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Abstract—The radiation characteristics of a circular loop
antenna located on the surface of an open waveguide in the form
of an axially magnetized plasma column are studied using the
rigorously obtained current distribution of such an antenna. The
radiation resistance of the antenna excited by a time-harmonic
external voltage is obtained for the case where the plasma inside
the column is resonant. The distribution of the radiated power
over the spatial spectrum of the excited waves is found and
discussed.

Index Terms—magnetized plasma column, loop antenna, radi-
ated power, radiation resistance.

I. INTRODUCTION

The characteristics of loop antennas immersed in a mag-

netoplasma have been studied extensively in many works

(see, e.g., [1] and references therein). In the past decade,

enhanced interest has been shown in the characteristics of

antennas operated in the presence of magnetic-field-aligned

cylindrical plasma structures capable of guiding the excited

electromagnetic waves [2]. Recently, the current distribution

and input impedance of a strip loop antenna located on the

surface of a plasma column have been studied in the case

where the column is filled with a resonant magnetoplasma [3].

In this work, we extend the analysis of [3] to consideration

of the radiation characteristics of such an antenna. Note that

by resonant magnetoplasma, we mean a cold, collisionless

magnetized plasma in which the refractive index of one of

the characteristic waves tends to infinity at a certain angle

between the wave vector and an external dc magnetic field [2].

It should be noted that the column filled with a resonant

magnetoplasma supports the guided propagation of an infi-

nite number of eigenmodes including the quasielectrostatic

modes [4]. Therefore, the spatial spectrum of the antenna-

excited waves consists of both continuous- and discrete-

spectrum contributions. Moreover, the presence of an infinite

number of eigenmodes appreciably affects the behavior of the

antenna electrodynamic characteristics [3].

II. FORMULATION OF THE PROBLEM

Consider an antenna having the form of an infinitesimally

thin, perfectly conducting narrow strip of half-width d coiled

into a circular loop of radius a (d� a). The antenna is located

coaxially on the surface of a uniform circular plasma column

surrounded by a homogeneous isotropic medium with the real

dielectric permittivity εout = ε0εa, where ε0 is the permittivity

of free space. The column is aligned with an external dc

magnetic field B0 (see Fig. 1) which is parallel to the z
axis of a cylindrical coordinate system (ρ, φ, z). The medium

inside the column is assumed to be a cold collisionless plasma

described by a general dielectric tensor with the following

nonzero elements: ερρ = εφφ = ε0ε, ερφ = −εφρ = −iε0g,

and εzz = ε0η. The elements ε, g, and η of the plasma

dielectric tensor are functions of the angular frequency ω, and

expressions for them can be found elsewhere [2]. Recall that

for a resonant magnetoplasma the condition sgn ε �= sgn η
holds for the diagonal tensor elements.

a
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Fig. 1. Geometry of the problem.

The antenna is excited by a time-harmonic (∼ exp(iωt))
voltage which creates an electric field with the only nonzero

component Eext
φ in a narrow angular interval |φ−φ0| ≤ Δ�

π on the surface of the strip (i.e., at ρ = a and |z| < d):

Eext
φ (a, φ, z) =

V0

2aΔ
[U(φ− φ0 +Δ)− U(φ− φ0 −Δ)]

× [U(z + d)− U(z − d)] . (1)

Here, V0 is an amplitude of the given voltage, U is a Heaviside
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function, and Δ is the angular half-width of the gap centered

at φ = φ0. The excitation field Eext
φ can be represented as

Eext
φ =

V0

2πa

∞∑
m=−∞

sin(mΔ)

mΔ
exp[−im(φ− φ0)]. (2)

The surface density I(φ, z) of the electric current excited on

the antenna by field (1) admits the analogous representation:

I(φ, z) =

∞∑
m=−∞

Im(z) exp(−imφ). (3)

As is shown in [3], it is possible to obtain integral equations

for the quantities Im(z) using the boundary conditions on the

surface of the plasma column and on the antenna surface and

then reduce the problem of the antenna current distribution

to solving the corresponding integral equations (see [3] for

details). The total current IΣ(φ) is yielded by integrating the

surface current density I(φ, z) across the strip conductor of

the antenna. As a result, the rigorous solution for the current

distribution IΣ(φ) of the above-described antenna in the case

of a resonant magnetoplasma in the column has the following

form [3]:

IΣ(φ) =
iV0

Z0k0a

∞∑
m=−∞

sin (mΔ)

mΔ

δm exp[−im(φ− φ0)]

ln(4a/d)− Sm
, (4)

where

δm = − i(k0a)
2ξ

m2 + i(k0a)2ξ
, ξ =

|εη|1/2 + iεa
2

, (5)

Z0 is the impedance of free space, k0 = ω/c is the wave

number in free space, and the coefficients Sm are determined

by the regular (nonsingular) parts of kernels of the integral

equations for Im(z). Expressions for these coefficients can

be found in [3]. Upon calculation of IΣ(φ), one can obtain

all electrodynamic characteristics of the antenna, including its

radiated power and radiation resistance.

