Journal of Algebraic Combinatorics (2022) 55:1139-1170
https://doi.org/10.1007/s10801-021-01088-w

®

Check for
updates

Cohen-Macaulay binomial edge ideals and accessible
graphs

Davide Bolognini' - Antonio Macchia? - Francesco Strazzanti3

Received: 21 May 2021 / Accepted: 16 October 2021 / Published online: 19 November 2021
© The Author(s) 2021

Abstract

The cut sets of a graph are special sets of vertices whose removal disconnects the
graph. They are fundamental in the study of binomial edge ideals, since they encode
their minimal primary decomposition. We introduce the class of accessible graphs as
the graphs with unmixed binomial edge ideal and whose cut sets form an accessible
set system. We prove that the graphs whose binomial edge ideal is Cohen—Macaulay
are accessible and we conjecture that the converse holds. We settle the conjecture for
large classes of graphs, including chordal and traceable graphs, providing a purely
combinatorial description of Cohen—Macaulayness. The key idea in the proof is to
show that both properties are equivalent to a further combinatorial condition, which
we call strong unmixedness.
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1 Introduction

Binomial edge ideals, introduced in 2010/11 in [13,23], are quadratic binomial ideals
associated with finite simple graphs. They are generated by certain 2-minors of a
(2 x n)-generic matrix corresponding to the edges of a graph on n vertices; more
precisely, the binomial edge ideal of a graph G is the ideal

Jo = (xiy; —xjyi i {i, j} € E(G)) € K[x1, ..., Xn, Y15 -+ Ynl,

where E(G) is the edge set of G and K is afield. In this sense, they generalize the ideals
of 2-minors and in the last ten years gave rise to arich and active research avenue. They
also arise in the study of conditional independence statements in Algebraic Statistics
[13, Section 4] and are a subclass of the so-called Cartwright—Sturmfels ideals [7,
Section 3].

Exploiting the combinatorics of the underlying graph, many authors have studied
algebraic and homological properties and invariants of these ideals, such as their regu-
larity [16,19,21,28,29,31], depth [3,30], local cohomology [1], universal Grobner basis
[2] and licci property [9]. In particular, their primary decomposition and unmixedness
can be characterized combinatorially. Indeed, given a graph G, the minimal prime ide-
als of Ji are in bijection with the so-called cut sets of G, see [13, Corollary 3.9]. Recall
that a cut set is a subset S of vertices of G such thateither S = B or cg (S\{s}) < ¢ (S)
for every s € S, where cG(S) denotes the number of connected components of the
graph obtained from G by removing the vertices of S. By [24, Lemma 2.5], Jg is
unmixed if and only if cg(S) = |S| + ¢ for every S € C(G), where C(G) is the
collection of cut sets of G and c is the number of connected components of G.

In general, it is not easy to determine whether an ideal is Cohen—Macaulay, also due
to the limitations of symbolic computations. Therefore, it is very interesting to find
alternative descriptions of Cohen—Macaulayness. In this direction, several authors
found constructions [18,24] and described classes of graphs whose binomial edge
ideal is Cohen—Macaulay [5,8,26,27]. In this paper, we present the first attempt to find
a general combinatorial characterization of Cohen—Macaulay binomial edge ideals,
which is only based on the structure of the cut sets of a graph, providing a simpler
way to check such homological property.

In a previous paper, [5], we give a classification of bipartite graphs with Cohen—
Macaulay binomial edge ideal, providing an explicit construction in graph-theoretical
terms. In [5, Theorem 6.1], we also present a further combinatorial characterization of
Cohen—Macaulayness in terms of cut sets: if G is bipartite, then Jg is Cohen—Macaulay
if and only if

(%) Jg is unmixed and C(G) is an accessible set system, i .e., for every non-empty
S € C(G) there exists s € S such that S\{s} € C(G).

In this paper, we call accessible a graph with property («). The previous equivalence
and further computational evidence motivated us to formulate the following:

Conjecture 1.1 Let G be a graph. Then, Jg is Cohen—Macaulay if and only if G is
accessible.
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A topological characterization of Cohen—Macaulayness has been recently proved by
Alvarez Montaner in [ 1], relating this algebraic property to the vanishing of the reduced
cohomology groups of a certain poset arising from the minimal prime ideals of Jg.
The structure of this poset can be rather complicated even for relatively small graphs.
Moreover, from [1, Corollary 3.11], it is not clear whether the Cohen—Macaulayness of
Ji depends on the field. On the contrary, Conjecture 1.1 would provide a combinatorial
and field-independent characterization in terms of cut sets.

In Sect. 3, the poset introduced by Alvarez Montaner turns out to be an important
tool to prove one implication of Conjecture 1.1:

Theorem 3.5 Let G be a graph. If Jg is Cohen—Macaulay, then G is accessible.

As a consequence, we show that [4, Conjecture 1.6], about the diameter of the dual
graph of an ideal, holds for all binomial edge ideals, see Corollary 3.7.

In Sect. 4, we start a systematic study of accessible graphs and of their cut sets. In
particular, by Theorem 3.5, the properties of accessible graphs are also properties of
graphs with Cohen—Macaulay binomial edge ideal. This gives further combinatorial
ways to check whether Jg is not Cohen—Macaulay for a given graph G. To state the
next result, recall that a vertex v of G is called cut vertex if the graph obtained by
removing v has more connected components than G.

Theorem 1.2 Let G be a connected accessible graph.

[Remark 4.2]: If G has no cut vertices, then it is a complete graph.

[Lemma 4.9]: If G has one cut vertex, then it is a cone over two connected accessible
graphs with fewer vertices than G.

[Theorem 4.12]: If G has at least two cut vertices, then:

(1) every non-empty cut set of G contains a cut vertex;
(2) the graph induced on the cut vertices of G is connected;
(3) every vertex of G is adjacent to a cut vertex.

In particular, these properties hold if Jg is Cohen—Macaulay.

Along the way, we prove thatif G = cone(v, H; U H») and Ji is Cohen—Macaulay,
then Jy, and Jy, are Cohen—Macaulay by Theorem 4.8, showing the converse of [24,
Theorem 3.8].

To study the other implication of Conjecture 1.1, we introduce the class of strongly
unmixed binomial edge ideals, see Definition 5.6. The main result of Sect. 5, Theorem
5.11, shows that strong unmixedness implies Cohen—Macaulayness. Summarizing, we
have:

Jg strongly unmixed = Jg Cohen—Macaulay = G accessible,

where both strong unmixedness and accessibility are purely combinatorial conditions.
By virtue of Proposition 5.13 and Corollary 5.16, proving Conjecture 1.1 boils
down to show that every non-complete accessible graph G has a cut vertex v such that
JG\{v} 1s unmixed, see Question 5.17.
In Sect. 6, we focus on two important classes: chordal graphs and graphs containing
a Hamiltonian path, called traceable graphs. We prove that chordal and traceable
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graphs, if accessible, have the cut vertex we are looking for. In particular, we show
that for these graphs being accessible is equivalent both to J; Cohen—Macaulay and
to Jg strongly unmixed, see Theorems 6.4 and 6.8. This also shows that the Cohen—
Macaulayness of Jg does not depend on the field for chordal and traceable graphs,
even if the graded Betti numbers of /g may depend on the field, as in Example 7.6.

In Corollary 6.9, we also notice that accessible bipartite graphs are traceable, thus
recovering for these graphs the equivalence between J; Cohen—Macaulay and G
accessible proved in [5, Theorem 6.1].

We conclude by discussing some open questions in Sect. 7.

2 Preliminaries

Throughout the paper, all graphs will be finite and simple, i.e., undirected graphs
with no loops nor multiple edges. Given a graph G, we denote by V(G) and E(G) its
vertex and edge set, respectively. For every vertex v of G, we denote by Ng (v) = {w €
V(G) : {v, w} € E(G)}thesetofneighbors of vin G and we set Ng[v] = Ng(v)U{v}.
Given W C V(G), the induced subgraph by W in G is the graph G[W] with vertex
set W and whose edge set consists of the edges of G with both endpoints in W.

To simplify the notation, if S € V(G), we denote by G\S the induced subgraph
G[V(G)\S], which is the graph obtained by removing from G the vertices of S and
all the edges incident in them. In particular, G\{v} denotes the graph obtained by
removing the vertex v and all edges containing v.

A vertex v € V(G) is said to be a cut vertex or cut point of G if G\{v} has more
connected components than G. Given § € V(G), we denote by ¢ (S) or simply c(S)
(if the graph is clear from the context) the number of connected components of G\ S.
Moreover, we say that S is a cut-point set or simply cut set of G if either § = ¥ or
cg(S\{s}) < cg(S) for every s € S. In particular, the cut sets of cardinality 1 are the
cut vertices of G. We denote by C(G) the collection of cut sets of G.

In this context, when we say that, given a cut set S of G, a vertex v € S reconnects
some connected components G, ..., G, of G\S, we mean that if we add back v to
G\ S, together with all edges of G incident in v, then Gy, ..., G, are in the same
connected component.

Cut sets are very important in the study of binomial edge ideals because they allow
to describe the minimal primary decomposition of Jg, as we are going to explain.

Let G be a graph with vertex set [n] = {1, ...,n}, K be a field and consider the
polynomial ring in 2n indeterminates R = K[x1, ..., X,, Y1, ..., Yu]. The binomial
edge ideal of G 1is the ideal

Jo = (xiy; —xjyi : {i, j} € E(G)) C R.
For every § € V(G), we set

PS(G)Z(Xi,yi5i€S)+]61+...+J5

(8’
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(a) An accessible graph G (b) A non-accessible graph H with Jy unmixed

Fig. 1 An accessible graph G. A non-accessible graph H with Jy unmixed

where G1, ..., Gs) are the connected components of G\§ and G j 1s the complete
graph on the vertex set V(G ).

By [13, Section 3], Ps(G) is a prime ideal with height n — ¢(S) + |S|, it contains
Jg and it is a minimal prime ideal of J; if and only if S is a cut set of G. Moreover,
the minimal primary decomposition of Jg is J¢ = Ngec(G) Ps(G).

