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ABSTRACT: A novel thermodynamic approach for the description of differential 100

scanning calorimetry (DSC) experiments on self-aggregating systems is derived and
presented. The method is based on a mass action model where temperature
dependence of aggregation numbers is considered. The validity of the model was
confirmed by describing the aggregation behavior of poly(ethylene oxide)-
poly(propylene oxide) block copolymers, which are well-known to exhibit a strong
temperature dependence. The quantitative description of the thermograms could
be performed without any discrepancy between calorimetric and van 't Hoff
enthalpies, and moreover, the aggregation numbers obtained from the best fit of the
DSC experiments are in good agreement with those obtained by light scattering
experiments corroborating the assumptions done in the derivation of the new
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B INTRODUCTION

The self-assembly of molecules in water to form aggregates has
been intensively studied in the past decades, and nowadays, a
number of well-established thermodynamic models for the
description of such processes are known. The most studied self-
aggregation process is the association of surfactants into micelles
for which a huge amount of experimental data is reported.
According to the pseudophase transition model, the most
important parameter for the self-aggregation of surfactants is the
critical micellar concentration (CMC). This quantity defines the
threshold where surfactants start to form aggregates, and it is
correlated to the standard free energy of micellization (AGY,):

AG? = RT In CMC (1)

where R and T are the gas constant and the absolute temperature,
respectively. The temperature at which the aggregation process
takes place, for a given concentration, is defined as the critical
micelle temperature (CMT), in analogy to the CMC. A number
of techniques are available for the determination of both the
CMC and CMT, from surface tension to scattering methods.

The direct determination of the enthalpy of micellization
(AH,) is by far less immediate, as accurate calorimetric
experiments are needed.'™ Therefore, a common procedure
exploits the temperature dependence of the CMC and its
correlation to the enthalpy of micellization by means of the van’t
Hoff equation:

(0lnCMC) __AH::1
T /), RT? )
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However, as A. Holtzer and M. Holtzer" pointed out in 1974,
when the aggregation number is not constant within the
investigated temperature range, eq 2 does not always lead to
reliable results and the following expression should be used:*

RTZ(dlnCMC)
oT ),
— _AHC(N) + T[M] (‘)_N)
ON . oT ), 3)

where Gy,, and Gy are the free energies of the surfactant
molecules into the micelles with aggregation number of N + 1
and N, respectively. However, it is difficult to evaluate a priori the
magnitude of the last term at the right-hand side of eq 3.

The effect of temperature on the aggregation number is
particularly relevant in nonionic ethoxylated surfactants®™® and
poly(oxyethylene)-based block copolymers.">'°~"* Accord-
ingly, for these systems strong discrepancies between van't
Hoff and calorimetric enthalpy were evidenced.***'* Such a
discrepancy was either ascribed to the polydisperse nature of the
used surfactant or justified by assuming a cooperative mechanism
for the micelle formation.

Here, we report a new approach for the quantitative
description of the differential scanning calorimetry (DSC)
experiment on the aggregation process of amphiphilic molecules.
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Table 1. Characteristics of the Block Copolymers used in this Work

abbreviation structure formula®
P6S EO4-PO;-EO 4
P83 EO,-PO,-EOs
T904 (EO,sPO;,),NCH,CH,N(EO;PO,),

molecular weight® [g mol™] M, /M,
3400 L.10”
4600 1.2¢
6700 146

“According to BASF. EO and PO are ethylene oxide and propylene oxide units, respectively. bRef 18. “Ref 19. “Ref 20.

As a case study, we selected two different poly(oxyethylene)-
poly(oxypropylene)-poly(oxyethylene) block copolymers, Plur-
onic P65 (EQ;g-PO3;-EO;;) and P8S (EO,s-PO,,-EO,) with
their aggregation behavior being well-known; moreover, they
exhibit a large enthalpy of micellization and the aggregation
behavior is strongly induced by temperature.'*™"” Furthermore,
the model has been also applied to a block copolymer with
different geometry, namely, the star-block copolymer Tectronic
T904 ((EO,sPO,,),NCH,CH,N(EO;PO;,),). To take into
account eventual effects arising from the presence of a broad size
distribution of the used polymers, we compare the results of the
nonconstant aggregation number model with those obtained
from a second model, where the polydispersity of the polymer is
considered.

