Journal of Physics: Conference Series

OPEN ACCESS You may also like

Thermodynamics of a correlated confined plasma. s s
. ague
I. Macroscopic system

- Event Reconstruction in the PandaRoot
framework

. . . o . . Stefano Spataro

To cite this article: Wolf Dietrich Kraeft and Michael Bonitz 2006 J. Phys.: Conf. Ser. 35 78

- The Development and Practical
Applications of High Hardness High
Toughness SigN, Ceramics
Mitsuyoshi Nagano, Norimitsu Mukae and

View the article online for updates and enhancements. Yasuhide Mori

@ The Electrochemical Society
Advancing solid state & electrochemical science & technology

242nd ECS Meeting .@ S e—

Oct 9 -13, 2022 - Atlanta, GA, US

Abstract submission deadline: April 8, 2022

Connect. Engage. Champion. Empower. Accelerate.

MOVE SCIENCE FORWARD

This content was downloaded from IP address 134.245.6.66 on 17/03/2022 at 08:50


https://doi.org/10.1088/1742-6596/35/1/007
/article/10.1088/1742-6596/286/1/012032
/article/10.1088/1742-6596/286/1/012032
/article/10.1088/1742-6596/396/2/022048
/article/10.1088/1742-6596/396/2/022048
/article/10.1088/1757-899X/18/20/202004
/article/10.1088/1757-899X/18/20/202004
/article/10.1088/1757-899X/18/20/202004
/article/10.1088/1757-899X/18/20/202004
/article/10.1088/1757-899X/18/20/202004
/article/10.1088/1757-899X/18/20/202004
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjssDkk50s1QZTkuTUk5SwXbMZKwadL7nfrVyQ1CtxPj4EvtHAf7DBQbCJ3Cc5rjaljlLKBc0K4SX2S-pnrtwr2huZoXhVBWebeZgPzjhlZ5RaQAtZqkjHk468bwZxUOZx0C0CAWlvE6lVIBXYwuw0J5cEQvobR-YJ4_PPOK5LdhlcIhNZJpP_Cw3W9sY0bO8wJyi8Vr_8bplGmXyLHJOGAOGoigDv3k12HWdMjHpxFjXaipp0NBFdA6JYG_nCjGDWEBGnaJe-9F3W0L4Wq5yziycR3wfKStVYiY&sig=Cg0ArKJSzKLi14v7lKhE&fbs_aeid=[gw_fbsaeid]&adurl=https://ecs.confex.com/ecs/242/cfp.cgi%3Futm_source%3DIOP%26utm_medium%3DBanner%26utm_campaign%3D242Abstract%26utm_id%3D242Abstract

Institute of Physics Publishing Journal of Physics: Conference Series 35 (2006) 78-93
doi:10.1088/1742-6596/35/1/007 Progress in Nonequilibrium Green’s Functions III

Thermodynamics of a Correlated Confined Plasma.
I. Macroscopic System

Wolf Dietrich Kraeft!? and Michael Bonitz?

! Institut fiir Physik, Universiat Greifswald, Domstr. 10a, D-17489 Greifswald
2 Institut fiir Theoretische Physik und Astrophysik, Universitit Kiel, Leibnizstr.15, D-24098
Kiel

E-mail: wolf-dietrich.kraeft@uni-rostock.de

Abstract. We consider classical and quantum systems of charge carriers which are confined
by a three-dimensional harmonic potential. Thermodynamic functions are determined, and the
transition to an unconfined system is discussed.

1. Introduction

The investigation of spatially confined particles in a trap, is of current interest. Especially the
formation of lattice structures of charge carriers, such as ions in Penning traps, e.g. [1], electrons
in quantum dots [2] and of dust particles is investigated both experimentally and theoretically
in various laboratories [1]-[9]. The formation of different types of clusters was investigated,
e.g., in [10]. The goal of this paper is to give some survey over the existing theoretical and
thermodynamical concepts to be applied in in further investigations.

We will, in particular, consider the total energy of systems of charged particles in a trap.
The latter is assumed to be realized by a parabolic potential and confines the particles and
replaces the role of a neutralizing background which otherwise is necessary to compensate the
repulsive forces between the charged particles. We consider, e.g., a one component plasma
(OCP). The consideration of effective potentials and the transition to macroscopic systems, i.e.,
to homogeneous systems, is of interest. In [11], a two—dimensional Yukawa fluid was investigated.
For theoretical concepts such as improved screening see [3] and [12].