We recall that an ideal is (height-)unmixed if all its minimal prime ideals have the
same height. Thus, since ¥ € C(G), it easily follows that J is unmixed if and only if
cg(S) = |S]|+cforevery S € C(G), where c is the number of connected components
of G. In this case, dim(R/Jg) =n + c.

Remark 2.1 For a graph G, C(G) = {4} if and only if the connected components of G
are complete graphs. Moreover, if G is connected, then Jg is the ideal of 2-minors of
a (2 x n)-generic matrix and, hence, Cohen—Macaulay, see [6, Corollary 2.8].

We introduce a class of graphs whose binomial edge ideal is unmixed, which will
be the main object of study in the paper.

Definition 2.2 A graph G is accessible if Jg is unmixed and C(G) is an accessible
set system, i.e., for every non-empty cut set S € C(G) there exists s € S such that

S\{s} € C(G).

Notice that this is a purely combinatorial notion, since unmixedness can also be
phrased in terms of the graph.

Example 2.3 The graph G in Fig. la is accessible. In fact, its cut sets are

C(G)={9, {2}, {5}, {10}, {2, 5}, {2, 10}, {3, 10}, {4, 10},{5, 7}.{5, 10}.{2, 4, 5},{2, 4, 10},
{2,5,7},{2,5,10}, {4, 5,10}, {5, 7, 10}, {2,4, 5,7}, {2,4, 5, 10}, {2, 5, 7, 10},
{3,5,7,10},{4,5,7,10}, {2,4,5,7, 10}}

and it is easy to check that C(G) is an accessible set system.

On the other hand, the graph H in Fig. 1bis not accessible, even if Jy is unmixed. In
fact, the cut sets of H are C(H) = {0, {2}, {6}, {2, 6}, {3, 5}, {2, 4, 6}}. In particular,
{3, 5} € C(H), but neither 3 nor 5 is a cut vertex of H. More in general, the graphs of
[5, Example 2.2], which include the graph H, are not accessible, even if their binomial
edge ideal is unmixed.
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When needed, we may assume that the graphs are connected, by the following
remark.

Remark 2.4 Given a graph G with connected components Gy, ..., G, the following
properties hold.

(i) C(G)={S1U---US, :S; € C(G;)} by definition. Hence, if S is a cut set of G,
then S N V(G;) € C(G;) for every i.

(ii) Jg is unmixed if and only if Jg, is unmixed forevery i =1, ..., c¢. This follows
by (1).

(iii) G is accessible if and only if G; is accessible for everyi = 1, ..., c. It follows
by (i) and (ii).

(iv) Jg is Cohen-Macaulay if and only Jg, is Cohen—Macaulay for every i =
I,...,c. Infact, R/Jg = Ri/JG, ® --- ® R./JG,, where R; = K|[xj,y; :
Jj e VGl

3 A necessary condition for the Cohen-Macaulayness of Jg

In this section, we are going to prove that if Jg is Cohen—Macaulay, then G is acces-
sible, by using a certain poset associated with Jg, introduced by Alvarez Montaner in
[1, Definition 3.3]. We recall here its construction.

Let I be a radical ideal of a commutative Noetherian ring containing a field K.
We define P; to be the set of all possible sums of ideals in the minimal primary
decomposition of 7, i.e.,

Pr={+--+1: I,-j primary component of 7, s > 0}.

We note that every ideal in PP; contains /.

Definition 3.1 Let G be a graph on the vertex set [r] and Jg be the binomial edge
ideal of G in the polynomial ring R = K|[x;, y; : i € [n]]. We define the poset Q,;
associated with J; whose elements are given by the following procedure:

1. set I := Jg;

2. add to Qy,, the prime ideals in Py;

3. for every non-prime ideal J € Py, set [ := J and return to Step 2.

We order the elements of Q ; by reverse inclusion and then add a top element 19 I
to Q,;, greater than all the other elements.

We note that Q, is finite because R is Noetherian and every ideal of P;
contains /.

Example 3.2 Let G be the graph in Fig. 2 and denote by f;; = x;y; — x;y; the
generators of Jg. Hence, Jg = (f12, f23, f24, f34, fas) andits primary decomposition
is J¢ = Py N Py N P, N P53, where

Among the sums of the minimal primes of Ji, the only non-prime ideal is

P14+ P, = P1 + P>+ P3 = (x2, X4, 2, Y4, f13, f35),
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Fig.2 The graph G 3

Fig.3 The poset Q

Qo + Q1

and its primary decomposition is P; + P> = Qo N Q1, where

Qo = (x2, X4, Y2, ¥4, f13, f15, f35) and Q| = (x2, X3, X4, Y2, ¥3, ¥4)-

Moreover, Qo = Py + P3s = P+ P+ P, = Pp+ P+ P3 = Py + P, + P3 =
Py+ P+ P, + P3and Qo + Q1 = (x2, X3, X4, ¥2, ¥3, Y4, f15) are prime ideals. The
poset Q.. is depicted in Fig. 3.

Remark 3.3 By construction, every element I # 1¢ I of the poset Q,; contains at
least a prime ideal Ps(G) for some S € C(G) because I € P, for someideal J € Q,;
and every ideal of P; contains J. Moreover, if Ps(G) C I, then I contains another
prime ideal Py (G) with U € C(G)\{S}.

Notice that for every 1; € Qj; we have
Iy = Ps(H) = (xi yi 1 € )+ Jg ++ + T,

for some graph H on the vertex set [n], where S C [n], Hy, ..., H, , are the connected

components of H\S and Hj is the complete graph on the vertices of H;. In particular,
the poset Q j,; is well-defined because all its elements are radical ideals. We set

Cq
dy = dim(R/I;) =2n = 2|S| = Y (|H;| — 1) =n — |S] + ¢,.

i=1

Recall thatif 1, # 1g i then an open interval of the form (1, I;) € Qy;; is the set
{I, € Qy; : I; € I, C I,} whereas an open interval of the form (1, lQJG) is the set
{Ir € QJ(; : Ir Q Ip}-

In [1], Alvarez Montaner proves the following topological characterization of
Cohen—Macaulay binomial edge ideals, which resembles Reisner’s criterion for
Cohen—Macaulay squarefree monomial ideals [25].
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Theorem 3.4 ( [1, Corollary 3.1]) Let G be a graph. The following conditions are
equivalent:

1) Jgis Q}hen—Macaulay;
(i) dimg H"~%=1((1,, 1910); K) =0forallr #dim(R/Jg) and all 1; € Q.

Here, H' (1, IQJG ); K) denotes the i-th reduced cohomology group of the interval
Iy, 19 I ) over the field K (for more details, see [33, Section 1.5]). We are now ready
to prove the main result of this section.

Theorem 3.5 Let G be a graph. If Jg is Cohen—Macaulay, then G is accessible.

Proof In this proof, we only deal with cut sets of the graph G; hence, we simply write
Py in place of Ps(G) for every S € C(G).

By Remark 2.4, we may assume G connected. By contradiction, suppose that G is
not accessible. Since Jg is unmixed, there exists a non-empty cut set S of G such that
S\{s} ¢ C(G) for every s € S. Consider the finite set

A={Ps+ Py:U eC(G),U C S},

which is not empty because Ps + Py € A. Let Ps + Pr be a minimal element of A
with respect to the inclusion. Notice that

Ps+ Pr=(xi,yi:i €8S)+Jg ++Jg.

where Hy, ..., H. are the connected components of G\7 from which we remove the
elements of S\7 and ¢ = |T'| 4+ 1 since Jg is unmixed. In particular, Ps 4 Pr is a
prime ideal, and hence, it is an element of the poset Q ;.

Claim: There are no ideals / in Q, such that Ps C I C Ps + Pr, i.e., the open
interval (Ps + Pr, Ps) is empty.

Suppose by contradiction that the claim is not true. Since Pg C I, by Remark 3.3
such an ideal I has to contain at least another prime ideal of the form Py for some
U € C(G) and U # S. We distinguish between two cases.

1) If U ¢ S, then there exists u € U\S and x,, y, € Py € I C Ps+ Pr.On the
other hand, x,, y, ¢ Ps 4+ Pr yields a contradiction.

2) If U C S, then Ps + Py € A. 1t follows that Ps + Py € I C Ps + Pr which
contradicts the minimality of Pg 4+ Pr in A.

Thus, the claim holds and hence, the point Ps is isolated in the open interval
(Ps + Pr, 19 ]G). It follows that the open interval (Ps + Pr, 19 JG) consists of at
least two connected components, one of which is the isolated point Pg and another
component containing Pr. Hence,

dimg HO((Ps + Pr.19,,): K) > 0

because dimg H O(P; K) equals the number of connected components of the poset PP
minus 1 (see [12, Proposition 2.7 and page 110]).
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Fig.4 The graph G 3 6 8

Now, set d = dim(R/(Ps + Pr)) = n — |S|+c¢c = n —|S| + |T| 4+ 1, where
n = |V(G)|. Since G is not accessible, we have |[T| < |S| — 1; thus, d + 1 =
n—|S|+|T|+2<n—142=n+1=dim(R/Jg), where the last equality follows
from the unmixedness of Jg. If r = d + 1, this implies that

dimg H™~"'(Ps + Pr, 19, ); K) = dimg H((Ps + Pr, 1g,.); K) > 0.

By Theorem 3.4, it follows that Jg is not Cohen—Macaulay, a contradiction. O

Theorem 3.5 has many consequences on the combinatorics of the graphs with
Cohen—Macaulay binomial edge ideal, which we will explore in Sect. 4. Here, we
want to show how Theorem 3.5 is useful to prove that a binomial edge ideal is not
Cohen—Macaulay.

Example 3.6 In [26, Examples 2 and 3] and [27, Figure 8], Rinaldo considers the graph
G in Fig. 4 and the graph H in Fig. 1b, showing by symbolic computation that their
binomial edge ideals are unmixed and not Cohen—Macaulay. This last fact can be
easily shown by Theorem 3.5 just by looking at the cut sets of the two graphs:

C(G) =0, {2}, {6}, {7}, {2, 6}, {2, 7}, {3, 5}. {3. 7}.{
{2,4,6},{2,4,7},{2,5,6},{2,6,7},{3,5,6
C(H) =0, {2}, {6}, {2, 6}, {3, 5}, {2, 4, 6}}.

