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This paper presents a study of high speed boundary layers using the wavelet method. We analyse direct numerical sim-

ulation data for high-speed, compressible transitional and turbulent boundary layer flows using orthogonal anisotropic

wavelets. The wavelet-based method of extraction of coherent structures is applied to the flow vorticity field, decom-

posed into coherent and incoherent contributions using thresholding of the wavelet coefficients. We show that the

coherent part of the flow, enstrophy spectra, are close to the statistics of the total flow, and the energy of the incoherent,

noise-like background flow is equidistributed. Furthermore, we investigate the distribution of the incoherent vorticity

in the transition and turbulent regions and examine the correlation with the near-wall pressure fluctuations. The results

of our analysis suggest that the incoherent vorticity part is not a random ’noise’ and correlates to the actual noise em-

anating from inside the boundary layer. This could have implications regarding our understanding of the physics of

compressible boundary layers and the development of engineering models.

I. INTRODUCTION

The study is motivated by advancing the understanding of

the physics of transitional and turbulent boundary layers (BL)

and the relationship of different flow parameters. In particu-

lar, the study concerns the high-speed regime (Mach 6), the

role of incoherent vorticity and its relationship with pressure

fluctuations. The latter is responsible for the noise generated

inside the boundary layer and has implications in the acoustic

vibrations and, subsequently, acoustic fatigue. These issues

are exaggerated in extreme flow environments such as super-

sonic and hypersonic boundary flows.

Several experimental and numerical studies of high-speed,

turbulent boundary layers have been published1–12. The above

studies provide data that advance understanding of the flow

processes and guide the design of engineering models. Fur-

thermore, direct numerical simulations have shown that the

transition process in hypersonic boundary layers is highly ran-

dom due to higher modes’ existence. The random nature of

the hypersonic transition process explains its sensitivity to

changes in the disturbance environment that can significantly

change the transition process7. Most of the studies focused on

single-mode or ’controlled’ transition, but more recent studies

considered multimode perturbations, which comprise many

waves imitating the von Kármán atmospheric turbulence8,9,13.

Resolving all dynamically active flow scales requires a

high-resolution close to the wall. Other mathematical tools

complementary to DNS could also provide significant insight

into complex flow physics. It is well-known that turbulent
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flows are characterized by a range of spatial and temporal

scales, which involves many degrees of freedom interacting

nonlinearly. The coherent structures in time and space are

observed even at large Reynolds numbers and a random back-

ground flow. The computational challenge is that scales in-

crease drastically with Reynolds number. Therefore, detect-

ing and tracking energy-containing eddies to describe turbu-

lent flows with minimum degrees of freedom is essential for

studying fluid and acoustics dynamic processes.

Wavelets offer a framework for analyzing turbulent flows

based on the ability of wavelet multiresolution analysis to

identify and isolate the energetic coherent structures that gov-

ern the dynamics of the flow14. Wavelets are well-defined and

-localised in space and scale, and can be efficiently used for

multiscale decomposition14–21. The wavelet decomposition

of turbulent flows concentrates the most energetic coherent

structures in a few wavelet coefficients, while the incoherent

background flow is represented with the large majority of the

wavelet coefficients that keep a negligibly small intensity.

One of the developed methods is the coherent vortex ex-

traction (CVE) from turbulent flow16, which we present in the

next section. CVE is related to denoising signals in wavelet

space. Its main idea is to decompose the flow into coher-

ent (represented by a few wavelet coefficients) and incoher-

ent parts (noise) using wavelet filtering of the vorticity field.

The evolution of the coherent part of the flow is computed de-

terministically, whereas the influence of the incoherent back-

ground flow is modeled statistically. No model is needed for

coherent structures definition. Instead, the noise should be

modeled more trivial and is assumed to be additive, Gaussian

and white. The general properties of CVE were discussed in

the literature14,15. Wavelets are basis functions localized in

both physical and wave-number spaces. For comparison, the

classical Fourier transform is based on well-localized func-

tions in wave-number space. Still, it does not provide lo-

calization in physical space, leading to the lack of general

theory in the latter. The previous studies show that CVE
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can more efficiently extract the coherent structures than the

Fourier filtering14–19,21.

