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Arithmetic Orr invariants of absolute Galois groups

Hisatoshi Kodani and Yuji Terashima

Abstract

Based on the analogies between mapping class groups and absolute Galois groups, we introduce an
arithmetic pro-¢ analogue of Orr invariants for a Galois element associated with Galois action on étale
fundamental groups of punctured projective lines. At the same time, we also introduce pro-£ Orr space
as an arithmetic analogue of Orr space whose third homotopy group is a target group of Orr invariant.
We then determine its rank as Z,-module following Igusa-Orr’s computation. Moreover, we investigate
its relation with Ellenberg’s obstruction to 7i-sections associated with lower central series filtration in
the context of Grothendieck’s section conjecture.
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1 Introduction

In low dimensional topology, Milnor invariants are important invariants to distinguish string links up to
link homotopy ([HaLi]). Milnor invariants are known as finite type (Vassiliev) invariants of string links.
Habegger and Masbaum [HaMal give an explicit formula relating the first non-vanishing Milnor invariants
and Kontsevich invariants of string links.

Orr introduced an invariant 6 for a based link in [OI]. The invariant takes values in the third
homotopy group ms(Kj) of certain space Kj, we call it the Orr space, obtained from an Eilenberg-
MacLane space of a k-th nilpotent quotient of the free group. He showed that his invariants are defined
for based link whose Milnor invariants of length < k vanish, and the invariant 6 contains all information
of Milnor invariants of lengths k£ 4+ 1 to 2k — 1.

In this paper, we introduce and investigate an arithmetic pro-¢ analogue of Orr invariants 9,(5) and Orr

space K g) for a based Galois element of an absolute Galois group based on analogies between mapping
class groups and absolute Galois groups as in Kodani-Morishita-Terashima [KMT]. In fact, we treat a
Galois element as if it were a mapping class of some pro-space and construct “mapping torus” and perform
“surgery” as usual arguments in topology. Our main tool for performing it is homotopy theory of pro-
spaces and their profinite completion which are introduced by Artin-Mazur [AM] in their study of étale



homotopy theory and after them further developed by Friedlander [F] and Sullivan [Sul. In [KMT], Thara’s
work ([I1], [I2]) is reinterpreted from the viewpoint of arithmetic topology. More concretely, Jacobi sums
and Soulé characters are shown to have expressions as linear combinations of arithmetic ¢-adic Milnor
invariants of Galois elements. Hence, our arithmetic Orr invariants may be thought of as a refinement of
Jacobi sums and Soulé characters.

Second, we compute the rank of the third homotopy and homology groups of the arithmetic Orr
space using a pro-¢ analogue of methods in Igusa-Orr [IO]. These computations are closely related to the
dimension of vector space of H-colored tree Jacobi diagrams as shown by Massuyeau [Ma] in his study of
a relationship between total Johnson map and LMO homomorphism.

Finally, we relate arithmetic Orr invariants to refinements of Ellenberg’s obstructions introduced in
the context of Grothendieck’s section conjecture ([E], see also [W1], [W2] and [W3]). In fact, we introduce
a double indexed version of Ellenberg’s obstructions with a double indexed nilpotent tower not only via
the nilpotent quotient by Ellenberg but also via the Johnson filtration, and show that the vanishing of
the obstructions is equivalent to the vanishing of a 1-cocycle obtained from arithmetic Orr invariants
(Theorem 9.2.5). In addition, we also give an explicit vanishing condition of arithmetic Orr invariants
in terms of f-adic Milnor invariants for the case of the projective line P' \ {0, 1,00} minus three points
in lower degree case (Theorem 9.3.2). For this, we apply a technique developed in Habegger-Masbaum
[HaMa] which relates tree Jacobi diagrams and Milnor invariants. As a byproduct, we give a simple
diagrammatic proof of Thara’s computation of vanishing of /-adic Milnor invariants with repetitive indices
(Proposition 9.3.1).

Outline

Here is an outline of this article. In Section 2, for the convenience of readers, we review background
material, such as pro-objects, profinite completion of homotopy types, Galois actions on étale fundamental
groups, pro-¢£ Magnus embeddings, and ¢-adic Milnor invariants. In Section 3, we define an arithmetic

)

analogue of Orr space K ,gé) and Orr invariants Hg
consider the image T]gé) of the invariants under Hurewicz homomorphism. In Section 4, we recall Igusa-Orr
computation [IO] of low dimensional homology groups for free nilpotent Lie algebra and see how it works
in our situation. In Section 5, we compute low dimensional homology groups for torsion-free nilpotent

pro-£ groups by considering a pro-£ version of Igusa-Orr computation. In section 6, we compute the rank

for a based Galois element. In addition, we also

of the third homotopy group of a pro-¢ (complete) Orr space K ,gé). In Section 7, we recall Massey products
)

and their basic properties. In Section 8, we study basic (algebraic) properties of pro-¢ Orr invariants Hff

(0

and Tlf . In Section 9, as an application of what we have done, we study pro-¢ Orr invariants in the
context of Grothendieck’s section conjecture. In particular, we investigate a relation between Ellenberg
obstructions and our arithmetic Orr invariants. Moreover, we give an explicit condition of vanishing of
pro-¢ Orr invariants in terms of /-adic Milnor invariants via tree Jacobi diagrammatic technique developed
in [HaMal for lower degrees. Besides, we also give a simple diagrammatic proof of Thara’s computation of
f-adic Milnor invariants with repetitive indices.

Notation

We denote by Z, Q and C the ring of (rational) integers, the field of rational numbers, and the field of
complex numbers respectively. Throughout this paper, the symbol ¢ stands for a fixed (rational) prime
number in Z. We denote by Z,, Q; and F, the ring of /-adic integers, the field of /-adic numbers, and the
finite field of order ¢ respectively.



For subgroups A, B of a (topological) group G, we denote by [A, B] the closed subgroup of G (topo-
logically) generated by commutators [a,b] := aba='b~! for all a € A and b € B. For a (topological)
group G, we denote by I'y(G) the k-th lower central subgroup recursively defined as I'1(G) := G and
Le1(G) = [Tk(G), G] (k = 1).

For a (topological) group G and a positive integer n, the symbol K(G,n) denotes an Eilenberg-
MacLane space of type (G,n). By abuse of notation, for a pro-group G, an Eilenberg-Maclane pro-space
is denoted by the same symbol K(G,1).

For a group G, we denote by G or G~ the profinite completion of G. Similarly, we denote by GO
or GO the pro-¢ completion of G. For the homotopy group m;(X) of a (pro-)space X, we sometimes
denote its profinite completion by 7;(X) and its pro-¢ completion by %Z-(Z) (X).

For a number field K and an algebraic closure K of K, we denoted by Gal(K/K) or G the absolute
Galois group of K.

For topological spaces X and Y, X ~ Y means that X and Y are weak homotopy equivalent.

We denote by Sets, Grp, Ab the category of sets, groups, and Abelian groups respectively. For a
category C, we often write X € C to mean that X is an object of C.

The symbol ® stands for the complete tensor product or graded tensor product depending on context
when there is no possibility of confusion.

2 Background material

For the convenience of readers, this section reviews background material such as pro-objects, profinite
completion of homotopy types, Galois action on étale fundamental groups, pro-£ Magnus embeddings,
and f-adic Milnor invariants of based Galois elements.

2.1 Pro-objects

In Section 2.1 to 2.3, we recall the basics of the idea of profinite completion of homotopy type of CW
complex founded by Artin and Mazur in [AM]. For details see [AM] and [Su]. In particular, [Su| contains
several concrete helpful examples.

To begin with, we recall the notion of pro-object in some category C. A category | is said to be
cofiltering if it satisfies the following properties (i) and (ii):

(i) for any pair of objects 4,5 € Ob(l), there is an object k& € Ob(l) and morphisms with

k

S~

J

(ii) for any pair of morphisms f,g: i — j, their is a morphism h : k — ¢ such that two composites are
equal foh=goh:k—j.

Remark 2.1.1. By reversing arrows in the definition above, we get a definition of filtering category.

Let C be a category and | be a cofiltering index category. A pro-object in the category C is a covariant
functor
X:1—=C (1)



For each index i € |, we denote its value X (i) by X;. By identifying a pro-object X and its values, we
often use the notation
X = {Xi}ial (2)

Since the index category | is cofiltering, one can regard a pro-object {X;}icr as an inverse system of
objects of C.

Now we recall the definition of the category pro-C of pro-objects valued in C. The objects of pro-C are
pro-objects X = { X}l and the set of morphisms Hom(X,Y") is given by

Hom(X,Y") := lim colim Hom(Xj;, Y}). (3)
jel el

for any pro-objects X = {X;}ici and Y = {Y}};ej.

Remark 2.1.2. We note that in [AM] they define a pro-object as a contravariant functor on a filtering
index category.

2.2 Pro-objects in the category of groups and homotopy category

This section recalls pro-objects in the category of groups and that of the homotopy category to fix
notations.

