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A stochastic reaction-diffusion-taxis model is analyzed to get the sta-
tionary distribution along water column of two species of picophytoplank-
ton, that is picoeukaryotes and Prochlorococcus. The model is valid for
weakly mixed waters, typical of the Mediterranean Sea. External random
fluctuations are considered by adding a multiplicative Gaussian noise to
the dynamical equation of the nutrient concentration. The statistical tests
show that shape and magnitude of the theoretical concentration profile ex-
hibit a good agreement with the experimental findings. Finally, we study
the effects of seasonal variations on picophytoplankton groups, including
an oscillating term in the auxiliary equation for the light intensity.
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1. Introduction

In an ecological context, the study of vertical distributions of the pico-
phytoplankton communities is very important to predict and understand fu-
ture changes in marine ecosystems, produced by global warming [1, 2]. In re-
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cent works, the spatio-temporal dynamics of phytoplankton in the Mediter-
ranean Sea have been studied by using a stochastic approach to describe and
simulate the experimental findings for the chlorophyll concentration [3, 4]. In
order to analyze the dynamics of phytoplankton, it is worth underlining that
marine ecosystems are complex systems, that is open systems characterized
by nonlinear interactions between their parts and external perturbations,
both deterministic and random, due to environmental variables [5–25]. As a
consequence, the study of a marine ecosystem has to be performed by con-
sidering also the effects of random perturbations, which can be treated as
environmental noise sources. The model is used to analyze the behaviour of
two picophytoplankton groups, which are subject to a stochastic dynamics.
In particular, in order to better simulate this nonlinear and noisy dynamics,
we take into account in our model the presence of external random pertur-
bations by including, in the equation that describes the dynamics of the
nutrient concentration, a term of multiplicative noise [3, 4, 12].

In order to analyze the picophytoplankton dynamics, we consider an
ecosystem which possesses the hydrological characteristics typical of the
Strait of Sicily and is known to be a biologically rich area of the Mediter-
ranean Sea with a key role in terms of fisheries [26–29]. Moreover, the two
picophytoplankton groups considered belong to the smaller size fraction (less
than 3 µm) of phytoplankton and are mainly represented by picoprokaryotes
and picoeukaryotes. Specifically, the picoprokaryotes group is dominated in
the Sicily Channel by a species of cyanobacteria, i.e. Prochlorococcus, while
picoeukaryotes group is mainly represented by pelagophytes and prymnesio-
phytes [30]. In this work, we study the vertical profiles of picoeukaryotes
and Prochlorococcus, which account for about 60% of total chlorophyll on
average in the Mediterranean Sea.

The interaction of these populations with the environment occurs through
two factors that limit the growth of this aquatic microorganisms: light inten-
sity and nutrient. The light penetrates through the surface of the water and
decreases exponentially along the water column. Vice-versa, nutrient con-
centrations along the water column are characterized by an increasing trend
from the sea surface to the benthic layer. The opposite gradients of two limit-
ing factors contribute to select different species, and sometimes groups, along
the water column, and determine the biodiversity of the ecosystem [1, 2, 4].

The responses of each picophytoplankton group to environment solicita-
tions depend strongly on the biological and physical parameters [31]. The
values of the environmental parameters have been chosen to reproduce the
marine ecosystem of the Sicily Channel in summer, characterized by olig-
otrophic water and high light intensity. Biological parameters depend on
both the metabolism and cell structure of the specific microorganisms inves-
tigated. It is important noting that some biological parameters play a key
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role on the position and magnitude of planktonic groups. In fact, the half-
saturation constants locate the position of the production layer and depth of
concentration peak for each picophytoplankton group. Moreover, the growth
rates and nutrient uptake determine the balance of the primary production
of phytoplankton in marine ecosystem [32], contributing to modify the com-
position and magnitude of the planktonic communities.

