AN) = Ing QN +1) =1ng Q1) + Ing Q(N). (2.32)

For example, we observed that when the free energy is proportional to the logarithm

of the multiplicative partition function, say Zy, it complies with the additivity

INote that the factorial state spaces correspond to N, where the logarithm of the state space
volume is NIn N ~ In N! when we use Stirling’s approximation.
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2.5: Conclusion

relation as

INny1 = Z1Zn, Fy=IlnyZy = Fyy=F+ Fy. (2.33)

On the other hand, for pairing models, the volumes with different sizes govern by

equation (2.9) written as
Qs(N +1) = Q5(1)Q(N) + pNQ(N — 1). (2.34)

Note that, since Q(1) = s, we rewrite the last equation in terms of (1) to make

the first term on the right-hand side similar to the multiplicative form.

Following the same idea, we observe Q,(NV) is a strictly increasing function, and it
must have an inverse function. Extending the domain of Q4(N) from N to R* and
assuming €, (V) is continuous in R, the pairing conjugate functions written as

Q, = ¢s(z) :RY = RT, Q' =¢ ' (2): RT — R, (2.35)

S

and the relation equivalent to additivity obtains as

&5 (AN +1)) = 671 ((1)Q(N) + pNQ(N — 1)) (2.36)

Although we found the exact form of Q4(N) for discrete values in equation (2.14),
its continuous extension, ¢,(x), and its inverse , ¢, !(z), are not expressible in terms
of elementary functions. Later, we will return to this idea and find the asymptotic
form of ¢4(x).

Generalising pairing models to more than two compounding elements is straightfor-
ward. Evidently, the recursive relation in equation (2.9) describes the geometry of
the pairing mechanism. For brevity, without proof, we report the recursive relation
for the n-tet mechanism. e.g. for the trio, quartet and quintet mechanisms, n is
equal to three, four and five, respectively. In general, adding a new element amounts
to a stand-alone configuration in s distinct states for the newly added element or
creating an n-tet in p,, states with (17\; ) distinct combinations. In total, the recursive

relation is

Qy(N +1) = sQy(N) + py (Z ) Qu(N —n). (2.37)
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Chapter 2: Pairing Models

If all n-tet mechanisms are permitted simultaneously, each with p; states, we get
Q,(N +1) = SQS(N)—i—ZpZ( ,)QS(N—Z). (2.38)
?
i=1
We do not pursue this program any further here, but it is possible to reapply the

arguments of this chapter and the next for the generalised cases. However, we report

some insights in appendix (E.1) containing future work conjectures.
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Chapter
THREE

Probability Distributions of
Pairing Models

The paring models introduced in the previous chapter are combinatorial objects. In
other words, they only enumerate the sets of distinct pairing configurations. How-
ever, a probability distribution over pairing configurations models the randomness
in the outcome of an observation. So, to find statistical emergence properties, it is

natural to construct such distribution from the first principle.

This section will find Binomial-like probability distributions for B and C' models. It
is analytically and practically interesting that both probabilities are expressible in
closed form, and consequently, most of their statistics, such as their mean, standard
deviation, and other moments, are in closed form. Also, we find the asymptotic

leading terms of the same statistics for large system sizes.

Furthermore, distributions of B and C' models satisfy the Large Deviation Principle
(LDP) [18, 65, 66]. As a result, we will derive their corresponding large deviation
distributions and their rate functions. In addition, as obtained in the previous
chapter, the logarithm of state-space volume is proportional to N In N. Due to this
fact, we shall find the logarithm of LDP distribution has N In N speed, which is the
direct consequence of faster than exponential state space for emerging states. We

also find the marginal and joint probability distributions for one or more elements in
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Chapter 3: Probability Distributions of Pairing Models

closed form. These distributions will be helpful in finding some information theory

measures in the later chapter.

The normalisation constant of distributions complies with a recursive relation cor-
responding to the state space recursive equation. We will see the geometry of the

state space encodes as the normalisation constant recursive relation.

To reduce the notation clutter and convenience in reading them, we use lower case
n in place of capital N to denote the number of elements and system sizes, although
the latter is common in physics publications. We will follow the same convention in

this and the following chapter but return to NV in chapter (5).

In introductory statistics in the limit n — oo, the Poisson distribution obtains
from the Binomial distribution when np = X is kept constant, while p denotes the
probability of success and ) is the Poisson rate parameter [22]. On the same footing,
similar limiting distributions exist for B and C' models. The limiting distributions
are obtained by scaling the B and C' models’ parameters with system size such
that the ratio is kept constant — similar to the success parameter in the Binomial

distribution and rate parameter in the Poisson distribution.

Together, we shall see that the models’ averages can be considered as an order
parameter such that in the thermodynamic limit (n — oo): the average of LDP dis-
tributions is zero, whereas the limiting distributions have non-zero averages. Thus,
the average as an order parameter corresponds to a second-order phase transition
in physics [8]. One can envisage that the phase transition must occur whenever a
secondary model utilises one of B or C' models as its building blocks and control the

size dependency of the free parameter through some internal mechanisms.

To use the resulting distributions in statistical modelling, one needs to infer the free
parameters from one or more observed values of realisations of random variables.
This chapter finds the maximum likelihood estimations for the free parameters in
both B and (' distributions.

Lastly, we demonstrate the parameter inference of the distributions in a Bayesian
setting. Interestingly, we will derive a conjugate prior for the parameters that are
expressible in closed form. Meanwhile, we show that the normalisation constant
of the conjugate prior is well-defined, converging and expressible in closed form.
Finally, we remark that expressing the results in closed form for Bayesian statistics
or others is not only a mathematical convenience. It also provides an opportunity

to apply and employ them for further analytical investigation or modelling.
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3.1: Binomial-like Distribution

3.1 Binomial-like Distribution

This section examines random variables that are functions of emergent states of
pairing models, introduced in chapter (2). Before delving into the pairing random
variables, let us review the properties of an ordinary binary random variable. It is
common practice [9, 48] to model a binary random variable, say X;, by the Bernoulli

distribution
Ber(X;;p) = pXi(1 — p)t=%0), 0<p<Ll (3.1)

For instance, the random variable X; is a function over the state of a single coin

showing either head or tail
X; : {tail, head} — {0, 1}, (3.2)

and the parameter p defines the probability of observing the head state.

Let us consider a model consisting of n distinct coins such that the random variable
ny denotes the number of coins showing head. For the random variable X;, n,

defines as

np = En: X;, (3.3)
=1

and its probability is determined by the Binomial distribution [9, 48]

Bin(np;n, p) = (n

o= gy 3.9

Note that because of the Binomial expansion identity, the normalisation condition

is always satisfied

> <: )p”“(l ) =(p+1-p) =1 (3.5)

However, to model the pairing mechanism in B and C' models, one needs to construct
similar distributions that satisfy the normalisation condition for their non-negative
probabilities. In these cases, the domain of random variables is the elements’ states,
resulting from an underlying pairing mechanism. Therefore, this section defines

random variables relevant to the pairing mechanism and their state spaces and

subsequently introduces their probability distributions.
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Chapter 3: Probability Distributions of Pairing Models

3.1.1 B-Model’s Probability Distribution

Let &, denotes the set of all possible configurations for the B-Model, or as it is
called in statistical mechanics [64, 28], the ensemble of configurations. And also,
let n, denotes the number of pairs in an observed configuration, say c,,, such that
n, € {0,1,...,[5]}. Notice that since the number of pairs is a whole number, the

maximum of n, is equal to [n/2].

From the onset, for the purpose of this chapter, we assume equal probability among
configurations that consist of the same number of pairs, and therefore, n, provides
the means to partition the ensemble accordingly. To use the number of pairs for
partitioning &,,, we define the subset of configurations with ¢ pairs, denoted by 5;,
as

S; = {ci € S, : ¢; has i pairs}, (3.6)

such that

5]
So=JS.  Si[)S=0 for i+#j. (3.7)
=0

For instance, figure (3.1) represents partitions of S, and as we can see for n = 4,

the number of pairs are restricted to n, € {0, 1,2}.

Next, the probability of an event set S;, denoted by p;, defines as

pi = Po(Si) = Pu(n, = 1), 0<p <1, (3.8)

Although we assumed equal probability among configurations with the same number
of pairs, the cardinality of each subset is different from the others. Naturally, the
cardinality of the subset S; is the right measure to define p;. From the discussion in
the previous chapter, we know that the cardinality of the subset S; is equal to the
number of distinct 2i pairs choices among n elements times (2¢ — 1)!! distinguishable

pairs

1S;| = (”)(2@'— NI (3.10)

21
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3.1: Binomial-like Distribution

In the case of a uniform probability over S,,, we must have

1S;] (5) (20 — i

L AR EY

(3.11)

However, while the event set S; can contain one or more configurations with ¢ pairs,
the probability p; corresponds to the event of observing any of them. In addition,

to have a probability for each and every ¢; € S;, we define a fine-grained probability

Using the assumption of equal probability among configurations with the same num-

ber of pairs, p; must be equal to ¢; times the cardinality of the subset S;. Thus

Pu(S) = S| Pales) = pr = (;”‘) (2~ 1)l g, (3.13)

Accordingly, the normalisation condition (3.9) is

,_
(NIE]
[y

(22> (20 — 1)l g =1. (3.14)

=

Ss={000e)

5:={0000.0000 . 0000.6000
0600. 6000

5={00d0 6000, 00 000

Figure 3.1: Partitioning S, to three disjoint subsets. The arrows show the pairing
between balls.
Adapted from “New probability distribution describing emergence in state
space,” Pazuki, Roozbeh H. and Jensen, Henrik J., 2021, Journal of Physics
Communications, 5(9), p. 095002. DOI: 10.1088/2399-6528 /ac1{74. Copyright

2021 under the terms of the Creative Commons Attribution 4.0 licence.

Two examples are provided here for such distributions over S;. Table 3.1 shows a
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Chapter 3: Probability Distributions of Pairing Models

uniform distribution, by which all configurations have the same probability: ¢; =
1/10. Whereas, table 3.2 shows the equal probability for all event sets: p; = 1/3.

Table 3.1: Uniform distribution. Table 3.2: S, distribution.
Di q; i 4q;
Po = 15 4 = 15 Po =73 G =3
p1=1% %Z% plzé %Zﬁ
P2 = g 42 = 19 P2=3 @ =53

3.1.2 (-Model’s Probability Distribution

For the C-model, we use a similar notation as in the previous section to define the
set of configurations and the corresponding probability distribution. Let us denote
by &', the ensemble of the C-model’s configurations. As we did for the B-model,
S',, partitions to disjoint subsets, namely S;. Recall that configurations in S; have
the same number of pairs, and consequently, each configuration has (n — 2i) coins
that are in a non-pair state. If n;, denotes the number of coins in the head state,

then, we must have
ny € {0,1,...,(n—2i)}. (3.15)

We assert an equal probability assumption for the C-model, such that the probability
of observing configurations that have the same number of pairs, n,, and heads, n,
are equal. Furthermore, S; partitions to disjoint subsets, denoted by S;;, that have

j coins in head states. Thus

Sij = {cij € S 1 ¢ has j coins in head state}, (3.16)
and
n—21
Si=1J Sy Sy[)Sa=0 for j#k (3.17)
§=0

Given S;; is a subset of S;, we define the conditional probability of event S;;|.5;, or
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3.1: Binomial-like Distribution

the probability of observing configurations with j heads, given ¢ pairs

There are (”;2’) distinct configurations for selecting j heads among n — 2¢ non-pair
coins. Therefore, for the n—2¢ non-pair coins with j heads, the Binomial distribution

finds the probability p;; as

n—2\ . i
pjz:( j )ﬂ](l—p)“ 7, 0<p<], (3.19)

where p defines the probability of getting head in throwing a single coin. Note that

the conditional distribution admits the normalisation condition

n—21

Y p=(p+1-p" =1 (3.20)
§=0

Finally, the probability of event set \S;;, or observing configurations with ¢ pairs and
J heads, is

and according to the probability chain rule [48], it can be written as

Pij = i X pjji = (”) (2i — 1) g; K" ; Qi)pj(l _ p)”—%—f} . (3.22)

21

Apart from that, we observe the cardinality of S;; is equal to (;)(22 - ! (";21)
At the same time, because all configurations in S;; have the same probability and
are similar to the B-model, one concludes the probability of observing a specific

configuration ¢;; € S;; must be

Po(cij) = qip’ (1 — p)" 2. (3.23)

This argument is schematically represented in figure (3.2) as a probability tree.
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-~

o

P(So) =4qo \

P(SplS;) = (1 —p)"~*

(2)(2i = DI q; H P(Sy1S:) = (n;%)p](l — p)n-2i-i

P(Sitn—20)|S:) = p"*

p(Siz)) = (n = Dllgpz) -

Figure 3.2: The pairing coins probability tree.

Adapted from “New probability distribution describing emergence in state
space,” Pazuki, Roozbeh H. and Jensen, Henrik J., 2021, Journal of Physics
Communications, 5(9), p. 095002. DOI: 10.1088/2399-6528 /ac1{74. Copyright

2021 under the terms of the Creative Commons Attribution 4.0 licence.

To check the normalisation condition for p;;, we write

3.1

One
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.3 Finding p; and p;; in Closed Form

of the appealing aspects of well-known statistical probability distributions is

their handful of free parameters, through which the shape, rate, scale or other

properties are controlled. To put it simply, a small degree of freedom is enough
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3.1: Binomial-like Distribution

to specify the details. For example, in a statistical modelling setting, one needs to

estimate a small number of parameters from data.

In this section, we will redefine P,(n, = i) as a one parameter probability distri-
bution, and P,(n, = i,n, = j) as a two parameters one, including p, for the C
and B models, respectively. Let us focus on the C-model for a moment. For two
balls, as depicted in figure (3.3), there are two configurations in the set Sy, and the

normalisation condition is written as
g +q = 1. (3.25)

Denoting the ratio of these two probabilities by r for

r=%" ¢[00, (3.26)

a1
we can write gy and ¢; in terms of r as

r B 1
r+1 =

qo = (3.27)

paired : ¢;

stand — alone : ¢ kg

@dj—alone Qo

Figure 3.3: Two balls in paired or stand-alone state.
Adapted from “New probability distribution describing emergence in state
space,” Pazuki, Roozbeh H. and Jensen, Henrik J., 2021, Journal of Physics
Communications, 5(9), p. 095002. DOI: 10.1088/2399-6528 /ac1{74. Copyright

2021 under the terms of the Creative Commons Attribution 4.0 licence.

Remember that for n balls, (|5 ] +1) distinct probabilities are required to completely
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define the distribution of the C-model, namely ¢;. To find ¢; in terms of a single
parameter, we are pursuing a rule that relates ¢; for n — 1 to ¢} for n. Therefore,
to stress the dependence of ¢; on the number of balls, we replace ¢; by ¢,(i), and

establish a relation between g, (7) and ¢, (7).

For n = 3, the number of possible pairs are the same as the two balls case, in other
words, n, € {0,1}. Indeed, as it is shown in figure (3.4), the difference between
n = 2 and n = 3 is in the degenerate configurations for n, = 1: there are three

distinguishable configurations for (n = 3,n, = 1), when it compares to figure (3.3).

@3@

@ @
o, 98

Figure 3.4: Three balls in paired or stand-alone states.

This is true for all consecutive even and odd numbers, 2n and 2n + 1, since n =

|2 | = [2%:]. But the number of degeneracies is different

Pon(n, = i) = (22’;‘) (2i — 1) gon(i),

, 2n+1 . _

Pyi1(ny, =1) = ( Y >(22 — D! gon41(7). (3.28)
Therefore, it is reasonable to assume the differences between probabilities of observ-
ing the n, pairs for even and odd numbers are due to the differences in degeneracies,

while the probability of making n, pairs remains the same.

For example for n = 3, the ratio of ¢3(0) and ¢3(1) must be equal to r, while for
n = 2 the ratio of ¢3(0) and ¢2(1) is defined as r

= = (3.29)
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3.1: Binomial-like Distribution

So, writing the normalisation relation implies

33(0) +3g3(1) =1 =

q3(0) = 31, g3(1) = s (3.30)

To check the last result, consider the case of uniform distribution. In that case
for n = 2, when the probability of a pairing state is equal to a stand-alone state
(¢2(0) = g2(1) = 3), or r =1, for n = 3 the probability distribution is also uniform

B0 =7 6= (3.31)

Thus, the equal probability for the n = 2 propagates to n = 3.

Furthermore, for n = 4, the number of pairs are n, € {0, 1,2}, and the normalisation
is

Q4(0) + 6(]4(1) + 3Q4(2) =1. (332)
And since in a configuration for n, = 2 there are twice more pairs in comparison

to n, = 1, we expect r x r as the ratio between ¢4(0) and ¢4(2), and r as the ratio

between ¢4(0) and ¢4(1)

=7, (3.33)

which implies
r2qa(2) + 6rqa(2) +30(2) = 1 —

r? T 1
)= — )= —n—— )= ————. 3.34
0(0) r2 4+ 6r + 3’ a(1) r2+6r + 3’ a(2) r2 +6r + 3 (3:34)
Let us again check the case of the uniform distribution. For r =1,
1 1 1
= — 1) = — 2) = — .

and once more it obtains the uniform distribution. Hence, again, the equal proba-

bility propagates to n = 4.

Using induction steps, while considering the alternating conditions between odds
and even numbers, we find
rlal—i

wl) = o — (3.36)
STRED (2) (2k — 1)1 LBk
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Chapter 3: Probability Distributions of Pairing Models

and the probability distribution derives as

(3)(2i — 1)l rlz)=

7

2
L) () 2k — 1) L

(3.37)

Defining the normalisation constant ¢, (r) as

colr) = <”)(2k— D L3Ik, (3.38)

the C-model’s probability distribution writes as

n

P,(n, =1i) = Cnir) (22) (20 — )N rlzl=, (3.39)

The ¢; parameter in the B-model and C-model was defined based on the same
partitioning procedures, and therefore, they are the same. Hence, the B-model’s

probability distribution must be

Pu(ny = i,ny, = j) = Cntr) (;) (2i — D) pl31= (” ; 2i>pj(1 — P (3.40)

3.1.3.1 Example

1
27
half of making a pair, ¢4(1/2) obtains as

- () o) 0-%

For n = 4, when r = =, or the ratio of probability of being in stand-alone state is

and the distribution is

Py(n, =0) %
P4(np =1) %
P4(np =2) %

Table 3.3: The probability distribution for n = 4 and r = %
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3.1: Binomial-like Distribution

3.1.3.2 Finding c,(r)

The first eight iterations of ¢,(r) is shown in table (3.4). These are very similar
to Hermite polynomials as a function of r, though all their coefficients are positive.

Therefore, we expect to find properties similar to Hermite polynomials for ¢, (r).

cn(r)

r+1

r+3

r? +6r +3

r? +10r + 15

r3 + 15r? + 45r + 15

r3 4+ 21r? + 105r + 105

r* 4+ 2873 4+ 210r% + 420r + 105

r* + 36r° 4+ 37812 + 1260r + 945

O O | O U | W N B

Table 3.4: Normalisation constant for first eight ns.

We start with even numbers and write equation (3.38) for 2n

Con(r) = ™ zn: (227;) (26 — 1) . (3.41)

=0

If we define a power series, say fo, (), as

Fonlz) = zn: (ZL) (2i — DIl 2, (3.42)

=0

then, the normalisation constant in terms of fs,(x) writes as

Con(r) = Tnfgn(%) (3.43)

Similarly, for odd numbers, we define

fonea(2) =3 (2” + 1) (2 — DIl o, (3.44)

; 21
=0
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Chapter 3: Probability Distributions of Pairing Models

and the normalisation constant writes in terms of fo, 1(z) as

ania(r) =" a0, (3.45)

Using these power series in appendix (B.1), we find recursive relations between

normalisation constants as follows

Con (1) = TC2n_1(r) + (2n — 1)cop_o(r)

(3.46)
Cont1(1) = Con(1) + 2ncon_1 (7).

This result resembles the recursive relation for the state space volume in equation
(2.9). For even numbers, it is equivalent to s = r and p = 1. And for odd numbers,

itiss=1and p=1.

However, we must emphasise the generality of these relations in comparison to the
state space volumes in equation (2.9), since they are satisfied by these polynomials
of an arbitrary non-negative r. It seems that the state space structure is not only
encoded in a single recursive relation but also in normalisation constants of the

probability distributions that are defined over it.

One can even see them as the composition law that decomposes the normalisation
constant in terms of smaller system ones. Recall that in statistical mechanics jargon,
the normalisation constant is called partition function, and for this specific space,

we know its decomposition law [33].

Furthermore, it is important to mention that initial conditions for recursive relation
in equation (3.46) are
c(r) =1, co(r)=r+1, (3.47)

whereas € (n) and Q9(n) had different initial conditions

(1) =1, 2:(2) =2, (3.48)
and

Qs(1) = 2, 29(2) =5. (3.49)
Note that for r = 4,

The last observation tells us that the same machinery that derived the asymptotic
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3.2: Large Deviation Estimates

leading terms of 23(2n) can also give us the asymptotic form of ¢, (r). To achieve

that, first, observe the rearrangement of the terms in cg,(r) sum

=0 i=0

n _
rkzk n

= (2n)! —_—— 3.51

(2n) ,; (n— B)I2R)" (3:51)

where we used k = n — ¢ in the last step. The resulting sum is the same expansion
we had in equation (A.38) for Q(2n), whenever s = /r and p = 1. Thus, using

equation (A.73), one finds

Con (1) = m <2§>n 1gk§22\/m ( fe)% [1 + O(%)} . (352)

However, when r is kept constant and 1 < n, all the assumptions and steps in

finding the asymptotic leading term of 25(2n) in equation (A.99) are valid and give

Con(1) = e\/g (%”)nem (1 + 0(%)) . (3.53)

We have to point out here that the above leading term is valid for » < n, which

is good enough when 7 is kept constant and n is large. This is the case for large

deviation estimates in the next section.

3.2 Large Deviation Estimates

A probability distribution satisfies the Large Deviation Principle (LDP) [19, 65, 66]
if the limit )
lim ——log P,,(X,), (3.54)

n—oo0 QO

exists for a random variable X,, and a sequence of distributions P,, and a sequence
of positive numbers a,, called speed, for n € {1,2,...} that tends to oo. In this

section, we will check the existence of the limit for both P,(n,) and P,(n,,n,).

For a configuration with size n, let the random variable X; denote the states of a
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Chapter 3: Probability Distributions of Pairing Models

single element. Therefore, the number of pairs is defined as

1 n
=75 0xp (3.55)
=0

whereas 0x;, , is the Kronecker delta if X; is in a pair state. Moreover, the number

of elements in head state is defined as
np = 25)(“}” (356)
i=0

whereas 0y, j, is the Kronecker delta if X, is in a head state.

To study the large deviation property of the distributions, we use the following
transformation to define a normalised random variable for the ratio of the number
of pairs as follows

_2ny

1n
n=——=— X, p 0<m<1, 3.57
m " n; X;.p Sm= ( )

and similarly, for the number of heads in a random configuration as

1
~h Sxom  0< sy, <1. (3.58)
n—2n, n-—2n, <=

Sn

In the continuum limit, or n — oo, both variables are in R [65].

3.2.1 Large Deviation Principle Satisfied by P,(n,)

In Appendix (B.2), equation (B.21), and by using Sterling’s approximation for log n!,

we obtain

)nlnn—g myInm, + (1 —m,) IDM] + O(y/n).

" (3.59)

The terms inside the square bracket in the last equation resemble the Shannon

1—m,

In P,(m,) = —(

entropy [15]. We remind the reader, for 0 < p < 1, Shannon entropy is defined as

H(p) = —plnp— (1 —p)In(1 - p), (3.60)
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3.2: Large Deviation Estimates

and along the same line, we define H,(p) for different r as

~ 1 —p)?
,(p) = —plnp (1 p)n 120 (3.61)
in which, e is Euler constant. So, In P,(m,,) rewrites as
1—m, ~
In P, (m,) = —(——™)nlnn + gHr(mn) +O(v/n). (3.62)

To find the LDP limit, the speed is not linear but is of order O(nlnn). By dividing
In P,(m,) with nlnn and taking the limit with respect to n, we find that the limit

exists and results in

11— n
In P, (my) = —. (3.63)

n—oo nlnmn 2

In other words, the large deviation principle is satisfied, and the rate function [19]
for the B-model distribution is
1—m,

I(my) = ==, (3.64)

In practice, when the value of nlnn is not appreciably larger than n, one requires

to include the correction due to terms in O(n) order as
Py (my) = ¢ minnd(ma)t 31 (ma) (3.65)

In figure (3.5), left panel, we see the shape of H,(m,) and its dependence on r. As
it is shown, in spite of the right leg being fixed on zero, the left leg of the curve is r
dependent. Note that I-:Tr(mn) can be negative, which may seems problematic for a
rate function!. This is not a striking result, since H,(m,) is a O(=) correction to

the rate function.

Although the large deviation rate function is (1 — m,,)/2, for any practical purpose
the O(;-) correction must be included. For instance, let say the number of elements
is of order of Avogadro’s number, n = 10%. Then nlnn = 53x10% is 53 times larger
than n, and ﬁr(mn) can have a comparable significant contribution in comparison
to (1 —my,)/2.

Also, in figure (3.5), right panel, we plotted the error in estimating m,, in comparison

to the directly calculated value at the point of maximum probability. The estimated

'Remember that rate functions must be non-negative [19].
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Chapter 3: Probability Distributions of Pairing Models

value is evaluated at the maximum of corrected rate function, say nlnnl(m,) —

(n/2)H,(m,), and we see that the error decreases for increasing n.

Hr(xq)
difference
\
/
\

n = 1000
= n = 10000
7 «~ n = 100000
g —x- n = 1000000

,,,,,

_2m
X1= 5~ r

Figure 3.5: Left panel shows H,(m,) for different r. Similar to the Shannon
entropy, the H,(m,) is zero at m, = 1, and the value at m,, = 0 depends on 7.
Right panel plots the difference between the estimated m,, at the maximum
of the distribution from the directly calculated value versus r. Each plot is for

a different n, and the error reduces for increasing n.

3.2.2 Large Deviation Principle Satisfied by P, (n,,n,)

In appendix (B.3), equation (B.24) finds In P, (m,,, s,,) as

1—m,

Sn

In P, (my,, $,) = —( ynlnn + g [ﬁr(mn) —2(1—my) (sn ln(?)

(1 - ) 111(11_ S”))} +O(v/n). (3.66)

Remember, p is the probability of getting head in the case of a single pairing coin,

and defining the Bernoulli rate function as [65, 66]

() = 22 (%2) + (1= 22) In(1=72). (3.67)

In P,(my,, s,) becomes

1—m,

I Py (i, $0) = —( (ma) — 2(1 — mn)1p<sn)] +O(Vn).

(3.68)

)nlnn%—%[
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3.2: Large Deviation Estimates

Finally, the LDP limit exists and is equal to

1—m,
lim — log P = . -
Jim ———log (M Si) 5 (3.69)

Therefore, P, (m,, s,) satisfies the large deviation principle with the rate function

1- n
I(my, $0) = 2m . (3.70)

As we explained in the previous section, in practice, the correction terms of the rate

function are significant. So, including the correction terms in order O(n) obtains

Pn(mnysn) — e—nlnnl(mn,sn)—&—%Hr(mn)—n(l—mn)lp(sn)‘ (371>

3.2.3 The Limiting Case r/n — ¢

In the thermodynamic limit, or when n — oo, for B and C' models, we can find

lim P,(m, =1) = 1, (3.72)
n—o0
and
lim P,(m, =1,s, =0) — 1. (3.73)
n—oo

In other words, in both cases, all elements are in the pair state.

Recall that r is the ratio of abundance of stand-alone to pair states, and in finding
the above limits 7 is kept constant. To elaborate, m,, = 1 in thermodynamic limit is
the consequence of the fast growth rate of the term (QZp) (2n, — 1)!l that for a given
n, counts the degenerate states. So, in thermodynamic limit for any finite value of
r, the volume of the subset S|z) € S is so large in comparison to the remaining ones

that we find all elements in the pair state.

Despite this fact, one can envisage a non-constant r, especially as an increasing and
size-dependent function, and consequently study the large deviation property of the

distributions if the following limit exists

0< lim — = ¢ < oc. (3.74)

n—oo N

Note that in finding the asymptotic leading term of ¢,(r) in equation (A.99), we
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Chapter 3: Probability Distributions of Pairing Models

assumed r is constant. However, in appendix (B.4), equation (B.55), for r/n is

non-zero and bounded above, we find the leading term for ¢, (¢) as

g(ﬁ)*%g(e)e” %(%)n/Q

e<e
Cn(e) = %/g\(/‘?ef(f)g/(;) (375)
g(e)” 29 (em)”
—_—— >
el (90 €c

where e is Euler constant, f(¢) is defined in equation (B.31) as

f(e)Z\/Hé—l, (3.76)

and g(e€) is defined in equation (B.35) as

ef(e)
2

gle) = (1 — ). (3.77)

Taking the logarithm of In ¢, (€) results in

gle)lng(e) +ny/S+5Inn -5+ 0(1) e<e
g(€)Ing(e) + FInn+ Fln(e) +O(Inn) e>e

Inec,(e) = , (3.78)

NS IS

then, by replacing Inc,(r) by its asymptotic leading term and r by en, equation

(B.19) rewrite as follows:

e Fore<e:

n

In P(ma) = =3 [Q\E — g(e)Ing(e) +my Inm, + (1 —m,)In (= ma)” m”)z]

ee

n

— 2 |25 - stngte - Aona)] (3.79)
e Fore > e:

In P.(m,) = _g {m(ee) — g(€) Ing(€) + my Inmy + (1 —my) In %}
_ _g [ln(ee) —g(e)Ing(e) — H.(my,)] . (3.80)

So,
P.(my,) = e i) (3.81)
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3.2: Large Deviation Estimates

where
112/ —¢g(e)ln e—ﬁemn O<e<e
Lo = L{2VE - a0 = Augm) C aw
2 | n(ee) — g(e) Ing(e) — H.(m,) €>e
Similarly, for P.(m,, s,), all the terms are the same, and we have
Py, 5,) =< e M2(mnsnie), (3.83)
for
Ir(my, Sni€) = 2(1 — my,)1,(s,) + I (my; €). (3.84)

Notice that the logarithm of these two probability distributions are in order O(n).

02230

n=10°

— hix1,€)
zzzzz

02226

02224

I(x1; €)

zzzzz

02220

27100
27125
27150
27225
27250

x1=32 3

Figure 3.6: Left panel: [;(z;€) against z; € [0, 1] for different es. Right panel:
The maximum of the distribution versus e. Blue circles are the maxima of
directly calculated distributions for n = 10%. And the black line is the minimum
of I1(x1;€). Because of discreteness of the distribution, we see step-like changes

in the position of maxima.

In figure (3.6), the left panel plots I;(my;€) and its minimum for different values
of €. Also, the right panel compares the estimated maximum of the probability
distribution and directly calculated maximum with respect to € in the vicinity of
¢ = e. In the direct case, we took n = 10° and used P,(m,,,r = en). The estimated

value is the minimum of I;(m,;€).
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3.3 Statistical Properties of Distributions

Having probability distributions in closed form for pointed out statistical models
enables us to derive their statistical properties and quantities. Apart from common
statistics such as mean and standard deviation, we also obtain the asymptotic form

of the same quantity for 1 < n.

3.3.1 The closed form of P,(n,) moments

As we shall see, different moments of the probability distribution P,(n,) are ex-
pressible in closed form. Let us start with its first moment. Taking the expectation

of n, with respect to P,(n,) finds

Ln/2] 1 [n/2]

(npyn = > iPy(n, = 1) = ol > (;) (20 — 1) g /2= (3.85)

=0 i=0

In appendix (B.5), we show that for the generating function f,(z), defined in equa-

tion (B.1), the first moment is equal to

pln/2)

(np)n = e {fc%} fal2) B (3.86)
However equation(B.61) obtains
Inle) _nln =Dy @), (3.87)

dr 2
Recall that equations (3.43) and (3.45) writes the normalisation constant in terms

of fu(x), and consequently, in equation (B.64), the first moment is derived as

~n(n—1)cu_a(r)
{p)n = = O (3.88)
And also from m,, = 2n,/n, last result asserts
Cna(T)
e =(n—1 . .
(ma)e = (n = )2 (359

Remember that ¢,(r) is a polynomial, evaluated at r. Indeed, the first moment is
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3.3: Statistical Properties of Distributions

the ratio of two polynomials times a constant.

3.3.2 The Asymptotic Form of the First Moment

In this part, we find the asymptotic form of (m,,), for 1 < n. Equation (3.53) finds

the asymptotic leading term of ¢, (r), so it writes

Cn—2(T) % (ngz)n/g_l eV o VE (3.90)
~ e_r n\n/2 ™ ~ ’ )
e R

and therefore, using equation (3.89), we get
(my)y ~ e Vi (3.91)

This last result is reasonable, since for n — oo, the expectation of m,, is one. This

is the same result that we found for the large deviation distribution.

For P.(m,), when we replace r/n by its limit, namely ¢, we get
(my)e ~ e Ve, (3.92)

The substitution of r/n by € in the asymptotic leading term is justifiable from the

fact that the function f(z) = e~V? is analytic everywhere for non-zero z [7].

For 1 < n, equation (3.53) provides accurate asymptotic expansion, as long as r is
constant. But for the scaling case € = r/n, we use ¢,(€) asymptotic leading term in

equation (3.75) that we rewrite it here

O LT

e<e
Cole) = ;L/g{e)?f<e>g/<;> . (3.93)
9() 39 (en)”
—_—— >
e (©9(0) €=

The assumption 1 < n asserts € = r/n ~ r/(n — 2), therefore, the ratio of the

normalisation constants writes

070e V'

o ~ g(e)g(6>n - (3.94)

= €>e€
en
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Hence, combining it with equation (3.89), we find

g(e)99e™ Ve e<e
g(e)9(e)

€

(Mn)e ~ (3.95)

€>e€

So, we have three asymptotic cases and one solution of the minimum of I;(m,;¢€):

1. For € — 0, the first moment obtains as

(Mp)e ~ e Ve, (3.96)

2. For 0 < € < e, the first moment writes as

€

(my)e ~ g(e)9 e Ve, (3.97)

3. For € > e, it writes as

(3.98)

4. The minimum of I;(my;€) obtains (m,). as
dli(my;€) _ 0 — dH.(m.,)

— —21n(1 — lne=
. . Inm, —2In(l —m,)+he=0 =

ef(€)
2

(Mp)e ~ gle) =1—

as f(e) defined in equation (B.31).

