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1. INTRODUCTION AND PRELIMINARIES

Nadler [21I] established a fundamental theorem that combines the ideas of multivalued
mapping and contractive condition as follows.

Theorem 1.1. Let (X,d) be a complete metric space and let T : X — CB(X) be a
multivalued mapping satisfying the contractive condition
H(Tx,Ty) < kd(x,y), (1.1)

for all z,y € X, where k is a constant such that k € (0,1) and CB(X) denotes the family
of mon-empty closed and bounded subsets of X. Then T has a fixed point, that is, there
exists a point x* € X such that x* € Tx*.

This result was successfully extended and applied by many authors [6] [7, [T, [14] [15]
18] in various abstract spaces. Here, we consider the notion of partial metric space.
Precisely, Matthews [I9] introduced the concept of partial metric as a part of the study
of denotational semantics of dataflow networks. Then, the partial metric space became
an useful setting to get generalizations of fixed point theorems [11 [4, [SHI0, 22| 24l 25| 28].

Recently, Aydi et al. [5] introduced the concept of partial Hausdorff metric and ex-
tended the Nadler’s fixed point theorem to such spaces. Some interesting contributions
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on multivalued mappings in partial metric spaces can be found in [2 12 26]. Finally,
we point out that some authors [I3], 17, 27] showed that a lot of fixed point theorems in
partial metric spaces can be directly reduced to their metric counterparts.

Let RT be the set of all non-negative real numbers and N the set of all positive integers.
Mizoguchi and Takahashi [20] introduced one of the most interesting contractive condi-
tion in the classical setting of metric spaces. Then, Mizoguchi and Takahashi proved a
generalization of Nadler’s fixed point theorem, by changing the constant & € (0,1) in
with a function ¢ : RT — [0,1) such that

limsup p(r) < 1

r—tt
for all t € RT. We refer to the following fixed point theorem.
Theorem 1.2. Let (X,d) be a complete metric space and T : X — CB(X) be a
multivalued mapping. Assume that there exists a function ¢ : [0,+00) — [0,1), with
limsup,_,,+ ¢(r) < 1 for all t € [0,+00), such that
H(Tz,Ty) < e(d(z,y))d(z, y),

forall x,y € X, with x #y. Then T has a fized point.

Very recently, Javahernia et al. [16] used the following definition to generalize Mizoguchi-

Takahashi’s theorem to establishing the existence of a common fixed point of two multi-
valued mappings in the setting of metric spaces.

Definition 1.3. A function ¥ : RT™ x RT — R is a generalized Mizoguchi-Takahashi type
function (for short, GMT-function) if the following conditions hold:
(91) 0 < ¥(t,s) <1forallt,s > 0;
(92) for every bounded sequence {t,} C (0,+0c0) and every non-increasing sequence
{sn} C (0,400), one has

lim sup 9(t,,, sn) < 1.

n——+00

We denote by GMT\(R) the class of functions satisfying Definition
Example 1.4 (See [16]). Let ¥ : RT x Rt — R be the function defined by

t .
m lf 1 < t < S,
I(t,s) =
1
M otherwise.
s+9

o —

Then, ¥ € GMT(R).
Moreover, Javahernia et al. [16] proved the following theorem.

Theorem 1.5. Let (X,d) be a complete metric space and let T, S : X — CB(X) and
suppose there exists ¥ € G]\jT\(R) such that

H(Tx, Sy) < 9(H(Tx,Sy), Mr,s(x,y))Mr,s(z,y))
for all x,y € X, where

Mrs(x,y) = max {d(x, y), d(z, Tx),d(y, Sy), d(z, 5y) +d(y, Tz) } .

2
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Then T,S have a common fized point, that is, there exists a point x* € X such that
z* € Tx* and x* € Sx*.

In this paper, we investigate the possibility to extend this theorem to the setting of
partial metric spaces. Precisely, we give some common fixed point results for multivalued
mappings in the setting of complete partial metric spaces. Our results extend and com-
plement analogous results in the existing literature on metric and partial metric spaces.
Finally, we provide an example to illustrate the new theory.

