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Topology in quantum many-body systems has profoundly changed our understanding
of quantum phases of matter. The model that has played aninstrumental role in
elucidating these effects is the antiferromagnetic spin-1Haldane chain' Its ground
stateis adisordered state, with symmetry-protected fourfold-degenerate edge states
dueto fractional spin excitations. In the bulk, itis characterized by vanishing two-point
spin correlations, gapped excitations and a characteristic non-local order parameter*.

Morerecently it has been understood that the Haldane chain forms a specific
example of amore general classification scheme of symmetry-protected topological
phases of matter, which is based onideas connected to quantuminformation and
entanglement®”’. Here, we realize a finite-temperature version of such a topological
Haldane phase with Fermi-Hubbard ladders in an ultracold-atom quantum simulator.
We directly reveal both edge and bulk properties of the system through the use of
single-site and particle-resolved measurements, as well as non-local correlation
functions. Continuously changing the Hubbard interaction strength of the system
enables us toinvestigate the robustness of the phase to charge (density) fluctuations
far from the regime of the Heisenberg model, using anovel correlator.

Topological phases of matter often share a deep connection between
their bulk and edge properties®’. In the case of the Haldane chain, the
bulkexhibits a hidden antiferromagnetic (AFM) order characterized by
AFM correlationsinterlaced with anarbitrary number of S = O elements,
where §?denotes the spin componentin the z-direction. This patterncan
only berevealed through non-local string correlations that are sensitive
tothelocalspinstates, which, however, require detection of the quantum
many-body system with microscopic resolution. Although this was not
possiblein early experiments on spin-1chains, evidence for a spin gap,
aswellasspin-1/2localized edge states, was found using neutron scatter-
ing'®" or electron resonance experiments?>®while not directly probing
this hidden order or spatially resolving the edge states. Recent develop-
mentsinquantumsimulations enable one to go beyond such solid-state
bulk measurements by observing quantum many-body systems with
single-site resolution*'®andinafully spin- and density-resolved way'%°.
This provides a rich diagnostic tool to obtain a direct microscopic pic-
ture of the hidden order inexperiments®?% The power of this technique
has also been demonstrated recently in a study that was able to reveal
asymmetry-protected topological (SPT) phase in the hardcore boson
Su-Schrieffer-Heeger (SSH) model using Rydberg atoms?. Here we
expand onthose results by realizing afinite-temperature version of the
Haldane phaseinaspinsystemwith tuneable coupling strength, system
sizeand controlled charge fluctuations. We show this by measuring both
topological and trivial string order parameters.

Aninstructive way to engineer the Haldane phase in systems of spin-
1/2fermionsis on the basis of the AKLT model**, in which a spin-1parti-
cleisformed out of two spin-1/2 particles. Thus, spin-1/2 ladder systems
emerge as an experimentally realizable platform for the Haldane phase.
Whereas a naturalimplementation with spin-1particles onindividual
rungs requires ferromagnetic rung couplings and antiferromagnetic
leg couplings, amuch wider variety of couplings in spin-1/2 quantum
ladders feature the Haldane phase??. Thisincludes the antiferromag-
netic Heisenberg case, which werealize here as the strong-interaction
limit of the Fermi-Hubbard model.

In our experiment, we prepare such ladders by adiabatically loading
aspin-balanced mixture of the two lowest hyperfine states of *Liintoan
engineered lattice potential (Methods). Asillustratedin Fig. 1a, we real-
ize fourisolated two-legladders with a variable number (L) of unit cells
(where L is therefore also equivalent to length), surrounded by a low-
density bath of particles?. The unit cells are chosen to be either along
therungs of theladders (vertical unit cell, Fig. 1b) or along the diagonals
(diagonalunit cells, Fig.1c). The edges of theladders are thenengineered
to match the choice of unit cell: straight edges are chosen for vertical
unit cells, whereas one site is blocked on each edge in the case of diago-
nalunit cells. Theatomsin the lowest band of the optical lattice are well
described by the Fermi-Hubbard model, with tunnelling energies, ¢
(chain), ¢, (rung), and on-site interactions U. For half-filling and at strong
U/t | =13,used throughout most of our experiments (see Methods for
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Fig.1|Probing topological phasesinspin-1/2ladders of cold atoms.