(3.99)

Figure (3.7) plots the numerical comparison of the first case for n = 10%. Tt is
accurate for e < 1. Figure (3.8) plots the second and third cases, which are accurate
for e < 1 and € > 1. And finally, figure (3.9) plots the fourth case or the minimum

of I(my;€). The last estimate is accurate for all values of e.
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exact

e—vE

Figure 3.7: The comparison of exact and estimated (m,). ~ e Veforee (0, 30],

given n = 106.

(mn)e

exact

gleyt
£

g(s,g(z}e—z\'ﬁ

Figure 3.8: The comparison of exact and estimated (m,). ~ g(e)g(g)eﬂ\/g and

(Mp)e ~ @ for € € (0,30], given n = 10°.

exact
&fle)
1-=%

Figure 3.9: The comparison of exact and estimated (m,,)

given n = 10°.

e~ 149 for e € (0,30],
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Putting all together, there are three choices that exist that one can select based on

the situation. One asymptotic case is written as

—Ve
e ekl
(Mn)e ~ Qa0 , (3.100)
T e>1
or the second choice is
g(e)g(defz\/g ek 1
(M) ~ (090 ) (3.101)
QT € > 1

Finally, the accurate asymptotic leading term for all values is written as

<mn>6~1—€f2(6) _1+§—§,/1+é (3.102)

3.3.3 Other Moments

The kth moment defines as the expectation of the kth power of n, with respect

to P,(n,). In the previous part, we showed that applying the operator [:1:%] once
on f,(z) (defined in equation (B.1)) finds the first moment. And applying [95%}

k-times results in

lxd%]kfn(a;) - Wf (Z) (2i — D)1 iF 2, (3.103)

=0

Evaluating the last result at 1/r, the kth moment (n¥), must be

m2 g1k
L r
o S 104
=ty 7] 0| (3.104)
In appendix (B.6), equation (B.68), we show that
d 1" i ) e
o n— 2z
[93%] fu() _Z rtn/2J : (3.105)
where
p® = ”—! (k) (3.106)
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and

al(k) = al(il) +ia

=D g =™ =1, (3.107)

1 )

Hence, the kth moment writes as

rln/2l d1* Ptk Cp—oi(T
(nk), = e {x%} fn(2) = Z ;l Cn(r()). (3.108)

3.3.4 The Asymptotic Form of the kth Moment

Appendix (B.9), equation (B.82) finds the asymptotic expansion of (n}), as

<nk>n N nke—k\/T’/_" (1 . k(k—1) (e\/r/_n _ 1)) + O(nk_Q), (3.109)

ok n

and (nf), =n —2(nk), in equation (B.86) as

(n*) ~ n¥ (1 - e\/7"/_”>k 1+ :(glle)e\/% +O(n*2). (3.110)

3.3.5 A Relation Among First Moments with Different Sizes

There is an interesting property among the moments of systems in different sizes.
In appendix (B.8), equation (B.79) shows that the kth moment for a system size n

written in terms of smaller systems sizes as

(= 0 () (M) ) - (M) (nzive), (3.111)

i=1
For instance, we can use the last result to write Var[n,] in terms of the expectation

of smaller system sizes. The second moment writes as

2 2
(02, = a () + & (1) (M) ()

= (M) [1+ () (n-2)] - (3.112)

Hence

Var[n,|, = (n120>n — (np)>
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= <np>n [1 + <"p>(n—2) - <np>n] . (3.113)

3.3.6 Probability Generating Function of P,(n,)

Appendix (B.10) finds the probability generating function for random variables n,,
and ny. Recall that the normalization constant ¢, (r) is a polynomial degree n,

evaluates at 7. For n,, the probability generating function is

gcn(g)

cn(r)’

Gu(s) =s (3.114)

where ¢, (%) is the normalization constant, evaluates at ~.

Similarly, for the probability generating function for random variables n, and ny, is

7“(pu+1—p)2>

S

cn(r)

Gl ) = 5% ( (3.115)

2
The normalization constant in the numerator evaluates at (M).

3.4 Marginal Distributions

For a system with size n, a single random variable, say X, is a function of states
that projects the state of an element at index [ to its domain. For example, for the
B-Model, X; is defined as

X;: S, —{0,1}, (3.116)

where &, is the set of all configurations with length n. Here, we use the following
convention: X; = 0 represents a pair state and X; = 1 represents a stand-alone
state. In contrast, X; for the B-model defines over the set of configurations, namely
S, as

X, 8 = {~1,0,1}, (3.117)

such that X; = —1 represents a tail state, X; = 0 a pair state and X; = 1 a head

state.

To find the marginal distribution, clearly, it suffices to sum all probabilities of the

88



3.4: Marginal Distributions

states for which X is the same

PiXi=s)= Y  Puo) (3.118)

c€Sn: X (c)=s

Therefore, partitioning the state space S, according to the state of an element at
index [ is the key to finding the marginal probability. Intuitively, we understand

that the marginal is invariant with respect to [, so the index [ is arbitrary.

3.4.1 B-model’s marginal

Let us start with the B-model. Recall that in the previous section, we defined S;
as a subset of §,, that its member configurations have ¢ pairs. We partition the

elements of S; like

Si=s"1Js?, s Ns? =, (3.119)

such that SZ-(I) contains only the configurations that do not have a paired link with
the element at index [ — figure (3.10) — whereas SZ»(Q) contains those configurations
that have one — figure (3.11). In other words, for every configuration in Si(l), the
ball at [ is in stand-alone state, whilst for configurations belong to Si@), the ball at

[ is in pair state.

LR

X X

o X

X

14
X[ X [ X0 [ X[ X0

n ‘

Figure 3.10: An example of configurations in subset Si(l).
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Next, we partition S,;(Q) to disjoint subsets like

3

=Js%,  sINSE =0 for k#n, (3.120)

#

>~
o~

such that, Si(i) contains the configurations that has a pair state between index k£ and
[.

.....

Or

| 4
’X Xi_lHX;HXM\---\Xn\

Figure 3.11: An example of configurations in subset 552)

Finally, the partitioning of S,, enables us to rewrite the marginal sum as

Ln/2]
P,({the index [ is in stand-alone state}) = P,(X; = 1) Z P(S 1 ), (3.121)
and
n/2] n
P,({the index [ is in pair state}) = =Y > P(s (3.122)
=0 k=1
k£l

We have already shown that the probability of each configuration in S; is equal to

plnj2)—i
Pn(C € SZ) =

OB (3.123)

subsequently, to find the marginal sums, the cardinalities of Si( and S & are re-
quired. From its definition, SZ-(l) contains ¢ pairs, whilst the index [ is in stand-alone

state. So, there are n — 1 ways to choose 2i pairs among all the balls except the
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one at [, and there are (2i — 1)!! permutations among i pairs — see figure (3.12). It

concludes that the cardinality of Si(l) must be

1SV = (”2_ 1) (2i — 1)L, (3.124)
1

n—1
A\
7 N\

(ONONONONONONONONONONONCNOIIEIINONONONONONONINC)

Choosing 2¢ pairs from n—l:(nz_z.l)(%—l)!!

-~
n

Figure 3.12: |S¢(1>| cardinality.

In finding the cardinality of Si(i), we see that one of the pairs has already been
selected, so there are 2(i—1) choices from n—2 candidates, and (2i—3)!! permutations

among them — see figure (3.13). It gets

@ _ ("= 2\ (5 _ oy
152 = <2z-2)<2@ 31, (3.125)

n—2
/A
7 N\

[ONONONONONONONONONONONONOIITNONONONOIONIN 1 J
Choosing 2¢—2 pairs from n—2:(§1:22)(2z'—3)!!

\ . 7
~~

n

Figure 3.13: |Sz(2k)| cardinality.

Eventually, the marginal for a stand-alone state writes as

P(X, =1)= ! Lnf n—l (20 — DI pln/2l=
" cn(7) 2i
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1 Lnf n-2(n (2i — 1)1 pln/2=
= i— D r
(1) n  \2i

(3.126)

Y

where we used the definition of the normalisation constant and the expectation of

n, in the last step. Similarly, for a pair state

| 2 I
= d (n—1 2i — )l pln/2=i
) (n )(Qi—Q)( i=3)r

1.
1 Z22(”)(2@—1)!!#"/%‘1':M. (3.127)

an(r) = n \2i n

Note that
P.(X;=0)+P,(X;=1) =1, (3.128)

by which, it assures the validity of the final result. In short, the marginal distribution

is
2(np) Xl =0
Pu(X) =4 ", , (3.129)
1 - Tp ,Xl — ]_
For n > 1, using equation (3.91) we get
e Vn X, =0
P.(Xi) = _ (3.130)

l—e Ve X,=1

3.4.2 (-model’s marginal

For the C-model, we start by partitioning .S;; to disjoint subsets. Recall that con-
figurations in the set S;; contain ¢ pairs and j head coins. Indeed, similar to the
previous section, S;; partitions into two subsets

— W] | 5@
Sy =S5 1S

g

SYN)sY =0, (3.131)
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and further, Sff ) partitions to more subsets that, for each, there is a pair links

between index 7 and k such that

U S Sk )Sin =0 for k#h. (3.132)
k:;él

As a matter of fact, S@J , S@]Q ) and S iy, are similar to the subsets in the previous
section, except the j index includes the number of head states. Furthermore, for the

B-model, we have to partitions Si(jl) to two subsets
1
S(l)hUSz]t7 S’L(jl,)hﬂsl(]z‘, @, (3133)

where Si(jlil and SZ(;% contain stand-alone element in head and tail state at index [,

respectively.

Thus, one by one, we write the marginals of the element [ in a different state. For

a head state

ln/2] n—2i
P, ({the site [ is in head state}) = P,(X; = 1) = Z Z (SZ(;)h) (3.134)
=0 j=0
for a tail state
(/2] n—2i
P, ({the site [ is in tail state}) = P,(X; = —1) = Z Z P(Sg%), (3.135)
=0 j=0
and finally for a pair state
[n/2] n—2i n
P,{the site [ is in pair state} = P, (X; =0) = P(Ssz)k) (3.136)

—r

k

The cardinality of these subsets are — see figures (3.14), (3.15) and (3.16) —

S| = (”2_11) (2i — NI (";2_21_ 1>, (3.137)

n—1 n—2—1
2i — 1) 3.138
s= ("5 e (N25 ), (3.135)
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and

n—2 n—2i
21— 3)!! : :
st = (525 ei-am ("5 ) (3139)

1T o0 1. 1LI1T oo 11 we|[1
("t -0 (")

NV
n

Figure 3.14: |Sl(j1)h| cardinality.

n—1

ALl ee .. TITTT ee T oo
("5:")@i—1)! (2:32:;)

Figure 3.15: |S; jt\ cardinality.

n—2

Ll ee T TUTTT o0 T oo
(22 2)(27’ 3! (nigfij)

e
n

Figure 3.16: |P(SZ(]23€)| cardinality.

Remember that the probability of observing a configuration in S ; is

n/2 ’Lp]< )n 2i—j‘

cn(r)

Pn(C € S@j) (3140)
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Hence, using the calculated cardinalities, we get

[n/2] n—2i .
Pou(Xy = 1) = — >y n DY g —yn (T E T N v g pynezicd
(1) 4 2i j—1

ln/2] —
1 n—1 rln/2l—i
_ 2 — 1)I! pY
cn(r) Z < 2i >< i-1) n—2i (n=2i)p.

= <1 - M) , (3.141)

n
where we used the Binomial distribution’s mean value in the second step, and used
the result from the previous case for X; = 1. Moreover, P,(X; = —1) finds similar

result, and we get

Pu(X,=—1) = (1—p) (1 - M) . (3.142)

n

Finally, for P,(X; = 0)

kAl
= 1 Lnf%i n-2 (20 — 3)!! n—2i an/ZHpju_p)nﬂiﬁ
cn(r) pare 2 — 2 T\n—2i—j
k#l

1 [n/2] n—9 2 o | N

Jj=0

21— 2

| 2l 09 |
= > (n- 1)( )(27;—3)!! pln/21=i (3.143)

using the Binomial expansion in the last step. For this result, the sum has already

been calculated for the stand-alone case, and we know

Pu(X; = 0) = 2<Z”>. (3.144)
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Therefore, the marginal is

P, (X)) = { 2l X, =0 . (3.145)

Pu(X) = eV X, =0 . (3.146)

3.5 Joint Probability Distributions

In section (3.4), we described in detail how one could find the marginal distributions
of a single element for both B and C models. In this section, we will derive the
joint probability distribution of two or more elements in a system with the size
n. However, we shall focus on the B-model only and provide the combinatorial

arguments in appendices.

To begin, let us start with the joint probability distribution of the state of a single
element at an arbitrary index and the number of pairs in the whole system, denoted
by P,(X1,n,). As usual, X; = 0 refers to a ball in pair state and X; = 1 to stand-
alone state. It must be intuitively clear that the resulting distribution is the same
for all elements, and X; can refer to an element at any index. Also, we suppose n,

counts the number of pairs, including the state of Xj.

Appendix (B.12.1) explains it in detail, and we do not reiterate the steps of the
derivation of the joint, conditional and marginal distributions here. Altogether, it

suffices to write them as

rln/2)(2p, — 1)1 y (22;_11) X1 =0

Pn(Xl,np) = Cn(T) (nfl) X =1 )

2np o
Po(Xi|ny) = Buung) _ )50 =0 (3.148)
T Pa(ny) neZy oy |
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<2%> ,X1:0
(n=2np) ’Xlzl’

n

P.(X1) = (3.149)
to reveal the pattern that we can exploit in the following parts. This pattern becomes

comprehensible when we derive the equivalent distributions for two elements, as we
do in appendix (B.12.2)

(22;22) X=X =0
[n/2]=np (9, — 1) - Xi=1,X =0
X X)) — r (2n, — 1) (22,,_—21> ! k . (3.150)
Cn(’r) (2np—1) 7Xl = O,Xk =1
n—2
(QTLp) 7Xl:Xk:1
Sexfel XK= X=0
omn n—2n
e L Xi=1,X,=0
P’n X 7X n = n n—1 ’ ’ ) 3151
(X1, Xo|ny) Q%Xni? X1 =0, X, =1 | )
B X = Xe= 1
= Xi= X =0
2np(n—2np)
Z°p\v 27'p) p ,X - 17X = O
< Z(TL 1)p> 7Xl:07Xk:1
<(n QnZ(nn 12np 1)> X =X =1

Observe that the difference between P, (X1, n,) and P, (X1, X2, n,) for different com-
binations of X; and X, is in a cardinality factor, which is found by an combinato-
rial argument in appendix (B.12.2). Besides, the conditional distributions, namely
P,(Xi|n,) and P, (X1, Xs|n,), find as the ratio of the cardinality factor divided by

(22 ) And finally, the marginal distribution is the average of ratios with respect to
P
P (ny).

In general, to write the joint distribution for k elements, denoted by P, (X1, ..., Xk, n,),
let us first define I = k — > " | X; as the number of zeros in a given k-tuple
(X1,...,Xk). Note that given [, it is possible to have (];) distinct k-tuples. To
elaborate, Y " ; X; is the number of ones in the k-tuple, or the number of stand-
alone elements, therefore, k — 3" | X; is the number of pairs. So, (];) is the number

of distinct arrangement of | zeros among k places.

As it is explained in appendix (B.12.3), for [ = k£ — > | X;, the joint distribution
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derives as
rln/2l-np

Cn(m

Similarly, the conditional distribution is

—k
Pu(X1, .., Xpynp 1) = (” z> (2n, — 1)1, (3.153)

2n, —

YD (1 — o) k=D
aahwmmpﬂ%>%m%), (3.154)

where 2 = 2(x — 1)... (z — k + 1) is a falling factorial, and the marginal is

<2np)(l) (n — 2”13) (k1)

Pu(X1,. . X0) = { e

), (3.155)

where the expectation is taken with respect to P, (n,).

It is worth representing in more detail the case of (’;) distinct arrangements of k-
tuples, given [. In fact, the degeneracy for a given [ is represented as (];) similar

entries in the definition of P, (X3, ..., Xk, n,) in the following

P.(X1,...,Xk,n,) =

( (3;:) X1=0,X,=0,...,X;,=0
(22;61) X1=1,X2=0,....X,=0 )
(22_191) ’X1:07X2:1,...7Xk20
o k times
(F) X1 =0.X=0,... X =1
r\_n/QJ—np(an . 1)” :
cnlr) (QZ;Z) X1, Xy, Xy )
n—k 7)(7)(,..-,)(
(anil) v ’ (*) times for l=k-%
(QZ;Z) , X1, Xoy oo, X )
(QZ;fk) ’Xl:]-)XQ:]-,...,Xk:]_

(3.156)
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3.6 Parameters’ Maximum Likelihood Estimation

So far, all the probability distributions that we have derived depends on one or two
parameters, i.e. r for P,(n,), r and p for P,(n,,n;), and € for P.(m,). In this sec-
tion, we will derive the maximum likelihood estimation (MLE) of these parameters

whenever one or more empirical values of random variables are observed.

3.6.1 MLE for the B-model

We start by finding the maximum likelihood estimation of r, when K independent
n,(f)s for a pairing ball system are observed such that their joint probability distribu-
tion is Pn(n,(gl), o JL,SK)). Meanwhile, we assume the consecutive observed random

variables are identical and statistically independent, therefore

P,(n), ... n{) =T Pu(nd). (3.157)

To maximise the logarithm of the joint probability for the K observed random

variables, we first take the derivative of In P, (nfgl), e ,nl(,K)) with respect to the
parameter r
d 5 q
1) (K)\ _ Z (i
Jlnpn(né ,...,np ) = : Elnpn(np)) (3158)

Equation (B.18) finds In P,(n}) as

drea(r) | /2] —ng)

d )

P () = 3.159

dr n (np ) (1) r ( )
Also, equation (B.74) in appendix (B.7) finds

d ~ [n/2] n(n —1)

—n(r) = = =en(r) = =5 ——caa(r); (3.160)
and therefore, equation (3.159) becomes

d . n(n —1) c,_o(r) n

~ P, 0y — n _r .161

dr () 2r cn(r) r (8.161)
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To find 7y, we set the derivative of In Pn(nél), e ,néK)) equal to zero to find its

solution with respect to r. To do that, using the last result, equation (3.158) writes

as

d - nin—1)co_a(r) nd
Jlnpn(n](gl),...,n(m) :Z( _ L)

_ = Dena() lzn“) = 0. (3.162)

K
1 .
iy = 72 > nl, (3.163)
i=1
and equation (3.162) simplifies to
2npc, (1) — n(n — 1)c,—a(r) = 0. (3.164)

The above equation is a polynomial degree |n/2|, and ry g is its root.

3.6.2 MLE for the C-model

For the B-model, the observed tuple (ng), nﬁf)) for a single observation provides

0 NG de(r) n-— onl)

— I P,(n® plY) = —dr L 3.165

ar n (np ) cn(r) + o ( )
and (0 W 0

a ‘ ) ) _9 1) g

Py, n{y = " T2 T (3.166)

dp p 1—p
Simultaneously setting both equations equal to zero finds parameters that maximise
the distribution. Each equation has only one parameter, and consequently, the first

one results in a similar polynomial, by which 7,z can be calculated
n(n — 1)c,—o(r) — 2n,c,(r) = 0. (3.167)
Moreover, the second equation finds

SE oy SE (=20 —nf))
p IL—p
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— 3.168
PMLE n_ 2ﬁp’ ( )
for .
1 ; L1 (3)
np:EZn}(,), =z ) (3.169)

i=1 i=1
Therefore, both the average number of pairs and heads, namely n, and 7, are

sufficient statistics.

3.6.3 The Asymptotics of ry;rp and pyrp

For n > 1 and constant r, equation (3.90) derived the ratio of normalisation constant

as
Co2(r) eV (3.170)

cn(r) n

Note that the estimate is accurate when r is not in order of O(n). So for 1 < n, we

have
o n(n —1) c,_s(r) _ (n— l)e, T
b 2 cn(T) 2
~DeVEvor), (3.171)

Rearranging the terms to find r;.p for a system size n obtains

o,
ryvLe = nln’ <&> — rye = nlnm,. (3.172)
n
And similarly
i .
o 3,
PMLE = T3~ = PMLE = T (3.173)

n

are maximum likelihood estimates for given empirical means as

B = =2, §, = . (3.174)

3.6.4 MLE for P.(m,)

In the previous part, we found the maximum likelihood estimation of r for the
asymptotic case 1 < n and constant r. Recall that when r is system size dependent

such that lim,,_,., 7/n = € exists, the probability distribution of the random variable
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my, is P.(my,). In this part, we will derive the maximum likelihood estimation of e.

Let us start by assuming a single observed value, say m! ), is available for estimating

the parameter €. The normalised probability distribution |, PG(mgf)), writes as

' —nIy (m&se)
P(m) = — 7 (3.175)

1 .
fO e—nd1(mnse) dm.,,

and therefore, taking the derivative of In Pe(mg)) with respect to e finds

1 06 (mnie) \—nIi(mn;e)
5 oI (m] — e c HTTdmy
—InP.(m!Y)=-n 1(m 7 )+nf0 186 - - =0 =
e o [ e tmdm,
oL(ms;e) 0L (my;e)
_ . 3.176
e < Oe ) ( )

where (.). is the expectation with respect to P, (m,;€).

Similarly, for K statistically independent observed values, the joint probability dis-

tribution writes as
P(m,... m{9) =] P.(m{), (3.177)
and consequently,

1 911 (mnp;e) —nli(mn;e
fo 5o € )dm,,

0 = o1 (m(i)'e)
—InP.(mD, . [)=-—n) — 24K
nP.(my’, ... ,m:") n, e +Kn

Oe fol e—nh(mnie) dm,,
K (4). .
Zafl(mn ,E) :K<811(mn,€)>6' (3178)
— Oe
Using equation (3.82), we find
- + o=l — g(e) (1 +1 0<e<
onomd _ 1[5 JOU ) D<eze o

Je 2 | me — g/(e)(1 + Ing(e)) €>e

€

and the sum on the left-hand side of equation (3.178) written as

I mn),) K 2=t L —g(e)(1+Ing(e) O<e<e
— . (3.180)
; C 2 | g(e)(1+ Ing(e)) e>e
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where m,, is the empirical mean of the observed values

my

1 K
= > mi, (3.181)
=1

Next, the expectation of equation (3.179) gets

OL(myie), 1 )=ty L—g(e)(1+Ing(e)) 0<e<e

Toe T ek 01+ (o) se

€

Using the last result and equation (3.180) allows one to equate both sides of equation
(3.178) and derives
<mn>e = mn, (3183)

for both branches of ¢ < e and € > e. In other words, this equation implies the
probability is maximum whenever the parameter ¢ makes the empirical mean equal

to the expectation with respect to P.(m,,). Rewriting the last result as an integral

1
/ (my, — 1h,)e "M g, = 0, (3.184)
0

we see that estimating e, g for the observed empirical m,, is equivalent to solving
the integral equation to find €5,z that makes the above integral equal to zero. How-
ever, since 1 < n, the term e ™10 at the minimum of I;(m}; €) is exponentially
larger than any other m,, € [0,1] \ {m}}. If the minimum of I;(m,;€) happens to
be at 1, then the term (m,, — 1) is zero and the contribution of exponentially
large e~ (mnie) to the integral cancels. As a result, to find €,z we need to find

the value of € that sets the minimum of I (m,;€) at m,, or

Ol (my,;€)

pu— . .1
o 0 (3.185)

Mp=mMn

For both branches of € < e and € > e, equation (3.82) obtains

oL (my;e) _8ﬁ5(mn)

om,, om,,

=Inm, —2In(1 —m,) + Ine. (3.186)
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Thus, equation (3.185) simplifies as

0L (my,;€)

o =lnm, —2In(1 —m,) +ne=0 =

Mp=Mn

1 — 1, )2
EMLE = (L= )" Am ) - (3.187)
my

This is the maximum likelihood estimate of €, given empirical mean m,,.

3.7 Bayesian Conjugate Prior

In a Bayesian inference setting, it is often possible to find a conjugate prior dis-
tribution that derives the posterior distribution in closed form. Consequently, the
inference part of statistical modelling reduces to updating the parameter(s) of the

posterior.

In this section, we show that natural conjugate priors for B and C' models are well-
defined distributions and are expressible in closed form. Note that for probability
distributions and their parameters, we use a slightly different notation than the rest
of the thesis. The new notation is more broadly accepted in Bayesian statistics

related publications.

3.7.1 Conjugate Prior for B-model

Let us here reiterate what one pursues in the Bayesian inference, e.g., in the B-model
case. P,(ny|r) is a one-parameter distribution, and as a statistical model, one needs
to estimate r based on observed values of n,,. And in a Bayesian setting, the modeller
represents its prior knowledge as a prior distribution, say P(r), and next, the Bayes
rule finds the posterior distribution in terms of the likelihood P, (n,|r) and the prior
distribution P(r) as

Ba(np|r)P(r) _— Pu(nplr)P(r)

P,(r|n,) = = . (3.188)
: Pu(np) J Pu(np|r)P(r)dr
Accordingly, the likelihood for the B-model is
Palnglr) = — = () (2n, — bz (3.18)
e cn(r) \2n, P ’
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hence, the posterior writes as

cnl('r‘) r\_n/% —prp(,r)
Pn(ﬂ”?) = fooo cnl(v“) an/2J—in(T)dr> (3'190)

where the constant factors cancel from numerator and denominator. Since the num-
ber of stand-alone elements is equal to ny; = n — 2n,,, we rewrite the posterior in

terms of n,

L_plne/2) p(p)
T T
Pn(r|n5) — Oocn(r)

) 3.191
fo Cnl(r) TLnS/%P(T)dT ( )

to make the notation less cluttered. By inspection, we find that the conjugate prior

distribution can be defined as

P(r) = A, (r|a, 8) = mcﬁ(r)’ a, B €N, (3.192)

such that the normalisation constant, A, («, 3), is defined as

o0

Admﬁyz/ﬂglm; a+2< Bln2l. (3.193)

en(r)

Note that the denominator is a polynomial degree §|n/2|, and consequently, for
integers o and (3, the condition o + 2 < [3|n/2| guarantees the convergence of the

integral, and consequently, a well-defined normalisation constant for A, (r|«, ).

In general, for «, 8 € R given the mentioned condition, the integral is converging.
However, integer o and 3 enable us to derive the integral in closed form. In practice,
as we will show in section (3.7.3), knowing the roots of ¢,(r) is enough to turn

An(@, B) to partial fractions and to express it in closed form.

Since A, (a, ) is well-defined, plugging the prior A, (r|a, 8) in equation (3.191) ob-
tains

1 ns/2 1 re
mrt /2] X —An(a,ﬁ)% 1 Ttns/2j+a

— %) pore — - X
I mm A x smamdr Ml BLB+D T ()

Pu(rins)

P (r|ns) = Ap(rla+ [ns/2], 5+ 1), (3.194)

which is the same probability distribution with shifted parameters. Simply put,

observing n,, or equivalently n, updates the parameter of A, (r|a, 8) by changing
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its parameters to A, (r|a+ [ns/2], B+1). Also, the convergence condition for A, (a+
|ns/2], 5+ 1) is satisfied, since

s
2

n

n
CY+2§BL§J:>OZ+2+L 5

J <851+ 5] —n < (B+D)n/2). (3.195)

Similar to the maximum likelihood section, we can assume there are K independent

observations, and the empirical mean of stand-alone elements, namely ng, is defined

as
K @
2 n 2 Z n .
N = — s = — —_ —_ (1') 1

W

. |— 2 J ""Zfil\_ 2 J
1) (F) ) — (1) r _
Pa(ms, s = HPn(ns Ir) o H c(r) — cK(r) —
=1 =1
Kng
PV, ... 0 |r) o T (3.197)
T
So, the posterior distribution derives like
1 K
P (1) (K)\ __ Pn(ng )7 "7n( )‘T)An(r’aaﬁ)
W(ring’, oo ngt) = D 5
P.(ns’,...;ns ")
TKﬁ5+a A
T 1 roitte —
- o Kis |, - K K+p8
fo %dr An(a+ 3 B+ K) e (r)
W (%) Ky
P,(riny’,...,n{") = Ap(r|la+ 5 B+ K). (3.198)

Figure (3.17) shows A, (r|a, 8) for n = 8. The left panel plots it for § = 1, and
the right one is for § = 2. We see that when « is getting close to §|n/2] the
uncertainty in r, or the desperation of the distribution, increases. Also, figure (3.18)

plots A, (a, B) versus « for different fs and for n = 32.
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Figure 3.17: For n = 8, the left panel plots A, (r|a, 8) for § = 1, and similarly,
the right panel shows the case for § = 2.
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Figure 3.18: The graph of A\, (a, ) for n = 32 for different values of s are plotted
along a. Note that \,(«, ) is continuous in o € R, but for integer values

a € N, we can express it in closed form.

3.7.1.1 Maximum a posteriori estimation

By taking the derivative of A, (r|a, B) with respect to r, one can derive the maximum

a posteriori estimation, ry;4p, as follows

Ay (r|e, B) _ 1 " ar“tcl(r) — Br“cﬁfl(r)dcélﬁr) I
dr Au(er, B) )

107



Chapter 3: Probability Distributions of Pairing Models

a den(r)
Ecn(r) —r o =0 =
2a
(n - ?) cn(r) —n(n —1)c,—o(r) =0, (3.199)

where we used equation (B.74) in the last step to replace de,(r)/dr. So, the root
of the last polynomial equation is rp;4p. Compare equation (3.199) with (3.164) to

see the difference between ry;p and ryap.

3.7.1.2 The asymptotic form of r,,4p

For 1 < n and constant n, equation (3.90) finds the ratio of ¢,_o(r)/c,(r) as

) _ofE -

Thus, by replacing the asymptotic leading term of the ratio in equation (,3.199) one
finds

2
rarap = nln® <1 - —Z) : (3.201)
n

Compare this result with the asymptotic estimate of 75,7 in equation (3.172).

3.7.1.3 Posterior Predictive Distribution

The posterior predictive distribution simply derives by integrating the likelihood

and the posterior with respect to r

r [n/2|—np ro

Po(ny|D) = ]opn(np\r)An(r\D)dr = (2:;) (znp—1)u/ PR WAL

- (22) (20, — e %a_ﬁ;% - R
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3.7.1.4 Moments of A, (r|«a, )

The moments of the probability distribution A, (7|, 3) are expressible in closed

form. To find the kth moment, we write

B 3 N — 1 Oo,r,aJrk
(r®) —O/T A, (r]a, B)dr = )\(Oé,ﬁ)o/cg(r)dr =

. (3.203)

3.7.2 Conjugate Prior for the C-model

The probability distribution of the C-model, say P,(n,,ny|r,p), can be seen as
the probability distribution of the B-model multiplied by a Binomial distribution.
Therefore, if we assume parameter r and p are independent, the prior for the C-
model is simply the multiplication of A, (r|ay, 51) by the Beta distribution for the
Binomial part, Beta(p|as, 32) as

Aﬁ?’(r,plal, Br,az, Ba) = Ny (r]oq, B1)Beta(p|as, Ba). (3.204)

So, the posterior writes as

Pn<np7 nth’, P)An(r|041; 51)B€ta(P|0427 62)
fooo fol P (np, np|r, p)An(r|oa, B1)Beta(p|as, B2)dpdr

A£2)<Typ|041;51,062752) =

= A, (rloq + [n/2] —ny, B1 + 1) Beta(plas + np, P2 + 1 — 20, — ny,)
= A1(12) (T‘, :0‘051 + I_H/QJ - np:ﬁl + 17 (6% + Nh, Bz +n— an — nh), (3205)

which is again expressed in the same mathematical form as the prior.

3.7.3 Finding \,(a, ) in closed form

The function \,(«, 5) is defined as

An(cr, B) :/ngr)dr, a,BeN, (3.206)
0

109



Chapter 3: Probability Distributions of Pairing Models

in which the normalisation constant of the pairing models, namely ¢, (r), is a degree
|n/2]| polynomial with positive coefficients. In principle, the Fundamental Theorem
of Algebra guarantees the existence of ¢,(r) roots in the complex plane [50], and

factorises like
cn(r) = fu(r) ... filr), (3.207)

where fi(r) is either a power of a linear factor (r + a;)" or a quadratic factor (r? +
bir +¢;)' (The quadratic factors are resulted in by complex conjugate solutions, and
therefore, we must have b? < 4¢;). Note that [; € 1,2,...,[n/2] is the degeneracy
of the roots. However, we will show that for n > 2, ¢,(r) has |n/2] distinct roots,

and therefore, [; = 1 for all roots and f;(r) is only a linear factor such that

[n/2]

ea(r) = (r+a)(r+ag) ... (r+apm) = H (r + a;). (3.208)

Also for 0 < r, we have ¢,(r) > 0. Hence, all the roots must be negative, which
assert a; > 0. Considering these observations and for 3 € N, the ratio 7*/c?(r) can

be rewritten as partial fractions like

7..06 a Ln/ZJ 6 A
= 3.209
A0 T rap & & rap a

for real numbers A;;. Later, we shall show that for 5 € N and all such that a@ <

Bln/2| — 2, we have
[n/2]

Z Ay = 0. (3.210)
=1

At this stage, we assume it is true. Next, plugging equation (3.209) in equation
(3.206) yields

o B) :/ ——dr = Azl/ + Azy/
0 =1 j=1 r_l_az i=1 j=2 r+a’l)
b [e%S)
[n/2] In/2] B A
— N _ )
= (}E&ZAMIH r+a;) : Z(j—l)(T+ai)j_1
i=1 j=2
0 0
/2] [n/2] In/2] B A
= bhm Z Aﬂ ln(b + al Z Azl 111 CLZ + Z Z # (3211)
—00 L= — — (7 — 1Da;
i=1 i=1 j=2 i
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However,
Ln/2] [n/2]
; . N — 1 NAi
blirglo Z A In(b+ a;) blirilo In 11 (b+a;)
= lim b= 40 = Jim Inb° = 0, (3.212)
b—ro0 b—ro0

where we used equation (3.210) in the last line. Finally, A,(«, ) can be expressed

as
ln/2) n/2] B
A In(a;) + 3.213
Z 1 Z:; ; (J —1 ( )

To reiterate the steps to write A,(«, 3) in closed form, remember that for ¢, (r) we
can numerically find |n/2] distinct roots, namely a;, up to the required precision
once, and use them to find A, («, #). Next, for given o and /3, one constructs a linear
system for A;; to use the last result to find A, («, 3).

In addition, there exist some iterative algorithms that find the partial decomposition
coefficients directly with efficiency and speed [12, 41, 44]. However, writing A, (v, ()
in closed form is independent of the estimated values of A;;, by which, one can

investigate the problem of interest further analytically.