5,6}, {6,7},{2,3,7},
1,{3,5,7}1,{2,4,6,7}},

In both graphs, {3, 5} is a cut set, but {3} and {5} are not cut vertices and, hence, G and
H are not accessible. Thus, Jg and Jy are not Cohen—Macaulay. Notice that since H
is bipartite, the non-Cohen—Macaulayness of Jp is also a consequence of [5, Example
5.4].

Another interesting application is that [4, Conjecture 1.6] of Benedetti and Varbaro
on the diameter of the dual graph holds for all binomial edge ideals, extending [5,
Corollary 6.3]. To explain this, we recall the setting.

Given an ideal [ in a polynomial ring R = K[x1, ..., x,], with minimal primes
P1,s ..., Pr, the dual graph, D(I), of I is the graph with vertex set {py, ..., p,} and
edge set

{{pi. p;}  ht(p; +pj) — 1 =ht(p;) = ht(p;) = ht(I)}.
The notion of dual graph is implicit in the proof of Hartshorne Connectedness Theorem

[11], which implies that D([) is connected if R/ satisfies the Serre’s condition (S>)
and, in particular, if 7 is Cohen—Macaulay.
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In [5, Theorem 5.2], we describe the dual graph of an unmixed binomial edge ideal
Jg in terms of the underlying graph G. Moreover, if G is bipartite, we prove that Jg
Cohen—Macaulay is equivalent to D(Js) connected, which in turn is equivalent to G
accessible.

Recall that the diameter, diam(G), of a graph G is the maximal distance between
two of its vertices and a homogeneous ideal is called Hirsch if diam(D(1)) < ht([).
In [4, Conjecture 1.6], Benedetti and Varbaro conjecture that every Cohen—Macaulay
homogeneous ideal generated in degree two is Hirsch. In [5, Corollary 6.3], we essen-
tially prove that Jg is Hirsch if G is accessible. Hence, with the same argument,
Theorem 3.5 immediately implies the following result:

Corollary 3.7 If Jg is Cohen—Macaulay, then it is Hirsch. In other words, [4, Conjec-
ture 1.6] is true for all binomial edge ideals.

4 Accessible graphs

In this section, we focus on the combinatorial properties of accessible graphs. The
purpose is twofold. First, by Theorem 3.5 these turn out to be combinatorial properties
of the graphs whose binomial edge ideal is Cohen—Macaulay. Second, the results
proved in this section will be of crucial importance in Sect. 6, where we prove the
converse of Theorem 3.5 for chordal and traceable graphs.

4.1 Combinatorial properties of accessible graphs

In [3, Proposition 3.10], it is proved that if G is connected and J satisfies the Serre’s
condition (5>), then either G is complete or it has at least one cut vertex. In particular,
this holds for Cohen—Macaulay binomial edge ideals. In the next lemma, we prove
that a stronger property holds if G is accessible and hence, a fortiori, if Jg is Cohen—
Macaulay (by Theorem 3.5).

Lemma 4.1 Let G be an accessible graph. Then, every non-empty cut set of G contains
a cut vertex.

Proof Let S € C(G), S # @. We proceed by induction on the cardinality of |S|. If
|S| = 1, the claim follows. Otherwise, since G is accessible, there exists s € S such
that S\{s} € C(G). By induction there exists a cut vertex v € S\{s} and the same
holds for S. O

Remark 4.2 By Lemma 4.1, it follows that if a graph G is accessible and has no cut
vertices, then the only cut set of G is the empty set and the connected components of
G are complete by Remark 2.1.

Example 4.3 The converse of Lemma4.1 is not true in general. For instance, let G be the
graph in Fig. 5 whose cut sets are C(G) = {#, {7}, {8}, {7, 8}, {6, 8, 9}, {7, 8, 9}, {6,
7, 8, 9}}. Notice that every non-empty cut set contains either 7 or 8, which are the cut
vertices of G, but removing any vertex from {6, 8, 9} does not produce a cut set. We
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Fig.5 A graph G with a cut
vertex in each non-empty cut set

also notice that in this case Jg is unmixed and the dual graph of Jg is connected, but
G is not accessible and, in particular, J is not Cohen—Macaulay.

In the next section, we will deal with graphs obtained by completing the neighbor-
hood of a vertex. More precisely, we recall the following definition:

Definition 4.4 Let G be a graph and let v be a vertex of G. We denote by G, the graph
obtained by connecting any two neighbors of v, i.e.,

V(Gy) =V(G) and E(Gy) = E(G)U {{u, w} : u, w € Ng(v), u # w}.

Several properties of G behave well with respect to completing the neighborhood
of a vertex, including being accessible.

Lemma 4.5 Let v be a vertex of a graph G. Then, the following properties hold:
(1) C(Gy) ={S€C(G):v ¢Sk

(2) if Jg is unmixed, then Jg, is unmixed;

(3) if G is accessible, then G, is accessible.

Proof Notice that for every W C V(G) with v ¢ W we have
cg(W) = cg,(W).

(I)Let S € C(G) and v ¢ S. Then, for every w € S, cg,(S\{w}) = cc(S\{w}) <
cG(S) = cg,(S). Conversely, let S € C(G,). Hence, v ¢ § since v is a free vertex of
G, (see [24, Proposition 2.1]). Thus, for every w € S, cg(S\{w}) = cg,(S\{w}) <
cG,(S) = cG(9).

(2) and (3) follow from (1) and the formula above. O

Example 4.6 The converse of (2) and (3) in Lemma 4.5 does not hold. In fact, let
G be the graph in Fig. 6a and v = 3. Then, the graph G, has edge set E(G,) =
E(G) U {{2, 4}}, see Fig. 6b. Notice that C(G) = {0,{2},{2, 4},{3, 5}} and C(G,) =
{#,{2},{2, 4}}. In this case, G, is accessible, but Jg is not unmixed and, hence, G is
not accessible. In this case, Jg, is also Cohen—Macaulay.

Another useful operation is the cone from a new vertex over a graph.

Definition 4.7 Let G be a graph and let v ¢ V(G). The cone of v on G, denoted by
cone(v, G) is the graph with vertex set V(G) U {v} and edge set E(G) U {{u, v} : u €
V(G)}.
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Fig.6 The graph G. The graph 1 2 3 1 2 3
Gs3

5 4 5 4

(a) The graph G (b) The graph G5

Some properties of binomial edge ideals of cones are studied in [24]. Here, we
show that the cone over two disjoint graphs preserves unmixedness, accessibility and
Cohen—Macaulayness, proving, in particular, the converse of [24, Theorem 3.8].

Theorem 4.8 Let H| and H be connected graphs, H = H| U Hy and let G =
cone(v, H). Then,

) G =u{huhu{vy:T; € C(H)}

(2) Ju, and Jg, are unmixed if and only if Jg is unmixed;

(3) Hj and H> are accessible if and only if G is accessible;

(4) Ju, and Jy, are Cohen—Macaulay if and only if Jg is Cohen—Macaulay.

Proof (1) and (2) are proved in [24, Lemma 3.5] and [24, Corollary 3.7], respectively.

(3) We first assume that Hy, H, are accessible. Let 77 U T» U {v} € C(G), with
T; € C(H;) fori = 1,2 and, without loss of generality, assume that 7] # @. By
assumption, there exists w € Ty such that T1\{w} € C(H}), thus (T}\{w}) L Tr U
{v} € C(G). Conversely, suppose that G is accessible. Let T} € C(H;)\{#}, then
T = T1uU{v} € C(G).By assumption, there exists w € T suchthat T\{w} € C(G).
Since |T'| > 2 and by (1), it follows that w # v, hence w € T1. We conclude that
Ti\{w} € C(H)).

(4) If Jp, and Jp, are Cohen—Macaulay, then J is Cohen—Macaulay by [24, Theorem
3.8]. Conversely, assume J; Cohen-Macaulay. Set |V (H)| =n and R, Ry, Ry,
be the polynomial rings corresponding, respectively, to G, H, H;, fori = 1, 2.
Then, dim(R/Jg) = depth(R/Jg) = |V(G)| 4+ 1 = n+ 2. By [24, Lemma 3.6],
dim(R/Jg) = max{dim(Rpy, /Ju,) +dim(Rp,/JH,), n + 2}. Thus,

dim(Ry/Jp) = dim(Rpy, /Jg,) +dim(Rpy, /JH,) <n 4+ 2.

Moreover, by [20, Theorem 3.9], we have depth(R/Jg) = min{depth(Ryg/Jg),
n + 2}. Thus,

depth(Ry /Jy) = n+ 2.
We conclude that depth(Ry /Jy) = dim(Ry /Jg) = n + 2, hence Jy is Cohen—

Macaulay. By Remark 2.4 (iv), this is equivalent to have Jy, and Jy, Cohen—
Macaulay. O

We are interested in the cone operation because an accessible graph containing
exactly a cut vertex is a cone.
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Lemma 4.9 Let G be a connected graph with exactly one cut vertex v and let Hy and H;
be the connected components of G\{v}. If G is accessible, then G = cone(v, Hj U H>)
and Hy, Hy are accessible. Moreover, if Jg is Cohen—Macaulay, then also Jy, and
Ju, are Cohen-Macaulay.

Proof By Lemma 4.1 all non-empty cut sets of G contain v. Then, Proposition 4.5 (1)
implies that C(G,) = {J} and this means that G, is a complete graph by Remark 2.1.
Hence, G = cone(v, H; U H»). It is now enough to apply Theorem 4.8. O

We now explore some structural properties of accessible graphs.

Proposition 4.10 Let G be a connected graph with k cut vertices, vy, ..., V. If G is
accessible, then the induced subgraph G[{vy, ..., vi}] is connected.

