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Symbolic regression identifies nonlinear, analytical expressions relating materials properties and key

physical parameters. However, the pool of expressions grows rapidly with complexity, compromising its
efficiency. We tackle this challenge hierarchically: identified expressions are used as inputs for further
obtaining more complex expressions. Crucially, this framework can transfer knowledge among properties,

as demonstrated using the sure-independence-screening-and-sparsifying-operator approach to identify
expressions for lattice constant and cohesive energy, which are then used to model the bulk modulus of

ABOj perovskites.
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The identification of physical parameters that are corre-
lated with materials properties or functions is a key step for
understanding the underlying processes and accelerating
the discovery of improved or even novel materials [1].
Ideally, one would use physical models to describe the
materials properties of interest [2]. However, due to the
intricate interplay of processes that might be responsible for
a certain materials property, the explicit physical modeling
might be unfeasible, or even inappropriate. An alternative
approach is to use artificial intelligence (AI) to uncover
complex relationships. Nevertheless, most widely used Al
approaches require datasets that are much larger than those
that are typically available in materials science, and only a
few AI methods are well suited for small datasets [3-5].
Furthermore, conventional Al produces blackbox models
that make it difficult to disentangle the contributions from
the various input parameters and determine which under-
lying processes are the most important to optimize. These
problems are exacerbated for the typical scenario in which
one is interested in finding materials that exhibit an
exceptional performance, for which only a few data points
are available.

A possible avenue for linking physical reasoning and
data-centric approaches is symbolic regression (SR) [6-8],
which identifies nonlinear analytical expressions relating a
target property to the key input parameters, even for small
datasets. These input parameters are typically physical
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quantities that are possibly related to the underlying
processes governing the property. Traditionally, SR uses
genetic-programming techniques to optimize the analytic
expressions, which are combinations of the input param-
eters using mathematical operators such as addition,
multiplication, exponentiation, etc., for a given problem
[6,7,9-11]. These approaches randomly generate an initial
population of possible expressions, and then stochastically
apply genetic operators (e.g., mutation and crossover) until
some optimal solution is found. More recently, the sure-
independence-screening-and-sparsifying-operator (SISSO)
[12,13] approach was introduced for the identification of
analytical expressions by applying the compressed sensing
methodology [14,15] to SR. The SISSO approach starts
with the collection of physical input parameters, termed
primary features. Then, a more expansive pool of expres-
sions is iteratively built by exhaustively applying a set of
mathematical operators to both the primary features and
previously generated expressions (feature-creation step).
The number of recursive applications of the operators used
to construct the pool of expressions is called the rung (g).
Finally, compressed sensing is used to identify the best D-
dimensional linear model by performing an ¢ regulariza-
tion on a subspace S of the all generated expressions, where
S is selected using sure-independence screening [16], with
the Pearson correlation as the projection score. The out-
come of the SISSO analysis is a low D-dimensional
descriptor vector containing, as components, the expres-
sions selected from the pool of expressions. A SISSO-
derived model for a property P has the form

D
PSISSO Z c.d;, (1)
i=0
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where c; are fitting coefficients and d; are the descriptor
components. We also label the model components,
a; = c;d;, which will be used for the construction of more
complex models.

SR has already been used to model several materials
properties and functions [7,17-23]. However, the combi-
natorial growth of the pool of possible expressions with
respect to the number of primary features and to the number
of times that the mathematical operators are applied can
make an exhaustive search for the optimal descriptors
impractical. This is problematic because in the (initial)
absence of understanding of the underlying processes, one
would like to offer an extensive set of input parameters to
avoid missing the important ones. For addressing this
challenge, we introduce a hierarchical SR approach that
enables an efficient identification of complex descriptors by
keeping the number of expressions considered in the
analysis at a manageable level. The foundation of this
approach is the systematic refeeding of expressions iden-
tified in one step as inputs for the identification of more
complex expressions in subsequent steps. A crucial impli-
cation of this hierarchical framework is that it can be
extended to transfer knowledge learned for one property to
another one, thus also highlighting physical relationships
between materials properties.

We demonstrate the hierarchical SR approach in the
context of SISSO. Hierarchical SISSO (HI-SISSO) starts
with an initial set of primary features, which is used to
obtain an initial model for the property of interest. Then,
the obtained model and its components (PS55° and a;,
respectively), are evaluated for all the materials in the
dataset and added to the initial primary feature set. Finally,
using this extended primary feature set, new, more complex
models are obtained by applying SISSO for a second time.
Models and components obtained for one (or more)
property (properties) with SISSO can also be used to
model a second, related property.