Let Grp the category of groups whose objects are groups and morphisms are homomorphism. Then,
pro-Grp is the category whose objects are pro-objects G = {G; }ier of groups and morphisms are given as
Hom(G, H) = lim colim Hom (G}, H;) for pro-objects G = {G; }icr and H = {H}};c;. We call the category
pro-Grp the category of pro-groups and its objects pro-groups. One may regard the category pro-Grp is
obtained from the category Grp by formally adding inverse systems. Note that any group G € Ob(Grp)
can be thought of as an object of pro-Grp by considering constant inverse system {G};c;. Hence, we have
a functor

Grp — pro-Grp (4)

Next, we consider the homotopy category. Let H be the category whose objects are connected CW
complexes and morphisms are given homotopy classes of continuous maps between them denoted by [X, Y]
for X,Y € Ob(H). Similarly, we denote by H. the category of pointed connected CW complexes. In this
article, we refer to H and H, as homotopy category and pointed homotopy category respectively. Similar
as the category of groups, we define pro-category pro-H and pro-H, by obvious manner and we have a

functor
H — pro-H (5)

and
H, — pro-H, . (6)

In this article, we also refer to (pointed) CW complexes as (pointed) spaces.

For pointed pro-spaces, we can consider their homotopy groups, homology groups and cohomology
groups similar to the usual pointed spaces case as follows: For each non-negative integer k£ > 0, the
homotopy group functor 7 is defined as

7 : pro-Hye — pro-Grp, X = {X;}ier — m(X) := {mp(X;) bier, (7)
the homology group functor Hj, is defined as

Hk : pro—H* — pro—Ab, X = {Xi}iel — Hk(X) = Hk(X,Z) = {Hk(Xi§Z)}iely (8)



and the cohomology group functor H” is defined as
H" : pro-H, — pro-Ab, X = {X;}ic; — H¥(X;Z) := {H*(Xi;Z) }icr. (9)

Here, note that {H*(X;;Z)}ier = colim;, HF (X, 7).

We define homology and cohomology groups with coefficients in pro-module twisted by fundamental
pro-group as follows: For a pro-space X = {X,};cs € pro-H,, take an Abelian group A with representation
7:71(X) — Aut(A). Then, we define twisted homology group Hy(X; A) and H*(X; A) as

Hi(X; A) = {Hp (X35 Ap)}i,0) (10)
and
H"(X; A) = colim H"(X;; Ag) (11)

(4,9)

where the index category consists of pairs (i,¢) such that ¢ : m1(X;) — Aut(A) is a homomorphism
representing 7.

Remark 2.2.1. The above definitions of homotopy groups and (co)homology groups are the same as in
[AM, §2]

Next, we also define twisted homology group with coefficients in a pro—[[Zm (X)]-module B as follows:
For a pro space X = {X;};c; and a pro-module B = {B;};c; where each B; is a pro-[Zm(X;)]-module.
Then, we set

Hy(X; B) = {Hn(Xi; Bi) }icl (12)

Note that this definition corresponds to that of the profinite group homology group with coefficients
in B (cf. Lemma 2.2).
2.3 Completion in the homotopy category

With notations in Section 2.1 and 2.2, let us recall the notion of pro-C completion in the homotopy
category.

Let C be the class of finite groups, i.e., C is the full subcategory of Grp whose objects are finite groups
(see [RZ, Section 2.1]). [ Denote by pro-C the category of pro-objects in the class C, called pro-C groups.
Then, in our situation, the pro-C completion of a group is restated as follows: Since each pro-object in
pro-C can be viewed as pro-objects in pro-Grp, so we have an inclusion functor

pro-C — pro-Grp (13)
and it has a left adjoint, called the pro-C completion
= @ pro-Grp — pro-C (14)
By composing it with Grp — pro-Grp, we have a functor
Grp — pro-Grp 5 pro-C (15)

and this functor is exactly the pro-C completion of a group in usual sense. The pro-C completion is
equivalent to the following.

In this article we restrict ourselves to the class of finite groups, although the original article ([AM] §3]) treats more
general class of groups.



e for G € Ob(Grp), the canonical map G — G is universal with respect to maps into pro-C groups,

e for G € Ob(Grp), the functor Hom(G, -) : C — Sets restricted to the category C is pro-representable
(see [AM| Appendix §2]) in C. In particular, the pro-C completion G represents the functor
Hom(G,-).

Similar to the group case, Artin and Mazur conceived the notion of pro-C completion of pointed CW
complexes as follows. For a class of groups C, we denote by CH, the full subcategory of H, whose objects
are pointed connected CW complexes with homotopy groups all in C-groups. Then, we have the following
analogue of the group completion for pointed spaces.

Theorem 2.3.1 (JAM| Theorem (3.4)]). The inclusion functor
pro-CH,. — pro-H., (16)

has a left adjoint
~: pro-Hy — pro-CH, . (17)

Equivalently, we have the followings.

e For X € pro-H,, there exists an object X e pro-CH,, called pro-C completion of X with a map
X — X which is universal with respect to maps into objects of CH,.

e For X € pro-H., the functor [X, ] : CH —>ASets restricted to the category CH is pro-representable in
CH. In particular, the pro-C completion X represents the functor [X,-].

In terms of Theorem [2.3.T], we get a functor
H. — pro-H. S pro-CH.. (18)

which gives the pro-C completion of (pointed) spaces.

Notation 2.3.2. For two pro-spaces X and Y, we say that X and Y are weak (homotopy) equivalent
and denoted by X ~ Y if they are g-isomorphic in [AM| Definition (4.2)].

Remark 2.3.3. It is known that for two pro-spaces X and Y, X ~ Y if and only if 73 (X) ~ m(Y") for any
k (JAM, Corollary (4.4)]).

Example 2.3.4 ([Su, p. 72], [AM| Example 6.12], and [Ser2, 1.2.6]). Let C be the class of finite groups.

(i) The profinite completion of the circle S* is given as
S'~ K(2,1) ~ K(Z,1). (19)

(ii) The profinite completion of the infinite dimensional complex projective space CP>* ~ K(Z,2) is
given as
CP*® ~ K(Z,2) ~ K(Q/Z,1) (20)

(iii) More generally, for finitely generated Abelian group G, we have

—

K(G,n) ~ K(G,n) ~ K(G ®zZ,n). (21)



(iv) The profinite completion of an Eilenberg-MacLane space K (SLo(Z),1) is given by
K(SLo(Z),1)” ~ K(SLa(Z), 1), (22)
but for an integer n > 3, the profinite completion of an Eilenberg-MacLane space K (SL,(Z),1) is
not weak equivalent to K (SL,(Z),1);

—

K(SLn(Z),1)" # K(SLn(Z),1) (23)

Remark 2.3.5. As we see in Example 2.3 (iv), for a group G, the profinite completion of Eilenberg-

MacLane space K (G,1) is not weak equivalent to K (@, 1) in general. The weak equivalence K@,\l) ~
K(G,1) holds if and only if G is “C-good” in the sense of Serre ([Ser2, 1.2.6], see also [AM, Corollary
(6.6)]). Here, for a pro-group G, G is said to be “C-good” in the sense of Serre if for every twisted abelian
G-module A € C , there are isomorphisms

Hq(é; A)~ HYG;A) for any q > 0. (24)
Finite groups, finitely generated Abelian groups, finitely generated free groups, and (pure) braid

groups are examples of “C-good” groups ([loc.cit.]).

At the end of this section, we give a pro-space analogue of well-known isomorphism between the
twisted (co)homology groups of K(G,1) and the twisted (co)homology groups of G. In the following
sections, we heavily use these isomorphisms.

Lemma 2.3.6. Let G be a profinite group and K(G,1) be an Eilenberg-Maclane pro-space of type (G,1).
Then, the following statements hold.
(1) Let A be a discrete G-module. Then, for n > 0 we have

H"(K(G,1); A) ~ H"(G; A) (25)
(2) Let B be a profinite right [[ZG]]—module. Then, for each n > 0 we have
Hn(K(G,1); B) = Hy(G; B) (26)

Proof. (2) follows from (1) by Pontryagin duality, so it suffices to show (1). Since K(G,1) is unique up to
weak equivalence ([AM, Corollary 4.14]), we may assume that K (G, 1) is given by { K (G/U,1)}yecy where
U is the set of all open normal subgroup of G, and hence A = {AY}y ¢y where AY is a G/U-module.
Then, one gets

HMK(G,1);:4) = colim H"(K(G/U,1); AV)
U

~ colim H"(G/U; AY)
U
~ H"(G;A).

Here, in the second isomorphism we use the fact H"(K(G/U,1); AY) ~ H"(G/U; AY) and in the final
isomorphism is [RZ, Proposition 6.5]. O



2.4 Etale fundamental group

In Section 2.4 to 2.7, to fix our notations, we recall basics of étale fundamental groups, rational tangential
points, Galois action on the étale fundamental groups in our situation following [W3]. For more details,
see [SGAI], [D], [Na] and [Wol.
Let K be a number field, i.e., a finite field extension of the rational number field Q. Fix an embedding
K < C. Let K be a fixed algebraic closure in C. Let n be a fixed integer with n > 2. Take n distinct
points {ai,...,a,} in K. Let us consider X = PL \ {oc,ay,...,a,} — Spec(K) the projective line
minus {oo,aq,...,a,} defined over K. Then, by taking a geometric point b of X (that is, a morphism
b : Spec(2) — X where 2 is an algebraically closed field containing K'), we obtain a functor called fiber
functor
Fy : Etx — Sets (27)

which takes a finite étale cover Y 75 X to 7 1(b). Here 7~ 1(b) is the set of geometric points of Y over b,
that is, the set of morphisms by : Spec(£2) — Y such that m o by = b. Note that a fiber functor plays the
role of the set of fiber over a chosen base point as in the usual covering space theory.

