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Abstract

In this paper we consider coalition configurations (Albizuri et al., 2006), that
is, families of coalitions not necessarily disjoint whose union is the grand coalition,
and give a generalization of the Shapley value (1953) and the Owen value (1977)
when coalition configurations form. This will be an alternative definition to the
one given by Albizuri et al. (2006).
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1 Introduction

There are negotiation situations in which some agents prefer to cooperate together than
with others. There is a tool which has been employed to study these kind of negotiations:
that of a coalition structure, that is, a partition of the set of agents into disjoint coalitions.
Aumann and Dreze (1974) propose and study a value when agents form a coalition
structure, and later on, Owen (1977) proposes and characterizes another modification of
the Shapley (1953) value also when coalition structures are formed (see also Hart and
Kurz, 1983). Even though other coalitional values have been studied (see Albizuri and
Aurrekoetxea, 2006, Casajus, 2009, Gémez-Ria and Vidal-Puga 2010, and references
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herein), the most widely used (see Gémez-Rua and Vidal-Puga, 2013, and references
herein) is the Owen (1977) value.

In Owen’s (1977) approach, each member of the coalition structure bargains against
the others to allocate the worth available to the grand coalition. Albizuri et al. (2006)
consider the more general concept of coalition configuration to model negotiations in
which players form coalitions not necessarily disjoint. A coalition configuration is defined
as a family of coalitions not necessarily disjoint, whose union is the grand coalition. They
generalize the Owen value (1977) (and therefore the Shapley value, 1953) with reference
to coalition configurations. In fact they obtain two generalizations of the Owen value.
The configuration value and the dual configuration value. Both values are dual each of
the other. Let us present the second one by means of an example. The first one could be
presented similarly.

Let N = {1,2,3} be the set of players and consider the transferable utility game v
on N which satisfies v (1) =0 =v(2) =v(3), v(12) = 3, v(13) = 0, v(23) = 1 and
v (123) = 5. The dual configuration value ¢ associates a vector of outcomes with each
coalition configuration. These outcomes can be calculated by means of orderings.

Suppose for example that players form coalition configuration B; = {{1,2},{2,3}}.
Then we have to consider all the orderings of the elements which form the two coalitions
of By, in such a way that the elements of the same coalition keep together. So we consider
1223, 1232, 2123, 2132, 2312,2321, 3212 and 3221. We interpret these orderings as follows.
Suppose that each player in each coalition of By has a representative associated with
that coalition, and that these four representatives form a queue outside a room in such
a way that all the representatives associated with a coalition are together. Then, these
representatives enter in the room and form an ordering. We have in this way the orderings
above. When a representative of a player enters in the room a coalition forms if all the
representatives of that player are in the room, being that coalition the one formed by the
players whose representatives are all in the room. For example, given 1232, player 1 is
given v (1) = 0 for when 1 enters coalition {1} forms and 1 is given her contribution to the
singleton coalition. When the first representative of player 2 enters in the room neither
coalition forms for all the representatives of 2 are not yet in the room. Therefore, 2 is
not given anything. Then 3 comes and coalition {1,3} forms, and 3 is given her marginal
contribution to this coalition: v(13) — v (1) = 0. When the second representative of
player 2 enters {1,2,3} forms and 2 is given v (123) — v (13) = 5. If we suppose that
all the orderings are equally likely, the expected marginal contribution of a player is her

dual configuration value associated with By. The value is ¢ (v, B;) = (1, 3%, %)



Consider now the unanimity game ux on N given by ux (N) = 1 and uy (S) = 0
otherwise. Then, an analogous reasoning as before leads to ¢ (uy, B1) = (%u %, }l)

If B = {{1,2},{2,3},{2}} is formed we can calculate the dual configuration value
as before. Now we have to consider the orderings 12232, 12322, 23122, ... In this case
6(0.B) = (2.4.2) and 6 (uy. By) = (1.2.2).

Notice that in both cases player 2 has three representatives in By since she belongs
to three coalitions. If player 2 were in four coalitions she would have four representatives
and so on. So the more coalitions a player belongs to the more effort or weight she has.

In this work we do not allow any player (as player 2 here) to increase her weight by
belonging to more and more coalitions. Each player will have a fix weight and this weight
will be spread among the coalitions she belongs to. Think for example of agents that
have a certain amount of time they share among the coalitions they belong to, the worth
of these coalitions depending on the time spent by the agents inside the coalitions.

The weight of a player will be represented by a positive real number and we will
consider all the possible weights for a player. So we have a family of alternative values.
They will be called weighted bounded configuration values. The definition will be made
also by means of orderings, as in Albizuri et al. (2006).

The paper is structured as follows. Section 2 is a preliminary one, in Section 3 we
define the weighted bounded configuration values and in Section 4 we give an axiomatic
characterization which gives all the weighted bounded configuration values. In Section 5
we focus on a specific weighted bounded configuration value. As a first approach we can
say that we suppose that the weights of all the players in a fixed set U are equal to one
and that these players spread equally their weight among the coalitions of the coalition
configuration they belong to. Finally, in Section 6 we explain how to obtain the dual

family corresponding to the weighted bounded configuration values.