2. Total Energy

In contrast to [6], where there are considered classical plasmas only, we deal also with quantum
statistical expressions for the total energy of a system of charge carriers. In particular, we have
an ideal part E°, containing the kinetic energy and the potential energy due to an external field
®p (first line of Eq.(1)), a contribution which corresponds to the self-consistent field and the
corresponding exchange part (second line of (1), there, however without exchange). The latter
contributions are referred to as Hartree and Hartree Fock terms EY and ETF| respectively.
The most interesting contribution is the correlation energy E°"" (third line of (1)) mediated by
the Coulomb interaction between the charged particles. Then, the total (classical) energy of the
system is given by (see [6])

Ep = ZNkBT+/dr1n(r1)6‘1>R(rl)

© 2006 IOP Publishing Ltd 78
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+ ;/drldrgn(rl)n(rg)eQG(rl]rg)
+ % / dr1dran(r)n(ra)g(r1, r2)e2G(r|rs) . (1)

In general, the Green’s function G(ri|rz) may account for boundary conditions[6]; in the
following, it is replaced by Flrﬂ A shorthand notation of Eq. (1) reads

ER _ EO + EH +EHF + Eeorr (2)

Each of the terms of (2) depends on the trap potential. We assume the trap potential to be
given by
U=ebg(r)=cr?. (3)

The inhomogeneity caused by the trap is assumed to be represented by the single-particle
distribution. This is the case, if the correlation function g changes at smaller scales in space
than the single particle distribution n(r) does, see the (classical) discussion near Eq. (4.61) in
Ref.[6]. Eventually, a gradient expansion with respect to the coordinates has to be performed
ri,ro — r{—ro, %(rl +rs). In a first step, the two—particle distribution function F' is represented
by

Fia(ry,r2) = n(r1)n(re)[1 + gi2(r1 — r2)],

where the correlation function g depends on the difference variables only. Otherwise one has to
solve the equation for g more rigorously; see [6], p.131, and [13] for discussion. It is necessary
to consider the second equation of the BBGKY hierarchy; see the first equation of the hierarchy
Eq. (4.54) in [6].

The total energy of interacting particles in an external potential was given in a quantum
statistical formulation in several monographs, see, e.g., [14], [15]- [16]. The contributions
determined essentially by the Coulomb potential are represented in terms of Feynman diagrams
which are given in Fig. 1. Here, the full lines mean propagators of single particles in an external

Figure 1. Lowest order terms

potential, the dashed lines are the bare two particle interaction, e.g., the Coulomb potential,
and the wavy lines are screened potentials, which are, e.g., of Debye or of Yukawa type.

2.1. Noninteracting particles in a trap

To start, we consider the energy of particles in the trap without Coulomb interaction between
the particles ([16], Eq.(3.222)).

In this case, the mean potential energy reads

VR =YY / (;;’)Sczl:w 2G5 (pow, R) (4)

In the following we will drop the spin variable o. We use the relevant correlation function which
is given by the Kadanoff-Baym ansatz ([14], Eq.(9.12))
2

G5 (pw,R) = 27 (w - 2p

- 0R2> fa(p,R). ()

Mg
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The integration over p may be performed in the non-degenerate case with

2

fa(p,R) = eXp [_ﬁ <2Z1a — Ha + CR2>‘| ) (6)

where 3 = 1/kgT. We get for the potential energy of particles located at R

V(R)) = naC—RQefﬁch .
2

Taking the average over R, we arrive at

(V) = /dR (V(R)) = Ea:i (2)3/2 52, (7)

Instead of the constant c, we will now introduce the volume of the trap. We introduce the
effective extension Ryqp of the trap

Rtrap = (8)

Jdrre P <1>1/2
[dre=ber* "\ e ’

yielding the effective volume of the trap

dmr 4 32 01 \%?
Virap = §Rtmp = 3 <mﬁ> ) 9)

with the result for the potential energy

(V)  9r?
— = —kgT. 10
N 128" (10)
We now consider the quantum case. N noninteracting particles correspond to N three-
dimensional quantum-mechanical harmonic oscillators in the potential %wQTQ which is related
to the above trap potential U (3) by ¢ = Zw? ([17], Example 8.1, [18]). For such a system, we
write the sum of states for one three-dimensional harmonic oscillator

Z(T,V,1) = Z exp {—ﬁhw <g +ng +ny + nzﬂ = Z %(V—l-l)(y-l-Q) exp {—ﬂhw (2 + V)] .