In the above situation, a path between two base points are described in terms of natural transforma-
tions between functors. More precisely, given two geometric points by, by of X, we denote by Path(by, by)
the set of invertible natural transformation on the corresponding fiber functors Fy, — Fp,. Note that
Path(by, b2) can be though of as a pro-object of finite sets {Fp, (Y) — F,(Y)}yeet, in pro-Sets and so
Path(by,bs) is equipped with profinite topology. Note that the products of paths 7; € Path(by, bs) and
o € Path(bg, b3) are given by 7o - v1. When by = by = b, set

7YX, b) := Path(b,b) = Aut(F}) (28)

and call it étale fundamental group of X based at b. Note that W‘lét(X, b) is naturally equipped with
profinite topology, i.e., ﬂft (X,b) is a profinite group.

2.5 Galois action on étale fundamental groups

Keep the notation as in Section 2.4. Let Xz := X Xgpec(k) Spec(K) the base change of X to K. Note
that each element g of Gx = Gal(K/K) acts on X7 via the functor — ®, K given by the pullback of
g : Spec(K) — Spec(K).

A K-rational point b : Spec(K) — X induces a geometric point b : Spec(K) — X7 of the base change
X3 Therefore, the section b : Spec(K) — X+ of the structure morphism induced by the rational point
b gives rise to the following commutative diagram involving ¢ € Gk action:

Spec(K) —2— Spec(K)

gl b
Xg —5 Xk
From the commutative diagram, we obtain the induced natural isomorphism (— ®, K)*F; — Fj

between fiber functors. Thus, we finally get a Gx-action on the set of profinite paths between two such
geometric points.



2.6 Rational tangential points

Next, let us recall the notion of rational tangential points. For more details, see [D}, §15] and [Nal.

Let X be the smooth compactification of X. That is, X = ]P’}{. Take a rational point x : Spec(K) — X
of X. Then, the complete local ring of X at the image of  is isomorphic to the ring of formal power
series K|[[e]] in € over K. Such an isomorphism induces the map from the function field of X into the field
of Laurent power series K ((€)) in € over K. This gives rise to a map, called a rational tangential point,

b: Spec(K((€)) — X. (29)

As in the case of rational points, such a rational tangential point Spec(K ((¢))) — X produces a map
Spec(K ((€))) — X7 which factors through the generic point of X.

Now, let us consider the field of Puiseux power series Upez.,K ((¢'/™)) in the symbol “€!/™” with
(61/ mym — €'/" for m,n € Zwo. Note that the field of Puiseux power series is algebraically closed since
the field K is an algebraically closed field of characteristic 0 ([Serll, Chap. IV §2 Proposition 8]). Then,
through the canonical embedding K ((¢)) — Upnez., K (¢'/™)), one obtains a geometric point

bg : SpecQ — X5 (30)

where we set SpecQ := Spec(Upnez., K (€/")). By the same manner as Section 2.5, the geometric point
I;Q gives rise to G g-action between fiber functors FEQ where Gg-action on Spec(?) is induced by G-
action on coefficients of Puisueux series. In this way, we get Gx-action on profinite paths between two
geometric points induced by rational tangential points. In the following, by a tangential base point, we
mean a geometric point obtained by a rational tangential point.

2.7 Galois action on 7' (P} \ {00, ay,...,a,})
Finally, we recall a Galois action on the étale fundamental groups of P}(\{oo, ai,...,an}. Let b, by,... b,
be tangential points based at ag := 00, aq,...,a, respectively.

To begin with, we recall the notion of geometric generators of m(X(C),v) for a base point or a
tangential point v following [Wol, §2].

First, we consider the case of v € X(C). As in the Figure 1, we take a path ~; € Path(v,b;) from v
to b; for 0 < i < n so that any two paths do not intersect and no path self-intersect. For each puncture
a; (0 <i < n), we take a small loop I; € Path(b;, b;) in the opposite clockwise direction. Then, we define
the loop based at v by

zi =y (0<i<n) (31)

Moreover, we may assume that the indices are chosen so that, if we take a small loop in the opposite
clockwise direction starting from -, then we meet successively v, ...,vn,Y0. Then, x1,...,x,,zo forms
a generator of 71 (X (C,v) subject to the relation zgx,, - -- 1 = 1. In particular, 71 (X (C),v) is isomorphic
to free group F), generated by z1,...,x,.

Similarly, we consider the case of tangential base point v. Without loss of generality, we may assume
that v is based at the point ag. Let v € X(C) be a point near ag in the direction v. Take a path
v € Path(v,v’) from v to v’. Then, we take paths ~; € Path(v,b;) (1 <14 < n) with the same condition as
the former case. Similarly, we may assume that if we take a small loop around v starting v then we meet
successively 71, ...,7,. We set ; € Path(b;, b;) by v; := ~, -~ for i > 1 and ~o € Path(bg, by) as the trivial
path from by to itself. Then, we define loops based at v, xg,x1,...,Zn, by obvious manner. Finally, we
get generator of 71 (X (C),v). We call a generating set chosen in such a way geometric generator of X.

10



Iy
V2
it
° Y0
v

Figure 1: Geometric generators associated to a base point v

Let 7 be a geometric generator of X, then we have an isomorphism
7:F, 5 71 (X(C),v). (32)

Then, by [SGAIl XII. Corollarie 5.2], we have Wft(XF,v) ~ 71(X(C),v). By taking maximal pro-¢
quotient of them, 7 induces the isomorphism

7: FO 3 29(x(C),v) ~ 78 (Xpe, v)®. (33)

Since each choice of geometric generator determines such isomorphism 7, we identify a geometric
generator and associated isomorphism 7 : F,(f) = ﬂ‘ft(X?,fu)(z). Note that 7 gives a parametrization of

w‘lét(Xf,v)(Z) by (non-commutative) coordinate system z1,...,x, of ﬁ,(f).

lo

72
lo ;
1
v
o/
v m

Figure 2: Geometric generators associated to a tangential base point v

Then, let us compute the Gi-action on generator z1,...,x, for a fixed geometric generator = with
respect to a tangential base point by, := by at ag = co. By definition of x; and G g-action on profinite
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paths, for any 0 € Gg and 1 < i < n, we have

a(z;) = (0(7)) " o(li)o()
= (3 (@) (7 o)) (7 o ()
= yi(0) ™' (v "o (li)vi)vi(o)
where we set y;(0) := ;- (¢(7;)). By [SGATL XIIL Corollarie 2.12], we know that I; generates the inertia

group at a;. Therefore, o(l;) = lZX(U) where x : Gx — Z; is a continuous homomorphism. Moreover,
it turns out that this y is actually the ¢-cyclotomic character x : Gx — Z; (cf.[W3| Observation 3.8]).

Thus, we conclude that the Gg-action on ﬁr(f) < m (X, boo)(z) is given by the form

o(zi) = yi(0) @ Vyilo), (1<i<n) (34)
and
o(zg) = a;g(o) (35)

where y;(0) = v, ' (o(y)) € B and x : Gk — Z; is the (-cyclotomic character defined as () = Cgi(a)
for all k > 1. Here, (()r>1 is a fixed system of primitive ¢k-th roots of unity (. in K.

2.8 Magnus embedding

Here, we recall the notion of Magnus embedding of pro-¢ free groups. For more details, see [Mo2, Section
6.3], IMKS] and [RZ, Section 5.9].

Let Z¢((X1,...,Xp)) be the ring of non-commutative power series, sometimes called a Magnus algebra,
in indeterminates Xi,..., X, with coefficients in Z,. Its multiplicative group of units is denoted by
Zo((X1,..., Xn))*. Let [Zg ﬁr(f)]] be the complete group algebra of B over Z,. We denote by € :
[Z¢ 137(16)]] — Zy¢ the augmentation map with augmentation ideal (I 2 ) = Iz, 2l ) == Ker(e).

Then, the pro-f Magnus embedding

©:FO = Zy((X1,..., X)) " (36)

is defined by z; — 1 + X; and :132-_1 —1-X; + XZ-2 — -+« for 1 <4 < n. It is known that © actually
gives an injective (continuous) homomorphism. In addition, © extends to an isomorphism of (topological)
Zyp-algebra R

0 :[Z, FO] 3 Zy((X1,...,X,)). (37)

Next, we recall pro-¢ Magnus coefficients. For a € [Z; ﬁr(f)]], the image O(a), called pro-f Magnus
expansion of a, is given by

O =cla)+> > pli0)X;, X, (38)
k=1 I=(i1-iy)
1<iy,...,ig<n
where I = (i1 - - -ix) denotes multi-index of length & with 1 < 4y,...,4x < n. For a multi-index I, the

coefficient u(I;a) € Zy is called the pro-f Magnus coefficient of o with respect to I.
)

Note that the pro-¢ Magnus coefficient may be thought of as a map from ﬁ,(f to Zy as follows: For a

multi-index I = (i1 - - - i), the map R
wl; =) BO = 7 (39)

sends each element z in F\\" to the coefficient p(l;x) of X -+ X, in ©(x).

12



Remark 2.8.1. (1) For an integer k > 1, let Zy((X1, ..., Xy))deg>k denote the subring of Z;((X1,..., X))
consisting of elements with degree > k. Then, for £ > 1, © gives identification

(T EOYVE 5 Ze((Xns- -, X doghe (40)

(2) For k> 1,z € Fk(ﬁ,(f)) if and only if the pro-¢ Magnus coefficients p(I;x) vanish for all multi-indices
I of length < k.