Returning back to the sum of A;;, let us rewrite the partial fraction of the ratio

o Ln/2]

B
r r Al]
= = — (3.214)
A TP ar & H ey

(e}

where we will show that
[n/2]

> An =0, (3.215)
=1

for 5 € Nand all « € {0,1,...,5[n/2] —2}. Observe that for r — oo, the A;; are
the dominant partial decomposition coefficients. Therefore, we multiply both side
of equation (3.214) by r

B
: — = Z(A—JT (3.216)

and take the limit » — co. Since a+1 < |n/2], the left hand side approaches zero

r

lim 0. (3.217)
r—00 HL"/2J (T + az)
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At the same time,

n/2] B Ay n/2] B [n/2]
_ At 1-j _
Tlg{r)lo Z Z rta)y Tli}rgo Z ZAUT = Z A (3.218)
=1 j=1 =1 j=1
Combining both results finds
[n/2]

> Ap =0, (3.219)
=1

which complete the proof of the claim.

3.7.4 Finding the number of distinct roots of ¢,(r)

In this section, we will show that the polynomial ¢, (r) has |n/2] distinct roots. To
start, we need to introduce the Sturm sequence [4]. For Polynomial P the Sturm
sequence, denotes by SS(P, P') = Py, P, ..., P;, is defined as

Py =P,
Pl = Pla
P, = —rem(Pi_1, P,_5) (3.220)

where P’ is the first derivative of the polynomial P, rem(P;, P,_1) is the remain-
der of the Euclidean division of P,_; by P, 5, and the sequence terminates when
rem(P;, P;_1) is a constant. In addition, the number of sign variations [4], denoted

by V(A), for a sequence A = ag, ay,...,a; of elements in R\ {0} is defined as

V(GO):OJ
Viay,...,a;) +1 if aga; <0

Viag, as,. .., a;) = (@ ) o (3.221)
V(al, R ,ai) if agay, > 0

In other words, V(.A) gives the number of sign changes in the sequence A. And fi-
nally, if P = Py, Py, ... P; is a sequence of polynomials, the number of sign variations
of P at a, denotes by V (P, a), is defined as

V(P,a) =V (Py(a), Pi(a),...,Pia)). (3.222)
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Theorem 3.7.1. [Sturm’ Theorem] [}] Given a and b in R U {—00, 00},
V(SS(P, P'),a) — V(SS(P, P'),b)

is the number of roots of P in the interval (a,b).

To see the detail of proving that the polynomial ¢, (r) has [n/2] distinct roots, check
appendix (B.13). In there, we use Sturm’s Theorem and prove the claim for even

and odd values separately.

3.8 Immigration Models

Using pairs or aggregates as building blocks of statistical modelling is not unique to
this study and has already been investigated in statistical and probability modelling
literatures. For instance, two relevant models, namely death-multiple immigration
and birth-death-multiple immigration [30, 32, 47|, model a stochastic process by
which the population size increases by the arrival of singles, pairs, ..., m-tuples of

migrants.

Let us discuss the case of death-multiple immigration in more detail here in order
to explain the differences between the assumptions and approaches of this study
and what has already been discussed in the publication. According to this model,
population size is depleted at a constant rate p by death that occurs in proportion to
the instantaneous size of the population, and the population size increases through
immigration of m-aggregates that arrive at the rate a,,, > 0, for m = 1,2,... and
the momentary population size N. The Kolmogorov forward rate equation for the

process is written as [30]

dPy (t)
dt

— W+ DPya(t) — iV Py(6) — Py() 3+ 3 anPrnlt), (3223)

in which Py(t) is the probability that the population comprises N members at time
t. In the case of birth-death-multiple immigration models, the birth rate of the

elements is included.

Interestingly, these stochastic models have analytic solutions. For example, only
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including pairs of immigration, or for

v, m=2

Oy = , (3.224)
0, otherwise
the equilibrium probabilities asymptotically are derived as [47]
Py (o0) = N"lexp(—3N/4)LEY2 (=N /4)n!/(2n)! (3.225)

S ST

Popii(o0) = N"lexp(=3N/4)LY2 (=N /4)nl/2(2n +1),  (3.226)

where N = 2v/u and Lglb)(:z:) are Laguerre polynomials.

The similarity between these models and the pairing models in this thesis is striking,
e.g., when we compare the equilibrium probabilities with phase space volumes in
equations (2.16) and (2.17). However, we must emphasise what makes our results

different and how these two models are related.

First, in deriving pairing models, we start from combinatorial arguments and the fo-
cus is on the states the aggregates can occupy in an arbitrary configuration. Second,
there is no assumption about the existence of a dynamic or a stochastic process, and
the resulting probability distribution is for the number of pairs (or, in the case of the
C-model, the number of pairs and heads). And finally, when in chapter (5), by using
statistical mechanics, we use the pairing model to study systems in equilibrium, the
dynamics are governed by the Hamiltonian that we construct for some prototype

models.

In comparison, the immigration processes are by design out of an equilibrium al-
though they have an equilibrium solution, and the random variable in these equi-
librium probability distributions is the population numbers instead of the number
of pairs in our case. Simultaneously, the dynamics specify by death and migration
rates, namely i and «,,, unlike our models that govern by the Hamiltonian structure

that we impose.

We must emphasise that the paring models that we have introduced, or any other
aggregate models, are prototypes that can be used to investigate the notion of emer-
gence in the state space. So, it is an interesting question to find how the new defini-
tion of emergence can be revisited in immigration processes, however, it is not the

intention and goal of our study.
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3.9 Conclusion

This chapter derived two probability distributions, namely P,(n,) and P, (n,,ns),
and their equivalent large deviation probabilities, namely P, (m,) and B, (m,, s,),
for B and C models, respectively. Due to emerging states and faster than the
exponential growth rate, we observed that the large deviation speeds of P, (m,) and
P,(my,, s,) are in order O(nlnn). In contrast, for the limiting case lim, ., 7/n =
¢, the probability distributions P,(m,,) and P.(m,,s,) have linear large deviation
speed, or O(n).

One significant result of this chapter is the normalisation constant recursive relation
in equation (3.46), which resembles the pairing model recursive relation in equation
(2.9). We argue that this property must generally be valid for every n-tet compound-
ing mechanism. Recall that the state space recursive relation in equation (2.9) was
based on a combinatorial argument, and the degeneracies in the probability distri-
butions in equation (2.15) are also based on the same argument, which resulted in
equation (3.46).

Therefore, the state space geometry of compounding mechanisms encodes as a re-
cursive relation like equation (2.37). Moreover, a probability distribution with its
normalisation constant must exist that governs by a recursive equation. Apart from
that, the normalisation constant in equation (3.38) is a polynomial with degenera-
cies as its coefficients. So do the normalisation constants of other compounding

mechanisms.

In addition, the normalisation constant’s polynomial imposed the form of the Bayesian
conjugate prior. Thus, replacing it with other compounding mechanisms introduces
a class of well-defined conjugate priors. Hence, again, we see that starting from
the emerging states based on the compounding mechanism has far-reaching conse-

quences in the mathematical forms down the line.

As we mentioned at the start of this chapter, the B and C' models’ averages exhibit
second-order phase transition[8]. To be precise, defining the ratio of the number of

stand-alone elements to the total as

m,=1—my, = -2, (3.227)
n
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in thermodynamic limit, the averages with respect to P, (m,,) or P,(m,,s,) finds

lim (m,,) = 0. (3.228)
n—oo
Simultaneously, the same averages for the corresponding distributions P.(m,) and
P.(m,, s,) are non-zero

lim (m,)) =1 —e Ve, (3.229)

n—ro0
Likewise, the order parameters of the second-order phase transition have the same
property. Due to this observation, assume a secondary model that utilises the pairing
mechanism as its building blocks such that some other internal mechanism controls
the parameter r. If the mechanism changes the scaling property of r, the phase
transition must occur with the number of stand-alone elements as its order param-

eter.

Lastly, in light of the results in the large deviation section, we review the additivity
of the pairing models further. Recall that the large deviation probability of P, (m,)

in equation (3.63) writes

In P, (m,) = —=. (3.230)

As a first step and based on the asymptotic extensivity definition in section (1.3) we
ask what other continuous, strictly increasing function f(.) can be replaced by the
logarithm of P,(m,,) such that the speed of LDP — nlnn — is replaced by a linear
speed n?

lim —% F(Pa(mn)) < . (3.231)

n—oo
One might propose to replace the natural logarithm with the logarithm base n. We

see that since logarithms satisfy the identity

In,(z) = (3.232)

the LDP limit writes as

1 1—m,
lim —— ln, P,(m,) = ——2 (3.233)

and the function f(x) = In,(z). However, f(z) is a class of functions that parametrises
by the system size, n, and therefore, different than a single size-independent func-

tion. Furthermore, we will see there is a second possibility. Using equation (3.59),
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we write
_ )2
In P,(m,) = —(1 2mn)nlnn - g my, Inm, + (1 — mn)ln% + O(v/n)
_onmm)y nom) np s o) W 2L o0m), (3.234)

2 2 2

where H(m,,) is Shannon entropy of m,,, explained in equation (3.60). Consequently,

2 er

if we define the transformation function as
o(z) = (3.235)

and its inverse as

= —L'YInz) <0
o (x) =49 : (3.236)
L Y(lnz) x>0

where L(z) is the Lambert function?, we find

1 1 1—m,
lim —¢(—In P,(my,)) = lim —el(-mPalma)) — (I—m )

n—oo N, n—oo M, 2

(3.238)

The last result is the limit of the transformed large deviation with speed n. So,
one can say this transformation makes the logarithm of the probability distribu-
tion P, (m,) asymptotically extensive. It is interesting to mention that, the same

conjugate functions transform In P, (m,, s,,) to an asymptotically extensive quantity.

Mathematically, using a different one-to-one function other than logarithm to write
the large deviation limit might seem as not more than a triviality. However, in
chapter (5), we will see its applicability for a system with dynamics, specifically,
statistical mechanics systems. Despite the seeming triviality, the large deviation
estimate and its rate function are unaffected by the ¢(z) transformation. e.g., the
position of the rate function maximum, or the distribution expectation, is the same

in the transformed case and written as

P,(my,) =< et (nnl(ma)), (3.239)

2The Lambert L function is defined as

L(zlnz) =Ilnx. (3.237)
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To finish this chapter, we show that the logarithm of the normalisation constant
In ¢, (r) is asymptotically extensive when it is transformed by ¢(z)

1 eL(lncn(r))
lim —¢(lnc,(r)) = lim —— =

1

(3.240)

Also, we find the limit of the transformed degeneracy in equation (2.15), W,(n,).

First, observe that

My, n My, 1—-—m,
In(W,,(my)) = 7nlnn ~3 [mn In " +2(1—my,)In . + mn]

n n 2 11— n ?
= m; lnm; —g lmnln%—{—(l—mn)ln( sm ) +my, (3.241)
Then, the limit writes as
1 eL(ln Wi (my))
lim —¢(ln W, (m,)) = lim
n—oo M n— 00 n
L (Mn 1y 2
= lim
n— 00 n
et m,
= i = —. 3.242
AT T (3.242)

We will use the last result in chapter (5).
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Chapter
FOUR

Pairing Models in Information

Theory

The probability distributions that we studied in the previous chapter provide an op-
portunity to explore the state space emergence through information-theoretic mea-

sures, such as Shannon entropy, mutual information, and joint entropy [15, 45].

Before reporting the results, let us elaborate on the goals that we will follow in
this chapter. Ideally, suppose in comparison to typical systems, complex systems
have inherently different emergent properties. In that case, measures for a complex
system deviate from their usual counterparts, and we assert that the deviation is due
to emergent properties. We must emphasise that the deviation we are looking for is
in the mathematical form of the measures, which might be some additional terms
in the formula. Consequently, by studying quantities of information for emergent
systems, one can look for features specific to complex systems as a new or extra

term compared to well-known results.

Apparently, this goal is achievable since we have pairing probability distributions,
and more importantly, most of their relevant statistics are expressible in closed
form, and as a result, it is possible to study the pertinent quantities analytically.
At the same time, we need to select a so-called typical system such that its inherent

properties be relevant to the pairing models and their state spaces.
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At this stage, it is evident that the Binomial distribution has a Cartesian state space.
Consequently, the states of its constituent elements are statistically independent, and
its statistical and information-theoretic quantities are expressible in closed form.
In addition, numerous mathematical models constitute a binary random variable
and are modelled based on the Binomial distribution. Due to its simplicity and
ubiquity, we use the Binomial distribution as a benchmark to show the deviation in

mathematical form.

Meanwhile, emergent properties of the pairing models can inspire us to look at some
theorems and applications in information theory from a new angle. To do so, we
shall construct a transmission model with a pairing time series and show for this
model that the rate entropy [15, 42, 45] is a well-defined quantity under certain

assumptions.

In this brand-new transmission model, the pairing time series distinguishes from the
usual one so that the momentary state of the received signal can carry with certainty
the value of the signal in the future. Furthermore, we shall see the Shannon entropy
results in converging rate entropy depending on the distance distribution between

paired elements.

4.1 Information-theoretic Measures

The Shannon entropy [15, 45] measures the associated uncertainty for a random
variable, given its probability distribution function. So, for a set of probability
distributions of system size n, denoted by P,, the Shannon entropy is a functional
such that

H[P,) : P, — R" U {0}, (4.1)

and is defined as
H[P] = - sz‘ Inp;, pi € B (4.2)

Besides, for a system with n statistically independent elements, each with two states
— say head and tail — Bernoulli random variables describe the randomness in obser-
vations — we call them Bernoulli coins. In contrast, if they are pairing balls or coins,
one can use statistical random variables introduced in the previous chapter. At the
same time, the states of Bernoulli coins are independent of the rest of the system,

and if the head and tail probabilities are equal to (p, 1 — p) respectively, the entropy
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finds as
H[(p,1 = p)] = —plnp—(1—p)ln(l —p). (4.3)

On the contrary, in pairing models, the state of a single element is system-dependent.
Thus, using marginals in equation (3.129) from chapter (3), one can write the entropy

of a single pairing ball as

2n,, 2n,,

Hp[P,(X))] = —(—=) In(—) = (1 = (=) In(1 = (=)), (4.4)

n n n n

and similarly, by using equation (3.145) for a single pairing coin the entropy is equal
to

HlPu(X)] =~y n(22) — (1 — (22 n(1 - (22))
~ (= ) pp+ (1= p)In(1 — p)). (4.5)

Interestingly, the pairing mechanism changes the entropy of the Bernoulli coin from
a local quantity to a system-dependent one in the pairing ball case since the mean
values in the derived equations above are system-dependent. Meanwhile, later we
will derive that entropy is decomposable to a pairing effect and a Bernoulli effect

for a pairing coin

N

He[Pu(X1)] = Hp[Pa(Xi)] + (—5) H[(p,1 = p)], (4.6)

where (22) =1 — (2%) is the average of the ratio of elements in a stand-alone state.

Furthermore, unlike Bernoulli’s entropy, the system-dependency of pairing entropies

has an asymptotic leading term when 1 < n. For example, for Hg[P,(X;)], we will

Hy[Po(X))] = \/g {1 Cn \/ﬂ +0(%), (@7)
and for Ho[Py(X))]

Y A )| Rl NCES

This introductory explanation can give us the general theme of what we should

show

SR

expect in the following parts: We first study information-theoretic quantities of
paring random variables and then compare them to an ordinary one. Next, we

derive the asymptotic leading term and discuss its consequence and interpretation
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provided system size effects.

The asymptotic entropies of a handful of pairing random variables are microscopic
quantities since they belong to a minuscule subsystem inside a macroscopic system
(assuming 1 < n). Thus, for 1 < n, based on the number of random variables of a
quantity and their relative size to the system, we can classify the derived measure as
microscopic, mesoscopic or macroscopic. e.g. if k represents the number of random
variables in, say, joint entropy, k& = O(1) is microscopic, k = O(y/n) is mesoscopic,
and k = O(n) is macroscopic. Therefore, we shall use the joint entropy for two or
more elements to study the spectrum of subsystem sizes using the joint distribution

we derived in section (3.5).

Nonetheless, for macroscopic entities, we study the ensemble entropy over the proba-
bilities of all configurations. Let us elaborate on the difference between the ensemble
entropy and the entropy of a system-wide random quantity like the number of heads
by giving an example for Bernoulli coins: the probability of observing a given con-

figuration as a sequence of head and tail states is
P, = g (1= o), (4.9)

for 2" distinct configurations. So, the ensemble entropy finds as
2n
H[Ber,) == p™(1—p)" " (nyInp+ (n —ny) In(1 — p))
i=1

=—(np)Inp —(n— (ny)) In(1 — p), (4.10)

and since (n;) = np, it simplifies to
H[Ber,] =nH|(p,1— p)]. (4.11)

At the same time, the Binomial distribution for the number of heads, denoted by

np, is defined as

Bin,(ny) = (Z

h)pnm e (4.12)

However, ny, is a system-wide quantity, and its entropy derives as

H[Bin,(ny)] = — ;T; (:h) P (1= p)" ™ (ny Inp + (n — my) In(1 — p) + In (:}l))
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= H[Ber,| + (Inny!) + (In(n — ny)!) — Innl, (4.13)

which is different from the ensemble entropy. In essence, the point we try to make
here is that the ensemble entropy has a subtle difference from its corresponding
random variable’s entropy, H|[Bin,(n;)]. This situation is more pronounced for the
B-model when the probability of configurations writes as

Fln/2)—i

Po(ei) = AER (4.14)

whereas the probability of the number of pairs is

(L2 ) (2n, — )lpln/2=

2np

P,(n,) = (4.15)

cn(r)
This distinction is the case for the C-model too, and we will be precise to express

which entropy we refer to in the following sections.

Before starting, we define some notations that simplify the results further in the
following parts. Recall that the Shannon entropy is a functional over the set of

probability distributions of system size n

H[P,]: P, — R"U{0}. (4.16)
At the same time, for £ € N, we define a Shannon function Hy(xy,zo,...,x1) :
0,1]* - RT U {0} as
k k k
Hy(zy, 29, ... 28) = — sz Inz; — (1 - le) In(1 — le) (4.17)
i=1 i=1 i=1

For instance, Hy(x1) : [0,1] — RT U {0} is
Hy(xy) = —z1Inx; — (1 — 1) In(1 — 24), (4.18)
and Hsz(wy, ) : [0,1]> - RT U {0} is
Hi(x1,29) = —z1Inzy —zolnzy — (1 — 21 — xg) In(1 — 29 — 29). (4.19)
Using this notation, the following entropies rewrite as

H((p,1 = p)] = Ha(p), (4.20)
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Hyl(Pa(X0)] = Ha(=2)), (4.21)
Hel(Pu(X0)] = Ha((22)) + (=) Halp). (4:22)

and
H[Ber,| = nHy(p). (4.23)

4.1.1 Ensemble Entropy

This section derives the ensemble entropy of pairing models. In appendix (C.1.2),

in equation (C.9), we see that the ensemble entropy for the B-model is
n—1 <7’L >
Hp[P,] = (n,), Inr + 2 In(1+ =), (4.24)

in which, (ns), denotes the average number of stand-alone elements for a system
size x. Hence, it must be recognisable in much the same way the kth moment
was derived in equation (3.111), here, the entropy is expressed in terms of the first

moment of smaller system sizes.

Likewise, for the C-model, equation (C.16) finds the ensemble entropy as
He[Po] = Hp[Pa] + (ns) Ha(p). (4.25)

The term Hs(p) on the right-hand side is the entropy of a Bernoulli sequence in
equation (4.23). Therefore, the C-model’s entropy decomposes to the sum of the

B-model and the Bernoulli’s sequence entropies
Ho[P)] = Hp[P,) + (%}H[Bern]. (4.26)

This result proves that the C-model’s entropy is an additive quantity of its con-
structive mechanisms, namely pairing and Bernoulli, even if the Hp[P,] part might
not be additive itself. Besides, the effect of the pairing mechanism is decomposable
into a purely pairs entropy (Hp[P,]) and a normal binary states entropy (H[Ber,])
whenever the Bernoulli part is scaled by the average ratio of elements in a stand-
alone state. This result is understandable since only these elements are in a head or

tail state.

Recall that r is a free parameter that defines the ratio of abundance of stand-alone
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elements to pair ones. Accordingly, the limit » — oo is equivalent to removing the
pairing mechanism from the model, whereas » — 0 forces all elements into a pair
state. In the following parts, we first look at both cases and study their effect on

entropies, and further, we will explain a qualitative picture of the obtained results.

4.1.1.1 The limiting case r — oo

Without the pairing mechanism, all the B-model elements are in a stand-alone state,
so only one configuration must be allowed, and consequently, the entropy must be
zero. To show that, let us start from the probability distribution of this case. Since

the probability of a configuration with n, pairs is

Pa(cn,) i (4.27)
n\Cnp) = n ; g .
SRl (2 (20 — 1)L/l
then, for constant n
L5 ]—np 1 =0
. . . r _ bl np
k&ﬂﬁw—£$7mr—{o,%>o' )
Clearly, from the definition of entropy (— ). p; Inp;) the last result implies
lim H[P,(c,,)] = 0. (4.29)
r—00
Also, equation (4.28) asserts that we must have
1 1
and hence, for constant n, we get the same result from equation (4.24)
n—1 <TL >
rliglo (Np)p Inr + Zln(l + )| — 0, (4.31)

=1

as expected. For the B-model, the probability of observing a configuration with n,

pairs and nj, heads is

ltl=ipi(1 = pn-2ici

PTL cn n = ’
(Conn) = ST () 31— 1)y

(4.32)
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and therefore,

n

Tl.fj_np 2
. Vi o mp(1 _ \n—2np—ny
Tlg{.lo Pn(cnp,nh) - Tlggo rln/2] p <1 P)

TR 1 _ n—mp — O
_{ p" (1= p) » Tp (4.33)

0 np >0
which is the probability of observing a sequence of Bernoulli random variables with
ny, heads. To check that in the limit Ho[P,] is equal to the Bernoulli entropy, recall
the average number of heads in the Binomial distribution is (ny),, = np. Meanwhile,
for this limiting case, we showed Hg[P,] = 0 and (ns), = n in equations (4.30) and
(4.29), respectively. Hence, equation (4.26) writes

lim Ho[P,] = H[Ber,]. (4.34)

r—00

4.1.1.2 The limiting case r — 0

Similar to the previous section, for » — 0 and constant n, we have

5 —TNp —1 — |z
Iim Pn<cn ) = lim rid! — (n=1)!  Top I.QJ : (435>
r=0 v o i/ (5) (20 = Dllyple/2)= 0 , otherwise
! and
n
(Ns)n =04+ O(r), (Np)n = LEJ + O(r), (4.36)

which for (n — 1)!! distinct configurations with equal probabilities we get

lim Hg[P,] = In(n — 1)l (4.37)

r—0

As a side note, it is not clear at first sight how in the limit » — 0, equation (4.24)

becomes zero. Therefore, we have to return to equation (C.7), from which we derived

'In fact, for even 2ns it finds as

@Z) (2n — 1)l = (2n = 1)1,

and for odd 2n — 1, it is

<2L2"2‘1J>(2L2J - D =@n =Dt

So, for every two consecutive odd and even numbers, we get the same limit.
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equation (4.24)
Hp[P,] = [<np>n - ng] In7 + In e (r).

(4.38)

We see that in the limit 7 — 0, the term [(n,), — [2]] Inr approaches zero, since

the (n,), — | 5] has the order O(r). Meanwhile,

lime,(r) — (n — !,
r—0

which implies

li_r)rg) Hg[P,] = lim [(np>n - ng} Inr+1Ine,(r) = In(n — 1),

r—0
as expected.

For the C-model, when n is even?, we get

Z—np np 1 — p)n—2np—np
hm Pn(cnp7nh) = hm T2 n/2 /On ( : 10) —
r—0 r—0 Zi:o (22) (22 _ 1)!!7«71/2 i

1 _n _
) o =5 =0
0 , otherwise

Consequently,

(n)a =0+0(),  (nha=5+0(),  {m)a =04 0(r)

and
lim Ho[P,] = In(n — 1)!L
r—0
2For odd n we have
-1 T = 15],nn =1
}i—rf(l)P"(c”P’"h) = (n1:1p))1! sy = |5),nn=0,
0 , otherwise

and
lim He [P, = In(n — 1)!! + Hy(p).

r—0

(4.39)

(4.40)

(4.43)

(4.44)

(4.45)

(4.41)

(4.42)
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4.1.1.3 Maximum of Hg[P,]

Hg[P,] is an r-dependent, non-negative, continuous function, and let us say its
maximum value happens in its domain at 7* € [0, 00). In appendix (C.1.4), equation
(C.19) finds the derivative of Hp[P,], and by setting it equal to zero, we find its

maximum location for constant n as

dHg|P,]

e (np)e = (n2)n)Inr =0 = r* =1. (4.46)

2 _
Recall that r equal to one corresponds to a uniform distribution over all the config-

urations.

4.1.1.4 Ensemble entropy: Conclusion

Previous results show that the ensemble entropies for both models are well defined.
Moreover, the choice of the parameter r controls the strength of the pairing mech-

anism on the entropy, e.g., in the limit » — oo, the pairing mechanism is removed.

To have a qualitative understanding of the calculated quantities, figure (4.1) shows
the entropy of the B-model for different system sizes. We see the entropy is ap-
proaching zero for r — oo, and is maximum at r* = 1, whilst it is equal to In(2n—1)!!

for both sizes 2n — 1 and 2n.

Also, we can see in figure (?7?) entropy increases when the system size increases.
However, unlike entropies in Cartesian spaces, it does not grow linearly with the

system size. To elaborate, recall the entropy of a Bernoulli sequence is
H[Ber,] = nHy(p), (4.47)

and it has a Cartesian state space. Consequently, since the term Hy(p) is the entropy
of a single element and is constant, Bernoulli’s entropy is of order H|[Ber,| = O(n).
On the other hand, in appendix (C.2), equation (C.22) obtains the asymptotic
leading terms of Hp[P,] as

Hp[P] ~ glng +0(n), (4.48)

and we see its order is O(nlnn).

Figure (4.2) plots the ensemble entropy of the C-model with respect to p. For p =0
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or p = 1, we observe Hg[P,] is the same as Hg[P,] in figure (4.1). Meanwhile,
changing p from these two extremes moves the maximum from r* = 1 to higher
values. Recall that r* = 1 is where Hp[F,] is maximum. And finally, the overall

entropy is the highest for p = 1/2 in comparison to other values.

As discussed for the C-model, even when the pairing mechanism is present, the
entropy can be separated into the contribution of pairing random variables and
Bernoulli random variables, so as it manifests itself as head or tail states for stand-

alone elements. Defining the difference between Hg[P,] and Bernoulli part as

G(r,p) = Ho[P,) — (22), H[Ber,) = Hg[P.),

; (4.49)

we obtain a p-independent, continuous function. This fact is depicted in figure (4.3).
Note that since G(r, p) is independent of p, one might say that all curves overlap

for different values of p, which represents a universality class among all C'-models.

i — - =5 \ =5
6.5 ad == n=6 K n=6
e =7 L =7
60 / —= n=8 | == n=8
| i
55— i
| ¥
— i — 1
& 50 s = 1 :
=y !- = I \.
= = ! N
o 45 o | .
— —rm————l — | ™,
T el T ~<
10 T,
-
~
35—+ - T
!l’ - . L e . .--‘_"
304 ==—— -
. -
I
00 05 10 15 20 25 30 35 40 0 20 0 &0 a0 100

Figure 4.1: The B-model’s Shannon entropy, H[P,(n,)], for different system sizes.

Notice that the maximum is at » = 1, and for r — oo, it approaches zero.
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Figure 4.2: The C-model’s Shannon entropy, H|[P,(n,, ns)| for different ps. Notice
that the curve is the same for p = 0 and p = 1. Also, p shifts the position of

the maximum entropy to r > 1.
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Figure 4.3: The plot of G(r, p) for different values of p. As it is depicted, G(r, p)

represents a universality property and is independent of p.
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4.1.2 Joint Entropy

Recall that in equation (3.155), we derived the joint probability distribution for k

arbitrary elements as

2n§,) 2’“ D

Pn<X1, Ce ,Xk7l> = <T>,

(4.50)

(k) is a falling factorial and [ out of k elements are in a pair state, i.e., for a

when n
given k-tuple (X7,...,X%), we have [ = k — Zle X;. And also, given [, there are
(1;) possible combinations among the arguments of P,(Xy,..., Xs;{). Hence, the

joint entropy derives as

k
H[P,(Xy,.... X Z ( ) (X1, X DIn Py(Xy, .., Xi 1)
=

=~

k (1) (k=1) (@), (k=1)
2TLp S 2np TI/S
E:(z) ) In(——). (4.51)

=0

Although, in theory, this result is the joint entropy in closed form, no clear insight
can be gained about its property. At the same time, as discussed in the introduction,
for k = O(1), the joint entropy of such a small subsystem is a microscopic quantity
compared to the ensemble entropy. It is needless to say that the ensemble entropy
is equal to the joint probability for £ = n. Based on this fact, it is interesting to find
the asymptotic behaviour of the joint entropy, especially for the case k ~ O(y/n),

in which we categorise a mesoscopic quantity.

Accordingly, for 1 < n, and by using equations (B.82) and (B.86), the asymptotic

leading terms of the ratio of pairs and stand-alone elements are

()~ e T ol ()~ (e VY o)

n n

However, to find the asymptotic leading term of the joint entropy, one needs to

evaluate the asymptotic of the falling factorial. So, we have

2npOn{F o 2np(2n, — 1) . 2np— 1+ 1) xng(ng —1)...(ns —k+1+1)
n(k) B nn—1)...(n—k+1)

131



Chapter 4: Pairing Models in Information Theory

_ (2np)'ng + O(ny ') (2np)l <n
n

k—1 1
T O T) 2) G o) =

n n

2 () () ol

~ Wi/ (1 - e—\/”/_”)k_l oy, (4.53)

n

Using the last result and equation (4.51), we get

k

HIP(X1, o Xe) ~ S (’;‘)l\/gel\/g (1 - Vi)

=0

B i (llf> (k — e VT (1 _ e*\/r/_n> i (1 - e*\@) , (4.54)

=0

which in appendix (C.3), equation (C.28) finds it as

HIP. (X, X)] = k\/; {1 —n \/ﬂ +0(%). (4.55)

Before discussing the consequences of the last result, let us re-examine the interpre-
tation of the joint entropy. Suppose we are studying a subsystem composed of k
elements in a system with n constituent elements. For a system with a Cartesian
state space and statistically independent elements, the subsystems’ state is unaf-
fected by the rest of the n — k other elements. Moreover, technically, the probability
distribution of the whole system is the multiplication of the distribution of both k

and n — k subsystems.

However, for non-Cartesian state spaces and statistically dependent subsystems, one
must first derive the subsystem’s joint distribution by marginalising the rest of the
system to obtain the subsystem’s entropy. In other words, the subsystem’s entropy
is identical to the joint entropy of k elements. For example, this is the case for

pairing systems.

Considering this preliminary explanation, equation (4.55) finds the entropy of a
subsystem whenever the whole system is macroscopic (1 < n). For k = 1, we get
the entropy of a single element, which is exactly the same as equation (4.7). And

as it is shown in appendix (C.3), equation (C.26) derives the joint entropy in terms
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of the entropy of a single element as
1
H[P,(Xy,...,Xy)] = kHp[P,(X1)] +O(E)' (4.56)

Therefore, for macroscopic systems, the entropy of subsystems is the additive quan-

tity of its elements’ entropy
k
1
H[Py(Xa, ., Xi)] = ) Hp[Pa(X)] + O(=). (4.57)
i=1

We must stress this result is valid up to mesoscopic subsystem sizes, or k = O(y/n).
It is explained in appendix (B.9), the asymptotic leading term of (n) and (nf) are
valid for £ = O(y/n). Consequently, the additive result that we get here is valid up

to mesoscopic subsystem sizes.

We must remind ourselves, unlike statistically independent elements, that the en-
tropy of microscopic subsystems is system-size-dependent. In addition, when we

repeat equation (4.7) here

Hy[Po(X))] = \/g {1 Cn \/ﬂ ror), (4.58)

we see that in thermodynamic limit n — oo, the entropy of a single element ap-
proaches zero. Consequently, for subsystems with size k = o(y/n), the entropy

approaches zero too. But, for subsystems size k = O(y/n) the entropy is finite

H[P.(Xy, ..., X)) =vF,  k=0(/n). (4.59)

Nonetheless, the macroscopic entropy has an order O(nlnn). So, the additivity
property cannot stay intact from mesoscopic to macroscopic sizes; what happens in

between is an open question that needs careful analysis of the asymptotic terms for
order other than O(y/n).

4.1.3 Mutual Information

In much of the same way as the previous section, suppose a system composed of
pairing balls or coins is divided into two subsystems. When a pair happens between

elements in different subsystems, the pairing link can be considered an interaction
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between subsystems. So it is illuminating to study the mutual information between
two subsystems and find its dependence in inter-system pairs. We found the sys-
tem’s ensemble entropy and its subsystems in the previous section as a measure of
uncertainty /information about the system and its sub-components. Nevertheless,
the mutual information is equivalent to the information content of one subsystem
about the other one [61].

This part will derive the mutual information of two kinds of system decomposition
for a system of pairing balls. In the first case, a system with n elements, namely
Sy, is divided into S, _; and S; subsystems, containing n — 1 and a single element,
respectively. We denote the mutual information by [,(S,_1,S51), and eventually,
since all elements are identical, the mutual information of each is the same with
respect to every other one as a whole. Also, for 1 < n, I,,(S,_1, S1) is the information

contribution of a microscopic element to a macroscopic one.

In the second case, we will derive the mutual information between two arbitrary
balls, or 1,,(S1,S51). One can do further and derive higher-order interactions by
including three or more elements. In general, interaction information [72] is defined

as
]n(XlaXQa"’7Xk3) - Z (_1)|T|_1HB[T]7 (460)

TC{X1,Xa,.., X}
where T runs over all the subset of { X7, X5,..., X}, and |T| is its cardinality. Note

that, for n = 2, the interaction information is identical to the mutual information.

4.1.3.1 Finding [,(S,_1,51)

The mutual information of the subsystems S,,_; and S is defined as
1(S-1,81) = He[Pa(X0)] = Hy[Pa(X |, ). (4.61)

where H|[P,(X;)] is the entropy of a single element and H[P,, (X;|n,)] is the entropy
of a single element conditioned on the remaining part of the system. It is necessary
to write down the marginal distribution of a single element to find the first term
and the conditional distribution of a single element given the number of pairs for
the second term. We have already obtained the marginal entropy in equation (4.21)

Hp[P(X1)] = Ha((2)). (4.62)
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Note that Ha({ 2””>) is the Shannon function evaluated at (2""> [0, 1] — equation
(4.18). In other words, if we interpret (2 ) like a probability, H2(<2"”>) is its

Shannon entropy.