For wall-bounded flows, the situation becomes more com-

plex because no-slip boundary conditions have to be consid-

ered. Indeed, no-slip boundary conditions generate vortic-

ity due to the viscous flow interactions with the walls. In

the paper by Khujadze et al. 20 , an efficient algorithm to ex-

tract coherent vorticity was developed. A locally refined grid

was constructed using wavelets for incompressible turbulent

boundary layers with mirror boundary conditions. It was

shown that less than 1% of wavelet coefficients retain the co-

herent structures of the flow, while the majority of the coef-

ficients correspond to a structureless, noise-like background

flow. Furthermore, scale- and direction-dependent statistics

in wavelet space quantify the flow properties at different wall

distances.

This study uses wavelets to analyze recently-published,

high-fidelity data from transitional and turbulent BL at Mach

613. We present the coherent and incoherent parts of the flow

and enstrophy spectra across the transition and turbulent re-

gions. Furthermore, we discuss the distributions of the in-

coherent vorticity component and identify a correlation with

the near-wall pressure fluctuations. The results of this study

prompt further exploration of the relationship between inco-

herent vorticity and near-wall noise, which could advance un-

derstanding of high-speed, near-wall transition and turbulence

and guide the development of engineering models.

II. HIGH-RESOLUTION FLOW DATA

The data used in the present study were obtained from the

Direct Numerical Simulations (DNS) of Drikakis et al.13 They

concern a hypersonic flow over a flat plate at Mach 6, sub-

jected to von Kármán atmospheric perturbations at the inlet,

with a turbulence intensity of the freestream velocity equal to

1%. A detailed description of the method used in the DNS

can be found in the study by Kokkinakis et al. 22 and the flow

parameters in the paper by Drikakis et al. 13 . A reference

length of xl = 2 mm, calculated as the distance from the lead-

ing edge of the plate, has been used to non-dimensionalize the

data. The Reynolds number is Rexl
= 77,791. Similar to pre-

vious boundary layer studies in the Mach number range 4 to

610,12,23–27, the vibrational excitation and dissociation effects

of diatomic molecules that could lead to ionization, are ne-

glected. This is further justified as the maximum temperature

experienced by the fluid is well below the critical temperature

for oxygen dissociation (2500 K).

The DNS solved the full Navier-Stokes equations using a

finite volume Godunov-type method in conjunction with the

9th-order Weighted-Essentially-Non-Oscillatory (WENO)22.

The computational grid comprised of 4055×405×605 cells,

i.e., 989.2 million cells in total. The grid resolution gave

∆x+ = 2.25, ∆y+w = 0.16, and ∆z+ = 0.90, thus we expect

that the boundary layer is adequately resolved. Furthermore,

the maximum y+ value at the edge of the boundary layer was

∆y+e = 1.89, providing extra confidence in the accuracy of the

results. The DNS aimed to capture the smallest possible tur-

bulent scales and their associated acoustic loading near-wall

effects. The simulations had captured both transition and fully

turbulent flow regions, and further details on the results and

flow physics analysis can be found in the reference study of

Drikakis et al. 13 .