Proof We proceed by induction on k > 1. If k = 1, the claim is trivial. Let k > 1,
set Hy = Gy, and H; = (H;_1)y, fori = 1,...,k — 1. We notice that for every
i =0,...,k— 1, H; has exactly k — 1 — i cut vertices, vjt1, ..., Vk—1, and is
accessible by Lemma 4.5 (3). By induction, the induced subgraph Hy[{v1, ..., vk—1}]
is connected and it is enough to show that vy is adjacent to some v; in Hy. Since v_1
is the only cut vertex of Hy_», by Lemma 4.9, vx_; is adjacent to vy in Hy_;. Hence,
either v is adjacent to vx_1 in Hy or it is adjacent to some other cut vertex v;, with
1<i<k-—1,in Hy. O

Proposition 4.11 Let G be a non-complete connected graph and suppose that every
non-empty cut set of G contains a cut vertex. Then, every vertex of G that is not a cut
vertex is adjacent to a cut vertex.

Proof Since G is not complete, by Remark 2.1 it has some non-empty cut sets and,
hence, it has at least one cut vertex by assumption. Assume that there exists a vertex

w of G which is not a cut vertex and is not adjacent to any cut vertex. Let vy, ..., v,
be the cut vertices of G for some r > 1. Define N = Ng[v1]UNg[v2]U---UNg[v,]
and N = {v € N : Ng(v) € N} € (N\{v1,...,v,}). Therefore, every v € N’ is
adjacent to some x ¢ N and to some y € {vy, ..., v}, and by construction x and y

belong to two different connected components of G\N’. Thus, N’ is a cut set of G.
Moreover, N’ is not empty since otherwise N = V(G) against w € V(G)\N. By
construction, N’ does not contain any cut vertex, and this contradicts the assumption.

O

Let G be a connected and accessible graph. If G has no cut vertices, it is a complete
graph by Remark 4.2. If G has one cut vertex, it is a cone over an accessible graph
with fewer vertices by Lemma 4.9. The next statement summarizes some properties
when G has at least two cut vertices.

Theorem 4.12 Let G be a connected accessible graph with at least two cut vertices.
Then,

(1) every non-empty cut set of G contains a cut vertex,
(2) the graph induced on the cut vertices of G is connected;
(3) every vertex of G is adjacent to a cut vertex.
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In particular, these properties hold if Jg is Cohen—Macaulay.

Proof (1) is Lemma 4.1, (2) is Proposition 4.10, whereas (3) follows by (2) and
Proposition 4.11. The last part of the claim follows by Theorem 3.5. O

Remark 4.13 Notice that properties (1), (2) and (3) in Theorem 4.12 are only necessary
but not sufficient for G to be accessible. In fact, the graph G in Example 4.3 satisfies
the above three properties but G is not accessible.

4.2 Cut sets of accessible graphs

We now study the structure of the cut sets of accessible graphs. First we provide new
combinatorial interpretations of accessibility. We start with a preliminary result.

Lemma 4.14 Let G be a graph with Jg unmixed, S be a cut set of G and s € S. Then,

S\{s} is a cut set of G if and only if s reconnects exactly two connected components
of G\S.

Proof Let ¢ be the number of connected components of G and assume that S\{s} €
C(G). Since Jg is unmixed, cg(S) = |S| + ¢ and cg(S\{s}) = |S| — 1 + ¢; hence, s
reconnects exactly two connected components of G\ S.

Conversely, let G1, ..., G+, be the connected components of G\S and assume
that s reconnects only G| and G,. Let us consider the set

Z = {z € §: z is not adjacent to any vertex ofG3 U - - - U G},

which contains s. Then, 7 = S\ Z is a cut set of G and the connected components of
G\T are G[V(G1 U G2) U Z], G3, ..., Gy4¢. The unmixedness of Jg implies that
IS\Z| =r — 1; then, Z = {s} and S\{s} is a cut set of G. O

Corollary 4.15 Let G be a graph. The following conditions are equivalent:

(1) G is accessible;

(2) Jg is unmixed and it is possible to order every S € C(G) in such a way that
S={s1,....sr}and{sy,...,si} € C(G) foreveryi =1,...,r;

(3) It is possible to order every S € C(G) in such a way that S = {sy,...,s,} and
cacUst,...,8i) =cc({s1,...,si-1}) + 1 foreveryi =1,...,r.

Proof The equivalence between (1) and (2) follows by the definition of accessible
graph. Let § be a cut set of G with cardinality r and let ¢ be the number of the
connected components of G. We first notice that (3) implies the unmixedness of
Jg: indeed, cg(S) = cg({s1,...,sr—1}) + 1 = cg({s1,....,8,2H) +2 = ... =
cg(@) +r = c + |S|. Now, the equivalence between (2) and (3) is a consequence of
Lemma 4.14. O

Given a cut set S of an accessible graph G, by Corollary 4.15 we know that there
exists an order of the elements of S = {sy,...,s,} such that {sq,...,s;} is a cut set
of G foreveryi = 1, ..., r, butin general we do not have control on how this order
can be chosen. The following results of this section allow to fill this gap.
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Fig.7 The graph G

Lemma 4.16 Let G be a graph with Jg unmixed and let S be a cut set of G. If every
element of S is a cut vertex of G, then every subset of S is a cut set of G.

Proof We may assume that G is connected by Remark 2.4 and we proceed by induction
on |S| = r. If r < 2, the claim holds; hence, we fix » > 3. It is enough to show that
all subsets of S with cardinality » — 1 are cut sets. Thus, assume by contradiction that
there exists s € § such that S\{s} is not a cut set of G and let t € S\{s} such that
cg(S\{s}) = cc(S\{s, t}). Let G1, ..., G4 be the connected components of G\S
and assume that s reconnects exactly the components Gy, ..., G, for some p > 2.
Since ¢ (S\{s}) = cg(S\{s, t}) and r reconnects at least two connected components
of G\S, the vertex ¢ is not adjacent to vertices of G, +1 U- - -UG,41in G\S. Consider
the set

Z = {z € § : zis not adjacent to vertices of G 11 U---U Gy}

Clearly s,t € Z and T = S\Z € C(G) by construction.

Notice that G1, ..., G, are in the same connected component of G\{¢} because
s is adjacent to vertices of each of Gy, ..., G,. Since ¢ is a cut vertex of G, there
exists a vertex u € S, which is adjacent to # and which is not adjacent to any vertex
of Gy U---U G,. Moreover, u reconnects at least two connected components of
G\S among G 41, ..., Gry1, say Gpy1 and G p42. In particular, u € T and, thus,
T'\{u} € C(G) by induction. On the other hand, u reconnects at least G 1, G 42 and
the connected component containing t in G\T (whichis G[V(G1U---UG,) U Z]).
Thus, Lemma 4.14 yields a contradiction. O

Example 4.17 Lemma 4.16 does not hold if we do not require J; unmixed. In fact, let
G be the graph in Fig. 7. Clearly, Ji is not unmixed, since cg ({6}) = 3 # |{6}] + 1.
We notice that 2, 4, 6 are cut vertices of G and {2, 4, 6} € C(G), but {4,6} ¢ C(G)
since cg ({4, 6}) = c ({6}).

Proposition 4.18 Let G be a graphand S = {vy, ..., vy, wy, ..., wr} € C(G), where
k> 1,v1,..., v, are cutvertices of G and wy, . . ., wi are not cut vertices of G. If G
is accessible, then S\{w;} € C(G) for somei € {1, ..., k}.

Proof We may assume that G is connected by Remark 2.4 and 2 > 1 by Lemma 4.1.
We proceed by induction on the number of cut vertices in S, h > 1. If h = 1 the
claim follows by the definition of accessible graph and by Lemma 4.1. Hence, assume
h > 1. Let Gy, ..., Gpt+k+1 be the connected components of G\S and suppose by
contradiction that S\{w;} ¢ C(G) fori =1, ..., k.

Since G is accessible, there exists v; € S, say vy, such that S\{v;} € C(G). By
induction, we may assume without loss of generality that S\{vi, wi} € C(G).
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By Lemma 4.14, v; reconnects exactly two components of G\ S, say G and G».
Since S\{vy, w1} € C(G), w; reconnects two components of G\ (S\{v}). If it only
reconnects G;, and G;, with iy, i > 3, then it reconnects exactly two connected
components also in G\ S and, then, S\{w} would be a cut set. Thus, w; is adjacent to
some vertices of G, of G, and of another component, say G3. This implies that the
connected components of G\(S\{vi, wi}) are H = G[V(G1 UG, U G3) U {vy, wi}]
and G4, ..., Gpikt1.

If k& > 1, by induction there exists a vertex w; € S, say wp, such that
S\{vi, wi, wa} € C(G). As before, w, is adjacent to some vertex of G; UG, UG3 and
of another G, say G4. Iterating this process, we obtain that 7 = S\{vy, wy, ..., wg}
is a cut set of G and, up to relabeling the G;’s, the connected components of
G\T are H = G[V(G1 UG, UG3UG4U---UGji) U{v, wy,...,wt}] and

Gra3y oo Ghpky1
By construction, H'\{v;} is connected. On the other hand, v; is a cut vertex of G;
thus, vy is adjacent to some v, withr € {2, ..., h}, where v, is not adjacent to vertices

of H'\{v1}, otherwise removing v; from G would not disconnect G. Moreover, since
T consists only of cut vertices, Lemma4.16 implies that also 7\ {v,} € C(G) and, thus,
v, reconnects exactly two connected components of G\T by Lemma 4.14. Therefore,
in G\T the vertex v, reconnects H’ to exactly one other connected component G,
with k +3 < g < h + k + 1. Consequently, since v, is not adjacent to any vertex of
H'\{v1}, if we add back v, to G\ S, we have that v, is adjacent only to some vertex of
G4 and, hence, cG(S) = ¢ (S\{v,}), which is a contradiction. O

Example 4.19 Let G be the graph in Fig. 1a. In Example 2.3, we saw that G is accessi-
ble. Let us consider the cut set S = {2, 5, 10, 4, 7}, where 2, 5, 10 are cut vertices and
4,7 are not cut vertices of G. Since G is accessible, by Proposition 4.18, we can get a
new cut set by removing a non-cut vertex from S: indeed 7 = S\{7} = {2, 5, 10, 4} €
C(G) and, applying again the same result, we still get a cut set by removing the only
non-cut vertex from T, i.e., U = T\{4} = {2, 5, 10} € C(G). Now, U only consists
of cut vertices and by Lemma 4.16, every subset of U is a cut set of G.

