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Motivated by recent experiments [H. Zhou, et al., Science 375, 774 (2022) and S. C. de la Barrera,
et al., larXiv:2110.13907|, here we propose a general mechanism for valley and/or spin degeneracy
lifting of the electronic bands in doped Bernal bilayer graphene, subject to electric displacement (D)
fields. A D-field induced layer polarization (LP), when accompanied by Hubbard repulsion driven
layer antiferromagnet (LAF) and next-nearest-neighbor repulsion driven quantum anomalous Hall
(QAH) orders, lifts the four-fold degeneracy of electronic bands, yielding a quarter metal for small
doping, as also observed in ABC trilayer graphene. With the disappearance of the QAH order,
electronic bands recover two-fold valley degeneracy, thereby forming a conventional or compensated
(with majority and minority carriers) half-metal at moderate doping, depending on the relative
strength of LP and LAF. At even higher doping and for weak D-field only LAF survives and the
Fermi surface recovers four-fold degeneracy. We also show that a pure repulsive electronic interaction
mediated triplet f-wave pairing emerges from a parent correlated nematic liquid or compensated

Competing orders and cascade of degeneracy lifting in doped Bernal bilayer graphene

half-metal when an in-plane magnetic field is applied to the system.

Introduction. Altogether an isolated layer of carbon-
based honeycomb membrane and its stacked cousins con-
stitute a diverse zoo of gapless chiral quasiparticles,
displaying a variety of nodal electronic band disper-
sion [I]. While monolayer graphene hosts quasirelativis-
tic Dirac fermions [2, [3], gapless electronic bands ac-
quire quadratic and cubic dispersions in Bernal bilayer
graphene (BBLG) [4] and ABC or rhombohedral trilayer
graphene (RTLG) [B], respectively. Furthermore, a rel-
ative twist between two layers of graphene substantially
reduces the Fermi velocity of Dirac fermions near the so-
called magic angle [6H9], where a cascade of insulating
and superconducting phases has been observed by tun-
ing the carrier density [TOHI3]. A similar phenomenon
has also been reported in RTLG [14, 15], and very re-
cently in BBLG [16} [17] [Fig. [I{a)]. Although interaction
driven competing orders in RTLG have been investigated
theoretically [I8H24], a similar expedition exploring the
landscape of doped BBLG, subject to an external electric
displacement (D) field, is yet to be initiated. This Let-
ter is geared toward unveiling the nature of underlying
competing orders, causing systematic degeneracy lifting
in BBLG and the appearance of proximal superconduc-
tivity.

Summary. First we review the key experimental obser-
vations and summarize our main results. In BBLG sub-
ject to D-field, quantum oscillations show a single peak
at frequency (in units of ngy) v = 1 at low carrier density
n. Here ¢q is the flux quanta. The corresponding broken
symmetry phase (IF; [I6] or B (C) on the hole (electron)
dope side [I7]), thus lacks spin and valley degeneracy.
The adjacent PIP; phase at slightly higher doping shows
a quantum oscillation peak at v < 1.

We show that the four-fold degeneracy of electronic
bands (stemming from the valley and spin degrees of free-
dom) is completely lifted when a D-field induced layer
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FIG. 1. (a) Schematic phase diagram of BBLG [16, [17]. For
symbols of various phases see text. The superconductor (SC)
is found only in the presence of an in-plane magnetic field.
(b) Top view of BBLG. The subscript ¢ = 1,2 is the layer
index of the sites. Each a1 and b2 sites overlap. Eigenstates
of the high energy split-off bands reside dominantly on these
two dimer sites. Sites a2 and b; form a honeycomb lattice
and participate in the low-energy description of BBLG. (c)
LAF with electronic spins on the a2 and b; sites pointing in
the opposite directions. (d) QAH order with intrasublattice
circulating currents in opposite directions on two layers.

polarization (LP) is accompanied by Hubbard repulsion
(U) driven layer antiferromagnet (LAF) and intralayer
next-nearest-neighbor repulsion (V32) mediated quantum
anomalous Hall (QAH) orders. The LAF leads to stag-
gered pattern of electronic spin between the low-energy
sites of BBLG residing on complementary layers, while
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the QAH order supports circulating currents among the
intralayer low-energy sites, with opposite orientations on
two layers [25-29]. See Fig. [1] As the resulting Fermi
surface contains only one out of four degrees of free-
dom, contributing to quantum oscillations, this phase is
named quarter-metal [Fig. P[a)]. An identical mecha-
nism can be responsible for the observed quarter-metal
in RTLG [I4] 23]. The adjacent PIP; phase can be real-
ized by injecting carriers to the quarter-metal, such that
a small Fermi surface develops for another spin or valley
degrees of freedom.

