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We extend the Hilbert-Schmidt (square norm) distance, previously used to define the geometric quantum
discord, to define also geometric quantifiers of total and classical correlations. We then compare the dynamics
of geometric and entropic quantifiers of the different kinds of correlations in a non-Markovian open two-qubit
system under local dephasing. We find that qualitative differences occur only for quantum discords. This is
taken to imply that geometric and entropic discords are not, in general, equivalent in describing the dynamics
of quantum correlations. We then show that geometric and entropic quantifiers of total correlations also present
qualitative disagreements in the state space. This aspect indicates that the differences found for quantum discord
are not attributable to a different separation, introduced by each measure, between the quantum and classical
parts of correlations. Finally, we find that the Hilbert-Schmidt distance formally coincides with a symmetrized

form of linear relative entropy.
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I. INTRODUCTION

To characterize the nature of correlations in a quantum
system, and in particular quantifying their quantum and
classical parts, is of both fundamental and practical interest.
In fact, in certain computational tasks with mixed quantum
states, quantum speed-up can be achieved using separable
(unentangled) states, as in the so-called deterministic quantum
computation with one qubit (DQC1) protocol [1,2]. This
speed-up has been linked [3] to the presence of quantum
discord [4,5] that quantifies quantum correlations in a bipartite
system and was originally defined as the difference between
two alternative quantum versions of two classically equivalent
expressions of mutual information. Quantum correlations have
otherwise been quantified exploiting the idea that the distance
between a given state of the system and its closest state without
the desired property (e.g., quantum correlations) quantifies
that property. The distance is defined by the relative entropy
between states and the discord is thus defined as the distance
between the system state p and its closest classical state yx,
[6]. The relative-entropy—based (REB) definition of quantum
discord does not in general coincide with the original definition
of quantum discord, but it is connected to the latter by a
quantity measuring the distance between two states linked to
the state p [6]. Within this approach classical correlations have
been characterized by the distance between the classical state
X, and its closest product state m, , while total correlations
have been characterized by the distance between the system
state p and its closest product state 7.

The REB quantifiers of correlations (quantum or classical)
present the advantage of not being limited, as was the case
for the original definition of quantum discord, to bipartite
quantum systems, but have the drawback that their analytical
expressions are known only for certain classes of states [7,8]
and require in general considerable numerical minimizations.
Thus, a more manageable quantifier of quantum correlations,
named geometric quantum discord, has been defined as the
Hilbert-Schmidt (square norm) distance between the system
state and its closest classical state [9]. When one studies
evolutions of quantum correlations in a two-qubit system
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locally affected by nondissipative channels, REB quantum
discord may exhibit plateaus during its evolution [10,11];
differently, in correspondence with these plateaus, geometric
quantum discord does not remain constant [12,13]. These
qualitative differences emerge also when the closest classical
states entering the two distance measures are the same [13,14].
These findings may be related to the known result in the theory
of entanglement that different entanglement measures induce
different orderings in the state space [15—-17]. REB and geo-
metric discord have been compared in the state space for two-
qubit states, and it has been shown that inequivalent ordering
also occurs [18]. Moreover, an analysis in the state space has re-
cently shown that geometric quantifiers of total, classical, and
quantum correlations do not satisfy in general closed additivity
relations that instead hold for the entropic quantifiers [14].

The main aim of this paper is to study the dynamics of
geometric and entropic quantifiers of the different kinds of
correlations (total, classical, and quantum) in non-Markovian
open quantum systems. To this aim, we consider a specific
non-Markovian open two-qubit system under local phase-flip
channels. We also compare geometric and entropic quantifiers
of the different kinds of correlations in the state space moving
inside the class of Bell-diagonal states. Finally, we observe
that the Hilbert-Schmidt distance formally coincides with a
symmetrized form of linear relative entropy.