2. PARTIAL METRIC
We collect some definitions and results on partial metrics and partial metric spaces.

Definition 2.1 ([19]). A partial metric on a non-empty set X is a function p : X x X —
R+ such that, for all z,y,z € X, the following conditions are satisfied:

(p1) @ =y < p(z,z) = p(z,y) = p(y,y);

(p2) p(z,z) < p(z,y);

(p3) p(x,y) = p(y, ©);

(p4) p(z,y) < p(z,2) +p(2,y) —p(z, 2).
Then, a non-empty set X equipped with a partial metric p is called a partial metric space.

If p(x,y) = 0, then (pl) and (p2) imply that 2 = y, but the converse does not hold
true always. Each partial metric p on X generates a Ty topology 7, on X which has as a
base the family of the open balls {B,(z,¢) : « € X,e > 0} where

By(z,e) ={y € X : p(z,y) <p(z,z) +}
for all z € X and € > 0.

Definition 2.2 ([3,[19]). Let (X,p) be a partial metric space. Then a sequence {x,} is
called:
(i) convergent, with respect to 7y,, if there exists some z in X such that p(z,z) =
lim p(z,x,);
n—-+oo

(ii) Cauchy sequence if there exists (and is finite) lim  p(x,, ;).
n,m——+oo

A partial metric space (X, p) is said to be complete if every Cauchy sequence {z,} in

X converges, with respect to ,, to a point € X such that p(z,z) = hm+ P(Th, Trn).
n,m—

Let CBP(X) be the collection of all non-empty closed and bounded subsets of X with
respect to the partial metric p. Consistent with Aydi et al. [5], closedness is taken from
(X,7p). Moreover, boundedness is given as follows: A is a bounded subset in (X,p)
if there exist zp € X and M > 0 such that for all @ € A, we have a € By(zo, M),
that is, p(xg,a) < p(xo,x0) + M. Then, for A,B € CBP(X), € X, the functions
8, : OBP(X)x CBP(X) — R" and Hp, : CBP(X) x CBP(X) — R" are defined as follows

p(z, A) = inf{p(z,a) : a € A}, p(A, B) = inf{p(z,y) : z € A,y € B},
0p(A, B) =sup{p(a,B) :a € A}, 0,(B,A)=sup{p(b,A):be B}
and

H,(A, B) = max{3,(A, B),6,(B, A)}.

Proposition 2.3 ([B]). Let (X,p) be a partial metric space. For all A, B,C € CBP(X),
we have the following:
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(i) 0p(A, A) = sup{p(a,a) : a € A};
(111) 6,(A, B) = 0 implies that A C B;
(iv) 6,4, B) < 6,(A,C) +6,(C, B) ~ inf p(c, ).

Proposition 2.4 ([5]). Let (X,p) be a partial metric space. For all A, B,C € CBP(X),
we have the following:

(h1) H,(A,A) < H,(A, B);
(h2) H,(A,B) = H,(B, A);
(h‘?) H;D(AvB) ( ) + H, (OﬂB) - iggp(ca C);
(h4) Hy(A,B)=0= A=B.
The mapping H, : CBP(X) x CBP(X) — R is called the partial Hausdorff metric
induced by p. Every Hausdorff metric is a partial Hausdorff metric but the converse is

not true, see Example 2.6 in [5].
In the proofs of our theorems, we will use the following two lemmas.

Lemma 2.5 ([3]). Let (X, p) be a partial metric space and A any non-empty set in (X, p),
then

teld = p(a,A) = p(a,a),

where A denotes the closure of A with respect to the partial metric p. Notice that A is
closed in (X, p) if and only if A =

Lemma 2.6 ([5]). Let (X,p) be a partial metric space, A, B € CBP(X) and h > 1, then
for any a € A, there exists b(a) € B such that p(a,b(a)) < hH,(A, B).

Thus, we have the following partial metric version of Nadler’s fixed point theorem.

Theorem 2.7 ([5]). Let (X,p) be a partial metric space. If T : X — CBP(X) is a
multivalued mapping such that for all x,y € X, we have H,(Tx,Ty) < kp(z,y), where
k € (0,1), then T has a fized point, that is, there exists a point u € X such that u € Tu.

Finally, we recall the following lemma; see [23].

Lemma 2.8. Let (X,p) be a partial metric space and T : X — CBP(X) a multivalued
mapping. If {x,} C X is a sequence, x,, — u and p(u,u) =0, then

ngrfoop(wn7 Tu) = p(u, Tu).

