DEFORMATIONS OF SYMPLECTIC FOLIATIONS
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ABSTRACT. We develop the deformation theory of symplectic foliations, i.e. regular foliations equipped with a
leafwise symplectic form. The main result of this paper is that each symplectic foliation has an attached Leo-
algebra controlling its deformation problem. Indeed, viewing symplectic foliations as regular Poisson structures,
we establish a one-to-one correspondence between the small deformations of a given symplectic foliation and
the Maurer-Cartan elements of the associated L-algebra. Using this, we show that infinitesimal deformations of
symplectic foliations can be obstructed. Further, we relate symplectic foliations with foliations on one side and
with (arbitrary) Poisson structures on the other, showing that obstructed infinitesimal deformations of the former
may give rise to unobstructed deformations of the latter.
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INTRODUCTION

This paper addresses the deformation theory of symplectic foliations, i.e. foliations equipped with a leafwise
two-form that is closed and non-degenerate. Equivalently, a symplectic foliation can be viewed as a regular
Poisson structure; this is a constant rank bivector field IT whose Schouten-Nijenhuis bracket [II, IT]|sN vanishes.
These objects have received and still receive a lot of attention. An important question concerning them is
that of existence, and a key result in this respect is the h-principle for symplectic foliations due to Fernandes-
Frejlich [6]. It guarantees their existence on a given manifold under certain assumptions; more specifically, it
shows that a regular bivector field IT on an open manifold M is homotopic, through regular bivector fields, to a
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regular Poisson structure iff the distribution im IT¥ is homotopic to an involutive distribution. Other interesting
results about symplectic foliations concern those of codimension-one (e.g. the existence problem on S° [22])
and normal form statements [4], to name a few.
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A local parametrization of symplectic foliations. Taking the Poisson geometry point of view, our aim
is to describe small deformations of a given regular Poisson structure II. Following the common strategy
in deformation theory, this is done by constructing a suitable Lo, [1]-algebra whose Maurer-Cartan elements
parametrize small deformations of II. (Recall that Le,[1]-algebras are higher generalizations of Lie algebras,
up to a degree shift [20].) Clearly, this requires us to take care of the regularity condition and the Poisson
integrability condition simultaneously, hence the main difficulty lies in finding a local parametrization for the
space of bivector fields which behaves well with respect to both conditions.

We now describe such a parametrization. Recall first the following fact from linear algebra, which underlies
the correspondence between Poisson structures and symplectic foliations: given a vector space V, the data of
abivector 7 € A2V is equivalent to a pair (W, w), where W C V is a subspace and w € A2W* a non-degenerate
skew-symmetric bilinear form on it. For any sufficiently small y € A’W*, one defines the gauge-transformed
bivector 7z to be the bivector corresponding to the pair (W, w + y). Now let II be a regular Poisson structure
of rank 2k. Pick a complement G to the characteristic distribution T# of IT and let y € Q?(M) be the two-form
defined by extending the leafwise symplectic form w € Q?(F) by zero on G. We define the Dirac exponential
map

expg : (neighborhood of zero section in A*> TM) — A*TM,  exps(Z) =T+ 2.

The key point is that this parametrization is compatible both with the constant rank condition and the inte-
grability condition of Poisson structures (see Thm. 2.6 and Prop. 3.9):

(1) It linearizes the constant rank condition. Namely, for small enough Z € X2(M), the bivector field
exp;(Z) has constant rank 2k iff Z belongs to a distinguished linear subspace %ff(M) c X2(M).

(2) It turns the integrability condition of Poisson structures into a certain cubic equation. Namely, for any
small enough bivector field Z € X?(M), one has that exp;(Z) self-commutes exactly when

1 1
19(z) + EIZG(Z,Z) + EISG(Z,Z,Z) =0.

Here If is the Poisson differential [II, —]sn, while IZG and ISG depend also on y (see Prop. 3.6).

Algebraically, the above equation is the Maurer-Cartan equation of an L, [1]-algebra (X°*(M)[2], {I]?}), as we
explain now.

The above parametrization of regular Poisson structures by means of exp; arises naturally when, instead of
working in the Poisson category, one considers the larger category of Dirac structures. A Dirac structure on a
manifold M is a maximally isotropic, involutive subbundle of the Courant algebroid TM & T* M, as we recall in
Appendix A. In particular, the graph of the rank 2k Poisson structure IT is a Dirac structure GrII ¢ TM & T*M,
and deforming GrII as a Dirac structure is tantamount to deforming IT as a Poisson structure. Hence we can
rely on results about the deformation theory of Dirac structures, which we recall in Appendix B.

Given a Dirac structure A € TM & T*M, a choice of complementary almost Dirac structure B endows the
graded vector space Q°(A)[2] with an L [1]-algebra structure whose Maurer-Cartan elements parametrize
the Dirac structures transverse to B. Moreover, different choices for B produce isomorphic L., [ 1]-algebras [12].
With this in mind, it seems natural to deform the Dirac structure Gr IT making use of the complement TM, but
this approach is not well-suited to single out regular deformations of II. Indeed, it parametrizes the Poisson
structures on M by means of Maurer-Cartan elements of the familiar Koszul dgLa, via the correspondence

{Z € X*(M) : dnZ + %[Z,Z]SN = 0} — {PeX*(M): [P,Plsn=0}:Z > T1+Z.

The inconvenience of this approach is that the space of bivector fields Z for which II + Z is of constant
rank 2k does not have a vector space structure. Instead, we proceed as follows: if G is a complement to the
characteristic distribution T of II, then the almost Dirac structure G & G° is complementary to GrII. Upon
the canonical identification GrII = T*M, this yields the L [1]-algebra (X*(M)[2], {II?}) mentioned above.



At last, we combine step (1) and (2) above. We notice that the space of good multivector fields
Xo(M) ={W € X*(M) : 1q15W =0 forall @, f € T(T°F)}

is closed under the multibrackets I,f, ) %Zf(M) [2] c (X¥*(M)[2], {I,f}) is an Lo [1]-subalgebra. Its Maurer-

Cartan elements parametrize bivector fields near II that are both regular and Poisson (see Thm. 3.18).

Main Theorem. There is a bijection

{small Maurer-Cartan elements of (X2-(M)[2], {If})} — {ﬁ € Kegﬂ’oissZk(M) : imII* A G} :
Z — exps(2).

Relation to deformations of Poisson structures and of foliations. When dealing with regular Poisson
structures, one has two obvious forgetful maps

Regular Poisson structures (0.1)

/\

Poisson structures Foliations

We ask whether these maps can be lifted to morphisms between the algebraic structures governing the respec-
tive deformations. More precisely, we ask whether there are L., [1]-algebra morphisms whose induced maps
of Maurer-Cartan elements are exactly those appearing in the above diagram. For both maps, the answer is
positive, as we now explain.

i) For the arrow on the left in diagram (0.1), this follows from a result in [12]. Briefly, as seen in the
Main Theorem, the deformation problem of a regular Poisson structure I is governed by the Lo, [1]-
subalgebra (%;L_(M) [2], {I]?}) of (X*(M)[2], {Ig}), and the latter is essentially obtained deforming the
Dirac structure GrII using G & G° as a complement. On the other hand, deforming II as a Poisson
structure using the Koszul dgla amounts to choosing TM as a complement to GrII. By [12], the
Le[1]-algebras obtained choosing different complements to GrII are isomorphic; hence there is an
Lo [1]-morphism relating (%'(F(M) [2], {II?}) with the Lo, [1]-algebra obtained shifting degrees in the
Koszul dgLa.

ii) For the arrow on the right in diagram (0.1), we provide the answer ourselves. Denote by # the foliation
underlying the regular Poisson structure II. Using deformation theory of Dirac structures, we first
reconstruct an L, [1]-algebra (Q°(F; NF)[1], {vx}) governing the deformations of F (see Prop. 4.2).
This recovers a result already obtained in [14], [16] and [32] by different means, and in [12] by similar
means. We then proceed by constructing a strict Lo, [1]-morphism

¢« (X-(M)[2].{I7}) — (Q°(F;NF)[1]. {0 }) (0.2)
which corresponds with the right arrow in diagram (0.1) (see Prop. 4.5 and Prop. 4.7).

The morphism (0.2) fits in a short exact sequence of L [1]-algebras and strict morphisms

{0} = (X*(F)[2],dn) > (XM)[2],{IT}) 5 (Q*(F:NF)[1], {ve}) — {0},

reflecting the fact that one obtains deformations of regular Poisson structures by deforming both the leafwise
symplectic form (see Lemma 3.22) and the underlying foliation.
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Geometric consequences: infinitesimal deformations. At last, we draw some geometric consequences.
Most results can be stated without making reference to the full algebraic formalism developed above (which
however is needed in the proofs). We address infinitesimal deformations of a regular Poisson structure IT; these
are the 2-cocycles of the complex (X7.(M), dn). Recall that an infinitesimal deformation is called unobstructed
if it is tangent to a path of deformations, otherwise it is called obstructed. We show that the deformation
problem of a regular Poisson structure is obstructed in general. We do so applying the classical Kuranishi
criterion to a simple example (see Ex. 5.8).

Refining this, we also study obstructedness in relation to the diagram (0.1). We ask whether a regular Pois-
son structure IT can have an infinitesimal deformation Z which is obstructed, but such that the corresponding
infinitesimal deformation as a Poisson structure is unobstructed, or the corresponding infinitesimal deforma-
tion of the foliation is unobstructed. In both cases the answer is positive. In other words, even though Z can
not be prolonged to a path of regular Poisson structures, it may be prolonged to a path of Poisson structures,
and it may be prolonged to a path of regular bivector fields spanning an integrable distribution. In detail:

i) First, we investigate whether a regular Poisson structure II can admit obstructed infinitesimal defor-
mations that are unobstructed when deforming II just as a Poisson structure (without conditions on
the rank). We display some examples, showing that the answer is positive (see Ex. 6.5 and Ex. 6.6).
Our examples involve regular Poisson structures whose foliated symplectic form o has a lot of leafwise
variation; this is due to the fact that the primary obstructions to extending an infinitesimal deforma-
tion of II, either to a path of regular Poisson structures or just to a path of Poisson structures, are
equivalent when w admits a closed extension (see Cor. 6.3).

ii) Second, we relate obstructedness of infinitesimal deformations of IT with features of the underlying
foliation . Using the morphism (0.2), an infinitesimal deformation of I gives rise to an infinitesimal
deformation of ¥; when the latter is obstructed, so is the former. There are however obstructed
infinitesimal deformations of II that do not arise in this way (see Ex. 6.21). In fact, it is even possible
that IT has obstructed infinitesimal deformations, while the deformation problem of the foliation ¥ is
completely unobstructed (see Ex. 6.23). We also give some conditions on the underlying foliation
which do imply unobstructedness of infinitesimal deformations of II, see Prop. 6.13 and Prop. 6.17.

We finish this introduction by mentioning that in a companion paper [10], we will present some results
which are not needed for this paper but which complete the theory presented here. Most notably, we will
show that the Lo [1]-algebra (X7.(M)[2], {II?}) constructed here does not depend on auxiliary data (up to
Lo [1]-isomorphism), and we will prove that its gauge equivalence relation corresponds with the geometric
notion of equivalence given by isotopies. We also discuss in more detail its relation with the Koszul dgLa.

Relation to the literature. Our approach to the deformations of regular Poisson structures, by means of
Dirac geometry, is analogous to the one adopted in [26, 27] in the setting of presymplectic forms, i.e. closed
2-forms with kernel of constant rank. We remark that in that setting, it was not investigated whether the ob-
structedness of infinitesimal deformations is exclusively due to the obstructedness of the underlying foliation,
whereas here we address this question.

There is a relation between our approach to deformations and previous results about horizontally non-
degenerate Poisson and Dirac structures, which can be used to recover a semi-local version of our main result.
We explain this in §3.1.3.

Structure of the paper. In Section 1, we set up the stage by introducing symplectic foliations and regular
Poisson structures. We describe the infinitesimal deformations of regular Poisson structures.

In Section 2, we deal with the constant rank condition. We parametrize regular bivector fields close to a
given regular Poisson structure by means of the Dirac exponential map.



In Section 3, we also take the Poisson integrability condition into account. This section contains our main
result. We construct the Lo [1]-algebra (X5-(M)[2], {IS}) introduced above, and we show that its Maurer-
Cartan elements correspond with small deformations of IT under the Dirac exponential map.

In Section 4, we explore the relation between deformations of the regular Poisson structure II and those of
its underlying foliation . We reconstruct the L., [1]-algebra governing the deformation problem of ¥, and
we relate it with (X7.(M)[2], {I,?}) by means of a strict Lo, [1]-morphism.

In Section 5, we show that infinitesimal deformations of a regular Poisson structure can be obstructed.

In Section 6 we also relate obstructedness in the realm of regular Poisson structures with obstructedness
in the realm of Poisson structures, and we show how properties of the underlying foliation allow us to draw
conclusions about (un)obstructedness of infinitesimal deformations of the regular Poisson structure.

Appendices A and B are a recollection of Dirac structures and their deformations, while Appendix C is
devoted to a proof.
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1. SYMPLECTIC FOLIATIONS

In this section, we set up the stage for the deformation problem of a symplectic foliation. We introduce the
objects under consideration, and we describe their infinitesimal deformations.

1.1. Basic definitions.

Definition 1.1. A symplectic foliation on a manifold M is a (regular) foliation ¥ of M endowed with a leafwise
symplectic structure w, i.e. a non-degenerate 2-cocycle w in the leafwise de Rham complex (Q°*(F), d#).

In the following, we will denote by SymplFol (M) the space of all symplectic foliations on M and by
SymplFol ** (M) C SymplFol (M) the subspace of those having rank 2k, so that

SymplFol (M) = UkSymp[TG[Zk (M).

Actually, a symplectic foliation is the same thing as a regular Poisson structure; let us briefly recall this
well-known fact.

Definition 1.2. A Poisson structure II € X?(M) on a manifold M is regular if the associated VB-morphism
ot T*M — TM, n + 111, has constant rank. In this case, we will refer to the rank of I# as the rank of II.

Above, “VB” stands for vector bundle. In the following, we will denote by RegPoiss(M) the space of all regular
Poisson structures on M and by RegPoiss?* (M) C RegPoiss(M) the subspace of those having rank 2k, so that

RegPoiss(M) = ukili_eg?oﬁSSZk(M).

Let ¥ be a foliation on a manifold M, and denote X°(¥) := I'(A*T%). Notice that if IT is a regular Poisson
structure on M with T = im Hﬁ, then T°F = kerIT# and so IT € X?(F). In other words, a regular Poisson
structure with characteristic foliation 7 is the same thing as a non-degenerate Maurer-Cartan (MC) element of
(X*(F)[1], [-, —]sn), where [—, —]sn denotes the Schouten-Nijenhuis bracket. Further, the relation IT = — ™!
establishes a one-to-one correspondence between non-degenerate MC elements IT of (X°*(F)[1], [-, —]sn) and
non-degenerate 2-cocycles w in (Q°(F), d#). This proves the following.
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Proposition 1.3. For any manifold M, there is a canonical rank-preserving bijection
SymplFol* (M) —> RegPoiss® (M), (F,w) — -0~ "

1.2. The formal tangent space. We now identify the formal tangent space to RegPoiss?* (M) at a point II.
To this end, for any foliation ¥ on M, we introduce a suitable space of multivector fields on M, which we call
good multivector fields w.r.t. F.

Definition 1.4. For any foliation ¥ on a manifold M, the graded space of good multivector fields is defined by
X(M) ={W € X*(M) : 1q15W =0 forall @, f € T(T°F)}.

Here T°¥ denotes the annihilator of T

Remark 1.5. Notice that XJ(M) = C* (M) and X_(M) = X(M). Further, X3(M) = X*(M), if # has corank 1.

Using a choice of distribution G complementary to T¥, we have X2 (M) =T(A*TF) @ T(ATITF ® G).

Lemma 1.6. For any foliation ¥ on a manifold M, the graded space X3.(M) is the graded X* (¥ )-submodule of
X* (M) generated by C*(M) & X(M).
Further, if T = im ot for some Il € RegPoiss(M), then Il is a good bivector field, i.e. II € %?F(M), and %;(M)
is a subcomplex of (X*(M), dp), i.e.
dnXH(M) C %;I(M). (1.1)

Above, dij = [II, —] sy denotes the Lichnerowicz differential on the space of multivector fields X°(M).

Proof. Since the rest is clear, we only prove Equation (1.1). The hypothesis T# = im IT# implies that IT € X2(F)
and dpX°*(F) c X**1(F). Since dy is a graded algebra derivation and C* (M) & X(M) generates X2(M) over
X*(F), it remains to prove that dpX (M) C X(zi_.(M) For any X € X(M) and a, B € T(T°F), one gets
(duX)(a, p) = =(LxI)(a, ) = I(Lxa, f) + (e, Lxf) — Lx (e, f)) =0,
using that T°F = ker IT%. It follows that dr X € %;(M), and this completes the proof. ]
Lemma 1.7. Let I1 be a rank 2k regular Poisson structure on M, with imII* = T¥. For any smooth path
(I1p)te(-ce) in Kegﬂ’oissZk(M) with Iy =TI, one gets that I1 := %L:O I1; is a 2-cocycle in (%'(F(M), dn), i.e:
HO (S X;(M) and dnno =0.
Proof. Differentiating the identity [II;,II;]sy = 0, at time ¢ = 0, one gets that diIT, = 0 as follows:
0= 4|,_, [T Jsn = [T, Msn + [T o Jsn = 2[TL Io sy = 2dnll,.
Next, we claim that if @ € T(T°F), then one can construct a smooth path a; in Q'(M) with oy = « and
1, I1; = 0. To see this, note that the product manifold M X (—e, €) has a smooth distribution D defined by
Dy = im(I1}), @ (2).

Denote by D° its annihilator, which is a vector bundle over M X (—¢,€). Since a € T(D°|px{o}) and the
submanifold M x {0} C M X (—¢, €) is properly embedded, one can extend « to a global section & € I'(D°).
Setting a; := a|px (¢} proves the claim.

Now we can show that I1, € %?F(M). Take o, f € T'(T°F) and let oy, f; be paths as constructed above.
Differentiating the identity IT; (e, f;) = 0 one gets:

0= % |t:0(Ht(at5 ﬁt)) = Ho(as ﬁ) + H(do’ ﬁ) + H(O(, ﬁo) = fIO(as ﬁ) a
Lemma 1.7 leads to the following description for the formal tangent space to RegPoiss** (M) at a point I1:
Trt (Regpoiss™ (M) = Z*(X5-(M), dpy) = ker {dp : X2:(M) — X(M)}.



