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Abstract Mesomodelling of structures made of heteroge-
neous materials requires the introduction of mechanical mod-
els which are able to simulate the interactions between the
adherents. Among these devices is quite popular the zero
thickness interface (ZTI) model where the contact tractions
and the displacement discontinuities are the primary static
and kinematic variables. In some cases the joint response
depends also on the internal stresses and strains within the
thin layer adjacent to the joint interfaces. The interphase
model, taking into account these additional variables, rep-
resents a sort of enhanced ZTI. In this paper a general theo-
retical formulation of the interphase model is reported and an
original finite element, suitable for two-dimensional applica-
tions, is presented. A simple numerical experiment in plane
stress state condition shows the relevant capabilities of the
interphase element and allows to investigate its numerical
performance. Some defects related to the shear locking of the
element are resolved making use of well known numerical
strategies. Finally, further numerical application to masonry
structures are developed.

Keywords Heterogeneous materials · Mesomodelling ·
Interphase · Finite element

1 Introduction

All those structures constituted by an heterogeneous mate-
rial, such as masonry structures and composite laminates,

G. Giambanco (B) · G. Fileccia Scimemi · A. Spada
Department of Civil, Environmental and Aerospace Engineering,
University of Palermo, Viale delle Scienze, 90128 Palermo, Italy
e-mail: giuseppe.giambanco@unipa.it

present a mechanical response strongly affected by the sta-
tic and kinematic phenomena occurring at each constituent
and at their joints. Therefore, some different length scales of
interest may be identified and for each scale some specific
deformation mechanisms need to be investigated.

First of all, the structural or macroscopic length scale is of
the order of the typical dimensions of the structural element.
The mechanical variables defined at this scale are related to
some average material properties (homogeneous equivalent
material) and consequently stresses and strains are to be con-
sidered as average stress and strain fields.

Next, the mesoscopic length scale is of the order of the
typical dimension of the basic constituents of the hetero-
geneous material. The stress and strain at each constituent
represent the variables at this scale and some effects, such as
damage-induced anisotropy, which is observed at the mac-
roscopic scale, is mainly governed by the damage growth
taking place at the mesoscopic scale.

Finally, a lower length scale may be identified for each
constituent and the relevance of this scale arises in micro-
mechanics problems.

The overall macroscopic approach to the analysis of struc-
tures made up of heterogeneous material consists in for-
mulating phenomenological constitutive laws expressed in
terms of macroscopic stress and average strain for the equiv-
alent homogeneous continuum [1–4]. Mathematical relations
describe the behaviour of a number of phases and the mac-
roscopic behaviour of the volume element is obtained by
applying more or less complex averaging processes to these
relations.

This way to operate may be not adequate to describe the
non linear behaviour since it requires the introduction of
strong simplifications. The fact is that non-linearities really
develop in a discrete framework, mainly as debonding,
sliding and other effects which occur locally between
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components. The equivalent average procedure could eas-
ily fail in the proper description of the material behaviour
since it is not able to take into account the specific interac-
tion between elements.

The mesoscopic approach overcomes these difficulties
since the constituents are modelled individually and their
interactions are regulated by apposite interface models
[5–17]. This approach is versatile and allows to capture accu-
rately the principal failure mechanisms.

The mesoscopic approach can be easily implemented in
the framework of the finite element method (FEM) for the
purpose of numerical modelling of heterogeneous structures.
The material constituents are modelled making use of the
classical 2D or 3D continuum elements while the joints are
simulated through mechanical devices able to reproduce
opening-closing, slide and dilatancy phenomena. These
mechanical devices, generally called contact elements, are
classified in the following categories:

• link elements between two opposite nodes [18] or a node
and a segment [19] of the elements in contact;

• continuum finite elements of small but finite thickness
sometimes referred as thin layer elements [20];

• zero thickness interface (ZTI) elements in which the dis-
placements discontinuities between the top and bottom
sides of the element represent the primary kinematic
variables [21].

The ZTI elements in recent years have found several appli-
cations in civil and industrial engineering. The mechanical
response of mortar joints in masonry material and of the
steel bar/hardened concrete bond surface in reinforced con-
crete members are simulated making use of ZTI elements.
The same elements are used to study laminated composites
to describe delamination phenomena.