2.9 /-adic Milnor invariant

In [KMT], we introduced the notion of ¢-adic Milnor invariants for Galois element following the analo-
gies between absolute Galois groups and pure braid groups. This section recalls these invariants in our
situation.

As in section 2.7, we consider the representation

Gr — Aut(ml (X, boo) @) £ Aut(F) (41)

which is completely determined by n-tuple of pro-¢ words y1(0),...,yn(c). As in [KMT), Lemma 3.2.1],
we can choose y;(0) such that the coefficient of [z;] in [y;(0)] € Hl(ﬁ,(f);Zg) is zero (1 < i < n). In the

following, we assume that y;1(0),...,y,(o) satisfy such condition.
Then, for multi-index (iy - - - ixi), the £-adic Milnor p-invariant p(o; (i1 - - igi)) is defined as
p(os (i -+ igd)) = p((i1 - - ix); 9i(0) (42)

the pro-¢ Magnus coefficient of y;(0) with respect to the multi-index (i1 - - - ix3).

Remark 2.9.1. (1) Our definition is different from that of [KMT] where f-adic Milnor invariants are
defined as Magnus coefficients for 3;(c)~! (1 <4 < n) in our notation. (2) The f-adic Milnor p-invariants
are considered as invariants for triple (o, 7,{a,...,a,}) where o is an element in Gk, 7 is a geometric
generator associated with a tangential base point at co, {a1,...,a,} are K-rational points in X. (3) In
[HiMo|, Hirano-Morishita study mod ¢ version of /-adic Milnor invariants. (4) Our ¢-adic Milnor invariants
are also computable from ¢-adic iterated integral by Wojtkowiak ([Wol).

3 Pro-/ Orr invariants for absolute Galois groups

In [O1], K. Orr gives homotopy invariants, called Orr invariants, for a based link in S® . The invariants
take values in the third homotopy group of a space Ky, we call Orr space following [C], constructed from
a free nilpotent group of nilpotency class k. The Orr invariant for a based link has all information of
Milnor invariants of length [ with £ < [ < 2k — 1. In this section, we define a pro-¢ analogue of Orr
invariants for some automorphism groups of the pro-£ free group of rank n.

3.1 Profinite group G-action on FYY and Johnson filtration

Here, we consider the profinite group G-action on F\T(LZ) which is a model of the Galois action on étale
fundamental group of the punctured projective line as in 2.7. In addition, we recall the notion of Johnson
filtration of G.

Let G be a profinite group which acts on ﬁ,(f

g@) = yi(9) e Vyig) (1 <i<n) (43)

)

continuously by
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with
g(x0) = a5 (44)

where x : G — Z, be a (continuous) homomorphism, y;(g) is an element in F\,(f) for 1 <i<n and xg :=
(x, -+~ w1)~L. Then, we can choose y;(g) uniquely so that the coefficient of [z;] is 0 in its abelianization
i(g)] € BY JTo(F) (cf [KMT) Lemma 3.2.1]).

Note that by considering the action of the symmetric group of degree n + 1 on indices of generators

(9)

T1,...,Tn,To, we can freely choose an index ¢ such that G acts on z; by xz( . For simplicity, throughout

this section, we fix the above choice of generators and G-action on them.

Next, we recall the notion of Johnson filtration of G associated with lower central series of E(f). For
a non-negative integer k > 0, we denote by G[k] the subgroup of G consisting of elements that act on

ﬁ(f) / Fk+1(ﬁ,€5)) trivially and call it k-th Johnson subgroup of G. Then, we have the following descending
filtration, called the Johnson filtration, of G

G=G0]>G[]D>G2]D>---DGk]|D---. (45)

Remark 3.1.1. (1) G[1] = ker(x) C G. (2) Let k > 1 be an integer. For g € G, g € G[k] if and only if
yi(g) € TR(EY) for any 1 <i < n.

3.2 The space E, associated with GJ[1]-action on £

In this section, we define a space E, associated with a profinite group action on ﬁ(f) as a pro-space
realisation of “pro-¢ link group” of g € G[1] defined in [KMT), Section 3.3].

Let D,, denote the n-punctured 2-disc. Take a base point b € 9D, and fix once and for all. We
denote by Bﬁf) the pro-¢ completion of D,,. Note that Bﬁf) is an Eilenberg-MacLane space K (F\T(LZ), 1) of
type (E(f), 1) since D, = K(F,,1) and F, is “¢-good” in the sense of Serre. We note that, up to weak
equivalence, there is no difference between n-punctured disk and n + 1-punctured 2-dimensional sphere.

To identify 771(137(5), b) with FY, we prepare the notion of basing as in [O1].

Definition 3.2.1 (Basing). Let 7 denote a set of isomorphisms 7 : EY m(ﬁﬁf), b) satisfy the following
property: For any 7,7’ € T there is the unique isomorphism 1) : F,(f) — F,(f) such that

Y(@) = wmw; (1<i<n), (an---a1) =2y 21, (46)
and
Totp =1 (47)
for some wy,...,w, € 13,55). We call an element 7 € T a basing.

Example 3.2.2. Geometric generators associated with a tangential base point at oo in Section 2.7 are
examples of basing.

By choosing a basing 7, we identify 711(137(5), b) with I*A}(f), and so lA),(f) with K (ﬁ,(f), 1). Note that, for
any group G, the group of homotopy classes of homotopy equivalences of K (G, 1) is canonically identified
)

with automorphism group of G. Thus, corresponding to the G[1]-action on ﬁ,(f , there is the homotopy

equivalence ¢, : K (ﬁ,ﬁ”,l) - K (ﬁ,ﬁ”,l) for any g € G[1]. In particular, we obtain the homotopy
equivalence

-~

0y : DY) — DO, (48)
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More concretely, ¢4 is given as an inverse limit {(y4)n}nepn corresponding to 13§f> = {(13,25)) NINen-
Here, (pg)nN : (f)ﬁf)) N — (f)ﬁf)) N is a class of homotopy equivalence and N denotes the set of open

normal subgroups of F\,(f). Then, for each N € N, we consider the mapping torus associated to (¢g)n-
The resulting pro-space of mapping tori is denoted by M,. Note that m1(M,) is “good” in the sense
of Serre by homotopy exact sequence of fiber space and [Ser2, (d) page 16]. Thus, its pro-¢ completion

denoted by ]\/4\9(5) is an Eilenberg-MacLane space of type (m,1).

Similarly, we glue D? x S0 with M, as follows. There is an inclusion ¢ : Sl x 510 < D2 x §1O
induced by the canonical inclusion S' — 9D? and the identity map of S1O . Let n: CLIOREN ﬁﬁf’ be
the continuous map induced from the inclusion S < dD,,. By using 7, we consider a continuous map
¢ ¢ [0,1] x S1O — DY x [0,1] which sends (z,y) to (n(y),z). Composition of ¢ and the canonical
projection f)ﬁf) x [0,1] — M, induces a continuous map ¢ : Sl x S1O M, denoted by the same
¢ by abuse of notation. Then, we define E; as the (homotopy) pushout of ¢ : S x CLIORN M, and
L1 81 x S1O < D2 x SO,

Sl gy v\ D2y Gl®

E
M, —— M, Uy (D? x §'®)) = E,
Here, note that the pro-spaces E, that appear in the above commutative diagram is homotopy equivalent

to the pro-space obtained as the result of the (homotopy) pushout.
By construction, we see that the fundamental group of E; has the following presentation

T

m(Ey) = (@1, | [21,51(9)] = -+ [2n, yn(9)] = 1) (49)

In particular, for each integer k& > 1, the k-th nilpotent quotient of m;(Ey,) has the following presentation

1 (Ey) /T (m1(Eg)) = (21, .. a0 | [21,91(9)] = -+ [Tn, yn(9)] = 1, Tk (ELD)) (50)

Denote by E the set of (homotopy equivalence classes of) E, for any g € G[1] constructed as above.
To make its dependency on the choice of the basing 7 explicit, we also denote it by (£, 7). Note that in

this expression (g4, 7), g should be understood as an element in Aut(ﬁf(f)) acting on generators of oI
determined by basing 7. Then, we define a product of two (homotopy equivalence classes of ) pro-spaces

(Egy,71), (Egy,72) € E for gi,90 € G[1] C Aut(ﬁr(f)). First observe that we may define a product of
(Eg,,71), (Egy,T2) as (Eg,4,,7T1) when 7 = 71 by gluing 7 with 74 0 g as in the case of braid groups. For
general case, we set

(Egl77—1) ° (Eg2v7_2) = (Eglle) Or10g1~T2 (E9277—2) = (Egl~(¢1292)’7—1)- (51)

Here, we glue two basing 71 0 g1 and 7 in terms of the automorphism 19 of ﬁ(f) such that 7 = 71 0 919
and we set ¥12gy := 1190 g © ¢1_21. We first show the associativity of the product o.

Lemma 3.2.3. The above product o is associative.

Proof. By direct computation, we get
((Egy11) 0 (Egy,72)) © (Egy, 73) = (B, (v12g5)-(V1365)> TL) (52)
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and

(E917T1) ° ((Eg277'2) ° (E93=T3)) = ( g1-¥12(ga-%23g3)" T1). (53)
By definition of basing, one sees that 112 - 1023 = 113. In terms of this equation, we get (52]) = (53]). Thus,
the product o is associative. [l

If we vary basing, the above product o only satisfy associativity. However, if we fix a basing 7, the
above product o endow the set E(7) consisting of (Ey, ) for all g € G the structure of group as follows.