B MATERIALS AND METHODS

The poly(oxyethylene)-poly(oxypropylene) based block copolymers
were a kind gift of BASF, Germany, and their characteristics are
summarized in Table 1. Solutions were prepared by mass using Milli-Q_
water. Before each measurement, the solutions were allowed to
equilibrate for at least 48 h.

Differential Scanning Calorimetry. Measurements were per-
formed with a micro-DSC III 106 (Setaram, France). The stainless steel
vessel (1 cm®) was filled with ~500 mg of solution and the reference
vessel with the same amount of deionized water. The calibration was
carried out using naphthalene. The baseline was subtracted according to
ref 21. To ensure that the thermogram is recorded under
thermodynamic equilibrium conditions, the heating rate was varied
from 0.6 to 0.025 °C-min~". Figure 1 shows that the curves recorded at
0.1, 0.05, and 0.025 °C-min~" perfectly overlap. The thermograms
recorded at 0.1 °C-min ™" were used since they have the best signal-to-
noise ratio.
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Figure 1. Apparent molar heat capacity of the aqueous P85 solution
(5%,) as a function of temperature recorded at different heating rates.

Static Light Scattering (SLS). Experiments were performed on a
compact ALV/CGS-3 instrument, equipped with a He—Ne laser (1 =
632.8 nm). All measurements were carried out in a thermostatted
toluene bath. The scattering intensity was recorded for different
scattering vectors (q)

4rn

q ) sin(0/2) )
where 1 is the refractive index of the solution and 6 the scattering angle,
which was varied between 45° and 150°. Due to isotropic scattering of
the micelles within the recorded g-range, the intensity at I(g — 0) was
obtained as average of the intensities recorded at the different angles.
Calibration for absolute scale was done using tolouene as a reference. In
order to determine the mean molecular weight of the aggregates, the
forward scattering intensity from the polymer solution I(0) has to be
considered.

I(Ol T) = I(O) T)tot - I(O)solv (5)

where I(0),,, is the forward scattering intensity of the solvent and the
cuvette. The mean weight average molecular weight of the aggregates
(M,,) are determined as

(0, T) _

= K,cM
s, T) -

" (6)

where c is the total concentration of the polymer. S(0) is the scattering
structure factor at ¢ — 0 and K is the optical constant, defined as
follows:

2 2
K = t” ng(ﬁ)
ANy dc

)

where dn/dc is the refractive index increment, calculated as dn/dc =
0.141 — 2.74 X 10~* T.**> The same dn/dc for the micellized and free
surfactant was assumed.

The scattering structure factor at ¢ — 0 can be approximated using
the Carnahan—Starling equation of states:

(1-¢)
Pt — 49> + (1 + 29 (8)

where ¢ is the effective hard sphere volume fraction of the hydrated
aggregate. For the calculations, water contents of 30%,,/, in the PPO core
and 80%,,,, in the PEO corona were assumed.****

New Approach for DSC Data Analysis. For the description of the
fraction of micellized surfactant, we make the following assumptions:
The aggregation process is described by the closed-association model,
where unimers and monodisperse micelles are at equilibrium

NU 2 My ()

5(0) =

v/v

where U is the unimeric surfactant and My, is a micelle formed by N
molecules. The equilibrium constant is given by

| ]
a4 (10)

where [My] and [U] are the mole fraction of the micelle and the
unimers, respectively. The standard Gibbs free energy of micellization

per mole of surfactant AG,, is given by

AG RT
= = ——In[My] + RTIn[U
O~ ALl + RTIU] o

AGE =
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by considering the micelles as a pure phase, [My] = 1, and therefore
AGS = RT In[U].

The aggregation number as a function of temperature, N(T), is
described by the following equation

- N,)/(1 + 1077~ )

N(T) mm + ( min (12)
where N,

min and Ny, are the minimum and maximum aggregation
number, respectively. T, represents the temperature of the inflection
point of the curve and p influences the steepness of the curve. This
function is advantageous because it effectively describes a finite growth
process, foreseeing a minimum aggregation number needed for the
formation of an aggregate. In addition, the parameters T, and p allow us
to tune the growth behavior. The presence of artifacts arising from the
arbitrary choice of this particular function could be excluded by
comparing two thermograms which were simulated using similar
aggregation numbers, but different equation describing them. More
details can be found in the Appendix.