a, Realization of tailored spin-1/2laddersin asingle plane of a 3D optical lattice
withapotential shaped by aDMD. The dilute wings of the potential are well
separated from the homogeneous ladder systems. Using quantum gas
microscopy, we obtain fully spin- and density-resolved images of the system.
Theinset shows asingle-shot fluorescenceimage of the prepared ladder
without spinresolution. b, ¢, Connecting spin-1/2ladders tointeger-spin chains
by grouping pairs of spinsin unit cells. For diagonal unit cells (b) the AFM
Heisenbergladder adiabatically connects to the Haldane spin-1chain showing
spin-1/2 edge states and hidden long-range order (thatis, AFM order
interspersed with $*= 0 unit cells). For vertical unit cells (c), the systemisin the
topologically trivial phase dominated by singlets on the rungs, forming a
spin-0 chain. We adapt the edges of the system to match the respective unit
cell, thatisstraight edges for vertical unit cells and tilted edges for diagonal
unitcells, which we realize by blocking one site on each end. The energy spectra
ofthe systems grouped by total magnetization M* display gapped fourfold
near-degenerate ground states for the topological configurationand asingle
ground state for the trivial one. Sketchfor L =7.

details), density fluctuations are suppressed and the spin ladder realizes
the Heisenberg model® with Hamiltonian:

A=), Y SeySeayt) 2 SeaSes
x€[0,L) x<[0,1) (1)
y=A,B

with positiAve leg and rung couplings, J, | = 4t”2,l/U and the spin-1/2
operators S, atsite (x,y), with4, Bdenoting the two legs of the ladder.

The topological properties are most easily explained in the limit
Jo>Jp where strong spin singlets formalong the rungs and the system
exhibits an energy gap of /. The behaviour on the edges of the ladder
thendepends on how the systemis terminated, and therefore on which
unit cellshave been chosen. For diagonal unit cells (Fig. 1b), two unpaired
spin-1/2 particles remainand the many-body system has afourfold degen-
eracy thatis only weakly lifted by an edge-to-edge coupling, which van-
ishes exponentially with system size (Supplementary Information).
Inthetrivial case of vertical unit cells (Fig. 1c), all spins pair into singlets
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Fig. 2| Trivial versus topological configurations. a, The atomic density
distribution (/1) of ladders with diagonal and vertical unit cells. b, The
amplitudes of the spin-string correlator 87 g7 (greencircles) and the
string-only correlator g, .- (greysquares) observed as afunction of the spin
distance over d unit cells. The cartoonillustrates the unit cells, the total spin §*
per unit celland the string correlators for asubsystemwithd = 3. Inthe trivial
configuration (rung unitcells), Lg“z(d)l iswellabove zero, whereaslgsz'Rz(d)l is
rapidly vanishing at d > 1. By contrast, for the topological configuration
(diagonalunitcells),| gSZ’Rz(d)l, showsalong-range correlation, whereas

Lgﬂsz (d)|isclose to zero.Inboth cases, the two-point spin-spin correlation C(d)
decaysrapidly tozeroasafunctionofthedistanced (insets). The correlators
8y r7 857 gz and C(d) are evaluated for fixed total magnetization m* = 0.