The first goal has been to obtain the spatio-temporal distributions of two
groups of picophytoplankton, i.e. picoeukaryotes and Prochlorococcus, using
a reaction-diffusion-taxis model [1, 2]. As a second step, we studied the
spatio-temporal evolution of the biomass concentrations of both groups, ob-
taining the distributions of the total chlorophyll a (chl a) and divinil chloro-
phyll a (Dvchl a) concentrations in stationary regime, and comparing the
numerical results with experimental data collected in a site of the Sicily
Channel. Finally, we analyzed the role of seasonal variations on picophyto-
plankton dynamics, including an oscillating term in the auxiliary equation
for the light intensity.

2. The model

The distributions of the two picophytoplankton groups in stationary
regime are obtained by using a stochastic model with conditions typical of
the Mediterranean Sea, where the vertical water columns are weakly mixed.
The dynamics, competition and structuring of phytoplankton groups in ma-
rine ecosystems have been studied in a series of theoretical works based on
deterministic models [1, 2, 33–35]. In particular, it was shown that biologi-
cal and physical parameters determine the position of the maximum of the
biomass concentration, that can be localized at the surface or, alternatively,
in a deep layer. Moreover, these parameters have also to guarantee the coex-
istence of the two groups [2, 35], i.e. picoeukaryotes and Prochlorococcus, in
the deep chlorophyll maximum (DCM), according to experimental findings.
In order to take into account all these conditions and describe correctly the
picophytoplankton dynamics, we devised a stochastic model by including,
in a deterministic advection-reaction-diffusion model [1, 35], a source of the
multiplicative Gaussian noise.

2.1. The stochastic model

In this paragraph, we use a stochastic model to study the dynamics
of the two picophytoplanktonic populations [1, 2] distributed along a one-
dimensional spatial domain (z-direction). In particular, we assume that the
interaction of these microorganisms with the marine environment occurs
through the two factors which limit the growth of the planktonic commu-
nities: light intensity (I) and nutrient (R), i.e. phosphorus. The stochastic
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model has been obtained by modifying a deterministic model based on a
system of three differential equations [1, 2]. The first two equations describe
the dynamics of the picophytoplankton groups, i.e. picoeukaryotes (b1(z, t))
and Prochlorococcus (b2(z, t)). The third equation simulates the change of
nutrient concentration (R(z, t)) along the water column.

It is worth noting that the magnitude of the picophytoplankton biomass
at depth z depends on three processes: growth, loss, and movement. In
our model, we consider these contributes in the differential equations for the
dynamics of picophytoplankton groups. Moreover, we also take into account
random fluctuations and their effect on the phytoplankton dynamics, by in-
serting in the equation for the nutrient dynamics a term of spatially uncor-
related noise. In particular, we use a source of multiplicative white Gaussian
noise ξR(z, t) with intensity σR and statistical properties: 〈ξR(z, t)〉 = 0 and
〈ξR(z, t)ξR(z′, t′)〉 = σRδ(z − z′)δ(t − t′). Finally, the light intensity I(z, t)
is modeled by a function varying, along the water column, with the depth
and biomass concentration. The stochastic model is defined by the following
equations

∂b1(z, t)

∂t
= b1 min (fI1(I), fR1(R))−m1b1 +D

∂2b1(z, t)

∂z2
− v1

∂b1(z, t)

∂z
, (1)

∂b2(z, t)

∂t
= b2 min (fI2(I), fR2(R))−m2b2 +D

∂2b2(z, t)

∂z2
− v2

∂b2(z, t)

∂z
, (2)

∂R(z, t)

∂t
= −

∑ bi(z, t)

Yi
×min (fIi(I), fRi(R)) +D

∂2R(z, t)

∂z2

+
∑

εimi
bi(z, t)

Yi
+RξR(z, t) , (3)

I(z) = Iin exp

−
z∫

0

[∑
aibi(Z) + abg

]
dZ

 , (4)

where v1 and v2 are the buoyancy velocities of the two picophytoplankton
groups, i.e. picoeukaryotes and Prochlorococcus, respectively; D is the ver-
tical diffusion coefficient; εi, mi and 1/Yi are nutrient recycling coefficient,
specific loss rate and nutrient content of the ith picophytoplankton group,
respectively; a1 and a2 are the absorption coefficients of the two picophy-
toplankton groups, and abg is the background turbidity; Iin is the incident
light intensity at the water surface. Furthermore, fIi(I) and fRi(R) are
given by the Michaelis–Menten formulas

fIi(I) = riI/(I +KIi) , (5)
fRi(R) = riR/(R+KRi) . (6)
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Here, ri is the maximum growth rate, KIi and KRi are the half-saturation
constants for light intensity and nutrient concentration, respectively, of the
ith picophytoplankton group. These constants depend on the metabolism
of the specific picophytoplankton groups considered. In particular, the half-
saturation constants, KRi and KIi , contribute to determining the position
along the water column of the biomass production layer for each group.