2. PARAMETRIZING NEARBY REGULAR BIVECTOR FIELDS

In this section, using tools from Dirac geometry, we discuss the constant rank condition on bivector fields
close to a given regular Poisson structure. Since we postpone the discussion of integrability to § 3, everything
boils down to Dirac linear algebra. We freely use notions and notations from Dirac geometry, for which we
refer the reader to Appendix A. We first introduce in §2.1 a local parametrization of bivector fields close to the
given regular Poisson structure, and then in §2.2 we take into account the constant rank condition.

The first idea for parametrizing small deformations of a rank 2k regular Poisson structure I, with charac-
teristic foliation ¥, would be to use those small bivector fields Z such that IT + Z is still a rank 2k regular
Poisson structure. From the perspective of deformation theory of Dirac structures (see Lemma B.4), this ap-
proach amounts to deforming the Dirac structure GrII (the graph of IT) using TM as a complementary Dirac
structure. However, the inconvience of this approach is that it does not translate the constant rank condition
into a linear condition.

In this section and in § 3 we use a better way of parametrizing small deformations of the regular Poisson
structure IJ, still based on the deformation theory of Dirac structures, which works as follows. First, one fixes
a distribution G on M complementary to T%, and then one uses the complementary almost Dirac structure
G @ T*F to parametrize the small deformations of the Dirac structure GrII. As we will find out below (see
Lemma 2.3), the constant rank condition turns out to be a linear condition once we adopt this parametrization.

In the whole body of this paper, unless stated explicitly, we assume to following set-up:

(F, w) is a rank 2k symplectic foliation on a manifold M.
IT is the corresponding rank 2k regular Poisson structure.
G is a distribution on M such that TM =G & TF.

y is the unique 2-form on M defined by
b

yb|T¢ =w and yblc =0.

We denote by pry& : TM — T and prg : TM — G the projections induced by the above splitting of TM.
Dually we have T*M = T*F & G*, identifying T*F = G° and G* = TF°.

2.1. Parametrizing Nearby Bivector Fields. Assume the set-up outlined in the box above. In this subsec-
tion, we will parametrize bivector fields close to IT by means of the so-called Dirac exponential map associated
with G and II. We now introduce this map, which is constructed in two steps.

2.1.1. The gauge transformation byy. The two-form y € Q%(M) determines an orthogonal transformation of
the generalized tangent bundle (TM, (-, —))) given by

Ry :TM - TM, X +a — X + a +ixy.

For any bivector field Z € X?(M), if the almost Dirac structure R, Gr(Z) is still transverse to TM, then it is
the graph of a (unique) bivector field, denoted by Z¥ and called [29, §3] the gauge transform of Z by y. In order
to describe when ZV exists, let us introduce the open neighborhood 7, of the zero section in A°’TM given by

I, = Ugem{Zs € AT M | idrm +y2 o Z)E : TyM — T:M is invertible}. (2.1)

Then one can easily check that the open neighborhood I'(Z,) of 0 in ¥?(M) w.r.t. the C°-topology consists
exactly of those bivector fields whose gauge transform by y is a well-defined bivector field.

Lemma 2.1. For any Z € X2(M), the following conditions are equivalent:
(1) there is a (unique) bivector field ZV such that R, Gr(Z) = Gr(ZY),
(2) the almost Dirac structure Gr(Z) is transverse to Gr(—y),
(3) the bivector field takes values in 1, i.e. Z € T'(1,).
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Proof. Clearly (1) and (2) are equivalent, since R, Gr(Z) h TM iff Gr(Z) M R_,TM, and R_,TM = Gr(-y).
We now check that (1) and (3) are equivalent. As R, Gr(Z) = {(Z¥(a) + a + y*(Z%()) : @ € T*M}, we have

R, Gr(Z) N TM = {Z*(a) : a € ker (id+y” o Z%)}.

It follows that R, Gr(Z) M TM iff ker(id +Po Z%) c ker(Z%), which in turn is equivalent with ker(id +” o ZH)
being trivial. This shows that (1) and (3) are equivalent. O

The orthogonal transformation R, : TM — TM induces a bijection

{£L almost Dirac | L h TM & L th Gr(—y)} i} {£ almost Dirac | £ M Gr(y) & L th TM}. (2.2)

By Lemma 2.1, identifying bivector fields with their graphs, this bijection comes from a fiber preserving dif-
feomorphism

Fp: I, — I, Z+ 2V
Clearly, we have that F,(0) = 0 and F,/ ! = F_,. The bivector field ZV is explicitly characterized by

(ZN¥* = Z¥ o (idpoyg +y” 0 ZH) 7L, (2.3)

2.1.2. The Dirac exponential map. The bivector field IT € X(M) also determines an orthogonal transformation
of (TM, {—, —)), given by

Ra:TM — TM, X +a+— X+ 1,11+ a.
Since imy” = T*F and idry +IT% o Y= prg, it is clear that
RuTM =TM and RuGr(y) =G T F. (2.4)

Consequently, the orthogonal transformation Ry : TM — TM induces a bijection

{£L almost Dirac | £ M Gr(y) & £ h TM} ﬂ) {L almost Dirac | L NG T*F & L b TM} (2.5)
which, identifying bivector fields with their graphs, corresponds with a fiber preserving diffeomorphism
I, —I+1y, Z — Il + Z,.

Composing the maps (2.2) and (2.5), we get that the orthogonal transformation RR, induces a bijection

{£L almost Dirac | L h TM & L th Gr(-y)} m {L almost Dirac | L N G T*F & L h TM}.

After identifying bivector fields with their graphs, we obtain the desired parametrization of bivector fields
close to II.

Definition 2.2. The Dirac exponential map exp; associated with G and II is defined by
expg: I, — N +1_,, Zr— expg(Z) =11+27, (2.6)
Its action on sections Z € T'(Z;) is given by
Gr(expg(Z)) = RuRy Gr(Z), (2.7)

or equivalently,

(expe(Z)F =T1* + Z% o (idppr +y" 0 ZH) 71,



2.2. Parametrizing Nearby Regular Bivector Fields. The following key lemma proves that parametrizing
bivector fields close to IT by means of the Dirac exponential map exp; turns the constant rank condition into
a linear condition. Namely, the parameter is required to belong to the subspace of good bivector fields (see
Definition 1.4).

Lemma 2.3. For any bivector field Z € X2(M), the following two conditions are equivalent:

(1) Z € T(1,) is a good bivector field,
(2) exps(Z) e T(I1 + 1) is a rank 2k regular bivector field.

Proof. First note that R_yR nT*M = TF & G*, as follows from im % = TF and idpp +y” o IIF = prg-- So for
each Z € T'(1;), one can easily compute

ker(expG(Z))u =T*"M N Gr(exps(Z)) = RuR, (TF & G*) N Gr(Z)).

This tells us that exp;(Z) has constant rank 2k iff the fibers of the subbundle (T# & G*) N Gr(Z) ¢ TM have
constant rank equal to the one of ker ITI* = T°F ~ G*. Since

TFeG)YNGH(Z)={1xZ+a|aeG &i,Z € TF},
this happens iff Z#(G*) c TF, ie. iff Z is a good bivector field. ]

When restricted to good bivector fields, the Dirac exponential map parametrizes regular bivector fields that
are close to I, in the sense that they are still transverse to the complement G. This is shown in the next lemma.

Lemma 2.4. For any rank 2k regular bivector field W € X?(M), the following conditions are equivalent:

(1) the bivector field W takes values inT1+1_,, ie. W € T(Il +1_),
(2) the almost Dirac structure Gr(W) C TM is transverse toG & T*F,
(3) the distribution im W¥ c TM is transverse to G.

Proof. First notice that conditions (1) and (2) are equivalent for an arbitrary bivector field W € X2(M). Indeed,
using equation (2.4) and Lemma 2.1, one gets that

GtWhGeTF & GrW M Ry Gr(y) & Gr(W —1I) M Gr(y) &= W -IT € T'(L)).

Let us continue by proving that conditions (2) and (3) are equivalent for any rank 2k regular bivector field
W € X%(M). Since TM = G @ TF and W is regular with rank W = 2k = rank T#, one gets immediately that

G N imW* & T*F i ker W¥,
Assume now that condition (2) holds. Then one can compute
T*FnkerW* c (Wha+a|a e T"F & Wia € G} = (GO T*F)NGrW =0,

so that T*F t ker W¥, and this shows that condition (3) holds. Conversely, assume that condition (3) holds.
Then one can easily see that

(COT*F)NGIW = {Wha+a | a e T"F & Wa € G} c ket W N T*F =0,
and therefore condition (2) holds. This concludes the proof. O
Remark 2.5. For any W € ¥%(M), it is straightforward that W € %;(M) iff -W e %;(M). Furthermore,
Wel(l,) e -WeTl(f,) and (-W)'=-(W7).
Notice that (-W)¥ # —(WY), reflecting the fact that W +— WY is not a linear operation.

Combining Lemmas 2.3 and 2.4, we obtain the desired parametrization of regular bivector fields close to II.
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Theorem 2.6. The fiber preserving diffeomorphism given by the Dirac exponential map as in eq. (2.6)
expg: 1, =TI +1,, Zr—expg(Z) =11+2Z,
induces the following bijection at the level of sections:

T(L) N ELM) — {W € X, (M) [ imWF d G}, Z — expg(2).

Here xfeg-zk(M) denotes the space of bivector fields on M that are regular of rank 2k.

Remark 2.7. We can view exp; (at the level of sections) as a submanifold chart for %rze g-Zk(M) nearby II, as

depicted in Figure 1 below. The name “exponential map” is justified by the fact that the derivative dy expg; is
the identity on %;(M). Indeed, given a smooth curve Z; in %;(M) with Z, = 0, we have

d d
—| expg(Z) = —| Z,
d,y d,y
as follows immediately applying Eq. (2.3) to each Z; and taking the time derivative.

XH(M)

(M) -

¥eg M)

FIGURE 1. A submanifold chart for X2, (M).
g-2k

Remark 2.8 (An alternative characterization of the Dirac exponential map). Recall that any regular bivector
field can be equivalently described in terms of a pair, consisting of a distribution D (the image of its sharp-map)
together with a section of A?D* which is non-degenerate at every point. For instance, in the notation above,
the regular Poisson structure IT corresponds to the distibution T# and the leaf-wise symplectic form w.
We provide an alterative characterization of exp;(Z), for Z a good bivector field lying in I'(Z,). Decompose
Z as
Z=21+7Z, e T(N'TF) @ T(TF ® G).
Then the regular bivector field exp;(Z) corresponds to the following pair:
o D := Gr(—Z%i ow’: TF — G),
o pri(w—(Aw")Z)),
where pr: D — T is the restriction of the projection TM — T¥ with kernel G. This can be checked as in
the proof of the later Proposition 4.7. Hence the deformation exp;(Z) of I can be described as follows: the
component Z, deforms the distribution T#, while Z; deforms of the foliated symplectic form w.
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3. THE LocAL DEFORMATION SPACE OF A SYMPLECTIC FOLIATION

This section describes the local deformation space of a rank 2k symplectic foliation (F, ) via an associated
Lo [1]-algebra (see Proposition 3.17). This L, [ 1]-algebra structure lives on the shifted space %Zf(M) [2] of good
multivector fields, and it controls the deformations of the rank 2k regular Poisson structure IT corresponding
with (7, w). Indeed, as stated in the main result of this section (see Theorem 3.18), small Maurer—Cartan (MC)
elements of the L., [1]-algebra %;L_(M) [2] parametrize a neighborhood of IT in Kegﬂ’oissz" (M). The construction
of this Lo, [1]-algebra structure relies on standard results from deformation theory of Dirac structures (see
Appendix B). We use freely the notation from Appendix A.

In §3.1 we display an Lo, [1]-algebra whose MC elements parametrize arbitrary Dirac structures nearby II
(see Proposition 3.9). In §3.2 we restrict this Lo, [1]-algebra to obtain Theorem 3.18.

3.1. Deformation Theory of the Dirac Structure Gr(II).

3.1.1. The general Poisson case. LetII be a Poisson structure on a manifold M. The generalized tangent bundle
TM = TM & T*M admits the following direct sum decomposition

TM =TM & Gr1I,

where both TM and Gr1II = {,,II+ @ | « € T*M} C TM are Dirac structures. Applying Lemma B.1 and
Remark B.2 2) to the current situation, where E = TM is the standard Courant algebroid, A = GrII and
B = TM, one gets that the associated Lo,-algebra (Q*(GrII)[1], {sz}) reduces to a dgLa. The latter admits
an equivalent description that is better-known, as we now show.

Lemma 3.1. Denote by Ry the orthogonal transformation of (TM, {—, —))) determined by II.
a) This map gives an isomorphism of dgLa’s

A (Rulrw)” : (Q°(GrID [1], m{™, m3™) — (¥*(M)[1], dm, [~ ~]sn)- (3.1)
b) The associated map between MC elements recovers the fact that under the relation
P=1I+2
Poisson structures P € X2(M) correspond with MC elements Z of the dgLa (X*(M)[1],dm, [—, —]sn)-

Proof. a) There exist unique Dorfman bracket [[—, —]] and anchor p on TM, such that the following is a
Courant algebroid isomorphism

7QH : (TM5 «_9 _»9 [[_’ _]]l_b P) — (TM5 «_9 _»9 [[_’ _]]9prTM) X+a X+ LO(H +a,

where on the RHS, TM is equipped with its standard Courant algebroid structure. Furthermore, the orthogonal
transformation Ry induces the identity map Ru|ra = idra : TM — TM and the Lie algebroid isomorphism:

Ralrey : (T"M, [ =], 1F) — (GrIL [[= 1. pryy).
where T*M carries the Lie algebroid structure associated with I1. Hence, Lemma B.1 and Remark B.2 2) imply
that (3.1) is a dgLa isomorphism.
b) For any & € Q?(GrII), the graph Gr(¢) of the map GrII — (GrII)* = TM induced by ¢ is transverse to
TM. Hence Gr(£) corresponds with a bivector field P € X?(M). One checks that it is determined by
A (Rulr-m)* (&) = P - 1L
Using Lemma B.4, we can summarize the situation in the following diagram:

A2 (Ru |+ m)*

MC(Q*(GrI[1], m{™, mj™) ———"= MC(X*(M)[1], dm, [, ~]sn)

§'—>Gr(§)l

{PeX*(M): [P,P]sn =0}
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From this diagram, we indeed read off the relation
P=T+Z (3.2)
between bivectors P € X2(M) s.t. [P, P]sny = 0, and MC elements Z of the dgla (X*(M)[1],dm, [-, —]sy). O

3.1.2. The regular Poisson case: deforming using the complement G @ T*F . For any Poisson structure II on M,
Lemma 3.1 shows that, choosing TM as Dirac structure complementary to Gr II, Lemma B.4 reduces to the fact
that the dgLa (X°*(M)[1],dy, [—, —]sn) controls the deformation problem of II. Assuming that IT is regular of
rank 2k, the parametrization (3.2) is not well-suited to single out regular deformations of I1, since the space of
Z € X2(M) for which IT + Z has rank 2k is not a vector space.

We have seen in Section 2 that there is a better choice of almost Dirac structure complementary to
GrII, which is compatible with the constant rank condition. Using this complement, we now construct via
Lemma B.1 a different L., [1]-algebra that, by Lemma B.4, still controls the deformation problem of the Dirac
structure Gr IT. We will see in §3.2 that this Lo, [1]-algebra is relevant to the deformation problem of the regular
Poisson structure IT. Below, we assume the setup summarized in the box at the beginning of §2.

Lemma 3.2. The almost Dirac structure G & T*F =~ G & G° is complementary to GrII.

Proof. For any a € T*M, we have ¥ (a) € TF, so requiring that ¥ () lies in G implies that IT¥ (@) = 0. This
means that & € TF?, hence also requiring that « lies in G° yields a = 0. ]

At this point, it is natural to apply Lemmas B.1 and B.4 to the setting where E = TM, A = GrlII and
B =G @ T"F, yielding an Ly [1]-algebra (Q*(GrII)[2], {,u]?®T*¢}) which controls the deformation problem
of the Dirac structure GrIl. Instead of doing so directly, to simplify the computations, we will follow an
indirect approach. We first simplify the situation, by transporting the Courant algebroid structure along a
map which transforms the splitting TM = GrII® (G T*F) into TM = T*"M@&TM. Then we apply Lemmas B.1
and B.4, which yields an L., [1]-algebra structure {I]?} on X*(M)[2]. This one is more directly related to the
geometry of the symplectic foliation (¥, w) and the chosen splitting TM = G ® TF, it is strictly isomorphic to
(Q*(GrID[2], {,uf}) (see Proposition 3.8) and its MC elements encode the Dirac structures close to GrII w.r.t.
G ® T*F (see Proposition 3.9).

Lemma 3.3. There exists a unique Courant algebroid structure ([[—, -G, pc) on (TM, {—, —))), such that the
orthogonal transformation

RuRy : (TM, =, =W, [ ~1l6, p6) — (TM, =, =), [ 1l prrp),
X+ar— (prg X + ioI1) + (a + 1xy), (3.3)

is a Courant algebroid isomorphism. In particular, the latter induces:

o the Lie algebroid isomorphism
(RaRy)|rem : T"M — Gr1IL, a — 1,11 +a, (3.4)

where T*M carries the Lie algebroid structure associated with II.
o the almost Lie algebroid isomorphism

(RoRy)|rm : TM —GoT'F, X —> prg X + ixy, (3.5)
where TM carries the almost Lie algebroid structure ([, —],, p,) defined by
[X, Y], = [prg X, prg Y] - Hﬁ(.ﬁpr(;xlyy - ‘EPrG YIXY)s py(X) =prg X. (3.6)

The proof is a straightforward computation, and so we omit it.
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"M

GrIl

RuRy
GoT'F

HRY

™

Remark 3.4. Denote by YTGM € Q3(M) the Courant tensor (see Remark A.4) of the almost Dirac structure TM
in (TM, {—, -, [[-, —1l; pc), then Lemma 3.3 implies that Y?M is the pullback along isomorphism (3.5) of the
Courant tensor of G @ T*F. So it is easy to see that, for all X, Y, Z € X(M),

Y5y (X, Y, Z) = y(X, [pr Y, prg Z1) + y (Y, [prg Z. prg X1) +y(Z, [prg X, prg Y)).

Additionally, notice that Y&, € I'(T*F ® A’G*) ¢ Q*(M) and it vanishes iff G ¢ TM is involutive.