At moderate hole doping, quantum oscillations show
two peaks at v = v, and v,, with v, + v, = 1/2,
as in Ref. [16] (phase PIP3), possibly also in Ref. [17]
(phase A). Thus, such a phase features two-fold degener-
ate Fermi surfaces, however with majority and minority
carriers.

With the disappearance of QAH order, residual LP
and LAF yield a valley-degenerate half-metal with bro-
ken spin degeneracy [Fig. (b)] that shows a single oscilla-
tion peak at v = 1/2. However, depending on the relative
strength of LP and LAF, the system can also form a com-
pensated half-metal with majority (large Fermi surface)
and minority (small Fermi surface) carriers for oppo-
site spin projections [Fig. c)], producing two oscillation
peaks at frequencies 11 and vs, such that vq + 9 = 1/2.

At even larger doping and weak D-field, one oscilla-
tion peak appears at v = 1/4. This phase (Symy [16] or
D [I7]), preserving the four-fold degeneracy, can result
from a pure LAF order [Fig. [2(d)].

Another phase (Sym;s), displaying oscillation peak at
v = 1/12 appears at small and moderate doping, sepa-
rated by PIP;. A three-fold rotational symmetry break-
ing nematic order, preserving four-fold degeneracy stands
as its candidate, which at moderate (low) doping is pos-
sibly stabilized by electronic interaction (D-field [I]).

Finally, with the application of an in-plane magnetic
field (Bj), a superconductor appears in between PIP;
and the correlated nematic liquid (Symyq) [I6]. This
paired state is possibly spin-triplet in nature, as it ex-
ceeds the Pauli-limiting B)-field. We show that repulsive
electronic interaction in the nematic channel is conducive
for the nucleation of a spin-triplet f-wave pairing, with
its spin component being locked in the easy-plane, per-
pendicular to the Bj-field. The proximal compensated
half-metal (PIP3) also favors such f-wave pairing. See
Fig. 3

Model. We arrive at these conclusions from the low-
energy model for BBLG. The unit cell is composed of
four sites. Each layer contributes to two of them [Fig. [1].
With no interlayer hopping, each layer hosts massless
Dirac fermions. The direct interlayer hopping between
the dimer b; and ag sites (¢, ~ 200meV), where the
subscript corresponds to the layer index, couples Dirac
fermions as static non-Abelian magnetic field [30]. It
pushes two out of four bands to high-energies (split-off

FIG. 2. (a) Quarter-metal for low chemical potential (green
line) in the presence of induced LP, interaction-driven LAF
and QAH orders, lifting valley and spin degeneracies. For
fixed chemical potential but in the absence of QAH order, val-
ley degeneracy is restored, yielding (b) regular and (¢) com-
pensated (with majority and minority carriers) half-metals,
respectively for large and small LAF order. (d) In the ab-
sence of LP, spin degeneracy is recovered, yielding a metal.
Here K and K’ are two valleys. For other symbols see text.

bands). The remaining two bands display bi-quadratic
touchings at two inequivalent corners of the Billouin zone,
giving rise to the valley or isospin degrees of freedom.
Wavefunctions for the low-energy bands reside predomi-
nantly on the a; and by sites. Accounting for the layer,
valley and spin degrees of freedom, we arrive at the low-
energy model for doped BBLG subject to a D-field
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Here di(k) = k2 — k7, dy(k) = 2k,k,, momentum k
is measured from the respective valleys, m, ~ 0.028m,
is the effective mass of quasiparticle excitations, where
me is the mass of free electrons, u = —Ddy is the ex-
ternal D-field induced LP with d; as interlayer separa-
tion, and g is the chemical potential measured from the
charge neutrality point. The sixteen-dimensional Hermi-
tian matrices are 'y 0 = 17,0,7,6x. Four sets of Pauli
matrices {n,}, {ov}, {7,} and {8} respectively operate
on the particle-hole, spin, valley and layer indices, with
w,v,p, A = 0,...,3. We introduce Nambu doubling to
capture superconductivity [31I]. Here we neglect the in-
tralayer nearest-neighbor (NN) repulsion, as all the NN
sites of any low-energy site in each layer (b; and as) are
dimer sites (a; and bs), which do not participate in the