2 Preliminaries

Given a finite set of players N, we denote by G the set formed by the cooperative
transferable utility games with player set N, that is by the mappings v : 2 — R such
that v (0) = 0. A coalition is a subset S C N, S # (). Giveni € S C N and T' C N\S,
let 75T denote the set (S\ {i}) UT. Given v € GY and T C N, T # (), we denote by
vp € GT the game on T such that vy (S) = v (S) for all S C T. A game v € G¥ is
monotonic if v (S) < v (T) whenever S C T. A coalition T is a partnership in v € GV if
v(CUS) =v(S) whenever C' G T and S C N\T'. For every coalition T we denote by



u7 the unanimity game defined by

1 ifSDOT
up (S) = -
7 (5) { 0 otherwise.

A coalition structure of N is a family B = {Bj, ..., B, } of coalitions of N such that
U, By = N, and B, N B, = 0 if B,, B, € B with p # ¢q. We denote by B{ the set of
coalition structures of N and BG)) = BYY x GV.

If we fix B € BY, a solution 1 on GV is a function from G" into RY. Vector 1 (v)
represents the expectations of players in v when they form coalition structure B.

Let us present the weighted coalition structure values with intercoalitional symmetry
defined by Levy and McLean (1989). We present a formalization which fits with the
definition for the weighted bounded configuration values that we provide in Section 3.

First we need some notation. Let B = {Bj, ..., B} be a coalition structure of N. For
B, € B, denote by X (B,) the set of permutations of B, and let Rz (V) be the set of
tuples (o1, ..., 0,,) such that for every [ = 1,...,m it holds that

(1) 0, € ¥ (B,) for some ¢ =1,...,m, and

(2) I" # 1 and oy € ¥ (B,) implies 0, ¢ X (B,) .

Each element o € Rp (N) naturally induces a permutation R, of N in which players
in every B, € B appear successively. We denote by R the permutation o; € ¥ (B,).

Let (v,B) € BGY and w € RY.' Assume that players in N form a queue outside
a room according to the following procedure. Players in every B, are together, all the
orderings of coalitions B, € B are equally likely and players in every B, are ordered as
follows. Onme player in B, is picked up at a time and she is placed in the front of the
queue which is partially formed. Once a player is picked up she is not picked up any
more and the probability of picking up player ¢ is given by her weight w; divided by
the weights of the players in B, who are not yet in the queue. Then players proceed to
enter in the room. When player ¢ enters in the room a coalition S forms and player ¢ is
given her marginal contribution to this coalition, that is, v (S) — v (S\{i}). The expected
marginal contribution of player ¢ is by definition the weighted coalition structure value
with intercoalitional symmetry of player ¢ in v associated with w and B.

This definition is due to Levy and McLean (1989). Let us formalize it. For every
a € Rp(N) and i € N, let R, [i] denote the set of players which are before player ¢ in
order R,, including player .

Let (v,B) € BG) and w € RY. For every a € Rz (N) and i € N the marginal

LGiven N C U we denote by Rf the set of |N| -tuples with strictly positive components.



contribution of player ¢ in order R, is

Ci (v, Ra) = v (Ra [i]) — v (Ra [i]\ {i}) -

Consider the probability distribution Q(”’B) on Rp (N) such that

(wB Bq
Q () |B|' H Q R

ByeB
|Bq|
where Q% is the probability distribution on ¥ (B,) such that Q3 (o) = [] for
=1 2 wig
s=1

o = (il---i|Bq|) €eX (Bq).
The weighted coalition structure value with intercoalitional symmetry of player i in v

associated with w and B is defined by
(w B) Z Q w,B) (U R )
OzG'RB

These solutions are characterized by Levy and McLean (1989) by means of the fol-
lowing axioms. Let B € BY be fixed and let 1) denote a solution on G*.

Linearity. For every vy,v, € G and ), i € R it holds that

Y (Avr + pvg) = A (v1) + pap (v2) -

Efficiency. For every v € G¥ it holds that
D i) =
iEN
B-Positivity. If v € G is monotonic and C; (v, R,) > 0 for some a € R (N), then
i (v) > 0.
Intercoalitional Symmetry. Let v € GV. If B,, B, € B are such that for every
C C B\{B,, B,} it holds v (Bp UUg,cc Br) =0 (Bq UUg,cc BT) , then
D i)=Y Wi (v)
i€By i€B,
Intracoalitional Partnership. If 7' C N is a partnership in v, then for every B,
such that B, NT # () and every i € B, N T it holds that

i (ur) Z v (v) =i (v) > W (ur).