The following remark relates the almost Lie algebroid structure (TM, [~, —],, py) with the existing literature.

Remark 3.5. (1) Notice that y is a constant rank 2-form on M, with kernel G, whose restriction to the

(2)

leaves of TF is closed. Hence the condition dy = 0 is equivalent to
o (dy)|lr#rcac = 0, meaning that G is involutive
o (dy)|lr#ar#rG = 0, meaning that Lxy = 0 for all X € T'(G).
In full generality, the bracket in (3.6) can be rewritten as

[X, Y]y = ([prg X, prg Y] + pryglprg X, prog Y] — proglprg Y, progX])
- Hu ([prT¢ Ylprg Xd}/ - [prT¢X lprg Ydy) P (3-7)

by applying Cartan identities to the term Ly, xtyy in Eq. (3.6) and using that Iy = - PIrs

Recall [19] (see also [18]) that an endomorphism N: TM — TM is called Nijenhuis if the tensor Ty
vanishes, where Ty (X, Y) = [NX, NY] = N([NX, Y] + [X, NY]) + N[X, Y]. In that case, N gives rise
to a Lie algebroid structure on TM, with anchor N itself and Lie bracket

[X,Y]yn := [NX,Y] + [X,NY] - N[X,Y].

Assume now that G is involutive. Then one can check that pr;: TM — TM is a Nijenhuis endomor-
phism, and that the corresponding Lie algebroid bracket [—, =]y, is the first term in round brackets
in Eq. (3.7). Using this, and the first bullet point in item (1) together with the fact that IT € A2TF, we
see that
[X, Y]y = [X, Y]pr, — II* (tyixdy) .

In other words, when G is involutive, the Lie bracket [—, —], equals the Lie bracket associated to the
Nijenhuis endomorphism pr; plus an additional term involving II.

When the distribution G is involutive, we have YTGM = 0 (see Remark 3.4). Hence (TM, [-,~],) is a
Lie algebroid, and together with the Lie algebroid (T*M, [—, —]1) associated to the Poisson structure it
forms a Lie bialgebroid. The stronger condition dy = 0 implies that the Nijenhuis endomorphism pr
and the Poisson structure IT are compatible, i.e. form a Poisson-Nijenhuis structure. In that case the
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Lie bialgebroid of the Poisson-Nijenhuis structure [18, §3.2] is exactly the Lie bialgebroid mentioned
just above.

We apply Lemma B.1 to the case where E = (TM, (-, -), [[-, —]lc, pc) is the Courant algebroid mentioned
in Lemma 3.3, with Dirac structure A = T*M and almost Dirac structure B = TM. So the graded space
X*(M)|[2] inherits an L, [1]-algebra structure {Ig}, described in the following.

Proposition 3.6. The L., [1]-algebra associated with the Dirac structure T*M via the complementary almost
Dirac structure TM in the Courant algebroid (TM, {—, -, [[—, —1lG, pc) consists of the graded vector space
X*(M)[2] with the L [1]-algebra structure {I]?} whose only non-trivial multibrackets, Ilc, Ig} 18, are given by:

3 3 B
e the unary bracket IS is the Poisson differential dr, i.e. for all P € X*(M):
I7(P) = [IL, P]sn, (3.8)
o the binary bracket IZG acts as follows on homogeneous P, Q € X*(M):
15(P.Q) = (0[P, 0], (3.9)

where [—, =], denotes the extension to an almost Gerstenhaber bracket (cf. Remark A.6) of the bracket in

eq. (3.6).
e the ternary bracket I3G acts as follows on homogeneous P, Q,R € X*(M):

$(P,Q,R) = (-1)!91(P* A O ARIYS,, (3.10)
where YIC.;M is defined in Remark 3.4.

Proof. 1t is a straightforward consequence of Lemmas B.1 and 3.3. ]

Remark 3.7. We list some remarks concerning the Lo, [1]-algebra (X°*(M)[2], {II?}) introduced above.

(1) In view of Remarks B.2 (2) and 3.4, the Lo, [1]-algebra (X*(M)[2], {I,f}) reduces to a dgL[1]a if and
only if G ¢ TM is involutive.

(2) As already pointed out in Remark B.2 (3), the Lo [1]-algebra (X*(M)[2], {If}) is actually a G [1]-
algebra (also called Py [1]-algebra), i.e. its multibrackets are graded algebra derivations of X*(M).

The L [1]-algebra (X*(M)[2], {Ig}) is canonically isomorphic to (Q®(GrIT)[2], {,uf@T*T}), as stated below.
The proof is a straightforward consequence of Lemma 3.3.

Proposition 3.8. The VB isomorphism (3.4) induces a strict isomorphism of Lo, [1]-algebras
A*(RuRy) -y (Q7(GrID (2] {577 }) — (@ (M) (2] (1),
with inverse A (prrp [&,p) = (X°(M)[2] 7)) — (Q*(GrID[2]. {4 " 7}).

Turning to MC elements, we now show that the Lo, [1]-algebra (X°*(M)[2], {I]?}) encodes Dirac structures
that are close to GrII wrt. G T*F.

Proposition 3.9. Let (F, w) be a symplectic foliation on M, with corresponding regular Poisson structure I1. For
any splitting TM = TF & G, the relation

L= R]‘[RY GI(Z)
establishes a canonical one-to-one correspondence between:

o MC elements Z of the L [1]-algebra (X°(M)|[2], {I,?}),
e Dirac structures L C TM transverse to G & T*F .
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Proof of Proposition 3.9. We know that (X*(M)|[2], {I,?}) is the Lo, [1]-algebra associated with the Dirac struc-
ture T*M and the complementary almost Dirac structure TM in (TM, {—, =), [, —1l6, pc), by Proposition 3.6.
Lemma B.4 provides the following bijection:

MC(X*(M)[2], {I,?}) — {L c TM Dirac structure wrt ([[—, ~]lc, pc) | L h TM},
Z s Gr(2).

Since RuRy : (TM, {—, -, [[- ~1lc, pc) — (TM, {—, -, [[-, —]I. prryy) is a Courant algebroid isomor-
phism (see Lemma 3.3), with RqR, (TM) = G & T*F, it induces the following bijection:

{L c TM Dirac structure w.r.t. ([[-, —=]lc, pc) | L h TM} — {L c TM Dirac structure | Lh G& T*F},
L — RuRy(L).

Composing the two bijections, the proposition is proven. |

In summary, using also Proposition 3.8, we can draw the following commutative square of bijective maps:

R R
{L ¢ TM Dirac structure wrt ([[—, —]lG, pc) | L h TM} Ty {L c TM Dirac structure | L h G® T*F }

Gr(*)T TGr(*)

MC(X* (M) [2].{17}) < % MC (Q*(GrID)[2], {uG°T'T})

A (prrepq [Ger)

3.1.3. Comparison with the literature: horizontally non-degenerate Dirac structures. As pointed out to us by Rui
Loja Fernandes, Proposition 3.9 is reminiscent of a correspondence that appeared in [33][3, §5] for the Poisson
case, and in [1] [34] for the Dirac case. First we recall this correspondence, following the interpretation given
by Marcut [23, §4.2]. Then we describe the relation to Proposition 3.9 and Theorem 3.18 below, summarizing
our conclusions in Corollaries 3.11 and 3.12.

Fix a surjective submersion p: E — S with connected fibers, and denote by V := ker(p.) C TE the vertical
bundle. A Dirac structure on E is called horizontally non-degenerate if it is transverse to V & V°. We denote

e by X} (E) :=T(A®V) the space of vertical multivector fields,

e by Xp(E) the space of vector fields on E which are p-projectable,

e by Qg the space of differential forms on S with values in X}, (E) + Xp(E),

e by Q :=T(A*(V & V°)) the subspace of differential forms on S with values in X}, (E).

Notice that Qf carries a natural bigrading, and that Ehresmann connections on E form an affine subspace of
51(51’1). It turns out that Qg[1] has a graded Lie bracket [—, —].., making it into a graded Lie algebra, and that
Qg[1] is a graded Lie subalgebra.

A Maurer Cartan (MC) element of (Qk[1], [-, =]«) is an element pe 5}(50’2)+(1’1)+(2’O) such that [S, f]« = 0.
It turns out that there is a bijection [23, Prop. 4.2.5] between

(1) horizontally non-degenerate Dirac structures on E
(2) MC elements of (Qg[1], [-, —]«) whose (1, 1)-component is an Ehresmann connection.

This bijection restricts [23, Prop. 4.2.10] to a bijection between

(1’) horizontally non-degenerate Poisson structures
(2) MC elements of (Qg[1], [—, —].) for which additionally the (2, 0)-component’ is non-degenerate.

Further it restricts to a bijection between

(1) horizontally non-degenerate Poisson structures of constant rank equal to dim(5)

IThis is a 2-form on S with values in C* (E).
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(2””) MC elements of (Qg[1], [, —]«) for which, in addition to the previous two requirements, the (0, 2)-
component” vanishes.

We now relate the bijection (1)-(2) with our Proposition 3.9, and the last bijection with Theorem 3.18 below.

Take a Dirac structure on M, and fix an embedded leaf S. A choice of tubular neighborhood embedding provides

a submersion p: E — S, defined on a neighborhood of S in M, and we can assume that the Dirac structure is

horizontally-nondegenerate on E (shrinking E if necessary). Denote by f € 520’2”(1’1”(2’0)

element of Qf corresponding to the Dirac structure. The twist by  of the graded Lie algebra (Qg[1], [, —].)
is a dgLa with the same binary bracket and with differential dg := [, —].. It is immediate to check that an
element f’ is a MC element of the graded Lie algebra (55 [1], [-, —]«) iff B’ — B is a MC element of the above
dgLa. Therefore the assignment ' +— f’ — [ yields a bijection between (2) above and

(3) MC elements of (Qg[1],dg, [—, —]x),

using the fact that the difference of two Ehresmann connections is a 1-form on S with values in I'(V), i.e. an

the Maurer Cartan

element of Qg’l). Now assume that f§ corresponds to a regular Poisson structure. We will show that the dglLa
(Qk[1],dg, [, —]w) is isomorphic with the dgLa obtained shifting degrees in (X*(E)[2], {I]?}), where G is the
involutive distribution V. Note that the latter dgLa is given by (X*(E)[1],dm, [, —1,).

Lemma 3.10. Suppose that  corresponds to a regular Poisson structure. The map
fTES VeV : X pry X +ixy
induces an isomorphism of dgLa’s
Af (XN (B)[1),dm, - =1)) = (Qe[1],dp, [ —1.0).

Proof. The fact that A®f matches the differentials dpy and dg is proved in [23, Prop. 4.2.11]. As for the graded
Lie brackets, first recall that the bracket [—, —]. on Qf = T(A®(V & V) is defined extending the Lie bracket
of the Lie algebroid V & V° (see [23, p. 119]). On the other hand, eq. (3.5) in Lemma 3.3 shows that the
bracket [—, -], is defined by transporting the Lie bracket of V & V° under the map f, and then extending to
all multivector fields. This implies that A®f intertwines the graded Lie brackets [—, —], and [, —]... O

Consequently we conclude:

Corollary 3.11. The bijection between (1) and (3) above recovers Proposition 3.9 in a tubular neighborhood of
the leaf S for the choice of complement G = V.

This specialises to a similar statement about Theorem 3.18 below:

Corollary 3.12. By restricting the bijection (1)-(3) to (1"’ ), we recover Theorem 3.18 in a tubular neighborhood
of S for the choice of complement G = V.

Corollary 3.12 is a consequence of the following result, which uses the dgLa isomorphism A®f from the
previous lemma.

Lemma 3.13. A MC element ' of the graded Lie algebra (55[1], [—,—]«) corresponds with the MC element
AN2fY(B" = P) of the dgLa (X°(E)[1],dm, [—, —]p). Under this correspondence, we have:

e the (0,2)-component of ’ vanishes iff N>f~1 (B’ — B) belongs to %;,(E),
o the (2,0)-component of ' is non-degenerate iff N°f ' (B’ — f) belongs to the neighborhood I,

Proof. We first remark that the inverse of f is given by
VeV 5TE: X+a- X -Tfa.

In particular, f~! restricts to the identity map on V and takes V° to T#. We now prove the two statements.

2This is a vertical bivector-field on E.
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e The bivector field A2f~1(’ — ) belonging to x;(E) means that it has no component in I'(A%V). By
the previous observation about f~!, this is equivalent with 8’ — § having no component in T'(A2V),
i.e. its (0, 2)-component being zero. Since f corresponds with a regular Poisson structure, its (0, 2)-
component is zero; hence the last statement is equivalent with the (0, 2)-component of ’ being zero.

e Recall that a bivector field Z € X?(E) belongs to 7, iff the map id +y? o Z¥ . T*E — T*E is invertible.
Writing this map with respect to the decomposition T*E = TF @ V" yields a triangular block matrix for
which a diagonal block is the identity; as a consequence, it is equivalent to require that the restriction
idyo +y? o Z¥|0 : VO — VO is invertible. We expand

idyo +y" o (A F71(B' = B))lvo = idyo+17 0 (A2 £7(B = By
= idyo — " o I o (B = B)2V)" o T1¥| . (3.11)
In the second equality, we use that f~! agrees with —II* on V°, which implies that
(A2 £ B = p0)F = (A2 TH(p - pE0)F = —1iF o (' - p*0) o .
Further using that y” o IT# = — PIyo, the right hand side of (3.11) becomes
idyo + (B = )" o I¥|yo.

Since f§ corresponds with the Poisson structure II, its (2, 0)-component > is given by the inverse
of It : V0 — Hﬁ(Vo) (see [23, p. 130]). Therefore, we conclude that the above expression equals

. ’ b b ’ b
idyo + ((B) ) 0 |0 = ((B)*0) o TF|yo = ((5) )" o Iy,
Since IT#|y0 is injective, this shows that A2f (8’ — B) belongs to 7, iff (8')>¥) is non-degenerate.
m|
3.2. Deformation Theory of a Symplectic Foliation. We remain in the setup described by the box at the
beginning of §2. In §3.1 we constructed the Lo, [1]-algebra (X°*(M)[2], {I]?}), which encodes as its MC elements
those Dirac structures that are close to GrII w.r.t. G, in the sense that they are still transverse to G® T*F. We

now single out an Lo, [1]-subalgebra (see Proposition 3.17) which actually controls the deformation problem
of the symplectic foliation (¥, w) (see Theorem 3.18).

3.2.1. An algebraic tool. We first need to introduce the notion of strongly homotopy Lie-Rinehart algebras, or
LR [1]-algebras. We will essentially adopt the same terminology as in [32] (cf. also [17] for another version
of this notion).

Definition 3.14 ([32, Definition 7]). Let A be a graded commutative algebra. An LR [1]-algebra over A
consists of a graded A-module Q equipped with an L., [1]-algebra structure {4} and a family of anchor maps
pk : QX(k_l) X ﬂ - \ﬂ: (Qh ey Qk—b a) — Pk(qh LR qk—1|a)

of degree 1 which are A-linear in the first k — 1 entries and a derivation in the last one, such that
e for all k € N and all homogeneous a € A, qi, ..., qr € Q, the following Leibniz-like rule holds:

pie(qu, - > aqi) = pilqu, - ., Q-tl@)qic + ()1 OB IHaaD gy (g, g, (3.12)
o forall k € N and all homogeneous vy,...,0x € Q ® A, the following extended Jacobi identity holds:
0= Z Z E(O’,V){{Ug(l),...,Ug(i)}i,vg(iﬂ),...,Uo-(k)}j. (3.13)
i+j=k+1 Ues(i,k—i)
ij>1
Here €(0;v) denotes the symmetrical Koszul sign determined by ¢ and v = (v1,...,0x) (cf. [7]) and,
for each i € N, the bracket {—,...,~};: (Q ® A)*" — Q & A is the unique graded symmetric multi

R-linear map which extends y; and p; and which vanishes if more than one entry belongs to A.
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Remark 3.15. If (Q, {pi }, {pr}) is an LR [ 1]-algebra over A, then in particular, p; is a degree 1 graded algebra
derivation of A, and p; is a degree 1 graded module derivation of Q with symbol given by p;.

Notice that the splitting TM = G ® TF endows the graded algebra X°*(M) with an additional N x N grading
defined as follows:

X(M) = @ xP9D (M), where X®9 (M) :=T(APTF @ AIG). (3.14)
q.peN
In particular, X"(M) = P prg=n X (P9 (M), and we additionally get
F)=PExP v and  Xp(M) = PP (M)
peN 555’1

Lemma 3.16. The non-trivial multibrackets of (X*(M)[2], {I,f}) behave as follows w.r.t. the N X N grading:
1) the unary bracket If = dp has two components of bi-degree (1,0) and (2,—-1), namely
19(xP9 (M) c XP+1D (p) @ XP+2a-D (),
2) the binary bracket 12G has two components of bi-degree (0,—1) and (1,—2), namely
19 (X Pra) (M) x XP292) (M) ¢ XEZipeZi =D (pf) @ X (ZePitb2i 6= (),
3) the ternary bracket 13G has bi-degree (—1,—2), namely
I?(%(Pl:ql)(M) % ;{(Pz,qz)(M) % %(p3’q3)(M)) c xZipi-1XE:qi-2) (M).
Proof. Equations (3.8)~(3.10) (see also Equation (3.6) defining the almost Lie bracket [—, —], on TM) impose
the following constraints on the action of [, 12G , ISG on the generators of the graded algebra X*(M):
19(C®(M)) cT(TF), 19(I(TF)) c T(A’TF), [9(T(G)) c T(A*TF) & (G TF),
E(C® (M), T(TF)) = E(T(TF),T(TF) =0, §T(TF),T(G)) € [(TF), (3.15)
1§ (C(TF),T(TF), T(TF)) = I§ (L(TF),T(TF),T(G)) = I§(I'(G),T(G),['(G)) = 0.

Since the multibrackets are multiderivations of the graded algebra X*(M) (see Remark 3.7 (2)) and the N x N
grading is compatible with the algebra structure, ie. XK (M) - X9 (M) c XK+ (M), the statement
follows immediately from the relations (3.15). O

3.2.2. Parametrizing deformations of a symplectic foliation. We now single out a suitable Lo, [1]-subalgebra of
the Lo, [1]-algebra (X°*(M)|[2], {Ig}) constructed in Proposition 3.6. Recall that the space of good multivector
fields X7(M) was introduced in Definition 1.4.