Lemma 3.2.4. Let 7 be a fized basing. The above o gives a group structure on E(T). In particular, the
assignment
G[l] = E(r), g+ (Eg4,T1) (54)
is a group homomorphism.
Proof. For the unit element e € G[1] and for any g € G[1], we have
(Eg,7) 0 (Ee,7) = (Ege,7) = (Eg,7) = (Eeg, 7) = (Ee, 7) 0 (Eg, 7). (55)
Hence, (Ee,7) is the unit in E(7). For any g € G[1], we have

(EgvT) © (nglvlr) = (Ee,T) = (Eg*177_) © (Eg7T) (56)
so (E,-1,7) is the inverse element of (£, 7). We know that o is associative. Thus, (E(7),0) forms a
group. [l

Remark 3.2.5. The above definition of the product of E(7) corresponds to the product structure of the
braid groups (with canonical basing) if we consider that G[1] is a profinite analogue of the pure braid
group as in [KMT].

We complete this section by computing the homology group of E, with coefficients in Z,.
Proposition 3.2.6. The third homology group H3(Eg;Zy) is isomorphic to Z; and the higher homology
group H;i(Eg;Z¢) =0 for i > 3.

Proof. To begin with, we compute the homology groups of M,. By considering Mayer-Vietoris sequence
for each index N
o HA(D)i24) — (D) 22) & Ho (D)3 Z4) = Ha((My)x Z0) -

and taking inverse limit lim, we see that Hy(Mg;Ze) = 0 for k > 3 since Hk(ﬁg); Zy) = Hk(ﬁf(f); Zy) =0
for k > 2. Here, note that lim is an exact functor on the category of compact Zs,-modules. Since M, is
K(m1(My),1) space, we know that Hy(Mg;Zy) ~ Z?”H and Ho(My; Zy) ~ Z?" by group presentation of
m1(M,) and Hopf isomorphism.

Next, we show that Hz(M,,S! x §1(£);Zg) ~ Z;. Note that Hi(ﬁr(f);Zg) = 0 for ¢ > 2. Thus,
H3(My, S' x SO Z4) ~ Hz(M,, S* x SO U v 510, 7,)) ~ Hy(D? x ', S x §%;Z) ~ Z;. Here, we
use the canonical inclusion \/?zlgl(z) — lA),(f) C M, given by a chosen basing. Therefore, we see that
Hs(My, S' x 510 Z) ~ Hy(S' x §1O; 7) ~ 7.

We turn to computation of H;(FEg). For i > 3, consider Mayer-Vietoris sequence for each index N of
pro-spaces

C = Ho((SY % SYO) N Zg) — Ho(My)n; Zo) ® Ho((D? x SYO) N3 Zg) — Ho(By)n; Ze) — -+ -
and take inverse limit lim. As mentioned above, note that lim is an exact functor in this case. Since
Ho(S* x Sl(z);Zg) ~ Z¢ — Hy(Mygy; Zy) has zero image from above computation, we have H3z(Eg; Zy) =~ Zj.
Since H,-(ﬁ,(f);Zg) =0 for ¢ > 2 and H;(My;Z) = 0 for i > 3, we have H;(Ey; Z;) = 0 for i > 3. O
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3.3 Pro-/ Orr space

In this section, we define a pro-f analogue of Orr space K} which is constructed from a finite rank free
nilpotent group of nilpotency class k.

Let ﬁf(f) be the pro-¢ free group of rank n freely (topologically) generated by z1,...,z, and T’y (F\T(LZ))
be the k-th lower central subgroup of I*A}(f). We set

KEO(k) .= K(F JTy(FY), 1) (57)

an Eilenberg-MacLane pro-space of type (ﬁ,(f) / Fk(ﬁr(f)), 1). Let us denote by S1(®) the pro-£ completion of
~ — (£
S'. Note that S ~ K(Z, 1)( . K(Zy¢,1) an Eilenberg-MacLane pro-space of type (Zs, 1) (cf. Example
234 (i)). ~ ~ R ~
Then, noting that the natural surjection B - B /Tk (FT(LZ)) induces the inclusion VS — K@ (k),
we give the following definition.

Definition 3.3.1 (pro-¢ Orr space). Let K ,gg) be the mapping cone associated to the inclusion VSO

K (Z)(k‘). Then, we call K ,gé) the pro-f Orr space. Let K ,gé) denote the pro-¢ completion of K ,g) and we
call it the pro-f complete Orr space.

Then, by definition, we immediately see the following.

)

Lemma 3.3.2. The pro-f Orr space K lgz is simply connected pro-space. In particular, m (K ]iz)) =0.

In terms of result of Section 6.1, we get the following proposition.

Proposition 3.3.3. Let K Ig) be a pro-€ Orr space and K Ig) be a pro-f complete Orr space. Then, following
statements hold:

1) m (KD =m(REY) =0,
(2) Wg(K,iZ)) ~ Wg([?,g)) ~ Z;BN’“,
(¢ ¢ = (¢
(8) 7 (k) = ma(KL)).
Here, Ny is an integer defined in (80]).

Proof. (1) is a consequence of Lemma 332

(2) By the proof of Lemma [6.1.4], we know that 7 (K,gg)) o~ Z?N’“, SO %gz) (K,gg)) ~ Z?N’“ ~ Ty (K,gg)). Since

K ,g) is simply connected by Lemma B.3.2] we get 7?55) (K ,gg)) ~ 7o (K ,g)) by [AM| Corollary (6.2)]. Thus,

there is a desired isomorphism.
(3) Since K ,gg) is simply connected and 7o (K ,gg)) is “good” in the sense of Serre, we get %ég) (K ,g)) ~ m3(K ,g))

by applying [AM|, Theorem (6.7)]. O
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3.4 Construction of pro-¢ Orr invariants

Now, we are in the position to define a pro-¢ Orr invariant for ¢ € G[k]. From now on, we take an

element of k-th Johnson subgroup G[k] for some integer k > 1. Then, y1(g),...,yn(g) lie on Fk(ﬁy(f)).

For each 1 <4 < n, we denote by EZ@ (9) a closed path in lA),(f) which represents the pro-¢ word y;(g) in
m (f)ﬁf), b) = B Since vi(g) € Fk(ﬁ(f)) for all ¢, there is a composition map

|| Z(9) = Ey = K (m(Ey)/Tu(m(Ey). 1) (58)
i=1

whose image is nullhomotopic. By basing 7, we have an induced isomorphism
7 B TR(BD) = m(Ey) /Tr(mi (Ey)). (59)

Thus, we get a map
\/ 8O 5 K (my(By) /T (m1(By), 1) = KU (k). (60)

By homotopy extension theorem, we have a following commutative diagram.

L (289 (g) x §1() 2222,y §1O

| |

B, —— 5 KO®)

where the vertical map is an inclusion corresponding to relations [x;,y;(g)] (1 < i < n) of m1(E,) and the
proj sends each S of L;(g) x §'® to the i-th summand of \/" S1().

Lemma 3.4.1. Consider the composition
By — KO(k) - K. (61)
Then, the above map induces a canonical map
p0 58— K9 K. (62)

Proof. By considering the completion map S — St (©), we obtain the following commutative diagram of

homotopy classes of continuous maps inside of the pro-¢ Orr space K Igz):

T

(D? x SY)y Uy (D? x S1) ~ 53

Sl x st D? x St

T~

D? x St

St x §1® D? x §1() h

\’Mg \Eg
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Here, the bottom commutative diagram is the fiber coproduct diagram defining £, and the top commu-
tative diagram is the corresponding fiber coproduct diagram which gives S3. Note that ¢ and ¢ induces
corresponding maps in the top diagram. In fact, ¢ and ¢ are defined by the combination of the identity
map and induced map from S' — 0D?, so it induces the map in the top diagram. Also note that the
above diagram is valid if it is considered under the map E;, — K g)

canonical map S3 — K ,gg)(—> K ,g)). O

. Thus, by homotopy, we get a desired

Then, we set
09 (g,7) := [p©0] € 2P (K = 73 (K\D) @5 Zp ~ m3(BY) (63)

Since, up to homotopy equivalence, there is no difference in choice of E;, the homotopy class Hl(f) (9,7)

is well-defined. This leads to the following definition.

Definition 3.4.2 (Pro-¢ Orr invariant). Let & > 1 be a fixed integer. For a pair of g € G[k] and basing
7 € T, the element Hl(f) (9,7) € m3(K ,g)) is called the pro-¢ Orr invariant for (g, 7). In particular, when
G = Gk and T is a geometric generator associated with a tangential base point at co as in Section 2.7,
we call Gl(f)(a, 7) the pro-¢ Orr invariants for a based Galois element (o, T).

Remark 3.4.3. (1) The pro-¢ Orr invariants for a based Galois element also depends on the choices of the
K-rational points {ai,...,a,} of X.

(2) Note that similarly, we can define profinite and pro-¥ analogues of Orr invariants for based Galois
elements. Here, 3 is a set of (rational) prime numbers.

Theorem 3.4.4. The map

~

0\ Glk] x T — ms(KL) (64)

is additive under the product of (Eg4,T) as the following manner:

0 (g1,71) © (92, 72)) = 07 (91,m1) + 61 (g2, 72) (65)

for (g1,71) and (g2, m2) in G[k] x T. Here, Gl(f)((gl,ﬁ) o (g2,72)) means the pro-f Orr invariant obtained
from (Eg,,71) 0 (Eg,, T2).