However, the quantity <2%> is a system-wide average and a global quantity for the
system, and in the case 1 < n, this is a macroscopic quantity. So we can say that a
single element’s entropy is equal to the Shannon entropy evaluated at the value of the
macroscopic quantity < 2} for the whole system. To emphasis the size-dependency,

we use the subscript on <%>n and write

Hp|P,(X1)] = Ha ((%n) : (4.63)

Next, equation (3.148) derives the conditional distribution as

2n

= ,Xl - 0

Po(X1|n,) :{ oy q (4.64)
) 1 —

n

and the conditional entropy, H[FP,(X1|n,)|, must be equal to

[n/2] 1
H[P,(Xi|np)] = = Y Pulny) > Pu(Xi|ny) In P, (X |ny)
np=0 X;=0
Ln/2] |n/2)—n
r v 2n 2n 2n 2n
=— 2 n! P24+ (1-")In(1 -2
nZ:D (2np)( np = 1) Cn(T) { n n + n ) In( n )}
2ny, . 2n 2n 2n 2n
= (2P T (1= 2Py In(1 — 2R, = (Ho(Z2R)), 4.65
(22 (1= ) (1 - Z2)), = (H(Z2)) (465)

Finally, the mutual information writes as

1,(Sp_1,S)) = Hy (<%>n) <H2(2”p)>n. (4.66)

n

To put it as a sentence, the mutual information between each element and the rest
of the system is equal to the Shannon function of the macroscopic quantity (2%%

minus the ensemble average of the Shannon function at 2% of the microstates.

In Appendix (C.5), equation (C.37) expands I,,(S,_1,51) as a power series in terms
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of (2n,/n) and (ns/n) like

Ln(Su-1,81) = Y (C)) = (G 440 — ()"

k>2

(4.67)

This power series is converging fast, by which one can find a numerical estimation for
both I,,(S,-1,51) and <H2(2%)>n Check appendix (C.5) for details. Also, equation
(C.40) obtains the asymptotic leading term as

1 1
1(Sh1,81) ~ = 4 O(=5). (4.68)

Subsequently, this result implies that increasing the system size reduces the mutual
information, and in the limit n — oo, it approaches zero. In other words, the
information about S reduces the uncertainty about the whole system. Nevertheless,
when the system size increases, the information about the whole system from a single

element is negligible, as expected.

4.1.3.2 Finding Interaction Information

This part first finds the mutual information, ,,(S},S7), and then moves to derive
the interaction information. For the B-model, the mutual information between two

elements equals
I.(S1,51) = Hp[P,(X1)] + Hp[P,(X2)] — Hp[P.(X1, X3)],

— 2Hy[P(X1)] — Hp[P(X1, X)), (1.69)

where X; and X, are the random variables representing the states of two arbitrary
indices. Note that, since the marginal of a single element is the same for all indices,
we used Hg[P,(X1)| + Hp[P.(X2)] = 2Hg[P,(X1)] in the last step.

Equation (3.152) derives the marginal for two elements as

anns

(Fhen
X =1,X,=0
Po(X1, X,) = <ggj nt>> : SR (4.70)
<n(n” 5 L Xi=0,X=1
<ns Ng— 1

> 7Xl:Xk:1

Observe that the terms in P, (X7, X5) entries show a pattern. For example, the term
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(2n,(2n,—1)), is quadratic in 2n,, but it is neither a second moment nor a cumulant.
Instead, the falling factorial (2n,(2n, — 1)), equals the correlation between 2n,, the
number of pairs in the system, and 2n, — 1, the number of pairs after removing the

first one. Moreover, the identity
(2ny (20 — 1))n + 2(20pn5)5 + (ns(ns — 1))n = n(n — 1), (4.71)

implies for a system size n, knowing two of these quantities are enough to find the

third one. So that, using the definition of Hs(z,y), the joint entropy writes as

%(2711) - 1)
n (n—1)

H{PA(X0, X)) = H (< L G 1>>n) S )

n (n—1)
Finally, the mutual entropy is

1,(S:,8,) = 2H, (<%>n) — Hy <<%M>n, &M)n) . (4.73)

n n (n—1) n (n—1)
Asymptotically, for 1 < n, equation (4.56) writes the asymptotic expansion of
H[P,(X;,X>)| as
1
HIP,(X1, X)) = 2Hp[Pa(X1)] + O(), (4.74)

and therefore,

1.(S1,5)) = o+0(%). (4.75)

In short, the mutual information is negligible for large systems, and the knowledge
about an element does not obtain any information about another randomly selected

one.

Next, to derive higher-order interactions by including three or more elements, we
derive the interaction information or information correlation [72], which is defined
as

(X1, X, ..., Xp) = > (=" HRT), (4.76)

TC{X1,X2,.., X}, }

where T runs over all the subset of {X1, Xs,..., X}, and |T| is its cardinality.
Observe that the marginal in equation (3.155) is the same for all elements in different
indices
2np(l)ngk_l)

). (4.77)

Using this fact and considering the cardinality of the subsets, say (I:), the interaction
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information equals to

(X1, Xs, ..., X)) = Z(—l)"—l (k> Hgp[P(Xy,. .., X:)]. (4.78)

1

But, the joint entropy Hg[P,(Xi, ..., X;)] writes as

H[P,(X1,..., X)) = —i (;)Pn(Xl,...,X DInPy(X1,. .., Xi0)

i ( =) (1), (=10
2np 2np\ng
= — E 1 . 4.79
( ) n(d ) Ing n(® ) (4.79)

where (;) is the cardinality of the i-tuple when [ = i — > i X Therefore, The

interaction information derives as

E i . i—1) (Z 1)
i (k i\ 2np®n} 2npUn
(X1, Xo, ., Xp) = = Y (1) 1<z) 2 (z)< R R

1=0
(4.80)
Again, no insight is directly gained from this result. However, we can study the

asymptotic form of the interaction information, and by using equation (4.56), the

asymptotic expansion of H[P,(Xy,...,X})] is equal to

H[P, (X1, ..., Xy)] = kHp[P,(X1)] + O(%). (4.81)

Therefore, the asymptotic expansion of the interaction information obtains as

1

(X1, Xo,..., X}) = Z(—l)"—l (k,:)iHB[Pn(Xﬂ] - O(%)

—rslr )Y (5 ) o o)

i=1

kHu [ Po(X)](1 — 1F + 0(%) — 0+ 0(%). (4.82)

So, for a large system size, the interaction information is negligible for any number
of elements up to the mesoscopic scale, k ~ O(y/n). One can say pairing models
do not exhibit higher-order information correlation. It seems reasonable since the

pairs are the most complex entity constructed in the pairing mechanism. So, for
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large system sizes, pairs and stand-alone elements are the only atomic structures
that exist. It is an interesting open question to study the interaction information

when we include a variety of compounding mechanisms.

4.1.4 Non-extensive Entropies

Both B and C' probability distributions are polynomials of a single variable r. For
entropies written in terms of probabilities’ power, such as Rényi’s and Tsallis en-
tropies, this form is conveniently written in closed form. Also, later in the coming
section for pairing time series, we will discuss the non-extensivity property of Rényi’s
and Tsallis entropies, and therefore, it is helpful to write them in terms of pairing

models probability distribution.

4.1.4.1 Tsallis Entropy

Tsallis’s entropy [67] is defined as

W)

1

HilPl = =7 |1~ A (4.83)
=1

for positive ¢ # 1, where W (n) is the number of elements in the state space. In
appendix (C.7), equation (C.42), for B-model we find

H(P) = — (1 - CZ(Tq)) . (4.84)

g1 ch(r)

For the C-Model, equation (C.45) derives it as

H.P] 1 (1 et p? 4 (1= p)q]2)> . (4.85)

g1 ch(r)

4.1.4.2 Rényi’s Entropy

Rényi’s entropy [56] is defined as

W(n)
HolPo] = —7——Mn | > |, (4.86)

i=1
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for positive av # 1, where W (n) is the number of elements in the state space. In
appendix (C.6), equation (C.41), for B-model we find

CIne,(r?) —alne(r)

H,[P,] = (4.87)

11—«

Recall that ¢,(r®) is a polynomial degree n, evaluates at r*. And for the C-Model,

it derives as

CIne(r p” + (1= p)°)) — acu(r)

HalPu] = 1 -«

(4.88)

Again, ¢, (r® [p® 4 (1 — p)°]?) is a polynomial degree n, evaluates at r® [p® + (1 — p)°]>.

4.2 Pairing Time Series

4.2.1 Introduction

Pairing models are intuitively simple and fortunately have quantities that can be
expressed in closed form. This combination opens up opportunities to use them as
the building block of other mathematical models. To show that, we will propose a

transmission model with a pairing time series.

The pairing time series distinguishes from the ordinary time series so that the current
state of the received signal can carry a definite value of the state of the signal in the
future. To a certain extent, one can find time series with similar properties in the

real world.

For example, imagine a faulty mechanical clock such that now and then its hand
ticks backwards. So, the clock’s time series can be modelled as a Bernoulli sequence
of successful or failed ticks — see figure (4.4). Next, suppose a mechanical constraint
like a cogwheel forces the clock to fail once again exactly after one rotation of the
wheel, or equivalently, exactly after some pre-determined number of ticks. Therefore,
regarding the clock behaviour, the first failed tick indicates the subsequent failure
in the future, although other backward ticks can happen by chance between these

two moments.
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4.2: Pairing Time Series

Figure 4.4: Left panel: A faulty clock that randomly fails. Right panel: A
faulty clock repeats itself. After the first backward tick, the next one happens
at a pre-determined number of ticks since the cogwheel mechanism forces it to

repeat itself.

We can even think of more than one cogwheel and more than one type of failed state.
Thus, different types of backward ticks repeat once more with different duration or,
say, make a pair with a different moment in future. Nevertheless, the pairing time

series works the same.

While such a paring time series can have applications in the real world, at the same
time, we shall see under some assumptions for infinite time series that the Shannon
entropy of a single moment becomes undefined. Also, without providing proof, we
will propose a scheme that might resolve this problem with non-extensive entropies.
Despite this failure, we have to remark that the Shannon entropy is well behaved

for a large class of conditions, and a pairing time series can be utilised in modelling.

Non-extensive entropies have been introduced in publications for many years [20],
and the criteria to choose them are not clear cut. However, at least for this model,
there is no doubt that the Shannon entropy is problematic, and non-extensive ones

might have their merits.

All in all, the pairing time series is an example that paring models, in general, have
the potential not just to impose interesting mathematical questions but also to be
the building block of practically valuable models. Nevertheless, they can show the
limit of the applicability of information-theoretic quantities like Shannon entropy,

which is usually accepted as universally valid.
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After this preliminary introduction, let us make our definition mathematically pre-
cise. Intuitively, a configuration that is composed of pairing coins can be arranged
in space. Moreover, when elements are ordered along one dimension, by definition,
pairing between any two elements is possible, irrespective of the distance between
them.

For example, in figure (4.5), the head and tail states are represented by up and
down arrows, respectively, and the pairs that are denoted by P are linked along a

one-dimensional string of pairing coins.

Let us replace the tail and head states with 0 and 1. Moreover, pair coins can be
replaced by a number that represents the distance between them (figure 4.5, 4.6
and 4.7). So, the set Ap = {0,1,2,...,L} is the alphabet that constructs all the

admissible strings composed of pairing coins for any configuration with length L.

.......

Figure 4.5: An example of paring coins configuration.

o
5 .
212 L L
s 3

4 4]

S LT e

.....

:1606136360

Figure 4.7: Replacing the configuration in figure (4.5) with its elements corre-

sponding alphabets.
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4.2: Pairing Time Series

Note that the set of all possible strings that one can construct by Ay, is larger than
the admissible pairing coins strings. To be precise, the volume of the former is LX*!,
and the latter one is (L/e)*/?.

For instance, although “222” is a string constructed by elements of Ajg, this is not
an admissible pairing coin string. The reason for rejecting the admissibility of this
configuration is understood if one considers two coins at each end of the configuration
link to the middle one. The C-model requires at most two coins in a pair state with

each other.

Generally, ordering binary random variables in time constructs a stochastic time
series. Let’s say there is a receiver that can register the arrival of these random
variables in discrete time steps. So, each recorded string is a realisation of the
stochastic process. Then, we may ask, is it possible to order a pairing coin string
in time? What does that mean to say two random variables make a pair by each
other along the arrow of time? To elaborate on the new model, let us assume that
X; € Ay is a random variable that the subscript ¢ denotes its time-step index. In
other words, it is ordered in time, and the receiver gets a new input at each step ¢.
See figure (4.8).

Receiver|<—— X

Figure 4.8: At the time ¢, the random viable X; arrives at the receiver.

When X; € {0,1}, we have a usual binary random variable. However, when X; > 1,
the future value at index t + X; — 1 will be the same as the current one (figure
4.9). In other words, there is no uncertainty at time step ¢ + X; — 1 whenever the
receiver registers a random variable X; > 1 at time ¢. This assumption is equivalent

to having the two states as a pair.

Receiver|+—— X - <+—— X

Figure 4.9: A random variable X; can make a pair with the one that is X; — 1
steps away in the future. In other words, after receiving X; at t, the receiver

certainly gets X; once more at time step t + X; — 1.
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Therefore, the time series is a mixture of randomness and deterministic inputs. For
example, in figure (4.10) at time ¢ (between two dashed lines), we see that future
states are partially known based on what has been already seen in the past, while

other future states are uncertain.

.....

Figure 4.10: The receiver has observed values in the past up to the time-step ¢
(between dashed lines). The state at ¢ and ¢ + 1 is definite, although farther

than that is uncertain.

After this introduction, in what follows, we shall look at a model of pairing time
series to show the possibility of mixing certainty and uncertainty in the explained
fashion. First, we shall see, using the Shannon entropy, one can define the rate
entropy when the length of the string approaches infinity. Later, we show that
depending on the probability distribution one imposes on the length of the pairs,

the Shannon entropy of each time-step is a well-defined quantity.

4.2.2 Enumerating admissible configurations

To enumerate the set of admissible configurations, we suppose the time series size is
finite. So, let us denote by L the maximum length of a time series. e.g., X is the
last random variable that arrives at the receiver in figure (4.8). This assumption

permits us to take a finite alphabet, A, to enumerate the state space.

Simultaneously, assuming that n < L random variables have arrived at the receiver,
A,, denotes the state space of all admissible configurations with length n. Fur-
thermore, when the joint probability P(Xj,...,X,) is defined on A,, the Shannon

entropy must be equal to

Hy(Xy,... . Xp)=— Y  P(Xi,....X,)logP(X,...,X,). (4.89)
(X1,...,Xn)EAn

Note that the state space of admissible configurations is not the Cartesian product
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of the alphabet set

ApZAXAX - x A= AJ. (4.90)
Therefore, we have to devise a method to enumerate the admissible configurations
properly. To make the formulas compact, we represent a sequence of n random

variables as a vector
X, =(Xq,...,Xp). (4.91)

For example, the Shannon entropy writes as

Hy(X,)=— Y P(X,)log P(X,). (4.92)

Xn€EAn

Also, the chain rule for the joint distribution of n random variables writes the joint

distribution as the past conditioned on the present
P(Xl,XQ, e ,Xn) = P(Xn>P(X1, e 7Xn71‘Xn)7 (493)

or in vector notation

P(Xn) = P(XH>P(Xn—1|Xn) (494)

4.2.2.1 Decomposing the state space

The state-space structure, which is imposed by pairing coins’ emergent properties,
is not multiplicative. And therefore, it does not easily enumerate two independent
sums over states in the present and the past. We shall elaborate on this point
later, but first, we decompose the state space to disjoint subsets. To enumerate the

admissible configurations, we divide A,, into two disjoint subsets
A=A UA2 ALNAZ =0, (4.95)
such that:

e Al is a subset of configurations in which a pair exists between X,, and one and
only one time-step in the past — see figure (4.11). To emphasise that the pairs
are part of this subset, the state of the present random variable is indicated

by a left arrow over their values

X, eX,={2,....%. (4.96)
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‘‘‘‘‘

r

Time

"N
5] (5] [X] -s

Present

Figure 4.11: X, is making a pair with one and only one time-step in the past. In

other words, the state of X,, has been known in the past.

e A is a subset of configurations with no pair state between X,, and previous
ones — see figure (4.12). Hence, it can be in a head or tail state or make a pair
to a single step in the future. Similar to the first case, X, states are indicated

by a right arrow over their values
—= —
X,eX,=1{01,2,....0+1_n) (4.97)

Note that the most distant step fromt =nist=L+1—n.

Time "
Xﬂ

!

Present

Figure 4.12: X, can be in a head or tail state or make a pair with one and only one
time-step in the future. In other words, the state of X,, contains the information

about now or carries the information about the future.

4.2.2.2 Decomposing A}

To begin the enumeration, we define a new set, namely I'! |, that contains all the

n—1»
configurations in Al such that their last random variables at n are excluded — see

figure (4.13). In other words, it says elements of ', _; are the first n — 1 states of
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configurations in Al.

Fi—l --------
— A - '
coe X, |xeX,
S — —
Al

Figure 4.13: Constructing '}, _; from Al.

We understand that the Cartesian product of '} _; and Z introduces non-admissible

configurations,

ALATY % X, (4.98)

since every element in I'} | makes an admissible configuration with one and only

one element in the set Z The consequence of this observation implies

O£ DY Y 0. (4.99)

Xn€An X”*IEF}Lfl Xneyn

and makes the calculation of the Shannon entropy problematic.

To resolve this problem, observe that from the definition of Al every configuration
in '’ _| has a time-step in the past, say ¢, which makes a pair with X,,, and we can

partition I'! | to disjoint subsets, denotes by '™ |, such that

n—1

n—1
o=, L5 =0, i#j (4.100)

i=1

Note that, when X,, € AL, the domain of conditional probability P(X,_1|X,, = 1)
depends on X,,. In short, for X,, =1

P(X,_1|X,=1i):T", = 10,1, P(X,):A —=[0,1]. (4.101)

So, extending the domain of the conditional probability P(X,_1|X, = i) from I'}",
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to 'l | is simply equivalent to

P(X,p1|Xn=14) , X, 4 el
Pp(Xp1|X, = i) = (Xl ) ! . (4.102)

0 , otherwise

where
Pe(X, 1|X,=1):T: | —10,1], (4.103)

and it introduces an extended joint probability such that
Po(X,) = P(X))Po(Xooi|Xn),  Pe(X.):T. , x X, 0,1  (4.104)
Thus, using the convention 0log 0 = 0, the extension results in

> P(X,)log P(X,)

X,eAL

> P(X,) D> Pe(Xaa|Xn)log[P(X,)Pe(Xna|X,)] . (4.105)

Xneyn Xon— 1€Fn 1

Likewise, including X, € Xn in the domain of the extension such that the conditional

probability is zero, Pr(X,) becomes
Pe(X,) T x (X, UX.) — [0,1]. (4.106)

Then we can write

> P(X,)log P(X,)

XneAL

= > P(Xn) ). Pu(XnalXa)log [P(X,)Pe(Xn ] Xa)] . (4.107)

—
XnG?nUXn Xn_ler‘%l—l

4.2.2.3 Decomposing A2

From the definition of A%, we know it contains configurations in which there is no pair
between X,, and previous time-steps. Thus, similar to how '} | was constructed,
['2_, constructs after removing random variable at n from configurations in A% —
see figure (4.14). Surely,

A2£T2 % X, (4.108)
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—
———
2
An

Figure 4.14: Constructing I'?_; from AZ.

Furthermore, we also partition I'?_; into disjoint subsets, say Fi’il. For X,, = @,

observe that the time-step at n+i — 1 in the future must make a pair state with X,,.
Therefore, a configuration that makes a pair from any time-step except n ton+1:—1
is not admissible. So, I'2_, partitions into T>*, foralli € {2,..., L+ 1 —n}.

Afterward, for X,, € A%, the domain of the conditional probability P(X, _1|X,)
depends on X,,. In other words, for X,, =i and i € {?, ., L+1—n}
P(X,_1|X, =1): T, —[0,1], (4.109)
while for ¢ € {0,1}
P(X, 1|X,=1):{0,1} — [0,1]. (4.110)

Notice that in the last relation, the domain of the conditional probability is T'Z_,

since for X,, = 0 or 1, there is no pair between the present and the future time steps.

Similar to the case X,, € A}, we extend the conditional probability P(X,_1|X,, = i)

from Fi’il to I'2_, like

P(X,1|X,=1) ,X,_1 el uU{o,1}

0 , otherwise
and
Pp(X, 1|X,=1i):T2_, —[0,1]. (4.112)
Consequently, the extended joint probability distribution defines as
_ 2 bal
Pr(X,) = P(X,)Pe(X,-1|Xn), Pp(X,): :T%_, x X, —1[0,1]. (4.113)
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Thus
> P(X,)log P(X,)

Xn€eA2

= Z P(X,) Z Pp(Xn-1|X,) log [P(X,) Pp( X, 1] X0)] - (4.114)

—
XneXn Xn—lel—‘i71

Furthermore, by defining the joint probability for X, € 3(‘” equal to zero, we can
write

Pu(X,): T2, x (X, U X)) — [0,1], (4.115)

and hence, using the convention 0log (0 = 0, the extension results in

> P(X,)log P(X,)

Xn€eA2

= Z P(X,) Z Pp(Xp1|Xy)log [P(X,,) Pp(X,1]|X,)] . (4.116)

s
XnGYnUXn Xn*1€F}F1

4.2.2.4 Decomposition theorems

Before proceeding further, we prove the following theorems, and we shall use them

to enumerate the state space for calculating the entropy.

Theorem 4.2.1. T, , NT2%_, =0.

Proof. Let us say ¢,_; € I'}_,. From the definition of T'}_,, the configuration ¢, ;
is constructed from ¢, such that ¢, € AL. Since AL and A2 are disjoint sets, then
cn & A2. Consequently, ¢, 1 ¢ I'?_|. Similarly, ¢, ; € T2 | resultsin ¢, ; ¢ T} | |

which implies the claim of the theorem. m

Lemma 4.2.1. All admissible configurations, say c,_1, is in A,_1 if and only if

there exists at least one admissible configuration c, € A,,.

Proof. We star from the forward case, namely ¢, 1 € A,,_1. The configuration ¢,,_;
may or may not have a pair that links to the site n. Let assume it does not have one.
So, for example X,, = 0 constructs an admissible configuration, and consequently
cn € A,,. Otherwise, there is a time step in ¢,,_; which makes a pair to X,,, and from

the definition of admissible configurations it implies ¢, € A,,.
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The converse case is straightforward. For any ¢, € A,, constructing ¢, by drop-
ping the element’s states at n must create an admissible configuration, otherwise ¢,

cannot be an admissible one. Hence, ¢,,_1 € A,_;1. O

Theorem 4.2.2. A, =T} ,UT? ,.

Proof. Let us assume ¢, 1 € A,,_;. From lemma 4.2.1, there exists one configuration
¢n € Ao And since ¢, is admissible, constructing a configuration ¢/, _; by dropping
its last state at n implies that ¢/, ; is in T}, or I'?_,. This conclusion is justified
based on the definition of '} _; and I'Z_,.

/

Consequently, ¢/, ; € T, UT2 ;. Tt only remains to show that ¢, 1 = ¢, ;.

This must be trivially true, since constructing ¢, from ¢,_; was equivalent to add
one element at n in the start of the argument, which we dropped it later to make
1. So, all the states in the previous n — 1 positions are intact and ¢,—1 = ¢,_;.
Therefore, ¢,y € Tt UT?_,, which implies A, ; CTL ,UT2_,.

n—1

For the converse case, Let us assume ¢, 1 € I’} UT?2_,. From definitions of T’} _;

and I'?2_,, we can always construct ¢, such that it is in A,, therefore, lemma 4.2.1

requires ¢, ; € A,_1, which implies I}, _; UT? | C A,_;. This complete the proof

of the claimed statement.

4.2.2.5 Shannon entropy for pairing time series

In this part for a finite pairing time series, we show that the Shannon entropy is an

additive, recursive relation over an ensemble of strings with length n and writes as
Hp(X,) =Hi(X,) + H(X-1]1X0), (4.117)
such that the present entropy is defined as

Hp(X,)

- Y P(X.)log P(X,), (4.118)

XpeXnuX,
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and the past conditional entropy, given present, is

HL(anlan) = — Z P(Xn) Z PE<anl|Xn> lOg PE(anl‘Xn)
XnGEU)Tn) Xn—lGAn_l

(4.119)
Here, we show only the steps that use the results from previous sections. The details

of the derivation are explained in appendix (C.8).
Proof:

We write the Shannon entropy over an ensemble of strings with length n as

Hp(X,) = — Z P(X,)log P(X,)

=— Y P(X,)logP(X,)~ > P(X,)logP(X,) (A, = AL UA2)
Xn€ Aj X,€A2
== > Y P(X)Pe(Xu|X,) log P(X,) + log Pe(X,1|X,)]

Xneyn Xn-1€ FiLfl
(from 4.105)

- > ). P(X.)Pe(X,]X,) [log P(X,,) + log Pp(Xp_1|X,)]
Xn€X, Xn-1€ T2_,

(from 4.114)
=— > P(X,)logP(X,)

XneX,UX,,
Xneynuz Xn71€An,1

(F711—1 U F721—1 = Anfl)

4.2.3 Entropy for Infinite Alphabet

The entropy Hp(X,,) is defined for a finite alphabet and finite-length time series.
However, for infinite time series, or the limit L — oo, one must prove the existence
of entropy and examine that it is well-define. Put it differently, the Shannon entropy

of infinite time series at n is defined as

H(X,) = lim Hy(X,). (4.120)

L—oo
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And therefore, Hy(X,) must be bounded and converging to have a non-absurd
Shannon entropy H(X,,) for infinite time series. To find an upper bound for the

limit, we use the inequality that governs the conditional entropy [15]

Hp (X, 1|Xn) < H(Xn-1), (4.121)

and write

HL(Xn) = HL(Xn) + HL<Xn—1|Xn>
< Hy(X) + Hi (X0 1) (from (4.121))
= HL(Xn) -+ HL(Xn—l) + HL(Xn—Qan—l) (fI'OHl (4117))
< Z H1(X3), (4.122)
=1
where

X, e X, UX, (4.123)

Let us assume the marginal entropy Hy(X;) has an upper bound such that
Vi < L Hp(X;) < he. (4.124)

Then
Hy(X,) <Y Hy(X;) < nhe. (4.125)

The upper bound of Hy(X,) is n-dependent, and in the limit L — oo, we have
H(X,) = Llim Hi(X,) < nh,. (4.126)
— 00

Consequently, H(X,) does not diverge and is well-defined. Conversely, the non-
negativity of conditional entropy Hy (X, _1|X,) in equation (4.117) implies

H(X,) < H(X,), (4.127)
and therefore, in the limit L — oo, if H(X,,) is unbounded, we must have

lim H,(X,) — oc. (4.128)
L—o0
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So, for 3i € N and a diverging entropy Hp(X;), equation (4.127) implies for every
i < n the entropy of the sequence, namely Hy(X,), is diverging too. Consequently,
the joint entropy Hp(X,,) is not defined.

Finally, these two results enable us to investigate the existence of Shannon entropy
by studying the divergence of the entropy at an arbitrary time-step, say Hy(X;), for

the limit L. — oo as follows:

1. The diverging Hy(X;) for 3i € N implies the divergence of Vi < n : Hy(X,,).
Thus, H(X,,) is undefined.

2. The boundedness of Hy(X;) for ¥i € N implies the convergence of Hy(X,,) for
all n. Hence, H(X,,) exists and is well-defined.

In addition, to study the entropy of a single moment, we must find the marginal

probability and recall that the marginal probability is defined as

P(X,=z)= Y  P(X,) (4.129)

Xp€Ay: Xn=2
4.2.3.1 The Rate Entropy

The rate entropy [64] is defined as

H(X) = lim AXy s Xn) g H(X)

n—o00 n n—00 n

(4.130)

Whenever the Shannon entropy H(X,,) is defined, using equation (4.126), we find

H(X Hy (X
() = tim ) gy iy 20

n—o0 n n—oo L—o0 n

< h,. (4.131)

And since H(X) is a non-negative function and has an upper bound, it must have

a limit. In other words, the rate entropy exists and is well-defined.

For ergodic, stationary stochastic processes, the Shannon-McMillan-Breiman theo-
rem [15] finds that

1
— S P(Xo, ..., Xn1) — H(X), (4.132)
n

with probability one. This theorem is used to prove the Asymptotic Equipartition
property (AEP) [15] and is an important result in Information Theory and its appli-

cation. However, a pairing time series is not stationary, and at the moment, we do
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not know the validity of AEP for them. Therefore, we leave it as an open question

that can be pursued as a future research problem.

4.2.4 Uniform Distribution

Similar to the first case, we start with the uniform distribution for configurations
with length L. Knowing the state space volume, say (L), the uniform distribution
is equal to .

P(X,) = WD) (4.133)
From the combinatorial argument about the C-model, we remember that the (L)
is composed of 2€5(L — 1) configurations whenever we take into account the effect
of adding a new head or tail state of a single coin and (L — 1)Q(L — 1) for making a
pair that coin can make with any other ones. So, accordingly, the marginal sum in
equation (4.129) has Qy(L—1) equal terms when X,, = 0,1, and 5(L—1) otherwise.

As a result

LU X, =0,1

P(X, = 2) = { %0 (4.134)
Q(22(2L(Z)2) Xn6{37-"a%7§>7"'>L+1_n}'

In appendix (C.9), equation (C.59) finds as

OW(L—1) 1 (L — 2) 2
ROOBA S AP (4.135)

and, for 1 < L, the Shannon entropy for the uniform distribution in equation (4.134)

writes
Hy(X,) = — > P(X,)log P(X,)
Xne{9,..57.01,2,....Lr1-n}
Qo(L—1) Qo(L—1) Qo(L —2) Qo (L —2)
= -2 0 — (L -1 lo
0@ % am PV om o
2
2 1 2 ~ VL
=——]og— —(1— lo from eq. (4.135
1
~(1——=)logL ~log L. (4.136)

VL

We see that, in the limit L — oo, the above result is unbounded, and consequently,

H;(X,). Hence, based on the explanation in the previous section, the unbound-
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edness of Hy(X,) implies Hy(X,) and the rate entropy is undefined for uniform

distributions.

4.2.5 Exponential distribution

Observe that the random variable X, in equation (4.129) can be partitioned into

the following subsets
ey
(9. ufou{?,....L+1_n}, (4.137)

and note that the size of the last set is L-dependent. In this section, we assume the
probability of observing X,, € {2,...,L+ 1 —n} is exponentially decreasing with
respect to n

P(X,=1) e A > 0. (4.138)

To keep the assumption as general as possible, no other condition is assumed for the
%
probability P(X,,) for X,, € {2,..., 5,0, 1}. So, we define

Ae™M Xn:le{?,...,L—l—l—n}
P(X,) = - (4.139)
£ X,=1e{2,....,%,0,1},

where A is the normalisation constant and f([) is an arbitrary function

F:09, 5,01 = [0,1]. (4.140)

Applying the normalisation condition on P(X,,), we get

_ 1- Zle{?,...,%,o,g f(0)

A e (4.141)
=2
In the limit
L+1—n 6_)\
li AL 4.142
jm Qe =S (4.142)

therefore, for L. — oo, the normalisation constant is well-defined. Next, we write
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the entropy of the moment n as

Hi(X,) = — Z P(X,)log P(X,)
Xpef% . 57.01,2,. . I+ 10}
L+1—n L+1-n
=— Y f(X)log (X))~ AlogA Y e M4 AN ST i (4.143)
Xne{?...,‘ﬂ,o,l} =2 1=2
In the limit, the third term is equal to
L+1-—n 1
: A -
Lh—IEolo le™ = A=z e . (4.144)

=2

Hence, using equations (4.142) and (4.144)

H(X,) = lim H.(X,)

L—oo

Alog Ae A
== >, f(Xa)logf(X,) - ;g_ =i Ae™,  (4.145)

Xne{2,.. 57,01}

and it is bounded, which implies H(X,,) is well-defined.

4.2.6 Power law

Similar to the previous section, we study the power law probability distribution on

—
the length of pairs into the future, or for pairing X,, € {7, ., L+1—n}
P(X,=1) oI  A>1 (4.146)
So the probability distribution is

A Xy =le{2,. . L+i-n}
Xy) = - (4.147)
£ X,=1le{2,....%,0,1},

where A is the normalisation constant, and f([) is an arbitrary function

F:02, 5,01 = [0,1]. (4.148)
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So, the normalisation constant is

= L= ZlE{?...,%,OJ} f(@)

A (4.149)
L+1—mn _ ’
Yl
and, in the limit L — oo, we get
L+1-—n
. -\ .
Jlim ; I =C(\) —1, (4.150)
where ((\) is the Riemann’s zeta function. Therefore, for L — oo
1= s, smony ()
lim A — e{2,..5.0,1} 4151
LLHOlO C(A)—1 ’ ( )
is well defined. Then, using equation (4.150), the entropy obtains as
Hi(X,)=— > P(X,)log P(X,)
Xne{2,..57.01,2,...L+1-n}
L+1-—n L+1-—n
= — > f(Xn)log f(X,)—Alog A Y I HAN Y 1M ogl. (4.152)
X, e{2,.. 501} 1=2 1=2

As we have already shown for the normalisation constant, the second sum on the

right-hand side has a limit

L+1—n

lim o rr=¢n) -1 (4.153)
=2

It remains to check the convergence of the last term to conclude that Hp(X,,) is

bounded for all ns. In the limit L — oo, we have

L+1-—n o0 .
. = , log(i + 1)
A _
Lhm 2 i " logi = ;:1 T A> 1 (4.154)

And to check the convergence of the above series, we use the integral test by taking

the summand as a continuous function in (1, 00)

o0

log(z + 1)
1/ Wdaz, (4.155)
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and check the convergence of the integral instead. Using the integration by parts

technique
[ log(x+1), 1 log(z+1)|™ 1 T
/ (z+ 1) e (1=XN) (z+ D)1, (1= / ($_|_1>/\d$' (4.156)

1

For A > 1, the term (lgi(f)ﬁ)l is zero in co. Therefore

o0 o0

log(z +1) , log 2 1 1
1/ TSI P Tr R VR Ty 1/ Grp e
_ log 2 1 1 >
T2 1=)) (1= (z )M
1 1
= =Ty [(1 ) log2} . (4.157)

So, since the integral is bounded, the series is bounded too, and it concludes that
the Hp(X,,) is bounded for A > 1.

4.2.7 Conclusion

The previous section showed that for an ensemble of finite pairing strings, the Shan-
non entropy is additive and is equal to the sum of the present entropy plus the past

conditional entropy, given the present.

This result is not surprising considering that the Shannon entropy is the unique
function that satisfies a set of axioms, including the additivity [21, 36]. In contrast,
for infinite time series, we found that the Shannon entropy is well-defined as long
as the distribution over the length of pairs is an exponential distribution or a power

law with an exponent greater than one.