Proposition 3.17. The multibrackets I]? map %Zf(M) [2] € X*(M)][2] to itself: So %;L_(M) [2] inherits an Lo [1] -
algebra structure, still denoted by {If}, which we call the L, [1]-algebra associated with (7, w) and G. Actually,
(X (M) [2], {I,‘C}}) turns out to be an LR« [1]-algebra over the graded algebra X°*(F).

Proof. As proved in Lemma 3.16, the multibrackets I,f behave as follows w.r.t. the N X N bi-grading of X*(M):

1) the unary bracket IlG = dy has two components of bi-degree (1,0) and (2, —1),
2) the binary bracket Ig} has two components of bi-degree (0,—1) and (1, —2),
3) the ternary bracket If has bi-degree (-1, -2).

Since X*(¥F) = EB;»O XPO (M) and X(M) = P »o X9 (M), one can check that for each k € N:
= q=0,1
o the graded X*(¥)-submodule %;L_(M) of X*(M) is closed under 1€,
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e the multibracket I,? - X*(M)*k — X*(M) induces a map
pr : X (M) X X2(F) — X°(F), (wr, .., uper, @) ¥— 17 (g, g, @),

which is graded X*(7)-linear in the first k — 1 entries and a graded algebra derivation in the last entry.

Further, the Leibniz rule (3.12) and Jacobi identity (3.13) for an LR [1]-algebra hold because of the Leibniz
rule and the Jacobi identity for the Go,[1]-algebra structure {I]?} on X*(M)[2]. This concludes the proof. O

Restricting to good multivector fields, we obtain an L, [1]-algebra that governs the deformation problem of
the symplectic foliation (F, ). The proof relies on results shown in Section 2, and we use the same notation
as established there. In particular, recall that the neighborhood I, and the Dirac exponential map exp, were
introduced in §2.1.

Theorem 3.18. (Main theorem) Let (7, w) be a rank 2k symplectic foliation on a manifold M, with corre-
sponding rank 2k regular Poisson structure I1. Fix a distribution G complementary to TF on M. Then the relation

57" = expg(2)

establishes a canonical one-to-one correspondence between
(1) MC elements Z of the Lo [1] —a{gebru (%;L_(M) [2], {Ig}lsuch that Z € 1,
(2) rank 2k symplectic foliations (¥, @) on M such that TF M G.

Proof. Theorem 2.6 establishes a bijection

T(Z,) N EL(M) —> (W € X2, (M) | im WHh G}, Z s exps(2). (3.16)

Using Proposition 3.9 and the fact that RpRy Gr(Z) = Gr(exp;(Z)) (see eq. (2.7)), we also have a bijection
MC(X*(M)[2], {I,?}) — {L c TM Dirac structure | LA G T*F}, Z r— Gr(exps(2)). (3.17)

For any W € X%(M), we have that Gr(W) C TM is Dirac iff W is Poisson, and if W is regular then im wthG
iff Gr(W) i G & T*F by Lemma 2.4. Hence, the equations (3.16) and (3.17) lead to the following bijection:

T(Z,) N MC(XH(M)[2], {IT}) —> {W € RegPoiss™ (M) | imW* h G}, Z +— expg(2).

Finally, the canonical one-to-one correspondence between rank 2k symplectic foliations and rank 2k regular
Poisson structures on M (as in Proposition 1.3) completes the proof. ]

Remark 3.19 (The corank one case). In case the regular Poisson structure II is of corank one, some simplifica-
tions occur. On one hand, every complement G to T is automatically involutive and X3.(M) coincides with
X*(M). Consequently, the deformation problem of the regular Poisson structure II is governed by the dgL[1]a
(X*(M)[2], {Ig}), because of Theorem 3.18.

On the other hand, assuming M is compact, Poisson structures C O_close to IT are automatically of corank one,
hence it is equivalent to deform IT as a Poisson structure (without the rank condition). Consequently, the defor-
mation problem of the regular Poisson structure IT is also governed by the usual dgLa (X°(M)[1], di1, [—, —]sN)-
The corresponding dgL[1]a is indeed isomorphic with (X°*(M)[2], {I]?}), because of the following. By
Lemma 3.1, it is (strictly) isomorphic with the dgL[1]a (Q°*(GrII)[2], ,ulTM, ,uzT M) defined in terms of the
splitting TM = GrII @ TM. By a result proved in [12], the latter is Lo [1]-isomorphic with the dgL[1]a
(Q*(GrID[2], ,u?@T* ¥ ,ufeﬁ* 7), which is defined in terms of the splitting TM = GrII1 @ (G @ T*¥). Finally,
by Proposition 3.8, the latter is (strictly) isomorphic with (¥X°*(M)|[2], {Ig})

Remark 3.20. Given any L [1]-algebra, there is a natural equivalence relation on the set of MC elements,
induced by the elements of degree —1. For the L., [1]-algebra (%;L_(M) [2], {I,?}), the degree —1 elements are
the vector fields on M. Under the bijection stated in Theorem 3.18, the induced equivalence relation on rank
2k symplectic foliations transverse to G is given by isotopies. More precisely, and assuming that M is compact:
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(F, @) and (F7, ') are equivalent iff there is an isotopy (;);c[0,1] of M mapping the former to the latter, and

so that (;).F M G for all t. We will show this in [10].

Further, since the differential If in the Lo [1]-algebra (X2(M)[2], {II?}) is the Poisson differential dfj, the
degree —1 cocycles are the Poisson vector fields on (M, II), in agreement with the general interpretation of
such elements as infinitesimal symmetries. The degree —1 coboundaries are the Hamiltonian vector fields.

3.3. Deforming by leaf-wise differential forms. The leaf-wise multivector fields X°(¥) are contained in
the good multivector fields X%.(M). Here we point out that it is easy to describe explicitly the deformation

of (¥, w) induced (via Theorem 3.18) by a small bivector field in X2(%): it is just the gauge transform by the
corresponding leaf-wise 2-form.

Lemma 3.21. The cochain complex (X°(¥)[2],dn) is canonically embedded in the L. [1]-algebra
(X5.(M) [2], {I°)).

Proof. Since X°*(F) = @peNX(P’O) (M), Lemma 3.16 implies that If = dp preserves X*(¥), while IZG and
I vanish on X*(#). This proves that the natural embedding X*(F) < X2(M) gives a strict morphism of
Leo[1]-algebras (X*(F)[2], drr) — (X5.(M)[2]. {IS}). O

Note that the non-degenerate Poisson structure IT on the leaves induces an isomorphism of Lie algebroids
I1* between the cotangent Lie algebroid T*F of the Poisson structure II and the tangent Lie algebroid T#. By
pullback, this gives an isomorphism of complexes X°*(F) = Q°®(¥). In particular, an element Z € X?(F) is
d-closed iff the corresponding element 7 € Q%(F) is a closed leafwise form.

Lemma 3.22. The deformation of I associated to a MC element Z € X*(¥) lying in I, as in Theorem 3.18,

is the gauge transformation of I1 by ﬁz, where ,BZ is any extension of fz to a 2-form on M. In particular, it is a
regular Poisson structure with same underlying foliation as II.

Proof. We have to show that exp;(Z) = 1Pz , and we do so by checking that their graphs are equal. The Dirac
structure Gr(exp;(Z)) = RaR, Gr(Z) is given by

{(nﬂg, ErZie) e T*M} , (3.18)

using the fact that im(Z¥) ¢ T# and IT* o y* = —pry4. Next, we note that (87)” = —w’ o Z¥ o o Take
the extension of 7 to the 2-form ﬁ~z on M that annihilates G (its flat-map is —y” o Z# o y?). Then Gr(11/7) =
R, (Gr(ID)) is equal to (3.18), as can be seen using ¥’ o II* = —pry.#. Any other extension of f7 yields the
same gauge transformation of II. ]

4. RELATION WITH DEFORMATIONS OF FOLIATIONS

Forgetting the leafwise symplectic structure and keeping only the underlying foliation, one defines a rank-
preserving map from the space of symplectic foliations on M to the space of foliations on M, denoted by

q : SymplFol* (M) — Fol*(M), (F,&) — F. (4.1)

This section aims at finding an algebraic interpretation of the latter. Indeed, in Proposition 4.7, we will see
that it arises from a strict morphism of L, [1]-algebras (cf. Proposition 4.5) going from the Lo [1]-algebra of
the symplectic foliation (¥, w) (cf. §3.2) to the Lo [1]-algebra of the foliation F (cf. §4.1).
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4.1. Review: Deformations of Foliations. We reconstruct here the Lo, [1]-algebra controlling the deforma-
tions of a foliation (cf. [14, 32]), using the deformation theory of Dirac structures (cf. Appendix B).

Let ¥ be a rank d foliation on a manifold M. Denote the normal bundle to T in TM by N¥ and the
quotient VB morphism by TM — N¥ := TM/T¥, X — X. Then the Lie algebroid T# = M has a natural
representation V on N¥, also called the Bott connection, which is defined by

VxY = [X,Y],
forall X € T(T¥) and Y € X(M), and one can introduce the de Rham complex (Q*(F; NF),dy) of the Lie
algebroid TF with coefficients in the representation N .

Fix a distribution G on M complementary to T% . The splitting TM = G @ TF induces the identifications

T°F ~G*,G° =~ T*F, G ~ NF, and the following splitting of the generalized tangent bundle

TM=(TF o T°F) & (G & G°),
where T¥ @ T°F C TM is a Dirac structure while G & G° ¢ TM is an almost Dirac structure. So, applying
Lemma B.1, one gets the following.

Lemma 4.1. There exists a unique Lo [1]-algebra structure {n;} on T(A*(T*F @& NF))[2] that makes
T(A(T*F & NF))[2] into a G [1]-algebra, whose only non-trivial brackets nq, 1y, i3 are determined by:

e 11y is the de Rham differential of the Lie algebroid TF & T°F = M, i.e. it satisfies

n (f) = de’ mn = d‘f"’]’ nly = dVY;
forall f € C®(M), n € QUF) and X € X(M).
o 1, is the almost Gerstenhaber bracket of the almost Lie algebroid G® G° — M up to a sign, i.e. it satisfies
(N + X, f) =X(f), a1+ X1, 12+ X2) = pro[Xi, Xo] + pryeg-(Lxn2 — Lxm),
forall f € C®(M), X, X1, X, € T(G) and n, 11,172 € QL(F).
o 13 satisfies the following:
3 (1 + X1, 02 + Xo. 13+ X3) = — (01 [ X, Xs] + 12 [ X5, X1 ] + 03[ X1, Xe])
for alln1,n2,n3 € QY(F) and X1, X2, X3 € T(G).
The graded algebra T'(A®*(T*F @ N¥)) has a natural N x N bigrading, where the bi-degree (p, q) component
is given by T'(APT*F ® AINF). It is easy to see that the brackets 1y are compatible with this additional N x N
bigrading; specifically we have
bi-degree(n;) = (1,0), bi-degree(ny) = (0,—1), bi-degree(ns) = (—1,-2).
Consequently, one can easily check that, for all k,
o the graded Q°*(F)-submodule Q*(F; NF) of [ (A*(T*F @& NF)) is closed under 1,
e the multibracket 1z : T(A*(T*F & NF))*k — T'(A*(T*F & NF)) induces a map
QUFNF) I X Q(F) — Q°(F), (ur,...,up—1, @) — WUy, . .., g1, @),
which is additionally graded Q°® (¥ )-linear in the first k — 1 entries.

This means that Q°(F; N¥)[1] inherits from T'(A*(T*F @ NF))[2] an Lo [1]-algebra structure, whose multi-
brackets we denote by {v}, which is additionally an LR, [1]-algebra over the graded algebra Q°(¥) (cf. Defi-
nition 3.14). So we get the following reformulation of a result first obtained in [32, Theorem 29], using different
techniques, and later in [12, Theorem 5.5] using the same techniques as ours.

Proposition 4.2. Let ¥ be a foliation on a manifold M. There exists a unique Lo, [1]-algebra structure {vy} on
Q*(F; NF)[1] that makes Q°*(F; NF)[1] into an LR« [1]-algebra over Q*(F), whose only non-trivial brackets
vy, D2, D3 are given by:

o vy is the de Rham differential dy of the Lie algebroid TF = M with coefficients in its representation NF,
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o 1, is given by the following formula, for alla, f € Q*(F), X, Y € T'(G),

(@ ®X,fRY) =—(-) (a AprrgLxB®Y —prrgLya ABOX +a A B® m) ,
e 13 is given by the following formula, for all a, p,y € Q*(¥) and X,Y,Z € T(G),

i@ X, feY,yeZ) =(—)‘ﬁ'“((t[y,Z]a) AEAY®X — (=) WPl z1p) hanyeY

+ (=) B ellvl () A A B ®g)_
Its anchor maps are given by the multibrackets . of the Lo, [1]-algebra appearing in Lemma 4.1.
Further, if one specializes also Lemma B.4 to this setting, then one obtains the following.

Lemma 4.3. The relation £ = Gr(Z) establishes a one-to-one correspondence between:

(1) MC elements Z of the L [1]-algebra (T(A*(T*F & NF))[2], {nx}),
(2) Dirac structures L on M close to TF @ T°F in the sense that L h G & G°.

Here Gr(Z) denotes the graph of Z viewed as a map TF @ T°F - T*F @ NF =G & G°.

Recall that the relation £ = D @ D° establishes a one-to-one correspondence between distributions D on
M and those almost Dirac structures £ on M such that £ = pryy, £ @ prp. ), L. If D and £ correspond to
each other in this way, then D is integrable iff £ is Dirac. Further, for any Z € T(AX(T*F & N¥F)), it is
straightforward to see that Gr(Z) = pryy; Gr(Z) ® prp., Gr(Z) if and only if Z € Q!(F; NF). Consequently,
Lemma 4.3 yields the following reformulation of the result obtained in [15, Theorem 6.2.20] in the context of
deformation theory of Lie subalgebroids.

Proposition 4.4. The relation TF' = Gr(n) establishes a one-to-one correspondence between:
(1) MC elements n of the Lo [1]-algebra (Q*(F; NF)[1],{vx}), and
(2) rank d foliations ¥’ on M close to F in the sense that TM = T¥' @ G.

4.2. A strict morphism of L., [1]-algebras. Let II be a rank 2k regular Poisson structure on M with corre-
sponding symplectic foliation (¥, w), and fix a distribution G on M complementary to T#. We construct a
strict morphism between the Lo, [1]-algebras governing the deformations of IT and of ¥, which we introduced
in Proposition 3.17 and Lemma 4.2 respectively.

First, the map ” : T¥ — T*F determines a degree 0 graded algebra isomorphism ¢ : X*(F) — Q°*(¥)
which acts as follows:

o(P)(X1,....Xo) = (-1 P’ X1, ..., 0"Xp), (4.2)

forall £ > 0, P € X/(F) and X;,...,X; € ['(TF). We then proceed by defining a degree 0 graded module
morphism ¢ : X2 (M)[2] — Q°(F;NF)[1], along the graded algebra isomorphism ¢ : X*(F) — Q°*(¥), as
the composition

XL (M)[2] =T(A"PTF) @ T(A™'TF @ G) - T(A™'TF ® G) - T(A™'T*F ® G) ~ Q*(F; NF)[1],
where the first map is the projection and the second one is ¢ ® idg. Explicitly, ¢ acts as follows, for all ¢ > 0,
PeXL(M), Xy,...,Xp-1 €T(TF) and f € T(N*F) = T(G*):

Blo(P)(X1,....Xe-1)) = (-1 ' P(0° Xy, ..., 0" X1, ). (4.3)

Proposition 4.5. The degree 0 graded linear map ¢ : X3.(M)[2] — Q°(F;NF)[1] induces a strict morphism
of Lo [1]-algebras

(X5(M) [2]. (1) ——— (Q*(FNF)[1]. {oi))-
We defer the proof of Proposition 4.5 to Appendix C. There we also provide a conceptual argument under

the assumption that the 2-form y is closed, showing that in that case ¢ is obtained from the pullback by a
Courant algebroid isomorphism.
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Remark 4.6. Lemma 3.21 and Prop. 4.5 show that there is a short exact sequence of Lo, [1]-algebras and strict
morphisms

{0} = (X*(F)[2],dn) — (XH(M)[2],{IF}) 5 (Q*(F:NF)[1], {oe}) — {0} (4.4)

This short exact sequence reflects the fact that one obtains deformations of regular Poisson structures by
deforming both the leaf-wise symplectic form (see Lemma 3.22) and the underlying foliation (see Prop. 4.4).

In (4.1) we displayed a natural geometric map from the space of rank 2k Poisson structures to the space of
rank 2k foliations on M. The next proposition states that it “lifts” to the strict morphism of L., [1]-algebras
@ = (X(M)[2], {If}) — (Q*(F;NF)[1],{vr}) we just constructed, i.e. that it is exactly the map of MC
elements induced by ¢.

Proposition 4.7. The following diagram commutes

T(Zy) N MC (X5.(M)[2]. {I}) —— MC (Q*(F:NF)[1]. {v})

Z—expg (Z)\l: \[Gr . (4-5)

RegPoiss** (M) S Fol (M)

q

Proof. An arbitrary Z € I'(Z,) N X;_(M) can be uniquely decomposed as Z = Z; + Z,, where Z; € T(A*TF)
and Z; € T(TF ® G). From a straightforward computation, it follows that

Gr(exps(Z)) = RuRy(Gr(2)) = {Hﬂ(x+Z§a +a+ ﬁ+bef(x+be§ﬁ |la+feTF &G}
Further, since ¢(Z) = ¢(Z;) = (¢ ® idg)Z2, one easily gets that
im((expg(2))%) = proy(Gr(expg(2)) = {IFasZjar | a € T'F} = (V-Z(/*V) | V € TF} = Gr(p(2)),

and this proves in particular that the diagram (4.5) commutes. O

5. INFINITESIMAL DEFORMATIONS OF SYMPLECTIC FOLIATIONS AND OBSTRUCTIONS

In this section, we take a closer look at infinitesimal deformations of regular Poisson structures, showing that
in general there exist obstructed infinitesimal deformations. First in §5.1 we single out a class of infinitesimal
deformations that are always unobstructed. Then in §5.2, using the Kuranishi criterion, we discuss an example
of a regular Poisson structure with obstructed infinitesimal deformations.

Fix a rank 2k regular Poisson structure II on a manifold M.