II. GEOMETRIC QUANTIFIERS OF TOTAL AND
CLASSICAL CORRELATIONS

Before introducing the geometric quantifiers of total and
classical correlations, we briefly review the correlation quan-
tifiers based on relative entropy as a measure of distance be-
tween states. Relative entropy quantifies the distinguishability
between two states p and o and is defined as

S(pllo) = =Tr(plog, o) — S(p), (M

where S(p) = —Tr(p log, p) is the von Neumann entropy [19].
S(pllo) is adopted as a measure of the distance between the
states p and o even if it is asymmetric with respect to the
exchange p <> o and is thus a pseudodistance. In this view,
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total correlations (quantum mutual information) 7', discord D,
and classical correlations C have been defined as [6]

T(p) = S(pllmp),  D(p) = S(plixp). Clp) = S(Xpllmy,)
2

where m, and x, are, respectively, the product state and
the classical state closest to p, while Ty, is the product
state closest to x,. We refer to 7, D, and C as REB
quantifiers. As mentioned previously, D(p) does not coincide,
in general, with the original definition of quantum discord
8(p) = minpa{I(p) — I[T14(p)]} [20], where I(p) is the quan-
tum mutual information, the minimum is over von Neumann
measurements T4, and I14(p) is the classical state resulting
after projective measurement on A. However, for a two-qubit
system, D(p) and §(p) coincide for Bell-diagonal states [6].
For REB distance measure the closest product state 7, is the
product of the marginals of p (7, = p4 ® pp), while x, (and
therefore also D and C) is analytically obtainable only within
certain classes of states, even for a two-qubit system [6].

A more manageable distance measure between states is
the Hilbert-Schmidt (square norm) distance, by which the
geometric quantum discord has been defined as [9]

Dy(p) = Tt(p — x,)* = llo — x,lI°, 3)

where x, is the classical state closest to p. This geometric
discord, differently from the entropic discord, can be analyt-
ically evaluated for an arbitrary two-qubit state finding the
explicit expression of its closest classical state [9]. Notice that
the geometric quantum discord D,(p) for a bipartite system
is equivalent to the one obtained as the minimum distance,
measured by the square norm, between p and a classical
state I14(p) resulting from p after projective measurement on
A, that is, Dy(p) = minpallp — II*(p)||* [20]. Quantifiers of
total and classical correlations, analogously to the geometric
quantum discord, can now be introduced using the Hilbert-
Schmidt distance as a measure of the distance between states,
provided that one finds the product states 7, and 7,, closest
to p and y,, respectively. We define geometric quantifiers of
total and classical correlations as

To(p) = llp — 7l Celp) = llxp — 7y, I1%. 4)

These quantifiers do not satisfy in general an additivity relation
that is instead satisfied in the case of Bell-diagonal states
for which Dy(p) = T(p) — Cy(p) [14]. It is also shown in
Appendix that, for this class of states, the closest product state
is given by the product of its marginals, 7, = ps ® pg, exactly
as happens for the REB distance measure.

A. Expressions of the correlation quantifiers for
Bell-diagonal states

We now give the explicit expressions of REB and geometric
quantifiers discussed above for the class of Bell-diagonal
states. In the Bell-state basis and in the Bloch-state repre-
sentation, a Bell-diagonal state is written, respectively, as

3
PP = Ml p° = [HA Q17+ cjoj® @}/4,

j=1

(&)
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where i = 1,2, r = &, the coefficients ¢;’s and A] are real,
and we have indicated with |1.) = (|01) £ |10))/\/§the one-
excitation Bell states and with [2.) = (|00) £ |11))/ﬁ the
two-excitation Bell states. The states p® include the well-
known Werner states [21,22] and are entangled if the largest
AT > 1/2 [6]. The product state closest to p® is equal to the
normalized 4 x 4 identity, 7,2 = 1/4 = (14/2) ® (1% /2) for
both distance measures (relative entropy and square norm, see
Appendix). The analytic expression of the closest classical
state when the distance is measured by relative entropy is
known [6]. For Bell-diagonal states, the REB quantifiers of
Eq. (2) are

D(p) = T(p) — C(p),
T(p) =2+ Z,\; log, 2] (i=12r=%), (6

2 14 (=1) .
Clp)y=>y_ #log[l +(=1)el,
i=1

where ¢ = max{|c],|c2],|c3} [7].