¢, Amplitudes of the rung- and inversion-averaged local magnetizations|m?(x)|
plotted as afunction of positionxalong the chains for different m*. In the
unbalanced spinsector of the topological configuration (m? = £1), the result
displaysalocalization of the excess spins at the edges, signalling the presence
ofedge states. All data were takenwith J, //, =1.3(2). Error bars denote one
standard error of the mean (s.e.m.) and are smaller than their marker size if not
visible.

and theground stateis unique. These descriptions remain valid even for
weaker J, /j”, where the singlet alignment may change between vertical
and horizontal, but any line between two rungs cuts an even number of
singlets?*°,

To make the analogy between the spin-1/2 ladder and the Haldane
integer chain more apparent, we switch to a description in terms
of total spin per kth unit cell, §, =S§, , +S, 5, where the indices (A, B)
indicate the two spin-1/2 particles in the same unit cell, making an
integer spin. In the diagonal unit cell such asystem shows a high (=80%)
triplet fraction® (Supplementary Information). We note that this spin
ladder can be adiabatically connected to a spin-1 chain by including
ferromagnetic couplings within the unit cell>. However, having a high
triplet fractionis not essential for having a well-defined Haldane phase,
as both systems share the same universal SPT features?®.

The defining property of the Haldane SPT phase is thatitisaninteger-
spin chain with spin-1/2 edge modes: the bulk SO(3) symmetry is said
tofractionalize into SU(2) symmetry at the edge. It has no spontaneous
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Fig.3|Influence of spin-coupling strength on the string order parameters
andtheedgestates.a, Thetwostringorder parameters, gz oz (green)and
8ip2 (grey), for both trivial (left) and topological (right) configurations
measured asafunctionof J, /(J, +J,).Both 857 g2 and 8, gz Stay finitein their
respective phasesand are largely consistent withzerointhe other phase. The
datawere takenatachainlengthof L = 5except foronedatapoint markedbya
triangleat L =7.Shaded curves are the ED results of the two order parameters at
finite entropy per particle, S/N =(0.3-0.45) kyand L =5. The inset shows the
measured 8z pzasa functionofthe chainlength L at J, /j, =1.3(2) (thatis,

Ji/(Jy +J;) =0.56(4)). The decay in the magnitude of the string order parameter
withlengthisexpected at finite temperaturesin quantitative agreement with

symmetry breaking and thus the spin correlation function (§i§i+d> is
shortrange. Instead, the aforementioned symmetry fractionalization®
can be detected in the bulk using string order parameters®>::

k+d-1 ).
“ l'/[]OkHi

l=k+1

o= @k[ 2)

withan on-site symmetry U, and endpoint operator O,, where [ denotes
the unit celland dthe string distance (Fig. 2 and Supplementary Infor-
mation). This correlator probes the transformation behaviour of the
bulk under a symmetry U;; for example, a spin rotation around the z
axisbym, R, ezxp(mS,) The pure-string correlator 8, z2(d), where
Or=1and U;=R, ,is non-zero for d > 1if the edge does not have half-
integer spins®. This is the case for the topologically trivial configuration
but not for the Haldane phase, in which the symmetry s fractionalized.
The spin-string operatorgSZ’R,(d)(ref. 3,0, = Si, exhibits the opposite
behaviour andis non-zero onlyinthe Haldane phase (see Supplemen-
tary Information for details about the symmetries of the Haldane
phase). Thus we canidentify the Haldane phase by comparing the two
string correlators 82 g and Jfypes and observe opposite behaviour in
the two different regimes.

Another perspective on 8z gz CaN be gained by recognizingitasa
normal two-point correlator at distance d, which ignores all spin-0
contributions along the way (‘squeezed space’***). In the underlying
spin-1/2 system, this order stems from N -1 consecutive rungs domi-
nantly consisting of N - 1singlets and two spin-1/2 states, which have
acombined total spin of +1, 0 or -1.
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EDresults (lines) at S/N = 0.4 k,. b, Edge state localization at Sl =13Q2).
Inthe m? = +1spinsectors of the topological configuration, the unit cell local
magnetization|m?(k)|at chain position k shows excess magnetization
localized at the edges for differentlengths. The black lineis afit to our
inversion-averaged data. ¢, The localizationlength  of the edge states
increases with theleg coupling J,butsaturatesatavalue set by temperature
andsystemsizeL =5.Linesare ED results at S/N= 0.3 kzand O k;. The inset
showstheindependence of §withrespectto L extracted fromthe plotsinb, as
wellas ED results for S/N=0.3 k. Error bars denote one standard error of the
mean (s.e.m) and are smaller than their marker size if not visible.