The change in the standard free energy and enthalpy of micellization

per mole of surfactant, AG,, and AH_,
the aggregation number.
The change in the heat capacity per mole of surfactant for the

respectively, is independent of

aggregation process, ACpom, is independent of the aggregation number
and constant within the investigated temperature range.
The dependence of the standard free energy of micellization per mole
of surfactant can be described by the Gibbs—Helmholtz equation:
AGH(T) _ AGy(T™)
T - *

+ [AHY(TY) - T*Fp:n][% _ L]
ol

T*
where A—G;(T*) and A—H]‘;(T“) are the change of free energy and
enthalpy of the process per mole of surfactant at the temperature T*.
Note that the quantities AG, AH?, and prn
transferring of a monomer from the aqueous phase to the micellar
aggregate.
The equilibrium constant for the micellization process (eq 9) can be

are related to the

rewritten as a function of AG,, as

[N(T)AGL(T)/RT]

Ko((T) = ¢ (14)
By combining eqs 13 and 14, one obtains
N(T)| AGo(T* I
K,o(T) = ex { [ ( )[# + (AH2(T™) — T*ACp®)
R T" "
(L L)~ sepn(Z )]]}

T T T* (15)

The fraction of nonaggregated surfactant y is given by:

_

c (16)

where ¢ = N[My] + [U] is the total concentration of surfactant. The
amount of unimeric surfactant can finally be described as a function of
temperature by combining eqs 10, 15, and 16 as

= N(T)-ND

e
- 156§ - 5 - Ak 2 )”}

(17)

N(T)
R

L(T*) + (AH (T*)

>~]
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A quantitative analysis of the DSC thermogram could be obtained by
multiplying the heat of micellization with the fraction of surfactant which
is aggregating upon temperature changing

ox(T
op(r) = - U (RHE(r") + ACps (1 - 1]

(18)

An analytical expression for the quantitative description of the
micellization peak is given in the Appendix. The fits were done with the
Sasfit software.”® For the fitting procedure, eq 17 was solved using a
robust Newton—Raphson root finding algorithm. The plugin can be
obtained upon request.

B RESULTS AND DISCUSSION

Varying Aggregation Number - Shape of the Thermo-
grams. In Figure 2, four simulated thermograms, which only
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Figure 2. Simulated thermograms for a surfactant solution, with AG,, =
21.68 k] mol ™, AHy, = 135 kJ mol™", CMT = 302.5 K, and molality of

0.01 mol kg™". The variation of the aggregation number is described by
eq 12 with N;, = 8, N,,,,, = 80, T, = 305 K, and p = —0.21.

differ in the aggregation number, are shown. In all cases, the same
changes in enthalpy and free energy, CMT, and concentration
were set. In order to focus only on the effect of aggregation
number, the temperature dependence of the enthalpy has been
neglected. One can immediately notice that the aggregation
processes which are characterized by smaller aggregation
numbers show a less steep onset than for a typical phase-
transition process (for which N — o0). The second factor is that
for low N neither the peak onset nor the peak maximum
correspond to the CMT, since that process starts at lower
temperatures. When an increasing aggregation number is
assumed, a smooth onset, typical for small N, is observed. On
the contrary, the shape of the micellization peak at high
temperatures is ruled by high aggregation numbers, as proven by
the fact that the curve perfectly overlaps with that calculated for
N = 200.

Varying Aggregation Number - Experimental Results

on Some Common Surfactants. The CMT, AG,, AH, and
ACp? values for the examined surfactants are reported in Table
2.

dx.doi.org/10.1021/1a303599d | Langmuir 2012, 28, 17609-17616
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Table 2. Concentration, CMT, AG,, and AH,, at the CMT, ACp?n Values, and Fitting Parameters Determining the Aggregation
Number for the Different Examined Polymer Solutions®

c[molkg™'] CMT [K] AGZ(CMT) [J mol™!] AHZ(CMT) [k] mol™'] ACPY, [Jmol ' K] N No p T, [K]
P6s 0.0083 3118 —22.83 134 (4.5) 0.4 (0.01) 9.7 50.5 —-0.184  31LS
P65 0.0143 309.5 —2127 144 (4.8) 2.7 (=0.09) 114 727 —021 3109
P6s 0.0311 306.9 —19.11 151 (5.0) —-2.1 (-0.07) 677 679 —0.156 3103
P8s 0.055 303.9 —23.30 223 (5.6) —5.3 (~0.13) 576 786 -0206  307.2
P8s 0.0107 3023 —21.50 228 (5.8) —5.6 (=0.14) 6.5 81.6 -0209  306.6
P8s 0.0244 298.7 —19.21 206 (5.2) —04 (—0.01) 4.9 77.9 -0.177 3033
T904 0.0084 301.8 —22.06 260 (3.8) —9.3 (—=0.14) 9.8 79.08 -0355 3018

“In parentheses, the values per mole of PO units are reported.