On the other hand, the classical state closest to p® according
to the Hilbert-Schmidt distance is still a Bell-diagonal state and
results in

xpp = [1* @I% + croy ® 0y 1/4, (7)

where ¢y is the one among the coefficients cy,cy,c3 such that
lck] = c. xo» coincides with that obtained using the REB
distance measure. The expressions of the geometric discord of
Eq. (3) and of the geometric quantifiers of total and classical
correlations of Eq. (4) are then given by

Dy(p) = [c% +c5+ci— cz]/4,
To(p) = [c] + &5 + ¢3]/4, (8)
Colp) = ¢*/4.

Notice that the closest classical state x,s above is symmetric
under the exchange of subsystems A, B, thus it has the same
value of left and right discord [9]. Because D, indicates the
left discord and Dg(x,s) = 0, the state x,s of Eq. (7) is a
classical-classical state [9]. Notice that for Bell-diagonal states
one gets Tr(p® x,2) = Tr(Xz,,), so that Dy = Tr(p® — x,8)* =
Tr[(pB)? — XZB]' We also point out that expressions of the
geometric correlation quantifiers for the more general class
of X two-qubit states have been recently reported in the case
where the closest classical states involved have a classical-
quantum form [14].

In the following, we shall compare these geometric quanti-
fiers with the corresponding REB correlation quantifiers both
in a dynamical contexts and in the state space.

III. COMPARISONS BETWEEN CORRELATION
QUANTIFIERS

In this section, we compare quantum discord and total
correlations quantified according to the two distance measures
with the aim to make evident possible different qualitative
behaviors in the correlation quantifiers. Due to the fact that the
square norm distance is not normalized, D, is not normalized
to one (its maximum value is 1/2 for two-qubit states) [18,23].
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We therefore shall consider the normalized forms 2D, and
2T, as proper quantifiers for a comparison with REB quantum
discord D and REB total correlations 7.

A. Comparison between REB discord and geometric discord in
a dynamical example

We first take two noninteracting qubits under local identical
phase-flip channels [11]. Each qubit is subject to a time-
dependent phenomenological Hamiltonian H(t) = hl'(t)o;,
where o, is a Pauli operator and I'(f) = an(t) where « is a
coin-flip random variable taking the values £|o«| while n(z)
is a random variable having a Poisson distribution with mean
value equal to the dimensionless time v = ¢/27. This system is
characterized by a non-Markovian dynamics of the two-qubit
state that, if initially in Bell-diagonal form, remains of this kind
during the dynamics and correspondingly the three coefficients
c¢j(t) of Eq. (5) evolve as

cj(t) = cp(OAW)’,  c3(t) = c3(0), ®)

where j' = 1,2 and A(v) = e "[cos(uv) + sin(uv)/u] with
w=~{@dar)® —1. Using Eq. (9), all the quantifiers of
Egs. (6) and (8) can be analytically computed and all the
relevant closest states for both distance measures result the
same at any time ¢. In particular, 7,y and m,, ) remain
equal to I/4 while xp) = [I QI + cr(t)or ® or] /4. We
also notice that the closest classical state s of Eq. (7) is
frozen during the time intervals when |c3(¢)| > |c1(?)],]c2(2)],
being ci(t) = c3(t) = c3(0). In Fig. 1(a) REB discord D and
normalized geometric discord 2D, are plotted as a function
of the dimensionless time v for a given initial Bell-diagonal
state. This plot shows that there are time regions when D
is constant while D, decreases or increases. The reason for
the different behavior of D and D, is connected to the
property that the closest classical state varies with time when
lc1(®)| > |ca(2)],]|c3(t)]. Therefore, its distance from the system
state p(t) is in general expected to explicitly depend on time.
This happens for geometric discord D, while for REB discord
D, this time dependence disappears as a consequence of the
additivity of logarithm. Notice that an analogous time behavior
of REB quantum discord is found when the two qubits are
locally subject to random external fields [24].

The plot of Fig. 2(a) then shows that for a different
initial Bell-diagonal state, a behavior opposite to the previous
one may occur: there are time regions when D, is constant
while D decreases or increases. The behavior of D and D,
in panels (a) occurs for initial states with cy1,(0) = 0 and
lc12)(0)] > |c3(0)], so that one has Dy = 1[c3(0)?]. At this
point, the different qualitative time behaviors between D and
D, can be considered as due to the different choice of distance
measure.