The Asymptotic Equipartition Property theorem [15] separates the ensemble of er-
godic, stationary stochastic sequences into a set of typical and atypical sets, such
that the probability of observing an atypical sequence is negligible. We do not know
a similar characteristic is held by pairing time series, but proving the existence of a

well-defined Shannon entropy is the first step in that direction that we did here.

At the same time, for uniform distribution and power law with an exponent equal
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to or lower than one, the Shannon entropy is not defined. Reminding that our
proof was based on the additivity of Shannon entropy, we can ask ourselves, is it
possible to use a non-extensive entropy and get a well-defined state entropy when

the Shannon entropy fails for infinite time series?

To elaborate, let us use the Tsallis entropy [67, 69]. For a composed system, Tsallis

entropy writes as
H,(AUB)=H,(A)+ H,B)+ (1—-q)H,(A)H,(B), (4.158)
for a positive, real number q # 1. We see that, for ¢ > 1, the above equality finds
H,(AUB) < H,(A)+ H,B), (4.159)

and incorporating Tsallis entropy in equations (4.121) and (4.122), we expect to get
a sharper upper bound depending on the choice of ¢g. So, we conjecture that in the
cases that the Shannon entropy diverges, a sharper upper bound finds a well-defined
entropy for infinite time series when Tsallis entropy is used. It is particularly inter-
esting if the choice of ¢ can be written in terms of the parameter of the distribution,

e.g. the exponent of the power-law distribution [53].

Similarly, Rényi’s entropy [56] satisfies an inequality for two different parameters as
a; <ay = H,,[P] > H,,[P]. (4.160)

So, the same property can be exploited to find a proper upper bound.
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Chapter
FIVE

Pairing Models: Applications

This chapter uses the pairing models in two different contexts: (1) Statistical me-
chanics and (2) Delivery joint venture, described in the introduction. Note that, as
was mentioned in chapter (3), we shall use NV to denote the number of elements or

system size. This notation is common in physics publications.

Statistical mechanics models are probabilistic ones that incorporate energy function,
known as Hamiltonian, for different microscopic states of a system. Similarly, we
will introduce energy levels for stand-alone and pair states to calculate standard
macroscopic quantities. Our toy models have discrete phase space (state space),
and therefore, the Hamiltonian is defined for discrete energy levels. Hence, any
difference in the resulting quantities from their corresponding ones in an ordinary

model must be due to the emerging states.

As it is common practice in statistical mechanics modelling, we will review the
microcanonical and canonical models. For the former ensemble, the system is closed,
and the total energy and number of elements are conserved, while in the latter one,
the number of constituent elements is conserved. Also, the system in the canonical
ensemble is in contact with a heat bath at a constant temperature, so it exchanges
energy with the heat bath.

Unlike standard statistical mechanics, we shall see that the specific free energy is
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diverging and ill-defined in the thermodynamic limit. At this stage, before seeing
the result, the reason is apparent. Free energy is the logarithm of the normalisation
constant of the Boltzmann distribution, such that its degeneracy of states is equal

to the pairing model. Therefore, it scales as N 1n N.

However, specific free energy is scaled by 1/N, and in the limit, it diverges. There-
fore, the standard statistical mechanics does not apply to the pairing model or

emergence state models.

As we mentioned in the introduction, section (1.2.2), we can find the cost of the
delivery joint venture analytically. We will touch on this problem briefly in the last

section.
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5.1: Standard Statistical Mechanics: Problem

5.1 Standard Statistical Mechanics: Problem

One of the extensively studied models in statistical mechanics is the Ising model
[49]. Besides its intuitive simplicity, it has an analytical solution that makes it a

suitable model to inspire and outreach other branches of science.

For the B-model, stand-alone elements have a binary state, say, head or tail state.
So, naturally, one can construct an Ising model with stand-alone elements while
actively introducing emergent states among the pair states. Energy levels are the
only missing ingredient to turning the pairing models into statistical mechanics
models. In doing so, in this section, we try to construct models similar to standard
statistical mechanics ones, and from the onset, we know that these models have
faster than exponential growth phase spaces. Therefore, it is insightful to see how
the standard statistical model can capture their properties or fails and results in

unbounded quantities.

Based on this roadmap, we introduce a system with different energy levels and
then use micro-canonical and canonical ensemble settings to find the subsequent
thermodynamic quantities. We will see that these systems have unboundedness in

free energy and entropy in the thermodynamic limit.

5.1.1 Introducing Energy Levels

Suppose a system of N pairing coins and three distinct energy levels, €, €5 and €3,

such that, nq, no and ng coins are in each level respectively. Obviously
N:n1+n2—|—n3. (51)

Let us say €, is the energy level of coins in pair state. Therefore, there must be
even number of coins in €3 such that, ny = 2k for £ € NU {0}. Then, for any given

(n1, k,n3) the phase space volume partitions as

N@k—1!I N

Qy(n1, b ns) = (2k)!nilng! — 2FKkIngIng!”

(5.2)
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Figure (5.1) shows the combinatorial argument schematically. Without loss of gen-

erality, to simplify the calculations, let us suppose
e =-1, €=0, e=1, (5.3)
while the total energy of the system, say F, is obtained as
E = nje; + ng€ey + nses = n3 — ny. (5.4)

Therefore in terms of (E, N, k), the volume of the partition of the phase space is

equal to
N!

Qy(E,N,k) = :
) = SRE I )

(5.5)

We shall use these energy levels and their corresponding phase space partitions for

both micro-canonical and canonical ensemble settings in the following sections.

N
000000000

N!
Q=
n,In,Ins!

__ N!(np—-1)!!
nqnyng!

Q

Figure 5.1: The combinatorial problem of distributing paring coins in three energy

levels.
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5.1.2 Micro-canonical Ensemble

For the phase space volume in equation (5.5), when the specific energy, namely

u = %, is kept constant, we can show Qs (FE, N, k) is asymptotically maximum at k*
for 1l < N, FE
T(1—w), u>0 EEE>0
k* = = , (5.6)
T +uw), u<o0 MES E<0

where —N < E < N. Check appendix (D.1) for details. Defining

B, =By = —|E|, (5.7)

N—FE,
2

the phase space volume is maximum at £* = , and therefore,

N!
Qo(Ey, N) = —— : 5.8
B N) = g (5.8)
Meanwhile, the phase space volume for fixed (E, N) is
[N/2]
O(E.N) =Y Q(E,N,k). (5.9)
k=0

However, in the above sum, almost all the mass of Q5(FE, N) concentrates around its
maximum at k*, with a deviation equal to vV N. So, as is shown in appendix (D.1),

we can safely write

LN/2]
Q(E, N k") ~ Y Qu(E, N, k) = Qy(E, N). (5.10)

k=0

For an isolated system in equilibrium, the micro-canonical entropy is defined as
SB<N,E) :]{?BIDQ(N,E), (511)

where the total energy, E, and the number of elements, N, are conserved and kp is
the Boltzmann constant [64]. Therefore in the thermodynamic limit, the system’s
specific entropy is
S log % (E, N
sp= lim 22 = kp lim %. (5.12)

N—o0 N—oo
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Defining the specific internal energy

= jim 2 | <u<1 (5.13)
UZNI—{nooN’ =tz 4 '

and using the Stirling’s approximation for N!, we get

. logh(E,N) 1 , 1
Jim ————= = o(1 - u) lim (logN) —ulogu — 5(1 —u)log(l —u)
1
— E(l—u) — 00, (5.14)

which is diverging, and therefore, sg is unbounded. Check appendix (D.2) for details.
The divergence of sp is equivalent to say Sp is non-extensive. In other words, for the
micro-canonical ensemble of paring coins, by using the standard statistical mechanics
and the Boltzmann definition of entropy, we get a non-extensive entropy. This is the
direct result of a faster than exponential growth phase space of the paring mechanism

that manifests itself as A}im (log N) in the Boltzmann entropy.
—00

5.1.3 Canonical Ensemble

Suppose the previous model is not in isolation, and a heat bath at temperature T
is in thermal contact with the system. Also, we will define the Hamiltonian of a
one-dimensional Ising model with no neighbour interaction for a configuration o;.

As is depicted in figure (5.2), for a system size n, o; is a sequence of paring coins
o-iE(0-i1;---70-ij7---70-m)7 (515)
such that o0;; is the state of the element at index j in the configuration i. As usual,

0i; = —1 and 0;; = 1 corresponds to tail and head states respectively.

We assume the energy contribution of a single element in the head or tail state is
caused by its interaction with an external magnetic field, namely B. And to make
the notation less cluttered, taking B = 1 in an arbitrary unit system. Therefore for

tail state or 0;; = —1, we must have

€ij = BO'ij = —1, (516)
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and for o;; = 1 or the head state

In addition, similar to the micro-canonical model in the previous section, the pair
coins are at a zero-energy level, which is equivalent to saying they do not interact
with the magnetic field or, simply put, their energy contribution is zero. Conse-

quently, there are three different energy levels
e; € {—1,0,1}, (5.18)

and the Hamiltonian of the configuration o; must be

Jj=1

Surely, the energy contribution of the pair coins is zero in the Hamiltonian. In other

words, removing them from the sum does not change its value.

----------------------- R
T v+ | B

Figure 5.2: One dimensional Ising model including pair states. The up and down

states interact with an external magnetic field.

In canonical ensemble, finding thermodynamic quantities corresponds to calculating
the partition function. To find it for the one-dimensional paring model, suppose M

coins among N are in head or tail states. Thus, the partition function over all the
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canonical ensemble, say {07}, is defined as

Iy = Z e FAREd) — Z e Bl €

{oi} {o:}
=Y e nme, (5.20)
{0}
where 8 = —L-. In appendix (D.3), equation (D.33) for B =1 finds
- Inapp q

Zn = 2M cosh™ (). (5.21)

Notice again that the pair coins do not contribute to Hamiltonian, and we removed
their energy contributions from the Hamiltonian. Therefore, Z,; is not the partition
function of the paring model, say Z(N, 3). To find Z(N, ), we need to include the

effect of pairing in the phase space.

We can see, for 2k pair coins there are ok ways to construct distinct configu-

rations. At the same time, there are (2k — 1)!! distinguishable pairs among 2k pair
states. By enumerating Z,;, or Zn_o, over all possible pairs, the partition function

derives as

B
Z(N,B) =S (2 — 1)l ( ;Z: ) Z ok

k=0

15 N
=) 2V (o — 1) ( o ) coshV =% (3). (5.22)

k=0

Let us define the summand in equation (5.22) as
N—2k N N—2k
Ing =2 (2k — )N ok cosh (B). (5.23)
So, the free energy per coin (specific free energy) is
F8) = tm ~n [ S (5.24)
—_= 11m — .
N n Nk | >

for a system in contact with heat bath with constant temperature, and after taking

the thermodynamic limit. From the fact that all the terms in equation (5.22) are
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positive, each summand, namely ¢y, is smaller than the sum, or

vl

N
tnve <Y 2Nk — I ( o ) cosh™ "% (BB). (5.25)

k=0

Hence, if we show that in the limit NV — oo the term Inty /N is unbounded for a
single k, then f(3), or specific free energy, is necessarily unbounded. Furthermore,
since 0 < k < N/2, the limit k,leirBoo k/N = € for € > 0 exists, and in appendix (D.4)
we show that

1
lim N Intyor = (1—3€)In2 — e —1In(1 — 2¢) + 2eln(1 — 2¢)

N—oo

+ (1 — 2¢) In(cosh(5B)) — elne + ]\}im eln N — oo. (5.26)

—00

Consequently, the free energy per element is unbounded too

N

.1 &
f(B) = ]\}grlooﬁ log kZ;tN’k — 00. (5.27)

Unboundedness of specific free energy means free energy is non-extensive. It is worth

noting that the average energy and the heat capacity are well-defined

(u) = <%> = —Btanh(5B) <1 - %) : (5.28)
and
_ U _ 2 2 2 (k) 2 (k) — (k)?
B = = kpB°B* |sech*(8B)(1 — W) + tanh (BB)T] , (5.29)

and in the thermodynamic limit we find
(u) =0, cg = 0. (5.30)

(the expectations are ensemble averages). We have shown this final result, both

numerically and analytically. But details are not included here.

Also, we have to emphasise that the above result is not a pathological case specific

to the energy levels, which we defined at the start of this section. To check this
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claim further, we can use another Hamiltonian with different energy levels
o1 = —1, 09 = 2L, 03 = 1, (531)

where L > 1, i.e., the new energy level for paired states is higher than the other
two. Interestingly, we get
(uy = L. (5.32)

Since (u) is the average energy per particle, for any pair of two elements, it becomes

2L, as we expected, while the free energy is non-extensive.

5.2 Standard Statistical Mechanics: Remedy

In the previous section, we saw the problem of diverging specific free energy in the
thermodynamic limit. This section will propose a remedy by using the conjugate

functions of pairing model state space, introduced in section (3.9)
P(z) = @), ¢ (z) = L Y (Inz). (5.33)

Before starting, let us review the standard statistical mechanics procedure that finds

thermodynamic specific free energy from the partition function.

5.2.1 Standard Procedure

In canonical ensemble, one assumes the system is in thermal equilibrium with a
heat bath in temperature T and exchanges energy with no particle exchange. In
this ensemble, the Boltzmann distribution finds the probability of a microstate —

configuration —, say ¢, with its Hamiltonian #(c) and inverse temperature § = 1/T

as!
e_BH(C)
P(c) = , (5.34)
ZN

where Z,, is the normalisation constant or the partition function, and is defined as

Q(N)
Zy =)y e e (5.35)
i=1

'We assumed the Boltzmann constant k£ = 1 in any relevant unit system.
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Here again, (V) denotes the volume of the state space or the number of distinct
configurations. In general, one can factorise the degeneracy of configurations that
have the same Hamiltonian value. For example, factorising the partition function
for [ as a parameter that specifies the energy levels of microstates and Wy (l) as the

degeneracy of the number of microstates at energy level H(l) writes as
Zy =Y Wy(l)e "0, (5.36)
!

For 1 < N, the summand in partition function concentrates around its peak value,
and the sum can be approximated with its maximum, such that for n — oo, the peak
turns into Dirac delta and the dispersion around the maximum decreases as 1/v/N.
This fact is explained in detail, e.g., in [27, 54, 58, 63, 64|, and more systematic
techniques like steepest decent can be employed to estimate Zy. However, we take
this assumption for granted and for the maximum of the Boltzmann distribution at

[*, write the estimate as

Zy =Y Wy(l)e D a oln W)=, (5.37)
l

At the same time, since the free energy is defined as [49]
Fy=-TInZy, (5.38)
one writes the equation (5.36) as
Fy=—Tn (e™"~O=PHEN) — (%) - TIn Wy (") =

Fy = Uy — TSy, (5.39)

where Uy = H(I*) is the internal energy and Sy = In W ({*) is the entropy. Notice
that the internal energy equals the energy level at the maximum of the Boltzmann
distribution. This assumption is reasonable since the system is in thermal equi-
librium with a heat bath, and the energy fluctuation is negligible compared to its

value.

It is essential to recognise that a microscopic model in statistical mechanics obtains
the last result, so, to obtain the equivalent thermodynamic quantities, one needs to
take the thermodynamic limit. Therefore, to derive the well-known thermodynamic

identity between specific free energy, entropy, and internal energy in the thermody-
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namic limit [23, 27, 28|, we must write

1 . InH({T) ThaWx(1)
f= g Gy = lim —— - —x

f=u—Ts, (5.40)

for f = Fyx/N as specific free energy, s = Sy/N = In Wy (I*)/n as specific thermo-
dynamic entropy and u = Uy /N = H(I*)/N as specific internal energy.

Following this procedure, the program of statistical mechanics reduces to finding
the partition function, and from there, one can find thermodynamics quantities.
However, section one of this chapter showed that this procedure fails for simple
Hamiltonian and its energy levels, and consequently, the free energy diverges. We
have to remark that the results obtained for large deviation limits in chapter (3)
and appendix (A.3) proved that the probability distributions in pairing state spaces
concentrate around their peak. Therefore, the shape of the distribution is not the
source of the problem, while the estimation by maximum is valid for the pairing

space partition function as well.

5.2.2 A Solution

One solution that we propose in this thesis constitutes defining the specific values
of quantities of pairing models with transformation function in equation (3.235)
that was introduced in section (3.9). When the statistical mechanics’ free energy is
defined as

Fn =In(Zy), (5.41)

then, we define its specific value as

1 1
f==T lim <¢(Fy) =T lim NeLUn(ZN)), (5.42)

N—oo

and for the entropy
SN == ln(WN(mN)), (543)

the specific entropy is

.1 .1
s = lim N(b(SN) = ]\}1_1}100 N¢(IH(WN<mN)))' (5.44)

N—o0
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Let us write the canonical ensemble partition function that we discussed in section
(5.1.3), but for a general Hamiltonian function of n,, and estimate its sum by its

maximum value at n;‘,

LN/2]
Zy =Y Wy(ny)e M) et Walng)=6H(n) (5.45)
p

Hence, using equation (5.42), the conjugate function derives the specific free energy
as
f =T lim elnWnlm)=FHnm)), (5.46)

N—oo

The specific free energy limit has three different regimes:

1. For asymptotically extensive Hamiltonians, for 1 < N and a function h(.)

that is bounded above, we must have
H(my) ~ h(my)N. (5.47)

Using equation (3.241) for the degeneracy Wy (m’}, ), the entropy writes as

_ Nmy In Nmy

Sn = In(Wx(my)) 5 5t O(N), (5.48)
and the specific free energy limit obtains as
e L (N YR aN(m ) +O(N)
f T lim —e
N—o0
Nm’;,
1 Nm* Nm? N
= T lim —e" %) = 7 lim 22— —
N—o0 N—oo
f= —TW;N. (5.49)

Note that the Hamiltonian is order O(N), and the first term is dominant in
the limit. Subsequently, the specific free energy is well defined. However, the
energetic interaction of the system does not involve the system’s dynamic. To
be more precise, the minimum of the free energy, which is its thermodynamic
equilibrium, is solely determined by the entropy term. Most importantly, the

entropy term derives from the maximum of the degeneracy term, and from
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equation (5.48), the specific entropy finds as

1 1 :
s= lim <o(Sy) = lim e R) i 4 (5.50)

N—o0 N—oo 2

and therefore, the free energy is written as

f=-Ts. (5.51)

2. The second possibility happens for the Hamiltonian that scales as N1In N
H(my) ~ h(my)NIn N. (5.52)
In this case, the Hamiltonian leading term’s order is the same as In(Wy(ml})).

Therefore, we use equation (3.241), which derives In(Wy(m%)) as

* * *

N
In(Wx(my)) = 5 NInN — 5} my In WLN +2(1—my)In +my
- mQNNlnN+0(N), (5.53)
and then,

*
my

In Wy (my) — H(my) = 5 NInN — Sh(m})NIn N + O(N)

_ g [y — 28h(m)] In N + g ity — 28h(m%)] In [m}kv - 26h(m7v)]

2
I — 26h(mi)]In {“ﬁv -2 h(mﬂ +O(N)
N N
= |5k = 20 | 1 | o~ 20m0m )] + 0. (63
Finally, the specific free energy limit yields
Fo T Tim el (F iy —28hmi)] [ ¥ (m —28m(m3,)]+0(V)

N—oo

~ 7 lim L[ emy-20m0mi))]
N—o0

*
my
2

The second term in the last equation is the specific entropy. The specific

F=h(my)—T (5.55)
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internal energy defines in a similar way

1 1 1 i
= 1 i — 1 * — 3 (h(m )Nln N+O(N))
u= A}l_}m()o NQS(UN) ]\}1_>moo Ngb(H(mN)) lim ~° N

N—oo
— lim leL(h(Tn*N)NlnN+h(m7V)Nlnh(m*N)—h(m;*v)Nlnh(m*N)+o(N))
N—oo
1 * *
— lim — eE(NAmE) In Nh(my)+O(N)) _ * '
Jim e h(my), (5.56)

and therefore, the free energy writes as
f=u—"Ts. (5.57)

Subsequently, energetic and entropic effects simultaneously evolve the system’s

dynamics, or say, both determine the minimum free energy.

3. Naturally, the third case happens when the Hamiltonian is the dominant one.
Then, depending on the order of Hamiltonian, one has to use a different func-
tion to get a converging free and internal energy. So, the minimum of the
Hamiltonian always determines the minimum free energy. Accordingly, the
system freezes in the corresponding configurations, and thermodynamical evo-

lution does not happen.

To interpret these results, we recall the definition of free energy as the maximum
amount of work that a thermodynamic system can extract from the input heat at
a constant temperature. So, the quantity T's acts as an entropic sink while u is
the internal energy storage. In a thermodynamic process, part of the input energy
— heat — increases the internal disorder and entropy increases after absorbing the
external heat. At the same time, the other part increases the internal energy, which
acts as heat storage. Thus, the difference between internal energy — storage — and

entropy — sink — is available as free energy that can be turned into work.

In exponential state spaces, the storage and the sink terms have the same order.
However, for the pairing space in the first regime, the entropy’s sink absorbs and
turns all the heat into internal disorder since it has more room than exponential
spaces. Surely, the emerging states cause the system to turn into a sink of heat such

that the system is always at minimum free energy.

At the same time, in the second regime, the Hamiltonian has the same order as the

entropy, and therefore, the usual thermodynamic processes can occur.
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At first sight, it might seem unrealistic to assume Hamiltonians that are not asymp-
totically extensive. On the contrary, such Hamiltonians are not unknown in physics.
For example, as we showed in section (1.3), the Curie-Weiss model’s Hamiltonian
8, 14, 65] is order O(N?). Classical statistical mechanics books suggest scaling this
Hamiltonian by 1/N to prevent the specific free energy from diverging without pro-
viding any sound reason — this is known as Kac prescription [8, 63]. However, we
understand that this scaling converts the Hamiltonian order to O(/N) and makes the

procedure tractable.

Although we do not report the details, it is worth mentioning that we have crafted
a Hamiltonian that is of order O(N In N) and is in the pairing state space. Interest-
ingly, this model has well-defined free energy and a phase transition that numerical

simulation confirms its prediction.

5.3 Pairing Models Applications: Delivery Joint

Venture

As mentioned in section (1.2.2), we can generalise the delivery joint venture model
for N different actors. At the same time, by assuming C/2 is the cost for driving
a distance L, and 0 < « is the free parameter of the model, the average cost of the

aggregate, denoted by Cly, found as
Cn =CI[N+ (a—1)(2n,)], (5.58)

or specific cost as
Cy

Cn = N = Cll+ (a—1)(mn)]. (5.59)
Recall that for o = 1, all the actors are in a stand-alone state, and « less than
one corresponds to cooperation, especially v = 1/2. Similarly, for o greater than
one, the system is in a competitive state, or say, the cost of delivery increases when

another delivery company is in the neighbourhood.
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Figure 5.3: The specific cost, say Cy, for a system of six actors.

Using equation (3.89), which finds the average of the B-model in terms of cy(r) and

cn—2(r), the specific cost obtains as

Cy=C {1 +(a—1)(N— 1)‘32;?7{;)] , (5.60)

or for 1 < N, by using equation (3.91), the last results writes as
Cy=C [1 +(a— 1)e—\/ﬂ . (5.61)

We see that Cy depends on two free parameters, » and «, as plotted in figure
(5.3) for six actors. Here, we assumed C' = 1. Note that a controls the cost
of cooperation/competition, whereas r controls the probability of making a joint
venture. In figure (5.3), the band Cy = 1 shows there is no incentive to work
together or compete. Outside this band, depending on the parameters, one regime

dominates and influences the cost.
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Chapter
SIX

Summary and Future Work

As we have seen, the central idea of this research program was to restrict the defini-
tion of emergence to states’ emergence. However, new emerging states are not the
property of stand-alone elements and cannot be deduced from their states. There-
fore, the emerging states must be observed directly to be included in modelling the
phenomena of interest. Despite that, the emerging states have a mathematically

tractable structure suitable for analytical and numerical modelling.

We saw that the state spaces with the emerging states are growing faster than expo-
nentially for the number of elements in the system. Faster than exponential growth
breaks the additivity property of quantities usually used in information theory and

statistical mechanics.

At the same time, to study the state emergence more rigorously, we further restricted
the mechanism of emergence to pairwise compounding and introduced pairing mod-
els: Paring Balls and Coins models. Although we postponed studying them for fu-
ture works, the two pairing models are generalisable to more complex mechanisms.
In other words, the pairing model machinery by which the results were derived ap-
plies to more complex mechanisms that include more elements in a compound and
allow variates of combinations. Even more, compounds can make compounds, and

a hierarchy of structures emerges.
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Chapter 6: Summary and Future Work

In pairing models, the faster than exponential growth of the state space volumes
and their asymptotic leading terms were derived and quantitatively showed that the
volume is in order O(N®). Furthermore, the derivation was based on a combinatorial
argument that resulted in a recursive relation among volumes for different sizes.
Thus, one can say, all the relevant information of the emerging states is encoded in

the corresponding recursive relation.

The pairing model is both insightful and instrumental as a combinatorial object, and
it enabled the modelling of the randomness and uncertainty with the same emerg-
ing properties. Consequently, we proposed two probability distributions with large
deviation properties. Interestingly, the statistics of the distributions are expressible
in closed form. We also derived the joint and marginal distributions to include them

in the catalogue of analytical results of statistical pairing models.

We obtained limiting distributions that are again defined in exponential state spaces
by properly scaling parameters for the statistical pairing model. Notably, the rele-
vance of the limiting distributions to the main ones is similar to the relation between
the Poisson distribution and the Binomial distribution [22]. Alongside these results,
we also touched on statistical inference by finding maximum likelihood estimates of

parameters and obtained a conjugate prior for the Bayesian inference.

One of the mentionable features of the limiting distribution is the similarity of its ex-
pectation to the order parameter of a second-order phase transition. Pairing model
distributions have a zero average for stand-alone elements in the limit N — oc.
However, for the limiting distribution, the mean is non-zero. For a continuous func-
tion, the zero to non-zero switching is a discontinuity in the first derivative, which
indicates second-order phase transition occurs for the order parameter. Although
the pairing models do not have dynamics and consequently do not have a phase
transition per se, the change in the mean happens in the limit N — oco. Therefore,
models that incorporate the pairing models as their building blocks and have an
internal mechanism through which their scaling law changes from one distribution

to the other will manifest the second-order phase transition.

In the meantime, studying the speed of large deviation property and the state space
volume directed us to propose a mapping function to control the diverging specific
values. Using the standard statistical mechanics, we observed that the free specific
energy diverges. So, to overcome this problem in pairing state space, we proposed a

one-to-one increasing function that maps the statistical mechanic’s quantity to their
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thermodynamic ones such that in the limit N — oo, they are converging.

Studying the Shannon entropy of the pairing models’ ensembles revealed that the
entropy resulting from the uncertainty in pairing is separable from the uncertainty
from stand-alone elements, say, the entropy of the C-model decomposes to the en-

tropy of the B-model and the Binomial distribution.

The entropy of the subsystems, up to mesoscopic sizes, is additive. The mesoscopic
scale is defined as order O(\/N ), and the entropy of subsystems in this order is
the sum of all its parts. The decomposition of larger subsystems’ entropy and its
relation to the system entropy is an open question, and we postpone it to future

works.

Unlike systems with independent elements, the mutual information between one el-
ement and the rest is non-zero. However, for large system sizes, mutual information
approaches zero. One interpretation of this observation is as follows: in a macro-
scopic system, similar to stand-alone elements, pairs do not carry information about

the system, or say, the pairs look like independent elements.

The mutual information between two elements approaches zero in the limit N —
0o. It is the same for all interaction information as a higher-order form of mutual
information. To have non-zero interaction information, we conjecture that one needs

to include more complex emerging states by including more elements in a compound.

Inspired by paring models, we proposed a paring time series that mixes certainty
and uncertainty in time. We showed that the Shannon entropy is well-defined for
infinite time series when the probability distribution on the length of the pairs
follows an exponential or power-law distribution. Having a well-defined Shannon
entropy provides the foundation for further study. For instance, one can study
similar stochastic quantities that are defined for a Markov process. Similarly, finding
information-theoretic quantities like active information storage [42] or predictive

information [45] for pairing time series is the next step to investigate further.

The proof of the existence of Shannon entropy for infinite pairing time series relied
on an inequality that finds an upper bound in the limit. We propose that replacing
the Shannon entropy with non-extensive entropies has the potential to derive the
upper bound that fails for the uniform distribution or power-law distributions with

an exponent smaller than one.

In addition, the mapping that we found for the pairing space divergence provides a
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Chapter 6: Summary and Future Work

solution to control the divergence of specific free energy, entropy and internal energy.
Moreover, this program can be repeated for other growth rates when one finds the
corresponding mapping. Thus, contrary to Kac’s prescription, our proposal is not
merely a mathematical convenience and has a more detailed explanation for the

reason for applying it.

Finally, we constructed an elementary model with some dynamics and emerging
states — delivery joint venture — to show that the pairing models can be utilised in

more elaborated modelling.

Here, we suggest a list of future works and research aligned with the thesis:

Generalising the compounding mechanism and studying their state-space ge-

ometry — A brief sketch of the details is included in appendix (E.1).

e Finding the corresponding probability distributions for new compounding mech-

anisms — A brief sketch of the details is included in appendix (E.1).

e The normalisation constants, namely ¢, (r), are closed under the derivative/anti-
derivative operations. Therefore, they might possess an algebraic structure.
Studying this abstract structure for ¢, () and normalisation constants for new

compounding mechanisms is a possible open line of research.

e Revisiting the entropy, mutual entropy and interaction entropy for new com-

pounding mechanisms.

e We showed that in pairing models, the entropy of subsystems is additive up
to mesoscopic scales. Increasing system sizes from order O(v/N) is an open

question.

e For pairing time series, since the rate entropy is well-defined, we guess the

Asymptotic Equipartition Property theorem must also be valid.

e Similar to Markov processes, the pairing time series can be represented by
a finite number of states for uncertain parts of the dynamics. Then, certain
evolutions can be modelled as a definite recurrence. So, exploring techniques
similar to the first passage is one possibility to calculate different infinite time

limits.

e As briefly mentioned in chapter (5), at the moment of writing this thesis, we are

working on a Hamiltonian in order O(N In N) for a system in the pairing state
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space. Different Hamiltonians and state space growth rates are the natural

next step for future research.
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Appendix
A

Pairing Models

A.1 Recursive Relation: Solution

Denoting G(z) as a converging power series like

G = Y, (A1)

n>0

for z € A C R. Next, we assume 24(n) is the coefficient of term ‘;—7: in power series

expansion of G(z) or
a, = Q(n). (A.2)

Thus, the recursive relation in equation (2.9) is written as

(pi1 = SQy + PNGy,_1. (A.3)

z

= and sum for n > 1

After that, by multiplying each side of the last equation by

we derive to the following equation,

Zanﬂi—?: = sZanZ—T +pZnan_1Z—T. (A.4)

n>1 ’ n>1 n>1
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The left-hand side term is

zn—l 2N o
G/(Z) :Zanmzzan+lm:al+zan+lﬁ. (A5)

n>1 n>0 n>1

The first term on the right-hand side is

2" 2"
G(z) = Zana = a0+2anm, (A.6)

n>0 n>1

and the second term in right hand side can be written by multiplying the G(z) by

Z’
Zn+1

ZnJrl oM
2G(z) = Z = = Z(n + l)ann T ;nanlm. (A.7)

n>0 ) n>0

Plugging back relations (A.5), (A.6) and (A.7) in (A.4) obtains
G'(2) — a1 = sG(z) — sag + pzG(2). (A.8)
The initial condition in equation (2.10) requires
ap =1, a; = s, (A.9)
and therefore
G'(z) — (s +pz)G(z) = 0. (A.10)
It is a first-order differential equation. Solving its solution results in

22

G(z) = exp(sz) exp(pT). (A.11)

Each factor of G(z) has a power series expansion such as

=3 ST (A.12)

nl’

n>0
and )
22 an n
Ty (A.13)
n>0

Indeed, we can write them back as a convolution of one by considering the other as
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the kernel of the convolution

Pz _ i(g)j i+2j _
G Z | Z 2]]‘ - Z 'l']' z -
i>0 7>0 1,5>0

Z s'(5)7 (i + 29)! 22

X
(i + 25)!

171
750 117!

such that

G(z)=> [Zo] %

n>0 k

where (o) represents all the coefficients indexed on k such that ¢ + 2j = n.

are two cases for even and odd n:

e n =2piseven and i + 2j = n for consecutive 0 < k < 7:
1.i€{0,2,...,2p} ={0,2,...,n} = 2k.
2. jef{p,p—1,..,0} ={22-1,..,0} =2 —k
3. z'—je{—p,3—p,6—p,...,2p}:{—%,3—§,...,n}53k—%.

4. i+ 25 € {2p,2p,...,2p} = {n,n,...,n}.

So inside of the bracket must be

e n=2p+1lisodd and i1 + 25 = n:

1.ie{l,3,..,2p+1} ={1,3,....,n} =2k + 1.
2. je{pp—1,.,0} = {%51, 5%, .., 0y = 55 — k.
3.i—je{l—p4—pT—p,...2p+ 1} ={352 %" .. .n}=3k+3

4. i+2j€{2p+1,2p+1,....2p+ 1} ={n,n,...n}.

So inside of the bracket must be

(A.14)

(A.15)

There

(A.16)

(A.17)
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By defining the following functions

1 if n is even
1, = A.18
aa(r) { 0 ifnisodd (A.18)
and
0 if n i
Lven(n) = 1 n %s even (A.19)
1 if n is odd
G(z) becomes
G(z) =
SQk(g)%fk 82k+1(1_9)”7*17k o
1oaa(n) n!nQ— + Leyen(n) n! zni —
; oSz 2E1(2 — k)! 0<’;1 2k + )22 — k)| n!
(A.20)
So, 25(N) is the coefficient of the above power series expansion:
» N (E)k
Q2N) = NNy —P2 A21
and
- N 8(2%2)1@
Q2N +1)= (2N + 1)!(= , A.22
@EN+1)=(@N+1) (2) kz:% 2k + DHI(N = k)! ( )
or in general
» |V/2] (E)k
Q. (N) = NI(=)v/2 L : (A.23)
2 ; EN(|E] - k)!

It is possible to write both equations (A.21) and (A.22) differently. We will see, that
the next forms are more intuitively related to a combinatorial argument, while the
resulted ones are more suitable for finding the asymptotic leading terms in the next

section.
To start, let rewrite equation (A.21) as

N

B 2N)! N =20
BEN =D 2N — 2k) (N — k)iav—+ 8
k=0
N
oN
=> <2N_2k)(2N—2k—1)!!52’“pN’“ (n, =N —k)
k=0
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N
- Z (QN) (2n, — NN =2y, (A.24)
np=0

2n,,

Similarly, equation (A.22) is written as

(2N +1)! 2N —2K) et wo
2N +1) = +1, N—k
Y ON 41
= ON — 2k — 1)1 g2ht1pN—Fk Nk
3 (s 52— 2= s v
N
2N +1
- ( 2n+ )(2np — 1NN FL=2n0 iy, (A.25)
n,=0 P

In general, for odd and even N, it writes as

N/2)
O (N)= > (2n )(an — 1NN T2y (A.26)
np=0 p

Observe that (2]:[ p) (2n, — 1)!! is the degeneracy correspond to n, pairs among N ele-
ments. And since N —2n,, is the number of stand-alone elements, sV ~2"» enumerates

the distinct configurations of stand-alone elements, whereas p"» enumerates pairs.