The stochastic model also includes six equations for the boundary con-
ditions. In particular, we can observe that phytoplankton biomass does not
enter or leave the water column. Therefore, the boundary conditions for
concentrations of picoeukaryotes and Prochlorococcus biomass account for
the absence of flux through both surface layer z = 0 and seabed z = zb[

D
∂bi
∂z
− vibi

]∣∣∣∣
z=0

=

[
D
∂bi
∂z
− vibi

]∣∣∣∣
z=zb

= 0 . (7)

Moreover, we fix the boundary conditions for nutrients, which do not come
from the top of the water column but are provided from the bottom. In
particular, nutrient concentration at the bottom of the water column, R(zb),
is set at value Rin, which depends on the site investigated. These boundary
conditions are described by the following equations

∂R

∂z

∣∣∣∣
z=0

= 0 , R(zb) = Rin . (8)

Equations (1)–(8) form the stochastic reaction-diffusion-taxis model used
in this work. By solving them, we obtain the spatio-temporal dynamics of
the biomass concentrations of picoeukaryotes and Prochlorococcus, nutrient
concentration and light intensity.

2.2. Biological and environmental parameters

In order to reproduce the experimental profile of chl a and Dvchl a con-
centration, measured in a marine site close to the Libyan continental shelf
(site L1129b in Fig. 1), we set the values of the environmental and biological
parameters so that the presence of a deep chlorophyll maximum for both
picophytoplankton groups is guaranteed [1, 2, 4]. According to our previous
discussion, the values of the biological parameters have been fixed to simu-
late the behaviour of picoeukaryotes and Prochlorococcus. In particular, the
half-saturation constants for each group are chosen to obtain suitable posi-
tions for both the production layers and the peak of biomass concentration.
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Fig. 1. Locations of marine sites, where experimental data were collected in
the period of the 12th–24th August 2006 in the Sicily Channel area, during the
MedSudMed-06 Oceanographic Survey onboard the R/V Urania. Data used in
this work, for comparison with theoretical results, are those acquired in site L1129b
(close to the Libyan coast).

The parameters 1/Y1 and 1/Y2 contribute to determine the steady distri-
butions of the picophytoplankton concentrations. In particular, experimen-
tal findings show that (i) the peak of biomass concentration of Prochlorococ-
cus is shallower than that of picoeukaryotes and (ii) the average cell concen-
tration of Prochlorococcus along the water column is much higher than that
of picoeukaryotes [30, 37]. In these conditions, a smaller amount of nutrient
is available for Prochlorococcus localized in the biomass peak. Therefore, in
order to obtain, for the two picophytoplankton groups, cell concentrations in
agreement with the real data, 1/Y2 is set at a value much smaller than 1/Y1
(see Table I). Moreover, the absorption coefficient of Prochlorococcus, fixed in
our model, has to be very different from that of the picoeukaryotes. In fact,
due to the higher average cell concentration of Prochlorococcus (5.2 × 104

cells ml−1) with respect to that of picoeukaryotes (0.6× 103 cells ml−1), in
order to simulate the same gradient of light intensity inside the production
layers [35], we had to exploit an absorption coefficient for Prochlorococcus
lower than that used for picoeukaryotes, setting a2 = 2.4× 10−15m2 cell−1.
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The sinking velocity is set to a value typical of the picophytoplankton [1],
while the maximum specific growth rates are in agreement with those exper-
imentally observed by other authors [38]. The values of the environmental
parameters have been chosen to reproduce marine ecosystem of the Sicily
Channel in summer, i.e. oligotrophic water (Rin < 10.0 mmol nutrient m−3)
and high light intensity (Iin > 1000 µmol photons m−2 s−1). Moreover, the
vertical turbulent diffusivity is fixed at values typical of weakly mixed waters
(D = 1.0 cm2 s−1). The numerical values of the parameters are reported
in Table I.