III. POWER RADIATED

The total power radiated from the antenna with the found

current (4) in the presence of a cylindrical plasma column im-

mersed in an isotropic medium can be obtained using standard

techniques [4]. With allowance for the guided eigenmodes, an

expression for the total radiated power takes the form

PΣ = P cs +
∑
m,±n

Pmod
m,±n, (6)

where P cs is the power radiated to the continuous-spectrum

waves and Pmod
m,±n is the power going to an eigenmode with

the indices m and ±n. Here, the signs “+” and “−” of the

radial index n denote the eigenmodes propagating away from

the source region in the positive and negative directions of the

z axis, respectively. The power P cs going to the continuous-

spectrum waves in the loss-free case is the power radiated to

the surrounding medium Prad. This quantity can be found by

integrating the time-averaged Poynting vector over the surface

of an infinitely long cylinder of radius ρ = ρa ≥ a:

Prad =
1

2

∫ ∞

−∞

∫ 2π

0

Re [Eφ(r)H
∗
z (r)−Ez(r)H

∗
φ(r)]ρ dφdz .

(7)

Here, the asterisk denotes complex conjugation, and Eφ,z(r)
and Hφ,z(r) are the azimuthal and longitudinal components of

the electromagnetic field excited by the antenna with current

IΣ(φ).
An expression for the partial power Pmod

m,n going to an

eigenmode with the indices m and n can be derived by

integrating the time-averaged Poynting vector for this mode

over the cross section z = const > 0. This formula has the

following form:

Pmod
m,n =

1

2

∫ ∞

0

∫ 2π

0

Re [Eρ;m,n(r)H
∗
φ;m,n(r)

−Eφ;m,n(r)H
∗
ρ;m,n(r)]ρ dφdρ , (8)

where the quantities under the integral signs are the transverse

(with respect to the z axis) components of the electromagnetic

field (Em,n, Hm,n) of the corresponding eigenmode [2, 4].

The total power Pmod going to all eigenmodes, i.e., discrete-

spectrum waves, is determined as

Pmod =
∑
m,±n

Pmod
m,±n =

∞∑
m=−∞

∞∑
n=1

2Pmod
m,n . (9)

When deriving Eq. (9), we took into account the symmetry

of the problem over the plane z = 0, which allows us to

calculate the contribution of the eigenmodes propagating from

the source region in the positive direction of the z axis and

then double the quantities Pmod
m,n in the resulting formula (9).

The above results allow us to write the total radiation

resistance as

R =
2PΣ

|IΣ(φ0)|2 = Rcs +
∞∑

m=−∞

∞∑
n=1

2Rmod
m,n , (10)

where Rcs and Rmod
m,n are the partial radiation resistances to

the continuous-spectrum waves and eigenmodes, respectively.

IV. NUMERICAL RESULTS

Using the above-described approach, we have calculated the

total radiated power and the partial radiation resistances Rcs

and Rmod
m,n of the antenna. Calculations have been performed

for the following values of the parameters: the electron plasma

frequency ωp = 1.78 × 1011 s−1 (the plasma density inside

the column is equal to N = 1013 cm−3), the electron

gyrofrequency ωH = 1.41×1010 s−1 (the external dc magnetic

field B0 = 800 G), the relative dielectric permittivity of

the background medium is equal to εa = 1 (free space),

and the angular frequency ω = 1.7 × 108 s−1. The chosen

values can easily be realized under laboratory conditions and

correspond to the case of a resonant plasma inside the column

(ε = 1.62× 102 and η = −1.1× 106). It is assumed that the

midpoint of the region to which the given voltage is supplied
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has the azimuthal coordinate φ0 = 0, the antenna radius a
coinciding with the column radius is equal to a = 2.5 cm,

d/a = 0.02, and Δ = 0.05 rad.

Calculations show that in the case considered, where the

inequality |εη| � ε2a holds, the antenna radiation resistance

R is almost completely determined by the contribution of

eigenmodes. Therefore, we briefly discuss the dispersion prop-

erties and field structures of the eigenmodes guided by the

plasma column. Figure 2 presents the eigenmode propagation

constants pm,n normalized to the free-space wave number k0
as functions of frequency for a few modes with the azimuthal

index m = 1. The dashed line in Fig. 2 shows the frequency

dependence of the normalized (to k0) wave number P (ω) =
(ε+ |g|)1/2 of the extraordinary wave propagating exactly in

the direction of the external magnetic field in a homogeneous

magnetoplasma the parameters of which coincide with those

inside the column. The ordinary wave of such a plasma is

evanescent in the case considered. The number of propagating

eigenmodes is infinite since the magnetoplasma in the column

is resonant. In Fig. 2, we plotted only 17 dispersion curves

for eigenmodes with the radial indices n = 25, . . . , 41.

H

P ( )ω

. . . .

Fig. 2. Dispersion curves of the m = 1 modes with the radial indices
n = 25, . . . , 41 (solid lines) and the frequency dependence P (ω) (dashed
line) for N = 1013 cm−3, B0 = 800 G, a = 2.5 cm, and εa = 1.