The best fit curves shown afterward were obtained optimizing
only the parameters governing the aggregation number, i.e., N,
N Py and T of eq 12. These parameters are also shown in
Table 2. Fp; was obtained from the difference in baseline
before and after the peak. The CMT was determined from the
peak maximum, the enthalpy of micellization (AH?) from the

area of the micellization peak. The AG, at the CMT was
calculated using eq 1, with the CMC being the total polymer
concentration.

In Figure 3, the thermogram of the 5%,,, P85 aqueous
solution is given. In the same plot, the aggregation numbers
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Figure 3. Apparent molar heat capacity of the 5%,,,,, (0.0102 mol kg™")
P85 aqueous solution (empty squares) as a function of temperature. The
solid black line represents best fit of heat capacity data according to eq
18. The broken blue line represents mean aggregation number
according to eq 19. Blue squares are N, determined by SLS; blue A
and blue V are N, from ref 27 (SANS at 1%,,,) and ref 11 (SANS at

10%.,,,), respectively.

w/w.

obtained by light scattering experiments performed on the same
solution and those from the literature are reported. In order to
best compare the results with the light scattering data, the mean
aggregation numbers, calculated as the average between the
molecular weight of the aggregates and unimers:

NT Nmin - Nmax
N(T)=X+(1_X)(Nmin+ (T T))
1+ 10777 (19)

is also shown. The literature data were obtained by small angle
neutron scattering (SANS) at concentrations between 1% and

10%., 4" ned Thermograms and aggregation numbers of the
5%, aqueous solution of P65 and T904 are reported in Figure 4

T T T T T T T

Cp/kJ K mol’!
Aggregation number

320
T/K

Figure 4. Apparent heat capacity of a 5%, (0.0143 mol kg™') P65
aqueous solution (black empty squares) as a function of temperature.
The solid black line represents best fit of the heat capacity data. The
broken blue line represents mean aggregation number according to eq
19. Blue squares are N,g, determined by SLS.

330

and Figure S, respectively. Thermograms and best fitting curves
of P85 and P6S solution at 2.5, 5.0, and 10%.,,,,, are shown in the
Supporting Information. The model is able to describe all the key
features of the curve, including the aggregation numbers, which
are in a satisfactory agreement with those obtained in the present
paper and with other methods. In all cases, the initial size of the
micelles is rather small if compared with other surfactants and is
found to be between five and ten polymers per micelles. It is
interesting to note that T} follows the same trend of the CMT,
indicating that the temperature at which most of the polymer
chains aggregate roughly coincides with the one of maximal
growth of the micelles.

Effect of Polymer Inhomogeneities. The surfactants used
are all of technical grade and are polydisperse. Beside the
distribution in the length of the blocks, diblocks and single PPO
blocks are also present. The polydispersity was shown to
influence the aggregation behavior and, therefore, the thermo-
grams of the studied block copolymers.”® Batsberg et al.
fractionated the P85 block copolymer and presented the
thermograms of three different fractions showing that depending
on the hydrophobicity of the fraction both shape and position of
the micellization peak are changed.”® Oppositely, Paterson et al.
claim that the presence of hydrophobic moieties has an effect on

dx.doi.org/10.1021/1a303599d | Langmuir 2012, 28, 17609-17616
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Figure 5. Apparent heat capacity of a 5%,,, (0.0084 mol kg™') T904 0 A ) i

aqueous solution (empty black squares) as a function of temperature.
The solid black line represents best fit of the heat capacity data. The
broken blue line represents mean aggregation number according to eq

19. Blue squares are N, determined by SLS.

the CMT, but not on the overall aggregation behavior.® A
micellization process, where only molecules with similar block
length aggregate, would be kinetically unfavored, since it takes a
rather long time until enough molecules with the “correct”
architecture come together. Accordingly, it is more likely that the
most hydrophobic molecules start the aggregation process, but
they aggregate with their neighbors rather than with compounds
of similar hydrophobicity.