3. MAIN RESULTS
According to [I6] and [20], we introduce the contractive conditions considered in this
paper.

Definition 3.1. Let (X, p) be a partial metric space. Two multivalued mappings 7', .S :
X — CBP(X) are a pair of generalized Mizoguchi-Takahashi type contractions (for short,

CGMT-contraction) if there exists a function 9 € GJ\?YTR) such that

Hy(Tz, Sy) < 9(Hy(Tz, Sy), p(x,y))p(z,y), (3.1)
for all z,y € X.
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Definition 3.2. Let (X, p) be a partial metric space. Two multivalued mappings T, S :
X — CBP(X) are a pair of generalized weaker Mizoguchi-Takahashi type contractions

(for short, CWGMT-contraction) if there exists a function ¥ € GWR) such that
Hy(Tx, Sy) < I(Hy(Tx, Sy), Mr,s(x,y)) Mr,s(2,y), (3.2)
for all z,y € X, where

My s(x,y) ;== max {p(x, y),p(z, Tz), p(y, Sy), p(z, Sy) ;P(y, Tx) } .

Now, we state and prove our first result.

Theorem 3.3. Let (X,p) be a complete partial metric space and T, S : X — CBP(X) be
two multivalued mappings. Assume that there exists a function 9 € GMT(R) such that
the pair (T, S) is a CGMT-contraction. Then, the pair (T,S) has a common fized point.

Proof. Let g € X be an arbitrary point and z7 € Sz,. Consequently, p(z1,21) =
p(x1,Sx), by Lemma

Since Txz1 # 0, then we can choose xo € Tz (clearly, p(z2, Tx1) = p(z2,x2)).
Firstly, we assume x1 = x5. Then, by definition of partial metric, we have
p(z1,Tx1) = p(x1,21) < p(x1, S71) = p(T2, ST2).

If p(xe, Sze) = 0, then o9 € Sxo, that is x9 is a common fixed point of the pair (T),5).
Also, if H,(T'z1,Sz1) =0, then T'zq = Sz; and so z; is a common fixed point of the pair
(T,5S).
Thus, we suppose Hy,(Tx1,Sz2) # 0 and p(z2, Sz2) # 0. Now, by using the contractive
condition (3.1]), we get

Hy(Tzy, Swo) < I(Hp(Txy, Sx2), p(21,72))p(71, T2),
and hence, by property (1), we have

p(x1, x2) = p(x2, x2) < p(x2, Sx2) < Hp(T'x1, Sx2) < P21, 22),

that is a contradiction.
Now, we assume x1 # x2, Hp(Tx1,Sx2) > 0 and p(xy,22) > 0. Let

1
VO, (T, Ses), plan, 72))
so that, by Lemma there exists x3 € Sxzo such that

p(.Ig, 1‘3) S thp(Txl, Sl‘g)
By using the contractive condition (3.1)), we get
U(Hy(Tx1, Sv2), p(21, 72))p(T1, T2)
\/ﬁ(HP(Txlﬂst)vp(xlvl'Q))
= \/ﬂ(Hp(Tﬂ«“l,sz),p(xl,@))p(l“hm)-
Choose x4 € Txs with p(xs,24) > 0 and Hy(T'x3, Sxsa) > 0. Then, put
1

hy = > 1.
\/ﬂ(HP(Tm?n S.T4),p(.173, .274))

h1 >1

p(r2,23) <
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Again, by Lemma [2.6] there exists x5 € Sz4 such that
p(ra,x5) < hoH,y(T'xs, Sxa).
By using the contractive condition , we have
V(Hp(Txs, Sxa), p(x3, 24))p(23, T4)
\/19 (T3, S24),p(x3,24))

= \/19 (T3, Sx4), p(x3, 4))p(23, T4).
By induction, let xop_1,xok, Tog+1 € X such that xop € Taop_1, Topr1 € Swog,
p(Tor—1,%2k) > 0 and Hp(Twop—1, Sxar) > 0 with
Hy,(Txor—1, Sxar)
VO(Hy(Txog—1, Swor), p(Tor—1, Tor))
Then, letting xor12 € T2og41 with p(zop41, Tort2) > 0, Hp(TTox41, STart2) > 0 and
1
k+1 —
VOHy(T2k41, STort2), P(T2k41, Tar42))
there exists xag13 € Sxak42 such that

p($4,$5) S

P(Tok, Tok+1) <

> 1,

P(Tokt2; Tok+3) < hpp1Hp(Txok41, STokt2).
By using the contractive condition (3.1)) we get