III. COHERENT VORTICITY EXTRACTION (CVE) USING
ORTHOGONAL WAVELETS

In this section, an outline of CVE method is given. The

underlying idea is to perform denoising of vorticity field,

ωωω(xxx) = ∇ ×VVV , in the wavelet coefficient space. We have

used Morkovin’s hypothesis28 to assess the applicability of

the wavelet method near the wall as it does not account

for compressibility effects. We found that the root-mean-

square fluctuations of the density near the plate are small

(maximum value around 0.07). Therefore, according to

Morkovin’s hypothesis - see also Bradshaw29 and cite Shyy

and Krishnamurty30 - the above level of density fluctuations

(i.e., less than 0.1) implies that the structure of turbulence

(at least near the wall) is "about the same" as that of incom-

pressible flows. Thus, we have employed the present wavelet

method based on the above conclusion. We believe that com-

pressibility and dilatational effects deserve further investiga-

tion beyond the scope of this paper. The vorticity field is given

on a grid (xi,yi,zi) for i, j,k = 0,N −1 with N = 23J . J is the

corresponding number of octaves, defining the scales from the

largest, lmax = 20, to the smallest one, lmin = 21−J . The de-

tails about the wavelets method can be found in the following

publications14,15,18,21,31,32.

The wavelet coefficients threshold is performed with the

optimal parameter ε to determine which coefficients belong

to the coherent and the incoherent contributions. The latter is

assumed to be Gaussian white noise. The threshold parameter

ε depends only on the total enstrophy Z = 1
2
〈ωωω ·ωωω〉xyz and the

total number of grid points N as follows: ε =
√

4Z lnN (the

choice of ε is based on Donoho’s theorem33). Note that ε has

no adjustable parameters. First, using Fast Wavelet Transform

(FWT), we compute Ω =
√

∑
3
ℓ=1,(ω̃

µ
j,ix,iy,iz

)2, where ω
µ
j,ix,iy,iz

are wavelet coefficients of vorticity. Then, we reconstruct

the coherent vorticity ωωωc from those wavelet coefficients for

which Ω > ε . The incoherent vorticity ωωω i is obtained from

the remaining weak wavelet coefficients. In the first itera-

tion, the thresholding parameter is defined from ε . Subse-

quently, a new threshold is determined using the incoherent

enstrophy computed from the weak wavelet coefficients in-

stead of the total enstrophy. Then, the thresholding is applied

once again, and improved estimators of the coherent and inco-

herent vorticities are obtained16. Due to the decomposition’s

orthogonality, the enstrophy and the threshold can be directly

computed in coefficient space using the Parseval’s relation.

At the end of the iterative procedure, we obtain the coherent

and incoherent vorticities reconstructed by Inverse Wavelet

Transform (IWT) in the physical space. Finally, we obtain

ωωω = ωωωc +ωωω i and, by construction, we also have Z = Zc +Zi.

The procedure is schematically presented in Figure 1. The
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FIG. 1. Schematic presentation of the principles of coherent vorticity extraction.

wavelet method of coherent vorticity extraction proposes a

minimal hypothesis: Coherent structures are not noise. Thus,

removing the noise from the flow field leads to extraction of

coherent structures.

The orthogonal wavelet decomposition requires that the

number of computational grid points in each coordinate di-

rection is a power of 2. Therefore, the nonuniform grid in the

wall-normal direction was interpolated on the uniform one,

and the results are shown in Figure 2. The top plot presents

the original ωx field, while the bottom one corresponds to the

same field, but interpolated on a uniform grid.

FIG. 2. Slices of ωx of the original and interpolated data are pre-

sented on the top and bottom plots, respectively.

Based on the calculation of the shape factor H, skin friction

C f and Stanton number St on the plate (see Figure 5 in13), we

split the domain into three regions: the laminar region up to

x = 11.5 (dimensionless); the transition region x ∈ 11.5−36.2
(dimensionless) corresponding to the sudden rise of C f and St

values, and the sudden drop of H; the fully turbulent region

x ∈ 36.2−50.0.

The entire transitional region was divided into five different

domains to study the statistical characteristics of the flow (Ta-

ble I). In the region x∈ 11.5−16.5 the energy contained in the

incoherent part of the vorticity is 0.001 of total energy for a

number of wavelet coefficient exceeding 99% of total number

of coefficients. A few wavelet coefficients contain almost the

entire enstrophy of the flow.