5 Strongly unmixed binomial edge ideals

In Sect. 3, we saw that the accessibility of G is necessary for the Cohen—Macaulayness
of Ji. In order to study the remaining implication of Conjecture 1.1, we present a new
combinatorial condition, called strong unmixedness, which turns out to be sufficient
for Cohen—Macaulayness. In the next section, we are going to show that for large
classes of graphs, being accessible is equivalent to the strong unmixedness of the
binomial edge ideal, thus proving the conjecture for those graphs.

Let G be a graph and let v be a vertex of G. We can decompose Jg as J¢c = AN B,
where

A= () Ps(G) and B= (] Ps(G).

$eC(G) SeC(G)
vgS ves
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Since Jo = A N B, we have the following short exact sequence:
0— R/JG — R/A®R/B— R/(A+ B) — 0. (%)

By Lemma 4.5 (1) it is clear that A = Jg,. The above short exact sequence has
been used in other papers about binomial edge ideals; however, the structure of B and
A + B is not known in general. Our next goal is to describe these two ideals when v
is a cut vertex of G and Jg\ (v} is unmixed.

Notation 5.1 Letr v be a cut vertex of G and Hy a connected component of G\{v}.
With abuse of notation, we denote by Ny, (v) the set {w € V(Hy) : {v,w} € E(G)}.

Proposition 5.2 Let v be a cut vertex of a connected graph G and assume that Jg
is unmixed. Let Hy and H, denote the connected components of H = G\{v}. The
following statements are equivalent:

(1) Jy is unmixed;
(2) if S € C(H), then Ny, (v) € S and Np,(v) € S;
3) C(H)={SCV(H):SU{v} eCG)}

If the above conditions hold, then the ideals in the sequence (x) are B = (xy, yy) +
Jo\vy and A + B = (xy, yu) + JG,\(v}-

Proof (1) = (2): Assume by contradiction that there exists S € C(H) such that
N, (v) C S.Inparticular, S" = SNV (H)) is a cut set of H by Remark 2.4. Moreover,
S’ is also a cut set of G because N, (v) € §'. Since Jg and Jg are unmixed and H
has two connected components, we have

ISl +1=cc(S) =cu(s) =81 +2,

which is a contradiction.
(2) = (3): Itisclear that {S € V(H) : SU {v} € C(G)} € C(H). Conversely, let S
be a cut set of H. Since H\S = G\(S U {v}) for every s € S, we have

cc((SU{vh\{s}) = ca(S\{s}) < cu(S) = cc(SU {v})).

Moreover, cG(S) < ¢g(S U {v}) because Ny, (v) € S and Np,(v) € S. Thus,
S U {v} € C(G).
(3) = (1): Since H\S = G\(S U {v}) for every S € C(H), the claim follows by the
unmixedness of Jg.

The last part of the statement is an easy consequence of the definition of B and of
the fact that A = Jg,. O

Example 5.3 1f G is a connected graph with Jg unmixed and v is a cut vertex of G, it
is not always true that Jg\ () is unmixed. For example, given the graph G in Fig. 8a
one can check that Jg, Jg\(2; and Jg\ gy are unmixed, but Jg\ (7} is not unmixed. In
fact, {3, 4,8} € C(G\{7}) and cg\(7)({3, 4, 8}) =4 # |{3,4, 8}| + 2.
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6 7 8 9 1 3 5 7

1 2 3 2 4 6
(a) A graph G with Jg\ {73 not unmixed (b) A graph F with Jp\{v} not unmixed for every

cut vertex v

Fig.8 A graph G with Jg\(7} not unmixed A graph F with J\ (y} not unmixed for every cut vertex v

It can also be that no cut vertex works. Let F' be the graph in Fig. 8b, whose cut
vertices are 2 and 6. By [5, Example 2.2], JF is unmixed, but Jg\(2} and Jp\ () are
not unmixed since cr\;2)({3, 5}) = cr\j6) ({3, 5}) =3 # |{3, 5} + 2.

Notice that in these cases, when Jg\ (v} is not unmixed, B does not have the form
(xv, Yu) + JG\(v) (see Proposition 5.2).

Remark 5.4 Let v be a cut vertex of G and let H; be a connected component of
G\{v}. If there exists a cut set S of G\{v} containing Ng, (v), then Ny, (v) is a
cut set of G. Indeed, every w € Npg,(v) is adjacent to v and to some vertices of
V(H)\S S V(H1)\Np, (v), which is not in the same connected component of v in
G\Np, (v).

In light of Proposition 5.2, we now describe the cut sets of G, \{v}.

Lemma 5.5 Let G be a connected graph with Jg unmixed and let v be a cut vertex
such that Jg\(vy is unmixed. Then,

C(Gu\{v}) =C(G\{S € C(Gy) : Ng(v) < S}

In particular, Jg \ (v} is unmixed.

Proof Let S € C(G,\{v}).Itis clear that S € C(G,) because v is a free vertex of G,
see [24, Proposition 2.1]. If Cy, C, ..., C, are the connected components of G\ S and
v € Cy, the connected components of G,\({v} U S) are (C1),\{v}, Ca, ..., C,, with
(C1)v\{v} possibly empty. Suppose by contradiction that Ng(v) € §. In this case
(C1)v\{v} = 0 and the connected components of G,\({v} U S) and G\({v} U §) are
Cy, ..., C..Clearly, S is also a cut set of G\{v} and, if H; and H> are the connected
components of G\{v}, S is a cut set of G\{v} containing Ny, (v) and Np, (v). This
contradicts Proposition 5.2 because Jg\ (v} is unmixed.

Conversely, let S € C(Gy),i.e.,S € C(G)andv ¢ SbyLemma4.5 (1), and suppose
that Ng(v) ;(_ S. Hence, there exists w € Ng(v)\S in the connected component
(C1)y of Gy\S. Let x € S be a vertex adjacent to v that reconnects (Cp), to another
component D of G,\S. Then, x is adjacent to w in G,\{v} and if we add back
x to (Gy\{v)\S, it reconnects (C1)y\{v} to D. This shows that cg,\(»)(S\{x}) <
cG,\(v}(S) forevery x € S, hence S € C(G,\{v}).

As for the last part, let S € C(G,\{v}). We have (C1),\{v} # @ in G,\({v} U S)
because Ng (v) ;(_ S. Then, cG,\(v}(S) = c6(S) = |S| + 1 and Jg,\ (v} is unmixed. O
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We now introduce the notion of strongly unmixed binomial edge ideal, which
involves the ideals appearing in the short exact sequence (x). This sequence will allow
us to prove that these ideals are Cohen—Macaulay.

Definition 5.6 Let G be a graph. We say that Jg is strongly unmixed if the connected
components of G are complete graphs or if Jg is unmixed and there exists a cut vertex
v of G such that Jg\ (v}, Jg, and Jg,\(v) are strongly unmixed.

Strong unmixedness is an inherently combinatorial condition because so is
unmixedness.

Remark 5.7 In order to show that Jg is strongly unmixed, we do not need to check the
unmixedness of Jg, and Jg,\ (v} since this follows from the unmixedness of Jg and
JG\{v} by Lemmas 4.5 and 5.5.

Examples 5.8 (a) Letn > 2 and k > 1. Consider the graph G,  onn+k — 1 vertices,
with edge set

EGur)={{1,2},{2,3},....n=Ln}JU{{i,j}:n<i<j<n+4+k—1}

Notice that G, i is a complete graph on k vertices with a path on n vertices attached
to one of its vertices, see Fig. 9a; in particular, the graph G 1 is a path on n vertices.
We prove that Jg,, , is strongly unmixed by induction onn > 2.

By [24, Theorem 2.7], Jg,, is unmixed. Let n = 2. If k = 1, the graph G
is a single edge and we have nothing to show. Let k > 1; then Gy is a single
edge attached to a complete graph on k vertices. Consider the cut vertex v = 2. The
connected components of G2 x\{v} are {1} and a complete graph on k — 1 vertices. The
graphs (G2 i)y and (G2 1) v \{v} are complete, thus JG, .\ (v} J(Gy1)0» ANA J (G2 )0\ (v}
are strongly unmixed.

Now, fixn > 2 and consider the cut vertexv = n of G, . The connected components
of G, i \{v} are a complete graph on k — 1 vertices and a path on n—1 vertices, which is
Gn—1,1.- The graph (G, k), equals G,—1 k41 and the graph (G, k) \{v} is isomorphic
to Gy—1 k. For all three graphs, we conclude that the corresponding binomial edge
ideal is strongly unmixed by induction on n.

In particular, it follows that the binomial edge ideal of a path is strongly unmixed.

(b) Let H be the graph in Fig. 9b. We show that Jy is strongly unmixed. First of
all, notice that Jy is unmixed. In fact, the cut sets of H are

C(H) = {0, {2}, {6}, {2, 6}, {2, 4, 6}}

and it is easy to see that cg(S) = |S| + 1 for every S € C(H). We consider the
cut vertex v = 6 and show that Jy\(c) is strongly unmixed. The connected compo-
nents of H\{6} are the isolated point 7 and the graph C = cone(2, P U {1}), where
E(P) = {{3, 4}, {4, 5}}. It suffices to prove that Jc is strongly unmixed. By part (a),
Jp is strongly unmixed, hence in particular unmixed. Thus, by Theorem 4.8 (2), Jc is
unmixed. The vertex 2 is now a cut vertex of C. The connected components of C\{2}
are P and {1}, hence Jc\ () is strongly unmixed by part (a). Clearly, Jc, and Jc,\ (2
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(a) The graph Gy (b) A graph H with Jg strongly unmixed

Fig.9 The graph G4 5 A graph H with Jy strongly unmixed

are strongly unmixed, since Co and Co\{2} are complete graphs. Now, the graph Hg
is a complete graph on the vertices {2, 3,4, 5, 6, 7} with the edge {1, 2} attached, i.e.,
it is isomorphic to Gy 6, whereas Hg\{6} is isomorphic to G, 5. Therefore, Ju, and
JHe\(6) are strongly unmixed by part (a); hence, Jy is strongly unmixed.