P(T2k42, T2k43) \/19 (T Tok11, STopt2), P(Takt1, Takt2))P(Tokt1, Tort2)-

Thus, by induction, we construct a sequence {za,+1} in X such that, for all n € N,
Zon € Txon_1, Tant1 € STapn, Hy(Txon_1,ST2,) > 0 and p(xon—1, T2,) > 0 with
Hy(Tx2n-1,S%2n)
\/19 p(Txon—1,5T2,), p(acgn_l,xgn)).
By using the contractive condition we obtain

p($2n, $2n+1

D(Zan, Tant1) < \/19 p(Tx2n—1,5%2), P(Tan—1, T2n))P(T2n—1, T2n)

for all n € N. A similar reasoning, by interchanging the roles of S and T, shows that
there exists xo,+2 € Txap41 such that

P($2n+17 5E2n+2 \/19 T$2n+1, S$2n) P($2n, $2n+1))P($2n, $2n+1)-

It follows that, for all n € N,

p(z2n7x2n+l \/19 Tan 1asx2n)ap(z2n 1ax2n))p(z2n—1ax2n)

and

P(T2ng1, Tanya) < \/19 p(TTons1, STon), P(T2n, Tont1))P(T2n, Tanyi1)-
Thus, {p(Zn, Tn-1) tnen is a strictly decreasing sequence. Therefore, we get

nEI—&r-l p(xnaanrl) = rlLIElfI%Ip(xn, In+1) =A2>0.

On the other hand, it is easy to show that {H,(Tz2n,—1,5%2,)}nen is a bounded
sequence. In fact, by hypothesis, we have

H,(Txon_1,Sx2,) <V Hp(Tx2n—1,5%2n), D(T2n—1, T2n))P(Ton—1, Tan)-
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Now, since
V(Hp(Txon—1,5T2n), p(Ton—1,T2n) < 1
then
Hy(Tzon—1,572n) < p(T2n—1,T2n),
and hence the sequence {Hp(Txgn,l,ngn)}neN is bounded. Similarly, the sequence
{H,(Tx2n41,S%2n) tnen is bounded. By the property (¥2),

lim sup ﬂ(Hp(Tan—la Sx2n)ap(z2n—1a xQn)) <1l

n—-+o0o

Next, we show that A = 0.
From

P(Tan, Tant1) < \/ﬂ(Hp(Tl“zn—hS$2n),p(l‘2n—1,xzn))p($2n—17x2n),

taking the upper limit, we get the contradiction

A< \/limsupﬁ(Hp(TxQn,l, Sxon), p(Tan—1,T2n)) A < A

We show that the sequence {z,} is Cauchy in X.
Put

Han—1 = \/19(Hp(Tx2n71u S$2n)7p(932n—1,$2n))

and

pizn = O (T, S20). 2041, 220)).

Clearly, pu, € (0,1) for all n € N. Since limsup,,_,. pn < 1, we deduce that there exist
t €10,1) and ng € N such that u, <t for all n € N, n > ny. Consequently, we write

P(T2n, Tang1) < pon—1P(T2n—1,T2n)
and
P(T2n+2, T2nt1) < Honp(T2nt1, T2n).
Therefore, we have
P(Ton, T2nt1) < E"p(2, xa)
and

S t2n7n0+1

p($2n+2,$2n+1) p(l’l,ﬂﬁz).

Also, for all m > n > ng, we have

m
p(z2i, T2i1) + Z p(@2i, T2i-1)

-

P(Zon, Tam1)

1=n i=n+1
m m

< Zth—nop(xl, 1‘2) + Z t21_n0+1p(a:1,x2).
i=n i=n—+1

It follows that

lim sup p(z2n, am+1) = 0
n——+00

and hence the sequence {x,} is Cauchy. Since (X, p) is complete, then the sequence {z,,}
converges to a point * € X such that

lim p(z*, z,) =p(z*, ") = 0.

n—-+oo
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Finally, we have to show that z* € Tz*, that is p(x*, T2*) = 0. From

p(x*, Tx") (", 22n41) + D(T2n41, TT™)

(x*, xant1) + Hp(Tx", Szap)
($*7$2n+1) ( (Tx Sra,), (x*,xgn))p(x*,ajgn)
( )

¥, Tony1) + p(T", T2n),

(VAN VAN VAR VAN
BRI

for n to infinity, we get

p(z*, Tx*) <2p(z*,z*) = 0.
Clearly p(z*,Tz*) > 0 and so

p(z*, Tz*) = p(z*,2*) = 0.