Toobserve the characteristics of the SPT phase, we prepare atwo-leg
ladder oflength L =7 and jl/j‘ 1.3(2)inboth the topological and the
trivial configuration. The tallored potential yields a homogeneous
filling of the systemwith sharp boundaries (Fig. 2a), whichis character-
ized by a remaining density variance over the system of 2 x10™. To
focus on the spin physics, we select realizations with N, + N, = 2L per
ladder. Additionally, we exclude ladders with an excessive number of
doublon-hole fluctuations and do not consider strings with odd atom
numbers in the string or the endpoints of the correlator (Methods).
We characterize the spin-balanced ladder systems(M? = (N, - N,)/2=0)
by evaluation of the string order parameters, as defined in equation (2).
In the topological configuration, we observe fast decay of g .. over
adistance of approximately one site and a long-range correlation up
tod =6, with afinal value ofgsz‘RZ ~ 0.1 (Fig. 2b). In contrast, for the
trivial configuration, the correlation decays rapidly to zero as a func-
tionof the string correlator length. The opposite behaviour is seen for
g, z(d), demonstrating the hidden correlations expected for both
phases.

Furthermore the two-point spin correlation, C(d) = =g, (d)=
<Sk5k+d) yields only the short-range AFM correlation characterlstrc for
agapped phase (see insets in Fig. 2b). It is interesting to note that at
the largest distance in the topological case, C(d = 6) displays a clear
(negative) correlation between the two edge spins, despite small cor-
relations at shorter distances. This (classical) correlation confirms the
existence of a non-magnetized bulk, such that spins on the edges of
the system must be of opposite direction at global M*= 0.

We probe the edges explicitly by measuring the amplitude of the local
rung-averaged magnetization m*(x) as afunction of rung position x for



different sectors of the ladder magnetization M* (Fig. 2c). In the case of
animbalanced spin mixture with M? = +1, we see that the two end sites
exhibit on average a higher magnetization than the bulk rungs in the
topological configuration. Thisis consistent with the bulk of the ground
states of both phases forming a global singlet, and only the edges of the
topological phase carrying an excess spin-1/2 without energy cost. The
measured bulk magnetization canbe attributed to finite-temperature
effects (Supplementary Information).

The SPT phase is expected to be robust? on variation of the ratio
jl/j but maintains afinite gap in the system. We realize both the triv-
ial and topological configuration with different ¢, /¢,atalmost fixed U
and study the string correlators at maximal distance (L — 1) versus A /j”
(Fig. 3a). For the topological configuration with diagonal unit cells, we
observe 8 gz(L=1)=~0 and |gsZ z:1>0 for all -IL/-I| with a maximum
around jl/j‘ ~1.3(2) (thatis, -/L/(IL +j ) ~0.56(4) ), whereas for the
trivial case the role of the correlators lS reversed. Both phases con-
tinuously connect in the limit of two disconnected chains at J, =
These observations demonstrate qualitatively all the key predictions
of the antiferromagnetic spin-1/2 ladder at temperature 7= 0 (ref. %)
and the strengths of the measured correlations are consistent with
exact diagonalization (ED) calculations using an entropy per particle
S/N=(0.3-0.45) kz(shaded lines in Fig. 3a).