A wide literature is devoted to the development of
advanced interface constitutive models in order to describe
the damage evolution, the onset of irreversible strains and the
related coupled effects. The constitutive laws are expressed
in terms of contact tractions and displacement discontinuities
which are considered as generalized joint strains. Along the
loading path, most of the proposed interface laws describe a
linear elastic response until a failure criterion is satisfied. The
evolutive constitutive equations describing the post peak soft-
ening response are often formulated in rigorous manner and
incorporate some concepts developed in damage mechanics
[10–13], in the theory of plasticity for non-standard materials
[9,32] and in fracture mechanics [14].

A number of papers deal with the numerical performance
of the ZTI elements. The earliest FEM application which
introduce ZTI elements is attributed to Goodman [21] that
in the late sixties handled the two-dimensional mechanical
response of rock masses. Later, the isoparametric formula-

tion for interface elements was proposed by Beer [22] to
model contact surfaces or thin layer joints in three-dimen-
sional structures. Extension to finite deformations was devel-
oped by Ortiz and Pandolfi [23].

This kind of interface elements, as reported by Schellekens
and de Borst [24], show undesired spurious oscillations of the
stress field, in particular when the interface stiffness is high
respect to that of surrounding elements. The authors relate
this drawback to the applied numerical integration scheme
of the stiffness matrix and propose a numerical strategy to
overcome the stress field oscillation. The same deficiency
has been noted by Kaliakin and Li [25] and this is reconduct-
ed to a kinematic inconsistency of the element. In the cited
paper an improved four-node element is proposed which is
the result of the assembly of two aligned four noded interface
elements by using the static condensation technique.

In many cases the joint response depends also on internal
stresses and strains within the contact layer adjacent to the
joint interfaces. A typical example is the uniaxial compres-
sion of masonry material. With reference to the Fig. 1, the
masonry specimen is constituted by two blocks interfaced
by a mortar joint. The overall mechanical response depends
on the ratio between the Young modulus of the block and of
the mortar. First, we distinguish the case of a mortar stiffer
than the block material (a). In this case the joint provides
a sort of confinement action on the two blocks resulting in
the onset of tangential stresses at the physical joint/block
interfaces. Considering the tangential contact tractions as an
external load for the mortar thin layer, the equilibrium gives
that the transverse section of the joint is subjected to a ten-
sile normal stress. On the other hand, a block material stiffer
than the mortar (b) produces the opposite effect: the mortar
squeezing and the confinement action provided by the blocks
lead to compressive normal stresses in the transverse section.
Furthermore, the tangential contact tractions produce a sort of
bending effect for the block which is the cause of the fracture
experimentally observed departing from the inner horizontal
surface of the unit.

The ZTI concept applied to the reported example is not
able to capture the illustrated response of the masonry speci-
men and, in terms of contact tractions, provides compression
in the normal direction and zero tangential tractions.

Therefore, the usual assumption used in ZTI that the
response is governed by contact stresses components, may
require an enhancement by introducing the effect of the inter-
nal stresses into the analysis.

In this paper, we shall study the mesomodelling of het-
erogeneous materials making use of the interphase model
proposed by Giambanco and Mroz [26]. The principal aim
is the formulation of a reliable contact finite element based
on the kinematics of the interphase model and representing
a thin layer joint separated by two interfaces from the adher-
ents. The introduced novelties are that the internal stresses
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Fig. 1 Uniaxial compression test on masonry specimen

are incorporated and the contact stiffness is evaluated from
the elastic properties of the joint material.

The paper is structured as follows: in the Sect. 2, for the
sake of completeness, the interphase model is illustrated in
a general manner, as in the original formulation, provid-
ing the kinematics and equilibrium equations. Afterwards,
the mechanical problem is specialized for the case of two-
dimensional analysis under plane stress condition and the
new linear elastic interphase element is formulated in Sect. 3.
The finite element is implemented in a scientific oriented
finite element code and the numerical performances are inves-
tigated in detail in Sect. 4. In particular, a sort of patch test
is proposed to study the convergence properties of the ele-
ment and, since some drawbacks of the element are veri-
fied, well known numerical strategies used to solve locking
effects in thin 2D and 3D continuum elements are applied.
Numerical elastic applications are developed in Sect. 5 for
masonry structures subjected to more complex load combina-
tions. In Sect. 6 the conclusions and the future developments
are reported.

2 General assumptions

Let us consider, in the Euclidean space R
3 referred to the

orthonormal frame (O, i1, i2, i3), a structure formed by two
adherents �+, �− connected by a third material or joint � j ,
see Fig. 2.