TABLE I

Parameters used in the stochastic model. The values of the biological parameters
are those typical of picophytoplankton groups.

Symbol Interpretation Units Site L1129b

Iin Incident light intensity µmol photons m−2 s−1 1404.44
abg Background turbidity m−1 0.045
a1 Absorption coefficient of picoeukaryotes m2 cell−1 6× 10−10

a2 Absorption coefficient of Prochlorococcus m2 cell−1 2.4× 10−15
zb Depth of the water column m 186
D Vertical turbulent diffusivity cm2 s−1 1.0
r1 Maximum specific growth rate

of picoeukaryotes h−1 0.08
r2 Maximum specific growth rate

of Prochlorococcus h−1 0.07
KI1 Half-saturation constant of light-limited

growth of picoeukaryotes µmol photons m−2 s−1 20
KR1

Half-saturation constant of nutrient-limited
growth of picoeukaryotes mmol nutrient m−3 0.0425

KI2 Half-saturation constant of light-limited
growth of Prochlorococcus µmol photons m−2 s−1 98

KR2
Half-saturation constant of nutrient-limited
growth of Prochlorococcus mmol nutrient m−3 0.0150

m1 Specific loss rate of picoeukaryotes h1 0.01
m2 Specific loss rate of Prochlorococcus h1 0.01
1/Y1 Nutrient content of picoeukaryotes mmol nutrient cell−1 1× 10−9

1/Y2 Nutrient content of Prochlorococcus mmol nutrient cell−1 4× 10−15

ε1 Nutrient recycling coefficient
of picoeukaryotes dimensionless 0.5

ε2 Nutrient recycling coefficient
of Prochlorococcus dimensionless 0.5

v1 Buoyancy velocity of picoeukaryotes m h−1 −0.0042
v2 Buoyancy velocity of Prochlorococcus m h−1 −0.0042
Rin Nutrient concentration at zb mmol nutrient m−3 5.0

2.3. Results of the stochastic model

In order to obtain the theoretical distributions of biomass concentrations
for the two picophytoplankton populations, we solve numerically Eqs. (1)–(8)
by using the Ito scheme, and averaging over 1000 realizations [12, 36].
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The numerical method, whose computer implementation consists in a C++
program, is based on an explicit finite difference scheme with centered-in-
space differencing for the diffusion term and upwind differencing for the
taxis term. In order to get the steady spatial distributions, we integrate
our system over a time interval long enough to obtain the stationary so-
lution. In particular, we solve the equations fixing as a maximum time
tmax = 4× 104 h. As initial conditions, we set that the picoeukaryotes and
Prochlorococcus biomass are concentrated in two layers close to the deep
chlorophyll maximum experimentally observed. Moreover, we impose that
the nutrient concentration remains approximately constant from the water
surface up to the DCM, while increases linearly below the DCM up to the
seabed.

We recall that the stochastic model provides the steady distributions of
the picophytoplankton concentrations expressed in cell/m3, while the experi-
mental data of chl a concentrations are expressed in µg/l. Therefore, in order
to compare numerical results with the experimental profile, the theoretical
cell concentrations of picoeukaryotes and Prochlorococcus are converted into
chl a and Dvchl a concentrations, respectively, by using the curves of mean
vertical profile (see Fig. 2) obtained by Brunet et al. [37]. In particular,
these curves describe the exponential behaviour of the chlorophyll per cell
ratio, as a function of depth, for both picophytoplankton groups.

Fig. 2. Mean vertical profile of chl a per picoeukaryote cell (panel a) and Dvchl a
per Prochlorococcus cell (panel b). Error bars are Standard Deviation. Equation
and r2 for the fit are reported on the plots. (Courtesy of Brunet et al. [37].)