By Lemma 2.5 we deduce that z* € Tz*.
By repeating the same reasoning for the multivalued mapping S, we get z* € Sx*. We
conclude that z* is a common fixed point of the pair (T, S).

|

Now, we state and prove a common fixed point theorem for a CWGMT-contraction.

Theorem 3.4. Let (X,p) be a partial metric space and T,S : X — CBP(X) be two

multivalued mappings. Assume that there exists a function 9 € G]\/iT\(R) such that the
pair (T,S) is a CWGMT-contraction. Then, the pair (T,S) has a common fized point.

Proof. Let g € X be an arbitrary point and z7 € Szy. Consequently, p(z1,21) =

p(z1, Sxg), by Lemma
Since T'x1 # 0, then we can choose x5 € Tx1 (clearly, p(z2, Tz1) = p(x2,x2)). Firstly, we
assume r1 = 2. Then

Mr s(xq, x2)

= max {P(ﬂﬁl,362),]3(1171,T$1),p(172,5332)7 5

p(z1,Sx1) +p($1,Tﬂ71)}
2

p(x1, Sz2) +P(I2,T9€1)}

= max {p(xl,ml),p(:vl,Txl),p(xl, Sw),
< max {p(x1,Tx1),p(x2, Sxa)}.
By the definition of partial metric, we have
p(z1,Tx1) = p(x1,21) < p(a1, S71) = p(w2, S72)
and hence

max{p(z1,Tz1), p(x2, Sx2)} = p(x2, Sx2).

If p(za,Sxo) = 0, then x5 € Sxo, that is x5 is a common fixed point of the pair (T, S5).
Also, if H,(Tx1,Sz2) =0, then Txq = Szo. In fact, we have

0= H,(Tz1,Sx2) = max{0,(Tx1, Sx2),,(Sz2, Tx1)}

implies 0,(Tx1,Sz2) = 0 and §,(Sze, Tx1) = 0, that is Txq C Szo and Sze C Ta;.
Thus, we deduce x5 € Tx1 = Txo = Sxo, that is x5 is a common fixed point of the pair
(T, S). Until now, we have not used the properties of the function ¥.
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We can assume p(z2, Sza) # 0 and H,(Tx1, Sx2) # 0. By using the contractive condition

(13.2), we have

p(z2,22)

p(x2, Sza)

H,(Tx1,Sz2)

V(Hy(Tx1, Sxa), p(x2, Sz2))p(x2, S2).

By the property (¢1), that is ¥(H,(Tx1, Sx2), p(x2, Sz2)) < 1, we get the contradiction
p(x2, Sx2) < p(22, ST2).

Assume that z1 # o with My g(z1,22) > 0 and H,(Tx1, Sze) > 0.

Put

p(x1,z2)

INIACIA

1
m = \/19 »(Tx1,S22), Mp s(x1,x2))
By using Lemma there exists 3 € Sxo such that
p(x2,x3) < hiHp(Tx1, Sxa).
By using the contractive condition , we get
V(Hp(Tx1, Sxe), My 5(21,22)) M1 5(21, 22)
\/19 »(Tx1, Sz2), My 5(x1,22))

= \/19 p(Tx1,Sx2), My s(x1,22)) Mr 5(1, 22).

By a similar reasoning, let x4 € T3 such that My g(z3,24) > 0 and H,(Tx3, Sz4) > 0.
Also, put

> 1.

p(z2,73) >

1
hy = > 1.

\/’19 Tx3,5x4) MT75($3,$4))
By Lemma [2.6] there exists x5 € Sx4 such that

p(l'4, IJ’J5) S hQHp(Titg, S£E4)
By using the contractive condition (3.2)), we have
H,(Txs, Sza) < V(Hp(Tas, Sxa), Mr s(x3,24)) Mr s(23, T4),

and hence
V(Hy(Txs,Sz4), M 5(x3,24)) Mr s(23, 2
plzg,xs) < (Hy(Tz3, Sx4), My, 5(73, 74)) M1 5 (23, 24)
VI(H,(Txs, Sx4), Mr.5(x3,24))

= \/19 (T3, Sxy), M s(x3,24))Mr,s(x3,24).