Null Player Axiom. Let v € GV. If i € N is a null player in v (i.e., if v (SU {i}) =
v (9) for all S C N), then

bt



Theorem 2.1 (Levy and McLean, 1989) Let B € BY. A function : GY — RN satisfies
Linearity, Efficiency, the Null Player Azxiom, B-Positivity, Intercoalitional Symmetry

and Intracoalitional Partnership if and only if there exists a vector w € Rﬂf such that
=B

And finally, Levy and McLean (1989) proved that

1 Wi
(va) ? 1 y

n; ur) = : it ieB,NT. 1
(ur) |B, € B:B,NT # 0 Zjquﬁij ! )

3 The weighted bounded configuration values

In this section we propose an alternative solution to the ones given in Albizuri et al.
(2006). Again, players form coalitions and can be in more than one. In addition, we
suppose that when a player is in more than one coalition, several players can represent
her in the coalitions she belongs to.

To formalize this, we consider two disjoint sets of players, U and U’, where players in
U’ represent players in U. We suppose that these auxiliary players do not belong at once
to more than one coalition.

Let U and U’ be, respectively, a finite and an infinite set of players with |U| > 2
and UNU' = (. We can always find a function F' : U x {2, ...,2|U‘*1} — 2V such that
|F (i,k)| = k for all k € {2,...,2U17'} "and F (i,k) N F(j,k') = 0 if i # j or k # k.
The interpretation of F (i, k) is as follows: F (i, k) is the set of representatives of player
1 when player ¢ belongs to exactly k different coalitions.

Let A=UUF (U X {2, ...,2|U|*1}) C U U U’ be the set of all possible players and
representatives. A coalition configuration of N C A is a family B = {By,..., By} of
different coalitions of N such that |J;"; B, = N, |B’| = 1 when i € NNU" and it satisfies

B|>1=F(i,|B|)nN =10

for all i € N, where B = {B, € B :i € B,}.

The interpretation is as follows. There are two types of players, players in U and
players in F (U X {2, ...,2|U‘*1}), where players in F (U X {2, ...,2|U|*1}) can represent
players in U. The admissible set of players are the subsets of A. Each player ¢ € U
can be represented by the players in F (i, k) when player i joins k different coalitions.
Players in F (i, k) can be seen as split players of player i, and they cannot split (this is
the meaning of |[B'| = 1 when i € NNU’). So, players in F (i, k) cannot be in more than
one coalition. Furthermore, player i € U cannot be with players that represent her (this

is the last requirement).



The set of coalition configurations of N is denoted by BY. Moreover, we write BGY =
BY x GY and BG =Jy., BG".

Given B € BY, for every B, € B we denote by ¥ (B,), as in the previous section, the
set of permutations of B, and by Rp (V) the set of tuples (o4, ..., 0,,) such that for every
[ =1,...,m it holds that

(1) 0, € ¥ (B,) for some B, € B, and

(2) I" # 1 and oy € ¥ (B,) implies 0, ¢ X (B,) .

Now, every element @ € Rg(NN) induces a permutation with repetition of order
> B,eB |B,| of N in which players in every B, € B appear successively. We denote
this permutation with repetition by R, and by RY the permutation o; € X (B,).

A solution on BG is a function ¢ from BG into |Jyc, RY such that ¢ (v, B) € RY
whenever (v, B) € BG". Vector ¢ (v, B) can be interpreted as the expected value of
players in v when players in the game form coalition configuration B.

We define our solution by means of orderings. Suppose that there exists a vector
w € RY such that for each i € U and k € {2,...,2IV171}

That is, every player belonging to an admissible set of players has a weight w; and the
weight of every player ¢ € U is the sum of the weights of the split players associated with
her.

Example 3.1 Take w; = 1 for alli € U and w; = % for all i € F(j,k) with j € U
and k € {2, e 2|U|_1}. It is straightforward to check that such w is well-defined and it
satisfies (2).

Example 3.2 Let yp € RY. Take w; = p; for alli € U and w; = muj for all
er (.
i € F(j,k) withj € U and k € {2,...,20171} . Again, it is straightforward to check that

such w is well-defined and it satisfies (2).

For each N C A, i € NNU and B € BY such that |[BY| > 1 there exists some
one-to-one function 7 : B* — F (i,|B|). This function tells us which player in F (i, |B’|)
can represent player i in each coalition of B'. If |B‘| = 1 then player ¢ belongs to a
unique coalition and therefore player ¢ can be represented by herself. So, we also define
7 (B) =i for all i € N such that |BY| = 1.

Moreover, these mappings should be consistent in the sense that the representatives of

some player j do not change if some other player ¢ is replaced by her own representatives.



Namely, let N C A, i € NNU and B € BY such that |BY| > 1, and consider

BB = (B\B') U { quv{wz’gwq)}}

ByeB?

If 1,5 € B, € B, then we require

s rgey (BA\ID) U s (By)}) = 5 (By). (3)

We denote by 7 such a family of mappings {7}, 5.