N, My Nz v

Here the latter expression accounts for the degeneracy of the eigen values. With > 02, e® =
1/(1 —e%) and > ;2 v e = 5?; b €™ we get

efgﬁhw

Z(T,vV,1) = ———.
TV =
For N non-interacting three-dimensional oscillators we arrive at
e—%,@hw

2TV, 1) = —————=5,
R T

from which the free energy follows as

N
F=—kgTInZ = %hw +3NEkgTIn [1 _ e—ﬁ"W] .
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With the entropy given by S = _%W,Tv the internal energy follows according to U = F —T'S
3 3

At high temperatures, i.e. for Shw — 0, we have
U =3NkgT, (12)

whereas for low temperatures, i.e. for Shw — oo, we get the zero point energies

3N
U= —hw. (13)
2
A detailed discussion shows that, for 7= 0, the energy per particle (11) scales with the density
like

U _3hw _ 3N, 27

14
NS o T3 : (14)

where A is a constant.

2.2. Self consistent field and exchange
Next we consider the Hartree (mean field) and the Hartree—Fock (exchange) terms.

2.2.1. Hartree energy We restrict ourselves to the equilibrium case. For the discussion of
non-equilibrium properties, we refer to [19]. The Hartree term is written in terms of Green’s
functions

W=y 22 [ 8100 Vas(12)Go (1) G222 (15)

Fourier transformation or Fourier series, respectively, with respect to the difference variables
leads to
B dk’ dk”

1
H= "5 ZZ/drldiab(rl )R ZZ/ (K, 1) Golk 2, 12) - (16)
ab O v

For the Fourier coefficients G, (kz,,r) we use Eq. (9-31) of [14] and assume a spatial gradient
approximation to be applicable

G(p,z;R) =[z— (p*/2m) — U(R) — X(p, z; R)] " (17)

In our approximation, we consider the first order with respect to the potential, i.e., the Hartree
self energy ¥ is taken to be independent of U, and thus equals zero, where a neutralizing
background is assumed, see below. The summation over v is carried out using the residuum
theorem and gives

Vu = ; D (250 +1)(28 + 1) /drldw / %Vab(rl —12) fo (K, r1) fo(K" r2) . (18)

ab

In the non-degenerate case, we use (6) instead of the Fermi functions. Now the momentum
integration may be carried out, and we apply

(280, + ].) B h
a — “ P Aa - .
" A€ (2rmaksT) /2
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In this approximation, we may as well start from the classical level, i.e., from the second integral

of formula (1)
(AN)? 2/ e—Be(ri+r3)
— - 1
Vg 5 ¢ drydrs Fo——— (19)

with the result
Vu _ QﬂzﬁkBT

N 32 2 ¢

The trap parameter c is of the dimension energy/length?. The result (20) confirms the fact
that the Hartree energy diverges for ¢ — 0. In the homogeneous case, this divergence has to be
removed by a compensating background.

(20)

2.2.2. Fxchange For electrons at low temperatures, the exchange energy
1 - - - -
3 Zaabz/dldlvab(n)(;a(n)Gb(n*) (21)
ab o

is of the same order as the direct term. One has to be careful in performing the time integrations;
according to Eq. (12-25) in [14] we have, after taking the non-degenerate limit,

dkdl 4re?
:——Z2sa+1/dR/ @ B
2 k-1 2
X exp (— Qﬁm + Bpa — 56R2> exp (—ﬁ(Qm) + Bpa — 66R3> ; (22)

where the integrations over the momenta can be carried out yielding

1 2wz 62)\2 2
= —— - dRa 72ﬁCRa 2
Vine = =3 Za 250 + 1 / ¢ ’ (23)

and the integral over R, gives (2%6)3/2. If one again introduces the volume of the system (9),

one gets a non—diverging result, in particular also for ¢ — 0, in agreement with earlier work [15].