Definition 5.1. A smooth deformation of Il is a smooth path of bivector fields IT; lying in RegPoiss?* (M) with
Ho =1II

Let ¥ denote the characteristic foliation of I and fix a distribution G on M complementary to T, so
that one can construct the associated Lo, [1]-algebra (%;(M)[Z], {If}keN) as in Proposition 3.17. Without
loss of generality, one can assume that all smooth deformations of IT come, via the map exp, from smooth
1-parameter families Z; of MC elements of (%;L_(M) [2], {I,?}keN), with Zy = 0. If Z; is such a family, then
differentiating the MC equation at ¢ = 0 one obtains

(dHZr +18(20,2) + <52 2, zt)) = dn (i z,) ,
2 6 dt|,_,

0= d
S dt

Since the tangent map to expg; : 7, — II+1_, is the identity map along the points of the zero section of A*TM,

we recover the content of Lemma 1.7, namely that a smooth deformation of IT gives rise infinitesimally to a

2-cocycle in (X%(M), dn). This justifies the following definition.

t=0

Definition 5.2. An infinitesimal deformation (or first order deformation) of II is a 2-cocycle in the complex
(X(M). d)
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As seen above, taking the derivative at time t = 0, each smooth deformation gives rise to an infinitesimal
deformation of II. Infinitesimal deformations of II that do not arise in this way are called obstructed. If such
an infinitesimal deformation exists, then the deformation problem of the regular Poisson structure II is said
to be obstructed. We show in Example 5.8 below that obstructions can occur, implying that the space of rank
2k regular Poisson structures may fail to be smooth around II.

5.1. Unobstructed deformations. An arbitrary infinitesimal deformation Z € X;_(M) of IT decomposes as
Z=721+7Z, e T(N'TF) @ T(TF ® G).

Infinitesimal deformations lying in the first summand T'(A?TF) can be turned into closed elements of
T'(A2T*F) using the leafwise symplectic form w; they are the infinitesimal shadows of gauge transforma-
tions of the Poisson structure II, which leave the underlying foliation unchanged. In particular, any such
infinitesimal deformation is unobstructed, as we show in the next Proposition 5.3.

In constrast, an infinitesimal deformation with nonzero component in I'(T# ®G) projects to a nonzero infin-
itesimal deformation of the underlying foliation ¥ via the strict Ly, [1]-morphism in Prop. 4.5. Consequently,
a path of regular Poisson structures that prolongs such an infinitesimal deformation necessarily changes the
foliation 7.

Proposition 5.3. Assume that M is compact and let I1 be a regular Poisson structure on M with corresponding
symplectic foliation (F, ®). Any infinitesimal deformation Z € T(A2TF) of T is unobstructed.

Proof. Since diiZ = 0, the foliated two-form f := A2 (Z) € T(A2T*F) is leafwise closed. Letﬁ € Q?(M) be
any extension of . Compactness of M implies that there exists € > 0 small enough such that the bundle map

Id+t (/?)b ol : T*M — T*M

is invertible for all t € (—¢, €). By gauge transforming IT with tﬁ~ for t € (—¢,€), we obtain a path of regular

Poisson structures IT*# characterised by
(H’ﬁ)ﬁ 1o (Id+ t(f)’ o Hﬁ)_l .
We claim that the path I isa prolongation of the infinitesimal deformation Z. To prove this, note that
(Hfﬁ)ti o (Id +t(f)’ o Hﬂ) - 11,

and differentiating this equality at time t = 0, we obtain

d B\t (A o it = (a2t )
Et:o(n ) - o (f) o _(An(ﬁ)) .
This shows that
% ntf = a2t (f) = A2 (200 (2)) = 2.
t=0

O

Remark 5.4. We can rephrase the proof of Prop. 5.3 making use of Lemmas 3.21 and 3.22. Observe that Z
is a MC element of the L. [1]-subalgebra (X°*(¥)[2],dn) c (X*(M)[2], {If}). Compactness of M ensures
that for small enough times ¢, the path of MC elements t — tZ stays inside the neighborhood I, introduced
n (2.1). So Theorem 3.18 gives us a curve ¢ — exp;(tZ) of regular Poisson structures which prolongs the
infinitesimal deformation Z. By Lemma 3.22, this curve agrees with the one constructed in the proof above,

ie. expg(tZ) =P,
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Example 5.5 (An unobstructed deformation). Consider (T, &, &5, 35, 94) with rank 2 regular Poisson struc-
ture IT = dy, A dy,. As a complement to the characteristic distribution of I, we take G := Span{dy,, dy, }. The
bivector field

E:=09, N3y, + 393, N\ 99, € x;(Tll)
is an infinitesimal deformation of I, and we claim that it is unobstructed. Indeed, it is tangent to the path

II, := 9y, A g, + (99, N dg, + dg, A dg,) + 2y, A 9y, (5.1)

which consists of rank 2 regular Poisson structures since A?Il, = 0. Notice that the quadratic term of II,
cannot be omitted because the resulting path would consist of rank 4 Poisson structures for t # 0.

To interpret this example, we mention a more general fact. Say that we are given a regular Poisson manifold
(M, IT) whose characteristic distribution allows an involutive complement G. If ¢ € %;(M) is an infinitesimal
deformation of II satisfying [£, &], = 0, then ¢ is in fact a MC element of (X7.(M)[2], {I,?}keN), which in this
case reduces to a dgL[1]a. So t > t is a curve of MC elements, which implies that t - exp(t£) is a path
of regular Poisson structures prolonging £ One can check by direct computation that this procedure gives
exactly the path that we found in (5.1).

Remark 5.6. Assume M is compact and let Z € %;,(M) be an unobstructed infinitesimal deformation of II.

Then any representative of the Poisson cohomology class [Z] € HI?I (M) is an unobstructed infinitesimal
deformation of II. Indeed, pick an arbitrary representative Z + diiY for some Y € X(M), and assume that II;
is a path of regular Poisson structures that is a prolongation of Z. Let ¢; denote the flow of Y; it is globally
defined by compactness of M. Then the path of regular Poisson structures (¢;).I1; is a prolongation of Z+dyY,
since

d d
- Jy=—Lyl+ —| T, =dgY +Z.
I tzo(%) r=—-Ly t o e nY +

5.2. Obstructed deformations. The L. [1]-algebra (%;(M) [2], {I]?} ken) controlling the deformation prob-
lem of the regular Poisson structure II provides a sufficient criterion for the existence of obstructions. Indeed,
obstructions can be detected by means of the Kuranishi map

Kur: H*(X5-(M),dn) — H*(X5-(M),dn),  [Z] = [15(Z.2)]. (5.2)
Proposition 5.7. Let Z be an infinitesimal deformation of I1. If Kur[Z] # 0, then Z is obstructed.

The proof is a general argument in deformation theory (see, e.g., [24, Theorem 11.4]) and we skip it. We
now use the Kuranishi map to provide an example of obstructed infinitesimal deformation.

Example 5.8 (An obstructed deformation). Consider the 3-torus T> = (S!)*® with angular cooordinates
&1, 85, 95. We equip T with the rank 2 symplectic foliation (¥, @) corresponding to the regular Poisson struc-
ture

IT := 9y, A 9g,.
We consider the splitting of the tangent bundle TT® = G & TF, where
TF = imI¥ = Span {331, 8,92} and G :=Span {8,93} .

So G is integrable, and the 2-form y = yg € Q%(T?) is given by y = dd; A d,.
Further, an arbitrary P € X*(T%) decomposes as P = 3, fijds, A 99, and one can easily compute”® its
differential 1% (P) € X*(T%) as follows

19(P) = dnu(P) = (99, fi3 + 99, f33) 99, A 39, A 9g,. (5.3)

31n this example we make use of the dgL[1]a (X*(M)[2], {Ig }), for the sake of illustration. Since codim (T F) = 1, alternatively we
could have used the more familiar dgla (X* (M) [1], di1, [, —]sNn), see Remark 3.19.
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Let Q € X3(T®) be an arbitrary tri-vector field. For any 73 € S, define the 2-torus T?(z;) C T as follows
TZ(T3) = {(191, &, 193) € T3 | 93 = 7_'3}.

Equation (5.3) implies immediately that, if Q is If—exact, then the following condition holds for any 73 € S':

/ Q (ddy Addy AdT3) - dy A dI, = 0. (5.4)
T2(73)

From now on, let us consider the bivector field P on T? given by
P = £(9:)0, A 9, +9(95)d, A 0,

for arbitrary f,g € C*(S!). Equation (5.3) shows that P is an infinitesimal deformation, i.e. Ifﬁ = 0. Since
1§ (P, P) = 215 (£ (85)99, A 9g,,9(95)d9, A 0g,) = 2 (=" (93)9(85)+f (85)g (85)) 3, A 9, A 9,

one gets that for all 73 € S,
/ ( ><1§(ﬁ P))(dd A dds A dds) - A A A, = 2(27)? (—F (13)g(T3)+f (73)9  (13)) - (5.5)
TZ 3

Fix now the functions f,g € C*(S') such that —f"9+fg’ # 0, for instance set f(J) = sin J and g(9) = cos J.
In this case, Equation (5.5) tells us that Q := IG (P, P) doesn’t satisfy Equation (5.4). So IG(P P) is not IG-exact
and [P] € H2(X*(T?),dp) is not killed by the Kuranishi map, i.e.

Kur([P]) = [I§ (P, P)] # 0 € H*(¥*(T%),dn).

This means that infinitesimal deformation P of II is obstructed (see Proposition 5.7).

6. RELATING OBSTRUCTIONS TO POISSON STRUCTURES AND TO FOLIATIONS

In the previous section §5, we considered infinitesimal deformations Z of a regular Poisson structure II,
and established some of their properties. Clearly, by the two forgetful maps in the diagram below, Z induces
both an infinitesimal deformation of IT viewed as a Poisson structure (without constraints on the rank), and
an infinitesimal deformation of the foliation underlying II. In this section, we relate the (un)obstructedness of
Z to that of these two infinitesimal deformations.

Regular Poisson structures (6.1)

/\

Poisson structures Foliations

6.1. Obstructedness as a regular Poisson structure vs. obstructedness as a Poisson structure. In this
subsection, we consider the following problem. Say we are given a regular Poisson structure (M, IT), a choice
of complement TM = TF & G and an infinitesimal deformation ¢ € X2 F(M) of II.

e Is it possible that ¢ is tangent to a path of Poisson structures deforming II, but that there exists no
such path consisting of regular Poisson structures?

e That is, can £ be obstructed in the deformation problem of IT as a regular Poisson structure, while it is
unobstructed when deforming IT just as a Poisson structure?

Assuming M is compact, this phenomenon cannot occur when II has corank one: if I1; is a path of Poisson
structures with I1y = II, then II, is also of corank one for small enough t. We will show that in higher corank
however, the answer is positive.

In §6.1.1 we show that when the extension y € Q2?(M) of the leaf-wise symplectic form is closed, the
Kuranishi criterion (see §5.2) is not able to distinguish between the two kinds of obstructedness. Therefore in
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§6.1.2 we focus on the case where y is not closed, and using the Kuranishi criterion we exhibit examples in
corank 2 showing that the answer to the above questions is positive.

6.1.1. Comparing the obstructions. We first compare at the algebraic level the basic obstructions for extend-

ing an infinitesimal deformation of II, either to a path of Poisson structures or to a path of regular Poisson
structures.

Lemma 6.1. Let (M, II) be a regular Poisson manifold, and fix a complement TM = TF &G. If¢ € %;(M) isan
infinitesimal deformation of T1, then [£, &], is exact in (X* (M), dn) if and only if &, &]sn is exact in (X°(M), dry).
Proof. The two choices of complements TM = GrII1 @ TM and TM = GrII1 ® (G & T*F) give rise to Leo-
algebras (Q*(GrII)[1], mlTM, mZTM) and (Q’(Gr Im[1], m?eﬁ*f, mfeﬁ*f, mgeeT* T), as described in Lemma B.1.
Asproved in [12], these are related by a canonical Lo,-isomorphism { f,, } ,>1, with f; = Id. Also using Lemma 3.1
and Proposition 3.8, we obtain a diagram

1 2 3

l/\'(ﬂn I m)” \LA.(RH‘T*M)* ’

(X*(M)[1], dr, [ ~Tsn) (X*(M)[1]. {m})

(Q*(GrIn)[1], m™™, mIM) - 145 (Q'(GrH)[l], mSeT T mGeT' T, mG®T*T)

where the vertical maps are strict Le,-isomorphisms and (¥°*(M)[1], {mg}) is the Lo,-algebra corresponding
with the Lo, [1]-algebra (X°*(M)|[2], {If}) By composition, at the bottom of the above diagram we obtain an
Les-isomorphism from (X*(M)[1],dm, [—, —]sn) to (X*(M)[1], {mf}), whose first component is the identity.
As a consequence, the class of [& &]sy in (X°(M), drr) coincides with the class of mg(f, &) = [ &],. This
proves the lemma. ]

However, the obstruction for extending ¢ to a path of regular Poisson structures is the class of [, £], in the
cohomology of the subcomplex (X7.(M), dn) C (X*(M),dn). Under an additional condition, [¢, £], is exact in
(X3(M), dn) if and only if it is exact in (X*(M), dnr), as we now show.

Lemma 6.2. Let (M, II) be a regular Poisson manifold, and choose a complement TM = TF & G. If dy = 0, then
the inclusion (X2.(M), dn) < (X°(M), dn) induces an injective map in cohomology.

Proof. We will use the bi-grading X*(M) = &P q’peNaeW) (M) introduced in (3.14). While in general

dpX P9 (M) c XP+19 (M) @ X(P*29-D (M) (cf. Lemma 3.16), we make the following

Claim: The assumption that y is closed ensures that dg X9 (M) c XP+19 (M).
Since d(T'(TF)) c T(A*TF), this claim follows if we show that d(T'(G)) € T(TF ® G). Since TF is involu-
tive, around any point there exists a local frame {Y3,..., Y} for G consisting of infinitesimal automorphisms
of . Notice that diY; = 0 for such generators ¥; € I'(G), since

Ly,0 =r(Lyy) = r(diyy +1y,dy) =0,

where we used that dy = 0. Here o € T'(A2T*F) is the leafwise symplectic form and r : Q*(M) — Q°*(F) is
the restriction map. Consequently, for a local section }}; f;¥; of G we obtain

i=1

1 1
dn (ny) - Z(dnﬁ) AY; e T(TF ® G).
i=1

This proves that di;(I'(G))  T'(TF ® G), which confirms our claim that dX®9 (M) c X#+19 (M).
We now prove the lemma. Assume that & € X2(M) = X0 (M) @ X("LD (M) is exact, ie. £ = dpg for
some ¢ € X"!(M). We have to show that ¢ has a primitive in 35':;1(1\4). We decompose ¢ = @& + @rest in the
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direct sum

(M) = (X070 (M) @ X2 (M) @ (5,71 ().

Since ¢ = di@# + dii@rests We have di@rest = € — dnnos € %"T(M). But by the claim we just proved, we also
know that dr@rest is contained in ®j>1x("_j’j) (M), so that

dngrest € X(M) O (@, (M)) = {0},
In conclusion, § = dngy, which shows that £ has a primitive in X7~ L(M). ]

Combining Lemmas 6.1 and 6.2, we obtain the following result. It states that if y is closed, then the primary
obstructions for extending an infinitesimal deformation & of IT to a path of Poisson structures resp. a path of
regular Poisson structures are equivalent. So the Kuranishi criterion cannot distinguish obstructedness in the
regular Poisson deformation problem from obstructedness in the Poisson deformation problem.

Corollary 6.3. Let (M,II) be a regular Poisson manifold, and choose a complement TM = TS & G. Assume
moreover that dy = 0. If & € %;,(M) is an infinitesimal deformation of I1, then [, £], is exact in (X;_.(M), dn)
precisely when [&, €]sn is exact in (X° (M), dyy).

Remark 6.4. The conclusion of Lemma 6.2 fails in general if y is not closed. Consider the regular Poisson
manifold (T* II = (sin 94 + 2)dy, A dg,). In this case, the leafwise symplectic form w is given by

1
=———dd NdD,.
@ sindy + 2 ! 2

There exists no closed 2-form on T* extending w, since the leafwise variation of  (see [31, Def. 1.2.14])
—cosdy
vary = || ————=d% A ddy| ® d9y| € H*(F;N*F
¢ [((sinl94+2)2 ! 2) 4} ( )
is nonzero. Now consider the trivector field
W :=cos 3409, A 99, N 09, € X}(’]F“).
Its Poisson cohomology class [W] € H%(T“) is trivial since dp(ds, A dg,) = W. But W is not exact in the
complex (X;,(T“), dn). Indeed, if it were exact then it would be of the form
dn (ﬁzagl A 9y, +ﬁ3331 A 9y, +fl4agl A 9y, +ﬁ3832 A 9y, +fz43l92 A 334)

0 0 0 0
=(sin194+2)((ﬁ+ f23)8,91 /\8,92/\8,93+(£+ fos
a9, a9, a9, a9,

)8,91 A dg, A 8,94) s

which would imply that

7] 7]
cos Jy = (sin 94 + 2) E + E
17) 9y,

9

) = 331 ((Sil’l 94+ 2)ﬁ3) + 332 ((Sil’l 94+ 2)ﬁ3).

But then we reach a contradiction: defining T?(3,74) to be the 2-subtorus obtained fixing the coordinates
U3, 94 to arbitrary constants 73,74 € S, we get

4% costy = / cos J4dg, A dd,
T2 (73,74)

_ / (09, ((sin 84 +2)fis) + 9, ((sin 84 + 2) fis) )y, A dBs = 0
T2 (73,74)

This shows that the inclusion (X3.(M), dn) < (¥X°(M), dn) is not injective in cohomology.
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6.1.2. Obstructed examples which are unobstructed as Poisson structures. By Corollary 6.3 and Remark 6.4, in
order to find a regular Poisson structure IT and an infinitesimal deformation of II that is obstructed for the
regular Poisson deformation problem, but unobstructed for the Poisson deformation problem, we should look
at examples where the foliated symplectic form w is not tamed by a closed 2-form. That is why we will look
at examples where o has non-zero leafwise variation.

Example 6.5. Consider again the regular Poisson manifold (T*,II = (sin & + 2)ds, A dg,), as in Remark 6.4
above. As a complement to the characteristic distribution, we take G = Span{d,, 9, }, so that y € Q2(T) is
given by
1
Y= md&l A dl92
Consider the infinitesimal deformation ¢ := sin 9499, A 99, + 99, A dg, € X2 (T4) of II. If we deform II as a
Poisson structure, then & is unobstructed since it is tangent to the path of P01sson structures

= (sin 94 +2)dg, Ay, +t (sin 949, A dg, + 3y, A dy,) + t°39, A g, .