Proof. In [O1, Theorem 8], Orr gives geometric proof of additivity of his invariants under the connected
sum of based links. Here, we give algebraic proof via amalgamated free products of fundamental groups
and property of Johnson subgroup G|

To begin with, recall that the Hg) invariant of (Ey,,71) o (Eg,,72) is induced from the following
commutative diagram:

LI (B0 (g1 - (P2g3)) x §LO) 27, \m G10)

R |

(Egys71) © (g, 72) ——— KO(k)

where 19 € Aut(ﬁf(f)) is an automorphism such that 79 = 7 o %12. Note that, modulo k-th lower central
subgroups, we have an isomorphism

T ((Egr, 1)) %1 (yngn) T1(Egys 72) = mi((Egys 1) © (Egy, 72))- (66)

T

19



Here, the amalgamated product is induced by homomorphisms, for j =1, 2,
I m(v*81O) = mi (B, 7)) (67)
so that Iy = 71 0 g1 and Iy = 79. Also note that
KO(k) = K(mi((Egm) 0 (Egys 72)) /Tr(m(Egy, 1) © (Egy 72))), 1) (68)

Since K ,gé) is roughly a quotient space K ©) (k)/ V" S0 and v*S1®) ghrink to one point in K ,gé), the above
commutative diagram factor through

K(m1(Eg,) * m(Eg,), 1) = K(m1(By,), 1) V K(mi(Eg,), 1) = KO (k) v KO (k) - KO(k)  (69)

where the last map is folding map. Therefore, corresponding to this factorisation, the above commutative
diagram also factorise into

LI (29 (g1) x S1O) v P (B (92 gg) x §1O) 22 (\ym GLOY v (" §H0)

| |

(Eg,71) V (Euiz4,, 710 91) KO k) v KO (k) — KO(k).

Thus, we conclude that
017 ((91,70) 0 (92:72)) = 0 (g1, 70) + 04 (V2 g2, 71 0 1)) (70)
To complete the proof, we need to show that
0 ("2g5, 11 0 1)) = 0 (g2, 72). (71)

Since 73 (K Ig)) is an abelian group, as automorphism group of ﬁ,(f), G factor through its maximal abelian
quotient. It suffices to consider the part of mi(Eg)/[I'kt1(m1(Ey)), Tit1(m1(Ey))] in our definition of

Hg), Since G[k] acts on i) /Pk+1(ﬁ7§/€)) trivially. Then, g; action does not affect on the words of
v1(Y292), -, yn(V12g2) i 1 (Buizg,)/ [Chi1 (m1(Bursg,)), D1 (11 (Buss g,))]) since g1 € G[k]. This means
that Hl(f)(wlz 92,T10G1) = 9,@(“2 g2,71). Finally, we note that

0 ("2 g2,71) = 6 (g2,72). (72)
Therefore, we have shown the desired additivity. O
By applying the proof of the above theorem, we get the following corollary.

Corollary 3.4.5. Let 7 be a fized basing. Then, the map
6 (=, 7) : GlK] = ms(K) (73)
is additive under the product of (Eg,T) as the following manner:
{4 l l
0 (9192 7) = 07 (91, 7) + 0 (g2, 7) (74)

for g1, 92 € Glk].
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3.5 Image of 9,(5) (9,7) under the Hurewicz homomorphism

This section considers the image of pro-¢ Orr invariant Gl(f) (g,7) under the Hurewicz homomorphism.

Note that, as in usual classical algebraic topology, the pro-space analogue of the Hurewicz theorem is
established by Artin-Mazur ([AM) Corollary (4.5)]).

Recall that the Hurewicz homomorphism h, : 73(K ,gé)) — H3(K ,gé)) sends p € m3(K ,gé)) to p.([S?]) €
Hg(K]g)) for the fundamental class [S%] € H3(S3;7Z).

Lemma 3.5.1. Let h, : 7T3(K]£Z)) — H3(K,g£)) be the Hurewicz homomorphism. Then, the followings hold:

(1) hy is surjective homomorphism.
(2) Hs(K\";Z4) ~ Hy(F\" JT(FSD): Zy).

Proof. (1) Recall that for any path-connected 1-connected space X, the Hurewicz homomorphism gives

a surjection m3(X) — H3(X). Since K ,g) is simply connected, the assertion follows by applying the proof
of [AM| Corollary (4.5)].
(2) Note that Tor?(—,Z,) = 0 since Z, is flat Z-module. Hence, by applying universal coefficient theorem

for each index of pro-spaces, we get Hs(K ,gg)) ®z 2Ly ~ H3(K ,gz);Zg). By homology exact sequence for pair
(K(ﬁr(f) /Fk(ﬁ,(f)), 1), v51®), we conclude that Hg(K]g);Zg) o~ Hg(ﬁr(f) /Fk(ﬁ,(f)); Zy) since H,-(ﬁ,(f);zz) =
0 for any ¢ > 2. O

By Lemma[B.5.], we denote the Hurewicz homomorphism as h, := h,®Id : m3(K lg))@)ZZ = my(K g)) —
Hy (B [Th(F): Zo).

Definition 3.5.2. Let h, : Wg([?,iz)) — H;:,(ﬁ,@ /Fk(ﬁr(f));Zg) be the Hurewicz homomorphism. Then,
we set

(g, 7) = ha(0" (g, 7)) € Hy(FO JT(FD); Zy) (75)

Proposition 3.5.3. Let [E,] denote a topological generator of Hs(Ey;Zg) =~ Zy. Then, the image of [Eq]
under the composition homomorphisms

H(Eqg; Zo) — Hy(K (m1(Ey) [Tk (m1(Eyg)), 1); Ze) = Hy(E) /Ty (F{); Zy) (76)
(0)

coincides with 7, (g, 7).

Proof. By Lemma [3.4.T], the composition maps factor through H3(S3;Z;):

Hy(Ey; Zg) —— Ha(K\":2,) ~ Hy(B" JTw(F); )

|

H3(S3;Zy)

By definition of Hurewicz homomorphism, map H3(S%;Z,) — Hg(ﬁ,(f) JTa( ﬁr(f)); Z,) is exactly given by
T]gz) (g, 7). This completes the proof. 0
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4 Low dimensional homology groups for free-nilpotent Lie algebras
over Zy

In this section, we recall the rank of homology groups of free-nilpotent Lie algebras with dimension < 3.
At the level of Lie algebra, there is no difference in computation of Igusa-Orr ([IO]) between over Z and
over Zy.

4.1 Associated graded free Lie algebra by lower central series filtration of pro-¢ free
groups

) be the free pro-¢ group of rank n (topologically) generated by

Let n be a fixed positive integer and F\,(LZ
letters x1,...,x,. For each positive integer k, we denote by Fk(F,(f)) the k-th lower central subgroup of

E(f) which is recursively defined as
Ty(F) =B, Th(EY) = Lo (FD),ED) (k> 2). (77)

Here, we note that each commutator subgroup Fk(ﬁy)) is closed in F\T(f), since ﬁ(f) is finitely generated

pro-¢ group (cf. [DDMS, Proposition 1.1.9]).

The lower central series of ﬁr(f) induces a filtration on ﬁr(f) called lower central filtration

E =Ty(F{) 5 To(F) 2 - S TR(F) 5 - (78)
and we have the associated graded Lie algebra over Z,
£:=PernFP) (79)
m>1

where gr), (F\1£Z)) = Fk(l/:'\,(f)) / Fk+1(ﬁ,€5)) for £ > 1 with Lie bracket induced by commutator of B, Then,
grk(ﬁ(f)) is a free Z;-module of rank ZZBN’“ since we have an isomorphism grk(ﬁ(f)) ~ L} given by the
pro-¢ Magnus homomorphism © which sends x; — 1+ X; and xi_l S 1-X+ X2 X2+ (1<i<n)
(cf. Section 2.8). Here, Ly is degree k part of free Lie algebra generated by X7, ..., X, over Z; and Witt’s
formula state that N is explicitly given as

1
Ni = 2> ¢(d)(n*/) (80)
dlk
where ¢(d) is the Mobius function evaluated at d ([MKS, Theorem 5.11]). Note that £ obviously depends

on the rank n of ﬁy(f) (and also on /) but we suppress it for simplicity of notations.
We set

Loy =P e, (F) (81)

m>k

then L£>j becomes an ideal of the Lie algebra £. Then, its quotient Lie algebra

k—1
Lepoy=L/Ls, =P er,(FP) (82)

m>1

is a free object in the category of nilpotent Lie algebra of nilpotency class < k — 1 with exponents in Z;.
For simplicity, under the isomorphism © : 1 + X; <> x; we write as

Ly, = gri(FY) (83)
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4.2 Koszul complex of free nilpotent Lie algebras and its low dimensional homology
groups

Let (A«(L/L>k), 0x) be the Koszul complex of the free nilpotent Lie algebra £/L>, (with trivial coefficients
in Zy), that is, for each m € Z, A,,,(L/L>y,) is given by

spang, {g1 A=+ ANgm | i € L/L>r} (m >1)
A (L)L) = § Zy (m=0) (84)
0 (otherwise),

where A denotes the wedge product, and the differential 0y, : Ay, (L/L>5) = Ap—1(L/L>y) is given by

