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ANALYTIC SOLUTIONS OF THE NAVIER-STOKES EQUATIONS

MARIA CARMELA LOMBARDO

We consider the time dependent incompressible Navier-Stokes equations on
an half plane. For analytic initial data, existence and uniqueness of the solution
are proved using the Abstract Cauchy-Kovalevskaya Theorem in Banach spaces.
The time interval of existence is proved to be independent of the viscosity.

1. Introduction.

Despite of both the clear-cut physical model adopted and the simplicity
of the resulting equations, up to date, there are many unanswered questions
related to the unstationary Navier-Stokes problem.

In the general three dimensional case only partial regularity results have
been asserted: globally in time, the existence of a weak L, solution is proved,
but the question of uniqueness is still open. On the other hand, existence
and uniqueness of a smooth solution is stated only locally in time, the size
of the time interval being determined by the data of the problem.

If one considers the L, norm of the velocity and its derivatives, it
is possible to show that, in the case of periodic boundary conditions, the
following inequality holds (see [1]):

1 d
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from which, with the aid of Holder’s inequality, one can derive:
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which degrades as v — 0. The question that naturally arises is: does the
time of existence of a regular solution tend to zero as the viscosity tends
to zero?

The question of regularity is, other than a mathematical problem, also a
philosophical one. A discontinuity in the solution would imply a macroscopic
change over a microscopic infinitesimal interval, which, in turn, would reveal
the presence of small scale structures in the flow. This would be in conflict
with the assumption under which the incompressible Navier-Stokes equations
are derived, namely interacting particles in a limit of infinite separation
of length and time scales between the microscopic and the macroscopic
phenomena.

In the rest of this paper we shall prove that, in a suitable Banach space
of analytic functions, a unique regular solution of the 3 - D Navier-Stokes
equations on an half space exists for a time which is independent of the
viscosity. We shall use an abstract formulation of the Cauchy-Kovalevskaya
Theorem which allows to estimate the nonlinear term through an iterative
procedure. In order to apply the above mentioned theorem without any loss
of regularity, the essential point is the use of the Cauchy estimates for the
derivatives of the analytic functions.

Our analysis will strictly follow Sammartino and Caflish ([4] and [5]).
In their papers the authors proved that the solution of the Navier-Stokes
equations with analytic initial data can be decomposed in the form of an
asymptotic series. The zero-order term is composed of the sum of an Euler
solution plus a Prandtl solution exponentially decaying outside the boundary
layer, while the norm of the correction term is showed to be of order /v
in a proper Banach space of analytic functions.

We generalize the results obtained therein. In fact we show that the
time of existence of a regular solution does not depend on the boundary
layer solution whereas in [4] and [5] the size of the domain of analyticity
was shrinking at each step of the asymptotic expansion.

The paper is organized as follows: in Section 2 we shall set the notation
and the functional spaces where existence and uniqueness will be proved. In
Section 3 we will state the Abstract Cauchy-Kovalevskaya Theorem (ACK)
in the form proposed by Safonov [3]. In Section [4] we shall introduce the
Navier-Stokes operator we will need to put the Navier-Stokes equations in a
suitable form for the application of the ACK theorem. Through the Navier-
Stokes operator the Navier-Stokes equations will be solved in Section 5 and
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the iterative procedure of the ACK theorem will be shown to converge to
a unique solution.

2. Statement of the problem and function spaces.

We shall deal with the incompressible Navier-Stokes equations in a 3 -
D half space for the velocity field u = (u, v}, ¥ and v being the components
of the velocity tangent and ortogonal to the boundary respectively. Namely:

2.1 du—vAu+u-Vu+Vp =0,
(2.2) V.-u=0,
(2.3) yu=20,
2.4) u(t = 0) = up,

where y is the trace operator defined as:
yu=(ulx,y=0,1),v(x,y=0,1))

and ug = (uy, Ug,) is the initial data. Primed quantities denote the tangential
components of a vector, while the subscript n denotes the normal component.
In the sequel we shall denote 6> =v and ¥ = y/e.

We shall also make use of the Fourier transform. Namely, given f(x)
we define its Fourier transform as:

———/dxf(x)e_""é’,

where the above integral is on the whole real line. We shall adopt the
convention of using &’ as the dual of x. Moreover if o (T)(¢’) is a function
of £ such that

Tf () = o (DEVf &)
where T is an operator acting on functions of one variable, then o(T) is

called the symbol of the pseudodifferential operator T'. If T acts on functions
of two (or more) variables,the definition is analogous.