Let us fix B € BY and 7. Every player i € N has a representative in each coalition
B, € B', given by w. Suppose that these representatives form a queue outside a room in
such a way that all representatives associated with every B, are together. These queues
can be represented by the members o € Rg (N). We suppose that all the orderings of
coalitions B, € B are equally likely and that players in every B, are ordered as follows.
One player in B, is picked up at a time and she is placed in the front of the queue
which is partially formed. Once a player is picked up she is not picked up any more
and the probability of picking up a player ¢ € B, is given by the split weight Wi (B,)
divided by the weights Wrk(By) associated with the players k € B, who are not yet in the
queue. After forming the queue the representatives proceed to enter in the room. When
a representative of a player enters in the room a coalition forms if all the representatives
of that player have entered in the room. Moreover this coalition, say S, is formed by the
players whose representatives are all in the room. When the last representative of player
1 enters in the room she will be given her marginal contribution to the coalition S, that
is, v (S) — v (S\{i}). The expected marginal contribution of player ¢ will be by definition
her weighted bounded configuration value associated with (w,7). It will be denoted by
67 (0, ).

Let us formalize this definition.

Consider the probability distribution Q5™ on Rz (N) such that

1
(“’78’7‘—) —_ . (er) B,
= 1 1 @s” (7).
B.eB
(w,m) - - C . . (w,T) | Byl “rit (By)
where Q" is the probability distribution on X (B,) such that Q™ (07) = [] —*——
t=1 E w 4
s=1 71—BS(B‘I)

for o, = (il...i|Bq|) eEX (Bq).
Given a € R (N) and i € N denote by R, [i] the set of players whose last position
in R, is before the last position of player 7, including player i. Notice that this definition

generalizes that of Rz (N) defined in the previous section, so it share the same name.



Given (v,B) € BGY, for every a € Rz (N) and i € N, the marginal contribution of
player i in order R, is defined by C; (v, R,) = v (R, [1]) — v (Ra [i] \ {i}).
The weighted bounded configuration value of player i in (v, B) € BG" associated with
w is by definition
(0B = > QW (a) Ci(v,Ra).

a€Rp(N)

The weighted bounded configuration value ¢“ is the corresponding solution on BG.

Next we give a relation between the weighted bounded configuration values and the
weighted coalition structure values with intercoalitional symmetry defined by Levy and
McLean (1989). It follows that the weighted bounded configuration value of a player is
the sum of the Levy and McLean values of the split players associated with that player
in an associated game with the natural associated coalition structure.

In this Proposition and in the following, given w € Rﬁ satisfying (2) and S C U, we

denote by wg the vector w restricted to S.

Proposition 3.1 Let ¢* be a weighted bounded configuration value. Then for every
veGYN andi e N C A it holds that

o w.B)= 3 5 @),

ByeB?

where N = Us,es Ujes, {r}(By)}, v € GV is such that
o(T)=v (j eN: UquBj {m% (By)} € T> :

and B = {E}B - where B\q = Ujes, {m}(By)}.

q

Proof. Let ¢* and (v,B) € BG". There is a natural bijection between Rz (N) and
Rg (N) that associates each a = (01, ...,0,,) € Rg(N) with & € R <]V> just replacing
player i € 0; € ¥ (B,) by 7% (B,). Furthermore, for every i € N it holds that C; (v, R,) =
> n,e5 Criy(s,) (U, Ra) and QWP (a) = Q(‘“ﬁ B) (@). Therefore, we obtain the required
result. m

Notice that all the sets [z cp: {m (B,)} are partnerships in 0 and that the worth of
Us,es: {m (B,)} is just the worth of 7 in v. Observe also that B is the natural coalition
structure induced by B on N , when every ¢ € N is replaced in each B, € B’ by her
associated split player 7 (By).

Remark 3.1 When the weights are natural numbers then the weighted bounded config-

uration value can also be calculated as follows. The weights can be seen as the number

9



of representatives that players have in the coalitions they belong to. Suppose for example
that {1,2,3} = N C A, w1 =1, ws =3, wg =1, F(2,2) = {4,5}, and wy = 2, ws = 1.
Let By = {{1,2},{2,3}}, and suppose that 4 and 5 represent player 2, respectively, in
{1,2} and in {2,3}, i.e. mp, ({1,2}) =4 and 73, ({2,3}) = 5. So players 1, 2 and 3 have,
respectively, wy, we and wsz representatives in the coalitions they belong to, and ws and
ws tell us how wy is divided in the two coalitions player 2 belongs to. Therefore, player 1
has one representative in coalition {1,2}, player 3 has one representative in {2,3}, and
player 2 has two representatives in {1,2} and one in {2,3}. We denote by 2,2" the two
representatives of player 2 in {1,2} and maintain the denomination of the player for the
other representatives. If we consider the orderings of all the representatives in such a
way that those associated with the same coalition are together, that is, 12223, 12'223,
12232, ..., if we suppose that these orderings are equally likely and that the sets form
as explained in the Introduction for the dual configuration value, the expected marginal

contribution of a player i € {1,2,3} is her value according to ¢*™. For the first game

5 1

v presented in the Introduction, ¢* (v,B;) = (%,36,5). For the unanimity game uy,

¢w (uNa Bl) = (%7 1_727 4_11) .
These results can be proved as in Kalai and Samet’s Theorem 9 (1987), taking into

account Proposition 3.1.