Wereveal these features despite the finite temperature inour system,
which would destroy the long-range hidden order in an infinite system.
The total entropy in our system is, however, still low enough to yield a
large fraction of realizations of the topological ground state. In larger
systems, the total number of thermal excitations grows (at fixed entropy
per particle) and the non-local correlator| gSZ'RZ(L —1)|decreases (see
inset of Fig. 3a), consistent with vanishing correlationsin the thermody-
namic limit, thus yielding a restriction on our system size at our level of
experimental precision and entropy per particle (Supplementary Infor-
mation). Finite size effects are explored in detail in the Supplementary
Information. We note that the difference between the SPT phase and the
trivial phaseis here clearly shown by considering both 8z gz and 8 g

Toinvestigate the localization length of the edge states, we evaluate
our data for m? = 1 and plot the local magnetization per unit cell m*
(k) for different system sizes (Fig. 3b). Because of the singlets in the
bulk, the excess spinis most likely to be found at the edges of the system.
This spin partly polarizes the neighbouring sites antiferromagnetically,
leading to an exponentially localized net magnetization with
AFM substructure®. The data are well described by the fit function
m?(k) = mg+ mg (- 1)¥e ¥/ + (- 1)Lk 1e=C=k-D/%y with free bulk mag-
netization m;, edge magnetization m;and decay length €. InFig. 3¢, we
show how thislocalization length { decreases as we approach the limit
of rung singlets, J > J,- Comparison with ED lets us identify two
regimes: at J z), the measured {drops with larger J, and coincides
with theory independent of temperature, whereas at low A thermal
effects dominate, limiting the increase of to three sites for our system
(Supplementary Information).

Thus far, we have worked in the Mott limit where density fluctuations
can be ignored, such that the spin Hamiltonian, equation (1), is a good
effective description of the Fermi-Hubbard ladder. However, itis known
that the Haldane SPT phase canbe unstable to density fluctuations® .
By reducingU/t, the symmetry in the unitcell in the bulk changes from
SO(3) toSU(2), asit now may contain both half-integer and integer total
spin. This effectively removes the distinction between bulk and edge
(Supplementary Information). This means that the edge mode and string
order parameter are no longer topologically non-trivial, which is also
manifestedinthe fact that the two phases can be adiabatically connected
by tuning throughalow-U /¢, regime if one breaks additional symmetries
but preserves spin-rotation symmetry>*¢, In particular, the above string
orderslose their distinguishing power: 8z g and 8 r: will both generi-
cally have long-range order away from the Mott limit>*.

Intriguingly, despite the breakdown of the above symmetry argu-
ment and string order parameter, the Hubbard ladder (with diagonal
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Fig.4|Robustness of the Haldane phase to density fluctuations.a,b, The
hiddenSPT orderis preserved even at low Hubbard interactions, as revealed by
thenovelstring correlatorslg‘szype (d)|(greencircles) and lg, pv (d)|(grey
squares) on the basis of the spin-down parity P 1&gz pv|staysnon-zero,
whereas|g, ,4|is consistent with zero for d =L ~1over the measuredinteraction
range. The same qualitative behaviour is seenin zero-temperature DMRG
calculations (shaded line) with L > «. ¢, Spatial distribution of excess
magnetization (m? = +1) for decreasing U/t Evenfar away from the Heisenberg
regime, the edge state signal remains strong and only diminishes for very weak
U/t;.d,Map of zero-temperature DMRG (L > =) results for the spin-string
correlator in the entire parameter space of the topological phase. It shows a
strictly non-zero 8z pt while g p(L-1)=0 everywherein this phase. The black
circlesindicate the parameters of the measurements. All experimental data
weretakenat /, /J; =1.3(2)and L =5inthetilted geometry. m?=0ina,bandd.
Errorbarsdenote one standard error of the mean (s.e.m.) and are smaller than
their marker sizeif notvisible.

unit cell) remains a non-trivial SPT phase due to its sublattice sym-
metry. This symmetry is a direct consequence of the ladder being
bipartite (see Supplementary Information for details). It is simplest
to see that this protects the SPT phase in the limit U= 0, where the
two spin species decouple, such that our model reduces to two cop-
ies of the SSH chain®. It is known that such a stack remains in a non-
trivial SPT phase in the presence of interactions, namely U# O (ref. *5).
Moreover together with the parity symmetry of spin-down particles,
P, exp[m(n,’A +A;p)], itthen gives rise to a different string order
parameter:the topological phaseis characterized by long-range order
in g ., Whereasithas vanishing correlations for g, ., with theroles
being reversed in the trivial phase. This novel string order is derived
in the Supplementary Information. Remarkably, in the Heisenberg
limit, it coincides with the conventional string order parameter used
before.

