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ON A MIXED BOUNDARY VALUE PROBLEM
INVOLVING THE p-LAPLACIAN

D. AVERNA - S. M. BUCCELLATO - E. TORNATORE

In this paper we prove the existence of infinitely many solutions for
a mixed boundary value problem involving the one dimensional p-Lapla-
cian. A result on the existence of three solutions is also established. The
approach is based on multiple critical points theorems.

1. Introduction

We want to study the following mixed boundary value problem involving the
one-dimensional p-Laplacian

{ —(r| 1P72) + s|ulP~2u = A f(t,u) in T=]a,b|

u(a) = (b) = 0 (RD3)

where p > 1, A is a positive parameter, f : [a,b] x R — R is a L>-Carathéodory
function and r,s € L*([a, b]) such that
ro :=essinfr(t) > 0, so := essinfs(¢) > 0.
t€la,b] 1€lab]

In this paper we generalize the results obtained in [1] and [6] with p = 2.

Our main tool to investigate the existence of infinitely many solutions for
mixed boundary value problems is the infinitely many critical points theorem
due to Ricceri ([7]). Here, we recall it as given in [3].
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Theorem 1.1. (see [7, Theorem 2.5] and [3, Theorem 2.1]) Let X be a reflex-
ive Banach space, ® : X — R be a continuously Gateaux differentiable, coer-
cive and sequentially weakly lower semicontinuous functional, ¥ : X — R be
sequentially weakly upper semicontinuous and continuously Gateaux differen-
tiable functional.

Put, for each r > infxy ®

su ooy P(v) =¥
()= inf Prea1(] - n¥) (u)7
ued (|—oo.r|) r—®(u)

(1)
y:=liminfe(r), § := riﬁf& o(r).

One has

(ot) For every r > infy ®@ and every A € ]0, #r) [ the restriction of the func-
tional ® — A to ® (] — oo, r[) admits a global minimum, which is a
critical point (local minimum) of ® — AW in X.

(B) If Y < oo then, for each A €]0, %,[ the following alternative holds: either

(B1) ® — AY possesses a global minimum, or

(B2) there is a sequence {u,} of critical points (local minima) of ® — AW
such that lim,,_, o ®(u,) = +oo.

(§) If 6 < oo then, for each A €]0, %[, the following alternative holds: either

(81) there is a global minimum of ¥ which is a local minimum of ® — A\,
or

(8) there is a sequence {u,} of pairwise distinct critical points (local
minima) of ® — AY, with lim,_, ;P (u,) = infx ® which weakly
converges to a global minimum of ®.

Now, we recall a result which ensures the existence of three critical points;
the result has been obtained in [5], it is a more precise version of theorem 3.2 of

[4]

Theorem 1.2. (see [5, Theorem 3.6] ) Let X be a reflexive real Banach space,
® : X — R be a continuously Gateaux differentiable, coercive and sequentially
weakly lower semicontinuous functional whose Gdateaux derivative admits a
continuous inverse on X*, ¥ : X — R be a continuously Gateaux differentiable
Sfunctional whose Gateaux derivative is compact. Assume that

®(0) =W(0) =0

and that there exist r € R and i1 € X, with 0 < r < ® (i), such that
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SUPg(y <rlP(u) v
(a1) == <

=
=i
=

’

|
<
Nabd

o(a) r
‘-P(ﬁ) ! SUPG(u)<r qJ(”)

(az) foreach A € A, := [ the functional ® — A is coercive.

Then, for each A € A,, the functional ® — A has at least three distinct critical
points in X.