To illustrate the field structures of eigenmodes, Fig. 3

shows the components of the fields Em,n(ρ) and Hm,n(ρ)
of an eigenmode with the azimuthal index m = 1 and the

radial index n = 18 as functions of the radial coordinate

ρ for the above-mentioned parameters of the column and

ω/ωH = 1.21×10−2. The normalized propagation constant of

this eigenmode amounts to pm,n = 52.26. It is seen that the

mode fields has both large- and fine-scale oscillations over the

radius. It is interesting to mention that the number of fine-scale

oscillations increases with increasing radial index.

Radiation resistances Rmod
m corresponding to eigenmodes

with fixed azimuthal indices m are presented in Fig. 4 for

the above-mentioned antenna and plasma-column parameters.

The quantity Rmod
m is yielded by summing the partial radiation

resistances Rmod
m,n over n. The radiation resistance Rcs to the

surrounding medium turns out to be negligibly small compared

with the total radiation resistance to the eigenmodes and,

therefore, is not discussed here for brevity.

It is seen in Fig. 4 that the quantities Rmod
m decrease with

increasing |m|, and the main contribution to the radiated power
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Fig. 3. Components of the (a) electric field Em,n(ρ) and (b) magnetic field
Hm,n(ρ) of an eigenmode with the indices m = 1 and n = 18 as functions
of the coordinate ρ for ω/ωH = 1.21×10−2. Other parameters are the same
as in Fig. 2.
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Fig. 4. Radiation resistances Rmod
m going to eigenmodes as functions of the

azimuthal index m for a = 2.5 cm, d/a = 0.02, Δ = 0.05 rad, φ0 = 0,
εa = 1, N = 1013 cm−3, B0 = 800 G, and ω = 1.7× 108 s−1.

comes from the modes with the azimuthal indices m = ±1
and m = 0, which are excited by the azimuthal harmonics of

the antenna current with the same indices m.

It is interesting that the distribution in Fig. 4 demonstrates

asymmetry about the index m = 0. This asymmetry is

stipulated by the gyrotropy of the plasma inside the column.

The reversal of the direction of the external magnetic field

results in that the distribution in this figure changes to the

distribution yielded by the replacement Rmod
m → Rmod

−m .

Figures 5 and 6 show the partial radiation resistances

Rmod
m,n corresponding to eigenmodes with the radial indices

n = 1, 2, . . . and fixed azimuthal indices m = 0 and m = 1,
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respectively.
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Fig. 5. Partial radiation resistances Rmod
m,n to eigenmodes with the azimuthal

index m = 0 and the radial indices n = 1, 2, . . . . Other parameters are the
same as in Fig. 4.
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Fig. 6. Partial radiation resistances Rmod
m,n to eigenmodes with the azimuthal

index m = 1 and the radial indices n = 1, 2, . . . . Other parameters are the
same as in Fig. 4.

It is seen in Figs. 5 and 6 that the main part of the

energy going to the eigenmodes, i.e., discrete-spectrum waves,

is spent for excitation of modes with the radial indices up

to n ∼ 100 for m = 0, and by modes with even greater

n for m �= 0. Note that the quantities Rmod
m,n in Figs. 5

and 6 for neighboring modes usually have close values.

However, the values of partial radiation resistances for a few

eigenmodes significantly differ from the corresponding values

for neighboring eigenmodes. This difference appears if the

radius of the plasma column becomes close to the minimum or

maximum of the azimuthal electric field in the corresponding

eigenmode, which results in respective minima or maxima of

the eigenmode excitation coefficients.

It can be concluded from the results reported that the power

radiated from a loop antenna on the surface of a column filled

with a resonant magnetoplasma is predominantly spent for the

excitation of the guided modes rather than the radiation field

outside the column. This means that such a system is better

suitable for increasing the power going to the plasma, which

can be important for, e.g., RF plasma sources such as helicon

plasma devices (see [4] and references therein).

It should be emphasized that such behavior of the antenna

radiation characteristics is solely stipulated by the excitation of

an infinite number of propagating eigenmodes by the antenna

current in the resonant frequency range of a magnetoplasma.

If the plasma inside the column were nonresonant, for which

sgn ε = sgn η, then a situation would be possible where Rcs >
Rmod under certain conditions [5]. Such a case is evidently

more suitable for the excitation of the radiation outside the

plasma column.

V. CONCLUSION

In this paper, we analyzed the radiation from a loop antenna

located on the surface of an axially magnetized plasma column

and operated in the resonant frequency range of a magneto-

plasma. The radiation characteristics were calculated for the

antenna current found as a result of the rigorous solution of the

integral equations for this current. The results obtained make it

possible to clarify the distribution of the power radiated from

such an antenna over the spatial spectrum of the excited waves.

An important implication following from this analysis is that

the power radiated from a loop antenna on the surface of a

column filled with a resonant magnetoplasma almost entirely

goes to eigenmodes which are guided by such a column

and include quasielectrostatic modes. It may also be noted

that similar behavior will be observed in the case where the

column, instead of a magnetoplasma, is filled with a resonant

(hyperbolic) anisotropic metamaterial, because such a column

is also capable of supporting an infinite number of propagating

eigenmodes including those which possess quasielectrostatic

properties.
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