In the topological phase it lS meaningful to normalize 8¢z pe 1O
gsZ pr=N8sz ps with 77" = (I$¢1IS;. 41>, which effectively excludes end-
points with spin §*= 0. Indeed, we find unchanged string correlations
g 2 pt and g, ,. down to the lowest experimentally explored value
U/tII 2.5(2) (Flg 4a,b) and edge state signals down to U/;=5.0(3)
(Fig. 4c). Density matrix renormalization group (DMRG) calculations
for L > «confirmnon- Zerog 2 L(L 1)at T=0and forall rung-coupling
strengths (Fig. 4d), while 8, p*(L 1) is strictly zero. Owing to the nor-
malization g 8, po(L—1)goestolfor J, >

In our work, we realized a finite-temperature version of the topo-
logical Haldane SPT phase using the full spin and density resolution
of our Fermi quantum gas microscope. We demonstrated the robust-
ness of the edge states and the hidden order of this SPT phase in both
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the Heisenberg and the Fermi-Hubbard regime. In the future, studies
may extend the two-leg ladder to a varying number of legs, in which
one would expect clear differences between even and odd numbers
of legs® and topological effects away from half-filling*°, or may inves-
tigate topological phases in higher dimensions*.. Furthermore, the
ladder geometry holds the potential to reveal hole-hole pairing* at
temperatures more favourable thanina full two-dimensional system.
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Methods

Experimental sequence

In each experimental run, we prepare a cold atomic cloud of ’Liin a
balanced mixture of the lowest two hyperfine states (F =1/2, m, = +1/2).
For evaporation, we confine the cloud in a single layer of a staggered
optical superlattice along the zdirection, with spacings a,=3 pmand
a,=6 pumand depthsV, =45 E} and V,=110 E}, where E; denotes the
recoil energy of the respective lattice. The atoms are harmonically
confinedinthexyplane and the evaporationis performed by ramping
up amagnetic gradientalong the y direction®. The finalatom number
istuned via the evaporation parameters.

The cloud is then loaded into an optical lattice in the xy plane with
spacingsa,=1.18 pumand a, = 1.15 um, whichis ramped up within100 ms
to its final value, ranging from 5E; to 15£; depending on the chosen
Hubbard parameters. The scattering length is tuned from 230 ag dur-
ing evaporation, with a; being the Bohrradius, toits final value ranging
between 241 a; and 1,200 a; using the broad Feshbach resonance of
°Li. An overview of the parameters of each dataset is given in Extended
DataTablel.Simultaneously with the lattice loading, arepulsive poten-
tial is ramped up, which compensates for the harmonic confinement
generated by the curvature of the Gaussian lattice beams and divides
theresulting flatareainto four disconnected ladder systems along the
y direction (see ‘Potential shaping’). We achieve temperatures of
kgT= 0.9(3M for the parametersin Fig. 2.

For detection, the configurationis frozen by ramping the xy lattices
to 43 ERY within 250 ps. A Stern-Gerlach sequence separates the two
spinspecies into two neighbouring planes of the vertical superlattice,
whichare thenseparated to adistance of 21 pm using the charge pump-
ing technique described in ref. %°. Finally, simultaneous fluorescence
images of the two planes are taken using Raman sideband cooling in
ourdedicated pinning lattice*®, withanimaging time of 2.5 s. The fluo-
rescence of both planesis collected through the same high-resolution
objective. Thelightis thensplitinto two paths using a polarizing beam
splitter.One of the beams passes through avariable 1:1telescope before
both paths are recombined on a second polarizing beam splitter with
asmall spatial offset. This enables us to image both planes in a single
exposure, with each plane in focus on a separate fixed position of our
camera. We calibrated the relative position on the camera of the two
imaged planes using 300 shots of a spin-split Mott insulator and the
matching algorithm described in the supplement of ref.?°. The overall
detection fidelity per atom was 96(1)%.