4 Characterization of the weighted bounded config-

uration values

In this section we characterize the family formed by the values ¢* by means of the
following axioms. We denote by 1 a solution on BG and N C A.

The first five axioms are adaptations to this framework of the axioms that character-
ize the weighted coalition values with intercoalitional symmetry, except the Null Player
Property.

Linearity. For every (vi,B), (v2, B) € BGY and A, u € R it holds that

Y (Avy + pvg, B) = M (v1, B) + ) (ve, B) .

Efficiency. For every (v, B) € BGY it holds that

Zwi (v,B) =v(N).
€N
B-Positivity. If v € G is monotonic and C; (v, R,) > 0 for some a € R (N) then
1/11' (’U, B) > 0.

10



Intercoalitional Symmetry. Let (v,B) € BG{. If B,, B, € B are such that for
every C C B\{B,, By} it holds v (B, Uy ¢ B:) = v (ByUUp cc Br) » then

> i (0,B)=> 1 (v.B).

i€B, i€By

Intracoalitional Partnership. Let (v, B) € BGY. If T C N is a partnership in v
and B, € B is such that B,NT # 0 and |B‘| = 1 for every i € B, N T, then for every
t € B,NT it holds that

Vi (ur, B) Y 4y (0,8) = 4 (0,8) Y 4y (ur, B).

jE€B,NT JEBGNT

The following axiom requires the solution to be independent of the null players with no
relevant role in a coalition structure.

Null Players Out. Let (v, 8) € BG)'. If i € N is a null player in v, then

by (vagays B-i) = 5 (v, B)

for every j € N\ {i}.

For the next axiom we need two notations.

Givenv € GV, i € NNU and k € {2,...,2IN71} ] the game v "F0H € GN™
defined by

i, F(i,k) .
1S

WWWW):{ v (T N N) if F(i,k) ¢ T
v((TNN)U{i}) if F(i,k)CT.
In this game player i has been substituted by F' (i, k), being the proper subsets of F' (i, k)
powerless, that is, being F (i, k) a partnership.

Given B € BY and i € N, we write

) = (B\B) U { Bqa{wgwa}}

Bi

Bfi,F(i, '
ByeB?

That is, player ¢ is substituted by her representatives in the coalitions (of the coalition
configuration) she belongs to.

The next axiom states that if a player belongs to several coalitions of a coalition
configuration, then she can be substituted by her representatives associated with this
coalition configuration without changing the value of the other players.

Merger. Let B € BY and i € N such that |[B‘| > 1. Then,

)

B B

¥; (v, B) =1y (U_i’F(i’ ), B
for every j € N\ {i} and v € G".

11



The dual configuration value (Albizuri et al., 2006) satisfies all the above properties?.
Moreover, the weighted bounded configuration value also satisfies them (see Proposition
4.1 below). Hence, we need an additional axiom to decide which of these two values is

more suitable in a given situation.

Example 4.1 Let N = {1,2,3,4,5} with2 € U and {4,5} = F (2,2) C U’. So, players 4
and 5 are the representatives of player 2 when player 2 belongs to exactly two coalitions,
as for example in B = {{1,2},{2,3}} € B33}, Let uy be the unanimity game on
N, so that {2,4,5} is a partnership in (N,uy). Let B = {{1},{2,3,4,5}}. The dual
configuration value (Albizuri et al., 2006) assigns:

1 1
¢z (un, B) = 3 # 1 ¢4 (un, B) + ¢5 (un, B) .
On the other hand, a weighted bounded configuration value assigns

1 [09))

T 2wy + ws o+ wy o+ ws
1 Wy + Ws

T 2wy + ws o+ wy + ws

:szj(uN’B)—i_gbg(quB)‘

925;) (quB)

We consider that ¢% (un, B) = ¢4 (un, B) + ¢¢ (un, B) is a natural requirement for a
coalition configuration value, since players 4 and 5 are representatives of player 2, and

they belong to a common partnership, being therefore indistinguishable in this game.

In the following axiom we formalize the general situation described in Example 4.1.
Consider a player and the players who represent her (with respect to some other coalition
configuration) all of them forming a partnership in a game, and therefore being indistin-
guishable in this game. If we take a coalition configuration in which such a player and
her representatives belong to the same coalition, the axiom requires the solution to give
the same value to the player and such representatives.

F-Partnership Additivity. Let B € BY, B € BY', and i € NN N'NU such that
’(B’)i > 1, F (i, (B’ ) CN,B =B foraljeF <i, (B’ >, and v € G such that
F <z (B)'

) U {i} is a partnership in v. Then

Yi (v, B) = Z Y; (v, B).

ser(i]@)])

2See Theorem 5.1 in Albizuri et al. (2006) for Efficiency, Linearity and Intercoalitional Symmetry
(called Coalitional Symmetry). B-Positivity, Intracoalitional Parnership, Null Players Out and Merger

follow easily from the definition.
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Recall that |B/] = 1 for all j € F <z (B!
belong to a unique coalition in B, that is, there exists B, C N such that B* = B/ = {B,}.