N Length ε Coeffcoh(%) Coeffinc(%) Energyinc

1 11.5−16.5 0.600 0.89 99.10 0.001

2 16.5−21.4 1.150 1.42 98.57 0.004

3 21.4−26.3 1.619 1.85 98.14 0.012

4 26.3−31.3 1.941 2.18 97.82 0.023

5 31.3−36.2 1.940 2.25 97.75 0.027

6 36.2−50 2.698 2.55 97.75 0.065

TABLE I. Statistics of the vorticity fields in the transition (segments

N = 1−5) and the turbulent region (segment N = 6).

Examining the different segments of the transition region,

we observe the energy contained by the incoherent part in-

creases while the wavelet coefficients that are necessary to re-

construct them decrease. The wavelet coefficients correspond-

ing to the coherent part of vorticity increase from 0.089% to

2.55% in the fully developed region of the flow. Thus, only

about 3% of wavelet coefficients are required to reconstruct

the coherent field, which retains more than 99% of the total

energy. The rest of the coefficients correspond to the inco-

herent part. The incoherent part of vorticity is structureless

and quasi-homogeneous with low amplitude. Although the

remaining majority of wavelet coefficients represent the inco-

herent flow, they retain a negligible amount of energy com-

pared to the total energy.

Figure 3 shows the results of CVE in the transition region

segment 11.5−16.5 (dimensionless). The entire field and the

coherent and incoherent components are presented using the

vorticity magnitude. Since the incoherent part is much weaker

than the total and coherent components, its iso-surface values

are 25 times smaller than the other two. For comparison, the

results of the wavelet decomposition of the transitional region

further downstream (x ∈ 16.5− 21.4) are shown in Figure 4.

The energy in this region is a little higher for the incoherent

part of vorticity than for the area upstream. Thus, for pre-

sentation purposes, we increased the values of the incoherent

field by a factor of two. In this case, it looks less organized

and structureless than the field in x ∈ 11.5−16.5 region.

In Figure 5 the wavelet analysis of the fully developed tur-

bulent region (x ∈ 42.6−50) is presented. The values of vor-

ticity magnitude shown on these plots are |ω|coh = 5.0 and

|ω|inc = 0.5 for the coherent and incoherent fields, respec-

tively. The statistical parameters for the turbulent region are

given in Table I. It is worth noting that the statistics of the

transitional regions 4 and 5 are in the range of the statistical

parameters of the turbulent region. The largest part of wavelet

coefficients represents the incoherent part of the flow, which

retains a negligible amount of energy 0.065% of the total en-

ergy.
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FIG. 3. Total, coherent and incoherent parts of vorticity fields (|ω|)
for the transition region x ∈ 11.5− 16.5 are presented (from top to

bottom). Iso-values for total and coherent parts are: |ω|coh = 5.0, for

incoherent part |ω|inc = 0.2.

The mean vorticity profiles ωz against the wall-normal co-

ordinate are shown in figure 6. The spanwise component of

the coherent and incoherent components and the total value

are averaged in spanwise and streamwise directions. The co-

herent part preserves the mean profile of spanwise vorticity,

while the incoherent component is negligible. Furthermore,

we have averaged the incoherent vorticity in the spanwise and

streamwise directions (figure 7). Only very close to the wall,

the spanwise component differs from zero with minimal am-

plitude (figure 7), while the other two components are zero.

In figures 8 and 9, the probability density functions (PDF)

are presented for the transitional and turbulent regions. In all

cases, the PDFs of the total and coherent parts are perfectly

superimposed, implying that the high order statistics are well

preserved by coherent part. Furthermore, we observe that the

vorticity PDFs of the coherent part is skewed in all directions.