Potential shaping

Theladder systems are created by superimposing the optical lattice
witharepulsive potential, which is shaped by projectingincoherent
light at 650 nm (generated from a SLED by Exalos EXS210030-03)
fromadigital micromirror device (DMD) through the high-resolution
objective. Four ladders are created by blocking lattice sites with a
potential V=3.5(5)Uaround each ladder. The area outside the walled
laddersislifted above the inner ladder potential, but remains below
the interaction energy U. It thus serves as a reservoir for surplus
atoms, which occupy this region once the lowest Hubbard band of
theladdersisfilled. The flatness of the potential is adjusted for each
parameter setting, as the intensity of the lattice beams directly influ-
ence the curvature of the potential. Thisis accomplished by realizing
asystem with about 20% doping and returning the average density
0of 100-150 experimental runs as feedback to the DMD pattern. We
repeat the feedback until we reach a sufficiently flat density profile
with avariance <1 x 1072 over the 8L ladder sites. To adjust for drifts
in the lattice phase, we continuously track the lattice phase of each
experimental run and feedback to the potential position accord-
ingly. In Extended Data Fig. 1, the average density and occupation
histograms of all four ladders and the reservoir area are shown for
the datasetof L =7.

Dataselection

Ineach experimental run, four ladder systems are realized. To fulfil the
criteria of the Heisenberg regime, we then select on ladder instances
with atom number N=2L and restrict the total magnetization to
M?*=0,IM?|=1, or|M?| <1, depending on the observable, and specify
the magnetization sector whenever data points are presented.
|[M?| <1for 87.5% of all data. Additionally, for all measurements in the
Heisenberg regime, we remove ladders with more than two doublons,
as those indicate amismatch of the DMD pattern relative to the lattice
phase. Togive aspecificexample, we here give the precise numbers for
the data presented in Fig. 2. This dataset consists of 7,032 realizations
withfourladderseach. Out ofthose 28,128 ladders, 6,721 have an atom
number of 14.Inaddition, 2,636 ladders then have a total magnetization
m? =0 and 3,094 have a magnetization of M? = + 1. Finally 77 of those
2,636 ladders have more than two doublon-hole pairs, which we exclude
as these are most likely to be caused by drifts of the potential pattern
given by the DMD. This leaves a total of 2,559 ladders out of the initial
28,128 for calculation of the string correlator.

For calculating the string correlators &z pe and 8 pz At fixed d, we
exclude realizations with an odd atom number in the bulk area (grey
areain the cartoon of Fig. 2b), as those would lead to imaginary con-
tributions to the correlators, and we also exclude odd atom numbers
attheedgeareas (greeninthe cartoon of Fig. 2b). These cases are mostly
dueto thefinite U/t, whichstillallows for some particle fluctuations.
We keep other particle-hole fluctuations, such as those occurring
within the string. These do not alter the observed string correlation
relative to the Heisenberg model.

Nearest-neighbour spin correlations

Thetwo-legladder systems show strongantiferromagnetic spin correlations
in which the dominant orientation depends on the ratio of couplings /1 //u
and the strength is measured by C,(d) =4S S; 4> and C, =4<S} ;S5
Foraleg coupling J much higher than the rung coupling J , the nearest-
neighbour spincorrelator C,along the rung almost vanishes, whereas cor-
relations reach C,(1) =—0.500(6) along the leg direction. For adominating
rungcoupling J,, C,reaches—0.58(1), indicating singlet formationbetween
thetwosites of arung. Extended DataFig. 2a shows the measured spin cor-
relations along both rung and leg for different values of J, /j”. The values
match the finite-temperature Heisenberg model for an entropy of
S/N=(0.3-0.4) ky per particle obtained from ED.