As far as this chapter is concerned we shall always be dealing with
functions that are analytic in the two complex variables x and y.
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We first introduce the “strip” and the “conoid” in the complex plane.

(2.5) D(p) =R x (—=p, p) = {x € C:3x € (—p, p)}
T(@,a) ={y € C:0 <Ry <a and |Jy| < Rytanb}
(2.6) U{y € C:Ry > a and |Jy| < atanf}.

The functions will be L? in both the tangential and normal variable. Hence
we introduce the paths along which the L? integration is performed:

2.7 ') ={x € C:3x = b}
'@, a) ={y e C:0 <Ry <a and Iy = Rytanh'}
(2.8) U{y e C:Ry > a and Iy = atanf’}

In what follows the values of the angle 6 and the parameter / counting the
number of derivatives will always be restricted to
0<8 <m/4
4 <l

Let us now introduce the Banach spaces: we begin with the space of functions
which are analytic only in the x variable.

DEFINITION 2.1. H"? is the set of all complex functions f(x) such
that

1) f is analytic in D(p)
2) 3¢ f € LY I(Ix)) for Ix € (=p,p), a < I; ie if Ix is inside
(—p, p), then 3¢ f(Rx +ix) is a square integrable function of Rx

3) 1flp=9. sup [8ZFC+iI0) e <
a<l JIx€(=p.p)
In the above defined norm one has first to compute the usual L? norm,
performing the integration with respect to the real part of x and then one
takes the sup  with respect to the imaginary part of x.

Ixe(—p,p)
Notice that the above definition of the norm is equivalent to:
21172
(2.9) e =2 [ / ag’ e e f(€') ] :
k<l
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We now introduce the dependence on the time variable.

DEFINITION 2.2. Hg"ﬁ is the set of all complex functions f(x,t) such
that

1) 8/ f(x, 1) € L=([0, T, H"=* for j <I;

!
2) | flippr = Z sup 18/ £y, Dli—jp—pr < 00.

j=0 0<t<T
Let us now introduce the dependence on the normal variable. Since we

want the time of existence of the solution to be independent of the viscosity,
we define a rescaled normal variable Y = 1/¢.

DEFINITION 2.3. L!"## is the set of all functions f(x,Y) such that
1) f is analytic inside D(p) x Y (0, a/¢€)
2) 2 f(x,Y) € LAT(@,a/e); HOP) with 16| < 8,y < 2,01 +

o< land ay <1 -2 when o) > 0

3) 1flpe =Y sup 11132 FC. Vool 2 asen
a<l 1671<6

+ Z Z sup [ [8y'832 £ (o Yool L2(r @ .aseyy < O°-
O<a)<2 O<ay<!-2 16'|<86

DEFINITION 2.4. The space L:% is the set of functions f(x,Y,t) such
P B.T
that

1) f eCo(0, T], L"*%) and 8,8% f € C°([0, T), L) with o <1 -2

2) \flipapr= D, D sup [3/32fC.Dloppro—p
0<j<l a<i—2j 0=t=<T

+ Z Z sup |3;‘,’13;"2f(., o, p—pr.a—pr < 0.
O<a) <2 ap<i—2 0=<t=T

Finally we recall the following Sobolev inequality, which will be useful in
the sequel.

PROPOSITION 2.1. Let f,g € L%’ and | > 4. Then f - g € L%,

and

If - 8lip.o.8T < clflipepT|8lipe.8T-
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The main result of this paper is the following theorem.

THEOREM 2.1. Suppose that uy € Lt | >4 with V -ug =0 and
yug = 0. Then there exist p,B,60,T such that 0 < p < pp, 0 < 6 <

8, 0 < B, 0 < T, such that the Navier-Stokes equations Egs. (2.1) - (2.4)

admit a unique solution u € L;‘pr'a. This solution satisfies the following

bound in Lfg"p T,e :

lal; o087 < clUolr p.6-

3. The Abstract Cauchy-Kovalevskaya Theorem.

In order to prove existence and uniqueness for the Navier-Stokes equa-
tions we are going to use an abstract version of the Cauchy-Kovalevskaya
Theorem formulated in Banach spaces. We shall refer to the version pro-
posed by Safonov [3].

We first define a Banach scale {X,:0 < p < pp} with norms | [, as
a family of Banach spaces such that X, C X,» and | [,» <| |, when

p" < p" < po.
For ¢ in [0, T'], consider the equation

4
(3.1) u(t) =ug +f F(r,u(r))dr.
0
The following Theorem holds.