In contrast, the PDFs of the incoherent parts are symmetric,

with significantly reduced variances than the total and coher-

ent PDFs. The above result is similar to the findings of Saku-

rai et al.21 who investigated the PDFs of vorticity for channel

flows. They found the coherent component’s PDF to be sig-

nificantly skewed. Here, we observe that the PDF of ωz is

FIG. 4. Total, coherent and incoherent parts of vorticity fields (|ω|)
for the transition region x ∈ 16.5− 21.4 are presented. Iso-values

for total and coherent parts are: |ω|coh = 5.0, for incoherent part

|ω|inc = 0.5.

more skewed than the PDF of ωx and ωy. This behavior is

associated with the dominant (streamwise) flow direction and

is similar to the transitional and turbulent regions.

Figure 10 shows the PDFs of the incoherent vorticity at dif-

ferent distances away from the wall. The PDFs nearly coin-

cide, thus indicating the homogeneity of the incoherent part

of vorticity magnitude.

IV. CORRELATION BETWEEN PRESSURE AND THE
INCOHERENT PART VORTICITY

Past research alluded that there may be a possible relation-

ship of the pressure and vorticity components34. However,

there is little research into the relationship between pressure

fluctuations and incoherent vorticity. For an incompressible

channel flow, Kim34 showed a similarity between the span-

wise pressure gradient and the streamwise vorticity at the wall.

However, he found that the same similarity did not occur for

the streamwise pressure gradient and spanwise vorticity. It

was (and still is) unclear what causes this behaviour.
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FIG. 5. Total, coherent and incoherent fields of vorticity magnitude

for the turbulent region x∈ 42.6−50. Isovalues for total and coherent

parts are: |ω |coh = 5.0, for incoherent part |ω|inc = 1.2.

ω
z

y

FIG. 6. Spanwise mean vorticity, ωz, for total, coherent and incoher-

ent parts of the flow field.

The wavelet analysis showed that the incoherent part of the

vorticity contains a minimal amount of energy compared to

the coherent domain. Moreover, it seems to be structure-

less. We know from Lighthill35 that the instantaneous pres-

sure gradient is related to the vorticity flux ∂ p/∂x = ∂ωz/∂y

and ∂ p/∂ z = ∂ωx/∂y. Because the streamwise and spanwise

ω
i,

in
c

y

FIG. 7. Incoherent parts of vorticity components averaged in span-

wise and streamwise directions in the turbulent region.

P
D

F
(ω

i)

ωi

FIG. 8. PDFs of coherent and incoherent parts of vorticity fields for

the transition region [21.4− 26.3], red, green and blue lines, corre-

spondingly.

vorticity components are convected (and diffused) from the

wall region, we expect that their incoherent part, regardless

of how small energy carries, will interact with the near-wall

low-velocity turbulence structures that are associated with the

near-wall pressure gradients. In the same vein, we speculate

that there might be a correlation between pressure fluctuations

and incoherent vorticity. Therefore, we present below an in-

vestigation. We have averaged the pressure and incoherent

vorticity signals in the spanwise direction. For example, we

show the results for y = 0.02, y+ = 3.6 in figures 11 and 12.

We covered part of the transitional and the entire turbulent

region for the wall-pressure and incoherent vorticity magni-

tude. Furthermore, we show the denoised incoherent part of

the vorticity magnitude using the MATLAB wavelet tool36.
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P
D

F
(ω

i)

ωi

FIG. 9. PDFs of total, coherent and incoherent parts of vorticity com-

ponents in turbulent region, red, green and blue lines, correspond-

ingly. The PDFs of total and coherent parts are collapsed.

Although there is no one-to-one correspondence between

pressure fluctuations and incoherent vorticity, the signal dis-

tributions show that some peaks occur in the same (or very

similar) positions and a downward slope of signal values in

approximately equivalent streamwise segments. For exam-

ple, increases and peak value positions occur around x ≈
37,38.5,45,46.5,48.5 in the turbulent region for both P and

|ω|i. The downward slope of the signal is also similar in the

transition region x ≈ 21 to 26. Therefore, to examine further

a potential correlation between the wall pressure fluctuation

signal and the incoherent vorticity magnitude, we calculated

the coefficient R, defined below, at different wall distances;

we used the MATLAB function corrcoe f 36:

R(P, |ω|) = 1

N −1

N

∑
i=1

(
Pi −µP

σP

)( |ω|i −µ|ω|
σ|ω|

)
, (1)

where µP,σP and µ|ω|,σ|ω| are mean and standard deviations

of pressure fluctuations and incoherent vorticity magnitude.