Notice that the path IT; does not deform IT as a regular Poisson structure. Indeed, A*I1; = 4t299, Adg, Ady, A9y,
so that I, has rank 4 for ¢ # 0. In fact, we claim that ¢ is not tangent to a path of rank 2 Poisson structures.
To see why, we compute

3 cos Iy
881y = sin 94 + 2

which is not exact in (X5-(M), dnr). Indeed, if it were exact with primitive ¢ € X2 (’]F4) then we would have
that

dg, A dg, N\ 99,

sin 94 + 2
W := cos .94331 A dg, N dg, = d (_—4¢)

4
is exact in (% (M), di1), which violates Remark 6.4. So £ is an infinitesimal deformation of II, which is tangent
to a path of P01sson structures but not to a path of rank 2 Poisson structures deforming II.

We present a family of examples that generalize Ex. 6.5.

Example 6.6. Consider the regular Poisson manifold (’]I“‘,H = h(9s, 9499, A 332), where h is nowhere-
vanishing. As a complement to the characteristic distribution, we take G = Span{dy,, ds,}. An element of
the form
§ = f(193, 194)331 AN 333 + 9(193, 194)832 AN 334 (S X;(T‘*)
is an infinitesimal deformation of I, i.e. [IL &] = 0.
Claim: If the infinitesimal deformation & can be extended to a smooth path of rank-2 Poisson structures, then

3(f [h) _ . 9(g/h) _
=0. 6.2
99 =f= 9 (6.2)
To prove the claim, we relate ¢ to foliations as in Prop. 6.11 below. Recall from Prop. 4.5 that we have a strict

morphism of Ly, [1]-algebras ¢ : (X, (M)[Z] {IG}) — (Q*(F;NF)[1],{vr}). We have

@& =~ (dl91 ® 2384 -d%H® %3193) ,

h

and we compute

h h
(ot 00) = 249, ndy o (47000, - L2, ).

Notice that the two coefficients in the round bracket are functions of J; and 4 only. In [27, §6.2] it was shown
that for all @ € Q!(¥;G), we have /ﬂ,z e = 0, where T?(73,74) denotes the 2-subtorus obtained fixing

the last two coordinates to arbitrary constants 73 € St and 74 € S'. Hence 02(¢(&), ¢(&)) is p;-exact only when
it vanishes identically. In other words, Kur[¢(£)] = 0 iff Eq. (6.2) holds. By Prop. 6.11, this proves the claim.
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We now provide instances in which & can be extended to a smooth path of Poisson structures, albeit not of
constant rank 2. Notice that

f
dg, N dg, N 9y, | -

d a
[§> §]SN =2 f_ga& A 8192 A 8194 —95q
094

%
We consider two cases.
a) Suppose f = f(93) and g = g(J4). Then we have [& &]sny =0, so

IT+t&

is a Poisson structure. Further II + t& has “square” —2t*fg 9y, A dg, A dg, A dy,, so for t # 0 it has
constant rank two only if fg = 0 vanishes.

Notice that Eq. (6.2) boils down to f 95_1;14 =f g;—é’s = 0. So, for instance, for any non-constant func-
tion h(Js, 94) without zeros and f = g = 1, we see that the infinitesimal deformation & is unobstructed
in the realm of Poisson structures but is obstructed in the realm of regular Poisson structures.

b) Suppose f = f(Js), g = g(J3), i.e. the opposite dependence than in case a). Set h := %fg + C where
C e Rand a € R\ {0} are constants (we assume that h is nowhere vanishing). Then

I0; := I+ t& + t°X

is Poisson, for X := ady, A dg,, since one checks easily that [£, X]sy = 0 and 2[IL, X]sn = —[&, €]sn-
Further I, has “square” 2t2Ca dg, A 3y, A dg, A dy,, so for t # 0 the Poisson structure II; has rank 2
only if C = 0.

Now Eq. (6.2) boils down to g;—éc = fj—ﬁic = 0. So, for instance, for f = sin(Jy), g = 1,a =1
and C = 2 (so that h = sin(J4) + 2 ), we see that the infinitesimal deformation & is unobstructed in the

realm of Poisson structures but obstructed in the realm of regular Poisson structures. This is exactly
Ex. 6.5.

Remark 6.7. For the regular Poisson manifold (T%, g, A dg,), the leafwise symplectic form clearly admits
a closed extension y € Q?(T*). Therefore, because of Corollary 6.3, the Kuranishi criterium is not able to
establish if an infinitesimal deformation is obstructed in the realm of regular Poisson manifolds while being
unobstructed in the realm of Poisson manifolds. Hence we are led to modify this regular Poisson structure
multiplying it with a nowhere vanishing Casimir function A, i.e. to consider IT = h(Js, 34)dg, A 9g,: this is
what we do in Ex. 6.6.

Notice that if the leafwise symplectic form h™! (3, 9;)dd; A d9; admits a closed extension y € Q?(T*), then
h has to be constant. To see this, for all pairs of points (73, 74) and (74, 7;) € T?, apply Stokes’ theorem to y ona
3-dimensional submanifold of the form T? x P, where P c T2 is an arc joining (3, 74) to (73, TA;). Alternatively,
one can use the leafwise variation of h™1(Js, 84)dd; A d&;, which is given by
on™! oh™!

—_— —_— 2 . *
do ANddy ® ( 29 dds + 29 d&;)] € H(F;N*F). (6.3)

If the leafwise symplectic form h™1(8;, 94)d&; A dd, admits a closed extension, then its variation needs to be
zero. Since the foliation F is given by the fibers of T* — (T?, 95, &4) , one has H2(F; N*F) = Q!(T? H%(T?)),
where the first copy of T is the base with coordinates (95, d;) and the second one is the fiber with coor-
dinates (&, 9,). Hence, the leafwise variation (6.3) being zero implies that both (dh™!/d8;)dd A d&, and
(0h™1/884)d A d, are leafwise exact, so that necessarily h is constant.

6.2. Relating obstructedness with the underlying foliation. We discuss, and illustrate with examples,
how obstructedness of a regular Poisson structure II relates with its characteristic foliation . The main tool
is the strict Lo [1]-morphism ¢ introduced in Prop. 4.5: if an infinitesimal deformation of II is unobstructed,
then the corresponding infinitesimal deformation of ¥ is also unobstructed (see Proposition 6.11 below).

We ask whether the converse holds:
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o Given an infinitesimal deformation Z of IT such that ¢(Z) is tangent to a path of foliations deforming
¥, is Z itself tangent to a path of regular Poisson structures?
e In other words, does the unobstructedness of ¢(Z) imply the unobstructedness of Z?

In §6.2.1 we present a few situations in which the infinitesimal deformation Z is unobstructed. However, as we
show in §6.2.2, in general the answer to the above questions is negative, i.e. the converse of Proposition 6.11
does not hold. This means that the obstructedness of an infinitesimal deformation of IT is not “due” exclusively
to the obstructedness of the corresponding infinitesimal deformation of # . Finally, in §6.2.3 we present some
remarks about a related question, namely the stability of symplectic foliations.

Fix a rank d foliation # on a manifold M. We first recall some terminology, in analogy to §5.
Definition 6.8. A smooth deformation of the rank d foliation 7 is a smooth path %; in Fol% (M) with F = F.

Upon choosing a complement G to the distribution T#, we can construct the Lo[1]-algebra
(Q*(F;NF)[1],{v}) introduced in Prop. 4.2, which governs the deformation problem of #. Being inter-
ested in small deformations of the foliation F, one can assume that all #;’s in a smooth deformation of ¥
are transverse to G. Consequently, in view of Prop. 4.4, there is a unique smooth 1-parameter family 1, with
o = 0, of MC elements of (Q*(F; NF)[1],{vx}), such that TF; = Gr(n,). Differentiating the MC equation
for n; at t = 0, one gets that dyro = 0. Additionally, it is easy to see that the 1-cocycle 1jp in (Q*(F; NF),dv)
coincides exactly with the infinitesimal deformation associated by Heitsch to the smooth deformation #; of
the foliation ¥ (cf. [13, Def. 2.7 and Cor. 2.11]). This justifies the following definition.

Definition 6.9. An infinitesimal deformation of ¥ is a 1-cocycle in the complex (Q*(F;NF),dv) .

So each smooth deformation gives rise, as its derivative at t = 0, to an infinitesimal deformation. The
converse is generally false: there may exist obstructed infinitesimal deformations, i.e. infinitesimal deformations
of ¥ which do not arise from smooth deformations. This reflects the fact that the space of rank d foliations may
fail to be smooth around ¥. The L. [1]-algebra (Q*(F; NF)[1], {vr}) controlling the deformation problem
of  gives a criterion for the existence of obstructions. Indeed, obstructions can be detected by means of the
Kuranishi map

Kur: H'(Q*(F;NF),dv) = H*(Q*(F;NF),dv), [n] — [v2(n.7)]. (6.4)
Proposition 6.10. Let 5 be an infinitesimal deformation of . If Kur[n] # 0, then n is obstructed.

From now on, let ¥ be a foliation on M that comes from a regular Poisson structure II € X2(M).
Recall that the Lo[1]-algebra (X3.(M)[2], {Ig}) governing the deformations of IT and the L. [1]-algebra
(Q°(F; NF)[1],{vx}) governing those of ¥ are related by a strict Lo, [1]-morphism (see Prop. 4.5)

¢ (XLM)[2]{I7}) — (Q*(F;NF)[1], {or}). (6.5)
Via this morphism, one can detect obstructed infinitesimal deformations of the regular Poisson structure II.

Proposition 6.11. Let Z be an infinitesimal deformation of the regular Poisson structurell, i.e. Z € %;(M) and
diZ = 0. Then ¢(Z) is an infinitesimal deformation of the characteristic foliation F, i.e. p(Z) € QY (F;NF)
and dvo(Z) = 0. Further,

e Kur[p(Z)] #0 = Kur[Z] #0
o ifp(Z) is obstructed, then Z is obstructed as well.

Proof. The first part follows immediately from ¢ being a strict Lo [1]-algebra morphism (Prop. 4.5) and the
consequent identity [¢] o Kur = Kur o [¢], where [¢] denotes the map induced by ¢ in cohomology.

To prove the last statement of the proposition, assume that Z is an unobstructed infinitesimal deformation
of II, which is tangent to a path of deformations II;. We can assume that the path II; comes from a smooth
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family of MC elements Z; of (X3-(M)[2], {I,?}), via II; = exp;(Z;). Then ¢(Z;) is a smooth family of MC
elements of (Q*(F; NF)[1],{vk}), and satisfies

., ¢(Zt) = ¢ (% » Z:) =¢(2).
Here in the first equality we used the linearity of ¢, and in the second that by Remark 2.7 we have
Z = i Ht = i eXpG(Zt) = i Zt-
dt],— dt|,_ dt],—

This shows that, if Z is unobstructed, then ¢(Z) is unobstructed as well, finishing the proof.

We remark that, as one might expect, ¢(Z) is tangent to the path of foliations underlying the regular Poisson
structures II;. Indeed the smooth family ¢(Z;) corresponds with the path of foliations Gr(¢(Z;)) = q(I1;).
Here we used Prop. 4.7, denoting by q : RegPoiss’* (M) — Fol?* (M) the obvious map (see eq. 4.1). ]

Remark 6.12. Proposition 6.11 sheds a new light on Example 5.8. In that example we constructed an ob-
structed infinitesimal deformation w for a regular Poisson structure IT on T%. Actually, one can check that
Kur[¢(w)] # 0 and so ¢(w) is an obstructed infinitesimal deformation of the characteristic foliation ¥ of II
on T? (cf. Proposition 6.10). This and Proposition 6.11 gives another proof of the fact that Kur[w] # 0 and so
the infinitesimal deformation w is obstructed.

6.2.1. Unobstructedness results. We present a few conditions guaranteeing that if an infinitesimal deformation
Z of a regular Poisson structure is such that the corresponding deformation of the foliation is unobstructed,
then Z itself is unobstructed. As earlier, ¢ denotes the strict Ly, [1]-morphism of equation (6.5).

Proposition 6.13. Let (M,II) be a compact regular Poisson manifold with 2-dimensional symplectic leaves. If
an infinitesimal deformation Z € %;(M) of 1 is such that ¢(Z) is unobstructed, then Z itself is unobstructed.
In particular, if the deformation problem of the underlying foliation ¥ is unobstructed, then also the deformation
problem of I1 as a rank-2 Poisson structure is unobstructed.

Proof. Fix a complement G to TF and assume that Z = Z; + Z, € T'(A*TF) & I'(TF ® G) is an infinitesimal
deformation of IT so that ¢(Z) is unobstructed. As before, denote by y € Q%(M) the extension of the leafwise
symplectic form w by zero on G, i.e. y|rgxr# = w and tyy =0 VY € I'(G).

By assumption, the infinitesimal deformation ¢(Z;) of ¥ is tangent to a path of foliations T#; = Graph(®;),
for some ®; € I'(T*F ® G). For small enough ¢, since M is compact, we have that y is still non-degenerate on
the leaves of 77, and it is automatically leafwise closed for dimension reasons. So we obtain Poisson structures
I, := 7, ”, defined by gauge transforming %; by —y. We also have a foliated two-form & := A?w"(Z;) which
is automatically leafwise closed; denote by & any extension of a. Gauge transforming I, with t& for small
enough t, we obtain a path of Poisson structures

me = 7_.[—y+t07.
We claim that this path is a prolongation of the infinitesimal deformation Z; + Z5.
First, since the Dirac structure 7, * given by
F = {0 + @, (0) +ﬁ—yb (v+®P:(v) :0eTF,fB e TT,O}
corresponds with the Poisson structure I1;, we have that
—1? 0 y* o (Idrg + @) = Iy + ;.

Notice that the L.H.S. is just —Hf o y?|r#. Differentiating at time ¢ = 0, we get

d

g b
-—| II
dt

oY

D,.
t=0

T dr

t
t=0
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As we know that % |s=01; lies in X%_.(M) by Lemma 1.7, this proves that % l=oIl; € T(TF ® G) and that

O R
N\ar|,_, ")~ ar

Hence, % |t=0Il; = Z,. Next, we have by definition that

O, = ¢(Z2).
=0

(Hfd)li ) (Id+ ta’ o H?) = HE.

Again differentiating at time t = 0, we obtain

2] Y - ] o o
4 )
=7Z8 7t

This confirms that IT:% is a prolongation of the infinitesimal deformation Z; + Zj, so the proof is finished. O
We present a simple example for the construction in Proposition 6.13.

Example 6.14. On M = R3, take the rank-2 Poisson structure II = 9, A 9y and the infinitesimal deformation
Z = 7, := 3y Nd,, and extend the leaf-wise symplectic form to y := dxAdy € Q?(M). The image ¢(Z) = dy®2,
can be prolonged to the path of MC elements {tdy ® 9.}, corresponding to the foliations ¥; = Gr(tdy ® 9;) =
Span{dx, d, + td.}. Then F, ' = Gr(ILy) for I; = 9, A (dy + t9;), which indeed constitutes a path of rank-2
Poisson structure which prolongs Z.

Notice that, even though M is not compact, y € Q%(M) happens to be non-degenerate on the leaves of 7;,
for all t € R. A compact example can be obtained replacing R® by the 3-torus R3/Z3.

The following is a variation of Proposition 6.13 in which leaves are allowed to have arbitrary dimension,
but the hypotheses are more stringent.

Proposition 6.15. Let (M,II) be a compact regular Poisson manifold. Consider an infinitesimal deformation
Z=7I1+2Z5 € x;,(M) of I1. Assume that ¢(Z) is unobstructed, that y is closed, and that the leafwise two-form

A2wP(Z;) € Q2 4(F) extends to a closed 2-form on M. Then Z itself is unobstructed.

close
Proof. We first argue that A2w’(Z;) is indeed leafwise closed. As shown in the proof of Lemma 6.2, the as-

sumption that dy = 0 ensures that dyX?9 (M) c X9 (M). So if Z, + Z, € T(A’TF) & T(TF ® G) is an
infinitesimal deformation of I, then

0 = dnZy +dnZ, € T(ATF) @ T(A’TF @ G),
implying in particular that dpZ; = 0. As a consequence, A%w”(Z;) is leafwise closed. The proof of Prop. 6.13
shows that the path of bivector fields 7"[_’/“07 is a prolongation of the infinitesimal deformation Z, for any
extension & of A2w’(Z;). By assumption we can choose @ to be closed. The form —y + t& is closed for every
t, so it restricts to a closed foliated form on %, showing that 7_;—}/”02 is Poisson. O

Remark 6.16. Let (M, IT) be a compact regular Poisson manifold. Take an infinitesimal deformation Z € %;(M)
of IT such that ¢(Z) is unobstructed. Then Z can be prolonged to a smooth path of regular bivector fields (not
necessarily Poisson), each of which spans an involutive distribution. Indeed, such a path is provided by 7"[_”“1
as in the proof of Prop. 6.13.

We now show that all infinitesimal deformations of the regular Poisson structure IT are unobstructed if the
underlying foliation is infinitesimally rigid.
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Proposition 6.17. Let (M, II) be a compact regular Poisson manifold with characteristic distribution TF . Then
every infinitesimal deformation Z € %;(M) of I such that [p(Z)] = 0 € H'(F;NF) is unobstructed. In

particular, if H'(F; NF) = 0, then the deformation problem of T1 is unobstructed.

Proof. Fix a complement G to TF, and let Z = Z;+Z, € T(A’TF) ®T(TF ®G) be an infinitesimal deformation
of IT satisfying

0(Z1+ Z,) = 9(Z) = dvY
for some Y € I'(G). By Remark 5.6 and Prop. 5.3, the infinitesimal deformation Z is unobstructed as soon as
we find a representative Z of the Poisson cohomology class [Z] € HI?I (M) satistying Z € T(A*TF). We have

©(Z;—dnY) =dvY —dv(p(Y)) =dvY —dvY =0.
So we can write Z; + Z, = (Z1 + Zoy—dnY)+dnY = Z+dnY, where Z € T'(A%TF). This finishes the proof. O

Remark 6.18. A restatement of the proof of Prop. 6.17 is as follows. The short exact sequence (of cochain
complexes) given in Remark 4.6 induces a long exact sequence in cohomology. The assumption that [¢(Z)] = 0
in H'(F; NF) implies that [Z] € H? (X3-(M)) is represented by some cocycle W lying in X%(F). We can work
with W instead of Z, by Remark 5.6. Now W is unobstructed by Prop. 5.3.

The following example is an illustration of the proposition above.