low-energy theory. The interlayer NN repulsion can be
neglected as the D-field already breaks the layer inversion
symmetry of electronic density, yielding a LP state.

We neglect the particle-hole asymmetry as it does not
play any role in the pattern of symmetry breaking. We
also neglect the trigonal warping, which splits quadratic
band touching points into Dirac points. As the density of
states for quadratic (linear) band dispersion is constant
(vanishes linearly) with energy in two-dimensions, the ef-
fects of short-range Coulomb interactions, responsible for
spontaneous symmetry breaking, are primarily driven by
the component quadratic in k. Our proposed candidates
for half- and quarter-metals, and the paired state, how-
ever, remain unaffected by trigonal warping [31].

Quarter-metal. On site Hubbard repulsion is expected
to be the dominant component of finite range Coulomb
interaction even in BBLG [32]. It favors LAF, which
when simultaneously present with LP, lifts the spin de-
generacy [23]. Although next-nearest-neighbor repulsion
favors quantum spin Hall order, once the spin degeneracy
is lifted, the system behaves as a spinless one, and favors
QAH order [33]. In the presence of LP, LAF and QAH
orders, the effective single-particle Hamiltonian is

HQM = Hy + AyToz03 + Ay Too33. (2)

Here Ay ~ U and Ay ~ V5 are the amplitudes of the
LAF and QAH orders, respectively. The corresponding

energy spectra are £./& + 07 —p fori = 1,...,4, where
0—u=—01+u=A1+2A9, ds—u=—03+u=»4201—Ay,

and & = |k|?/(2m,). As the four-fold spin and val-
ley degeneracy is completely lifted, the system behaves
like a quarter-metal, when |04 < p < |03, supporting
a nondegenerate Fermi surface [Fig. a)], as observed
in experiments [16], 17]. The key mechanism behind the
formation of a quarter-metal is the simultaneous pres-
ence of three masses (LP, LAF and QAH), each of which
anticommutes with the k-dependent part of the Hamilto-
nian Hy, but mutually commute with each other. When
|05] < @ < |d2|, the system supports large and small
Fermi surfaces, featuring oscillation peak at v < 1 as in
the PIP; phase [I6]. Next we generalize this mechanism
for a (compensated) half-metal.

Half-metal. Chemical potential yields an infrared cut-
off for the renormalization group (RG) flow of four-
fermion interactions. Thus, although at the bare level
U > V5 [34], at low p their renormalized strengths di-
verge in a similar fashion, as all quartic interactions have
the same scaling dimension and receive similar quantum
corrections, which wash out their difference at the mi-
croscopic or bare level after long RG time once many
fermionic modes are integrated out. As a result the LAF
and QAH orders show a prominent competition in the
infrared regime, giving rise to a quarter-metal. But, at
intermediate g when only a few fermionic modes are in-
tegrated out, Hubbard-U dominates over V5 as U > V5
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FIG. 3. (a) Various cuts of the phase diagram for fixed bare
interaction Ag, = 0.03 and Zeeman coupling h = 0.3, showing
a confluence of E4 nematicity and easy-plane f-wave pairing.
The shaded (white) region represents ordered (disordered)
phase. (b) Intralayer f-wave Cooper pairs. (c) Pairing suscep-
tibility x [Eq. (7)] in a compensated half-metal for y = 0.5,
t =0.2, u = 0.25 and As = 0.125. For each triplet chan-
nel solid line corresponds to the component perpendicular to
LAF and Bj-field, which for the f-wave pairing possesses the
largest susceptibility and is thus a candidate for the observed
pairing. The dashed (dotted) lines represent components par-
allel to LAF (B)-field). All parameters are dimensionless.