We assume that the thickness h of the joint is small if
compared with the characteristic dimensions of the bonded
assembly.

The two adherents have Lipschitz boundaries ∂�± and
the joint � j interacts with the two adherents through the two
physical interfaces �+ and �− defined as follows:

�+ = ∂�+ ∩ � j , �− = ∂�− ∩ � j . (1)

The remaining parts of the adherents boundary are divided

in two parts: the part �±
u where kinematic conditions are

applied and the part �±
t where tractions are specified.

The static and kinematic quantities of the joint are referred
to the orthonormal frame (O, e1, e2, e3) with e3 oriented
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Fig. 2 The mechanical problem of a third body interposed between
adherents

Fig. 3 The schematic representation of the mechanical problem using
the interphase model

along the normal to the middle surface � and directed into
the adherent �+, Fig. 3. The joint interacts with the two
adherents through the following traction components:

t+ = t+1 e1 + t+2 e2 + t+3 e3, t− = t−1 e1 + t−2 e2 + t−3 e3 (2)

which can be considered as external surface loads for the
joint.

The joint can be regarded as an interphase model where
the fibres directed along the normal to the middle surface
are maintained rectilinear along the deformation process. In
view of this hypothesis the interphase displacement field u
can be easily obtained from the displacements u+ and u− of
the interfaces �+ and �−, thus

u (x1, x2, x3) =
(

1

2
+ x3

h

)
u+ (x1, x2)

+
(

1

2
− x3

h

)
u− (x1, x2) (3)

with (x1, x2, x3) a Cartesian coordinate system associated to
the interphase orthonormal frame.

Since the thickness of the joint is generally small with
respect to other two dimensions, we can assume a represen-
tative strain state ε constant along e3 direction, thus

ε (x1, x2) = 1

h

h/2∫
−h/2

∇su (x1, x2, x3) dx3 (4)

and substituting the expression (3) we have

ε (x1, x2) = 1

2h
([u] ⊗ I3 + [u] ⊗ I3) + 1

2
∇s (

u+ + u−)
,

(5)

where [u] = u+ − u−, I3 = {δi3} and ∇s is the symmetric
gradient operator.

Let us note that in the interphase model the joint curva-
tures generated by the displacement field (3) and the related
flexural effects are neglected.

In order to derive the equilibrium equations of the inter-
phase model, let us assign the virtual displacements δu+ and
δu− at the interfaces �+ and �−. The principle of virtual dis-
placements (PVD) asserts that the external work, produced
by the contact tractions, equals the internal work developed
in the thin joint. According to the hypothesis of a constant
strain state along the thickness direction, the conjugate stress
state is considered uniform along the same direction and the
PVD assume the following form:

∫
�+

δu+ · t+d� +
∫

�+
δu− · t−d� = h

∫
�

δε : σ d�. (6)

Taking into account the kinematic relations (5) the virtual
work equation (6) becomes

∫
�+

δu+ · t+d� +
∫

�−
δu− · t−d�

= 1

2

∫
�

(δ [u] ⊗ I3 + I3 ⊗ δ [u]) : σ d� (7)

+h

2

∫
�

[∇s (
δu+ + δu−)] : σ d�.

Let us apply the divergence theorem to the second term of
the right-hand side in the Eq. 7, we have

∫
�

[∇s
(
δu+ + δu−)] : σ d� = ∫

�

m · σ · (δu+ + δu−)
d�

− ∫
�

(
δu+ + δu−) · div σ d�,

(8)

where � represents the perimeter of the joint middle plane
� and m is the normal specifying lateral surface tractions.
Substituting equation (8) in the equality (7) and assuming
that � = �+ = �−, we derive the PVD particularized for
the interphase model, namely:
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∫
�

δu+ ·
(

t+ − σ · I3 + h

2
divσ

)
d�

+
∫
�

δu− ·
(

t− + σ · I3 + h

2
divσ

)
d� (9)

= h

2

∫
�

m · σ · (δu+ + δu−)
d�.

Since the previous equality holds for all virtual displace-
ments fields, it generates the local equilibrium relations of
the interphase model:

t+ − σ · I3 + h

2
divσ = 0, t− + σ · I3 + h

2
divσ on �

(10)

m · σ = 0 on �. (11)

3 The isoparametric interphase element

For the purpose of mesoscopic numerical analysis of struc-
tures made of an heterogeneous material, the interphase
model presented in the previous section has been imple-
mented in the framework of FEM. The case developed here
regards two-dimensional structures referred to the (x1, x3)
plane with linear elastic response of the adherents and of the
joint, in the hypothesis of plane stress state condition.