) since j € U'. Hence, players i and j

Proposition 4.1 The weighted bounded configuration value ¢* satisfies Linearity, Effi-
ciency, B-Positivity, Intercoalitional Symmetry, Intracoalitional Partnership, Null Play-

ers Out, Merger and F'-Partnership Additivity.

Proof. By definition, it is clear that ¢“ satisfies Linearity, Efficiency and B-Positivity.
If B is a coalition structure then the mapping ¢ (v) = ¢* (v, B) is a weighted coalition
structure value and therefore 9 satisfies Intercoalitional Symmetry and Null Players Out.

Let us prove that ¢ satisfies Intracoalitional Partnership. Let (v, B) € BGY, T C N
be a partnership in v, B, € B such that B,NT # 0 and |B‘| = 1 for every i € B, NT.
Let 7,5 € B,NT. By Proposition 2 it holds that

¢ (v.8) = 67 (0.B) . (4)

where <57, [§> € BGY is defined as in Proposition 2. Since B is a coalition structure,

the solution 15 on GV defined by 12 (w) = ¢¥ (w,g> is a weighted coalition structure
value with intercoalitional symmetry (the one associated with wV and g), and therefore zZ
satisfies Intracoalitional Partnership. Notice also that the set 7' = Uier Up,es: {75 (By)}
is a partnership in v. Therefore,
Giluz) Do @ =@ Y Wy (ur).
jeBNT jEBNT
And taking into account that B; NT = B,NT, us = ur and the equality (4), we have
that
(ur,B) Y ¢ (v,B) =6 (v,B) Y ¢ (ur,B),
gqumT jeB,NT

that is, ¢* satisfies Intracoalitional Partnership.

We prove now that ¢ satisfies Merger. Let B € BY and i € N such that |B| > 1,
j € N\ {i} and v € GV. Tt is clear that

—

B-i.FIB) = B

and
v—0F (@B

I
_C>

Moreover, by (3),
Thrtegsey (BAH) U s (B))}) = 75 (By)

13



for all B, € B.
By Proposition 3.1,

) (“JN B) ~
(b (U B) 777%(3(1) (U>
By€Bi
and :
w (, —i,F(i,|B —i,F(4,|B? _ wn,B) .
(bj <U F( )>B F( )> - Z 777% B’ (U>

Bée(B—i,F(MBiD)j

i,|B

It is clear that there exists a one-to-one correspondence between B’ and <B_i’F ( >)j,
given by B) = (B,\ {i}) U {7 (B,)}, so that the two above expressions coincide.

Finally, we prove that ¢* satisfies F-Partnership Additivity. Let B € BY, B € BV,
i € NN N NU such that ](B')" > 1, F(z (B')") C N, B =B = {B,} for all

jeF (i, (B’ ), and v € G such that T = F (i, }(B/)i ) U {i} is a partnership in v.
By the Intracoalitional Partnership Axiom it holds that
w ¢ (ur, B
¥ (v.B) = —~ q; g 2 9B,
JEBLNT ]GB nT

where the denominator is not zero by B-Positivity. Moreover, B, NT =T" and hence

¥ (1,8) = 5= ¢f‘2’T Zw

JeT
Taking into account Proposition 3.1 and (1) we obtain
Wz

¢¢ (v, B) = Z¢v6 (5)

jGT

jET

Analogously, for every k € F (i,|B|) it holds that

¢y (v, B) =

(v,B). (6)

]ET jGT
By (2) we know that w; = ;7\ ;y Wk, Which, joint with (5) and (6), implies

B = Y B = > @B,

keT\{i} keF (i,|(B))?|)

that is, ¢“ satisfies F-Partnership Additivity. m

Theorem 4.1 A solution v on BG satisfies Linearity, Efficiency, B-Positivity, Inter-
coalitional Symmetry, Intracoalitional Partnership, Null Players Out, Merger and F'-
Partnership Additivity if and only if there exist w such that ¢ = ¢*.
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Proof. Proposition 4.1 is the if part of this Theorem. So it remains to prove that if a
solution ¥ on BG satisfies the above axioms then there exist w and 7 such that ¢ = ¢*.
Let B € BYY be a coalition structure on N C A. The mapping % (v) = v (v, B) satis-
fies Linearity, Efficiency, the Null Player Axiom, B-Positivity, Intercoalitional Symmetry
and Intracoalitional Partnership. Therefore, by Theorem 2.1 there exists AV (B) € RY

such that
v () = (0,8) = 0" OF) (). (7)

Moreover, Levy and McLean (1989) prove that A (B)Y = 1, (uy, B) for every i € N.
Let B, € B and i,j € B, N. By Intracoalitional Partnership,

¥; (up,n, B) Z U (un, B) = i (un, B) Z Uk (up,nn, B) .

keByNN keByNN

Under B-Positivity, we can rewrite the above equality as

Z (0 (UquN, B)

Ui (U, B) ke

(5 (UN;B) B Z Uy, (UN,B)

kE€B,NN

Since we have the same equality for player 7, it follows that

Vi (v, B) ¥ (up,nn, B)
¢i (UN7B) N ¢j (uNaB) ’

that is,
vi(un, B) _ i (uB,nN, B) _ ¥ (up,n,{B; N N})
Vj (un, B) ¢y (UquN, B) (0 (UquN, {B,N N}) ’

where we have taken into account Null Players Out in the second equality.