2.3. Correlation Energy

2.3.1.  Born approximation for a confined system We restrict ourselves to the Born
approximation, i.e., only the terms up to the order V . are taken into account. In order
to avoid divergencies, one of the potentials has to be a screened one (see e.g., [15]). Exchange
contributions of this order are not considered, and the direct (D) contribution of the order e*,
D4, reads

= —*ZZ/ (12)Vha(21)GY(22)GY(22)GO(11)GO(11)d1d2d1d2 .
(24)

The analytical evaluation of Eq.(24) is possible in the non-degenerate case [15] for particles in
an infinite volume (i.e., without trap). The degenerate case without trap has to be dealt with
numerically [20], only the case T' = 0 is known analytically (Gell-Mann & Brueckner, see, e.g.,
[20]). The quantum case for particles in a trap cannot be evaluated analytically.
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Here we consider the classical limit of the correlation energy in Born approximation (24) in
the presence of the trap. Manipulations along the lines given above, e.g., for the Hartree case,
lead to the classical expression for an OCP (after spin summation)

2 e2

emnlri—ra) = (25)
ry —ro ry —rg

e

<V>D4 = g/drldrgn(rl)n(rg)

This is the third integral of Eq. (1) in the lowest order in the interaction. It becomes, using the
convolution theorem,

N2A2et dks 7\3 k2 87r k3
- - — — 3 2
(V) pa kT Gn) (ﬁc) exp ~ 20 arctan - (26)

where we used the Fourier transform

1 ( )| 8T ¢ k
— exp(—xr — — arctan —
2 P L) K

and obtain the final result

(V) py = —28N2A% (gj)Q {1 oy (\/;Lgc)] exp (;;) . (27)

The expression (27) is of the dimension energy as it should: A has the dimension 1/ Volume, and
Bc has the dimension length™2.

The main ingredient of this equation is the function ®.(kRyrqp) (34) which is discussed below
and displayed in Fig.2. We underline that this result is finite even for an unscreened plasma,
k — 0, however only in the presence of the trap. The limit of an unconfined system, ¢ — 0, is
more difficult to discuss. We may introduce the volume of the trap (9) into (27) and arrive at

Whos — gnet x (a0 x s [1-0 (o) | e (m) e

For large ¢ (narrow trap), we find

7/2 4 1/2
Vips 317 ne (kBT) . (29)

N 16 kT \ ¢

Besides the case of finite ¢, also the limiting case ¢ = 0 is of interest. The numerical discussion

of the relevant function is displayed in Fig. 2.

2.8.2. Transition to a Homogeneous System (c =0) Starting from Eq. (25) with screening, we
obtain

N2A2e4 efn|r17r2\
1% —0=——— [ dridro— . 30
< >D4 |C—0 2]{7 T ryars \1‘1 _ I‘2’2 ( )
A coordinate transformation leads to (V' denotes the Volume)
N2A2 4 N2A2 4 4
/ dre”"dr = VN 17 (31)
 2%kpT 2kpT  ®
where x2 = 42;; and
k3 N2 A2
(V) pile=o = —kBTV : (32)

81 n?
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2
A% — 1.

If we try to linearize in ¢, we expect to obtain a correction to (30)

N2 A%etBe

exp|—k|r] —ro
(V)pale=0 = T nT /drldm(r% +13) =] I

33
P (33)
which, however, is a divergent result. As a consequence, an expansion with respect to ¢ is not
possible. On the other hand, of course the homogeneous limit of Eq. (27) should exist and give
(32) for small c¢. To discuss the small ¢ case analytically, we use the asymptotic representation
for the error function ® which reads

P 1 3
Ox)=1-“(1- — 4+ -2 F...).
(@) :cﬁ( 212 + 44 - )

The asymptotic expression

1 3
tends to unity for x — co. From (27), we then get the expected 1/ dependence like in (32) if
we numerically discuss the function

o | £

which approaches unity for small ¢, see Fig.2. For small Sc or large R, one should use the
asymptotic expression.

Therefore the quantity
22 = 3 Veoulr) _ K
2 <I>R 250
is an additional parameter for inhomogeneous systems.
The remaining pre-factor is then essentially 1/[x(8c)%/?]. (8¢)~3/2 plays the role of the volume V
3

occurring in (31); there we have V/. The quantity (8c)~3/2 has to be connected to (47 /3) R}, -

2.8.3. Debye limiting law and nonlinear effects The case of high temperatures and low densities
leads to the Debye limiting law. The case of low densities and low temperatures is of interest,
too. (Low temperatures and high densities correspond to the Gell-Mann Brueckner case).