THEOREM 3.1. (ACK)

Let us assume that 3R > 0, py > 0, and By > 0 such that if
0 <t < po/Po, the following hold:

1) YO < p’ < p < po the function
F(t,u):{u e X,:lul, < R} x [0, po/Bo]l = Xy
IS continuous.

2) YO < p < po and t € [0, po/Bol, the function F(t,0) is continuous in
[0, po/Bol and satisfies, with a fixed constant K, the following bound:

(3.2) |7, 0)p < K.
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3) Y0 < p' < p”" < po,t € [0,po/Bo]l and Vu',u® € X, with
lu'l,» < R, u?,r <R

lu' — u?|

"o__ 0

s
p
I3

(3.3) |F(t,u') — F(t,ud)|,y < C

Then for any positive pg, R, C and K there is a positive constant g
such that, under the above assumptions, 3 > Bo such that Eq. (3.1)
has a unique continuously differentiable solution u(t) with

u(t) € {u e X, lu@®), <R} foralltel0,(oo—p)/B).

4. The Pseudodifferential Operators.

In this section we shall introduce the operators we need in order to
put the Navier-Stokes equations in a suitable form for the application of
the ACK theorem.

4.1. The Inverse Heat Operator.

In order to apply the ACK theorem to Egs. (2.1) - (2.4) one has first
to invert the diffusion operator (8, —&2d,, — dyy) through the inverse heat
operator E*. The operator E* solves the following system:

(al - 828xx - aYY)E*u = u(xv Yv t)v
4.1 E*u(x,Y,t=0) = ¢,
YE*u = 0,

Using the explicit expression of E*u, one can prove the following
Propositions (see for examlpe [2]).

PROPOSITION 4.1. Let u € Ly%’. Then E*u € L%’ and

|E*ul;po.p1 < clttlipe.p.7-
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4:2. The Projected Heat Operator.

We now introduce the divergenceé-free projection operator P*. It is the
pseudodifferential operator whose symbol is (we shall omit the distinction
between the operator and its symbol):

o_ Y & -t
4.2) P™ = g26'2 4 £2 (—8&”;’,. 825,2)’

where &' and £, denote the Fourier variables corresponding to x and Y
respectively. The operator P®° can be through as

P®=1-VATlv.
and has the property of being divergence-free, i.e.

V. P®u=0.

It is possible to give an explicit expression of P which avoids
Fourier transform in y. One first extends u« oddly to ¥ <0, i.e.

u(x,Y)=-u(x,—-Y) when Y <0;

and restricts the result of the application of P to ¥ > O for application
of the norm. The expression one gets for P> are:
1 Y Ny —y’ ey’
PPu=—clt'| UO dy’ (et HI0=Y _ el 10 (N 4 u?)
4.3)

+ [T ay (efli"” YV N'u! 4 u?) — 1T N 4 uz))] ’
Y

; 1 Y ne ’ ’ 1
POO u =ul _ Eels,l [/dyl(e—le (Y-yY" _ 6—815 WY+Y ))(ul + N/uZ)
(4.4) 0
+ /“OiOY, (eBIE'I(Y—Y')(ul _ N/uZ) _ ee]$'|(—Y—Y')(ul + N/uZ))] )
Y

Using the above expressions, the following estimate is easily proved.

PROPOSITION 4.2. Let u € L"?% with yu = 0. Then P®u € L"*?
and

[P0 < cluli .
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We finally introduce the projected heat operator A, acting on vectorial
functions, defined as

4.5) No = PPE*.

P> commutes with the heat operator (0, — dyy — €29,,). It then follows
that for each u such that yu =0

(4.6) V- Nopu =0,
4.7 (3 — dyy — €23:x)Nou = P®u.
Using the estimates given for P and E*, one can prove the following:

PROPOSITION 4.3. Suppose u € Ly, Then Nou € L;%° and

INouls p6.87 < cluli o8,

4.3. The Navier-Stokes Operator.

In order to invert the Navier-Stokes equations we first introduce the
Stokes operator S. It solves the linearized Navier-Stokes equations in the
half space y > 0 with initial condition uo and boundary data g, namely:

(4.8) (3, — vA)S(g, ug) + Vp =0,
4.9) V. S(g, up) =0,
(4.10) yS(g, wo) = g(x, 1),
(4.11) S(g, up)(x, y, 1 =0) = uo.

The Stokes problem Egs. (4.8)-(4.11) can be explicitly solved following
the same line as in [6], where the case of non-zero initial data is also
considered. Using such an explicit form of the operator S, one can prove
the following estimate.