Om(gr A=+ Ngm) = > (=1 gi g IAGUA - Giv G-+ A g (85)
1<j

Here, g; and g; mean that we remove the terms g; and g; from the monomials.
Next, we recall the notion of weight of elements of L. For g € Ly, we define the weight of g as the
integer k. We denote it by wt(g) = k. For homogeneous element of m-th exterior algebra A,,(L/L>y)

gL\ Ngm € Am(E/EZk), (86)

we define its weight by sum of weights of each component:
m
wt(gr A+ A gm) == Zwt(gi) (87)
i=1

Let ALY (£/£>k) be the submodule of A,,(L£/L>}) consisting of weight w elements. Then, we may

see that the boundary operator 0,, preserve weights, so A (L/L>k) C A(L/L>y) forms a subcomplex.
Thus, we have a decomposition

A(L) L) @ A L) (88)
as a chain complex and we have

Ho (L) Lxk; Zy) = Hi(Au(L/ L)) @A (L/L>k)) @H A (L/L>k)) (89)

where we set H") (Ac(L/ L)) == H*(Afkw) (L/L>k))-
Note that the reduction morphism of Lie algebra ¢ : L/L>p4+1 — L/L>) preserves weights. Therefore,
it induces weight preserving morphism of chain complex and homology groups

Oy : (£/£>k+1,Zg) > H (£/£>k,Zg) (90)
Then, for the first homology group, the reduction homomorphism induces isomorphism for k& > 2,
H1(L;Z) = Hi(L/L>k; Zo), (91)
and they are concentrated at weight one. Noting that H;(L;Zy) ~ Z?", we get

Hl(ﬁ/ﬁzk;Zg) >~ Z?n (92)
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Next, by considering the Hochschild-Serre spectral sequence for
0— Lsp, — L— L)L, — 0, (93)

we get a weight-preserving five term exact sequence (see, for example [RZl, Corollary A.27])

d3 L
Hy(L;Zg) = Ho(L/ L1 Ze) = Hi(Lsp; Ze)e <= z Zik]> = Hi(L;20) = Hi(L/Lx;Ze) = 0. (94)
Since Ho(L;7Z¢) = 0 and (@1]), we get
Hg(ﬁ/ﬁzk;Zg) >~ ﬁk >~ Z?Nk (95)

and conclude that Hy(L/L>}) is concentrated at weight k part.

Finally, we recall Igusa-Orr computation of third homology group H3z(L/L>y;Z¢) in our situation.
They consider the weighted version of Hochschild-Serre spectral sequence F¥ = {E}  } associated with the
central extension

0= Ly — L/Lspy1 = L/L> —0 (96)

with
B2~ HU ) (L) Lo Z4) 97, Ag(L) (o)

and
Epq = Hz()ﬂ(ﬁ/ﬁzkﬂ);zz)- (98)

Then, further computation gives the following theorem.

Theorem 4.2.1 ([IO, Theorem 5.9]). For each non-negative integer k, the following assertions hold:
(1)
z &N = Ne) g < < 2k — 1),

. (99)
0 (otherwise),

HY(L) Logi Ly) {

(2) The homomorphism Opy1 : Héw)(ﬁ/ﬁzkH;ZZ) — Héw)(ﬁ/ﬁzk;ZZ) induced from the canonical
map L/Lsp11 — L/L> is an isomorphism for w ¢ {k+1,2k,2k + 1} and the zero homomorphism
otherwise.

In particular, by combining (1) and (2), we have

2k—1 2k—2
Hy(L/Lor;Z0) ~ P HY (L) Lok Zg) &b g NN, (100)
w=k+1 1=k

Remark 4.2.2. (1) In [Ma], Massuyeau relates H3(L/L>y; Q) and a direct sum of the vector space 7;(Hg)
of tree, connected Hg = H;(F),;Q)-colored Jacobi diagrams graded by internal degree d > 1 subject to
AS, THX and multilinearity relations (for details, see [loc.cit.]). His computation is also applicable in

our situation when we consider H3(L/L>k; Q) and Hg, = Hl(ﬁy(f); Qg)-colored Jacobi diagrams. More
precisely, we have an isomorphism

2k—3

©: @ TalHg,) > Hs(L/Lxk; Q). (101)
d=k—1
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(2) However, as mentioned in [Ma, Remark 1.7], when considering Hs(L/L>;Z¢) and Hz, = H; (ﬁ,ﬁf);zg)-
colored Jacobi diagrams, we still have a map
2k—3

: P Ta(Hz,) — Hs(L/Lxk; Lo), (102)
d=k—1

but, in general, ® is not a bijection between two such spaces.

5 Low dimensional homology groups for torsion-free nilpotent pro-/
groups

In this section, we compute the low dimensional homology groups for torsion-free nilpotent pro-£ groups
with coefficients in Z; by considering pro-¢ group analogue of Igusa-Orr computation [IO, §6]. Namely,
we compute the rank of homology groups of free nilpotent pro-¢ groups through isomorphisms to that of
its associated Lie algebras.

5.1 Presentation of a torsion-free nilpotent pro-/ group in terms of basis B

Let G be a finitely generated nilpotent pro-¢ group. We denote by I'y(G) the k-th lower central subgroup
of G which is recursively defined as

I'(G) =G, Tw(G) = [[%1(G),G] (k=2). (103)

Here, we note that each commutator subgroup I'x(G) is closed in G, since G is finitely generated pro-£
group (cf. [DDMS], Proposition 1.1.9])

We assume that, for all k& > 1, the associated abelian groups I'y(G)/Tx4+1(G) are torsion free and
finitely generated pro-¢ abelian groups. Set

=P ri@)/Tra(G) (104)

k>1

the associated graded Lie algebra whose Lie bracket is given by commutator of G. In this case, note that
for each k > 1, we can choose a (topological) basis By, for the free abelian pro-¢ group I'y(G)/T'k11(G) in
terms of basis of the free Lie algebra L£; of degree k as follows: It is known that there several choices of
(ordered) basis sets such as, Hall basis in [MKS, Theorem 5.8] and Lyndon basis in [CFL]. We fix By (L)
as such a basis for L. Then, the pro-¢ Magnus embedding © induces isomorphism

O : Tp(G)/Trs1(G) = Ly (105)

as in (&3)), since I'y(G)/T'k+1(G) is torsion free Zy-module. Therefore, we define the corresponding basis
set By, for I'y(GQ)/Tr+1(G) by

By ={07Ye) € Tu(G)/T11(G) | e € Bi(L)}. (106)

Here, note that By inherits the ordering of By (L).

Let B be the union |, By of such basis set for degree k elements. We endow B with total ordering
such that for any e; € B; and e, € Bi, we have ej <epif j <k.

Then, we define the notion of weight for B as in the case of L.
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Definition 5.1.1 (weight). Let k& be a positive integer. For a € By U B,;l, we define its weight wt(a) as
k, ie., wt(a) = k.

Definition 5.1.2 (reduced word). For each a < b € B, define a reduced word ¢(a, b) in the letters of B
such that

(1) c(a,b) = b ta"tba as an element of G,
(2) ¢(a,b) has weight wt(c(a,b)) > wt(a) + wt(b),
(3) ¢(a,b) = e if b"la"'ba is the identity element in G.
In addition, we set ¢(b,a) := ¢(a,b)”! as a word in the letters of B.

Lemma 5.1.3. Notations being as above, the nilpotent pro-£ group G has the following pro-£ presentation
in terms of the chosen basis B with total ordering as above:

G ~ (B| ab(c(a,b))a™ b7t for alla < b e B) =:H. (107)

In particular, each element of G can be uniquely written as a finite product of basis elements with exponents
in Zy according to the total ordering of B.

Proof. Let FY)(B) be the free pro-£ group on the set B and put

R := ({ab(c(a,b))a= b1 | a<be B)) (108)

the closure of the minimal normal subgroup of F'(B) containing ab(c(a,b))a™'b~! (a < b € B). Here, F(B)
denotes the free group generated by B.

By definition of presentation of pro-¢ groups (see [RZ, Appendix C]), we have to show that there is a
short exact sequence of pro-£ groups

1-R—FO9B) -G —1. (109)

First, notice that we have the obvious continuous homomorphism ¢ : F() (B) — G which sends a letter of
B to the word it represents. Since each lower central subgroup I'x(G) is automatically closed, any element
of G can be written as combination of a letter of B as in the usual abstract group theory. Hence, ¢ is
epimorphism and induces an continuous epimorphism

¢:H:=FYB)/R— G. (110)

To complete the proof, we have to show that ¢ is injective, that is, any word w in BUB™! which is trivial
in G is trivial in H. For this, we show that for each k& > 1 there is the unique isomorphism

H/HED = F(B)/R,F*Y(B) ~ G/G*Y (111)

where H#D, GFD | and F*9(B) are k-th (-lower central subgroup of H, G, F(B) respectively, and Ry, =
R/F®9(B). Here, for a group H, (-lower central series H*?) is inductively defined as follows: H1*) .= H
and H*+HLO .= (HENHED H] (k> 1).

Then, we have an epimorphism ¢y, : H/ HED 5 @ / G® 0. To show that it is injective, we use the same
argument as in [[Ol Lemma 6.1], namely, by double induction on the ordered pair (—m(w), n(m(w))).
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Here, m(w) is the minimal weight of any letter in a word w in B U B~! and n(m(w)) is the number of
letters in the word w of weight m(w).