Example 5.9 1f G is a graph with J strongly unmixed, not every vertex v of G produces
Je\(v}» JG,» and Jg \ (v} strongly unmixed. For example, let G be the graph in Fig. 8a.
We will show in Example 6.11 that Jg is strongly unmixed. This can also be done
by applying Definition 5.6 recursively, choosing v = 6 at the first step, together with
Example 5.8 (a). However, in Examples 5.3 we showed that if we consider the cut
vertex 8, then Jg\(g) is not unmixed.

Remark 5.10 If G is a graph with connected components G1, ..., G, and Jg strongly
unmixed, then Jg, is strongly unmixed for every i. This can be easily shown by
induction on the number of vertices of G and then on the number of cut vertices of G.
The converse also holds, and it follows immediately from the definition.

Now we prove the main result of this section, showing that the strong unmixedness
of Jg is sufficient for Cohen—Macaulayness.

Theorem 5.11 Let G be a graph. If Jg is strongly unmixed, then Jg is Cohen—
Macaulay.

Proof By Remarks 2.4 and 5.10, we may assume that G is connected. We proceed by
induction on the number n of vertices of G. If n = 2, G is a single edge; hence, Jg
is Cohen—Macaulay. Fix n > 2. We now use induction on the number k£ > 0 of cut
vertices of G. If k = 0, then G is a complete graph by definition of strong unmixedness
and, thus, Jg is Cohen—Macaulay by Remark 2.1.

Suppose that k > 1. Since Jg is strongly unmixed, there exists a cut vertex v of
G such that Jg\(y) is strongly unmixed and in particular unmixed. We consider the
decomposition Jg = A N B, where

A= ﬂ Ps(G) and B = ﬂ Ps(G),

SeC(G) SeC(G)
véS ves

and the short exact sequence (x). By Lemma4.5 (1), A = Jg, is the binomial edge ideal
of the graph G, which has n vertices and k — 1 cut vertices. Moreover, Jg, is strongly
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unmixed. Therefore, by induction on k, A is Cohen—-Macaulay and depth(R/A) =
dim(R/A) =n+1.

By Proposition 5.2, B = (xy, Y») + JG\{v}» Where Jg\(v) s strongly unmixed and
the graph G\ {v} has less than n vertices. Let H; and H> be the connected components
of G\{v}. By Remark 5.10, Jy, and Jp, are strongly unmixed and, thus, Cohen—
Macaulay by induction on n. In particular, Jg\{yy and B are Cohen-Macaulay and
depth(R/B) = dim(R/B) = |V(G\{v})| +2=n+ 1.

Finally, by Proposition 5.2, A + B = (xy, y») + JG,\{v)- Recall that Jg,\(v} is
strongly unmixed and the graph G, \ {v} has n — 1 vertices. By induction on n, it follows
that Jg,\(v} and A + B are Cohen-Macaulay. In particular, depth(R/(A + B)) =
dim(R/(A+ B)) = |V(Gy\{v)|+1=n.

The Depth Lemma [32, Lemma 3.1.4] applied to the short exact sequence (x) yields
depth(R/Jg) =n+ 1 =dim(R/Jg). O

Remark 5.12 Theorem 5.11 gives a new way of proving that a binomial edge ideal is
Cohen—Macaulay. For instance, it follows that the ideal Jg of the graph H in Examples
5.8 (b) is Cohen—Macaulay.

Theorems 5.11 and 3.5 together imply that if Jg is strongly unmixed, then G is
accessible. The next result will allow us to show that also the reverse implication holds
for some particular classes of graphs. This implies that Conjecture 1.1 holds for these
graphs.

Proposition 5.13 Let G be a class of accessible graphs such that for every G € G
either the connected components of G are complete graphs or there exists a cut vertex
v of G for which G\{v}, Gy, G,\{v} € G. Then, Jg is strongly unmixed for every
G € G. In particular, Jg is Cohen—Macaulay.

Proof Let G € G. We proceed by induction on the number n of vertices of G. If n = 1,
there is nothing to prove. Fix n > 2 and let us proceed by induction on the number k
of cut vertices of G. If G does not have cut vertices, then by Remark 4.2 the connected
components of G are complete graphs and the claim follows. Letk > 1. Since G € G,
there exists a cut vertex v of G such that G\{v}, Gy, G,\{v} € G. Since G\{v} and
G,\{v} have n — 1 vertices and G, has n vertices and k — 1 cut vertices, by induction
it follows that Jg\(v}, JG,\{v} and Jg, are strongly unmixed. Thus, Jg is strongly
unmixed by definition. The last part of the statement follows by Theorem 5.11. O

In order to use Proposition 5.13, in the next result we show that if G is accessible
and v is a cut vertex, the accessibility of G\{v} is equivalent to the unmixedness of

JG\(u}-

Proposition 5.14 Let v be a cut vertex of a connected accessible graph G. The follow-
ing statements are equivalent:

(1) JG\(v} is unmixed;
(2) C(G\{v}) is an accessible set system.

In particular, if one of the above conditions holds, then G\{v} is accessible.
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Fig. 10 A graph G such that 1 3 5
JG is not strongly unmixed «

Proof Let H = G\{v} and let H; and H, be the connected components of H. Assume
that Jy be unmixed. By Proposition 5.2, we have

CH)Y={SC V(H):SU{v} eC(G)}.

Let S € C(H). If all the elements of S are cut vertices of G, then the same is true for
S U {v}. Since Jg is unmixed, by Lemma 4.16, (S\{s}) U {v} € C(G) forevery s € S.
On the other hand, if S contains a non-cut vertex s, by Proposition 4.18 we have that
(S\{sh U {v} € C(G).

Conversely, assume by contradiction that Jg is not unmixed. By Proposition 5.2,
we may assume that there exists 7 € C(H) such that Ny, (v) € T. We notice that
T' = T N V(H) is a cut set of H by Remark 2.4 (1). By assumption, there exists
f1 € T’ such that T'\{#;} € C(H).If t; € Npg,(v), then set U = T’; otherwise by
assumption there exists #, € T'\{t;} such that T'\{r1, o} € C(H). If € Np, (v),
then set U = T'\{1}; otherwise, we keep removing elements from 7’ until we find
fr € Np,(v) such that T7'\{t1,...,t} € C(H) and we set U = T'\{t1,...,t,—1},
where 1, ...,t—1 ¢ Npg, (v). Moreover, since U € C(H), for every u € U we have

cc(U\{u}) < cn(U\{u}) < cn(U) = cc(U)

because Ny, (v) € U C V(H;). Hence, U is also a cut set of G. Furthermore, for
every u € U\{t,} we have

cg (U U{vh\{tr, u}) = cu(U\{tr, u}) < cu(U\{t;}) = cc (U U {vh\{z,})

and cg (U\{#+}) < cg((U U {v})\{#}) since v is adjacent to ¢, and to some vertex of
H;. It follows that (U U {v})\{#,} is a cut set of G. Finally, since U and (U U {v})\{#}
are cut sets of G, Jg is unmixed, and Ny, (v) € U C V(H;), we have

Ul + 1 =cc((UU{wh\{tr}) = ca(U\{t}) < cn(U) = cg(U) = [U| + 1,

which yields a contradiction. O

Example 5.15 In general, it is possible that the equivalent conditions of Proposition
5.14 hold, but G is not accessible. For instance, if G is the graph in Fig. 10, then
G\ {6} satisfies both conditions of Proposition 5.14, but G is not accessible. In fact,
{3, 4} € C(G), but neither 3 nor 4 are cut vertices of G.

Corollary 5.16 Let G be an accessible graph and v be a cut vertex of G such that
JG\(v} is unmixed. Then, G\{v}, Gy, and G,\{v} are accessible.
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Proof The graphs G, and G\{v} are accessible by Lemma 4.5 (3) and Proposition
5.14.
By Lemma 5.5, JG,\{v} is unmixed and

C(Gu\{v}) =C(G\{S € C(Gy) : Ng(v) € S}

Let S € C(Gy\{v}) C C(Gy). Then, there exists s € S such that S\{s} € C(Gy).
Clearly, Ng(v) §Z S\{s}, since S € C(G,\{v}) and, hence, S\{s} € C(G,\{v}). O

As a consequence of Proposition 5.13 and the previous corollary, if we set G to
be the class of all accessible graphs, an affirmative answer to the following question
would completely settle Conjecture 1.1.

Question 5.17 If G is a connected non-complete accessible graph, does there exist a
cut vertex v of G such that Jg\ (v} is unmixed?

In the next section, we are going to prove that the answer is positive for chordal
and traceable graphs.

6 Cohen-Macaulayness of chordal and traceable graphs

The main goal of this section is to prove that for every chordal or traceable graphs G,
being accessible is equivalent to both Cohen—Macaulayness and strong unmixedness
of Jg.

We start by recalling the notion of block graph. A connected subgraph of G that
cannot be disconnected by removing a vertex and is maximal with respect to this
property is called a block of G. The block graph of G, denoted by B(G), is a graph
whose vertices are the blocks of G and such that there is an edge between two vertices
if and only if the corresponding blocks contain a common cut vertex of G. In [27,
Proposition 1.3], Rinaldo proves that the block graph of any connected graph G with
Jg unmixed is a tree.

To answer Question 5.17, the next result allows us to focus only on one block
instead of the whole graph.

Proposition 6.1 Let G be a connected graph with Jg unmixed and suppose that for
any block B of G there exists a cut vertex vg of G in V (B) such that there are no cut
sets of G\{vp} containing Np(vp). Then, there exists a cut vertex v of G such that
JG\ (v} is unmixed.

Proof Recall that B(G) is a tree by [27, Proposition 1.3], and every cut vertex of
G belongs to exactly two blocks of G because Jg is unmixed. Let By be a block
corresponding to a leaf of B(G). Therefore, there is a unique cut vertex v of G in
V(B1). By assumption, there are no cut sets of G\{v1} containing N, (v1). Let By
be the other block of G containing v;. Again by assumption, there is a cut vertex
vy € V(By) such that N, (v2) is not contained in any cut sets of G\{v2}. If vi = vy,
then Jg\(y,} is unmixed by Proposition 5.2. Otherwise, we consider the other block
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B3 containing v> and the cut vertex v3 given by the assumption. We can continue in
this way and, if we do not find any cut vertex v; for which Jg\y,) is unmixed, after
finitely many steps we reach a block B), that is a leaf in the block graph, because B(G)
does not contain cycles. Hence, there is a unique cut vertex of G in V (B),), which is
vp—1, the only element of V(B,—1) N V(Bp). Thus, JG\(v, ,} is unmixed. m|

To prove that chordal accessible graphs satisfy the condition of Proposition 6.1 we
first need a technical result.