A.2 Recursive Relation: Second Method

In the previous section, we derived the generating function of (24(/N) in equation
(A.11) as

pz?

G(z) = exp(sz + 7), (A.27)
and as we shall see, it is possible to write Q4(N) in a different form than equation
(A.26). To start, let us use the well-known exponential generating function of the

Hermite polynomial [55]

>~ Halw)Lr = exp(2ey — 7). (A.28)
n=>0 ’
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Chapter A: Pairing Models

where H,(z) is the Hermite polynomial with degree n. Using the transformation

r = — (A.29)

where i = y/—1, the right hand side of equation (A.28) becomes

2

exp(2zy — y?) = exp(sz + %) = G(z). (A.30)

At the same time, the left-hand side of equation (A.28) transforms as

n

- y" = /p\"/2 is |z
M =30 (2) ) 2 ast
g (z) n! nzg 2 (\/Qp)znn! ( )
in which the Hermite polynomial’s domain is transformed into the imaginary axis.

So, the generating function G(z) is

n

Gz) =Y (g)”/ i Hn(%)ﬁ. (A.32)

Considering the identity between the Hermit polynomial and the generalised La-

guerre polynomial, denoted by L%a)(x), we have [55]

Hon(z) = nl(—1)"22"L5 2 (22)
Honar(z) = nl(—1)"22+1e L) (22), (A.33)

and the Hermit polynomial on the imaginary axis can be written as

1S (-1)
Hop(—==) = nl(=1)"2""L, *'(——
(=) = ml(=]) (5o)
. . 2
5 15 Ly, —s
Hopor(—=) = nl(—1)m02e 1 [ 2 ) 1222, A.34
wirl ) = w1 (o) BT (A.34)

Therefore, substituting these results in equation (A.32) obtains the generating func-

tion G(z) in terms of the generalised Laguerre polynomial as

Z?n—i—l
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2 2n

A% no2n (*%) —S$ z
:Z<§> (=120 e 5 ) Tz

~ L2 n+1
n22n—|—1 s Lga) s Z
*Z\[ () S
2 2041
) (3),—S Z
= Zn' 2p) ”L 2 ) + Z sn!(2p)" Lp? (——) : (A.35)
(2 @ ). P 20 (2n + 1)
by which, from the definition of G(z) in equation (A.1), we directly find
np (-3, =5
Q,(2n) = nl(2p)"Ln *'(5~). (A.306)
p
nr(3) —s?
Qs(2n+1) = snl(2p)"Ly? (2—) (A.37)
P

A.3 Asymptotic Leading Term of ()4(N)

In this section, we calculate the asymptotic leading term of Q4(N) in equation (A.23)

which is written as

(22
|N/2] p
Q,(N) = N'(Q) Ogg&w( IS (A.38)

In what follows, first, we numerically study the location of the maximum of the sum-
mand to exploit the exponentially fast drop of the other terms around the maximum.
Next, using the Stirling approximation of N! the leading terms simplify further. Be-
sides, the numerical results will support the claim. And finally, the Euler-Maclaurin

summation formula [59] derives an approximated leading term for the summation.

A.3.1 Numerical investigation

In this section, without loss of the generality, we numerically study Q3(/N) instead
of the general form, namely, Q4(/N). The final finding regarding the maximum of
the summand and the exponential decreasing of terms around the maximum do not

affect by a different choices of s.
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Chapter A: Pairing Models

For Qy(N), consider the case for even numbers

2N! 23k
Qs (2N) = oN N m (A.39)
We define -
ty(k) = m (A.40)

For N = 200, figure (A.1) shows ty(k) where it is normalised and scaled on [0, 1].

5

201

15+

0.0 0.2 04 N 0.6 0.8 10

Figure A.1: ty(k) for N =200

It shows that the maximum value of ¢y (k) is for k somewhere between 0 < k < N.

The ratio of two consecutive terms lets us find the maximum point,

s (2 (o (o
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A.3: Asymptotic Leading Term of Q4(N)

__ 03 (N — k‘) - 4(N _ k)
- 2k +2)2k+1)  (k+1)(2k+1) (A.41)

which igg; > 1 for N > 2 and tzi]zlg)l) < 1 for N > 1. Indeed for

tn(k+1)
—_— =1 A .42
evaluates k for which ¢y (k) is maximum,
AN —-k)=(k+1D02k+1)=2k*+3k+1 = (A.43)
2k + Tk +1—4N =0 — (A.44)

41 7
=+4/2N + — — = A4
k +16 1 (A.45)

k must be positive and it can be approximated like k = [V2N|. In figure (A.1) we
can see ty(k) around its maximum decreases fast and becomes exponentially small
in comparison to ty (k) maximum. To prove this claim, first we approximate ty (k)

by using Stirling approximation for factorials

23k leN—Hc

(Zy2k(N=E YN =k - K2R (N — k)N—F

e e

ty(k) =

(A.46)

Thus
QWeN‘*‘m

tN(\/W) = (\/W)NW(N - \/W)N—\/W =

eN-s-\/W
N\/W(N _ \/W)N—\/W’

(A.47)

and
sz/ﬁ eN+2\/ﬁ

(2V2N)VEN (N — 2,/2N)N-2V2N
eN-s—m/W
- 16\/WN2\/W(N _ \/ﬁ)N—\/ﬁ’

Notice that the ratio of these two terms is

tN(\/W) B eNJm/ﬁ IGMNQM(N N QW)NfZ\/W
tn(2v2N) eN+2V2N NV2N(N — \/2N)N-V2N

tN(Z\/ﬁ) =

(A.48)
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N—v2N
16 V2V V2N 4\ VN
=(— 11— — 11— — (A.49)
e N — V2N V2N
Using the following two limits
N—+V2N
: V2N —VaN
lim {1 - ————— =e ) (A.50)
N—oo N — /2N
4\ VN
lim (1 - —) =t (A.51)
N—oo 2N
it finds
tn(2V2N Non 2VIN
1m M = lim (i) VPNt = lim <E> et 0. (A52)
N—oo tn(vV2N) N—oco \ 16 N—oco \4

So tn (k) becomes exponentially small when k& moves from v2N to 2v/2N. This is
same on moving toward k = 1, as it is shown in Appendix A. In figure (A.2) and

(A.3) exact values and approximated ratios are depicted for 6 < k& < 1000.

107

— exact
- - approximate

107

105

10° -

10k

105

107 i i H H -
0 200 400 600 800 1000

. . tn(2v2N)
Figure A.2: —tljv(\/ﬁ) for 6 < N <1000
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T
— exact |
- approximate

2|
10721

)
1071

10}
101
10'17 L
1070+
107+
1000

107}

1032}

103 L L L L -
0 200 400 600 800 1000

V2N
Figure A.3: tv(*5 )

i (Vo) for 6 < N <1000

These results allow us to divide the range of k into three regimes

C@eN) 1 23k 23k
LN =Tt X Gt 2 BN R
1<k<2V2N 2V2N<k<N
CeN) 1 23k
DEN) = 5 |+ > T A (A.53)

1<k<2v2N

where % and A are exponentially small in comparison to the sum in the middle.

For Q4(2N) the range of the summation divides as

N1 (25
W= Mt X v A

1<k<24/s2N/2p
and the maximum is at k = |\/s2N/2p|.

(A.54)
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A.3.2 Approximating ty(k)

For large numbers like N, the Stirling approximation is

N1 = VarN (N 0(%)). (A.55)

e

Recall that the summand ty(k) for 4(2N) is

(25"
() = o= (A.56)

By using the Stirling approximation to find the leading terms in ¢y (k) asymptotic

expansion we have

(2"

ViaTk(F)2\/2m(N = k) (FZE)NE(1+ O(1)) (1 + O(55))

52
1 (2_p)keN+k 1

- X X .
22\ /k(N — k)~ k(N —E)Y* " (14 0(3)(1+ O(7))
The maximum of ty(k) is at k& = /s2N/2p, and therefore for N > 1, around

the maximum we must have O(3) = O(\/l—ﬁ) At the same time by using Taylor

tn(k) =

(A.57)

expansion for small x we get (1 —z)~! =1+ O(z). Hence

e NeE S O = 0GR, (A

which around k = \/s2N/2p is of the order

1 1 1 1
v ) = Ol t0(7) =0(5). (A.59)

O(

3
2

Afterwards, both asymptotic orders combine as

{1 + O(M {1 + O(ﬁ)} _ {1 + o<\/iﬁ>1 {1 + 0(%)} 14 0(\/—%).
And finally, o
tn(k) = Qﬁ”m X k%((%)’fgzk X {1+O(\/LN)}
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1 (;_;)keN—i-k (1 . %)k 1

= X v X e X [1+0(—=)] . (A.61)
W2\ /(N —k) K NN-k = (1— E)N VN

Other fractions can be expanded and written as their asymptotic leading terms. For

instance, the first fraction rewrites as

NI

(A.62)

v 0w

N|=

and using Taylor expansion for small z as (1 — ) 2 = 14+ O(x), the fraction leading

term must be

ST

J—_ (1 Lok )) ET (1 + 0(%)) : (A.63)

Remember that the tx(k) is maximum at k = y/s2/N/2p, and we finds its magnitude

around its peak.

Defining k = cvV/N where c e R and 0 < ¢ < 24/s%/2p, the next fraction writes as

A-kp (- -\
-5y~ -7  \a-W
VN
1- <= +0(%
B << f+ <N<)i>>> .

The numerator is the Taylor expansion at # = 0 in which we assume ¢/v/N is small.

¢ )VN_ Remember the

And the denominator is the asymptotic expansion of (1 — i

below limit when \/N — 00

C
lim (1 — —)YN —e¢. A.65
Am 07 (4.9

For small z, writing the Taylor expansion of the fraction = = 1+xz+O(2?) implies

the denominator obtains as

2

_|_
2/ N

(1 + 0(%)), (A.66)
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-+ 0(3))

. c? 1

and therefore the fraction becomes
VN

a +0(%))}. (A.67)

Vi ¢ LY
- o) = e etV - S
Next, the Taylor expansion In(1 — z) = —z + O(2?) for logarithm provides
e""/ﬁexp{\/ﬁ(—c—2 + O(l))} — eV eXp{O<L>}
oWN N VN
— A1+ O(——)). (A.68)
VN

In the last step we used e“@® = 1+ O(x), and defined the constant A = e~

For maximum at k = /s2N/2p it corresponds to ¢ = 4/s%?/2p, and therefore,

A=e 5/, Thus, the fraction’s asymptotic leading term must be

w o et (1 4+ O(—=)). (A.69)
(1—=F)N VN
Plugging back both fractions into equation (A.61), it finds
2
1 1 1] () e 1
ty(k) = 5 1+ O(—)} e” [1 + O( )} L [1 + O(—)] :
2V 2rels (£2)iNG N VN'] KPRNNE VN
(A.70)
After multiplying all three [1 +O(\/Lﬁ)} terms and truncating up to the order
O(\/LN), it results in
1 (;_Q)kaeN-mk 1
k) = x 2 o)
227Te4p(;_123)%N% k2NN VN
v\ 2
1 e\ N 2p © { 1 ]
= } — 1+0(—=)]| . (A.71)
227@@(?)%]\[% (N> k \/N

Figure (A.4) compares approximated relations and the exact form in log-normal

scale for s =2, p=1, and N = 1000.
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T—10°
_5820 ! ! ty (k) !for N 1![] scal!ed over! [0,1]

BBAO L NN

Ity (k)

: 5 5 ; | = ty(k)eq(34)
| ' | ' |/ ty(k)eq(a)

-5910 L L L L L 1 1 1
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

1.22¥] = [0.001, 0.0894]

Figure A.4: Asymptotic estimates of tx(k) for N =2 x 103, s =2, and p = 1.

Putting altogether, Q,(2N) becomes

2k
s2N

_ (2N)! e\~ 2 € 1 |
WO e W <N> 1§kgzz:\/s 2N/2p ' [1 +O<\/N)}

(A.72)
When we use the Stirling approximation of (2/V)!, we find

o\ 2
SRELNS

A7 N aN\ >N e\ N 2p
neN) = (B ()% ) o
2ameis (51)1NT(2/p)V \ © v
metr (3, p 1<k<2+/s2N/2p

>}

-
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2k
52N

B Y (QN)N 3 o © [1+O(
N 22 $2N\ 1 ? k
V2medr (5)4 1<k<2,/s2N/2p

)} . (AT3)

-

A.3.3 Approximating the Summation

In this section, we estimate the sum in equation (A.73) to make the Q4(2N) asymp-
totic leading term more analytically tractable. Let say we are seeking the asymptotic
form of Q,(2N) for N — oco. Hence, in this limiting case, it is possible to approxi-

mate the summation by replacing the sum with a suitable asymptomatic form. To
do that, by defining m = /s2N/2p the sum is

2k
52N o2m

> ) =Y (%6)2k (A.74)
1<k<2y/s2N/2p k=1

in which case, the Euler-Maclaurin formulas can address the evaluation of the trans-

formed summation.

Theorem (Euler-Maclaurin summation formula, first form [59]): for a function
defined on an interval [a, b] with a and b as integers, and suppose that the derivatives

f@(z) exist and are continuous for 1 < i < 2¢, where ¢ is a fixed constant, then

b
+R, (A.75)

a

b b . | |
;f(k) - /f(I)d$ + M + ZZI %f@z—l)(x)

where By, is the Bernoulli number and R, is a reminder term satisfying

b b
@ (29) 4 (29)
Rl < G [ 15 @lde < o [ @lar. (a76)
U
So for .
fa) = (=) (AT7)
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we can rewrite the Euler-Maclaurin summation for f(k) like,

2m

2m
me\2k me\ 2z f(2m)+ f(1)
S () = [ (5 e TR
k=1 1
"(2 (1
B, m); OIS (A.78)
and for x = mt, the first integral is
2m 2 2
2x 2mt
/ <@> dx = m/ <E> dt = m/exp {2mt — 2mtIn(t)} dt (A.79)
z t
1 1 1

Using Saddle-Point Method [46] allows us to approximate the integral. Suppose,
g(t) = 2mt — 2mt In(t), (A.80)

then for first and second derivatives of g(t) we have,

gt)==-2mn(t) =0 = ty=1, (A.81)
and 5
/" m
gt = =22 (As2)

to is where ¢(t) is maximum. Taylor expansion of g(¢) around ¢, is
g(t) = 2m — m(t — 1) (A.83)

The expansion approximates the integral like,

m/exp {2mt — 2mtIn(t)} dt ~ mexp(2m) /exp {—m(t —1)*} at. (A.84)

A resulting integral is a Gaussian form and its width is equal to —2—. It is safe to

Vam
extend the limits of the integral from —oo to 400 and approximate the integral like

o0

mexp(2m) / exp{—m(t —1)°} dt — e,

[e.e]
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~ | Sme?™ = Vame®™, (A.85)

m

where €, is a constant that depends only on m and exponentially small in comparison

to integral.

For other terms in the Euler-Maclaurin formula, the value of f(z) and its derivatives

at endpoints are required. we again define x = mt and then

sy = = (5)" (456
Therefore,
= = ()] = e
— 2P () In(t) (A.87)
and ) )
d;;(f) = %d cé;(t) = % (2mF(t)(2m In?(t) — %))
— 4P () (1 + 0(%)) (A.88)

Plugging back the end points in f(x) and its derivatives,

fle=2m)=F(t=2) = (§)4m (A.89)
fle=1)=F(t= %) = (me)?, (A.90)
Flo=2m) = F'(t = 2) = —2 (g)m log(2), (A.91)
fllx=1)=F'(t= %) = 2 (me)* log(m). (A.92)
Meanwhile from relation (A.76),
R, <O / F'(2)|dz | = O %/ F()de | = of (521 ) (A93)

The last result comes from the fact that from relation (A.87) we have already found

the solution of the integral and therefore the order of R,.
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Putting all the results together, the approximate value of the sum is

2m

D06 = vame + (5) + (ney?
“2($) " tox(2) + 2 (e omtm) + 02

N
3

— vrmen+ (2)" (1 - 2102 + 0o B,

m

(A.94)

Comparing the first and second terms on the right-hand side brings up this question:

between

VTme*™

and
2\ 2m
€ 2m
(Z) ~ (1.8472640)™™

(A.95)

(A.96)

which one is the leading term? We can see ma2e2m grows faster than (1.8472640)2m

(e is greater than €2/4 and m2 is N dependent). Therefore,

% f(k) = V/mme®™ | 14 0( (Z>

P \/%62771 )

— Jame" (1 + O(ﬁg)gm)) '

Recall that m = y/s2N/2p, hence the sum becomes

2%%) = N reV T (14 o ! )
% S UG

2p e

Indeed finding the sum’s approximation transforms the relation (A.73)

(A.97)

(A.98)

to

N ON\" N . ;
271'641’(%)4 p (2p )4 2
1

209



Chapter A: Pairing Models

2 (2) (o)

Table (?7) list ratios between the approximate form and the exact value for s = 2,

(A.99)

p = 1 and different Ns. As we can see, the ratio converge very slowly because of

O(

7%
L),

N

ratio

difference between two ratios

10°
10t
10
10
10*
10°
10°
107
108

0.5829109953992809790245939305
0.7945985775377341167964762797
0.9231601917908334849576657660
0.9743185402276979494843280135
0.9917344176841455851197054511
0.9973715645660685975096529035
0.9991673469451725833525477959
0.9997365448979457992519574128
0.9999166761297524947566204494

0.7945985775377341167964762797
0.1285616142530993681611894863
0.0511583484368644645266622475
0.0174158774564476356353774376
0.0056371468819230123899474524
0.0017957823791039858428948924
0.0005691979527732158994096169
0.0001801312318066955046630366

The

raptionRatio between the approximate form and the exact value of different Ns.
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Appendix
B

Probability Distributions

B.1 Finding c,(r) from Generating Function Method

For even numbers, the power series fa,(z) is defined as

Fan() = Xn: (227;) (2i — D)l 2, (B.1)

i=0
and the normalisation constant in terms of fy,(z) writes as
" 1
Conyr =T f2n(;) (BZ)

summing both sides of equation (B.1), we get the Fi(Y;z), which is a generating

function with its Y2 coefficients as fo, ()

A=Y f%(x)% -y (227;) (2i — 1) x%

2n>0 ’ 2n>0 i=0
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Chapter B: Probability Distributions

Looking at table (B.1), you see that we filled the cells that have a value with respect
to 7 and 2n in the double sums above. So, it is possible to swap the sums when we

start first on columns instead of rows

Y 0= Y0 (B.4)

2n>0 =0 120 2n>21

1 1=0|1=1|1=2|1=3|1=4
2n =0 0
2n =2 0 1
2n =4 0 1 2
2n =6 0 1
2n = 0 1 4

Table B.1: Range of ¢ values for a fixed 2n.

Therefore
n (g)z y2n (z)z Y?2n
Fi(Y 2 = 2
Viz)=2_ ) 5 (2n — 21)! 2 Z,(Qn—%)!
2n>0 =0 >0 2n>21
(§Y2)i y?2n zy2
= A Z 5l = ©° coshY. (B.5)
120 2n>0

Similarly, for odd numbers, the generating function is defined as

fora(e) = 3 (2“ 1) (2i — ) o, (B.6)

, 21
1=0
and
Y2n+1 n 2n+ (2)1 Y2n+1
= D funle 2 +1)! =2 2 2n+1—22' jl (2n +1)!
2n+1>1 2n+1>1 i=0 ’

Y2n+1

:Z'—‘ Z (2n——|—1)!: e2"” sinhY. (B.7)

7!
i>0 2n+1>0
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Using both Fy(Y;z) and Fy(Y;2)

an Y2n+1
F(Y,2):= Fi(Yiz) + B(Y;a) = Y fanl) ol T > fmn@) (2n +1)!
2n>0 2n+1>1
Y2n+1
= Z |:f2n +f2n+1( :| an
2n>0 n20
—=e7" [coshY +sinh Y] = ez Y. (B.8)

On summing Fy(Y;z) and Fy(Y;2), we wrote F(Y,z) as a power series with odd
and even powers of Y. F(Y,x) is an analytic function and is infinitely differentiable,

hence, the coefficients of Taylor expansion of F(Y,z) at Y = 0 results in f,(z)

&F(Y,2)

= ™ ) B.
| = (B9

falz) =

Since the first derivative of F/(Y,z) is recursively related to itself
F'(Y,x) = (Y + 1)F(Y, z), F'(0,z) =1, (B.10)

repeating the derivatives gets the recursive relation for F(™ (Y, )
FOr (Y, 2) = ne FOD (Y, 2) + (2Y + D) F™ (Y, z). (B.11)

Table (B.2) shows the procedure.

n=1|F(Y,z)=(2Y + ) F(Y,x)

n=2|F3Y x)=(2Y + 1)F'(Y,z) + 2F(Y, 2)

n=3| FOY,2)=(zY + 1)FO(Y,z) + 20F'(Y, v)

n=4 4)(Y, z) = (2 + DFO(Y,2) + 32 FA(Y, )
n=>5| FO(Y,z) = (2 + )FW(Y,z) + 42 F3 (Y, x)

n FOrO(Y z) = (2Y + D)FO(Y, 2) + na DY, )

Table B.2: Recursive relation for F(Y,z) derivatives.
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n=0| F0,z)=1
1

n=1|F(0,z)=
n=2|F?0,2)=x+1

n=3| F®0,r)=3z+1
n=4|FY0,2) =322 +6z+1
n=>5| F®0,r) = 1522 + 10z + 1

n FOrD(0,2) = F™(0,2) + naF™ (0, )

Table B.3: Recursive relation for F™+1(0, z) derivatives.

Also in table (B.3), we show the F"*1(0,z) in terms of its previous values, and

therefore
FOrD(0,2) = F™(0, ) + na F™1(0, z). (B.12)

When we plug in equation (B.9) in the last relation it finds
fn-&-l(‘r) = fn(x) + nxfn—l(x)' (BlS)
Remember the normalisation constants relate to fa,(z) and fa,41(x) as

can(r) = 1" fon(7)

(B.14)
Con+1 (’l“) = Tnf2n+1 (%)

So, it is necessary to rewrite f,(z) for odds and even numbers separately. It means

equation (B.13) for odd and even numbers rewrites as

fon() = fon1(z) + (2n — 1)z fono()
foni1(x) = fan(z) + 202 for, 1 ()

(B.15)
Then, we have

TanN(%) = Tann—l(%) + (2% - 1)rn71f2n—2(%)
1 —

Tnf2n+1(%) = Tann(r) + 277,Tn_1f2n71(%>
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B.2: Finding the LDP Limit of P,(n,)

Con (1) = rCon_1(r) + (2n — 1)copn_o(r)

Cont1(1) = Con(r) 4 2ncon_1(r).

(B.16)
B.2 Finding the LDP Limit of P,(n,)
Let us start with P,(n,). We have
1 n
Pu(n,) = 2n, — D)1l /2= B.1

) = 5 (g )2y — o2, (B.17)
then, using Sterling’s approximation for logn!, we get
In P, (n,) = —Inc,(r)+nlnn—n—n,In2—(n—2n,) In(n—2n,)+(n—2n,)—n, Inn,+n,

+([n/2] —n,)Inr

2y ) 20

—Ine,(r) +nylnn — 2 {

2n 2n
2(1 — 22 ] _®r
2n, 2ny,
I (1= Ingr| . B.1
+ - ( . ) nr] (B.18)
Equation (3.57) defines m,, = 222

2, and the last equation becomes

In P,(m,) = —Inc,(r) + n;nn Inn— 2

5 [my, Inm,, +2(1 —m,) In(1 —m,)

+m,, — (1 —m,)Inr].

(B.19)
To find log ¢, (r) for 1 < n, its asymptotic leading term in equation (3.53) gives

_TT n/2
Ine,(r) =In (e\/§ (%) em> _I

=3 Inn — g + O(v/n). (B.20)
Hence
In P,(m,) = —g Inn + g + n;n" Inn — g [my, Inm,, +2(1 —m,) In(1 —m,)
Sy — (1= my) Inr] + O(y)
I _an)nlnn - g o+ (1 — my) In & _e:f‘")Z +O(vn). (B.21)
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B.3 Finding the LDP Limit of P,(n,,n,)
The P,(n,,n,) distribution is written as

1 n n—2n
P, L) = —— on, — 1)1 pl/2=ms P pre(1—p)n=2me= e (B.22
(np7n ) Cn(T'> (2np>( np ) r nu p ( p) ( )

Let us find the logarithm of (2;2””) p" (1 — p)" 2"~ terms, which are extra in
comparison to P,(n,), and then, we can use the results from the previous section to

check the large deviation principle.

Recall that m,, = 2n,/n and s,, = n,/(n — 2n,). Thus, we have

n—2ny\ , o
In K Ny p)p ‘(1= pyn2e u]:1n(n—2np)!—lnnu!—ln(n—an_nu)!

n n oy Ty, =T
:_nu—“)[( L () (1 - ) In P)]

n n—2n,) P n — 2n, 1—p
Sn 11— Sn,
= —n(1l—-m,) [sn ln(?) + (1 — s,) In( =, )} . (B.23)

Combining the last result with equation (3.62) completes the remaining terms

1—m,
2

(1— mn)2

In P,(my,, $,) = —(
er

)nlnn—i—g {mnlnmn—i- (1 —m,)In

—2(1 — my) <3n 1n(%”) 4 (1 sn) 1n(11__5;))] +O(v/n)
= _(1 —2mn )nlnn + g [Hr(mn)

—2(1 — my) (sn 1n(‘%”) 4 (1 sn) 1n(11_ S”))} +O(v/n). (B.24)

B.4 Asymptotic Leading Term of ¢,(¢)

It was mentioned in the text that equation (B.20) is a valid asymptotic leading term
when r is kept constant. However, one special case happens when we assume 7 is

increasing with 2n such that
m o =, (B.25)

1
2n—00 2n
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B.4: Asymptotic Leading Term of ¢, (¢)

and the asymptotic term of log(ca, ) needs considering this limit. Here, we start

from equation (3.51)

n

Tkzkfn
k=0

and replace r by 2en

- (2en)k2k—n
e = 00

DI (4en)*
oo2n Z(n—/c)!(Qk:)!'

(B.26)

k=0
Without rearranging the order of k£ (check equation (3.51) to see how the order
changes), k* or where the summand is maximum, approaches n in the limit 2n — oo.

Yet, in the above form, k* is € dependent.

Denoting
(4en)k
(n — k)!I(2k)!

for the summand, and using Sterling’s approximation logn! = nlogn — n, we find

ton(k) = (B.27)

the k*(e) by taking the derivative! of the logarithm of ¢,,(k), since the logarithm is

a strictly increasing function, so the maximum of ¢, (k) coincides with log to, (k)

log ton (k) = klog(4en) — 2k log(2k) 4+ 2k — (n — k) log(n — k) + (n — k) =

1
do%;n(k‘) = log(4en) — 2 — 2log(2k) + 2+ 1 +log(n — k) — 1
= log(4en) + lo n-k =0 =
k* + enk — en® = 0. (B.28)
The solutions of the above quadratic equation are
he Sy il (B.29)
272 €’ ‘

IThis is true that we treat a discrete variable, k, as a continuous one. However, in the continuum
limit, 2n — oo, the distinction disappears.

We can also use the ratio
ton(k+1)

ton (k)
to find the maximum where the difference between two consecutive terms is negligible. Doing that,
we find the same solution for £*, round to closest integer.

=1,
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however, k is non-negative, and therefore, the maximum of ¢y, (k) is at

,/1+§—1]. (B.30)

To not clutter the notation, we denote the bracket as

f(6)=\/1+§—1, (B.31)

k= ET”; ©) (B.32)

€n
B=2
2

and write

Now that we found the £*, and knowing the fact that the sum in ¢y, . is concentrated
at its maximum, we find the asymptotic leading term of ty, (k) by first simplifying

it using the Sterling’s approximation, n! = v/2mn (g)n, and next evaluating it at k*

fon (k) = (4en)* (den)kent
n (n — k)!I(2k)! QW\/m@k)%(n — )k
_ <<3k€_27l)ken
QW\/mnnfk(l — %)nfk
1 1 1 een? . /e\"
o T ) e

The n-dependence of k£* allows us to exploit the same argument that we used to find
Q(n) asymptotic leading term. For instance, the first ratio 1/4/k(n — k) approxi-

mates as
1 1
VIR - )

considering the fact that the bulk of the distribution is concentrated around the k*.
Let us define

(B.34)

(O = (1 #)' (B.35)
Then 1 1
Rn—k)  ny/5ie9e) -
and
(1 g)n_k - # Jr=2) g ynat@) (B.37)
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B.4: Asymptotic Leading Term of ¢, (¢)

Therefore, the summand turns to

1 1 —ng(9) o een? e\n
tanlh) ~ 57 X s X a0 () (5)" (B.38)

and cg,, . becomes

2
Con,e ™ ( n) g 6 Z een . (B39)

on+1l. n /Ef

We have to emphasise that we started the sum from k = 1 instead of £k = 0. To
justify it, observe that using the equation (B.26), we find the ratio of two consecutive

summands for k=0and k=1

t2n(0) 1 (n—1)! 0 1
ton(1)  4den n! 2! 8en?’

(B.40)

which means asymptotically t3,(0) < t9,(1) for any ¢ > 0 and n — oo, which
justify the exclusion of k£ = 0. It will become clear later that this removal gives a

mathematically nicer form to handle.

If we approximate the above (2n)! too, we get

Varn(Z) (£)" g Z
2in W

_ (B)rgle) e een

vnmef(e)g(e) &

Finally, we need to estimate the asymptotic leading term of the sum Zzzo(@)%.

een

Cone ™

(B.41)

Resort back to the result for (2n) asymptotic leading term, the sum can be esti-
mated as an integral. Still, the free parameter € introduces two different behaviours

that introduce a subtle consideration in estimating the current sum.

Let us call the summand as

d(k) = (\/fn)%. (B.42)

Similar to what we have already done to find k*, we treat d(k) as a continuous

function and find its maximum w.r.t. € for constant n by taking the derivative of
log d(k)

dlogd(k) — 9 log( Veen
k

—9 =
T ) 0 =
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Vveen

k = —
k* €
— =4/~ B.43
- . (B.43)
However, k* < n, and for ¢ > e the above result implies
kE* = n. (B.44)

In other words, the maximum of the sum is concentrated at k* = n. The ¢ > e
bound is what we need to consider when we seek to find the asymptotic leading

term of the sum.

Continuing the estimation by an integral, we divide our study into two regions

e ¢ > e: In this case, the sum can be estimated by its largest term which is

tgn(n) . ) i
> ()~ ()
k=1
>~ () = (e (B.45)
k=1

Later, we shall show that the numerical analysis supports the above result,

except for e — e™.

o ¢ <e: We have

ki(if)’m / (f”>d

1

N
= een/x_Q‘/&mdx (xr — \/ee nx)
1
Veen
1
ee
=+een / e n[2veeama] g, (B.46)
1
Veen

We are going to use the steepest descent approximation here. Define

h(z) = 2v/ee x1Inx, (B.47)
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B.4: Asymptotic Leading Term of ¢, (¢)

and see that h/(z*) = 0 gives
TF=e ', (B.48)

So, the Taylor expansion of h(z) around x*, up and including the quadratic

term, is
h,/<.fl:*)
2

_ _2\/5 Ve — o) 4 0@Y). (B.49)

h(z) = h(z*) +

(x — 2*)* + O(z?)

Then, defining a? := Ve3¢, the integral estimate gives

Jee
2
S v
1

- (E)}* JneVe / e~ dt. (B.50)

For n — oo and considering the condition € < e, the limits of the integral

become

i — ()= (93] v - = (B51)

[§ €

and

i [(2)" - ()] vii - o (B.52)
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Then

k2
k=1

fj(ﬁf ~ (g)i Vi eV / et = (g)‘l‘ Van Ve,

So, in both cases

1 :
SN (CLV Y
=0 k? (ee)” €e>e

Finally, the cg,  asymptotic leading term is

1 €
(Z)rgle) o [ () VA Ve e<e
X

nmef(e)g(e) (ee)” €>e

Con,e ™

R ATCL

<e
_ N
9(0) ™99 2en)” e> e
nmef(e)g(e)
B.5 First Moment
The first moment of P, (n,) is defined as
[n/2] 1 [n/2] n
— ~ N - - n/2)—i
(np)n = ; iPy(n, =1) = o) ; (22) (2i—Dir :

From equation (B.1) for the generating function f,(x) we have

falw) = Lnf (") (20— o' =

(B.53)

(B.54)

(B.55)

(B.56)

(B.57)
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B.5: First Moment

So, combining it with equation (B.14) derives

/2]
r [ d (B.58)

(= o | o)

z=1
p

Furthermore for even numbers, say 2n, equation (B.9) implies

_ d*F(Y,x)

fgn (.17) = qy2n -

Y =0

dfon(x)  d d*"F(Y,x)

de  dx dY?

d** dF(Y,z)

veo dY?  dx
" d a2y

d2n Y2
= — = ~_F(Y.
dy?n dz* vy dY?m ( 5 El ’x))

At this stage to make the notation less cluttered denote F'(Y,x) by F and take

derivatives with respect to Y repeatedly as follows

d (Y? &
(—F> =YF+ 5 F

Y=0

(B.59)

Y=0

dy \ 2
dd—;Q <Y72F> =F+2YF + Y;F”,
dd—;g (Y;F> =3F +3YF" + Y;F@,
dd—; (Y;F) = 6F" +4YF®) + %QF(‘*),
dd—;S (Y;F> = 10F® 4 5V FW ¢ Y;F@,
dd—;ﬁ (Y;F> = 15FW 4 6YF® + Y;F@,
% (%21?) =n(2n — 1)FE=2 4 ony pCE=D 4 Y;F@"), (B.60)

which implies

dfgn (.27) d2n Y2
dx dy?n

=n(2n — 1) fon—a(x). (B.61)
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For odd numbers we find

df2n+1(£17) _

I n(2n + 1) fon—1(x). (B.62)

Therefore, in general for n we obtain

Dola) =D oo (563

We can say the derivative transform a polynomial f,(z) to f,—2(x) times n(n—1)/2.