Since the structure of the chlorophyll a molecule is almost identical to
that of divinil chlorophyll a, we summed their concentrations to obtain the-
oretical steady profile consistent with those obtained from the experimental
data. Moreover, in the Mediterranean Sea about 43% of the total quantity
of chl a and divinil chl a [1, 30] is due to nano- and micro-phytoplankton,
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and Synechococcus. Therefore, we consider this fraction of the total biomass
and divide it by depth, obtaining for each site the value ∆b(Dv)chl a, which
represents a constant concentration of chl a and Dvchl a due to other phyto-
plankton species present in the water column. Finally, we add the theoret-
ical concentrations with ∆b(Dv)chl a. By this way, we obtain the stationary
distributions in deterministic regime and for three different values of the
noise intensity. The results are shown in Fig. 3. Here, we observe that
the noise causes a decrease and a deeper localization of the DCM. Position,
shape and magnitude of the phytoplankton peak, obtained by the stochastic
model, exhibit the best agreement with those of the experimental DCM for
a noise intensity equal to 0.0040. This result is confirmed by the reduced
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Fig. 3. Theoretical distributions (gray/red line) of the total chl a and Dvchl a
concentration calculated for different values of σR by the stochastic model as a
function of depth. The results are compared with the distributions of the total
chl a and Dvchl a concentration measured (light gray/green line) in site L1129b.
The theoretical values were obtained averaging over 1000 numerical realizations.
The values of the parameters are those shown in Table I. The noise intensities
are: (a) σR = 0 (deterministic case), (b) σR = 0.0015, (c) σR = 0.0040 and (d)
σR = 0.0100.
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χ2 test that provides the best value, χ̃2 = 0.0037, for the same value of
noise intensity (see Table II). In particular, the values of the reduced chi-
square resulted to be much lower than the value previously obtained by the
one-species model [4].

Other results (here not shown) reveal a rapid disappearance of phyto-
plankton biomass for σR > 0.01. This indicates that the stability of the
nutrient concentration is a critical factor for both picophytoplankton pop-
ulations studied in this paper. Finally, these results suggest that random
fluctuations of the nutrient concentration could be the cause of the collapse
of phytoplankton biomass in real marine ecosystems.

TABLE II

Results of χ2 and reduced chi-square (χ̃2) goodness-of-fit test for site L1129b at
different values of σR. The number of samples along the water column is n = 176.

Rin σR χ2 χ̃2

5 0.0000 0.74 0.0042
5 0.0015 0.67 0.0039
5 0.0040 0.65 0.0037
5 0.0100 0.78 0.0045

3. Picophytoplankton dynamics and changes of DCM
in the presence of periodical driving force

In this section, we study the time behaviour of the picophytoplankton
groups in presence of seasonal variations of light intensity. In particular,
in order to predict the seasonal variations of the primary production of
phytoplankton in the Sicily Channel, we insert in our model an oscillating
term in the auxiliary equation for the light intensity.

Recent theoretical works [3] indicate that the seasonal variations of light
intensity have a strong effect on the distributions of phytoplankton pop-
ulations along the water column. Therefore, in order to better reproduce
spatio-temporal dynamics of picophytoplankton groups, we consider the pa-
rameter Iin as a periodical function of time. As a consequence, we replace
in Eq. (4) the incident light intensity with the following equation

Iin(t) = Iaverin + I0 cosωt , (9)