2. Preliminaries

Now, consider problem (RD),,).
We recall that a function f : [a,b] x R — R is a L>-Carathéodory function if

(-) t — f(t,x) is measurable for every x € R;
(-) x — f(t,x) is continuous for every ¢ € [a,b];

() for every p > 07 Sup|x|§p |f(t7x)‘ € LZ([aab])

Put .
F(ta) = [ 084 V(e € ab] xR
0
ke 2(p+Dro ’ @)
20(p+ DlIrlle + (p+2)(b—a)?|[s]]w
where
[|7]]e0 := esssupr(t), [|5]]o := esssups(t)
t€a,b] t€(a,b]
b b
ee F(t,x)dt Jau F(2,8)dt
A= limingJe MW FEAE 2 O )
§_>+°° gp 5—)—&-00 6[7
1o ro
=_— = 4
A p(b—a)P~1kB’ Ao p(b—a)P—1A @

where we suppose A} = 0 if B =0, and A; = o0 if A =0.
Denote by X the Sobolev space {u € W' ([a,b]), u(a) =0} endowed with
the following norm

lull:= ([ oW pars [ bs<t>|u<r>|f’dr> g

We observe that the norm || - || is equivalent to the usual one.
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A function u : [a,b] — R is said a generalized solution to problem (RD, ) if
u € C'([a,b]), r u' € AC([a,b]), u(a) = u'(b) =0, and

—(rOl' (0724 (6))" + () [u(0)|"2u(t) = A f (t,u)

for almost every ¢ € I =]a, b|.
A function u € X is said a weak solution of problem (RD,) if

b
/a PO ()P~ 20 (0 ()dlt + / (7 2ult)v(t)dt —

:l/ Feu)v(@O)de WeX.

Standard methods show that generalized solutions to problem (RD, ) coincides
with weak ones when f is a L?>-Caratheodory function.

It is well known that (X, || ||) is compactly embedded in (C°([a,b]), ]| ||-)
and one has

P (b — a)P*I

[luel oo < lul|  VueX. (5)

In order to study problem (RDj, ), we will use the functionals ®, ¥ : X — R
defined by putting

1 b
)= [lll’, W(w) ;:/a F(tu(t)di  YueX, ©)

® is continuous and convex, hence it is weakly sequentially lower semicontinu-
ous. Moreover ® is continuously Gateaux differentiable and its Gateaux deriva-
tive admits a continuous inverse. On the other hand, W is Gateaux differentiable
with compact derivative and one has

)W) = [ HOW WP @i+ [ soluto)uvod,

:/bf(t,u(t))v(t)dt Vv eX,

moreover
®(0) = ¥(0) =0.

A critical point for the functional ® — AW is any u € X such that
D' (u)(v) —A¥ (u)(v) =0  WweX.

We can observe that each critical point for functional ® — AW is a general-
ized solution for problem (RD;).
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3. Main results

Our main results are the following theorems

Theorem 3.1. Assume that
() [ F,E)dt>0  VE>0,

b b
maxj,<¢ F(t,x)dt Joe F(2,8)dt
(hy) liming 12 "Xzt F (1) < klimsup 2"

where k is given by (2).

Then, for each A €A1, Az, where Ay, A, are given by (4), the problem (RD),)
has a sequence of weak solutions which is unbounded in X.

Proof. Our goal is to apply Theorem 1.1. Consider the Sobolev space X and the
operators defined in (6). Pick A €]4;, 1]
By using (3), let {c,} be a real sequence such that lim,,_, ; « ¢, = +o0 and

b
lim Jy maxg <., F(t,8)dt »

Put r, = Wcﬁ for all n € N, taking into account (5), one has ||v||e < ¢,
for all v € X such that ||v||” < pry,.