Using the last result and equations (B.58) and (B.14)

TN PNy
o= 57 [75] N~ e Froa@l]
B rln/2)-1 n(n —1)
- Cn(T) fn 2( ) =
B n(n — 1) ¢a(r)
(np)n > o) (B.64)

B.6 The operator [:13%]

In order to find a pattern, let us apply k& times the operator [x%] on f,(z) consec-

o o | ) =" a(e) —
et ] ot = M D gy 4 MO DO
~ gt )+ g (3) o)
ed] = ﬁ'2>,  fuale) (ngf"@, (5) frsor+ - ﬁ'G), (‘;”)3 fucola),
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B.7: Finding dc,(r)/dr and d1nc,(r)/dr

d’ nl 15n! N2 25n! a3
Pa;}tﬂﬁ@-—@7:§ﬁ§ﬂl“m*+@7:zﬁ(§)*ﬂ4$V+@1_6y(5) Jn-s(@)
10n! sa\4 n! x\5
8! (5) fas(@) + (n — 10)! (5) fa-t0(),
=y B (2) fuale) (B.65)
r—| fol) =) ——a; (=) fa2i(2), .
dx —(n—2) " \2 2
where the recursive relation for agk)s is
al(k) = agﬁl) + iagk_l), al? = a,(f) = 1. (B.66)
Using equation (B.14) we write
7 fonoi (1) = 2 s 1 Cn—2i
= 1 (=) = TLH—/ZJ (B.67)

S e
SN~—
I
N
3
+
AR
®

T_if2n+172i(

and then
d1" B i n! &) (T B n! agk) Cp—2i
T MOl = Z(n—m)!“i (5) fn-2i(2) _Z(n—%)! 90 rln/2]
o=l i=1 p=1 =l
kg (k)
bi Cn—2;

25 T (5.66)

where |
p) = ") B.69
N P B TR (B.69)

B.7 Finding dc,(r)/dr and dlnc,(r)/dr

To find dc%(r), we use equations (B.14) and (B.61)

dcon (1) o d
dr  dr

dfan(3)
dr

()] =t () 10

1
_ n—1 I
=nr f2n(r> r
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= nr n— lan(

) = n(2n — )2 f%_z(%), (B.70)

where we used f3, (z) = n(2n — 1) fon_o(z) in the last step. Using equation (B.14)
by which

1
;
)
1 1

Con(r) = r"fgn(;), Con—2(1) = Tn_lfgn_g(;), (B.71)

hence equation (B.70) rewrites as

deon(r) m n(2n — 1)
dr TCQn(T) r

Con—2(T), (B.72)

Similarly, for odd numbers we find

dean - _
= d—:ﬁl(r) =nr" 1f2n+1<%) - n(2n + 1)7,TL 2f2n1(%>
- ;C2n+1(7“) - Mcznfl(r)- (B.73)

Hence, in general, we have

den(r)  [n/2] n(n —1)
o= alr) — g e, (B.74)
Also, since
dlne,(r) 1 dea(r) (B.75)
dr co(r) dr '
we have
dlnca(r) _ [n/2] nn—1)ca(r) _ [n/2] = (np)n (B.76)

dr r 2r cn(r) r ’

where we used equation (B.64) in the last step.

For even numbers, taking the derivative directly on the definition of ¢y, (r) obtains

another result. We have

chﬂ(r> _ i . 2n (22 _ 1)”,rn—z
- 21 h

dr dr —

=> (=) @Z) (20 — 1)ttt

— [(2n—1
= n( , )(22 — D" = neg, 4 (r). (B.77)
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B.8: Finding kth Moments in terms of Other First Moments

B.8 Finding kth Moments in terms of Other First

Moments

To find the relation between kth moment and the first moments of smaller system

sizes, if we use the definition of bgk) in equation (3.106), we observe

bgk) cnooi(r)  n! aEk) Cn—2i(T)
e T G el

_ [n(n - 1) cng(r)} " [(n —2)(n—23) cn4(r)} " [(n —4)(n—5) cpg(r) "
2 cn(r) 2 Cna(r) 2 Coa(r)]
" [(n —2i+2)(n—2i+1) cp9(r) } e
2 Cn2iy2(r)]
= (M) -2 () (n-1) - - (Mp) (n-ivyaf” - (B.78)

Therefore, using the definition of kth moment for a system size n in equation (3.108)

and equation (B.68) finds

(e = D0 p)n(my) a2y - (1) i) (B.79)

B.9 The Asymptotic Form of the #th Moment

For 1 < n and k = O(y/n), using equations (3.90)? and (3.108) we must have

ko (k) | ‘ k- (k) ' .

a; n! cp_oi(r) a, n! cpo(r) cuy(r) Cn—2:i(T)
(nﬁ)n: E = = E G ..

i (n _

20)! ¢, (r) 20 (n—20)! cuo(r) coa(r)  cazita(r)

i=1

‘20 (pn—=2i)!'n—2 n—4 7 n-—2i

2Note that in equation (3.90), the denominator is n — 2 as

Cna(r) e V7"
~Y B.
cn(r) n—2" (B-80)

that we used its asymptotic form as n.
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N i az(»k) nn—1)(Mn—-2)(n—-3) (n—2i+2)(n—2i+1) /eIty /nfn 2t /a2 1))

290 2 n—4 n— 2 ¢
ko (k)
a; . in/7T/n

~ ?n(n —2)...(n—2i+2)e

i=1

(Using ";Eg;l ~ote~l, 1K<k < \V/n)
ko (k) .
a;’ 2 2(i — 1)
~ 7 Ly [— 1 — in/7T/n

I

k k (k) - k-1
N apnk (1 k- 1) v ST <1 k- 2) e~ F=DVT/n L O (nh2).
- -

2k 2k—1 n
(B.81)
And since al(f:) =1 and agi)l = k(k —1)/2 and assuming 1 — =2 ~ 1 — =1 'we get
ko=ky/r/n k—1\"" k—1 kk—1)
<nk>n ~ n-e 1 — 1 — + ( )e r/n + O<nk—2)
P 2k n n n

ke (1_ (k—1)2+0(i)) (1_k—1+k(k—1)em>+0<nk2)

n n? n n

k,—kr/T/n -1 -1 -1 2 1
e Tt S Gl POV Ul VI | RSV
2k n n n n?

k,—ky/T/n E(k —1

(nk),, ~ ne T (1 + ( )(e\/r/” — 1)) + O(n*7?) (B.82)
n

The resulting asymptotic leading term is based on the assumption k& = O(y/n),

especially, the expansion of (1 — (k — 1)/n)*~! in the second line. Despite that, we

see a good estimation even for k as a fraction of n in the numeric investigation in

figures (B.1) and (B.2). Notice that the estimate is good enough for as small as

n = 100.

At the same time, although for larger k the estimate starts to deviate from the
actual, <(2%)k) is exponentially smaller for larger ks. Therefore, for a sum that
includes <(2%)k>, one can truncate the sum over k around vk such that the error

is exponentially small.
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B.9: The Asymptotic Form of the kth Moment

ul
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Figure B.1: Plotting ((2%)"6 and its asymptotic leading term against k for as

small n as n = 100. In the left panel, the k axis extends around y/n. The right

panel shows the k axis extends to k = O(n).
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Figure B.2: Plotting <(2%)’“> and its asymptotic leading term against k for

n = 10000. In the left panel, the k axis extends to n/5, and it shows a

good agreement even beyond /n. The right panel shows the k axis extends
to k = O(n).

It is useful to also find the asymptotic leading term of the moments of stand-alone

elements, (n%). So, from the definition of n — 2n,, we get

_ zk: <k) nk=I (=2) (nd). (B.83)
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Next, for 1 < n, equation (B.82) obtains

(B.84)
It finds 1
s) ™ 1—e" r/m — B.
() ~n (1= V) +0(), (B.85)
and
E | k(= 1)e VI
(n*y ~ n* (1 —e 7"/”> 1+ ( Je + O(n*72). (B.86)
n (1 —e VvV ”")
B.10 Probability Generating Functions
For constant n, the number of pairs has an upper bound as n, € {0,1,...,n/2}.

Hence, P,(n, > n/2) = 0. The probability generating function of n, with respect
to P,(n,) is

- n 1 S n 2—ny, . n

(B.87)
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B.11: Finding Identities for ¢, (r)

Notice that the normalization constant in the numerator evaluates at (r/s).
Doing the same for P,(n,,n,) one finds

oo n—2nyp

5 E (1, 1) 8P U™

np=0 np=0

n—2ny

1 - n n n—2n
= 2n, — DI p2 "2 g™ p) Mo (1 — n—2n,—ny,
o) 2 (om, ) 2m = (e
S% — n r %_”p _
= ) 2n, = D!t (2 1 — p)" 2
) 2o, (2np>( mp — DI (- (pu+1-p)
Cn <T(PU+1*/})2>
=53 — B.S8
5 en(r) (B.88)

The normalization constant in the numerator evaluates at (r (pu + 1 — p)’/ s).

B.11 Finding Identities for c¢,(r)

In this section, we prove the identities that we use in other sections.

B.11.1 Even Numbers Identities

For even numbers, we will show the following identities are valid:
Con(T) — (r+2n — 1)cgp_1(r) = —=(2n — 1)(2n — 2)cop_3(7), (B.89)
and
Con—1(r) — (r +4n — 5)can_3(r) = —(2n — 3)(2n — 4)co,_5(7). (B.90)

We start from the left-hand side of equation (B.89)

n

Con () = (r42n— 1)1 (r) = Z <222>(2@_1)u7m (r2n1 ”i ( n— 1) i1

1=
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2n —1
n_1u+z< )zz_ww_z(g ) 2i— e
7

=0
n—2

—@2n—-1)2n -1 = (2n —1) Z (

1=

2n —1
2

)i - et

_(271—2)(271—1)!14;21 @?) - (2"2; lﬂ (2i—1)!!r"i—(2n—1)§ (2"2; 1> (2i— 1)1t

—(2n—2)(2n—1)!!+§ (2221 2) - (22?;21” (2041 ( g <2n B 1) (2i—1)1 "=

_(2”_2)(2"_1)”+§ :(22’ + 2)(22;— 2—2i) 2i iu 2 (2n—1 —222)(_2i —2— 2@)} (2i)! ((22;;:
x (20 — DN pnt=

—24 (2n —1)! . ne1—i
_(2”_2)(2"_1)”+Z; [(Qn —1-20)(2n—2— 22')} 0N an =3 — 2 G

= (2n — 1)!

2n — 2)(2n — 1! — 2i — 3yt
—(2n =2)(2n ZZI(QZ i@ =1 i
= (2n 1)
— — _ — s 1| -n—2—1%
(2n —2)(2n —1)! ;0 (20 =3 —27) (2¢ —)r

n—2

271- )| . n—2—1i

—(2n—1)(2n—2) Z on 3 _22,)!(22—1)!!7" 27— —(2n—1)(2n—2)can_s(r),
=0

(B.91)
and get the left right hand side. Similarly, for equation (B.89)

n—1

n—2

2n —1 ‘ I — .

Con—1(r)—(r+4n—>5)can—3( E ( " ) (2i—1)! " 1 — (r4+4n—5) E ( " ) (2i—1)11 =20
i= =0

n—2 o — 1 n—2
:(Zn—l)!!+2( Y )22—1”7“”12 < )22—1)”7“”11
i=0 ! i=0
n—3
2n — .
—(4n —5)(2n — 3)!' — (4n — 5) Z( " > (20 — D) pn=27t
=0

—(2n—4)(2n—3) H+Z [(2”2; 1) - <2”2; 3)} (2i— 1)1 (45 §<2”_ ) (2i— 1)1 "
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n—3

RS @’Z; 21) - @C‘; j)} )Y <2n2; 3) S

=0 *

=T (2n—1)(2n — 2) 1

1=

(4n —5)

~(@n-)2n-3)1+3 (20 +2)2n—3-20)2n—4—-20) (2i+2)

(2n—3—2i)(2n—4—2

(2n — 3)! . L
X(Qi)!(Qn—5_2i)!(2Z—1)!!7“
3 —(2i)(2i + 2) (2 — 3)! | N
—(2n—4)(2n—3)!'+ 2{22+2 )(2n — 3 —2i)(2n — 4 — 21) | (20)! (2n_5_2i)!(21—1)[gr

w

n—

= —(2n—4)(2n = 3! = 3 (2n — 3)!

(2i — 1)1(2n — 3 — 2i)!

(2n — 3)!
— (20 +1)!(2n — 5 — 2i)!

=—2n—-4)2n -3 -

(20 — D) pn=2t

(20 4+ )Ny

n—3
2 —5)! .
—(2n—3)(2n—4) Z n—5) (2¢—1)!!r”*3ﬂ:—(zn—g)(2n—4)c2n,5(r).
=0

B.11.2 Odd Numbers Identities

For odd numbers, we define

honi1(r) = dc%d—;l(r) = ncg,—1(r) + QndC%d—rl(r),
and show the following identities are valid:
Con+1(r) — %h%—kl(m = —2(2n + 1)han-1(r),
and n(r +4n — 3)

hopi1(r) — hon—1(r) = —2n(2n — 1)ha,_3(r).

n—1

We start from the left-hand side of equation (B.94)

n 27

r+2n+1 ~2n+1\ i
Cony1(r) — —————hoi(r) = Z < : )(22 —Dllr

1=0

(B.92)

(B.93)

(B.94)

(B.95)
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2 1 2 1 4
MZ (n—1 < n )(2@—1)!!7’”1Z
1=0

n 21

n—1
2 1 o1 2 1 .
(2n+ 1)1+ g ( n—i— ) (20 — )Nrm™" — — E (n—z)( n2—|.— )(Qi—l)!!rnl
n 4 i

=0
n—2
2 1 2 1 2 1 X
et (2n+ 1)l — n (n—z)( n+ )(2@'—1)!!7“”1Z
3 no = 21
. n—2
(@2n-2) 2 1 . 2n+1 on + 1 .
(2n — 2) 20+ 1

"2¢+1<2n+1

: on + 1 .
Z—T(2n+1)!!+z - 2H2)(2¢+1)!!rn—1—1 ("+ )(22’—1)!!7’"‘1_’
=0

1= 0

- —@(%H)!w% y {

i+ 1 2n+1)(n —1) (2n 4+ 1)!

21+ 2 (2n +1—2i)(2n — 22)} 20)1(2n — 1 — 20)! (Qi_l)!!rn—l—i

@M

= _M(2n+1)ll_i§ [ 21 } (2n+1) (2Z~_1)!!rn—1—i

3 2n+1—2i) ] (20)!(2n — 1 — 24)!
n—2
2n — 2 1 (2 —2 (2 1 .
:_w(2n+1 | —— n Z n+ ) (2i_1)!!rn—1—z
3 2n 4= (2 — 1)I2n + 1 — 20)!
n—3 .
~(2n—-2) 1 (n—1—92n+1)! _. ey
= ——F—02n+ 1! - - 20+ D)y
g (@t nz @i Dl —1 a2 T D

n—3

2n — 2 2n(2 1 2n —1 .

=2 2SR () o e
n 1

1]

n—2
2n — 1 .
2(2 1§ —1- 2i — 1)yn—271
(2n + Z:On @(22, )(@ N

—2(2n + 1)h2n71<7")7 <B96)
and obtain the right hand side. Similarly, for equation (B.95) we find

n—1

n(r + 4n — 3) 2n—l—1 . i
h2n+1(7”) - (nThgn 1 Z n—1 ( )(27, — 1)”7” !
1=0

_nlr+dn—3) Ti(n — 1) <2n i 1) (2 — Dlyn=2-

n—1 21
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n—

n—2 9

2 1 , 2n —1 .

= g(2n+1)!!+2(n—i)( "; )(2@’—1)!!7’"1’— . (n—l—z’)( . )<2i_1)”rn“
=0 0

7 n—1 1

1=

BRICTE PRI C UL o M (2"; 1> (2 — 1)l12

3 1 2 ;
SRl <2n—1>!!+§ -0 (M) - - (M )| e
= 9) Zm 1My - e
e S o21) o D e
-3 <n S (M) e
i —2) U0 et L n(dn —3)

-3 (2n—1)!!+;{(22’—1—2)(271—1—22’)_n(22'+2—2(n—1)>_2(n—1)(2n—1—2i)_

(2n —1)!

- 1pn—2—1
2020 —3 — 201 2~ D

T
2n(n — 2) nooe= i (2n —1)!
T3 (2”_1)!!_n—121(2n—1—2¢)X(2¢)!(2n—3—2z’)!(

1=

2i— 1)ty

2n(n — 2) = i+l (2n —1)!

R (2”_1)”_71—1;(2n—3—2¢)X(2¢+2)!(2n—5—2z‘)

1=

S0l

N

- _2”(”3_ 2) (2n—1)11—2n(2n—1) 5 (n—2—14)x

(2n — 3)!

i1\ —3—1
@i)(2n =3 — 201 G- D

I
o

7

w

:—2n(2n—1)n7 (n—2—i)(

%

2n —3

Z >(2i — D37 = —2n(2n — 1) hop_3(7).

I
o

(B.97)
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B.12 Joint Probability Distributions

B.12.1 P,(Xy,n,)

We can use a combinatorial argument to find the joint distribution P,(X;,n,) as
follows: given there are n, pairs, when the element at an arbitrary index is in a pair
state (X; = 0) there must be (n — 1)(22;_22) (2n, — 3)11 = (,71,)(2n, — 1)!! distinct

2np—1
configurations, and similarly, if the element is in a stand-alone state (X; = 1), there
are (2;7:1) (2n, — 1)!! distinct configurations, and in total there are (," )(2n, — 1)!l.
P P

Note that the above statement is equivalent to the following identity

And since the probability of a single configuration with n,, pairs is rl"/2=" /¢, (1),

the joint probability must be

P.(X1,n,) = e 2np— (B.99)

pln/2)=np (7 )@n,— DI X1 =0
(5n)(2np =D X =1

Also, the conditional distribution can be calculated by dividing P, (X1, n,) by P,(n,)

Po(X1,n,) e X =0
Po(Xi|ny) = okt =4 . B.100
( 1| p) Pn(np) { n—2nyp ,Xl —1 ( )

n

B.12.2 Pn(Xl,XQ,TLp)

There are four different combinations regarding X; and X}, through which, we use

combinatorial arguments to find the joint probability distribution:

e For X; = X, =1, or both balls in stand-alone state, there are (Z;pz) (2n, — 1!
distinct configurations, whenever n, pairs are in the remaining n — 2 ele-
ments. And since the probability of a single configuration with n, pairs is

rln/21=m /e, (1), the joint probability must be
n/2)=mp [ — 9
Pn(Xlzl,XzzL”p):T (n

e )(an — . (B.101)

2n,
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e For X; = 1 and X, = 0, or one ball in stand-alone state and the other one
in pair state with another one of the n — 2 remaining elements, there are
(n—2) (22;_32) (2n, —3)!! distinct configurations. And since the probability of a
single configuration with n, pairs is 71"/2/=" /¢, (r), the joint probability must
be

pln/2)—n, n—3
n P

pln2len ( n—9

cn(r) \2n, — 1) (2n, — 1. (B.102)

e The argument for the case X; =0 and X5 = 1 is similar to the previous one.

n/2)=my [y _ 2
Pu(X; =0,X, = 1,n,) = T—( "

o) \on, — 1) (2n, — N, (B.103)
e The case X; = Xy = 0 corresponds to two different possibilities. The first
combination consists of a pair between the elements at indices [ and k& and
2n, — 2 elements among the remaining part are in pairs with each others.
Therefore, there are (22;32

ability rlv/2l=m /¢, (r).

)(an — 3)!! distinct configurations, each with prob-

In contrast in the second case, both elements 1 and 2 are in a pair state with one
. .. n—4
element in the remaining balls. And hence, there are (n—2)(n—3) (an_ L) (2n,—

5)!! distinct configurations, each with probability r"/2=" /¢, (7).

Therefore,

n/2l=n /9
Pu(X1 =0, X5 = 0,n,) = T—( "

cn(r) \2n, —2

)(2np—3>u

pln/2) =, n_ 4
L Tth—2)(n—3 o, — 5)1 —>
T >(2np_4><np )
L”/2J_np _2
T n
Py(X, =0, Xy =0,n) = — o, — )11, B.104
(%0 =0.% = 0y = o (07 Jem, -~ 0t (a0

Putting all the results together, we get

o 9) (2 = DI Xy =X =0
[n/2]=ny "2y 2n, — DI X3 =1,X,=0
Pu(X1, Xo,ny) = —— 1) Gy =1) ' : (B.105)

(1) E)@2n, - X =0,X=1
|

X=X =1
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The condition distribution finds by dividing the last result by P,(n,) as

(gm 25) 21 = DI/ (5n ) (21, = DI Xy = Xy =0
P(X X. |TL )_ Pn(leXZ,np) (ZZPQ) 2np—1 ”/(QZP) 27’Lp—1)” ,X1:1,X2:O
n 1,22
’ Pr(ny) (22) @0y = D/ (2 ) (20, — DI Xy =0,X, =1
(5n) (2mp = DN/ (0 ) (20, = D1 Xy = Xy =1
2np(2n,—1) . o
T,;)) ;X1 =Xo=0
S —tp) , X1=1,X=0
= Pu(Xy, Xaln,) = 5,00 ' ? . (B.106)
'Z(n—l) 2o X=Xy =1
Or by using ny, = n — 2n,, it simplifies to
2nyp(2np—1) o o
ﬂTl) , X1=Xo=0
e , X1=1,X=0
Po(Xy, Xalny) = oD ' ? . (B.107)
m ,Xl - O,XQ — 1
ns(ns—1) - o
ﬁ X=Xy =1
The marginal distribution finds by summing over n,, as
e For X1 =Xo=0
/2] inj2)—n
r P n—2
P,(X:1=0,X,=0) = _ 2n, — 1)!!
4 ? ) o cn(r) (an - 2)( " )
[n/2] n/2|—n
-y 2l — ( " )(2n — 1
= n(n—1) cn(r) \2n, P
_ {2np(2ny — D) (B.108)

n(n —1)

e For X1 =1,X,=0o0r X; =0,X, =1 we obtain

/2] 1ny2)-n, ( n—2

Pn(Xl = O,XQ = 1) = Pn(Xl = 17X2 = 0) = . — 1> (2np—1)”
P

np=1 Cn(T)
In/2) ol
_ Z 2n,(n — 2n,) rlv/2=m / p (2n, — D)
nn—1)  cu(r) \2n, b h
np=0

238



B.12: Joint Probability Distributions

_ <2np<n - an»n o <2npn8>n

_ _ B.1
n(n —1) n(n —1) (5109
e For X1 =X,=0
[7/21=1  \n/2)—n
pln/2l=ny 1 9
P(X1=1,X,=1)= - 2n, — 1)l
( ! ? ) np=0 C”(T) < 2np >( i )
in/2] /2
S n_znp )(n—2n, — 1) rlo/2=m /oy (2n, — !
np=0 TL - 1) Cﬂ(r) 27’Lp ’
(=2 (n =20, = 1)) _ (na(ns — 1)) (B.110)
pYP— nin—1) _
Consequently,
[ @np(@np—1)n X, =
Thoen - =X =0
% 7X1 = 17 X2 =0
PL(X0 X,) = ) (B.111)
<27’Lp7ls>n — —
D) A1 =042 =1
MNg ns—l n
\ <n((n——1))> 7X1 =Xy =1

B.12.3 P.(Xy,..., Xin,)

Let us assume for P, (Xy,..., Xy, n,) we have | = k — Zle X;. In other words,
Zle X; gives the number of elements in stand-alone state among k ones (X; = 1),

and [ denotes the number of elements that are in pair state. So, [ € {0,1,2,...,k}.

However, among these [ elements in the pair state, some make pairs with each other,
and some with n — k other elements in the system. Denoting by w the elements that
are paired among [, we must have w € {0,2,...,[l/2]}. As aresult, it asserts we get

(Qfd) (2w — 1! distinct combinations resulted from the pairing among the k element.

In addition, | — w of the remaining pairs must have a counter part in n — k other
elements, through which, there are (n — k)2 = (n—k)(n—k—1)...(n—k—1+
2w+1). Furthermore, the n, —{ remaining pairs have (T;;fjgl;g“‘:)) (2n,—21+2w—1)!!
distinct combinations. In total, the number of distinct configurations for a given
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(X1, ... Xy, nyp) is

11/2]

— (I — 2w) l
2n, — 21 + 2w — 1)!! 2w — )(n — k)2,
W= Z( o a2 20— 0 )20 = Dl )
(B.112)
To simplify the sum, observe that
n—k—(l—2w) (n — k)1-2) — (n—k—1+2w)! (n— k)=
2n, — 21 4 2w (2n, — 21+ 2w)! (n — k — 2n, +1)!
(n—k)!
= . B.11
(2n, — 21+ 2w)! (n — k — 2n, +1)! ( 3)
and the sum is written as
[1/2]
(n (2n, — 20+ 2w — 1)1 (1
W = 2w — 1!
(n—k:—Qn,,+l'Z (2np, — 20+ 2w)!  \2w (2w =1)
= k)En,—2a-11 X 2 — 1)
(n—k—2n, +D!(2n, —2)! £ 2w
(znp—2l+1)(2np—2l+3)...(2np—2l+2w—1)
(2n, — 2+ 1)(2n, — 21+ 2) ... (2n, — 20 + 2w)
(n—k)@2n, — 21— 1)1 (L) (2w — 1)1
(n =k = 2n, +1)!(2n, = 20)! = (2n, — 20 +2)(2n, — 20+ 4) ... (20, — 2] + 2w)
B (n—k).(an—Ql—l)!!
~ (n—k—2n, +1)!(2n, —20)!
i — DI(2n, — 20+ 2w +2) ... (2n, — 20 + 2]1/2
T ()@ e, N+ %42 @A)

(2n, — 21 4+2)(2n, — 20 +4)...(2n, — 20+ 2[1/2])
For an even | we have

1/2

n—k)!(2n, — 1 — 1!l
W= (n<—k—)2£p+5)!(2np>_z 'Z (gw) (2w — 1)1N(2n, — 20+ 2w +2) ... (2n, — 1)

_ (n—=K)!(2n, -1 -1)!
 (n—k—2n,+1)!(2n, —1)!

n—k)!(2n, — ! n—k
~ (n —(k — 271p(+ Z)!(2n>p — (gnp _ l) (2n, — DI (B.115)

x (2n, —1+1)...(2n, —3)(2n, — 1)
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And for an odd [ we have

(1-1)/2

W= (n_(: - fﬁﬁ@’;@iﬁi’_l)l ZO (Qi))(2w—1)u(2np—2z+2w+2)...<2np—z—1>

- <n—(2—_zkﬁ!(i73’3§22;_l>! X (2my —1+2)... (2m, = 3)(2n, — 1)
(n — k)!(2n, — 1) "k
Tk 271p(+ l)!(Qn)p T (gnp _ 1) (2n, — . (B.116)

And since the probability of a single configuration with n,, pairs is r1"/2=m /¢, (1),
forl =k — Zle X; the joint probability must be
n/2)=np [y K
r n
P.(Xy,...,Xk,n,) = <

Cn(r)

2n, — 1)L B.117
N CT (B.117)
In addition, the conditional distribution derives by dividing the joint distribution
by P, (n,) like

_ P’/l(X17"'7Xk7np) . ( l)(2np - 1)”
Po(X1,..., Xiln,) = oXey = ST

2n,(2n, —1)...(2n, — 1+ 1) x (n —2n,)(n —2n, —1)...(n —2n, —k +1+1)
B nn—1)...(n—k+1)

Qng) (n— 2np)(k_l)

P,(Xy,...,Xkny) = ) , (B.118)
or in terms of ng = n — 2n,, it writes
2 n 0
Pu(Xy,..., Xg|n,) = pn(k) (B.119)
Finally, the marginal finds by summing over n,
[n/2] [n/2]
Py(X1,... X0) = Y Pu(X1,.., Xpomp) = > Pu(Xi,..., Xilny) Pu(ny)
np=0 np=0
ln/2] o (1) (k—1) 0) (k—1)
B 2ny’ (n — 2ny,) ~2np’(n —2n,)
- X:O (n = k) P,(n,) = ( ) ) (B.120)
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or in terms of n,
9D (k=0)

Pu(X1,..., X3) = <”n(—k‘§>. (B.121)

B.13 Proving ¢,(r) Has |n/2| Distinct Roots

Theorem B.13.1. [Sturm’ Theorem] [}] Given a and b in R U {—o0, o0},
V(SS(P, P'),a) — V(SS(P, P'),b)
is the number of roots of P in the interval (a,b).

We will use Sturm’s Theorem to find the number of distinct roots of ¢, (r). And since

the even and odd values require different treatment, we will prove them separately.

B.13.0.1 Case one: even numbers

For even number in appendix (B.7), equation (B.77) we show that

d
%an(’r’) = nca,_1(r), (B.122)

and therefore, the first two elements of the Sturm sequence are Py = ¢g,(r) and
P, = c9,—1(r). In appendix (B.11), the derivations of some useful identities are
explained in details. We start with equation (B.89) that finds the Euclidean division
of Py by P, as

Con(r) — (r+2n — 1D)egp_1(r) = —(2n — 1)(2n — 2)con_3(r). (B.123)

We see the quotient polynomial of the Euclidean division is equal to r+2n — 1, and
the remainder polynomial is —(2n —1)(2n — 2)ca,—3(r). Therefore, the next element
of the Sturm sequence is the negative of this reminder polynomial P, = cg,_3(7).
Note that the positive constant term does not have any effect on the sign of the

polynomial and we can safely remove it.

In addition, equation (B.90) finds the reminder of the division of ¢a, 1 (7) by c2n—3(7),
or P, by P, as

Con—1(r) — (r +4n — 5)egy_3(r) = —(2n — 3)(2n — 4)con_5(r). (B.124)
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This result shows that the next element of the Sturm sequence again is the next
normalisation constant with an odd degree, say co,_5(r). If we continue the Eu-
clidean division consecutively, we get a sequence of the normalisation constant with
decreasing odd degrees. In other words, all the elements of the Sturm sequence for

an even number are

SS(con(r), con_1(1)) = con(r), Con_1(r), Con—_3(r), ..., c3(r), c1(r), (B.125)

for constant ¢;(r) = 1. Since all the coefficients of ¢,(r) are positive

lim ¢,(r) >0 (B.126)
r—00
for all degrees, and therefore
V(SS(can(r), con—1(r)),00) = 0. (B.127)

Hence, from the Sturm’ Theorem, the number of distinct roots of ¢y, (r) is equal to
V(SS(con(r), con—1(r)), —00).

Observe that the degree of two consecutive polynomials in the Sturm sequence, say

Czn—(2i+1)(7“) and CZn—(Qi—l)(T)a are

2n — (20 + 1)
2

2 — (2 — 1)

L 2

l=n—i, | J=n—i-1, (B.128)

are even and odd. Hence, in the limit r — —oo, from one polynomial to the next
the sign changes. So, it is straightforward to use the definition of the number of sign

changes and start from c3(r) as the basis of induction and show that
V(can-1(r), can—3(r), ..., c3(r), c1(r), —o0) = n — 1. (B.129)

The alternating degree happens for the first element of the Sturm sequence too

L%HJ —n, LQ”Q_ Sy (B.130)

and therefore,
V(SS(con(r), con—1(r)), —00) = V(can(r), can_1(r), can_3(r), ..., c1(r), —00)

= V(can-1(r), can_3(r),...,c1(r),—o0) + 1 = n. (B.131)
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Last result proves that the polynomial o, () has n distinct roots.

B.13.0.2 Case two: odd numbers
The odd case is very similar to the even case. The main difference is in the derivative
of the cg,11(r). We define a polynomial hs, 1(r) as

dC2n+1(7” )
dr

d62n71(7’)

h2n+1 (T) dr )

= Ncop_1(r) + 2n (B.132)

which is again a polynomial degree 2n — 1 with positive coefficients. In appendix
(B.11), equation (B.94), the Euclidean division of the first two elements of the Sturm

sequence obtains as

r+2n+1
an+1(T) — ThgnJrl(T) = —2(2n + 1)h2n,1(7"), (B133)

where the reminder is —hs,_1(r). Besides, equation (B.95) derives the Euclidean

division of the subsequent elements as

n(r +4n — 3)
n—1

hopi1(r) — hon_1(r) = —=2n(2n — 1)hg,_3(r). (B.134)

And finally, the Sturm sequence finds as

SS(Cony1(r), honi1(r)) = cons1(r), hony1(r), hon_1(r), ..., h(r), (B.135)

for constant hg(r) = 1. Because all elements in SS(con11(7), hont1(r)) are polynomi-
als with positive coefficients, here again no sign changes occur in the limit » — oo,
and thus,

V(SS(cans1(r), hant1(r)),00) = 0. (B.136)

Notice that from its definition, the degree of ho,_(2;41)(r) is equal to the degree of

Con—(2i+3)(7), which is n —7 — 2. e.g. hgy41(r) is a polynomial degree n — 1.

Consequently, the signs of the sequence hg, . 1(7), hon_1(7), ..., hs(r) alternates, and

we must have

V(hans1(r), hon—1(r), ..., h3(r)) =n — 1. (B.137)

The alternating sign happens between ¢, 1(r) and hg,41(r) from the fact that the
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former is a polynomial degree n and the latter is n — 1. Therefore, we get
V(SS(can(r), han-1(r)), —00) = V(cant1(7), hant1(r), han-1(7), ..., hs(r), —00)

= V(h2n+1(7’), hgn_l(T), . ,h3(7”), —OO) +1=n. (B138)

This result proves that the polynomial ¢g,41(r) has n distinct roots.
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Appendix
C

Information Theory

C.1 Information Theory Measures

In this part, we will show the steps to derive some of the results in the Information
Theory section. Before starting, we define some notations that simplify the notations

further in the section.

Recall that the Shannon entropy is a functional that is defined over the space of

probability distributions for system size n, denotes by P, such that
H[P,] : P, — RT U{0}. (C.1)
At the same time, we define a Shannon function Hy(x) : [0,1] — RT U {0} as
Hy(z)=—ozlnz—(1—2)In(l —x), (C.2)

for random variables that are in [0, 1]. We shall use these definition in the following

sections.
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C.1.1 The entropy of the Binomial Distribution

For p as the probability of getting head, the probability of observing a distinct

configuration with n; head among n coins is

pr(L—p) o, (C.3)

and therefore, the Shannon entropy of the Binomial distribution, Bin,(n;), derives

as

H[Bin,(ny)] Z P InP, = Z (nh) P (1—=p)" " (npInp + (n — ny) In(1 — p))

np=0

—(nn) Inp — (n— (np)) In(1 = p) =n(—plnp—(1—p)n(l —p)), (C4)

where we used the fact that for the Binomial distribution (n,) = np. Then, using the
definition of the function Hs(x), the Shannon entropy of the Binomial distribution
Is

H[Bin,(ng)] = nHs(p). (C.5)
Note that since Hy(p) is the entropy of a single Bernoulli random variable, the last

result is the sum of n independent Bernoulli random variables. In other words, the

Shannon entropy is additive in the Cartesian space of binary random variables.