Here, we consider the classical case. Then an appropriate approximation for the two—particle
distribution function reads

2 —KT
Jav(r) = exp l—keBTeT ] : (35)

and the correlation energy becomes
1
=3 E;Nanb / Vap(r) [fap(r) — 1] dr . (36)

On the other hand, the familiar Debye limiting law expression follows from (36) with the
linearized exponential of (35)

Vi, = _% %Nanb/vab(r)

2
e
7I€Td
Te r, (37)
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"0 1 2 3 4 5 6 7 8 9 10
1/2
kl(23¢c)

Figure 2. Trap function (34) and asymptote (diverging for small abscissa). Riqap = 2/(mc3)"/?

with the known result 5

K
im = —kgTV — . 38
Wzm B V87T ( )

The ratio V/Viim ((36) vs. (38)) is displayed in Fig. 3. Furthermore, to extend this to particles
in a trap, one would additionally need to include macroscopic space dependence via the single
particle distributions like in (25).

The above result is closely connected to the question of nonlinear screening [12], [21], [22]
which is expected to be of relevance in particular in dusty plasmas containing highly charged
particles. This will be discussed elsewhere.

1.0

0.9

0.8

0.7

0.3

0.2

0.1

0.0

0 2 4 6
logo 3

Figure 3. Ratio of the low—density/low—temperature correlation energy (36) to the Debye limit
(38) as a function of the dimensionless parameter 3 = ryd/kgT, k = 0.1
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3. Effects of Strong Correlations. Improved pair distribution function
So far, correlation effects were discussed only in the Born approximation which is valid for weak

r = 4Ln1/

3
inclusion of higher order correlations is possible via HNC schemes which will be considered in

this section.

Up to now, the macroscopic inhomogeneity is only accounted for by the single particle
distribution function. In this section, we will only consider two—particle quantities. Macroscopic
and microscopic space dependence enter the binary density operator Fjy via the expression [13]
Fia(R,7) = fi(R) f2(R)[1 4+ g12(R,7)] with gi2 denoting the pair correlation function which is
related to the pair distribution function by fio = 1 + gi2. We assume in the following that
there are two well separated length scales such that g2 does not depend on the center of mass
coordinate R = (r1 4+ r2)/2, i.e. g12 = gi2(r). This means we separate the spatial dependencies
corresponding to the macro scale [R which is set by the external potential U(R)] and a micro
scale [relative coordinates r; this scale is determined by the range of the interaction potential and
enters the pair correlation gi2(r)]. This is, in particular, justified in the frequently encountered
situation where the trap dimension is large compared to the correlation or screening lengths,
Rirap >> Teorr, see also [19].

Another important quantity characterizing the binary correlations is the static structure
factor S(k) (n is the density) which follows from the pair correlation function by

3
coupling, i.e. I, where [ is the Landau length, | = €?/kgT. A more rigorous

Sk)=1+ n/drg(r)e_ikr.

We go beyond the Born (Debye) approximation by calculating the binary distribution function
using HNC (hyper netted chain) techniques which is expected to be valid up to about I" = 100.
In the HNC, screening is produced automatically, and quantum effects may also be accounted
for in lowest order, see discussion below.

3.1. Thermodynamics

For the determination of thermodynamic functions, we follow the idea outlined in [23]. If the
pair distribution function f,; is known the mean value of the correlation energy FEgq is given
by

1
Eeorr = 5 ZnaNb / Vabgabdr . (39)
ab

Note that in quantum system, there is a (small) difference between potential and correlation
energy due to correlation effects in the quantum kinetic energy, see [24].

In (39), V has to be the bare Coulomb potential. Screening effects enter only via fy, e.g.
[25]. Thermodynamic functions such as the free energy may then be determined by a charging
procedure.