Hence, for all n € N, one has

_ lI] _\P
()= inf  bredllzen) (v) —¥(u)
ue®d1(]—oco,ry[) T q)(u)

b
< SUpP| v |r<pr, fa F(t7v(t))dt

'n

- 2 max e <, F(t,)dt _ plo—ay! JPmaxe <, F(t,)dt
- Tn 0 ch

therefore, since from (h;) one has A < oo, we obtain

p(b—a)!
ro

y:=liminf@(r,) < A < oo,
n—oo

Now, we claim that the functional I, = ® — AP is unbounded from below.
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By using (3), let {d,,} be a real sequence such that lim,,_,. d,, = 40 and

(2, F(t,d,)dt

- _

For all n € N define

o) ={ 2l AR
Clearly w, € X and
d’
ol < 53—t @@+ DIt (2B —a)lsll) - ®
therefore . .
d(w,) —A¥(w,) = ;||a)n||1’ —l/a F(t,,(1))dt ©)]
dy

<3G et @ e DIt

(p+2)(b—a)?||s]|.) A/Ftco,,
Taking into account (A ), we have
b b
/F(t,a)n(t))dt2/+bF(t,d,,)dt. (10)
a epp

Then, foralln € N

dy
2(p+1)(b—a)r!

B(@,) ~ AP (@) < @(p+1)llrllt (D)

b dlr
(p+2)(ba)l’||s]|oo)l/a;bF(t,dn)dt . aop = Ftd
o
PAl-a)

ll

Now, if B < oo, we fix € €
that

g | from (7) there exists Ve € N such

b
/ F(t,dy)di > eBdl  ¥n> Ve

atb
2

therefore

_ __ T _ P
d(w,) —A¥(w,) < [p(b—a)l’_lk ASB] d’ Vn > v
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by the choice of €, one has

lim [®(w,) — AP (@,)] = —o.

n—oo
On the other hand, if B = +oo, we fix

o

M -z
- pA(b—a)P~ 1k’

from (7) there exists vy, € N such that
ﬂb F(t,dy)dt > Md?  ¥n> vy
7
therefore
P(w,) — A¥(w,) < [ro AM | dPb Vn > vy

p(b—a)yp~Tk "
by the choice of M, one has

lim [®(w,) — AP (@,)] = —oo.

n—o0

Hence, our claim is proved.

Since all assumptions of Theorem 1.1 are verified, the functional I, = ® — AY¥
admits a sequence {u, } of critical points such that lim,_ ||u,|| = +o° and the
conclusion is achieved. O

Now, we point out the following consequence of Theorem 3.1

Corollary 3.2. Let f: R — R be a nonnegative continuous function,
s € C%[a, b)), r € C'([a,b]) and put F (x) = [ f(&)dE Vx € R. Assume that

limian(g) < ElimsupF@).
E—rteo ép 2 E—+too ép

Then, for each

2rg )

F() F(¢)

Ae )
pk(b—a)Plimsupe_, ., z p(b—a)Pliminfg_, ., z

the problem

{ —(r|u [P~ + s|ulP~2u = A f(u) in T=]a,b]
u(a)=u'(b)=0

possesses a sequence of pairwise distinct classical solutions.
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Remark 3.3. In Theorem 3.1 we can replace & — +oo by & — 0T, applying
in the proof part ({) of Theorem 1.1 instead of (f). In this case a sequence of
pairwise distinct solutions to the problem (RD ) which converges uniformly to
zero is obtained.

Example 3.4. Put

2nl(n+2)!'—1 2nl(n+2)'+1
a, = ———— =
" 4(n+1)! " 4(n+1)!

for every n € N, and define the nonnegative continuous function f : R — R as
follows

n 12[(n 1P —p! n!(n 2.
f(&) = { S \/16(n1+1)!2 — (& =222 if & € Upe[an, bal

0 otherwise.
F F
By a simple computation, we obtain liminf (£) =0, limsup (£) =27,
gt &P E—oo g
SO
F 2 1
0 — liminf(2) (p+1) _
Eoie &P e(2P(p+ 1)+ (P+2))
1 F
(p+1) fimsup £

20e(2P(p+1)+(p+2)) tie &7

P(p+D)+(p+2)

Hence, from Corollary 3.2, for each A > 2 Tpprl) the problem

—(e WP 2 + e ulPPu=Af(u) in]0,1]
u(0)=u'(1)=0
has a sequence of pairwise distinct generalized solutions.

Now we point out the following result of three generalized solutions.