C.1.2 The entropy of the B-model’s Probability Distribu-

tion

In the B-model the probability of observing a configuration ¢; with ¢ pairs obtains

as
n J i

L3

P,.(c;) =¢q; = cn—(r)

(C.6)

To find the ensemble entropy for the B-model, which has W (n) distinct configura-

tions, one can write

W (n) W (n)

n|_s . L L7
iriz rla
;1n g; 1 1 ———+Ine,
-2 = J“’“; o) T 2 gy e ) 2 T
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C.1: Information Theory Measures

where we used the definition of (n,), and the fact that the probability distribution
is normalised. In appendix (C.4), equation (C.32) finds Inc,(r) as

Inec,(r) = [g] Inr+ Z_:ln(l + (n5>2) (C.8)

r

Notice that, (ns), is the expectation of the number of elements in stand-alone state
for a system size n (ns = n—2n,). Therefore, the Shannon entropy for the B-Model

is equal to

Hp[P,] = (ny)nInt + niln(l + <"7f>i). (C.9)

C.1.3 The entropy of the C-model’s Probability Distribu-

tion

In the C-Model, the probability of a configuration with 7 pairs and j heads, say ¢;;,

1S written as

L%j—z 1_ n—2i—j
Pafey) = 0= 7 (.10)

cn(r)

and therefore, the ensemble entropy derives as

DI A i (ETRDEUE LY,

HC[Pn] = =

Ch, 2

+(n—2i—5)In(1 = p) — Inc, ()]

= —LgJ Inr+ (ny)pInr — (np)pInp — (n—2(ny)n — (M)n) In(1 — p) + Inc,(r)

= (np)nInr+ "z_: In(1+4 (n;%

i=1

) = (M) Inp—(n— 2<np>n —(np)n) In(1—p), (C.11)

where we used the definition of (n,),, the probability distribution normalisation
and equation (C.32) in appendix (C.4). Finally, we write Ho[P,] in terms of the

B-model entropy, Hg|F,], and the remaining terms

HelPy) = HIP.(ny)] — (nialnp — (0 — 2(n,), — (na)) (1~ p).  (C.12)
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Furthermore,

HolP] = HalP2] - (0= 20n) [~y (- L2y )

n—2(ny)y, n—2(ny)y,
= HalP=(n=2(m)a) [ = et (1= L — (1 ) )

+pInp+ (1 —p)In(l - p)]

= HolP] = (n = 2lmh) | 5 | b (0= 2 ) —

= Hp[P,) + (pn = p(2ny) — {m)a) In =

+ (n — <2”p>n)H2(P)- (C.13)

However, we will show that the term pn — p(2n,), — (np), is equal to zero. To do
that, first remember that the expectation of the Binomial distribution is np for the

system size n. Hence,

n—2n

" (n—2n —om—n
S ("2 Y= = (0 20, (C14)
np=0

and consequently for the C-model, (n;), obtains as

[n/2] n r\.n/QJ —np n—2nyp n— 2np L
(h)n = Z (Zn )(2np - Pil—— Z ( )nhp”h(l — p)l T
P

[n/2] n rln/2l—ny
= 2. (271,,) (2n, — 1)”%—(7")(n —2n,)p = pn — p(2ny)n, (C.15)

which assert the claim pn — p(2n,), — (ns)n, = 0. Eventually, H[P,(n,, ns)] writes
as
HelP,] = Hp|Pu] + (n = (2np)0) Ha(p)- (C.16)

C.1.4 Derivative of the Entropy of the B-model

Taking the derivative of Hp[P,] in equation (C.7) with respect to r finds

dHp[P)  d

= ((ny)n — LEJ)lnr + Inc,(r)
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_ d<np>n <77/p>n - I_%J dIn Cn(r) - d<np>n
-— Inr+ " + = a4 Inr, (C.17)

where we used equation (B.76) in the last step. Continuing from definition (n,),

[n/2] -
d{ny), d n n, rln/2=m
= — 2n, — Lo
dr dr nz:g (an>( = 1) (1)

[n/2] ln/2]—np 9| — p2 dl
— Z ( ) an _ 1)”7’ |iann/TJ np _ np ndc:(,r):|

np=0 Cn('l")
[n/2] an/QJ—np ann/QJ — nz ann/QJ o np<np>n
> o
= () — (Np)n, (C.18)

where again we used equation (B.76) in the step before the last one. Plunging the

last result in the derivative of Hg[P,] we get

dﬂsip_n] — ((np)? — (n2),) Inr. (C.19)

C.2 Finding the Asymptotic of Hq|[P,]

For 1 < n, equation (3.91) gives the asymptotic of (2n,) and (n,) as

T ra

<2np>7’b =ne Z? <ns>n = n(l —e Z)- (020)
Therefore, we can write the equation (4.24) as

i(1—e Vi)

r

Hg[P,] = (ny)nInr + niln(l + <ns>l) ~ne Vilnr + niln(l )

- T
=1

Nne—\/flnwgln(u\ﬁ)rwne \/_lnr+zz D™ <\[)k

i=1 k>1

~ ne \/_lnr+z k;?"k/Z Z(i)k/z
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k42
tln=

2 |42

1)k
~ ne \/_lnr+22 krk/ (C.21)

where we used Faulhaber’s formula to find the asymptotic leading term in the last

step. Continuing

Hg[P,] ~nlnr x e~ \/_+2nz k—?;l (\/E)k

k>1

annrx(l—\/7 )—i—n; ’““([)k(%—%ﬂ)

S L= a)’“_ng—wﬂ( ' o

o1 T = k+2 r
—\ 2
annr—\/ﬁlnr—knln\/» Z (f) +0(1)
k>3
_9 k
—1 k+1
Nglng—knlnr—n( ;) Z( k) < ;) + O(v/n)
k>3
_1)k+L k
Ngln;+nlnr—rZ(T)<\/§) +r(\/§_2n_r)+0(\/ﬁ>
k>1

~ gln2+nlnr—rln\/i—g+0(\/ﬁ)
r

r

~ gln§+n(lnr—1/2)+0(\/ﬁ)- (C.22)

C.3 Finding the Asymptotic of H[P,(Xq,..., X})]

First, using the following identity

z(?) = k;(];:ll) (C.23)

and Binomial expansion, we have

2 (= (1)

=0
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C.3: Finding the Asymptotic of H[P, (X1, ..., Xk)]

=~
Mz
L

(k ; 1) et = k(1 4 )L (C.24)

=0

Next, following equation (4.54), and using the last result, we have

HIP,(Xy, ..., X,)] ~ zk: (lj)l\/;e—z\/f (1— Vi)

=0

(1~ eW_")kln (1- V) x (14 eV - 1)1)’“
— ke\/”/_”(\/g—i— In (1 — e_\/§>) —kln (1 _ e—ﬁ)

:k( LeVrin _ (1—em)1n(1—eﬂ)>. (C.25)

This is exactly k times the entropy of a single element when we directly use equation
(3.130) and write H[P,(X;)]. Therefore,

H[Py(Xy, ..., Xy)] ~ kHp[Py(X1)]. (C.26)

Using the asymptotic expansion of the exponential function

e Vi=1- \/; O(%), (C.27)

simplifies the asymptotic leading term of H[P, (X7, ..., X})]

H[Pn(xl,...,X)]_k(\f \f \[m\f)+o
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H[P(X1,...,X)] =k

B

[1 —In \/g] +O(%). (C.28)

C.4 The Governing Recursive Relation of Inc,(r)

To find Ine¢,(r) in terms of the average number of pairs for odd and even system
sizes, say (n,)a, and (n,)2,—1, equation (3.88) finds the dependence of ratios of the
normalisation constants to the average number of pairs, while equation (3.46) finds

the recursive relation for the normalisation constant. Combining both, we find

7*02"_—(1(;) — 1 _ 2<np>2n

C2n (T 2n

CanQ(T) 1 _ 2(np)on—1  ° (029)
can—1(r) o2n—1

Recall that the subscript in expectation (.), represents the system size. Next, we
write the logarithm for the normalisation constant by using equation (3.46). For

even system sizes and using equation (C.29), we have

In ¢, (1) = In (regn_1(r) + (2n — 1)cgn_2(7))

on —1 " Con—2(T)

=Inr+Incy,—1(r) +1In(1 +

r Con—1(1)
=Inr+Iney, 1(r) +In(1+ (@n-1) _7“ <2np>2n_1)
=Inr+Incy, 1(r)+In(1+ %) (C.30)
Similarly, for odd system sizes, one finds
Inco,—1(r) = Incgpo(r) + In(1 + %) (C.31)

Hence, there are two different equations for odd and even system sizes. Applying
the last two equations iteratively on In ¢, (r) for n — 1 times and considering the fact

that ¢;(r) = 1, one obtains

ea(r) = (2t () + Yo w1+ )

n—1

— LgJ Inr + Z In(1+ <ns>z) (C.32)

r
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C.5 Power Series Expansion for [,(S,_1,51)

The power series expansion of (1 — x)In(1 — x) for a random variable x € [0, 1]

derives as

(1—2)In(l—2) = 1—xz Z

(1—2)In(1—2)=—-x+ Z R D) (C.33)

k>2

Consequently, taking the expectation with respect to an arbitrary distribution finds

(1—2)In(1 — ) +Z e 1 (C.34)

k>2

Let us define y = 1 — z. Then, using the last result, Ho(x) drives as
Hy(z) = —zlnz—ylhmy=—1—-y)In(l —y) — (1 — z)In(1l — x)

(eq. C.33)

(C.35)
At the same time,

(Hy(z)) = (=(1 = y)In(1 —y) = (1 — z)In(1 — 2))

xk—i-yk

g

k>2

_ (") + (")
—1— ; N (C.36)

Combining the results from equations (C.35) and (C.36), and using result for ,,(S,,_1, S1)

in equation (4.66), we derive the power series expansion as

(S5 = S G0 Z G2 (G0 = (2"

k>2

(C.37)
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Notice that in practice since z € [0, 1] the power series converge very fast, e.g., the

terms for k > 4 are at least one order of magnitude smaller than the first two terms.

When the system size increases, we expect the mutual information approaches zero,
since the information about S reduces uncertainty when the whole system is larger.
To show that, we need to find the asymptotic form of I,,(S,_1,S1) from its power

series expansion.

Using equation (B.82) one derives

() - (Bloy = o ( HEZD o) - e o)

n n

- (e\/_—1)+0( ), (C.38)

Putting all together,

BT o/ k(k=1)(eVT/m—1)e=2V"/m <1 _ eW>kl
Lo(Sn_1,51) ~ - .
(Su1:80) ~ 3 k(k—1)

k>2

(e — 1 —k+/7/n —24/71/n r/n 1
~ e S e \//+e2v/z(1—ev/) +0()
k>2 k>1
(e\/r/n . 1) e—2\/r/n 6_2 r/n (1 —e Vv r/n) 1
n 1 — ef\/r/n e r/n n
1 1+e_2VT/”—e_Vr/"]+O(1)~1+0( ! ). (C.40)
n TLQ n3/2 '

Note that, as it was explained in section (B.9), numerical estimation of asymptotic

leading term of <(2"”) ) decreases exponentially fast.
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C.6 Rényi Entropy

For B-Model, Rényi Entropy writes as

W (n) n — DNyl ]=np)
. 1 (an) (2n, — D)llr>
HalF] Z L B p— = Z c(r)
i=1 np=0 n
1 - 1 cn(r?)
=— 1 on, — (re)lzl=ne — In | =
2o 2 (o, )= 007 o (5
Ine,(r*) — alne,(r) (A1)
11—« '
C.7 'Tsallis Entropy
For the B-Model, Tsallis Entropy writes as
W(n) n ( )(2’/’L — 1)”7~Q(\_%J_”p)
H,[P, =— |1- Sl
(1[ ] q— 1 Z pz . npzzo C%(T’)
1 1 < /(n n
= |1- on, — 1)N(r9) 3=
I\ a2 (am, ) 2o =207
1 cn(r?)
=—1(1- . C.42
i (-5) )

Similarly, for the C-model, we have

H, [P ] = _1 1 — Z (2np) (2np - 1)”7’(1(\- J=np) n—2nyp n— an
qLtn C%(T) ; n,
np=

)pqnh(l _ p)Q(n*Q“p*ﬂh)

(C.43)
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The second sum in the last line is written as

> (n—%p) ()" (L= p)?)" 2™ = [pf 4 (L= p)" 2 (C.44)

nj,=0 Np
So
1 . (277;,) (znp - 1)!!7"1“%]—7@) {pq + (1 _ p)Q]”_an
Hq[Pn] = q——l 1-— 7;) C%(r)
1 1 &< /n o o

T\ aw 7;:0 (2np) (2n, — DU [p7 + (1 = p) 7)) L3
_ L (a0
-l (1 ci(r) ) : (C.45)

C.8 Finding the Shannon Entropy of Pairing Time

Series

We write the Shannon entropy over an ensemble of strings with length n as

Hy(X,)=- > P(X,)logP(X,)

X'nEAn

=— Y P(X,)logP(X,)- > P(X,)logP(X,) (A, = AL UA2)

Xne A} XneA2

=— Y P(X)) Y Pp(X,|X,)log [P(X,)Pp(X,1|X,)]

XREE Xn—ler}m—l
- Y P(X) YD Pe(Xaa|X)log [P(X,) Pe(Xao|Xa)],  (C.46)
Xne)Tn) Xn—leril—l

where in the last step, we used the extension of the joint probability in equations
(4.105) and (4.114) to switch to Cartesian spaces. Continuing,

Hy(X,)=— > > P(Xu)Pe(X,1|X,) log P(X,) + log Pe(X,1|X,)]

Xneyn X"*IE F’}l*l
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- Y. ) P(X)Pu(Xya]X,) [log P(X,) + log Pp(X,-1]X,,)]

¥ X
XnEXn n—1€ F’I?L 1

= — Z ) log P(X,,) Z Pp(X,-11X,)

XneX, X, 1€ TL |
X’,LEZ X” 1€ F”}l 1
- Z DlogP(X,) > Pe(X,]X,)
XnEXn Xn-1€ F?L—l
- ) P(X,) Y. Pp(Xu|X,)log Pp(X,1]X,). (C.47)
Xne)Tn} X"*IGF?Lfl

The normalisation condition requires that the sum over conditionals must be equal

to one. Therefore

— > P(X,)log P(X ZP )log P(X,,)

Xn.eX, Xn€X,

- Y PX) Y Pu(Xi|X,) log Pe(X,1|X,)

XneXn Xn1€ T}
— Y P(X,) Y Pe(Xu1|X,)log Pe(X,1|X,)
XnEXo Xn1€07_,
=— > P(X,)log P(X,)
XneXaUX,
- Z > Pu(Xna|Xy)log Pe(X, 1] X,)
XneXn Xn 1€ 0y
= ) P(X)) ). Pe(Xu|Xy)log Po(X,1]X,). (C.48)
X"EA?n) X 1€Fn 1

Using equations (4.107) and (4.116), we extend the range of X, in the second and
the third sums

Hy(X,)=— > P(X,)log P(X,)
XneX,UX,,

_ Z P(X,) Z Pp(X,-1]|Xy) log Pp(X,-1]X,)

—
XneXnUX, X,-1€ T)_,

- Z P(Xn) Z Pr(X 1| Xy)log Pe( X, 1| X,)

—
XnGYnUXn Xn— 1€Fi 1
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=— > P(X,)log P(X,)

XneX,UX,
- > P(X,) > Pp(X,_1|X,) log Pp(X,_1]X,). (C.49)
XHGEU)T; Xp_1€T2_ur2_

Theorem (4.2.2) showed that T}, UT?2_| is equal to A,,_;, so

Hy(X,) =- Y  P(X,;)logP(X,)
XneX,UX,
- > P(X,) D Pe(X,]X.)log Pe(X, ] X,). (C.50)
XnGYnU)Tn) X'nfleAn—l
Calling
Hy(X,)=- >  P(X,)logP(X,), (C.51)
XnEYnU)Tn)

as the present entropy, and

HL(anﬂXn) = - Z P<Xn) Z PE(Xn71|Xn> log PE(anl‘Xn),
XneynU)Tn) Xn—1€AL_1

(C.52)

as the past conditional entropy on present, we get

HL<Xn) = HL(Xn) + HL(Xn—l‘Xn)' (C'53)

C.9 Finding the Ratios of ¢)y(L)

Clearly, we could use the asymptotic leading term of Qy(L) to simplify the above
ratios. Instead, we use an elementary method that is easier to handle and is appli-
cable to any other recursive relation that we may see in future. Let us start with

the recursive relation for Qy(L)

Oo(L) = 205(L — 1) + (L — 1)(L — 2) —>

L (L—1) 2a(L — 2)
=oY@ oy oy
1=2 WL 2 g + (L 1) o
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Defining
(L -1) (L -2)
PL="0,0) PPrT -1y (C.55)
equation (C.54) writes as
L—1
1=2p, + (C.56)

2/pr—+ (L —1)

Assuming for increasing L the sequence p; has a limit, the fix-point of the above

relation requires pp, ~ pr_1, we get the following quadratic equation
(L—1)p7 +2p, —1=0, (C.57)

such that its positive solution for 1 < L is

VL -1 1

When we reorder the terms that define py, as
Qo(L—1 1 Qo(L — 2 2
2(—) (L—l)M—l—Zprl——. (C.59)

(L) =pPL~ ﬁ’
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Appendix
D

Statistical Mechanics

D.1 Finding the Microcanonical Maximum

For 1 << N, taking the logarithm of Qy(E, N, k) in equation (5.5) and using the

Stirling approximation we derive

N-—-FE N-—-F
ang(E,N,k:):NlnN—N—k‘IDQ—klnk—( 5 )ln( 5 —k)

() (S [ E]evon o

To find the maximum, taking the derivative of In Qy(F, N, k) with respect to k finds

dInQy(E, N, k) B -
i :—ln2—1—lnk—1+N;E_k+%_k

+1n [(ﬁ —k)?— E—Q] ( 2k(k — 3)

2 4 ﬂ_k)2_E_2

2 4

NoEE _ kN +2k% — kN

G-k - %

N
— —In2%k—2+In {(5—/@)2——] +
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— —In2%k —2+1n [(%_MQ_E;} +2<(%—k’)2_E2>

N E?

Next, equating the last equation to zero to find its zero results in the following

quadratic equation
N? - B2

k2 — (N +2)k" + — = 0, (D.3)
with solutions as N .
k* = 5+1i§\/E2+4N+4. (D.4)

Taking u = % as a constant and considering the fact that 1 < NN, the asymptotic

leading term of k* obtains as

k= gu + u). (D.5)

Between these two solutions, one of them can be the acceptable one, depending on

the sign of total energy or u. We can divide energy values into three regions

1. w>0: Foru =1, k¥ = N or 0. From a combinatorial argument we are
sure that for u = 1 all the elements must be in head state. So the only

possible solution corresponds to k* = 0. It means that for v > 0, it must be
k=51 —u).

2. u < 0 : Similar to the positive case, k* = 0 is the only possible solution for
u = —1 (all in tad state). It means that for u < 0, k* = £ (1+u) is the correct

solution.

3. uw=0: This is correspond to £ = 0 which implies

k*:gi\/]v+4+1~g.

Finally, we need to show that the bulk of the sum

LV/2]
QQ(EJ N) = Z Q2(E7N7 k)v (D6>
k=0
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is concentrated around Qy(E, N, k*). In other words,

LN/2)
O(E, N, k) ~ Y Q(E, N, k) = Qy(E, N). (D.7)
k=0

To do that, for a fixed N and F, we must ask what proportion of configuration

numbers does belong to k* in comparison to the others? Since

T(1—w),u>0 EEE>0
= : (D.8)
Tl +u),u<0 MEE<O
plugging back k* into Qs(N, E, k), we get
2 JEL. >0
2 (e
Qo(FEyL, NJKY) = (D.9)
N
JE_<0
5 +2E (N+2E_ )'(—E,)'
Defining E, = E, = —|E_|, makes k* = ¥=E= and
N!
Qo(Ey, N E*) = —— . D.10
A )= = (D.10)

where u, = % > 0. Deviating from k* for both negative and positive E corresponds
to k = k* — Ak = % — Ak. Surly Ak > 0, otherwise k is outside of the valid
range, say 2k + F < N. Knowing that, we rewrite {25 as

N!

Oy(E., N, k" — Ak) = —— . (D.11)
AR (NBe  ARY(AR)(E, 4 Ak)!

Therefore the ratio of volumes for k£ = k* — Ak to k* is

Q(E., N, k* — Ak) 1 y (M5 y E,!
(B, Nk*) 2728k (AkR) T (5B — AR)! T (B + AR

(D.12)

Using the Stirling approximation lets us simplify it as

Oy(E,, N, k* — Ak)
Oy(E,, N, k*)
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1 (1 u*)%l U ) 1

— X X .
2-AR(AR)! T (Lo Ay F(—uw)—Ak T (1 DR juN (g, 4 SE)Ak

We assume Ak is small enough such that % approaches zero for large N (e.g.

Ak =+/N). Thus

Qo (E,, N, kpae — Ak) etk 1 — Uy A 1
= —_ D.14
BB N ) (k& ) A (D-14)
For non-zero u,, the asymptotic (1 + ﬁ—f\,)“*N = e2F implies
Q2<E*7 N7 kmax — Ak) 1 1 —u, Ak
— D.1
QQ(E*v Na kmax) (Ak)Ak % ( Uy ) ( 5)
E.g. for Ak = /N the ratio is
Q(E,, N, k* — Ak) 1 I — e &
= D.16
Q(E*,N, k*) (\/N)‘/N X ( U ) ( )

which except for u, = 0, in the limit of N — oo, the ratio approaches zero. The
final step is to compare the width of the deviation, Ak, to the £* for 1 < N

T A U ) A S 1 (D.17)

1—us —Usx
N — oo Kmaz N — oo N( 2 ) N — oo \/N(12 )

E— E— E —

Uy = const. Uy = const. Usx = const.

So it means almost all of the configurations for 5 (E, N, k) concentrate on k4, with

deviation equal to v N. Therefore, we can safely conclude

(E, N, k) ZQ (E,N,k) = Qy(E,N). (D.18)

D.2 The Microcanonical Specific Entropy

Let start with negative energy, or E_ < 0, as in equation (5.7). We define

E=|E.|=-E., E>0, (D.19)
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The sharp peak around the maximum implies negligible number of elements in head

states, or say ns ~ 0. Putting n3 = 0 and using (5.1) and (5.4),

nm=-FE_=F, no=2p=N—F, ng =0, (D.20)
Consequently (5.2) becomes,

N!
(5B

Q(E,N) (D.21)

N-—F
2

2
Taking logarithm from both sides and using the Stirling approximation, we derive

logQ 1, E E E 1. E E. 1. E
—S(1— Dlog N — Zlog = — (1 — D) log(l — =) — =(1 — =), (D.22
N =gl y)leeN = wlogm = o(l = )log(l = ) — 5 (1= ). (D22)

Because F and N are positive numbers and % < 1, there exists u such that

. K
]\}l_rgoﬁ—u, 0<u<l (D.23)
Then
. logQ(E,N) 1 . 1
]\}1_13(1)0— = 5(1 —u) Nh—>Héo (log N) — ulogu — 5(1 —u)log(l — u)
1
— 5(1 —u) — 0. (D.24)

The Lh.s is molar entropy (if it is multiplied by Boltzmann constant) and diverging.

Therefore Entropy is non-extensive.

For positive energies n; = 0. System’s total energy E, > 0 and like negative case,

E=FE, E >0, (D.25)
ny=FE, =F, no=2p=N —F, ng =0, (D.26)
Consequently (5.2) becomes,
N!
QE,N) = —— . D.27
BN = g (D.27)

which is exactly similar to the negative case. Consequently, it results in the same
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molar entropy

. logQ(FE,N)
]\}1_{1(1)0 — N — 00 (0<u<l), (D.28)
where
li E = D<u<l (D.29)
N1_1>noo N u, u < 1. )

D.3 The Partition Function of 1-D Pairing Ising
Model

We defined a partition function of an Ising model without nearest-neighbour inter-

action and M elements in head or tail states (o; € {—1,1}) as follow

Zy=Y e PBELo, (D.30)
{o:}

Note that for each configuration, o;, we removed elements in the pair state, and

therefore, the sum for the Hamiltonian runs over M instead of N.

A transformation matrix between two neighbours can be defined by separating each

factor like e AB@itoit1)/2 Qg

e PB 1
TMH—[ s | (D.31)

Eigenvalues of the matrix T are
A1 = 2cosh(8B), Ay = 0. (D.32)

After diagonalizing and considering periodic boundary condition such as o1 = o741,

the partition function is equal to,

Zn = Tr(TY) = 2M cosh™ (BB). (D.33)
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D.4 Evaluating the Partition Function’s Summand

Let’s define the elements of the sum in equation (5.22) like

N
tyor =2V 722k — 1) ( o ) cosh™ 2*(8B). (D.34)

We have,
N =3k |
coshV "2 (3B). (D.35)

tnop = ——
N2 RN = 2k)!
Then by taking the logarithm of the term and using Stirling approximation for log N

we have,
2k N? 2k
logtnor = (N —3k)log2 — k — Nlog(l — —) + klog — + 2klog(1 — —)
’ N k N
+ (N — 2k) log(cosh(8B)). (D.36)
Dividing it by N,
1 3k k 2k k N 2k 2k
—logtyor = (1 — —)log2 — — —log(l — —) + = log — + — log(1 — —
v L8 I ( N)og N og( N)+N0g%+]\f og( N)
2k
+ (1 - N) log(cosh(8B)). (D.37)
% = € exists for € > 0.

Since 0 < k < N/2, for 3k € N such that the limit A}im
—00
Thus

1
lim N logtyar = (1 — 3€)log2 — € — log(1 — 2¢) + 2elog(1l — 2e¢)

N—oo

N
+ (1 — 2¢) log(cosh(8B)) + A}lm elog — — oc. (D.38)
€

—00

269






Appendix
E

Generalised Compounding

Mechanism

E.1 Generalised Compounding Mechanism

Case I:

e Mechanism:

e Numbers conservation:
ns +in; = n. (E.2)
o Recursive relation:
Qs(n+1) = sQ(n) + p; <n) Qg(n —1). (E.3)
7
e Degeneracy:
n .
D, (n;) = in; — 1)1 E.4
)= (1 )ine = 11, (E.4)
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where n!® is a multifactorial defined recursively as

1 —1<n<0
n@ =<, O<n<i . (E.5)

nx(n—i)9 n>ik

e Probability distribution:

Dn(”i)rz‘L i _ (ZZZ) (in; — 1)!(i)TiLTJ

f Y 7 R

such that r; is the ratio of abundance of stand-alone elements to the i-tet

compound.

e Normalisation constant:

[n/i]
ns+in;=n n; =0 v

e Large deviation probability:
P..(m;) o e Hei (i), (E.8)

for

- e( l_mi>i
H. (m;) = —m;lnm; — (1 —my;)In ———, (E.9)

i

where e is Euler constant, and

lim = = ¢, (E.10)
n—o0 M,
Case II:
e Mechanism:
(niy +niy + -4+ n, )A Ay + A, +--- + A, (E.11)

e Numbers conservation:

ng + Z n; = n. (E.12)

1€ AL
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Recursive relation:
Qs(n+ 1) = sQ4( —i—Zpl(,) (n —1). (E.13)

Degeneracy:

n .
(Miys - ) (’hm‘l, iaigs - s kThae, ng) L\I (in; — I, (E.14)
1EAL

where the factor on the right side of the equation is the multinomial coefficient.

Probability distribution:

Dy(iys o smig) [Liea, i
Po(niy,...,ni,) = e E.15
n( 119 ) Zk;) Cn(rh,”.jrik) ( )
Normalisation constant:
Cr(Tiyy ooy mi) = Z Dy (niyy ..o ng) H 7“2!' = (E.16)
n5+zieAk in;=n i€ A
Large deviation probability:
P(myy,....my €, .., €,) X e”g(mil""’m"kﬁl"“’e"k), (E.17)
for
. ( Xty )i
H(mil, Ce ,mik; Eipy o 7€ik) = —mil lnmil —Z 1 — Zmz :
=2 ti
(E.18)
where e is Euler constant, and
AT (E.19)

n—oo M

273






Appendix
F

Copyright Permissions

F.1 Figure (1.1)

This Agreement between Mr. Roozbeh Pazuki (”You”) and Elsevier (”Elsevier”)
consists of your license details and the terms and conditions provided by Elsevier
and Copyright Clearance Center. License Number: 5190771097333

License Number: 5190771097333
License date: Nov 16, 2021
Licensed Content Publisher: Elsevier

Licensed Content Publication: Toxicon

F.2 Figure (2.5)

This is a License Agreement between Roozbeh H. Pazuki (”User”) and Copyright
Clearance Center, Inc. (?CCC”) on behalf of the Rightsholder identified in the
order details below. The license consists of the order details, the CCC Terms and

Conditions below, and any Rightsholder Terms and Conditions which are included

275



Chapter F: Copyright Permissions

below.

All payments must be made in full to CCC in accordance with the CCC Terms and

Conditions below.

Order Date: 19-Nov-2021

Order License ID: 1162858-1

ISSN: 1751-8121

Type of Use: Republish in a thesis/dissertation
Publisher: IOP Publishing

Portion: Image/photo/illustration

F.3 Permission from publisher for [33]

This is a License Agreement between Roozbeh H. Pazuki (”User”) and Copyright
Clearance Center, Inc. ("CCC”) on behalf of the Rightsholder identified in the
order details below. The license consists of the order details, the CCC Terms and
Conditions below, and any Rightsholder Terms and Conditions which are included

below.

All payments must be made in full to CCC in accordance with the CCC Terms and

Conditions below.

Order Date: 01-Dec-2021

Order License ID: 1165327-1

ISSN: 1751-8121

Type of Use: Republish in a thesis/dissertation
Publisher: IOP Publishing

Portion: Page

276



F.4: Permission from co-authors for [33]

F.4 Permission from co-authors for [33]

Dear all,
I hope you are all fine, especially in this hectic Covid time.

I am using some of the results in our joint paper in my dissertation, and I wondered

whether I could have your approval for this matter.
Best wishes,

Roozbeh

e Jensen Henrik Jeldtoft: Hi Roozbeh,
Yes — that is certainly fine with me.

Best wishes,

Henrik

e Pruessner, Gunnar: Of course!
Cheers,
G

e Piergiulio Tempesta: Fine from my side!
Best wishes,

Piergiulio

277



	Introduction
	Emergence
	Emergence in State Space
	Example One: Larvae
	Example Two: Delivery Joint Venture
	Pairing Models: Introduction

	Additivity and Cartesian Product Spaces
	Parts of the Thesis

	Pairing Models
	Pairing Coins: A Simple Model
	The Pairing Coins State Space Volume

	Pairing Balls Model
	Finding s(N)
	B-model's 1(N)
	C-model's 2(N)

	Asymptotic Leading Terms
	Conclusion

	Probability Distributions of Pairing Models
	Binomial-like Distribution
	B-Model's Probability Distribution
	C-Model's Probability Distribution
	Finding pi and pij in Closed Form

	Large Deviation Estimates
	Large Deviation Principle Satisfied by Pn(np)
	Large Deviation Principle Satisfied by Pn(np, nu)
	The Limiting Case r/n 

	Statistical Properties of Distributions
	The closed form of Pn(np) moments
	The Asymptotic Form of the First Moment
	Other Moments
	The Asymptotic Form of the kth Moment
	A Relation Among First Moments with Different Sizes
	Probability Generating Function of Pn(np)

	Marginal Distributions
	B-model's marginal
	C-model's marginal

	Joint Probability Distributions
	Parameters' Maximum Likelihood Estimation
	MLE for the B-model
	MLE for the C-model
	The Asymptotics of rMLE and MLE
	MLE for P(mn)

	Bayesian Conjugate Prior
	Conjugate Prior for B-model
	Conjugate Prior for the C-model
	Finding n(, ) in closed form
	Finding the number of distinct roots of cn(r)

	Immigration Models
	Conclusion

	Pairing Models in Information Theory
	Information-theoretic Measures
	Ensemble Entropy
	Joint Entropy
	Mutual Information
	Non-extensive Entropies

	Pairing Time Series
	Introduction
	Enumerating admissible configurations
	Entropy for Infinite Alphabet
	Uniform Distribution
	Exponential distribution
	Power law
	Conclusion


	Pairing Models: Applications
	Standard Statistical Mechanics: Problem
	Introducing Energy Levels
	Micro-canonical Ensemble 
	Canonical Ensemble 

	Standard Statistical Mechanics: Remedy
	Standard Procedure
	A Solution

	Pairing Models Applications: Delivery Joint Venture

	Summary and Future Work
	Bibliography
	Pairing Models
	Recursive Relation: Solution 
	Recursive Relation: Second Method 
	Asymptotic Leading Term of s(N)
	Numerical investigation
	Approximating tN(k)
	Approximating the Summation 


	Probability Distributions
	Finding cn(r) from Generating Function Method 
	Finding the LDP Limit of Pn(np)
	Finding the LDP Limit of Pn(np, nu)
	Asymptotic Leading Term of cn()
	First Moment
	The operator [xddx]
	Finding d cn(r) / dr and d lncn(r) / dr
	Finding kth Moments in terms of Other First Moments
	The Asymptotic Form of the kth Moment
	Probability Generating Functions
	Finding Identities for cn(r)
	Even Numbers Identities
	Odd Numbers Identities

	Joint Probability Distributions
	Pn(X1, np)
	Pn(X1, X2, np)
	Pn(X1, …, Xk, np)

	Proving cn(r) Has n/2 Distinct Roots

	Information Theory
	Information Theory Measures 
	The entropy of the Binomial Distribution
	The entropy of the B-model's Probability Distribution
	The entropy of the C-model's Probability Distribution
	Derivative of the Entropy of the B-model

	Finding the Asymptotic of HC[Pn]
	Finding the Asymptotic of H[Pn(X1, …, Xk)]
	The Governing Recursive Relation of lncn(r) 
	Power Series Expansion for In(Sn-1, S1)
	Rényi Entropy
	Tsallis Entropy
	Finding the Shannon Entropy of Pairing Time Series
	Finding the Ratios of 2(L)

	Statistical Mechanics
	Finding the Microcanonical Maximum
	The Microcanonical Specific Entropy
	The Partition Function of 1-D Pairing Ising Model 
	Evaluating the Partition Function's Summand

	Generalised Compounding Mechanism
	Generalised Compounding Mechanism

	Copyright Permissions
	Figure (1.1)
	Figure (2.5)
	Permission from publisher for Jensen2018 
	Permission from co-authors for Jensen2018 