Lemma 6.2 Let G be a connected graph such that Jg is unmixed and let B be a block
of G. Let vy and vy be two cut vertices of G belonging to B.

(1) If vi and vy are adjacent and there exists a cut set S; € C(G\{v;}) such that
Np(v;) C S; foreveryi = 1,2, then Ng(vi) € Np[va] and Ng(v2) € Np[v1].

(2) If Np[v1] = V(B), thenthere exists a cut vertexw € B of G such that Np(w) Q S
for every S € C(G\{w}).

Proof (1) Assume by contradiction that Ng(v;) € Np[vz]. Let C and Cp be the con-
nected components of G\{v;}, where Cp contains B\{v1}. Since Np(v1) € Np[va2] C
S> U{va} and v; € $», it follows that v| reconnects at least two connected components
of C\ 5.

Set Tp = S1NCp, whichis acut set of C g and also of G because it contains Ng (v1).
On the other hand, the set W = S> N (V(C) U {v1}) is a cut set of G[V (C) U {v1}] by
Remark 2.4: indeed, every w € W\ {v;} reconnects at least two connected components
of G[V(C) U {v1}]\S> because vy € S»; this is also true for v; as explained in the
beginning. In particular, W is a cut set of G.

Now, we notice that Tg LU W € C(G) because T is a cut set of Cg and W is a cut
set of G[V(C) U {v1}] containing vi. Moreover,

cc(Tpu W) = (c(Tp) = 1) + (c¢(W) = 1) = [Tp| + [W| = [Tp U W],

where the second equality holds because Jg is unmixed. Thus, the equality ¢ (Tp U
W) = |Tp u W| contradicts the unmixedness of Jg.

(2) We first suppose that v; is the only cut vertex of G in V(B). Then, Np(vi) =
V(B)\{v1} and Npg(v1) g S for every S € C(G\{v1}), otherwise every element of
Np(v1) would not be adjacent to any vertex of G\ ({v1}US). Suppose now that there is
another cut vertex w € V(B) of G, w # vj. Then, by assumption Np(w) € Np[vi] =
V (B) and this contradicts (1). O

Recall that a graph G is called chordal if all its induced cycles have length three.

Proposition 6.3 Ler G be a non-complete connected chordal accessible graph. Then,
there exists a cut vertex v of G such that Jg\(v) is unmixed.

Proof Let B be a block of G. By Proposition 6.1, it is enough to show the following
statement.

Claim: there exists a cut vertex v of G in V(B) such that Ng(v) is not contained in
any cut set of G\{v}.
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By Remark 4.2, G has at least one cut vertex. In particular, V (B) contains at least one
cut vertex of G. Let vy, ..., v, be the cut vertices of G belonging to V(B), for some
r>1.

If r = 1, then by Proposition 4.11 Np[vi] = V(B) and the claim follows by
Lemma 6.2 (2). Hence, we may assume r > 2.

Assume now that Np[v1] & V(B), otherwise we conclude again by Lemma 6.2 (2).
We want to find a cut vertex v of G in V (B) fulfilling the claim. If there is a cut vertex
w such that Ng(w) U Ng[vi] = V(B), then we set v = w. Otherwise, by Proposition
4.10 we can choose v;, adjacent to v| and we have Ng[v(]U Ng[v;,] € V(B). Again,
if there exists a cut vertex w such that Np(w) U Ng[v1] U Np[v;,] = V(B), then we
set v = w. If not, by Proposition 4.10, we can continue in this way choosing at each
step a cut vertex v;; adjacent to at least one of vy, vj,, ..., V; i1 By Propositions 4.11,
we eventually find a cut vertex v of G in V(B) such that Ng(v) U Ng[v1]U Np[v;,]U
---UNpg[v;.] = V(B) and Ng[vi] U Np[v;,]U--- U Np[v;.] € V(B); in particular,
v is adjacent to at least one of vy, v;,, ..., v;.. Moreover, the subgraph induced by G
on {v1, vj,, ..., v;.} is connected. To simplify the notation, we assume without loss
of generality that {vy, v;,, ..., vi.} = {v1, ..., v}

We set N = Ng[vi]U Ng[v2]U ---U Npg[v.] and note that V(B) = N U Ng(v);
in particular, v € N and Np(v)\N # 0.

We now assume by contradiction that Np(v) is contained in a cut set S of G\{v}.
In particular, N (v) is a cut set of G by Remark 5.4.

Assume first that there exists x € Np(v)\N which is not a cut vertex of G. Since
Np(v)isacutsetcontaining x and x is not a cut vertex of G, it follows that x is adjacent
to a vertex w € V(B)\Np[v] € N\{v}. Thus, w € Np(v;) for somei = 1,...,c.
We also know that v € N, therefore v € Np(v;) for some j =1, ..., c¢. Consider a
minimal path v; = uy, uz,...,u, = v;jin G, where a > 1 and uy € {vy, ..., v} for
every k, which exists because G[{v1, ..., v.}] is connected. Let p be the maximum
index for which {w, u,} € E(G) and g the minimum index greater than or equal to p
suchthat {u,, v} € E(G).Hence,in G thereis aninducedcycle v, x, w, up, ..., ug4, v.
Thus, its length is at least four and it has no chords since x ¢ N and w ¢ Np[v],
against G being chordal.

It remains to consider the case in which Np(v)\N contains only cut vertices of
G. Let z € Np(v)\N. We first show that Np(z) S Np[v]. Suppose that there
exists w € Np(z)\Np[v]. Then, w € N\{vi,...,v.} and {w,v;} € E(G) for
some i € {l,...,c}. Consider a minimal path w,v; = uo, uy, ..., Us, v, Where
ur € {vg,...,v.} for every k. As before, let p be the maximum index for which
{w,up} € E(G) and ¢ the minimum index greater than or equal to p such that
{ug, v} € E(G). Thus, there is an induced cycle v, z, w, up, ..., ug, v, where z is not
adjacentto any uy since z ¢ N.Hence, since G is chordal, we have that {v, w} € E(G),
a contradiction. Therefore, Ng(z) € Ng[v].

We may assume that there exists 7 € C(G\{z}) such that Np(z) € T, otherwise
z would satisfy the claim at the beginning of the proof. This contradicts Lemma 6.2
(D). O

We are ready to prove Conjecture 1.1 for chordal graphs.

Theorem 6.4 If G is a chordal graph, then the following conditions are equivalent:
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(1) Jg is Cohen—Macaulay;
(2) Jg is strongly unmixed;
(3) G is accessible.

Proof By Remarks 2.4 and Remark 5.10, it is enough to prove the claim for G con-
nected. By Theorems 3.5 and 5.11, we only need to prove that (3) implies (2). We note
that if G is chordal and v is a cut vertex of G, then G, G\{v}, and G,\{v} are also
chordal. Setting G to be the class of chordal accessible graphs, the claim follows by
Proposition 6.3, Corollary 5.16, and Proposition 5.13. O

Next we prove that the three conditions in Theorem 6.4 are equivalent also for
another large class of graphs. We recall that a connected graph G is called traceable
if it contains a Hamiltonian path, i.e., a path that visits each vertex of G exactly once.
With a slight abuse of notation, we say that a disconnected graph is traceable if each
of its connected components contains a Hamiltonian path.

Lemma 6.5 If G is a traceable graph, then every block of G contains at most two cut
vertices of G. Moreover, if G is accessible and a block contains two cut vertices of G,
then they are adjacent.

Proof Clearly, it is enough to consider the case in which G is connected. Suppose
that there is a block B of G containing three cut vertices vy, vz, v3 and let B; a block
containing v; different from B. It is easy to see that any path that visits all vertices of
B, B, B>, B3 has to pass at least twice through one of the v;’s, and hence such a path
is not Hamiltonian, against the assumption. The last part of the statement now follows
by Proposition 4.10. O

As in the case of chordal graphs, for traceable graphs we need to find a cut vertex v
such that Jg\{y} is unmixed. In the next proposition, we prove a more general result,
which could be useful to answer Question 5.17.

Proposition 6.6 Let G be a connected non-complete accessible graph. Assume that
for every block B of G the subgraph induced by G on the cut vertices of G belonging
to V(B) is complete. Then, there exists a cut vertex v of G such that Jg\ (v} is unmixed.

Proof Let B be a block of G and let vy, ..., v, be the cut vertices of G belonging to
V(B), where r > 1, by Remark 4.2.

By Proposition 6.1, it is enough to show that there exists a cut vertex v € B of G
such that N (v) is not contained in any cut set of G\{v}.

We may assume that Ng[v;] C V(B) foreveryi = 1,...,r, by Lemma 6.2 (2);
in particular, by assumption, {vi, ..., v} € V(B). Given w € V(B)\{vi, ..., v},
we define c¢(w) to be the number of cut vertices of G adjacent to w, i.e., c(w) =
INg(w) N{vy, ..., v:}|. Consider u € V(B)\{vy, ..., v} for which c(u) is minimal.
By Proposition 4.11, c(u) > 0 and, without loss of generality, suppose that u is
adjacent to vy, ..., v, Where ¢ = c(u). Moreover, we can assume ¢ < r; otherwise
B would be complete, thus Ng[v;] = V(B) for every i.

Define N = Np[ver1]U Ng[veaa]U---UNg[v,] # V(B)and N = {w € N |
Np(w) g_ N} € (N\{ves1, ..., v:}). Asin Proposition 4.11, it is easy to see that N’
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is a cut set of G. Moreover, if w € V(B) and w ¢ Np[v;], then w € N because it is
not a cut vertex and c(w) > c(u) = c. Therefore, V(B) = N U Ng[v1].