The extension to the plane strain or to the axial symmetric
cases is straightforward. Applications to three-dimensional
structures will be the scope of a future work.

Making use of matrix algebra notation, the elastic consti-
tutive relation of the interphase material is:

σ = E ε, (12)

where the stress and strain vectors are

σ = [
σx1 σx3 τx1 x3

]T
, (13)

ε = [
εx1 εx3 γx1 x3

]T
(14)

and E represents the elasticity matrix. The interphase mate-
rial is assumed isotropic, therefore the elasticity matrix and
the out of plane normal strain assume the following form:

E = E

1 − ν2

⎡
⎣ 1 ν 0

ν 1 0
0 0 1−ν

2

⎤
⎦ , (15)

εx2 = − ν

E
(σx1 + σx3) , (16)

with E and ν the elasticity modulus and the Poisson’s ratio
of the joint material, respectively.

The interphase element developed has four nodes and is
compatible with the classical 2D solid elements with linear

Fig. 4 The four noded interphase element

shape functions. The isoparametric formulation of the ele-
ment considers the local coordinate system (ξ, η) located in
the midpoint of the element, see Fig. 4. Each node has two
displacement degrees of freedom, therefore the kinematic
variables of the element are represented by the nodal dis-
placement vector d

d =
[

d−
d+

]
(17)

where

d−= [
d1ξ d1η d2ξ d2η

]T
, d+ = [

d3ξ d3η d4ξ d4η

]T
, (18)

are the displacement of the bottom (−) and the top (+) nodes
of the element. Making use of the following linear shape
functions

N1 = 1

2
(1 − ξ) , N2 = 1

2
(1 + ξ) , (19)

the continuous displacement fields of the upper and lower
side of the interphase can be expressed in terms of the nodal
displacements, thus

u+ = N+d+, u− = N−d−, (20)

where

N+ =
[

N2 0 N1 0
0 N2 0 N1

]
, N− =

[
N1 0 N2 0
0 N1 0 N2

]
. (21)

The strain state of the isoparametric element is obtained from
Eq. 5, particularized for the plane stress case, and from the
interpolated displacement fields (20):

ε= Bd (22)

where the kinematic compatibility matrix B can be additively
decomposed in two parts:

B = Bt + Bph . (23)

The first one relates the discontinuous displacement field
to the nodal displacements and is used in the classical ZTI
element. The latter is employed in the interphase element to
take into account the internal strains. The explicit form of the
two matrices is:
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Bt = 1

h

⎡
⎣ 0 0 0 0 0 0 0 0

0 −N1 0 −N2 0 N2 0 N1

−N1 0 −N2 0 N2 0 N1 0

⎤
⎦ , (24)

Bph = 1

L

⎡
⎣ N ′

1 0 N ′
2 0 N ′

2 0 N ′
1 0

0 0 0 0 0 0 0 0
0 N ′

1 0 N ′
2 0 N ′

2 0 N ′
1

⎤
⎦ , (25)

where the prime symbol designates the first derivative of the
function respect to the spatial variable ξ .

Let us note that in order to simplify the equations govern-
ing the finite element, the interphase local co-ordinate system
coincides with the global co-ordinate system and no trans-
formation is necessary. For an arbitrary oriented interphase
element, the matrix B has to be transformed.

Considering the interphase element of thickness h, width b
and length L , the total potential energy of the element equals:

�(ε, u) = b h L

4

1∫
−1

εT E ε dξ

−b · L

2

1∫
−1

(
t+T

u+ + t−T
u−)

dξ (26)

which after invoking equations (20) and (22) results in

�(d) = b · h · L

4

1∫
−1

dT BT E B d dξ − b · L

2

1∫
−1

tT N d dξ,

(27)

with the following positions

t =
[

t−
t+

]
, N =

[
N− 0
0 N+

]
. (28)

Using the standard procedure of minimizing the total poten-
tial energy with respect to the nodal displacements, the inter-
phase element equilibrium equations are obtained, thus

f = K d (29)

where the stiffness matrix K and the nodal force vector f are
expressed as

K = b · h · L

2

1∫
−1

BT E B dξ (30)

f = b · L

2

1∫
−1

NT t dξ (31)

Fig. 5 The mechanical model of the uniaxial compression of masonry
specimen

4 Element numerical performance

The numerical performance of the interphase element has
been assessed making use of a sort of patch test regarding the
simple linear elastic response of two masonry blocks joined
by a mortar thin layer subjected to uniaxial compression.
The geometry, kinematical constraints and load condition
are illustrated in Fig. 5. Assuming the plane stress state, the
model depth is posed equal to 1 cm.