In Figs. 1(b) and 2(b) total correlation quantifiers are plot-
ted. It is displayed that in spite of the differences between D
and D,, the dynamics of total correlations qualitatively behave
in a similar way, that is, they are increasing or decreasing
in the same time regions, for both distance measures. The
quantifiers of classical correlations C and C, also exhibit a
dynamical behavior in agreement with each other. This fact
could induce one to reckon that different qualitative behaviors,
found for quantum discords, emerge as a consequence of
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FIG. 1. (Color online) Panel (a) REB quantum discord D (blue
solid line) and normalized geometric quantum discord 2D, (purple
dashed line) vs v = ¢/27, with 7 = 5s and |a| = 1s~!, for an initial
Bell-diagonal state. Panel (b) REB total correlations 7' (orange solid
line) and normalized geometric total correlations 27, (green dashed
line) vs v. The values of initial coefficients are ¢;(0) = 1, ¢,(0) =
—0.6, and ¢3(0) = 0.6 [A](0) = 0.2, A7 (0) = 2,(0) =0, AT (0) =
0.8].

trying to distinguish the quantum and classical part of the
total correlations in a composite system. In the following we
shall investigate this aspect by considering particular physical
states in the state space.

B. Comparison between REB and geometric total correlations
in the space state

We compare total correlations based on the two distance
measures for a particular subset of Bell-diagonal states in the
space state. Our aim is just to give an example of different
physical states for which the amounts of REB and geometric
total correlations give disagreeing results.

We consider Bell-diagonal states, as defined in Eq. (5), such
that geometric total correlations 7, of Eq. (8) have the same

value: this means that 21'3:1 ¢} = constant for all of them. The
coefficients ¢; must be also such as to satisfy the conditions of
physical state for the elements of the density matrix p® written
in the computational basis B = {|1) = |11),|2) = |10},|3) =
01),]4) = |00)}, that is [25] |p1al* < pr1pas and |po3]* <
022033. The relations among coefficients ¢; and density matrix
elements are

Pt = pas =L +c3)/4, pn=p3=~0-c3)/4, (
p1a = (c1 —c2)/4, pa3 = (c1 +c2)/4

We then choose ¢3 = 0.2, ¢c; = +0.25 — c% and let ¢; vary
from —0.5 to 0.5. This choice satisfies the constraint of
physical state. The plot of REB quantifier 7 and normalized

10)
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FIG. 2. (Color online) Panel (a) REB quantum discord D (blue
solid line) and normalized geometric quantum discord 2D, (purple
dashed line) vs v, for an initial Bell-diagonal state with ¢;(0) = 0.6,
¢2(0) =0, and ¢3(0) = 0.4 [A](0) = 0.3, A7 (0) =0, 1] (0) = 0.5,
A5 (0) = 0.2]. Panel (b) REB total correlations T (orange solid line)
and normalized geometric total correlations 27, (green dashed line)
vs v. Values of other parameters for both panels: T = 5s, |a| = 1s7'.

geometric quantifier 27, of total correlations is given in Fig. 3.
It is seen that states with the same total correlations, as
measured by Hilbert-Schmidt distance, exhibit different values
of total correlations if measured by REB distance. In this case
the differences observed seem to be more striking because they
involve the totality of correlations present in the system state
and not only a part of them, as happened in the dynamical case
treated above.

To conclude our analysis we also plot in Fig. 4 quantum
discords D, 2D, and classical correlation quantifiers C,2C for
the same Bell-diagonal states above. It is displayed, as known
[18], as quantum correlations present inversion of ordering

0.4

e
)

S
o

Total correlations

e

0.0

-0.4 -0.2 0.0 0.2 0.4
C1

FIG. 3. (Color online) REB total correlations 7' (orange solid
line) and normalized geometric total correlations 27, (green dashed
line), in the space state, as functions of ¢;, with ¢, = 1/0.25 — c% and
Cc3 = 0.2.
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FIG. 4. (Color online) Panel (a) REB discord D (blue solid line)
and normalized geometric discord 2D, (purple dashed line), in the
space state, as functions of ¢;. Panel (b) REB classical correlations
C (red solid line) and normalized geometric classical correlations
2C, (black dashed line) as functions of c;. The other coefficients are