3.2. Pair Distribution of an OCP via HNC

Now we determine the pair distribution for the case of an OCP, generalizations to multi-
component systems are straightforward. We will discuss the two—particle correlations in the
approximation of a homogeneous system. For such a system, the binary distribution function
f(ri2) is determined by the following scheme:

g(ri2) = f(ri2) — 1
f(ri2) = exp [-B¢(r12) + S(r12)]
S=N+FE—N
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g(r12) = X(r12) + N(ri2)
N(ri2) = n/X(r13)9(1‘23)dr3

g(ri2) = X(ry2) + n/X(Fls)g(I‘zz)dI‘3- (40)

Here, X(ri2) is the direct correlation function, N(ris) represents node diagrams, whereas
bridge diagrams F(r12) are neglected in HNC. As the system is isotropic and assumed to be
locally homogeneous (the dependence on the center of mass coordinate was neglected), we use
g — 7ri2 = ’I‘l — I'2|.

The equations may be rearranged to give

N(r12) = n [ lg(riz) = N(ra)lg(rau)drs (41)

This integral is of convolution type and is thus, after Fourier transformation, written in algebraic
shape
2(k
N(k) = _ng (k) .
1+ ng(k)
The relation (42) can be taken as the starting point of an iteration scheme, beginning with
f%(r) = exp[—BP12(r)] = g%5(r) + 1, which is Fourier transformed and used in (42). Then N (k)
is determined, after Fourier transformation, yielding an improved g, etc.
There exists another iteration scheme which starts from the version

(42)

9(r2) = X(riz) +n [ X(rig)glran)drs (43)
and Fourier transformation leads to

nX?(k)
N(k) = —F—. 44
(k) 1 —nX(k) (44)
In this case, the iteration scheme starts with X°(r) = exp[—3®(r)] — 1. Then again a Fourier
transformation is performed and the result is inserted into Eq. (44). Back transformation gives
the next iteration step. According to some experience, the convergence of the scheme (43, 44)
is better than that of (41, 42).

We give an example for a Yukawa—type potential and show the binary distribution function
for two sets of parameters in Fig.4 whereas the corresponding structure factors are shown in
Fig. 5. Finally, in our approximation, the result for the binary density operator Fis depends also
on the macroscopic inhomogeneity which is accounted for by multiplying the pair distribution
function fi2 by the single particle distributions, i.e. by the factor exp(—const[|ry + r1|?]).

3.3. Generalization to Quantum Systems
We discuss the possibility to include quantum effects via effective potentials. Now one has to
choose the potential ® to be used in the HNC procedure such that it includes, at short distances,
quantum effects. A suitable approximation is to use the sum of the direct Kelbg potential [26]
and an exchange term (46).

Quantum effects produce short range corrections to the (binary) distribution function which
may be expressed in terms of an additional short range correction V/, (r) to the Coulomb potential
Vap(r) and may be written using the (two—particle) Slater sum S,p(r) which was computed in
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TOCU000o00

0 1 2 3 4 5 6
1(ap)
Figure 4. Radial distributions for a repulsive Yukawa potential with x = 1.5: curves with
maxima correspond to f12(7), the monotonic curves are the start solutions of the iteration. Full

line: 1/(kpT) = 25, and density n = 0.5; circles: 1/(kgT) = 100, n = 0.02. Atomic units are
used.

Refs. [26]-[27] to give results for the effective potential. The direct potential was determined in
[26]. The screened version of the direct potential reads [28, 29]

1/2 2
Kelbg, eqepm ' “rp 1 T A r Aab Aab
it = S fen (g o () 20 (5) -

T /\gb T Aab
— 1—-d( — 45
oo (TD 47%) { <)\ab+27’D)}] (45)
where Ay, = 1/ (2mabk:BT)1/ 2 map = mamy/(mg +my). A simple exchange approximation is
the term without interaction only, namely

dab

yexehy = 72 peTexp (—r2/02%,). 46
T = gt kaT exp (<2 AL) (46)
Alternatively, one can treat strongly correlated Coulomb systems via first principle numerical
simulations such as Molecular Dynamics or Monte Carlo. This has been done also for quantum
systems using effective quantum potentials. Here also improved Kelbg potentials are available
which are applicable to situations of strong coupling, see e.g. [30, 31, 32, 33] and references

therein.