In the first set of numerical calculations the interphase
stiffness matrix has been integrated by using the conven-
tional Gauss quadrature scheme. The kinematic compatibil-
ity matrix is decomposed in a constant part and in a linear
one:

B = B0 + B1 ξ ; (32)

the stiffness matrix (30) after integration takes the following
form:

K = b · h · L

2

1∫
−1

(B0 + B1ξ)T E (B0 + B1ξ) dξ

= b · h · L

(
BT

0 E B0 + 1

3
BT

1 E B1

)
. (33)

The numerical tests performed regard two cases: in the first
case the material of the block has the elastic modulus Eb

greater than the elastic modulus of the mortar Em . In partic-
ular Eb = 10Em . The second case is the opposite one and
Em = 30Eb. In order to test the numerical convergence of
the model, the number of the interphase elements used varies
from 10 to 80.
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The numerical results for the first case are illustrated in
Fig. 6 in terms of internal stress σx1 and normal and tangen-
tial tractions σx3, τx1x3. The first goal attained is that, respect
to the case of application of ZTI elements, the normal inter-
nal stress and the tangential contact traction appear. Further-

Fig. 6 Case Eb = 10Em , standard Gauss quadrature, internal stress
and contact tractions

more, the progressive increment of the number of elements
produces a more refined stress profile.

In the second case good performances of the element can
be noticed for the internal stress and for the normal traction,
Fig. 7. According to the theoretical treatment of the prob-
lem the mortar joint is subjected to a tensile normal stress
in the cross section while before it was under compression.
Unfortunately, bad results are obtained for the tangential
traction showing an unacceptable oscillation of the profile
which does not disappear increasing the number of elements
used.

As mentioned in the introduction, similar spurious oscil-
lations of the stress field have been observed by different
authors in the ZTI elements when the joint is character-
ized by high values of the stiffness moduli and the sampling
points of the element lie inside the joint, as in the case of
the Gauss quadrature integration scheme. The bad element
performance is connected to the fact that the element con-
straint matrix is coupled because of the interaction of the
contributions from different shape functions. The study of
the eigenvalues and eigenvectors of the matrix reveals that a
sort of kinematic inconsistency exists in some of the defor-
mation modes of the element [24].

The remedy usually adopted is to apply the nodal or Lob-
atto quadrature giving the decoupled constraint matrix, which
become diagonal, since the contributions from the different
shape functions do not interact. It is to observe that this way
to solve the problem leads to a sort of degeneration of the
ZTI element to discrete springs located at the nodes of the
element.

Oscillation of the stress profiles are equally found in thin-
layer elements. In thin 2D and 3D solid elements, but also
in shear deformable beam and plate-shell elements, the spu-
rious solutions in terms of stresses is the effect of the so
called shear locking of the element which practically con-
sists in an overestimation of the shear stiffness as soon as
the aspect ratio of the element tends to zero. In order to
avoid shear locking effects two strategies can be found in the
literature:

• the Reduced or Selective Integration (RI-RSI) which pro-
vides “the necessary singularity of the constraint
part of the stiffness matrix which avoids locking”
[27,28];

• the Enhanced Assumed Strain (EAS) method [29] where
the strain field is enlarged and the element shows extra
deformation modes.

The oscillation of the shear contact traction showed by the
interphase element is equally imputable to shear locking
since the element has a poor aspect ratio by definition. There-
fore, the mentioned strategies are applied in the following to
avoid the observed bad performances.
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Fig. 7 Case Em = 30Eb, standard Gauss quadrature, internal stress
and contact tractions

4.1 Reduced and reduced selective integration

The reduced integration (RI) technique has been applied first,
making use of a single Gauss point located in the middle of

the element (ξ = 0). Therefore the explicit expression of
stiffness matrix is:

K = b · h · L

2

1∫
−1

(B0 + B1ξ)T E (B0 + B1ξ) dξ

= b · h · LBT
0 E B0. (34)

The stiffness matrix obtained from the reduced integration is
only a portion of the fully integrated one and, in particular,
the portion containing the constant term of the compatibility
matrix. The numerical results in terms of stresses making use
of the reduced form of the stiffness matrix are illustrated in
Fig. 8. The profile of the shear traction is now acceptable but
the spurious oscillation is transferred to the normal contact
stress.