Now we assume by contradiction that Ng(vi) € S for some S € C(G\{v}).
Clearly, S is also a cut set of G and by Corollary 4.15 we can order the elements
of S = {z1,..., 2/} in such a way that {z,...,z;} € C(G) foreveryi = 1,...,¢t.
Let Ng(vi)\N = {z;y,...,z,} with i} < --- < iy, which is not empty because
it contains u. Since S is a cut set of G\{v1}, z;, is adjacent to at least two vertices
as, asy1 € (V(B)\{viD\S € V(B)\Ngl[vi] € N\{vi, ..., v },and botha, and a4
are in N’ because z;, ¢ N.

Consider now S = {z1, ..., zj,_,}, whichis a cut set of G. In G\ S’ there is a con-
nected component containing vy, z;,, ds, and as41. Therefore, z; | hasto be adjacent to
a vertex
as—1 € V(B\(Np[vi] U {as,as41}) € N\{vi,..., v, a5, as41}. Again, a;_ €
N'\{ay, as;+1} and it is not a cut vertex of G. Repeating the same argument, we find
{ai, ..., as11} € N’ where all the g;’s are distinct and are not cut vertices of G.

Moreover, vy, ..., v, € N’ because they are adjacent to v, by assumption and to
u by construction. Hence, |N’| > ¢ + s + 1 and the connected components of G\ N’
are the following:

e the component containing N\ N’, which is connected because G[{v¢11, ..., v}
is connected (it is indeed complete) by assumption;

e the ¢ components outside B, each obtained by removing v;, fori =1, ..., c;

e the components of Nz (v)\N,which are at most s because Np (v)\ N has cardinality
s.

Since N’ is a cut set of G and J is unmixed, we get cg(N') < 1+c+s < |[N'| =
¢ (N’) — 1, which yields a contradiction. O

By Lemma 6.5 and Proposition 6.6, we get the following consequence.

Corollary 6.7 If G is a non-complete traceable accessible graph, then it contains a cut
vertex v such that Jg\ (v} is unmixed.

If G is traceable and v is a cut vertex of G, clearly also G, G\{v}, and G, \{v} are
traceable. Then, in light of Corollary 6.7, we can prove the next result with the same
argument used for Theorem 6.4.

Theorem 6.8 If G is a traceable graph, then the following conditions are equivalent:

(1) Jg is Cohen—Macaulay;
(2) Jg is strongly unmixed;
(3) G is accessible.

As a consequence of Theorem 6.8, we recover the equivalence (a) < (d) in [5,
Theorem 6.1].

Corollary 6.9 If G is a bipartite graph, then the following conditions are equivalent:

(1) Jg is Cohen—Macaulay;
(2) Jg is strongly unmixed;
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Fig.11 A traceable graph H le o7
2 6

5
3 4

(3) G is accessible.

Proof We only need to prove that (3) implies (2). Notice that every bipartite accessible
graph is traceable: this follows by the explicit description of such graphs given in [5,
Theorem 6.1 (c)]. In fact, every block of such a graph has exactly two cut vertices and
is traceable. The claim now follows by Theorem 6.8. O

Example 6.10 The graph H in Fig. 11 is traceable and accessible, but non-bipartite and
non-chordal. This graph already appeared in the classification of Cohen—Macaulay
bicyclic graphs [27, Lemma 3.2, Figure 7]. The cut sets of H are C(H) =
{0, {2}, {6}, {2, 6}, {2, 4}, {4, 6}, {3, 6}, {2, 4, 6}} and it easy to show that H is acces-
sible. Hence, by Theorem 6.8, Jy is Cohen—Macaulay and strongly unmixed.

Example 6.11 Theorem 5.11 can be useful to find new examples of graphs, which are
not chordal nor traceable, and whose binomial edge ideal is Cohen—Macaulay. For
instance, the graph G in Fig. 8a is not chordal nor traceable (since it has a block
containing three cut vertices of G), but Jg is strongly unmixed. In fact, if we consider
the cut vertex 8, then

e G\{8} is traceable and C(G\{8}) = {0, {2}, {4}, {7}, {2, 4}, {2, 5}, {2, 7}, {3, 4},
{2,5, 7}

e Ggischordal and C(Gg) = {0, {2}, {7}, {2, 7}, {2, 5, 7}};

e G3\{8} is chordal and C(Gg\{8}) = {0, {2}, {7}, {2, 7}, {2, 5, 7}}.

It is straightforward to check that the previous three graphs are accessible. Hence, by
Theorems 6.4 and 6.8, their binomial edge ideals are strongly unmixed. We conclude
that Js is Cohen—Macaulay by Theorem 5.11.

7 Further remarks and problems

Finally, we discuss some examples and open problems. First of all, we notice that it is
enough to prove Conjecture 1.1 for indecomposable graphs, see [27, Definition 2.1],
i.e., graphs that cannot be decomposed as G = G1U G, where V(G1) NV (G2) = {v}
for some vertex v which is free both in G| and in G,. In fact, if G is decomposable
as G = G U Gy, then

e Ji is Cohen—Macaulay if and only if Jg,, JG, are Cohen—-Macaulay by [24,
Theorem 2.7] and,
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(a) A chordal graph G (b) A traceable graph H (€) The graph F

Fig.12 A chordal graph G. A traceable graph H. The graph F

e using the description of the cut sets in [24, Lemma 2.3], it is easy to show that G
is accessible if and only if G, G, are accessible.

Given two graphs G and H, we introduce a new construction that produces a new
graph obtained by gluing certain subgraphs of G and H along a cut vertex. We illustrate
it through an example.

Example 7.1 Let us consider the graphs G and H in Fig. 12a and (b), respectively.

Notice that Jg\(s) and Jp\(11) are unmixed. Let G’ and H’ be the connected
components of G\{8} and of H\{l11} that are not a single vertex, i.e., G’ =
G[{1,2,3,4,5,6,7}]1and H' = H[{12, 13, 14, 15, 16}]. Then, we consider the graph
F obtained by gluing the graphs G[V (G’)U{8}] and H[V (H')U{11}] identifying the
vertices 8 and 11, see Fig. 12c.

One can check that Jr is unmixed and we claim that it is also strongly unmixed.
In fact, if we consider the cut vertex v obtained by the identification of 8 and 11, then
the graphs F\{v}, F, and F,\{v} are chordal and it can be shown that they are all
accessible. Hence, by Theorem 6.4, their binomial edge ideals are strongly unmixed.
We conclude that Jr is Cohen—-Macaulay by Theorem 5.11.

The same holds if F is the graph obtained by gluing G[V (G")U{i}]and H[V (H")U
{7}] identifying the vertices i and j, where i € {2, 5, 8} and j € {11, 15}.

Notice that G is chordal and H is traceable, but the resulting graph F is not chordal
nor traceable.

Example 7.1 can be generalized as follows.

Problem 7.2 Let G and H be connected graphs, v be a cut vertex of G and w a cut
vertex of H. Set G\{v} = G1UG>, H\{w} = HiUH, and suppose that JG, Ju, JG\ (v}
and Jpg\(w\ are unmixed. Let F;j be the graph obtained by gluing G[V (G;) U {v}]
and H[V (H;) U {w}] identifying v and w, for i, j = 1,2. If Jg and Jy are Cohen—
Macaulay, is it true that JFi.i is Cohen—-Macaulay? If G and H are accessible, is it
true that Fjj is accessible?

In [5, Corollary 6.2], we proved that for bipartite graphs, binomial edge ideals
are the same up to isomorphism as Lovasz-Saks-Schrijver ideals in two sets of vari-
ables (see [14]), permanental edge ideals (see [14, Section 3]) and parity binomial
edge ideals (see [17]), but this does not hold for non-bipartite graphs. Hence, even
though Conjecture 1.1 would prove the field-independence of Cohen—Macaulayness
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(a) A traceable graph G (b) A bipartite graph H

Fig. 13 A traceable graph G A bipartite graph H

for binomial edge ideals, this would not ensure the same for the other three classes.
Indeed, Cohen—Macaulayness of permanental edge ideals depends on the field, as the
following example shows.

Example 7.3 Recall that the permanental edge ideal of a graph G on the vertex set [n]
is the ideal

[ = (x;jy; +xjyi : {i, j} € E(G)) € K[x1, ..., X0, Y1, ..., Ynl.

Let K4 be the complete graph on 4 vertices. If char (K') = 2,then i, = Jx, is Cohen—
Macaulay (since it is the ideal of 2-minors of a (2 x 4)-generic matrix), whereas using
Macaulay? [10] one can see that Iy, is not Cohen-Macaulay if K = Q. This shows
that the Cohen—Macaulayness of permanental edge ideals cannot be characterized
combinatorially.

Hence, it is natural to ask:

Problem 7.4 Does the Cohen—Macaulayness of Lovdsz-Saks-Schrijver ideals and of
parity binomial edge ideals depend on the field? If not, is there a combinatorial
description of Cohen—Macaulayness in terms of the underlying graph?

Example 7.5 The graph G in Fig. 13a has the property that both the regularity and the
projective dimension (and, hence, the depth) of the associated Lovasz-Saks-Schrijver
ideal L in two sets of variables and of the parity binomial edge ideal Zg depend on
the field. More precisely, if R=K[x;, y; :i € [8]], using Macaulay? [10] one can see
that:

12 if K =7,
d(R/Lg) =pd(R/Zg) = d
pd(R/Lg) = pd(R/Z;) [11 K = 7, an

7 itK =7
teg(R/Lg) = reg(R/Tc) {6 A

As for binomial edge ideals, we do not know whether the depth or the extremal
Betti numbers are independent of the field. However, their Betti numbers may be
field-dependent.

Example 7.6 Let H be the bipartite graph in Fig. 13b. Using Macaulay?2 [10], one can
check that some graded Betti numbers of Jy are different over Z, and over Z3.
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In [15], Jayanthan and Kumar compute the regularity of Cohen—Macaulay binomial
edge ideals of bipartite graphs using the explicit description of these graphs given in
[5, Theorem 6.1 (c)]. By the proof of Corollary 6.9, these graphs are traceable. Thus,
we ask the following:

Problem 7.7 Is it possible to find a formula or bounds for the regularity of Cohen—
Macaulay binomial edge ideals of traceable graphs?
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