In order to consider the effect of the polydispersity of the
polymer, a simulated thermogram assuming a Schultz-Zimm
distribution of the PO units was obtained as

ACp,(T) = [ 2s(Npo)ACH(T, Nyo) diyo 0)

where zs(Npg) is the weighing factor for a thermogram ACp(T,
Npo) arising from a monodisperse polymer with Npo
propylenoxide units given by

¢ k-1
k ( NPO ] ( k NPO ]
—| =— exp| —k ——
['(k) Npo\ Npo Npo (21)

with Npq being the average number of PO units per surfactant

zs(Npg) =

molecule. The dependence of the change in the standard free
energy and enthalpy from the number of propylenoxide units was
already described and the following values were used:*’

AG /I mol ™! = —5.05 — 0.15N,q (22a)

AH? /K] mol™" = 76.7 + 3.25Np, (22b)

In Figure 6, the simulated thermogram assuming a
pseudophase transition model is compared with a simulated
thermogram obtained for a monodisperse surfactant with the
same AGy, and AH, values. For the sake of completeness, the
experimentally determined thermogram for a 5%,,,, solution of
P85S is reported in the same plot. Despite the model being very
simple, where cooperativity between polymers with different PO
units is neglected, some of the features of the micellization peak
can be reproduced, such as the smoothing of the onset, and it is
likely that the shape of experimentally obtained thermograms of
such systems is influenced by the change in aggregation number

290 295 300 305 310 315 320 325 330

T/K

Figure 6. Apparent molar heat capacity of the 5%, ,, aqueous solution of
P85S (empty squares) as a function of temperature. Broken line
represents simulated curve using the pseudophase transition model for a
monodisperse surfactant system, solid line the simulated curves using
the pseudophase transition model for a polydisperse surfactant. In the
inset, the PO unit distribution (crosses) taken from ref 28 and the one
used for the calculation (full line) are reported, obtained using eq 21
with k = 60 and Npq = 39.5.

as well as by the presence of a rather broad distribution of
molecules with different tendency to aggregate.

Effect of Polydispersity of Micelle Aggregation
Number. The aggregation number of the PEO-PPO-PEO
block copolymer micelles was shown to be slightly polydisperse,
with standard deviation in sizes on the order of 6 = 0.1-0.2,
depending on the experimental conditions.'""'*** This effect has
not been considered until now and will be discussed in the
following lines.

The aggregation numbers can be regarded as normally
distributed around an optimum, and the formation of micelles
with different N,g, can be considered an independent process.
Accordingly, thermograms of the micellization process with
polydisperse aggregation numbers can be described as

ACR(T) = [ (N TIACH(T, N ANy,
where gs(N,g, T) is the weighting factor for a thermogram
ACp(T, Nagj arising from the formation of an aggregate of
Nagg( T) copolymer chains given by

-~ 2
: [N (T) = Ng(T)]
s(N..., T) = exp| —
Ny 1) = 5 o 207
(24)
with Nagg(T) being the average aggregation number at the

temperature T. In Figure 7, the simulated thermograms arising
from monodisperse and polydisperse aggregate formation are
reported. The effect of rather large polydispersity influences
mainly the initial part of the peak and the peak hight, not the
maximum. The broadening of the onset can be ascribed to the
presence of smaller aggregates, which, as demonstrated before,
start to form at lower temperature.

dx.doi.org/10.1021/1a303599d | Langmuir 2012, 28, 17609-17616
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Figure 7. Simulated thermograms for a surfactant solution, with AG,, =

—11.4kJ mol™}, AH? =216 k] mol™, CMT = 302.5 K, and molality of
0.01 mol kg™'. The broken red line was calculated using aggregation
numbers described by eq 12 with N,;;, = 8, N;,,, =80, Ty =305 K, and p =
—0.21. The solid blue lines were calculated with the same aggregation
numbers but considering a standard deviation of 6 = 0.2. Inset represents
mean aggregation numbers and their distribution as a function of
temperature.