The reason for this result is that the fully reduced inte-
gration introduces spurious modes which affect the response
of the element with reference to the normal contact trac-
tion. This effect is well known [30] and can be demonstrated
making use of the expression of the total potential energy
rewritten taking into account the decomposition (32) of the
B matrix:

�(d) = �0 (d) + �1ε (d) + �1γ (d) , (35)

where �0 is the portion of the total potential energy whose
density is constant in the element and �1ε, �1γ are those
parts whose density is variable. In particular, �1ε and �1γ

are related to the extensional and shear strains respectively.
The application of the RI strategy results in the following
constraints for the element:

�1ε (d) = �1γ (d) = 0; (36)

all those element trial functions which satisfy equations (36)
are referred as spurious modes.

The SRI technique was introduced as a way to avoid spuri-
ous modes. Essentially the selective reduced integration con-
sists in using two different integration formulae: one for the
shear part of the energy and a different one for the remaining
part. Taking advantage of the obtained numerical results with
the full and reduced integration, it is reasonable to apply the
SRI technique in order to obtain:

�1ε (d) �= 0, �1γ (d) = 0. (37)

The element stiffness matrix is further decomposed in the
following form:

K = b · h · L⎛
⎝BT

0 E B0+G

2

1∫
−1

bT
3 b3ξ

2dξ+ E

2
(
1 − ν2

)
1∫

−1

bT
2 b2ξ

2dξ

⎞
⎠,

(38)
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Fig. 8 Case Em = 30Eb, reduced integration, internal stress and
contact tractions

where G is the tangential elastic modulus and the following
partition of the B1 matrix has been used:

B1 =
⎡
⎣ 0

b2

b3

⎤
⎦ . (39)

In order to satisfy conditions (37), the first integral of the right
hand side of equation (38) is evaluated by a single Gauss point
while the second is fully integrated. The final expression of
the stiffness matrix is

K = b · h · L

(
BT

0 E B0 + E

3
(
1 − ν2

)bT
2 b2

)
. (40)

The SRI implemented in the interphase element routine pro-
vides the results reported in Fig. 9 and in both stress profiles,
of the normal and tangential tractions, the oscillations disap-
pear.

It can be concluded that the SRI strategy, applied as above
illustrated, is effective for the improvement of the element
numerical performance.

4.2 Enhanced assumed strain

The EAS strategy has been applied in the standard form pre-
sented in the work of Simo and Rifai [29]. The strain field is
enlarged and the element shows extra deformation modes:

ε̂ = ε + εα (41)

where ε̂ is the enlarged strain vector and εα is the enhanced
part. The enhanced strains are derived by the interpolation of
the additional kinematical parameters α through the strain–
displacement matrix Bα . Thus, from Eqs. 41 and 22 the
enlarged strain vector equals:

ε̂ = B d + Bαα. (42)

In linear elasticity, the element equilibrium equations can be
written as follows:

[
Kdd Kdα

Kαd Kαα

] [
d
α

]
=

[
f
0

]
, (43)

where the stiffness matrix is constituted by four blocks
having the following expressions

Kdd = b·h·L
2

1∫
−1

BT E B dξ ;

Kdα = b·h·L
2

1∫
−1

BT E Bα dξ ;

Kαd = b·h·L
2

1∫
−1

BT
α E B dξ ;

Kαα = b·h·L
2

1∫
−1

BT
α E Bα dξ .

(44)

Since the elasticity matrix is symmetric Kdα = Kαd.
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Fig. 9 Case Em = 30Eb, selective reduced integration, internal stress
and contact tractions

Solving Eq. 43 respect to α and substituting the result in
the Eqs. 42 and 43 the enlarged strain–displacement relations
and the condensed form of the element equilibrium equations
are obtained:

ε̂ =
(

B − BαK−1
αα Kαd

)
d (45)

K̄ d = f (46)

with K̄ = Kdd − KdαK−1
αα Kαd . The crucial point in the

application of the EAS strategy is the number of additional
parameters to introduce in the element formulation and the
form of the strain–displacement matrix. Regarding the sec-
ond point is reasonable to decompose the Bα in a constant and
linear part along the element, as for the matrix (32), namely

Bα = Bα0 + Bα1 ξ. (47)

The satisfaction of the Taylor et al [31] conditions implies
that:

1∫
−1

Bα dξ = 0 → Bα0 = 0;
αT Kααα > 0;

(48)

or that the constant part of the kinematic compatibility matrix
is null and the sub-matrix Kαα must be positive definite.