¢ =+/0.25—c}and ¢; = 0.2.

for some states when measured by REB quantum discord or
geometric discord [compare, for example, states with ¢; =
—0.3 and ¢; = 0.2 of Fig. 4(a)]. That is, we have two states p;
(corresponding to ¢; = —0.3) and p, (corresponding to ¢, =
0.2) for which D(p1) < D(p2) while Dg(p1) > Dg(p2). It is
instead seen from Fig. 4(b) that there is a qualitative agreement
between the two quantifiers of classical correlations, that is if
C(p1) < C(p2) thenalso Cg(p1) < Cg(p2). According to these
results and to those found in the previous dynamical example,
we have indications that the quantifiers of classical correlations
C,Cg seem to always behave in a qualitative similar way.

IV. SYMMETRIZED LINEAR RELATIVE ENTROPY AND
HILBERT-SCHMIDT DISTANCE

The mixedness of a state p can be quantified, besides by
the von Neumann entropy, by the linear entropy Sp(p) =
1 — Tr(p?) [25]. We point out that S;(p) can be formally
obtained from von Neumann entropy S(p) by approximating
the logarithms with the first terms (o — ) in the Mercator
series (I is the identity matrix). One is thus led to apply the
same formal approximation directly in the definition of relative
entropy S(p|lo) of Eq. (1). One thus gets the expression of
linear relative entropy:

Sc(pllo) = Tr[p(p — o)l (11)

S1(pllo) shares with the relative entropy a lack of symmetry
with respect to the exchange p <> o and can be negative. When
p is the completely mixed state of a N-partite system (I/N),
it is straightforward to show that the linear relative entropy
above is always zero independently of o. This property makes
the direct use of Sy (p||o) of Eq. (11) unsuitable as a measure
of the distinguishability between two arbitrary states.

Nevertheless, differently from what happens for relative
entropy [26], the quantity obtained from S.(pllo) by ex-
changing p < o is well defined. It is therefore possible to
construct the two quantities S7(p,0) = S(pllo) — Sc(ollp)
and Sj(p,0) = Sc(pllo)+ Sc(ollp) that are, respectively,
the antisymmetrized and symmetrized forms of linear rel-
ative entropy. The antisymmetrized form S¢(p,0), when
o = pa @ pp, is seen to coincide with the quantum linear
mutual information I, (p) = S.(pa ® pg) — SL(p) introduced
in Ref. [27]. We observe that while for Bell-diagonal states
the geometric quantifier of total correlations of Eq. (4) is
T,(p) = Ir(p), in general Ty(p) is not equal to I (o).
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The symmetrized form S (p,0) instead results in
Si(p.0) =Ti(p —0)’ = llp =%, (12)

that formally coincides with the Hilbert-Schmidt distance.
When o is the closest classical state x,, we have S} (0, x,) =
D, (p): this way, the entropic and geometric quantum discords
can be both related to entropy measures. This result could open
the way to further investigations concerning the connection
between quantifiers of correlations based on relative entropy
and Hilbert-Schmidt distance.

V. CONCLUSIONS

We have used Hilbert-Schmidt distance to define geometric
quantifiers of classical and total correlations. We have then
compared, within an open two-qubit system subject to a
suitable phase-damping evolution, the dynamics of entropic
(REB) and geometric quantifiers of correlations. We have
found that, by appropriately changing the initial state, not
only may geometric discord vary in correspondence with
constant REB discord but also the opposite may occur, that
is there are time regions when REB discord may vary in
correspondence of constant geometric discord. Quantifiers of
total and classical correlations instead behave in a qualitative
similar way. We have then found that total correlations, as
quantified by REB distance and Hilbert-Schmidt distance,
present qualitative differences in the state space for physical
states within the class of Bell-diagonal states. For instance,
two-qubit states having the same amount of total correlations
according to the Hilbert-Schmidt distance exhibit different
amounts of total correlations if measured by REB distance. On
the other hand quantifiers of classical correlations, defined by
the two distance measures considered here, have a qualitatively
similar behavior both dynamically and in the state space. We
have finally shown that the Hilbert-Schmidt (square norm)
distance formally coincides with the symmetrized form of
linear relative entropy.