Example 6.19 (All infinitesimal deformations are unobstructed). Consider the manifold S! x S2, and let ¢/ de-
note the coordinate on S. Let IT be the Poisson structure IT on S! X S? for which the symplectic leaves are given
by copies {1/} x S? endowed with the standard symplectic structure wg: on S2. Since the characteristic foliation
F is a fibration defined by the closed one-form di/, we have H'(F; NF) = H'(F) = C* (S}, H!(S%)) = 0. So
the above proposition ensures that the deformation problem of IT is unobstructed. We double-check that this
is indeed the case.

Since any Poisson structure close enough to IT is also regular of corank one, it is enough to show that any
infinitesimal deformation of I is tangent to a path of Poisson structures. First notice that, since II is induced
by a cosymplectic structure and H' (%) = 0, we have an isomorphism [31, Thm. 3.2.17]

A TIF: HA(F) — HE(S' % 8%) = [f(Y)ws:] — [ (6.6)

By Remark 5.6, we only need to check that infinitesimal deformations of the form f(i/)II are unobstructed.
This is clearly the case, since a prolongation is given by the path IT+¢f()II = (1+¢f(¢/))II for small enough
t. Note indeed that this path consists of Poisson structures since 1+ ¢f (1) is a Casimir of II for each value of
t. This confirms that the deformation problem of II is unobstructed.

6.2.2. Obstructed deformations with unobstructed underlying foliations. In Proposition 6.11 we saw that given
an infinitesimal deformation Z of a regular Poisson structure, if ¢(Z) is obstructed then Z also is. One can
wonder if all obstructed infinitesimal deformations Z of a regular Poisson structure arise in this way, i.e.
whether the obstructedness of Z is “due” exclusively to the obstructedness of the corresponding infinitesimal
deformation of the underlying foliation. We display some examples, showing that the answer is negative.
Even more, in Example 6.23 we display a regular Poisson structure IT such that all infinitesimal deformations
of the characteristic foliation are unobstructed, whereas the deformation problem of II is obstructed.

The examples concern corank-one Poisson structures of cosymplectic type on compact manifolds of the
form S! x N, and we first prove some statements about obstructedness in this setting. Recall from Remark 3.19
that in the corank-one case, the usual dgLa (X°*(S! x N)[1],dm, [-, —]sn) can be used to study deformations
of the regular Poisson structure IT.

Lemma 6.20. Let (N, w) be a compact symplectic manifold. Consider the manifold S' x N with cosymplectic
structure (dy, ), where i denotes the coordinate on S*. Correspondingly, there is a corank-one Poisson structure
IT on S* x N whose symplectic leaves are ({} x N, w) and for which dy is a transverse Poisson vector field. Take
G = Span{dy} as a complement to the characteristic distribution TF = ker(dy/).
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(1) Denote by Kurg the Kuranishi map of the Lo, [1]-algebra (Q°* (F; G)[1], {vx }) governing the deformations

of F. Then Kurg is trivial iff A : HY(N) x H'(N) — H?(N) is trivial.

(2) IfH'(N) is one-dimensional, then the deformation problem of F is unobstructed.
(3) Denote by Kuryy the Kuranishi map of the dgLa (X*(S' X N)[1], dm, [—, —]sn) governing the deformations

of T1. Then Kury is trivial iff both A : H'(N) x HY(N) — H?(N) and A : H'(N) x H*(N) — H3(N)
are trivial.

Proof. Throughout the proof, we will use that H*(¥;G) = H*(¥) ® Rdy, = C*(S', H*(N)) ® Rdy, where the
first isomorphism holds since 9y, provides a trivialization of G for which the Bott connection is trivial.

(1)

(2)

Fix a basis {[a1],..., [ax]} of H'(N), so that

Hl(T;G)z{

k
PACLEXY
i=1

:ﬁecﬁy%.
Looking at Prop. 4.2, we see that the Kuranishi map Kur is given by the formula

Kurg =

k
Zﬁ(rmai ®dy

k k
0y (Zﬁ(!ﬁ)ai ® 9y, Zﬁ(&b)ai ® dy

k
D EOFEW) - LD )i na; © 9y

ij=1

Consequently, if A : HY(N) x H}(N) — H?(N) is trivial, then also Kurg is trivial. Conversely, assume
that there exist i, j € {1,...,k} such that a; A @; is not exact. Fix two functions f;, f; € C*(S") such
that f7 () f; () — fi(¥) f; (¥) is not identically zero. Then Kur | f; ()i ® 9y + f; (/) a; ® 9y ] is nonzero.
We remark that using the isomorphism H*(F;G) = C*(S!, H*(N)), the Kuranishi map simply reads
[a] = —2[dya A a].
Fixing a generator [a] of H!(N), we have
HY(F,G) ={[f(y)a®dy] : f € C®(SH}.

We first check that an infinitesimal deformation of the form f(¥)a ® 9y is unobstructed. If f = 0,
there is nothing to prove, so assume that f is not identically zero. Notice that

Graph(f()a ® dy) = {v + f(Y)a(v)dy : v € TF} = Ker(f(Y)ar — dy)). (6.7)
Consider the path of one-forms f; := (1 — t)dy + tf(¢)a. They all give rise to a foliation on S! x N
since f; is nowhere zero and

PrAdpr = ((1-t)dy +tf(Y)a) Atf'(Y)dy Aa=0.

The path Ker(f;) is a prolongation of f(y)a ® 9, since Ker(f) = Ker(dy) = TF and

K d
er{ —

ﬁt) _ Ker(F(y)a - dy) = Graph(f()a ® 9),
=0

using (6.7) in the last equality. In general, an arbitrary infinitesimal deformation of ¥ is of the form
f()a ® 9y + dvY for some Y € T'(G). Denote by (¢;) the flow of Y, which is globally defined
because S! X N is compact. As a consequence of [28, Thm. 2.6], we know that the path of involutive
distributions (¢;).(TF) is a prolongation of the second summand dvY. By what we showed above,
there exists a prolongation T¥; of the first summand () ® dy. Then (¢;).(T¥;) is a prolongation
of f()a ® 9y + dvY, since

d d d
I . (00)«(TT?) = o . (0)«(TF) + o ) T¥; = Graph(dvY + f(})a ® dy).
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(3) Because the Poisson structure IT is induced by a cosymplectic structure, we have short exact sequences
in cohomology [31, Thm. 3.2.17]

° /\.Hﬁ ° 1 o—1
0— H*(F) — Hj(S xXN) - H"(F) = 0.
Consequently, choosing bases {[a1],..., [ax]} of HY(N) and {[B1],..., [Bi]} for H*(N), we get

:ﬁeCWf*@{

As a result, the Kuranishi map Kury is given by

1
HE(S'xN) = {[Zﬁw) AZTI* ()

k
Zgj(!ﬁ)ﬂﬁ(aj) ANdy|:9gj€ Cm(sl)}-
=1

Kurp

1 k
DA AT+ )9, ) A g

J=1

= | DA [t ntrt g | +2 Y (0if A B I @) | A3y g A T (e 1 )
ij ij
+ ) (919 = gigy) N 1@ A ) A 0y

ij
= | DA ATl +2 Y (915 AT (1B gl A 0y + g1 A Ty A )
ij ij
+ Z(gig;- - 9:9;) A Hﬁ(a,- Aaj) A 81/,]. (6.8)
ij
Here [, -] denotes the Koszul bracket [27], which is defined by the rules

[, 6ln = (=D (La(y A &) = (Lom) A E= (=D)"p & Lné),
Ln=[md]=mod-dou,

and we used [27, Lemma 2.11], which implies that A°TI? intertwines the Koszul bracket and the
Schouten bracket. It is clear that the Koszul bracket of closed forms is exact, and therefore the sum-
mands in (6.8) involving [-,-]q are trivial in Poisson cohomology. If A : HY(N) x H'(N) — H?(N)
and A : HY(N) x H*(N) — H*(N) are trivial, then also the remaining summands in (6.8) are zero in
cohomology. Conversely, if either A : H'(N) x H'(N) — H%(N) or A : HY(N) x H*(N) — H3(N) is
not trivial, then (6.8) can be arranged to be nonzero in cohomology since ATIF . H*(F) — Hﬁ(sl XN)
is injective. This finishes the proof.

O

The next example features a regular Poisson structure II with obstructed infinitesimal deformations that
project to unobstructed infinitesimal deformations of the foliation ¥ under the strict Lo, [1]-morphism (6.5).
This shows that Prop. 6.11 does not cover all obstructed infinitesimal deformations of the regular Poisson
structure. Lemma 6.20 is not used in this example, but it will be needed for a variation just below.

Example 6.21 (An obstructed deformation with unobstructed deformation of the foliation). Consider S! x T*
with coordinates (i, 1, J,, Js, 94) and corank-one Poisson structure II given by IT = dg, A 99, + 99, A 9g,. As a
complement to the characteristic distribution T#, we take G = Span{dy }. We claim that any bivector field of
the form

&= f(Y)ds, A g, + dg, N\ 9y (6.9)
with f (/) non-constant is an obstructed infinitesimal deformation of II that projects to an unobstructed infin-
itesimal deformation of #. Denoting by ¢ the strict Lo, [1]-morphism (6.5), one checks that ¢(¢) = ddy ® 9.
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o We first look at the case where f = ¢ is constant. Then the path II; given by
II; = (1+ct)dy, A dg, + g, A (s, +tdy)
is a path of Poisson structures with the desired velocity (6.9) at time zero. Since
NI = 2(1+ct)dg, A g, A dg, A dg, + 2t(1 +ct)dg, A dg, A dg, A dy,

it follows that this path consists of corank-one Poisson structures for small enough t € (—¢, €). More-
over, the path (II;);e(—e.) gives rise to a path of foliations

im Hf = Span{dy,, 9g,, 3y, 99, + tdy } = Graph(tdds ® dy)

that prolongs the infinitesimal deformation dd, ® 9. So if f is constant, this example confirms
Proposition 6.11, showing that unobstructedness of ¢ € %;(Sl x T*) implies unobstructedness of
9(8) € QYT G).

e Now assume that f is not constant. We show that the bivector field £ cannot be realized as the velocity
at time 0 of a path of Poisson structures IT; with II, = II. To do so, we compute the Schouten bracket

[f(¢)8,91 A dg, +dg, A 8¢,f(¢)331 A dy, +dg, A 81/,]51\] = 2f’(¢)8,91 A 9y, N 9g,, (6.10)

and by the Kuranishi criteron, it suffices to show that this trivector field defines a non-trivial class in
H?I(S1 x T*). Since the Poisson structure II is induced by the cosymplectic structure (dy, d%; A d3; +
dds A dJs), it gives an injective map in cohomology

AT - H3(F) — H3 (S x T*),

which follows from [31, Proposition 1.4.7] and [31, Theorem 3.2.17]. Since the class of the trivector
field (6.10) is the image under this map of the class

[—2f"($)dO A dOy A ddy] € H3(F),

it suffices to note that the latter class is non-trivial. This is indeed the case, for if it was trivial then the
restriction of that 3-form to each level set T* of i/ would be exact, which would imply that f’(¢/) = 0.
So the infinitesimal deformation & of IT is obstructed. However, the infinitesimal deformation ¢(¢) =
dd4 ® 9y of F is unobstructed: it is tangent to the path ®; = tdd; ® 9y € QY(F;G), which indeed
deforms 7 because Graph(®;) = Span{dy,, 9g,, 9y, 99, + tdy } is involutive.

In the example above, the foliation ¥ still has obstructed infinitesimal deformations, because of Lemma 6.20
(1). We now alter this example by changing the fiber suitably, which yields an example of a regular Poisson
structure IT with characteristic foliation # such that all infinitesimal deformations of # are unobstructed,
whereas the deformation problem of II is obstructed. Keeping in mind Lemma 6.20, we want the fiber to
possess the following properties.

Lemma 6.22. There exists a compact symplectic manifold (N, w) that satisfies the following:

e H!(N) is one-dimensional, with generator [a].
e There exists a closed 2-form B € Q?(N) such that aAB is not exact. That is, the map A : H'(N)xH%(N) —
H3(N) is not trivial.

Proof. A theorem by Gompf [11] ensures that every finitely presented group arises as the fundamental group
of a compact symplectic 4-manifold. In particular, there exists a compact symplectic manifold (M, wpr) such
that 77, (M) = Z and therefore H* (M) = Hom (7; (M), R) = R. Fix a generator [a] € H!(M).

Define N := M x $? and endow it with the product symplectic form p}wu + pjws:. By the Kiinneth formula,
we have H'(M x §?) = R[p}«] and the closed 2-form p}ws: is such that pia A p}ws: is not exact. ]
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Example 6.23 (An obstructed deformation with unobstructed foliation). Let (N, ) be a compact symplectic
manifold as in Lemma 6.22. We consider the manifold S* x N with cosymplectic structure (dy/, ), where i de-
notes the coordinate on S'. Correspondingly, there is a Poisson structure IT on S! x N whose symplectic leaves
are ({¢} X N, @) and for which gy, is a transverse Poisson vector field. As a complement to the characteristic
distribution TF, we take G := Span(dy).

Lemma 6.20 (2) implies that the deformation problem of the underlying foliation ¥ is unobstructed. But the
deformation problem of the corank-one Poisson structure II is obstructed, by Lemma 6.20 (3).

Implicitly, we made sure that the dimension of the fiber N of S! x N is at least 4, by imposing the second
condition in Lemma 6.22. This was indeed necessary in order to obtain an example with the desired properties,
because of Proposition 6.13.

6.2.3. Stability of symplectic foliations. Various kinds of stability questions in Poisson geometry have been
addressed in the literature, for instance, in [3] and [5]. Here we mention the stability question for symplectic
foliations: fix a regular Poisson structure (M, II), i.e. a symplectic foliation (¥, w). The stability question
reads: does any foliation ' nearby & carry a leaf-wise symplectic structure? From a geometric perspective it
is clear that stability holds in each of the following cases:

o if w extends to a closed 2-form Q on M, because then one can pull back Q to the leaves of ¥’
o if rank(F) = 2, since one can proceed as above with any extension of w.

The smooth 1-parameter version of the question reads: for any smooth family of foliations {F;} with Fo = F,
does there exist a smooth family of leaf-wise symplectic structures w; on ¥ with wy = w, fort lying in some open
interval around zero?

If the answer is positive, then a surjectivity statement for unobstructed infinitesimal deformations holds,
namely: the map ¢ : X2(M)[2] — Q*(F; NF)[1] of equation (6.5) induces a map of cocycles

ZO(%;(M)[Z]) — Z%Q*(F;NF)[1]) (6.11)

with the property that every unobstructed cocyle a on the r.h.s. has an unobstructed preimage. This surjectivity
statement is related to the unobstructedness of infinitesimal deformations we addressed in §6.2.1, but it features
a more flexible behaviour. Indeed, given an unobstructed cocycle on the codomain of the map (6.11), the
surjectivity statement is the existence of an unobstructed preimage, while in §6.2.1 we provided conditions
under which all preimages are unobstructed.

APPENDIX A. COURANT ALGEBROIDS AND DIRAC STRUCTURES

We review some background material concerning Courant algebroids and Dirac structures. The latter were
introduced by Courant in [2].

Definition A.1. A Courant algebroid consists of a vector bundle E — M equipped with a non-degenerate
symmetric pairing (—, —)) : E ® E — R, a bilinear bracket [[—,—]] : ['(E) X ['(E) — I'(E) called the Dorfman
bracket, and a VB morphism p : E — M over idy called the anchor map, satisfying the compatibility conditions:

[le. [le",e”T1T] = [[[le.e’Tl "1l + [[e", [[e, e”TI1I,

(lle. €T e”) = (e, [[e",e” T,

ple)(e’,e") =2(lle. el "),

for any e, e’, e’ € T'(E). Consequently, the Dorfman bracket and the anchor are related by the Leibniz rule

[le. fe’ll = (p(e)fle’ + flle. €',

for any e, e’ € T'(E) and f € C*(M). See, e.g., [25] for alternative descriptions of Courant algebroids.
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Example A.2. The generalized tangent bundle TM := TM @® T*M is the prototypical example of a Courant
algebroid. It is equipped with the pairing (-, —)), Dorfman bracket [[—, —]] and anchor p, which are defined
on sections X + @, Y + f € I'(TM) as follows:

X+a,Y+p)=a(V)+p(X), pX+a)=X, [X+aY+p]l=[XY]+Lxf - yda.
Definition A.3. Given a Courant algebroid E, a subbundle L C E is called an almost Dirac structure if L = L*,

where L+ C E denotes the orthogonal of L w.r.t. the pairing {—, —)). A Dirac structure is an almost Dirac
structure L C E that is additionally involutive w.r.t. the Dorfman bracket [[—, —]], i.e. [[T(L),T'(L)]] c T'(L).

Remark A.4. For each almost Dirac structure L C E, its Courant tensor Y € T (A3L*) is defined by

Y1 (&1, 82, 83) = (&, [[&2. &1,
for all &, &, & € T'(L). It is easy to see that L is Dirac if and only if Y7 = 0.
Example A.5. We show some special classes of (almost) Dirac structures for the generalized tangent bundle.
e 2-forms on M correspond with almost Dirac structures that are transverse to T*M, via the identification
Q*(M) — {£ c TM almost Dirac structure | £ th T*M},
w+— Gr(w) ={X +ixw | X € TM}.

Moreover, @ € Q*(M) is closed if and only if Gr(w) € TM is Dirac.
e Bivector fields* on M correspond with almost Dirac structures that are transverse to TM as follows:

X*(M) — {£ c TM almost Dirac structure | £ h TM},
Z+— Gr(Z) ={1uZ+a| aeT"M}.
Moreover, Z € X%(M) is Poisson if and only if Gr(Z) c TM is Dirac.
e Distributions on M correspond with almost Dirac structures £ € TM s. t. L = pryy, L ® proey L,
{distributions on M} —» {£ c TM almost Dirac structure | £ = pry,; £ ® prp. ; L},
D+— D& D"

Moreover, D is involutive if and only if D & D°® ¢ TM is Dirac.

Remark A.6. Let L C E be an almost Dirac structure, and assume that R is a complementary subbundle of E.
Using the projection pr; with kernel R, one can restrict the Dorfman bracket [[—, —]] to an almost Lie bracket
pr; o[[—, =]l onT'(L). Along with the restriction of the anchor map p to L, one obtains an almost Lie algebroid
structure (p|r, pr; o[[—, —]]) on L. The latter allows us to further construct:

o adifferential d; on Q°*(L):=T'(A®L*), i.e. the degree 1 graded algebra derivation d, of Q*(L) such that

def (&) =p)f,  dn(&.0) = Lowien = Loy kel = br, 12175
forall f € C*(M) = Q°%L),n € T(L*) = QY(L), and &, € T(L).
e an almost Gerstenhaber bracket [—, —]; on T'(A®L), i.e. the degree 0 graded almost Lie bracket on
T (A®L)[1] determined by
[Efl=p@)f, [Er=prllECD,  [P,QAR]L=[P,QlL AR+ (=) QUFVQ A [PR]L,
forall f € C*(M), & € T(L) and homogeneous P, Q,R € T(A°L).