By induction, let xop_1,xok, Tog+1 € X such that xop € Taop_1, Topr1 € Swog,
MTVS(kafl,ka) > 0 and Hp(Tkafl, Ska) > 0 with

H,(Txar—1,Swor)

o(T 2ok 1, Swar), Mr 5(Tak—_1, T2k))

T2k, T2k
p(2 2+1 \/19

Then, letting zog42 € Txopt1, With MT,S($2k+17.'I;2k;+2) > 0, Hp<T.’L‘2k+1,S.%‘2k+2) >0

and
1

VIH(Tx2k41, STopt2), Mr,s(T2k41, Tor+2))

hk+1 = > 1,
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there exists xog 13 € Sxok4o such that

P(Tokt2; Tok+3) < hpp1 Hp(Txaky1, STokyo).

By using the contractive condition (3.2]) we get

D(Tokt2, Takys) < \/ﬁ(Hp(szkH,szkw),MT7S(902/€+1,$2k+2))MT,S(332k+17332k+2)-

Thus, by induction, we construct a sequence {xa,41} in X such that, for all n € N,
Top € Txop_1, Tapt1 € STy, Hp(TﬁCQn_l, Sl‘gn) > 0 and Mﬂs(&tgn_l,l’zn) > 0 with

Hp(T:L'Qn—la Sx2n)
P(Zon, Tant1) < .
VIH,(Txan—1, ST2n), Mr,5(T2n—1, T21))

By using the contractive condition ({3.2)), we obtain

P(Zon, Tont1) < \/ﬂ(Hp(Tx%zfl»SxZn)vMT,S’(:E2n717x2n))MT,S(x2n717m2n)

for all n € N. A similar reasoning, by interchanging the roles of S and T, shows that
there exists xo,+2 € Txap41 such that

P(T2n41, Tany2) < \/ﬁ(Hp(Tl”szrl,Sl‘zn),MT,S(xzn-H,132n))MT,S($2n+1,$2n)-
Notice that

p($2n—1, J15271)

< My, s(x2n—1,%2,)

= max {P(ﬂﬁznq, Zon ), P(@2n—1,TTon—1), D(Ton, STan),

P(Tan—1,S%2n) + P(T2n, TTon—1) }
2
P(Ton—1,Tant1) + P(T2n, Ton) }
2

< max

S max {p(‘r2n717 an)a p(xva 1’2n+1)a
{p(xanla x2n)a p($2n7 $2n+1),

P(Tan—1,T2n) + P(Tan, Tant1) — P(Tan, T2n) + D(Ton, Tan) }
2
= p($2n717$2n)-

It follows that

Mr s(xan—1,22n) = p(@Tan—1,T2n)-
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Also, we have

p($2n+1, $2n)

< My, s(T2n41,T2n)

= max {p($2n+1, $2n),p($2n+1, T$2n+1)7p(952m 5$2n),

P(Tont1,ST2n) + D(Ton, Ton41) }
2
P(Ton+t1, Tont1) + D(T2n, Tant2) }
2

< max {p($2n+1, Zon), P(T2n41, Tant2),

< max {p(wznﬂ, Ton ), P(Ton+1, Tant2),

P(Tan, T2n+1) + P(T2n+1, T2nt2) — P(T2n+1; Tant1) + P(T2041, Tant1) }
2
= p(T2n+1, T2n)-
Then,
Mz 5(T2n+1,T2n) = P(T2n+1, T2n).-
It follows that, for all n € N,

P(Ton, Tant1) < \/ﬂ(Hp(Tmzn_hszn),p(xgn_hxzn))p(xzn_l,mzn)

and

P(Ton+1, Tant2) < \/ﬂ(Hp(TIQnH,Si?zn)vp(@m12n+1))p(172n7$2n+1)~

Thus, the sequence {p(Zy, Tn—1)}nen is strictly decreasing.
On the other hand, it is easy to show that the sequences {H,(Tx2,—1, ST2,) }nen and
{Hp(Tx2n+1,S%2n) }nen are bounded. In fact, by hypothesis, we have