PROPOSITION 4.4. Suppose that uy € L"?? with V -ug = 0. Moreover
let g € Hﬂly';’, with g(t = 0) = yuy and such that the normal component
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is of the form

(4.12) &n = IS’I/O dY'f&, Y, 0k, Y),

o0

with |€'| / dY'lk@&' Y <1 and f € Lg{;". Then S(g,ug) € Lj;f’,"’,
0

and

1S(g, uo)lr.p.08.7 < c(€'lip.p1+ 1 flipepr + 0l1p6-

Remark. Notice that it is not possible to give an estimate of the
L? norm in Y for a general class of boundary data. Nevertheless the
conditions required by Proposition (4.6) will be satisfied by the solution
to the Navier-Stokes equation.

The final step of the procedure is to introduce the Navier-Stokes
operator N'*

(4.13) N*(w, ug) = Nogw — S(y Now, 0) + S(0, ug),

which inverts the following Stokes equations:

(4.14) (8 — €25y — dyy)N*(W, ) + Vp = w,
(4.15) V - N*(w,ug) =0,
(4.16) yN*(w,up) =0,
(4.17) N*(w, ug)(x, y, t —0) = up.

With the aid of Proposition 4.3 and 4.4 one can easily prove the following.
PROPOSITION 4.5. Let w € L%’ and ug € L' with yuo =0 and
B.T
V -uy=0. Then N*(w, ) € L;,’f’r'o and

IN* (W, uo)li,p.0817 < c(IWl 68,7 + W0l1,5.60)-

Proof. We only have to prove that the normal component of the
boundary data yAj is of the form (4.12) required by Proposition 4.4.
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This is easily checked by a straightforward calculation using the explicit
expression of P> given by Eq. (4.3).

5. The Main Result.

In this section we shall prove the existence and uniqueness of the
solution to the Navier-Stokes equations as stated in Theorem 2.1.

With the aid of the operators introduced in the previous section, one
can put the Navier-Stokes equations, Eqs. (2.1)-(2.4), in the form:

(5.18) u=AN*"(u-Vu,u),

as required by the ACK theorem. We have to verify that the hypotheses
1., 2. and 3. of the Theorem 3.1 are satisfied by the operator N*. The
hypotheses 1. and 2. are trivial.

As far as 3. is concerned we observe that we have to deal with the
estimate of the nonlinear term, which also involves the derivatives of the
velocity. We hence state the following Lemmas (Cauchy estimates).

LEMMA 5.1. Let f(x,Y) € L'**. Thenfor0 < p' < pand0 <6’ <@

lfll,p,é)
p—p

laxflf.p’,ﬁ <c

| fli,p.6
|x(¥)y fliper <c 5 ”6, :

In the above Proposition the Y - derivative has to be multiplied by
x(Y), which is a monotone, bounded function going to zero linearly fast
near the origin, because of the conoidal shape of the domain.

Using the Sobolev inequality, Proposition 2.1 we can prove the
following Lemmas:

LEMMA 5.2. Let f(x,Y) and g(x,Y) be in L'*?. Then for 0 < p’ < p

[ flip0
180y flipr0 < clglip o 2
p—p
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LEMMA 53. Let f(x,Y) and g(x,Y) be in LA with g(x, Y =
0)=0. Then for 0 <6’ <6

[flip.6
-6

180y fl1.p.00 < Ciglip.er

With the aid of the above Lemmas, the nonlinear part is easily bounded
as stated by the following Proposition.

PROPOSITION 5.1. Suppose u' and u? are in Lfé""r‘g wxith y,w' =
v,W>=0. Then for 0 <p' <p and 0 <6’ <86

] 2 1 2
u —u e u —u
' Vul —u? . V| <c [ | p.8 | 0.6

p—p 6—06

where the constant ¢ depends only on |u') ,ep 1 and W%, ap1-
This concudes the proof of the Theorem 2.1.

6. Concluding Remarks.

In this paper we have considered the incompressible Navier-Stokes
equations on an half space. Assuming analiticity of the initial data, we
have proved that a unique regular solution exists for a time which is
independent of the viscosity. Moreover, since the result has been obtained
through a direct study of the Navier-Stokes equations, it clarifies how the
time of existence of a regular solution does not depend on the boundary
layer solution.

We stress the fact that the properties of the analytic functions (especial-
ly the Cauchy estimates), play an essential role in the proof. No analogous
result, in the realm of Sobolev space, up to date is known.
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