These results point out that quantifiers of a specific kind of
correlations, based on different distance measures, exhibit not
only quantitative but also qualitative differences. For example,
while a quantifier of a specific kind of correlations, based
on a given distance measure, has a dynamical behavior (e.g.,
constant or decreasing), another quantifier behaves differently
(e.g., increasing). These findings seem to have a counterpart in
the relativity of entanglement measures as a result of physical
processes [28]: in this case, however, the relativity of measures
shows up when one compares two different states as they
evolve from different initial conditions. Here, instead, different
qualitative behaviors appear in the evolution of quantum
correlation quantifiers that are used to represent physical
dynamics of the same kind of correlations present during the
evolution of a single state. As a further point, the relationship
among geometric total, quantum, and classical correlations
has been investigated, finding that they do not satisfy, in
general, a closed additivity relation [14], as happens instead
for REB correlation quantifiers [6]. Entropic and geometric
quantum discords could thus individuate themselves genuinely
inequivalent characterizations of nonclassical correlations, as
also appears to be corroborated by recent analyses [29,30]. The
above results indicate that appropriate quantification of the

PHYSICAL REVIEW A 86, 012312 (2012)

physical dynamics of correlations present in an open quantum
state can be considered not yet completely settled.

A possible way to overcome these issues could be to link
correlation quantifiers to operational tasks. In this context,
REB quantum discord has been proposed as the resource to
enhance computation [31,32], but its relation to the computa-
tional speed-up is still not completely clear [9,33]. A relation of
REB quantum discord with quantum communication has also
been pointed out but only in few particular cases, for example
in local broadcasting [34] and quantum state merging [35,36].
A presumably significant step forward has been recently done
in the operational interpretation of geometric (SLRE-based)
quantum discord. In this interpretation, geometric quantum
discord results to be the optimal resource for remote quantum
state preparation (a variant of quantum teleportation protocol)
[23,29].
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APPENDIX

Here we show that in the square norm distance, the product
state closest to a Bell-diagonal state p3 of Eq. (5) is given
by the product of its marginals. To this purpose, we consider
arbitrary states of qubits A and B, respectively,

1 1
Pa = E[HA + Xi:aim}, Pp = §|:HB + Xi:biai] (A1)

Their product is 54 ® fp = %[]IA QIB+> a0, @18 +
Y bil*®o; + >i.jaibjo; ® o;]. The square norm distance
between p® and g, ® 55 is

F =Tr[(p® — pa ® pp)’]

1
=1 [|a|2 + 16 + lal bI* + | - 2Ecl~aibl} L (A2

i

where |a|* = Y, a?,|b|> =Y, b7 and [c|* = Y, ¢?. Our aim
is to show that F admits an absolute minimum in correspon-
dence of the product state given by the product of the marginals
of pB, s = pa ® pp. Setting equal to zero the derivatives of
F with respect to a; and b;, we obtain the system (i,j = 1,2,3)

a; = cibi/(1 +1b1»), by = cia;/(1+]al®).  (A3)

From Egs. (A3), multiplying the first one for g;, the second
one for b; and summing both on the index i, one immediately
finds |a| = |b| which in turn leads to the equation for a; (and
analogous for b;):

ai(lal* +2lal* + 1 —¢}) = 0. (A4)

Being 0 < |¢;| < 1 and |a| > 0, Eq. (A4) admits the only
solution @; = 0 for each i (and thus also b; = 0). It is now
straightforward to see that the Hessian of F in this critic point
has nonnegative eigenvalues, so that ' has a unique local
minimum in a; = 0, b; = 0 which is equal to Fp;, = Ic|?/4.
In order to show that this is an absolute minimum, the behavior
of F at the border |a| = |b| = 1 must be studied. It is easy to
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show that the function F on the border assumes values always
larger than F,. This means that the product state closest
to a general Bell-diagonal state p®, minimizing the distance

PHYSICAL REVIEW A 86, 012312 (2012)

F, is that obtained by choosing a; = b; = 0 in g4 and pp.
This just gives the product of the marginals of p®, 7 s, being
pa =12/2 = Trp® and pg = 18/2 = Try p®.
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