H,(Txon—1,Sx2,) < W Hp(Txan—1,5%2m), M1 s(Tan—_1,%on)) Mr s(Tan—_1, Ton).
Since
Y(Hy(Txon—1,STan), M s(Xon—1,T2n) <1
and
MT,S(x2n71a fzn) = p(iﬂznfl, $2n),
it follows that
Hy(Txon—1,572,) < p(T2n—1,T2n),

and hence {H,(T'T25,—1, S%2n) fnen is a bounded sequence. Similarly, the sequence
{Hp(Txon+1, ST2n) }nen is bounded.
Consequently, there exists A > 0 such that

ngrfoop(mn,xnﬂ) = igf&p(xn7l‘n+1) = A

By using the property (92), we obtain
limsup W(Hp(Tx2n—1,S%2n), M1 s(T2n—1,%2,)) <1

n—-+oo
and
limsup 9(Hp(Tx2n+1, STon), Mr s(Ton+1,T2n)) < 1.

n—4oo
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Now, we show that A = 0.
From

P(Tan; Tant1) < \/ﬁ(Hp(Txanla Sxon), Mr,s(an—1,%2n)) M7, 5(Ton—1,T2n),

taking the upper limit, we get the contradiction

A< \/Iimsupﬂ(Hp(Txgn,l, Ston), M s(Tan_1,Tan)) A < A

Next step is to show that the sequence {z,} is Cauchy.
Put

Hop—1 1= \/19(Hp(TfU2n71, Sxon), P(Tan—1,T2n))

and

Hon = \/ﬂ(Hp(TxQn-‘rl; San)vp(anna J:Qn—&-l))-

Clearly, pi,, € (0,1) for all n € N. Since limsup,,_,, o, ftn < 1, we deduce that there exist
t €[0,1) and ng € N such that u, <t for all n € N, n > ng. Consequently, we write

P(T2n, Tont1) < p2n—1P(Ton—1, Tan)
and

P(T2nt2, Tany1) < HonP(T2ni1, Ton)-
Therefore, we have

P(Ton, Tapt1) < 2" 0p(21, 22)

and

S t2n7n0+1

p($2n+2,$2n+1) p(l’l,ﬂﬁz).

Also, for all m > n > ng, we have

m m
p(z2n, Tam+1) < Zp($2iyx2i+1> + Z p(@2i, T2i-1)

i=n i=n—+1
m . m

<Y B p(aywe) + Y T (@)
i=n 1=n+1

It follows that

lim sup p(22n, T2m+1) =0
n—-+oo

and hence the sequence {z,} is Cauchy. Since (X, p) is complete, then the sequence {x,, }

converges to a point * € X such that

lim p(z*, z,) = p(z*,2") = 0.

n—-+o0o

We show that z* € Tz* and hence p(z*,Tz*) = 0. Reasoning by absurd, suppose
p(x*, Tx*) # 0. By using the properties of ¥, of p and the contractive condition (3.2]), we
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write

(xon+1, Tx™)

H,(Tz", Sx2p)

I(Hy(Tz", Swan), M1 5(2*, v2,)) M1, 5(2, 721
V(H,(Tx*, Sx2y), My s(x*, 22y,)) max {P($*7 T2p),

p(a*, Szay,) + p(aen, Ta*) }
5 .

i~

p(z*, Tx"), p(x2n, STan),
Taking the limit as n to infinity, we get the contradiction
p(z*, Tz") < p(z*, Tz™)
and hence p(z*, Tz*) = 0. Then, we have
p(a*, Tx*) = p(z*, z").

By using Lemma [2.5] we deduce that z* € T'z*. The analogous reasoning for the multi-
valued mapping S shows that * € Sx*. We conclude that z* is a common fixed point of
the pair (7, .5). |

4. CONSEQUENCES AND EXAMPLE

As consequences of Theorem [3.4] we give two corollaries, which are generalizations of
Nadler’s theorem and Mizoguchi-Takahashi’s theorem, respectively.

Corollary 4.1. Let (X,p) be a complete partial metric space and T, S : X — CBP(X)
be two multivalued mappings such that, for all z,y € X, we have

H,(Tz,Sy) < kMr s(z,y)
with k € (0,1). Then, the pair (T, S) has a common fized point.
Proof. Consider the function ¥ : RT x RT — R given by
I(t,s) =k

—

for all t,s € R. Clearly, 9 € GMT(R) and so the proof follows by an application of
Theorem [3.41 |

Corollary 4.2. Let (X,p) be a complete partial metric space and T, S : X — CBP(X)
be two multivalued mappings such that, for all x,y € X, we have

H,(Twx,Sy) < p(Mr s(z,y))Mr s(z,y),

where ¢ : RT — [0,1) is a function such that limsup,_,,+ ¢(r) < 1 for all t € RT. Then,
the pair (T, S) has a common fized point.