Additionally, in this Letter, we also introduce a new
concept into SISSO [24], hereafter called “multiple resid-
uals,” which increases the algorithm’s efficiency with
respect to the size of subspaces needed for 7, regulariza-
tion. This procedure updates the SISSO algorithm to use
the residuals of the r best models during the sure-
independence screening step of SISSO, instead of using
the residual of only the best model as done previously [25].
By using the multiple-residual scheme with HI-SISSO, we
are able to expedite the search for the best models and
considerably reduce (optimize) not only the overall size of
the pool of expressions to be considered in the analysis,
but also the size of the subspaces of expressions needed
for the identification of the best descriptors.

We demonstrate the capabilities of HI-SISSO with two
examples, i.e., by modeling the lattice constant (a;) and
bulk modulus (By) of ABO; cubic perovskites. First, we
identify models for the lattice constant (a,) of each
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FIG. 1. Materials space of A and B elements corresponding to
the 504 cubic ABO; perovskites considered in the dataset.

material. Then, we exploit the expressions identified for
ao and cohesive energies (E,, defined as the energy per
atom required to atomize the crystal) to improve the
learning of the bulk moduli (Bj) of the perovskites. We
consider 504 ABO; materials formed by the A and B
elements indicated in Fig. 1. The lattice constants, cohesive
energies, and bulk moduli are calculated using density
functional theory (DFT) with the PBEsol [40] exchange-
correlation functional [25].

Perovskites display a remarkable diversity of composi-
tions and properties that make them interesting for very
different functions and devices (see, e.g., Refs. [41,42]).
We focus here on perovskite mechanical properties, spe-
cifically the equilibrium lattice constant a; and the bulk
modulus B, the second derivative of the cohesive energy
E, at ay. Both quantities are correlated [43—45], which has
been described by Verma and Kummar (VK) [46] for cubic
perovskites:

(nanp)©
BB’K:C0+C1(ZO$. (2)

Here, Cy, C,, and C, are fitted constants, and n, and ny are,
respectively, the expected oxidation state of the A and B
species in the ABO; compound, as approximated by their
group number on the periodic table. The approximation
implies that all alkali and alkaline earth metals will have an
oxidation state of one and two, respectively, and all other A
elements will have an oxidation state of three. The
oxidation state of the B atom is then set to ensure all
materials are charge neutral, i.e., ng = 6 — n,. The expo-
nent for a, in Eq. (2) comes from physical arguments, as
described in Ref. [44].

As primary features, we use 23 properties related to the A
and B elements of the ABO; perovskites, hereafter atomic
features. These features represent information about the
radius, charge, electronic energy levels, and oxidation
number for free atoms. The complete list of primary
features and operators used in this problem is provided
in Supplemental Material [25].

In order to evaluate the performance of our models, we
randomly split the dataset of 504 materials into five subsets.
Four subsets are combined and used to train the models
(training set) and the remaining subset is used to assess the
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performance (test set). The training set is used to determine
the optimal model complexity with respect to its predict-
ability via a fivefold cross-validation (CV) scheme. Within
the fivefold CV scheme, the training set is further split into
five subsets. Then, four of these subsets are combined and
used to train the model, while the remaining subset is used
as validation set. This process is repeated until all five
subsets are used as validation sets once and the average of
validation root-mean-squared error across the five CV
iterations (CV RMSE) is used as the performance metric.
The parameters that provide the optimal complexity are
considered those associated to the lowest CV RMSE [25].
Within SISSO, the model complexity is controlled by the
rung g used to construct the pool of expressions and by the
descriptor dimension D. Here we consider descriptors with
D=1 up to D=35. Once the model complexity is
determined by CV, a model is trained using all the materials
of the training set at the optimal complexity. This model is
used to predict the properties of the materials in the test set.
Finally, the whole procedure is repeated five times, i.e., so
that each of the five subsets is considered once as test set.
We discuss the performance of the SISSO-derived models
based on the distribution of absolute test errors across the
504 materials. We note that more complex models lead to
lower training errors, but they do not necessarily improve
the performance in terms of fest or prediction errors.

The absolute-test-error distributions associated to the
lattice constant models obtained with SISSO using rung
g = 1 and g = 2 are shown as gray and red violin plots in
Fig. 2(a). These violin plots display the density of data
points as a function of their prediction errors. The width of
the violin body reflects the number of test data points with
that error. The distribution of the absolute test errors is
shifted toward lower values when the rung increases from 1
to 2. This shows that the models become more accurate as
the mathematical operators are applied for a second time in
order to generate more complex expressions. With our
primary features and set of operators, rung 1 and 2 pools of
features contain on the order of thousands and millions of
elements, respectively. To demonstrate how complex
descriptors can be found while keeping the number of
considered expressions small, we collect the ay, ¢ =1
model and its components, and use them as new primary
features, along with the atomic features, in a second step of
SISSO application. In this second step, we also used g = 1.
We refer to the resulting models as HI-SISSO(«q) in Fig. 2
(a), the parentheses indicating that the expressions describ-
ing a, identified in the first step are added to the primary
feature set, along with the atomic features, in the second
step.