where, Iaverin is the yearly weighted average of the light intensity on the sea
surface taking into account only sunny days, i.e. in absence of cloud coverage,
and I0 is a multiplicative term that describes the magnitude of the seasonal
oscillations of the incident light intensity.
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Fig. 4. Spatio-temporal behaviour of picoeukaryotes biomass, Prochlorococcus
biomass and total chl a and Dvchl a concentration (from left to right). Con-
tour maps were obtained in the presence of periodical (seasonal) behaviour of the
light intensity Iin(t) according to Eq. (9), with the nutrient concentration subject
to random fluctuations (see Eq. (3)). The results refers to different values of the
noise intensity: σR = 0 (deterministic regime), σR = 0.0015, σR = 0.0040 and
σR = 0.0100 (from top to bottom). All contour maps were obtained averaging over
1000 numerical realizations. The average value of the incident light intensity is
Iaverin = 1068.58 µmol photons m−2 s−1. The values of the other parameters are
those shown in Table I.
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We analyze the ecosystem dynamics in the presence of oscillating light
intensity and random fluctuations of environmental variables. In particular,
as a first step, we obtain the spatio-temporal dynamics of picoeukaryotes
and Prochlorococcus by solving equation system (1)–(8). Second, as in pre-
vious section, we convert the theoretical cell concentrations of the picophy-
toplankton groups into chl a and Dvchl a concentrations, by using the curves
of mean vertical profile shown in Fig. 2. The spatio-temporal dynamics of
the two picophytoplankton groups and total chl a and Dvchl a concentra-
tion is shown in Fig. 4. Here, we observe a decreasing magnitude of the
picophytoplankton concentrations during autumn, followed by an increase
of biomass concentrations in spring. Moreover, in winter, we obtain a width
of the DCM less than that of the summer period. Finally, we note that
the position of picophytoplankton concentration peaks changes during the
whole solar year, due to the seasonal variations of incident light intensity.

We recall that the position, magnitude and shape of phytoplankton dis-
tributions depend on three environmental parameters: the incident light
intensity at the sea surface, the nutrient concentration at the seabed and
the vertical turbulent diffusivity along water column. In particular, since
the seasonal variations influence the values of the incident light intensity,
the dynamics of picophytoplankton groups can pass from deep chlorophyll
maximum to upper chlorophyll maximum (UCM) stability and vice-versa [2].
This behaviour occurs in marine ecosystems, such that analyzed in this work,
close to a border between eutrophic and oligotrophic waters. Moreover, the
vertical turbulent diffusivity could change due to random modifications of
the environmental variables, i.e. velocity field, salinity and temperature,
inducing a faster transition from one chlorophyll concentration profile to an-
other [2, 35]. In our study, we observe also that the Prochlorococcus concen-
tration reaches higher values close to the water surface, as the noise intensity
increases, with the system approaching the UCM configuration (see Fig. 4).
A stochastic model, where seasonal variations are considered, allows there-
fore to take into account more possible scenarios for the spatio-temporal
dynamics of phytoplankton biomass in real marine ecosystems.

4. Conclusions

In this work, we studied a stochastic model for the spatio-temporal
dynamics of two picophytoplankton populations, i.e. picoeukaryotes and
Prochlococcus, which tend to occupy different zones of the water column.
In particular, the model was devised to investigate the picophytoplankton
dynamics in a site of the Sicily Channel, where the waters are prevalently
oligotrophic and the climatic parameters are those typical of a temperate re-
gion. In order to better reproduce the experimental profile of the total chl a



Stochastic Dynamics of Two Picophytoplankton Populations in a Real . . . 989

and Dvchl a concentration, we took in account the effects of the random
perturbations due to environmental variables.

The numerical results showed that the presence of a noise source, which
acts directly on the dynamics of the nutrient, allows to simulate the average
stationary profile of the total chl a and Dvchl a concentration, obtaining a
better agreement with the experimental findings respect to the deterministic
case. In particular, the χ2 goodness-of-fit test indicated that the position and
magnitude of the DCM are coherent with those of the real data. In addition,
the results obtained agree with experimental data reported in Refs. [30, 37].
Finally, we observed that the external random perturbations can give rise
to two interesting effects on phytoplankton dynamics: (i) “shift” of the peak
of biomass concentrations towards a greater depth; (ii) “disappearance” of
picoeukaryotes and Prochlorococcus for higher noise intensity.

We completed our study by analyzing the role of the seasonal oscilla-
tions of the light intensity, simulating the spatio-temporal dynamics of the
picophytoplankton concentrations during the solar year. The numerical re-
sults obtained in the presence of periodical driving force could be useful
to predict and understand future changes in the phytoplankton profiles in
the Mediterranean Sea, contributing to prevent in marine ecosystem the de-
cline of the phytoplankton production and the consequent decrease of fish
species [2, 39–41].
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