In view of the previous result, the enlarged strain vector
and the condensed stiffness matrix, after some matrix algebra
manipulations, can be rewritten as follows:

ε̂ = [B0 + (I − Cα) B1ξ ] d (49)

K̄ = b · h · L

[
BT

0 EB0 + E

3
(
1 − ν2

)BT
1 (I − Cα) B1

]
(50)

where I is the (3 × 3) unit matrix and Cα assumes the general
form:

Cα = Bα1

(
BT

α1E Bα1

)−1
BT

α1E (51)

Therefore, on the base of the number of kinematical addi-
tional parameters and on shape of Bα1, the matrix Cα is
specialized and from Eq. 50 the condensed stiffness matrix
is derived. In the present study two different cases have
been implemented with two and three additional kinemat-
ical parameters.

4.2.1 Case 1: two additional kinematical parameters

In this case the choice consists in

α = [
α1 α2

]T
, Bα1 =

⎡
⎣ 1 0

0 0
0 1

⎤
⎦ , (52)

which from Eqs. 51 and 50 implies that

Cα =
⎡
⎣ 1 ν 0

0 0 0
0 0 1

⎤
⎦ ,

K̄ = b · h · L

[
BT

0 EB0 + E

3
(
1 − ν2

)bT
2 b2

]
. (53)
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Fig. 10 Example 1: masonry specimen extracted from an infinitely long wall under tensile loading parallel to the bed joint

It is remarkable that the expression of element condensed
stiffness matrix coincides with that obtained making use of
the Reduced Selective Integration (RSI) technique.

4.2.2 Case 2: three additional kinematical parameters

The second choice consists in

α = [
α1 α2 α3

]T
, Bα1 = I, (54)

and the results are

Cα = I, K̄ = b · h · L BT
0 EB0. (55)

Also in this case a result already obtained is found, in fact
the condensed stiffness matrix coincides with that provided
by the Reduced Integration (RI) technique.

5 Numerical application

The interphase finite element should be used instead of the
ZTI element in all those applications where the stress state
of the joint bulk material cannot be neglected.

In this section two linear elastic analyses are carried out
to demonstrate the capabilities of the element when it is sub-
jected to a more complex load combination as compression
or tension and shear.

The first numerical example regards the elastic response of
a masonry detail extracted from an infinitely large masonry
panel made of 90 × 60 × 10 cm3 blocks and 0.2 and 0.3 cm
thick bed and head joints, respectively. The masonry detail
is subjected to an uniform distribution of tensile forces in
the horizontal direction and the vertical deformation is not
allowed.

Table 1 Example 1, elastic properties of the blocks and of the mortar

Block Mortar

Eb (MPa) νb Em (MPa) νm

5,000 0.2 1,000 0.2

The finite element model is illustrated in Fig. 10. In the ver-
tical direction, due to the symmetry condition, only two half
units are modelled. The horizontal length of the specimen,
two and a half units, is chosen according to the Saint Venant
principle in order to reduce the influence of the left and right
borders in the stress distribution around the potential crack
zone. In [8,9] this kind of simulation is used to study the ten-
sile strength of the masonry material in the direction parallel
to the bed joints.

In the previous studies, units were modelled with contin-
uum elements and joints with interface elements. In this work
the joints are simulated by means of interphase elements,
therefore the response comprises the internal stress σx1 nor-
mal to the transverse section of the joints. The elastic prop-
erties of the blocks and of the mortar joints are reported in
Table 1 in terms of Young’s modulus E and Poisson
ratio ν.

The elastic response is illustrated in Fig. 11a. As expected,
the maximum values of the normal contact traction σx3 occur
in the head joints (AB, CD) while in the same segments the
contact tangential tractions τx1x3 are negligible. In the bed
joint normal and tangential contact tractions are of the same
magnitude, the tangential one attains the maximum values at
the extremal points of the segment BC. The internal stresses
σx1 are positive in the head and bed joints and the values are
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(a) (b)

Fig. 11 Example 1: internal stress σx1, normal σx3 and tangential τx1x3 tractions (N/cm2), (a) Eb > Em , (b) Em > Eb

similar. This because of presence of the constraints applied
to the horizontal boundaries.