The absolute test errors associated to the HI-SISSO(ay)
models [Fig. 2(a), in blue] are lower compared to the errors
of the ¢ = 1 models obtained with one-step application of
SISSO [Fig. 2(a), in gray]. Additionally, the performance of
the HI-SISSO(a,) models is superior compared with the
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FIG. 2. (a) Distribution of a; absolute test-set errors for various

sets of hyperparameters (x-axis labels). (b) Distribution of By
absolute test-set errors for various sets of hyperparameters and
models (x-axis labels). The black ‘“cross mark™ represent the
mean absolute error, the orange lines are the median absolute
error, the boxes are the quartiles, and the whiskers are the
minimum and 95% absolute error. In the figure labels, “at. feat.”
stands for atomic features and the star in ¢ = 1* indicates the
reduced set of operators used in the log-regression approach.

SISSO approach with ¢ =2 [Fig. 2(a), in red]. These
results show that HI-SISSO provides a tractable way of
increasing the effective rung—and thus the complexity—of
a model at a tiny fraction of the computational cost required
for a higher rung, since the pool of expressions that needs to
be treated is 3 orders of magnitude smaller. Furthermore, by
refeeding the models themselves into the primary feature
space, we are able to increase the effective dimension of the
descriptors without the combinatorial explosion associated
with £, regularization at higher dimensions.

In Fig. 2, we note the presence of outliers for which the
absolute test errors are high with respect to the distribution
average. These data points are associated to materials with
A and/or B elements which are significantly different
compared to the A and B elements in the training sets.
The detailed analysis of test errors is presented in
Supplemental Material along with the discussion of a test
set composed by materials containing chemical elements
which were unseen during training [25].

We next address the bulk modulus of the perovskites.
The distribution of absolute test errors associated to Eq. (2)
(with Cy, Cy, and C, fitted to the training sets) is shown in
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brown in Fig. 2(b) as a baseline for evaluating the
performance of the models derived by SR. For the
SISSO analysis of bulk modulus, we consider rung
q = 2. The absolute-test-error distribution corresponding
to the SISSO models obtained with the atomic features
[Fig. 2(b), in red] shows that this approach has an
improved performance compared to Eq. (2). The model’s
accuracy improves significantly if the DFT-calculated

cohesive energy EPTT, lattice constant aPfT; and
(aBFT)=33 are also included as primary features [Fig. 2(b),

in violet]. This shows that a( and E|, are both key parameters
to describe the bulk modulus. Note that (afT)=3> was
explicitly included as primary feature because it is suggested
as an important parameter by Eq. (2). It would be obtained
automatically using ¢ = 3, but this would be numerically
expensive.

The lattice constant and the cohesive energy provide
necessary information to model the bulk modulus.
However, the use of af™T, (af™")=3, and EJT as primary
features is inconvenient. In order to calculate a, and E; in
DFT, one must perform a geometry relaxation, which is
already the majority of the work needed to calculate B,
itself. To circumvent this issue, we offered, as primary
features, the SISSO and HI-SISSO models for a; and E|
[25]—as well as their components and the rescaled quantity
(ag)~>°—instead of the DFT-calculated quantities. In
this analysis, the atomic features are kept in the primary
feature set. We indicate the resulting B, models by
HI-SISSO(ay, Ey) in Fig. 2(b) (dark green). By using
the HI-SISSO(ay, E,) approach, the test errors are signifi-
cantly reduced compared to the one-step application of
SISSO to the atomic features. Indeed, the model perfor-
mance gets closer to that of the models obtained using the
DFT-calculated parameters alfT and EST, even though the
HI-SISSO(ay, Ey) models depend only on the atomic
features, which makes it useful to search for new materials.
These results demonstrate the potential of HI-SISSO to
transfer information among materials properties, thus
circumventing the use of resource-consuming primary
features.