4. Equilibrium BBGKY-Hierarchy and Simple Solutions
The first two equations of the equilibrium BBGKY-hierarchy read, for the single particle
distribution unction (q; denote particle coordinates),

OF oU
kT — + Fy = +n/dq2

oU2
Oqi dq; dq

1

Fiao(qiq2) =0 (47)
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Figure 5. Static structure factor for the same system as in Fig. 4. Full line: 1/(kpT) = 100,
density n = 0.02; circles: 1/(kgT) = 25, n = 0.5.

and for the two—particle distribution function

kT — 0

F; I
oy 2(qiqz) + Flo5—

0
o (U2 + U + Us) + n/ 7U13(Q1Q3)F123( --q3)dqz = 0. (48)

Correlation functions are defined as

Fi9 = F1F> + g2,
Fio3 = F1FyF3 + Figo3 + Fogs1 + F3g12 + 9123 - (49)

4.1. Approximate solutions of the hierarchy.
Now we discuss a number of important approximations.
1) From (47), we get the simplest approximation by neglecting the integral term

Fi(q1) = constyexp{—pUi(q1)} . (50)

So far, interactions were completely neglected, and (50) gives the spatial distribution of
noninteracting particles in the trap.

2) In a next approximation, we simplify the integral term of (47) according to the first line
of Eq. (49) and neglect correlations, g2,

oU
/dQQ 2R F, = nFl /dQQ FyUyo,

resulting in the Hartree (mean field) approximation,

Fy = consty exp {—ﬁ (U1 + n/U12F2dOI2>} ) (51)
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where the particles move in an effective potential. This equation may be solved by successive
iterations starting with (50) for F» under the integral.
3) We now consider Eq. (48). Neglecting the integral term, we get

Fiy = constzexp{—8 (U2 + Uy + Us)} , (52)

which describes the two-particle distribution in binary collision approximation, however,
screening is not included.

4) Further we consider Eq. (48) including the integral term, but omitting the three-particle
correlations, gijo3 =0

0 0
kT —1F F
8T 5g 12(q1qz) + Fio5— o (U2 + Uy + Us)

+n/dqg 87(11U13(C11Cl3)(F1F2F3 + F1g23 + Fog31 + F3g12) = 0. (53)

In the integral term, only the contribution from F}ge3 is finite, the other terms vanish, with the
result

0
o (Uia + Uy + Us)

+nF1 /dQ3 Ui3(a193)g23(q2q3) = 0. (54)

kT {F1F2 + 912(Q1Q2)} + (F1Fo + g12)—

In order to derive an analytical solution including screening effects, we neglect the correlation
function g9 in the second parenthesis on the left. This corresponds to the neglect of ladder type
diagrams [13]. We introduce relative and center of mass coordinates,

q1—492=9q qi+q=2R,

and assume weak inhomogeneity, such that F'(q1) ~ F(R), U(q1) = U(R), therefore a%(FlFQ) ~
0, and @(Ul + Us) ~ 0. Further we use that U;2 depends only on the relative coordinate and
assume that & glg(q, R) < 3%912(q; R), Then we write, explicitly indicating species

ExR)Fb(R)(fq

8 /d% Usc(q1 — a3)gee[d2 — a3; (@2 +q3)/2] = 0. (55)

0
%gab(qv R) =+ Uab(q)

kgT

Now let us assume Uy, to be the Coulomb potential. We apply 3q; O Eq. (55) and recall the
Green function of the Poisson equation

AGU = —Armeqepd(|qr — a2l ,
allowing us to transform Eq. (55) to

4meqep

kT

4 cta“-c
FuRd(r) + Fa(R) S Ticale (@i R), (56)

Bygas(ai R) = e

c

where r = |q; — q2|). We introduce the ansatz

ga(q;R) = easg(r) Fu(R)Fy(R)

b
kT
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in Eq. (56) and obtain

4mnce;
Ag(r) =4mé(r) + > T c(R)g(r) (57)
For r # 0, we get
Ag(r) = k*g(r) (58)
with
9 - 4mnce;
R(R) = 30 T RR) (50)
The solution is B
e KT
g(r) =-A r )

where the constant A is determined from the condition
anebe(R) / dr gap(1) = €4
b

with the result A = 1. Thus, in this approximation, the full pair correlation function is given by

€aCh e—r(R)r

gap(1;R) = —F,(R) F,(R) T 7

(60)

i.e. we have obtained the Debye pair correlation function in local approximation which contains
a space-dependent screening constant k.