Proof. Consider the function ¥ : RT x RT — R given bye

It s) = ¢(s)
for all t,s € R. Clearly, ¢ € GWR) and so the proof follows by an application of
Theorem [3.41 |
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Also, if we assume T = S in Definitions and then we retrieve the following
definitions.

Definition 4.3. Let (X,p) be a partial metric space. A multivalued mapping 7' : X —

o —

CBP(X) is a GMT-contraction if there exists a function ¥ € GMT(R) such that
Hy(Ta, Ty) < 9(Hy(Tx, Ty), p(, y))p(z, ),
for all z,y € X.

Definition 4.4. Let (X,p) be a partial metric space. A multivalued mapping T :
X — CBP(X) is a weaker generalized Mizoguchi-Takahashi type contraction (for short,

WGMT-contraction) if there exists a function ¥ € GMT(R) such that
Hp(Txa Ty) < 19(Hp(T$7 Ty)a MT($7 y))MT(l‘7 y)?
for all x,y € X, where

Mr(z,y) :== max {p(g;’ ), p(z, Tz), p(y, Ty), p(x, Ty) + p(y, Tx) } '

2

Clearly, by using the Deﬁnitionsand we can state (without proofs) the following
particular case of Theorems [3.3] and [3:4] respectively.

Corollary 4.5. Let (X,p) be a complete partial metric space and T : X — CBP(X) be a

multivalued mapping. Assume that there exists a function ¥ € GMT(R) such that T is a
GMT-contraction (resp., WGMT-contraction). Then, T has a fized point.

Finally, we give an illustrative example of Theorem

Example 4.6. Let X = [0,1] U {4}. Let T,S : X — CBP(X) be two multivalued
mappings defined by

Tx:{O,z}, forall z € X

and

Sy:{%}, for all y € X.

Clearly, (X, p) is a complete partial metric space, where the partial metric p : X x X — RT
is given by

1 1
p(z,y) = Z|z —y|+ B max{x,y}, forall z,y € X.
Let 9 : RT x RT — R be defined by
2
5 ifsefo]
o(t,s) =

otherwise,

—

for all t € RT. Clearly ¥ € GMT(R). Now, we show that the pair (7, S) is a CWGMT-
contraction. Then, we distinguish the following four cases:

Case 1. If z =4 and y € [0,1], then T4 = [0,1] and Sy = {%} Then

1
Mr s(4,y) > p(4,y) =3 — 1Y
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and hence

m(oa(2) - 3k
1

S —

< o (8 (0.0.{4}) Mrs(.9) Mrs(a,y).

It follows that the contractive condition (3.2 holds true.
Case 2. If z € [0,1] and y = 4, then Tx = [0,% and S4 = {1}. Then

1
MT,S(£74) > p($,4) =3- ix

and hence the contractive condition (3.2)) holds true. In fact

m([0.3].)
- i)

(Hp ([o ﬂ ,{1}) ,MT,S(x,4)) My s(z, 4).
T

<

S Wl W

<

3 .

YRy if x >y,
Mrs(z,y) > p(z,y) =

3 1 iy <

4y 437 I * Y,

and hence, if x > y, we have
i (035 = w6 Y]
< 2. <3m_1 >
= 3 \a" 7
9 (Hp ([0, ﬂ ,{%}) ,MT,S(-T79)) My s(z,y).
Otherwise, if x < y, we write
m (03] 1) =
< 2.(3,_1
=3 (4y 495)
< o (i, ([0.5].{4}) Mrste,w) Mrste,).

It follows that the contractive condition (3.2 holds true.
Case 4. If v = y =4, then Tz = [0,1] and Sy = {1}. Then
11

Mr,s(4,4) = p(4,[0,1]) =

IN
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and hence the contractive condition (3.2) holds true. In fact

Hy (10,1,{1}) =
11

4
< U(Hp([0,1],{1}), Mr s(4,4)) Mr,s(4,4).

We conclude that all the hypotheses of Theorem are satisfied and hence the pair (T, S)
has a common fixed point.

<

Wl i o
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