If L is Dirac, then it becomes a Lie algebroid (independent of R). In that case, dj, is an honest differential, i.e.
di =0, and [—, -] satisfies the graded Jacobi identity.

Yf Z isa non-degenerate bivector field and w the corresponding non-degenerate 2-form, determined by Z% = —(wP)7!, then the
graphs satisfy Gr(Z) = Gr(-w).
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APPENDIX B. DEFORMATION THEORY OF DIRAC STRUCTURES

We will briefly review the classical constructions and results from deformation theory of Dirac structures
that are relevant for the main goal of this paper, following [21] and [8]. The relevant algebraic structure here
is the one of Lo, -algebras [20], which contain differential graded Lie algebras (dgLa’s) as special cases. We will
mostly work with the equivalent notion of Lo, [1]-algebra (see for instance [7, §2]), in which all the structure
maps are graded symmetric and of degree 1.

Let E — M be a Courant algebroid and A C E be a Dirac structure. Upon choosing an almost Dirac structure
complementary to A, the graded vector space Q°(A)[2] becomes endowed with L. [1]-algebra structure, as
stated in Lemma B.1 below.

We first introduce some notation. Let A — M be a vector bundle. For any a € Q¥(A) := ['(AKA*), we define
the VB morphism af : A — A¥"1A* by setting

(@& (& &) = a(&,. .. &),

forallx € Mand &,...,& € Ay. Clearly, if k = 0, then ot = 0. Given a, € Qkt (A),...,an € QFn (A), one can
define the VB morphism 0{1ﬁ A A aﬁ S APA — AREetknmn A% g6 that

@A ANa)EA L AE) = D ()T ) A A o),

o€eS,

forallx € Mand &,..., &, € Ax. Further, for any o; € Q% (A) and a, € QF2(A), we define the VB morphisms
azlti Az, ay A azzti : A — Afitk=1 A% by setting
(0{1li Aag)é = ((xlﬁf) Aaz and (a; A ag)f =a; A ((ng),
for any ¢ € A. Consequently, for all homogeneous a € Q°*(A) and € Q°(A), the following identity holds:
(@anp)f=a Ap+(=)%lan gt

Using these morphisms along with the notation introduced in Remarks A.4 and A.6, one can describe the
induced Lo, [1]-algebra structure on Q°®(A)[2] as follows. The following is an adaptation of [8, Lemma 2.6]
(see also [26, Proposition 3.11]), in which we take the negative® of the binary bracket appearing there.

Lemma B.1. Given a Courant algebroid E — M, let E = A® B be a splitting where A is a Dirac structure and B is
a complementary almost Dirac structure. Then the graded vector space Q°(A)[2] has an induced L, [1]-algebra
structure {,uf}, whose only non-trivial multibrackets p2, p2, 2 are defined as follows:

e B coincides with the de Rham differential of Lie algebroid A = M, i.e. for alla € Q*(A):

gy (@f2]) = (daa)[2]. (B.1)

o B acts as follows, for all homogeneous a, f € Q°(A):

(a2, pl2]) = (=)"![a, fl5[2]. (B.2)
o uB acts as follows, for all homogeneous a, B,y € Q°(A):
s (al2]. pl2).y[2]) = (=17 (af A B A yF)Yp[2]. (B.3)

In the RHS of equations (B.2) and (B.3), we use the identification B A, U Cu, —N|a-

Remark B.2. We list some remarks concerning the Lo, [1]-algebra (Q*(A)[2], ,uf, ,uf, ,u3B) introduced above.

5An advantage of this convention is that no minus signs appear in Lemma B.4 below.
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(1) If V is a graded vector space, then Lo, -algebra structures {my} on V correspond bijectively to L, [1]-
algebra structures {y} on V[1] via the following relation (we follow the convention of [7, Remark
1.1], up to a global minus sign):

mi(or,....,0x) = =(2) () ED gy o 1], o [1]),
for all k € N and homogeneous vy,...,vx € V. In particular, the L [1]-algebra structure {,uf} on
Q°(A)[2] described in Lemma B.1 corresponds to an L, -algebra structure {mf} on Q*(A)[1], whose

only non-trivial multibrackets mf , mg , mf are defined as follows:

m?(a) = i (a[1]),
m3 (a,b) = —(-)1*f (a[1],b[1]),
m$(a,b,c) = (-)*}1 (a[1],b[1],c[1]),

for homogeneous elements a, b,c € Q°*(A)[1].

(2) For any almost Dirac structure B C E complementary to the Dirac structure A C E, the L., [1]-algebra
structure {,uf} reduces to a dgL[1]a, i.e. ,uf = 0 for all k > 3, if and only if B is Dirac. In this case, the
Le-algebra (Q°(A)[1], {mf}) reduces to the dgla (Q°*(A)[1],da, [, —]4+) used in [21].

(3) The Lo [1]-algebra (Q°*(A)[2], {,uf}) (resp. Leo-algebra (Q*(A)[1], {mf})) is actually a G [1]-algebra
(resp. Geo-algebra) since its multibrackets are compatible with the graded algebra structure of Q°*(A).
That is, the following graded Leibniz rule holds:

P (ar, . e,k A P) = 1B (e, ) A B (=)ol OHeletlaaD gy A B (g ey, B, (B.4)

for all homogeneous ay,...,ar, f € Q°(A)[2] (a similar Leibniz rule holds for the graded skew-
symmetric multibrackets mf) For the general definition of G -algebras, also called homotopy Ger-
stenhaber algebras or Py, -algebras, we refer the reader to [9, 30].

Given a Dirac structure A C E and a complementary almost Dirac structure B C E, we now turn to the
geometric information encoded by the Maurer-Cartan elements of the associated L., [1]-algebra.

Definition B.3. A Maurer—Cartan (MC) element of the Lo, [1]-algebra (Q°(A)[2], {,uf }) is a degree 0 element
n of Q*(A)[2],i.e. a 2-form 5 € Q%(A), satisfying the MC equation

1 1
pn + Eﬂf(m n) + g#f(’?» n,1) = 0.

The pairing (—, —)) induces VB isomorphisms B — A*and E= A® B — A ® A*. Under these identifica-
tions, it is easy to see that the relation

L=Gr(n)={+n| €A} CA®A"~A®B=E.

establishes a one-to-one correspondence between degree 0 elements 7 of Q®(A)[2], i.e. 2-forms n € Q%(A),
and almost Dirac structures L C E that are close to A wr.t. B, in the sense that they are still transverse to B.

As proven in [21, Theorem 6.1] (when the complement B is Dirac) and [8, Lemma 2.6] (in the general case),
the MC elements of the Lo, [1]-algebra (Q°(A)[2], {,uf}) are exactly those 2-forms € Q%(A) for which the
corresponding almost Dirac structure L = Gr(n) is involutive, i.e. Dirac.

Lemma B.4 ([21, Theorem 6.1] and [8, Lemma 2.6]). Let E be a Courant algebroid and A C E a Dirac structure.
Fix an almost Dirac structure B C E complementary to A. Then a canonical one-to-one correspondence between

(1) MC elements n of the associated Lo [1]-algebra (Q°(A)[2], {,uf}),
(2) Dirac structures L C E that are transverse to B,

is established by the following relation:
L=Gr(n)={é+un| €A} CA®A"~A®B=E.
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This means that, for each complementary almost Dirac structure B C E, the associated Lo, [1]-algebra
(Q*(A)[2], {,uf }) controls the “corresponding” deformation problem of the given Dirac structure A C E.

APPENDIX C. PROOF OF PROPOSITION 4.5

Proposition 4.5 states that the map
(Xs(M)[2],{IC}) ——— (Q*(F;NF)[1]. {ve})

is a strict morphism of Lo, [1]-algebras. We first prove this proposition by a direct computation. Then in
Proposition C.1 we provide a conceptual argument under the assumption that the 2-form y is closed.

Proof of Prop. 4.5. Recall that both (X5.(M)[2], {I,f}) and (Q°(F;NF)[1],{vr}) are in fact LR, [1]-algebras
over X*(F) and Q°*(¥), with anchor maps {pr} and {ny}, respectively (see Proposition 3.17 and Lemma 4.2).
Moreover, these anchor maps are derivations in their last entries, and the module morphism ¢ is defined along
the algebra morphism ¢. Therefore, we can conclude that ¢ is a strict Lo [1]-morphism if we check that the
following equalities hold:

O(I7 (Pr,... . P)) = o (@(P1),..., 9(Py)), (C.1)

2(pr(Prs -, Pt X)) = e((Pr), .. 9 (Pir) |2 (X)), (C2)

where Py,..., Py € X0(M) ® X,(M) = C*(M) @ [(TF) ®T(G) and X € X°(F) & X' (F) = C*(M) & I (TF).
We now carry out three computations to check that ¢ preserves the unary, binary, and ternary brackets, i.e.

that equation (C.1) is satisfied.
i) Let us start proving that ¢ preserves the unary bracket. In view of the above, we just have to check that

e(dn(f) =dv(e(f),  @(dn(X))=dv(p(X)),  ¢(dn(Y))=dv(e(Y)),
forall f € C*(M),X e I'(TF) and Y € I'(G). Actually, the first two identities are obvious: both the LHS and
RHS vanish because ¢ kills X* (). To check the third identity, we compute for « € I'(T*¥) and f§ € T'(G*):
(p(dnY) (), f) = —dnY (& (a), f)
=dnY(a, )
—(LyI)(a, B)
~Ly (e, B))+11(Lya, f)+11(a, Ly p)
(e, Ly p),

using in the last equality that § annihilates T# = im IT¥. On the other hand, we have

(dvo()([MFa), f) = (Vi 0(Y), B)
= ([*a, Y], B)
= —(Ly*a, p)
= (e, Lyf) - Ly(Fa, )
=I(a, Lyp).
ii) Let us now prove that ¢ preserves the binary bracket. By degree reasons, we only have to show that
PG (f.X) =0a(p(f), (X)), @G (1)) = va(p(f), 0(Y)),
017 (X1, X2)) = 02(0(X1), 0 (X2)),  @(IF (X, Y)) = 02((X), 0(V)), 915 (Y1, %2)) = w20 (V1), 0(Y2)),
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forall f € C*°(M), X,X1,X, € T(TF) and Y, Y, Y2 € T(G). Except the last one, all the identities above are
obvious since both the LHS and RHS vanish. The last one can be proved as follows:

oI5 (Y1, Y2)) = o(—[Y1, Yaly) = (= [Y1, Ya]) = —prg[Y1, Vo] = 02(Y1, Y2) = 02 (0(Y1), 9(Y2)).
iii) We now prove that ¢ preserves the ternary bracket. By degree reasons, we only have to show that
o (15 (i, V2, 1)) = 03(0(V1), 0(V2), 0 (V3)),

for all Vi, V5, V53 € T(TF & G). Clearly, this identity holds because both sides are zero. This proves (C.1).
We now proceed by checking compatibility with the anchor maps, as required by (C.2).
i) For the first anchor, we need to check that

o(pi(f) =m(e(f),  elp(X)) =m(e(X)),
for all f € C*(M),X € T(T¥). The first equality holds because
0(pi(f)) = ednf) = —(IFdf) = —" (Idf) = drf = mi(f) = mi(e(f).
The second equality holds because one one hand
2(p1(X)) = g(dnX) = —g(dn(I(0°X))) = o( A T (dy(0”X))) = A0’ ( A* TF(dr(0"X))) = dy (0" X)

whereas on the other hand
1 (2(X)) = 1y (0°X) = de("X).

Above we made use of the fact that ¢(X) = »"X for all X € I (TF).
ii) For compatibility with the second anchor, the only non-trivial equalities to check are

o(p2(Y1f)) = m2(e(Me(f).  e(p2(YIX)) = nz2((Y)]e(X))
for f € C*°(M),X € T(TF),Y € T'(G). Here the first equality holds since
2(p2(Y1) = (=Y. f1y) ==Y, fly = -Y(f) = (Y, f) = n2(@(V)|@(f)).
and also the second equality is true because
2(p2(Y1X) = o(=[Y.X1y) = oI (Lyy" (X)) = 0 (T(Lyy" (X)) = = pryey Ly (X),
n2(p(Ve(X)) = 12(Y, 0" (X)) = = prr.y Lyy" (X).
iii) At last, to check compatibility with the third anchor, the only non-trivial requirement is
2(p3(Y1, Y2X)) = n3(p(V1), 9(Y2)l@(X))
for Y1, Y, € I'(G) and X € T'(T¥). This equality holds because
(ps(Y1, Y2|X)) = =Y7 (Y1, Yo, X) = —y(X, [V1, %2]),
13(p(11), 0(Y2) (X)) = —e(X)([V1, Y2]) = P (X)([Y1, Y2]) = —y(X, [Y1, ).
We now proved that the relations (C.2) hold, so the proof is finished. ]

When vy is closed, the strict Lo [1]-morphism ¢ from Proposition 4.5 is obtained from the pullback by a
Courant algebroid isomorphism, as we now explain.

Proposition C.1. Assume that y is closed. Then ¢ is induced by an isomorphism of Courant algebroids
F : (TM; «_s _»’ [[_s _]] G PG) ;) (TM’ «_’ _»’ [[_’ _]]’prTM)

which transforms the splitting TM = T*M & TM into TM = (TF & T°F) & (G & G°).

Proof. Recall that



44 STEPHANE GEUDENS, ALFONSO G. TORTORELLA, AND MARCO ZAMBON

. (%;:(M)[Z],{If}) is an Lo [1]-subalgebra of (X*(M)[2], {If}), and the latter arises as in Lemma
B.1 from the splitting TM = T*M & TM of the Courant algebroid (TM, {—, ), [[-, —1lc, pc) (see

Lemma 3.3),
o (Q°(F;G)[1],{vx}) is an L [1]-subalgebra of (T'(A*(T*F @ G))[2],{nx}), and the latter arises
from the splitting TM = (TF & T°F) & (G ® G°) of the standard Courant algebroid

(TM, «_s _»s [[_s _]]s prTM) (See Lemma 41)
The map F in question is given by the following formula:
F:TM >TM: X +a+— (Hu(x+prGX) + (ixy + prg- ).

Claim: F is a Courant algebroid isomorphism.

One readily checks that F is an orthogonal transformation of (TM, {(—, —))), regardless of y being closed or
not. Clearly F matches the anchors pg and pry,,, it takes T*M to (TF @ T°F) and TM to (G & G°). It remains
to show that F takes [[—, —]]G to [[—, —]], and this is where the condition dy = 0 comes into play. To facilitate
this computation, recall from Lemma 3.3 that Ry o R, intertwines [[—, —]]c and [[—,—]], so it is enough to
show that F o R_y o R_p preserves [[—, —]]. This map is easily described:

FoR ,oRn:TM > TM: X +a— X+a+ixy,

i.e. it agrees with the gauge transformation R, . It is well-known that R, preserves the Courant bracket [[—, —]]

iff y is closed. This confirms our claim that F : (TM, {—, -, [[-, —1lc, pG) S (TM, (=, =N, [[- -1, prry) isa
Courant algebroid isomorphism.

It follows that we obtain a strict Lo, [1]-isomorphism
A" Fliy : (DA (TF © G)[2], {mi}) — (X (M) [2], (IF)). (€3)
We will now invert this map and restrict to the suitable L., [1]-subalgebras. First note that
Fllrgag :TF ®G* > T"M : X +a — a — ixy
and consequently the dual map reads
Fllrgeg : TM > T"F & G : X > (X + ixy, ~Dr7ec:
Clearly this map takes TF to T*F and it takes G to itself. So by Remark 1.5 there is an induced map
AN F  rgeg t X (M)[2] > T(ATF)[2] @ T(AT*F @ G)[1],
which is a strict Lo, [1]-isomorphism since it is a restriction of the inverse of the map (C.3).
Claim: The composition of the above map with the projection,
Po A F gt (BRM[2(1F)) - (C(ATF @ G)[1], {mr ), (C4)

is a strict Lo [ 1]-morphism.
It suffices to show that the projection P : (T(A*T*F)[2] ® T(A*T*F ® G)[1] — T'(A*T*F ® G)[1] inter-
twines® the multibrackets {n;} and {vz}. To show this, we make the following remarks:
e Because n; has bi-degree (1, 0), it follows that P(1;&) = vy (P(£)) for all &
e Because 1, has bi-degree (0, —1), it follows that

P(nz(£& 1)) = 02(P(8), P(n)) (C.5)

for all £, in T(A*T*F)[2] & T(A*T*F ® G)[1]. Explicitly, since n2(T'(G),T(T*F)) c T'(T*F) and
1 (T(T*F), T (T*F)) = 0, we have that both terms in eq. (C.5) vanish whenever both & 7 have bi-
degree (e, 0), or when & has bi-degree (e, 0) and 7 has bi-degree (e, 1). If both ¢ and 1 have bi-degree

%We mention as an aside that the full projection T'(A*(T*F @ G)) [2] —» T'(A*T*F ® G) [1] does not intertwine the brackets.
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(e, 1), then
P(nz(& 1)) =n2(&n) =02(E 1) = 02(P(£), P(n)).

These remarks prove the claim that the map (C.4) is a strict Lo, [1]-morphism.

Claim: the map P o A.F_1|*T‘F®G* defined in (C.4) coincides with the map ¢ defined in (4.3).
LetY{A---AY, € %’;(M) and choose Xi,...,Xk-1 € [(TF¥) and € I'(G*). Then

<(AkF_1|*T‘7"eBG*Yl A ANY) (X ,Xk—l),ﬂ> =((FYNAAFDYXi A AXe 1 ® )

(FY'YX) - (FY)Y X)) (F)™%, B)
(F)Ye X)) - (F)YXew) (F)Yi )
<YbY1»X1> <YbY1»Xk—1> B(Y)
WYX - (PYeXen) B

YL y*X) o (N yPXe)  B(Y)
= (=D : :

Y v"X) - (Vv Xeo1) (Vi)

= (DY A AYGPX, LY X B)
= <¢(Yl ANRERVAN Yk)(Xl’ .. -5Xk—1)5ﬁ> .

This shows that Po A°F~! 770G+ agrees with ¢, as claimed. In particular, the latter is a strict Lo [1]-morphism.
mi
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