The results of an interesting numerical experiment is illus-
trated in Fig. 11b representing the stress response of the same
finite element model after exchanging the elastic modulus of
the block with the elastic modulus of the mortar, and vice
versa. Now the internal stress σx1 in the bed joint assumes
a considerable value together with a drastic reduction of the
normal contact traction σx3 in the head joints. The contact
tangential tractions are negligible along the joints.

The latter example regards the mechanical response of the
masonry panel illustrated in Fig. 12. The specimen consists
of a pier built up with 18 courses of clay bricks (20.4 ×
9.8 × 5.0 cm3) and 1 cm thick mortar joints. The geome-
try of the wall and the boundary conditions imposed are
shown in Fig. 12. The wall is pre-stressed by applying an
uniform pressure q at the top of the element and a concen-
trated shear force F is located at the top course. At the top
horizontal side of the wall the vertical degrees of freedom are
constrained.

The finite element analysis was performed modelling the
single brick with 8 × 4 plane stress continuum elements and
the bed and head joints with 8 and 4 interphase elements,
respectively. The elastic properties of the blocks and of the
mortar joints are reported in Table 2.

The results, also in this example, are expressed in terms of
contact tractions and internal stress and the diagrams along
three bed joints (A–A, B–B and C–C) are depicted in Fig. 13.
Due to the bending moments acting at the top and at the bot-
tom of the panel, the cross sections A–A and C–C are divided
in the compression and tension part. In the bed joint located
in the middle of the panel (B–B) the bending moment is zero
and the panel is almost uniformly compressed. The normal
internal stress shows a similar profile to the normal contact
stress and the same sign, since the block material is stiffer
than the mortar. It must be noticed that in both diagrams sort
of jumps are present where the head joints intersect the bed
joint. Finally, the contact tangential stress in the bed joint
B–B assumes a parabolic-like profile similar to that obtained
by using the Jourawsky’s shear theory. This feature is less
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Fig. 12 Example 2: masonry wall, geometry, texture, boundary and
loading conditions

Table 2 Example 2, elastic properties of the blocks and of the mortar

Block Mortar

Eb (MPa) νb Em (MPa) νm

16,700 0.15 820 0.14

pronounced in the top and bottom bed joint due to the prox-
imity to the boundary of the model.

6 Conclusions

The interphase model represents the enhancement of the
zero-thickness interface model and is particularly useful for
those cases where the joint internal stresses and strains play
a crucial role in the response of the heterogeneous materi-
als. One of these cases is the uniaxial compression test of
masonry material where the mechanical elastic response and
the failure mode of the specimen strongly depend on the
internal stress state within the mortar layer.

For the purpose of numerical mesomodelling of structures
made up of composite materials, in the present work the inter-
phase element is proposed which can be easily derived from
the classical interface element opportunely modifying the
strain–displacement relations.

The numerical performance of the element is investigated
in detail making use of a simple elastic patch test. Adopting
the standard Gauss quadrature for the stiffness matrix inte-
gration, the element shows unacceptable oscillation of the
tangential contact stress profile which has also been observed

Fig. 13 Example 2: internal stress σx1, normal σx3 and tangential τx1x3
tractions in the bed joints A–A, B–B and C–C

for the interface element and for the 2D and 3D continuum
thin elements.

The numerical defect is justified by the shear locking of
the element and the classical numerical strategies to avoid
the phenomenon are applied with success. In particular, the
Selective Reduced Integration technique (RSI) and the EAS
with two additional kinematical parameters are found effec-
tive. Both techniques lead to the same result in terms of stiff-
ness matrix expression but the RSI approach is preferred
because no additional variables are required and the stiffness
matrix has not to be modified, important point for non-linear
applications.

Finally, two elastic numerical applications to the case
of structure made of masonry material are presented. The
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numerical results attest the effectiveness of the element also
in presence of complex load combinations.

Without any doubt the interphase element opens new sce-
narios in the mechanics of joints constituted by a thin layer
of a third material. The distinction of contact tractions and
internal stresses allows to introduce different failure condi-
tions for the physical interfaces and for the bulk material and
the damage of the material can be described separately from
the loss of adhesion in correspondence of the joint-adherent
contact surface. The joint stiffness degradation can be related
to the damage of the joint material and the attainment of the
yield condition at the physical interface can be responsible
of the onset of irreversible displacement discontinuities.
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