The results for R in the transition and turbulent regions 1 to 6

and at different positions from the wall are given in Table II.

The highest correlation between the wall-pressure fluctu-

ations and the vorticity magnitude is found in the transition

region x ∈ [21.5− 26.5]. The correlation coefficient in this

region is R = 0.58 at y+ = 3.96 distance from the wall. How-

ever, we see a correlation above 26% in all areas for y+ ≈ 4.

What do the above results mean? Our idea was highly spec-

ulative regarding a potential correlation of P and |ω|inc. Al-

though the results are not conclusive about the exact nature

of this relationship, they show some correlation. The correla-

tion indicates that the incoherent vorticity part carries physics

P
D

F
(ω

in
c
)

ωinc

FIG. 10. PDFs of incoherent part of vorticity in turbulent region for

the slices at different distance from the wall. The red, green and blue

lines correspond to y = 0.005, 0.01, 0.02. These values correspond

to a range of y+ = 1.89−3.77.

y y+max R

1 0.01 1.42 0.35

0.02 2.84 0.48

2 0.01 1.76 -0.005

0.02 3.53 0.15

3 0.01 2.01 0.41

0.02 4.01 0.58

4 0.01 2.03 0.12

0.02 4.06 0.38

5 0.01 1.98 0.10

0.02 4.06 0.35

6 0.005 1.90 0.2

0.02 3.77 0.26

TABLE II. Correlation coefficient for P and |ω |inc in different transi-

tional and turbulent regions. The reported y+ value is the maximum

value calculated in each region.

properties related to pressure fluctuation and, hence, to near-

wall acoustics. Furthermore, we speculate that the thermody-

namic properties of the wall would affect this relationship. Fi-

nally, we allude that if a further investigation proves the above

true, we could recover from the velocity field, the incoherent

vorticity, and the sound properties of the field. The above are

topics of our current and future research.

V. CONCLUSIONS

DNS data of turbulent compressible boundary layer flow

were analyzed using the CVE method. The flow has been de-
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FIG. 11. Transitional region: Pressure fluctuation (p) and incoherent vorticity magnitude (|ω|inc) averaged in the spanwise direction. For

the incoherent vorticity magnitude, we present the actual signal (red line) and the denoised signal (blue line). The results correspond to the

boundary layer position y = 0.02.
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FIG. 12. Turbulent region: Pressure fluctuation (p) and incoherent vorticity magnitude (|ω|inc) averaged in the spanwise direction. For the

incoherent vorticity magnitude, we present the actual signal (red line) and the denoised signal (blue line). The results correspond to the

boundary layer position y = 0.02.

composed into coherent and incoherent parts by thresholding

the wavelet coefficients with one scale in three spatial direc-

tions. We found that few wavelet coefficients are sufficient

to represent the flow’s coherent structures. Furthermore, the

coherent component carries most of the energy. The PDFs

of the vorticity components are skewed for the coherent part

(and total). Instead, the PDFs of the incoherent components

are symmetric for all vorticity components in both the transi-

tion and turbulent region.

The incoherent part of vorticity appears to be without an

apparent topological structure and low amplitude. However,

further analysis shows a correlation between the pressure fluc-

tuations and the incoherent vorticity. The highest correlation

is found in the transition region at y+ ≈ 4. Although further

studies are required to understand the nature of the incoher-

ent part, it appears that there is some correlation with the wall

pressure fluctuations. We aim to shed light on the above issue

by further analyzing shock/boundary-layer interaction data to
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examine if the above behavior is consistent in other types of

flow.
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