at the microscopic level and quantum corrections are in-
sufficient to smear out such difference, resulting in the
disappearance of the QAH order. Also, at the bare level
Hubbard-U is attractive in the LAF and ferromagnet
channels, as shown from the generalized Hamman de-
composition [33]. But, as the system flows into the low
1 regime, the ferromagnetic component disappears un-
der coarse grain, and only LAF order survives, as for the
quarter-metal. By contrast, at intermediate u, LAF can
in principle be accompanied by at least a small ferromag-
net (Ag). Then the effective single-particle Hamiltonian
reads

Heur = Ho + AyToi03 + ArLos00- (3)

The relative spin orientations of the ferromagnet and
LAF are chosen in such a way that their correspond-
ing matrix operators mutually anticommute, yielding a
configuration of maximal condensation energy gain. The



energy spectra of Hcur are £E, , —pt, where for 7,0 = +

1/2
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and 2% = £ +u?. The independence of E; , on 7T reflects
valley degeneracy of each band. When A; < u < A, the
system describes a half-metal [Fig. 2(b)], with one type
of carriers, featuring quantum oscillations at v = 1/2,
where Ay = u — /A, + A% and Ay = u+ /A7 + A%
However, for sufficiently small \/A% + A%, it is conceiv-
able that p > Ay 5 for the same fixed p [Fig. [2[(c)]. The
system then describes a compensated half-metal, as de-
pletion of majority carriers for one spin projection is
compensated by the equal gain of minority carriers for
opposite spin projection. This phase shows two quantum
oscillation peaks at v, and v,, with v, + v, = 1/2. Al-
though we can arrive at the same conclusions for Ap = 0,
shortly we justify the presence of ferromagnet.

Metal. A new phase (Symy [16] or D [I7]) sets in via a
phase transition from the compensated half-metal, trig-
gered by decreasing D-field or LP. It shows quantum os-
cillation peak at v = 1/4, stemming from four-fold degen-
erate Fermi surface. The D-field acts as an infrared cut-
off for the RG flow of four-fermion interactions. Thus, as
the D-field decreases, Hubbard-U undergoes more coarse
grain, leading to the disappearance of the ferromagnet.
Since the Hubbard-U dominates in BBLG, we believe this
phase possesses pure LAF order [Fig. [2(d)].

The identification of distinct orderings leading to de-
generacy lifting in BBLG qualitatively agrees with the
evolution of the phase boundaries among them in the
presence of Bj-field [I7]. Tts dominant effect is the Zee-
man coupling with electronic spin [35], naturally boost-
ing the ferromagnet component of the compensated half-
metal, but detrimental to LAF order. Consequently, with
increasing B)-field the compensated half-metal is found
over a larger doping range [17].

Superconductivity. With the application of a B)-field,
a wedge shaped superconducting regime appears in be-
tween Symio and PIP; [16]. To shed light on such paired
state we perform a leading-order RG analysis by consid-
ering a repulsive (g, > 0) four-fermion interaction [34]

9, {(‘I’TF3001‘P)2 + (‘I’TF3032‘I’)2]

that favors a nematic phase transforming under the £,
representation of the Dzg group with (UTT300; %) # 0
or (UT3032W) # 0. This phase stands as a candidate
for Symjs residing next to PIP,. The sixteen-component
Nambu-doubled spinors ¥ and ¥ involve spin, valley and
sublattice or layer (b; and as) degrees of freedom [31].
Next we integrate out fast Fourier modes within the
Wilsonian shell Ae™* < |k| < A. Here A is the ultra-
violet momentum cutoff up to which the quasiparticle