Theorem 3.5. Assume that there exist three positive constants ¢, d and v with
c<d, v < pand afunction u € L'([a,b]) such that

(i1) [FF@,E)dt >0 VE€0,d),

b
(in) \[:maxmgcl:(l.,::)dt < kf# Flr.d)dt

cP dp

where k is given by (2),

(i) F(1,6) <pu(@)(1+[[V) Ve € [a,b] VG €R.
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Then, for each

rod” roc?

}LG] _1 b ? _1 rb
pk(b—a)P fL;I,F(t,d)dt p(b—a)P~! [T maxg < F(t,8)dt

the problem (RD;,) has at least three generalized solutions.

Proof. Our goal is to apply Theorem 1.2. Consider the Sobolev space X and the
operators defined in (6).
Now, we claim that (i) ensures (ay) of Theorem 1.2. In fact, set

d OC) >— and consider the function iz € X defined by putting

p(b
2d : atb
_ L m(t—a) 1ft€[a7T[

(o) '_{ d if te [20b). (12

y =

‘We observe that

2Pgr 2pqr 5 s b
o orar B )
PR = = o / Adi+ / (t—a)’s(t)di +d /a;bs(t)dt

from 0 < ¢ < d by using the previous relation and (2) we have

rodP

0 Oil) < —————.
<r<®() < k(b —a)r ]

In virtue of (i1) we have

W(a) > /bb Ft,d)dr

W(i) _ p(b—a) 'k
@) = rdr / F(,d)d (13)

Therefore, one has

From (5) if ®(u) < r, we have max, |u(r)| < ¢ therefore

b
sup P(u) < [ maxF(r,&)dr. (14)
P(u)<r a [&]<c
Hence, owing to (13), (14) and (i) condition (a;) of Theorem 1.1 is verified.
We prove that the operator & — AW is coercive, in fact, for each u € X, by
using (i3) one has

b
tb(u)—l‘}‘(u):;|u|\p—;t/a F(t,u(t))dt >



102 DIEGO AVERNA - STEFANIA M. BUCCELLATO - ELISABETTA TORNATORE

1||M||p—7t/:u(t)(1 + u(?)]")dt >

—Hqu /1/ dt—)L/ w(O)|u(e)|Vdr
and, by using (5)

b b _apfl %
[ e <l [ moiar < (=)l

we have

1 b—a)yP~1\ 7
@)~ 200 > P = Allell -2 (P2 ) el as)

hence condition (a;) of Theorem 1.2 is verified. All assumptions of Theorem
1.2 are satisfied and the proof is complete. O

Now, we point out the following consequence of Theorem 3.2.

Corollary 3.6. Let f : R — R be a nonnegative continuous function and r €
C!([a,b]), s € C°([a,b)) . Assume that there exist positive constants a, c, d and
v, with ¢ < d and v < p, such that

(l ) LP SgFéla’Y)

where k is given by (2),
(') F(&) <a(1+|8]V)VE €R.

2rod? roc?
pk(b—a)PF(d)’ p(b—a)PF(c)

{ —(r|d|P72u) + s|ulP~?u = A f(u) in I =]a,b]

Then, for each A € } the problem
u(a)=u'(b)=0

has at least three classical solutions.

Example 3.7. The problem

{ —(|o')') + () [u|u = At?[2e~ 2179 — ) +1] in 1=]0,1]
u(0)=du'(1)=0

128¢* 3e
T2 +e*) 2(e+1) |
In fact, if we choose, for example, ¢ = 1 and d = 2, hypotheses of Theorem
3.1 are satisfied.

admits at least three classical solutions for each A €
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Remark 3.8. In ([2]), has been studied a mixed boundary problem involving
the one dimensional p-Laplacian of type

{ (W P2) 4l = A£(t,) in T =] bf
u(a)=u'(b)=0

We observe that our equation gives back that case with r =5 = 1.

[1]

(2]

(3]
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