(8)

Now, we take into account again the Intracoalitional Partnership axiom, but now with
(ua, {A}) € BG*, coalition A € {A} and T = B, N N. Then

Ui (ug,evs {AY) Y n (ua, {AY) = v (wa, {A}) Y ok (us,on, {A})

keByNN keByNN

Since we have the same equality for player j, reasoning as above we have that

Vi (ua, {A}) _ Ui (up,nn, {A}) _ Ui (up,nn, {Bg N NY)
wj (uA7 {A}) @ij (UBqﬂN, {A}) ) (UquN, {Bq N N}) '

Equalities (8) and (9) imply that

Yi(un,B) v (un,B)
Vi (ua, {A}) by (ua, {A})
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If we denote by cp, 5 this ratio, we have that ¢; (un, B) = cp, 8- 1; (ua, {A}) for every
i € B, Let wy = ¢y (ua, {A}) for every k € A. Hence, A (B),

; = CB, B+ w; for every

i € B,. Taking into account (1) and (7) we obtain

W (v, B) = n“P (v) (10)

for every v € GV
Now let (v, B) € BG". By Merger and Efficiency, for every i € N with |BY| > 1,

= > vnysy (9.8).

B,eB?

where N, B= {B\q} cand U € GV are defined as in Proposition 3.1. For ¢ € N with
ByEB

|BY| = 1, we have 7 (B,) = i and, under Merger and Efficiency, the above equality also
holds. By (10) we have that v (ﬁ, g) = n<°"ﬁ ) (v), and therefore

Z nﬂB Bq

BgeB?
We still need to prove that w satisfies (2) so that the above equality implies ¢ = ¢*.
Equality (2) is satisfied since by F-Partnership Additivity it follows that

= (uAa{A} Z 1/)3 uA’{A} Z Wi

JEF (i,k) JEF (k)
for all k € {2, ...,2|U‘*1}. |
The eight axioms used in Theorem 4.1 are independent. We describe eight reasonable
values. Each of them satisfies all the axioms but one. Fix w as in the definition of some
o
e For any v € G¥ let C (v) denote the carrier of v, i.e. the set of non-null players.
Then, the value p°* defined as p* (v, B) = 0 for all i € N\C (v) and

0w v (N) Wris (Ba)
D;’ (U7B> = : § ,
{B, € B:B.NC(v)# 0} ByeBi: BynC/(0)£0 Zjqu %(By)

for all i € C (v), satisfies all the axioms but Linearity.

e For any § € (0, 1), the value ¢*¢ defined as ¢*“ (v, B) = §¢* (v, B) satisfies all the
axioms but Efficiency. Notice that these values are reasonable expected payoff measures
when there is a fixed discounting factor § due to some unavoidable process of bargaining.

e Let w (i) € RY be defined as in Example 3.2 for some p € RZ. For each a € R, let
p® be defined as p = (u;)" (w; raised to the power of «) for all i € A. When p; # p; for

some i, j € U, the value ¢>>* defined as

6" (v, B) = lim ¢*) (v, B)
a—00
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satisfies all the axioms but B-Positivity. These values are priority rules where the highest
priority goes to those players with the highest coefficient p.

e Given B € B, let w® € RY be defined as w? = |B'| for alli € NNU and w? = < for
all i € F(j,k). The value Sh¢ (v,B) = Sh*” (v), where Sh*” is the weighted Shapley
value (Kalai and Samet, 1987), satisfies all the axioms but Intercoalitional Symmetry.

e For each (v,B) € BG", let ¥ € RZ satisfying HEU’B) = D jer(in) ,ugv’B) for
all (i,k) € U x {2,..,2U=1} /LEU’B) = M(U’Bl) when i € B’ and B is finer® than B,

. 1
) gir (e

—r( |)>
and pB = u( for all (v,B) € BG" and i € NNU. When
p@B) = wrB) for some (v,B) € BGY and T satisfying the conditions stated in the

definition of Intracoalitional Partnership, the value f* defined as

(UB)B

Z 777"3(Bq ?}

By€eB
for all © € N, satisfies all the axioms but Intracoalitional Partnership.
e The value p defined as
v (N> w”;s(Bq)
’B’ B,€eB ZjGBq w”é(Bq)

pi (v, B) =

for all © € N, satisfies all the axioms but Null Players Out.
e For each B € B, let ;® € R{ satisfying pf = D jer(ik) pf for all (i,k) € U x

! B 1)
{2,...,2V71} and pf = pf when i € B’ and B is finer than B'. When p® # ji 5

for some B € BY and i € N, the value ¢ defined as

Z"Z(Bq

BB

Bt

for all © € N, satisfies all the axioms but Merger.
e The dual configuration value (Albizuri et al., 2006) satisfies all the axioms but
F-Partnership Additivity.