dispersion remains quadratic and £ is the logarithm of
the RG scale. The coupled RG flow equations are
dA
df" = )\QEQH(t,u,u,h) and (c% =2z, (5)
for x = t, u,u, h. The relevant Feynman diagrams and
H function are shown in the Supplementary Materi-
als (SM) [31]. The dimensionless quantities are Ag, =
2m.g,,/(2m) and T = 2m,x/A%. For brevity we take
Z — x. Here t (h) is the temperature (Zeeman cou-
pling). The flow equation of x gives an infrared cut-
off £ = In[z71(0)]/2, where x(0) < 1 corresponds
to its bare value. The RG flow of Ag, terminates at
€< = min(¢;, €5, 0, 03). Then the system describes an
ordered (a disordered) phase when Ag, (£*) > 1 (< 1).
Besides the I, nematicity, singlet s-wave and triplet
f-wave pairings (respectively transforming under the ir-
reducible A, and A,,, representations of the D34 group),
nucleate in a degenerate fashion in the ordered state at
low temperatures, when B = 0. The f-wave pairing
changes sign six times among the intralayer next-nearest-
neighbor pair of sites [Fig. (b)] [36]. But, finite Bj
breaks this degeneracy and favors only the spin easy-
plane components of the f-wave pairing (A AlLu). To cap-
ture this competition, we allow the conjugate fields, cou-
pling with the corresponding fermion bilinears as

Ap, [TTT3001 0 + UiT50300T], Ay, Z T 0000

pn=1,2
AAL Z \I/Trﬂgg()\lf, and AAf'u Z Z ‘I’Trujgo\y,
pn=1,2 p=1,2 j=1,2
to flow under RG, captured by
dln A
al Y _2:)\EgJy(t7/’['au7h)a (6)

for y = Eg, Ay, A!u, A4,. The relevant Feynman dia-
grams and J functions are shown in the SM [31]. Here
u=1,2 reflects U(1) gauge redundancy of the supercon-
ducting phase. As Ag, diverges, indicating onset of an
ordered phase, the pattern of symmetry breaking is set
by the conjugate field that diverges toward +oco fastest.
Following this procedure we construct a few cuts of the
phase diagram in the (u,t) plane for various u with fixed
bare values of Ag, and h [Fig. a)]. The low (high)
temperature ordered phase is occupied by easy-plane f-
wave pairing (E, nematic metal), manifesting an “Orga-
nizing principle” based on a generalized energy-entropy
argument [33] B7]. Namely, the f-wave paring that fully
gaps the underlying Fermi surface, thereby yielding max-
imal condensation energy gain, is realized at low temper-
ature. The gapless nematic phase is entropically favored
at higher temperature. The matrices involving these two
phases fully anticommute with each other and form a
composite O(4) vector, exemplifying the “Selection rule”
among competing orders [33, B7, B8]. Such pairing can
also be phonon mediated [39].



To anchor the nature of the pairing by approaching
from the compensated half-metal (PIP3) side, we com-
pute and compare the bare mean-field susceptibilities (x)
for all symmetry allowed local pairings. By virtue of pos-
sessing majority and minority carriers with opposite spin
projections, it can sustain both singlet and triplet pair-
ings. For zero external momentum and frequency

© 2
X = 47;;00 / (;7:;2Tr [Giwn, k) MG(iw,, k)M] . (7)

The Hermitian matrix M represents a paired state,
fermionic Green’s function G(iwp, k) = [iw, — Hoam] ™1,
wn, = (2n + 1)t are the fermionic Matsubara frequen-
cies, and the Boltzmann constant k,, = 1 [3I]. The re-
sults are displayed in Fig. c). It shows that f-wave
pairing always possesses the largest susceptibility and is
thus most likely to be nucleated from a parent compen-
sated half-metal. The spin orientation of the paired state
gets further locked, such that it is orthogonal to the spin
components of both LAF and B)-field.

Discussions. We develop a pedagogical theory for spon-
taneous symmetry breaking and the resulting degeneracy
lifting in BBLG, leading to the formations of quarter- and
(compensated) half-metals, as observed in recent experi-
ments [16, [I7]. Our proposals for such fractional metals
are equally germane to recently observed quarter- and
half-metals in BBLG [40] and RTLG [14]. The paired
state in BBLG, stabilized by applying an in-plane mag-
netic field, is unambiguously identified to be the easy-
plane spin-triplet f-wave superconductor. It can emerge
from either a nearby parent nematic liquid, mediated
by incipient quantum fluctuations, triggered by repulsive
electronic interactions or a compensated half-metal.
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