Theory simulation

In this work, we have used two different numerical methods to obtain
theoretical predictions for the experimentally measured observables.
The results in the Heisenberg regime were obtained using ED of our
spin-1/2laddersuptosizes of L =9 (limited by computational resources).
For each data point, the system size and geometry in the ED simulation
arethesameasinthe experimental data. The finite-temperature results
were obtained by using the full spectrum. We specify the entropy per
particles=S/N, whichwefind to be approximately independent of cou-
pling parameters in the experimental realizations. The results in the
Hubbard regime are calculated using the DMRG ansatz** based on the
TeNPy library (v.0.3.0)*. For all calculations, we conserved the total
particle number and the total magnetization. For the phase diagramin
Fig.4d we used theiDMRG technique to obtain the ground state and the
values of the string order parameters in the thermodynamic limit. For
this, we evaluated the ground state for each parameter and used amax-
imal MPS bond dimension y =1,200. The bond dimension is increased
insteps Ay =40 and the simulation stopped when the difference in the
ground state energy per unit cell E(y + Ax) — E(x) <107". This worked for
most parameters except in the vicinity of two decoupled Hubbard chains
and at small values ofU/t“. Nevertheless, in this regime we find that the
energy per unitcellis converged up to £(1,200) - £(1,160) <10™*. For the
experimentally accessible regime all calculations fulfil the former bound.
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To obtain the infinite length value of the string order parameters, we
calculated it for different lengths d€[200, 400, ..., 1600] to make sure
thatits final value is converged.

Data availability

The datasets generated and analysed during the current study are avail-
able from the corresponding author on reasonable request. Source
data are provided with this paper.

Code availability

The code used for the analysis are available from the corresponding
author on reasonable request.
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Extended DataFig.1|Density engineering. a, Repulsive light shaped witha
DMD splits the systeminto fourindependentladdersin the centre surrounded
by alow-density bath. The density of the laddersis n=0.992 with astandard
deviationof 0.03.b, The occupation histograms show the normalized
occurrence of totalatom numbersineach ladder and the normalized
occurrenceinthesurrounding bath for L =7. Almost 25% of the ladder
realizationshave N=2L.
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Extended DataFig.2|Nearest-neighbour spin correlations. The
nearest-neighbour spin correlation C(1) for different J, // inthe L =S system.
Thebrown (purple) points refer to the correlations along the rung (leg).
Theshaded areas correspond to the correlationsin the Heisenberg model with
anentropy of S/N=(0.3-0.4) k; per particle. Both theoretical and experimental
values are obtained from the magnetizationsector m? = 0.



Extended Data Table 1| Experimental parameters

length |hopping |hopping |interaction ratio

L (sites) | ty/h (Hz) |ty /h(H2) U/h (Hz) NIWAN

5,6,7,9,11 250 280 3500 1.3(2)
5 330 38 4000 0.013(2)
5 300 130 3600 0.20(3)
5 340 280 3000 0.7(1)
5 250 280 3500 1.3(2)
5 150 300 3500 4.0(6)
5 130 390 3300 8(1)
5 250 280 3500 1.3(2)
5 250 280 2300 1.3(2)
5 250 280 1250 1.3(2)
5 250 280 650 1.3(2)

The parameters system size L, leg coupling t), rung coupling ty, interaction U and the resulting
ratio JL/JH are shown for all datasets. The uncertainties are given for JL/J‘ and originate from a
5% uncertainty on the hopping parameters t; and t). For the length scan we keep all other
parameters constant, whereas the JL/JH scan demands a tuning of both tunnelling amplitudes
to keep both U/t | and U/t high. Where the topologically trivial geometry is realized, it has the

same parameters as the topological geometry.
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