We then exploited the B, model obtained by the HI-
SISSO(ay, E) approach, trained using the entire dataset of
504 ABO; materials, for the screening of new materials
[25]. We evaluated 7308 single (ABO;3) and double
perovskite compositions of the type A,BB’'O¢ constructed
from all the A and B elements in the initial dataset (Fig. 1).
Then, we looked at the materials with the lowest predicted
B, values, since they are scarce in the training set. This
situation corresponds to the typical scenario in materials
discovery, in which the behavior of interest is associated to
only few of the available observations. Among the 10
materials with the lowest B predicted by the HI-SISSO
approach, we identify the double perovskites Cs,ZnBiOg,
CSszBiO6, C52CdeO6, C52ZnPbO6, CSzandO6,
Rb,ZnBiOg, and Rb,CdBiOg¢, with predicted B, in the

range 0.49-0.53 eV /A3, The properties of these materials
were evaluated explicitly by further DFT calculations and
they were confirmed as highly compressible perovskites,
with DFT-calculated B, of 0.45, 0.45, 0.46, 0.45, 0.46,
0.60, and 0.41 eV/A3?, respectively. The root-mean-
squared error calculated on the 10 materials with the lowest
predicted By, is 0.081 eV/ A3 By recalling that the model
was trained on simpler single perovskites, its predictive
ability beyond the training region is remarkable. Moreover,
only 8 materials, out of the 504 used for training, present
B, < 0.50 eV/A3. We note that our (HI-)SISSO approach
is learning results of the DFT PBEsol theory. Thus, when
estimating the experimental properties of the perovskites, in
addition to the error of the (HI-)SISSO models to predict
the DFT-calculated perovskite properties, the errors result-
ing from the DFT PBEsol approach should be taken into
account [25].

Finally, we identified with HI-SISSO a power-law-type
expression for By, in the spirit of Eq. (2). For this purpose,
we applied a logarithm transformation to the property
vector and candidate expressions, and then ran SISSO in
this transformed space. We then backtransformed the
resulting expression in the form of Eq. (1) using expo-
nentiation to get the power-law model shown in Eq. (3).

We offered the atomic features and the SISSO g =2
SISSO(¢=2)

models for ay, and E,;, denoted a, and
E(S)Isso(q:2>, respectively, as primary features. The compo-

nents of these models are also included in the primary
feature set. Here, we used ¢ = 1 with a reduced math-

ematical operator set containing only the operators addition

and subtraction. The rescaled lattice (a0 “=)=35 was

not included as primary feature because by this approach
such term will be automatically considered. The best model
identified using the entire dataset of 504 materials at the
optimal dimensionality identified via CV (D = 3 [25]) is

(IPy—E AB)0.419 ( ESISSO(IFZ) )0.964
(a(S)ISSO(q:2) —5.00 % 10~4_EAsns )2.75’

‘r?}[g_rs,lf‘

BgI—SISSO =299

(3)

where /Py is the ionization potential of the B atom, EAp is
the electron affinity of the B atom, n, is the oxidation
number of the A atom, 7, is the radius of the valence-s
orbital of the neutral atom, and rﬁf‘}g is the radius of the
valence-s orbital of the 1+ cation. The equations for

a(S)ISSO(q:Z) and ESISSO(q:Z) as well as for other SISSO-
derived models are shown in Supplemental Material [25].
SISSO selects 1Py, EAp, ri, ry g, ag>>°, and EJ'S50 as the
key parameters correlated with B,. Therefore, SISSO
recovers the parameters a, and n,, which also enter
Eq. (2). However, the description of B, provided by
Eq. (3) goes beyond the empirical model, since the
log-regression models provide a significantly better
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performance [light green in Fig. 2(b)] compared to Eq. (2)—
even though they do not outperform the models obtained
with the linear-regression approach, dark green in Fig. 2(b).
Equation (3) highlights that By, is directly proportional to E
and to (IPy — EAp). This might reflect the ionic interaction
contributions to Bj. Indeed, the latter term indicates the
relevance of the ionization of B species, which is present as a
cation in the perovskite. In the denominator of Eq. (3), a; and
(EAgn,/|r{ — ryp|) appear. The latter term possibly cap-
tures the charge-dependent effective size of the B species in
the perovskite, analogous to the Shannon effective radii
[47], and it might be related to covalent contributions to B,
since these interactions depend on the overlap (and thus
distance) between the interacting orbitals of B cations and
072 species. Despite this analysis, we like to stress that by
assigning a specific, physical meaning to each term of the
equations derived by (HI-)SISSO, one might overlook the
possibly intricate interplay of processes governing the
properties. Furthermore, the physical relationship between
the identified parameters and the underlying physics might
be indirect, as the correlations do not necessarily reflect direct
causality.

In this Letter, we introduced a hierarchical SR frame-
work to efficiently address complex materials properties
and functions. This approach provides the key physical
parameters reflecting the underlying processes responsible
for the behavior of interest, while increasing the perfor-
mance of SR models. The analysis described in this Letter
can be reproduced and modified at the Novel-Materials
Discovery (NOMAD) Al Toolkit [48].

The dataset of calculated perovskite properties as well as
the input and output files of the DFT calculations are
available at the NOMAD Repository and Archive [49].
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