5 The symmetric bounded equally split value

In this section we focus on a specific weighted bounded configuration value. It is the value

obtained when the weights are given as in Example 3.1, i.e. all the players in U have

3We say that B € BY is finer than B’ € BY" when N O N’ and there exists a one-to-one function f
from B to B’ such that f (B,) C B, for all B, € B.
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weight 1 and they spread equally their weight over the coalitions they belong to. That
is, w; = 1forall i € U and w; = 1 for all i € F (j, k) with j € U and k € {2,...,2IVI71}.
We denote this value by ¢© and we call it the symmetric bounded equally split value.
This value satisfies intracoalitional anonymity when a coalition structure with sets of
players contained in U is formed. Formally this property is stated as follows.
U-Intracoalitional Anonymity. Let (v,B8) € BGY with N C U. If 7 is a per-
mutation of N such that 7 (B,) = B, for every B, € B, then for every ¢ € N it holds
that

¢i (’ﬂ'?}, B) = ¢m‘ (U7 B) )
where 7v € G¥ is defined as (7v) (S) = v (7S) for all S C N.

The symmetric bounded equally split value also satisfies the following variation of
F-Partnership Additivity.

F-Equally Partnership Additivity. Let B BY, B e BN andie NNN' NU
such that ‘(B’)i >1, F (2’, (B’ ) CN,B =B forall jeF (i, (B’ ), and v € GV
®))

such that F (z’,

U {i} is a partnership in v. Then

vi(0,B)= > i (v,B)

J€F(i,|(B)|)

and

U (v,8) = i (v,B) it j,k € F (i, |(B)

).

) to obtain the same value according to

(B

This axiom not only requires ¢ and F' (i,

1, but also all players in F’ (i, (B’
Partnership Additivity implies F-Partnership Additivity.

) to obtain the same value. Observe that F-Equally

If we add U-Intracoalitional Anonymity in the axiom system considered in the previous
Section and substitute F-Partnership Additivity by F-Equally Partnership Additivity,

we obtain a characterization of ¢°.

Theorem 5.1 A solution v on BG satisfies Linearity, Efficiency, B-Positivity, Inter-
coalitional Symmetry, Intracoalitional Partnership, Null Players Out, Merger, F'-Equally
Partnership Additivity, and U -Intracoalitional Anonymity if and only if 1 is the symmet-

ric bounded equally split value.

Proof. It is straightforward to prove that if ¢ is the symmetric bounded equally split

value then it satisfies the above axioms.
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Conversely, if a solution 1y on BG satisfies Linearity, Efficiency, B-Positivity, Inter-
coalitional Symmetry, Intracoalitional Partnership, Null Players Out, Merger, and F-
Equally Partnership Additivity, have that ¢» = ¢* with w; = 1; (ua, {A}) for every i € A.
Since v satisfies U-Intracoalitional Anonymity there exists wy € Ry such that wyg = w; =
w; for every i,5 € U. Fixt1 € U, k € {2,...,2|U|*1} and jo € F(U X {2,...,2‘U|*1}).
F-Equally Partnership Additivity implies

wo= > j(ua {A}) = kij, (ua, {A}).
JEF(ik)
Therefore
b (wa, {4}) = 7.
and ¢ = ¢°. =

6 The dual case

Throughout this work we could have defined and studied the dual values of the weighted
bounded configuration values. The dual value ¢** can be defined by ¢* (v, B) = ¢ (vd, B),
(v, B) € BG", where v? € G" is the dual game defined by

v? (S) = v(N) —v (N\S)

for all S C N.

For the dual case we would have to make the following changes. In the Introduction,
when considering the orderings of the examples, a set would be formed when the first
representative of the player entered in the room (instead of the last representative) and
the player would be given then the corresponding marginal contribution.

In Section 3 the same would happen when the first representative of the player entered

in the room. And the probability of o € Rp (N) would be

(@) (@) = Q¥ (),

where a* is the reverse tuple of a. As for Proposition 3.1, though Levy and McLean did
not define the dual value (n*)(w’s) of @B it can be defined as

*\ (w,B * w,
()P (wy) = n“® (ur) |

where w7}, is defined by

0 otherwise.

ui}(S):{ 1 #SNT#0
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and v would be defined by v (T) = v (j €N :Ugp,en {ﬂ{; (B)}NT # (Z)). In this case,
U BB {7?{; (Bq)} would be a p*-type coalition in v. A coalition S is a p*-type coalition
(Kalai and Samet, 1987) if for each R O S and 7' ¢ S then v (R\T) = v (R). That is,
any proper subset of S has the same effect as S.

In Section 4 we would consider p*-type coalitions instead of partnership sets in all the
axioms, and in Intercoalitional Partnership we would take w} instead of uy. Moreover,
in Merger we would define

y PG (7 { v(TAN) i F@k)N
v((TNN)u{i}) if F(i,k)N
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