B CONCLUSIONS

We reported a new thermodynamic model for the description of
the temperature induced self-aggregation of amphiphilic
molecules. The new model was employed to simulate the effect
of different aggregation numbers on the output of differential
scanning calorimetric experiments. In order to validate the
model, a quantitative description of the apparent molar heat
capacity of three different poly(oxypropylene)-poly-
(oxyethylene) block copolymer aqueous solutions was per-
formed. The analysis of the DSC output could allow us to obtain
aggregation numbers in a good agreement with those from static
light scattering, thus confirming the validity of the model.

In order to evaluate possible effects arising from not having
pure compounds as surfactants, a very simple model was used
and a DSC thermogram for a polydisperse surfactant simulated,
showing that not only low aggregation numbers, but also the
presence of more hydrophobic molecules cause a broadening of
the aggregation curve.

Furthermore, the effect of the formation of polydisperse
micelles was also investigated. A DSC thermogram was simulated
assuming a rather high polydispersity (¢ = 0.2) in micellar
aggregation number. A broadening of the peak at the onset and a
slight shift of the peak maximum can be observed, while almost
no changes at higher temperature can be seen. It is generally true
that the shape of the calculated curves is highly sensitive to the
minimum aggregation number N, whereas even big changes in
the behavior of N(T) at T > CMT have a rather small effect on
the calculated curve. This arises from the fact that for increasingly
large N one approaches the thermodynamic limit and is less and
less sensitive to N, which mplies that reliable aggregation
numbers are obtained only for the first part of the micellization
process. Increased reliability can be achieved by fixing as many
parameters as possible.

17614

A number of works dealing with PEO-PPO-PEO block
copolymers are available in the literature, most of them reporting
and interpreting DSC curves. It is not the goal of the work to
answer the question of whether the shape of the mizellization
peak is due to increasing aggregation number rather than to the
presence of a broad distribution of block sizes. Still, there is
enough experimental evidence that both factors influence the
shape of the curve. However, even if not explicitly considered,
information on the polydispersity of the sample is contained in
the nonconstant aggregation number. With increasing temper-
ature, the most hydrophobic molecules will first dehydrate and
form micellar aggregates. Upon increasing temperature, more
and more surfactant molecules will dehydrate and probably will
be encapsulated into already existing aggregates.

If P8S is considered, with the PO unit distribution reported in
the literature?® and shown in Figure 6, assuming the 5% most
hydrophobic molecules form aggregates with N,g, = 6, after all
the surfactant molecules aggregated into existing micelles, the
aggregation number rises to ca. 120. This simple calculation
straightforwardly shows that polydispersity and variable
aggregation numbers are strictly connected and that our model
can also be employed for the description of polydispersed
samples.

Finally, since the model is not linked to the shape or size of the
aggregates, but only to the number of subunits forming them, it
can in principle be applied to all temperature-induced
phenomena, from micelle formation to polymer collapse, and
so forth.

B APPENDIX

Effect of the choice of N(T)

In this work, a sigmoid has been chosen for describing the
dependence of the aggregation numbers from the temperature.
This choice is arbitrary and was motivated above. In order to
exclude particular effects arising from the choice of this function,
almost the same aggregation numbers are described with two
different functions, eq 12 and

N'(T) =N, + N, erf(a(T — T,)) (25)

The simulated micellization peaks are reported in Figure 8, and
the small differences can be ascribed to the small differences in
N(T) and its derivatives, confirming that the function itself is not
influencing the simulated curves.

Analytical Expression for the Micellization Peak

An analytical expression for the derivative of the fraction of
micellized surfactant can be obtained by differentiating and
rearranging both sides of eq 17

% _ VI MDf(T)log
O L N(Df(T) N 06)
with
f(T) = N(T)ND!
exP{‘[%[&g) + (AH(T¥)
NS I N v n T
T ACpm)(T T*) ACp® 1 (T*)ﬂ}
27)
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Figure 8. Simulated thermograms for a surfactant solution, with AG,,
—11.4kJ mol™!, AH? =135 kJ mol™, CMT = 302.5 K, and molality of
0.01 mol kg ™. The variation of the aggregation number is described by
eq 12 with N,;, = 8, N,,.., = 80, Ty = 305 K, and p = —0.21 (full black line)
or by 25 with N, = 44, N, = 36, a = 0.21, and T, = 305 K (blue broken
line).

As shown before, N(T) is of arbitrary choice and each function
with continuous first derivative can be used.
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