4.2. Screening and short range forces

We assume that the single particle distributions occur only as pre-factors and in & like in (59).
We follow the papers [34], [35] and write for the pair distribution function which now includes
ladder type contributions and, in addition short range contributions and screening corrections.

1+ch/-~-]. (61)

Here, Vg, is the Coulomb potential, and V/, is an additional short range potential, e.g., the hard
sphere potential or the Kelbg-potential, but not the Debye or the Yukawa potential. However,
(61) leads to divergent results for large distances between the particles a and b. Therefore,
according to Schmitz [35], the Coulomb potential is iteratively replaced by a screened potential.
This is performed as follows. We use the alternative definition for the distribution function and
get from (55) after integration over q; with U, now being the Coulomb potential V;

Fap(r;R) = Fo(R)Fy(R) exp{—BVap — 5Va/b}

1 Ne
. v e po v, . dqs = 0. 62
g b(qqu)kBT b+ zc: T / (9193)9sc(9293)dqs (62)

The equation (62) is the famous screening equation having a solution of the type (60). The idea
of Schmitz was to eliminate the Coulomb potential from (61) using Eq. (62). The result is (now
the relative variables are r and r3)

Fu(riR) = Fu(R)Fy(R) exp{gar — BV }H{1+ D ne / dr

X [(I)acgbc + (I)bcgac + (I)abgbc] + - } y (63)

where ®4,(r) = exp(gap — BV,),) — 1 — gap, see also Ref. [36].
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4.8. Thermodynamics from the Pair Distribution Function
The excess free energy is given in terms of Fj; via the charging procedure

~ 1 La
Fopi=ly / E2 (Vi (r) + V2 } Fup(r, B; \)drdR. (64)
2 7 Jo A
We omit the details of the calculations and arrive at
; 1 &3 ™ eqep >
F—Fv — _kpT /dRFa F S 4, <“>1 "
B gb: (R) b(R){412ﬂ' + 3TL ny kT H(HR b)
+2mnanp R3S, Ko (Eap) + O(n®/? In n)} . (65)
Here we used &, = —eqep/(DokpT Ryp), where Ry, is the hard-sphere contact distance. In

Eq. (65), there is an implicit R-dependence via k, and we introduced the virial function, K¢ (&),
which is given by

Ko(©) = g€ |Bile) - njsg - 20+ | - g+ £+ )
_ bl e 1 &
=356 5¢ 6§(C+ln3)+n;4m!(m_3), (66)

with Ei denoting the exponential-integral-function, and C = 0.5772 is Euler’s constant. This
result is applicable for large 2, but for small densities.

As an example, we give two values: Ko(10) = .3756 x 10%, Ko(—10) = .4537 * 103. The function
with the positive argument corresponds to an attractive interaction leading to association (i.e. to
bound states). It is one order of magnitude larger than the function with the negative argument,
which is related to the repulsive case. For very large (positive) &, = &, we have:

. 3 1
F—Fid— —k:BT/dRF1F2 {f% + 47Tn2Rgg€§ + - } : (67)

Here, for all species, the same hard sphere radius R,, = Ry was used, for simplicity. From the
free energy (65) or (67), respectively, any thermodynamic function may be determined.

A detailed discussion of thermodynamic functions and especially of the transition from
mesoscopic clusters to macroscopic systems is given in Ref. [37], in this volume.

5. Conclusion

In summary, the aim of this paper was to briefly review certain theoretical techniques which can
be used to describe many particle systems spatially confined in a trap. The main assumption in
all derivations was a separation of length scales: we assumed that there are two well separated
length scales, namely the extension Ry, of the trap and the correlation length 7o, of the
interacting particles. We assumed that Ryqp > rcorr. This is frequently the case, in particular,
for a large trap, for high density or short range interactions. This allowed us to use the local
approximation for the many-particle distribution functions, where R enters the homogeneous
equations as a parameter. Of course, in general, this distinction is not possible, and one can go
beyond the local approximation by performing gradient expansions.

A particular case where it might be necessary to go beyond the local approximation are finite
systems containing only several (up to a few thousand) particles. Also, the transition from a
mesoscopic to a macroscopic system [37] has to be considered more carefully. Nevertheless, the
theoretical schemes given in this paper should be useful for future work on trapped charged
particles in general and dusty plasmas in particular.
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