Take a word w in B U B~! which is trivial in G/G®*%. Note that the minimal weight m(w) is well-
defined when considered as element in F(B)/F®*%(B). Assume m(w) = k. Since G is nilpotent and
I'x(G)/Tk+1(G) is finitely generated, the basis set B is finite set, and so the set {m(w) | w € B} is
bounded. Hence, to proceed induction step, it is enough to increase the weight of w by exchanging letters
in w of weight m(w) with those of higher weight.

Since w is trivial in Tx(G)/Tp11(G)G*D | a word with cancelling pair of letters of weight m(w)
represents w in H/ H*) denoted by the same w by abuse of notation.

We have two cases to consider: When w = ¢1b 'gobgs € ”H/’H(kvg) for some words ¢1,¢92,93 € H
and a letter b of weight m(w), in terms of the relations b~tab = ac(a,b) and b=ta=1'b = c(a,b)a™?, one
can eliminate b and b~'. When w = ¢1bgab~ g3 € ”H/’H(kvg) for some words g1,g2,935 € H and a letter
b of weight m(w), then w = bb~lg1bgab 1gsbb™! = bglgoght™ where g} = b~ 1gib and gy = b~ lgob.
Note that by the first case, the letter b can be eliminated in gj and g5. Hence by double induction on
(—m(w),l(m(w))) we conclude that g gegh is trivial, and so is w.

Therefore, the homomorphism ¢y, : H/ HED 5 @ / G* is an isomorphism. Note that ¢-lower central
series is cofinal in inverse system of pro-¢ groups. Passing to the inverse limit lim,, the assertion follows.

O

5.2 Free chain resolution of Z, generated by basis B

To relate group homology of G with Lie algebra homology of its associated Lie algebra, we construct a
chain complex of G which is isomorphic to the Koszul complex in terms of basis set B.

Let [Z,G] be the completed group algebra of G over Z, (see [RZ, Section 5.3]). For n > 1, we set
Cp(G) the pro-¢ left [Z,G] module generated by terms expressed as the form

(b1,ba,...,by) (112)
where b; € B and subject to the relation:
<bo(1), - 7bo(n)> = (_1)sign(o) <bl, .. ,bn> for o € S,,.

Here, S,, denotes the n-th symmetric group. For n = 0, we set Cy(G) as free pro-¢ left [Z,G] module
generated by (), thus Co(G) ~ [Z¢G]. For (b1, ...,b,) € Cr(G), we define its weight by wt({by,...,by)) :=
o wit(b;) and for () € Cy(G) its weight is defined by wt(( )) := 0.

Then, we see that C,(G) is, in fact, the free pro-¢ left [Z,G] module with basis given by the expressions

<b1,b2,...,bn> with b <by < --- < by,

canonically determined by the ordering of B. Following [IOl §6], we will use the convention that the first
entry by in (b1, ba,...,b,) is allowed to be a word in B B~! with the additional relations:

(1) (b1 by,...,by) = —b"Hb,by,...,b,), bEB
(2) {ab,by,...,b,) = {a,by,...,by) +a(b,ba,...,b,), @ andb are wordsin BLI B~}

When a = b~!, (2) implies (1) and hence these relations are consistent.
Consider the chain complex of free profinite left [Z,G]-modules

Co(G) B C1(G) D Cy(G) S Ze — 0 (113)
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whose differential operators are defined for each basis as

One may check that the above sequence actually forms chain complex, that is, 941 0 Oy = 0 by direct
computation.
Our next task is to extend the above chain complex (I13)) to a chain resolution

Lo (@) 2 @) D B 0N(@) B Co(G) S T — 0 (114)
whose differentials are similar to that of Koszul complex of free nilpotent Lie algebras in (8H). For this,
we first prove Pseudoweight Lemma (Lemma [5.2.6]), and then, in terms of this pseudoweight lemma we
obtain a chain resolution with desired property (Theorem [(.2.7)).

To begin with, we prepare some notations which plays important role in Pseudoweight Lemma (Lemma
F2.6). Let z € B be a maximal weight element. Set G = G/((z)) where ((z)) denotes the closed
normal subgroup of G topologically generated by z. We suppose wt(z) = k. We define a (continuous)

homomorphism ¢ : C,,(G) — C,,(G) by

b = {<b1,--.,bn> (if by # = for all 4),

by, ... -
(b 0 (otherwise).

(115)

Since the kernel of the canonical surjection [Z,G] — [Z¢G] is generated by z — 1 as pro-¢ [Z,G]-
module, the kernel Ker(q) is generated by the terms (b1, ...,bp—1,2) and (z — 1)(b1,...,by) with b; # 2

fori=1,...,n. Note that the (continuous) homomorphism ¢ : C,,(G) — C,(G) is a chain homomorphism
for n < 2.

Lemma 5.2.1. Let z be a mazimal weight element of B. Then, z — 1 is not a zero divisor of [Z,G]

Proof. Let J := (IG) + ¢[Z,G] be an ideal of (abstract) group algebra [Z,G]. Here, (IG) is the aug-
mentation ideal of [Z;G]. Recall that the family of ideals {J™},,>1 is cofinal with the inverse system of
Zy-algebra [Z,G] (cf. [DDMS, Lemma 7.1]), and so we have [Z,G] = lim, ([Z¢G]/J™). Thus, an element
A € [ZyG] can be regraded as the coherent sequence A = (\,,) with A, € [Z,G]/J™. For each m, A, is
uniquely decomposed into a finite sum a4 -g € [Z¢G]/J™. Note that each element of G can be written
uniquely as a product of the elements of B with exponents in Z;,. Therefore, for large m, there exist
N € Z/0"Z and a,, € Z/¢°7Z for some r, s uniquely such that \,, = n,, - 2% + Zb#z ayp - b. By considering
for all m, we see that there exist unique n € Zy and a € Zy such that A = n-z%+ (terms not containing z).
Hence, if (z — 1)A = 0 then A = 0. This completes the proof. O

Definition 5.2.2. For [ > 1, we set ([;G)) := ker([Z,G] — [Z,G/T1(GQ)]) and for | = 0 (1oG)) := [Z.G].
An element x € C,(G) is said to be of pseudoweight > h if

ze) (L;G)-Cl G (116)

-

j=0

where C{*”) denotes the submodule of Cn(G) generated by 8 = (b1,...,b,) € B" with weight wt(3) = w.
For z € C,,(G) with pseudoweight > h, we denote it by wt(z) > h.
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Definition 5.2.3. For 3 = (b1,...,b,) € C,(G), we define its molecule Mz by

Mg =Y (1)1 (b = 1)(br, ..., by, ..., bn)
i=1
3 (=1 by (e(bi, by) b, biy by by)

1<j

Definition 5.2.4 (pseudoweight condition). let (Cy(G),dx) be a [Z,G] partial free resolution of Z; up
to degree < n + 1:

Crit (@) "3 Cu(@) B B 01 (6) B Co(G) S 7o — 0. (117)
The partial free resolution (C.(G),0;) is said to satisfy the pseudoweight condition in dimension n if
following condition holds: Any n-cycle ¢ € ker(9,) C C,(G) has pseudoweight wt(c) > h if and only if ¢

is boundary of some element with weight > h, i.e., there is an element d € C,,41(G) such that wt(d) > h
and O0p4+1(d) = c.

Lemma 5.2.5. Suppose that a [Z¢G] partial free resolution (Cy«(G),0x) of Zy up to degree < n are given,
and, for each generator  of Cpn(G), its differential satisfies the following condition:

On(B) = Mg + (terms of weight > wt(B)). (118)

Then, for any generator o of Cn+1(G) with weight wt(a)) = h, the differential 0,,(M,,) of the molecule M,
of a has pseudoweight > h, i.e., wt(0p(My)) > h.

(
Proof. We set A(f) := Mg — 0,(8). Equivalently, we have 0,,(8) = Mz — A(B). Then, by assumption
(18)), we know wt(A(B)) > wt(S). Noting that for any a.b € B, (c(a,b)) can be written as linear

combination

(c(a,0)) = m(a,b)(em(a,b)) € C1(G) (119)
by iterate use of the relations of the module C;1(G). Here, |v,(a,b)| € G and e,,(a,b) € B. We define a
symbol €7 as follows:

(it {(_1)i+j+k (i <k <), (120)

(—1) Rl (B <i<jori<j<k).

Then, using (II9) and (I20), through long computation, the differential 9,M, of molecule of

05e-50n)
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(ag,...,an) € Cpy1 can be finally computed as follows:

n

8nM(ao,...,an> = Z(_l)l(al - 1)6n<a07 s 7di7 s 7an> (121)

1=0
+ 2:(—1)""”'+1 Zaiaj’ym(ai, a;)On(em (@i, aj), ... 45y .., Q5,...,Gp)

1<j m

=— (ai = DA((ao, ..., ,. .. an)) (122)

=0
— Z Z(—l)iﬂﬂaiaj’ym(ai,aj)A(<em(a,~, aj), a0, ..., Qjy. .. Q... 0n)) (123)
1<y m
+ Z Z TR apaiaym(ai, a;)(1 = [ag, a;a;|ym (@i, a;) || (em (i, az), - . .y i, a5, g, - - .)
<y m
(124)

+ Z Z(_l)ierjs(aiaj%n(ai, aj)arasw(ara as) — arasyi(ar, GS)aiaij(aia aj)))
1<7,4<r<s m,l

: <em(ai7aj)7 el(aT’a a8)7 o 7di7 dj7&7’7 d87 s > (125)
+ ZZeikjaiaﬂm(ai,aj)em(ai,aj)ak<[em(ai,aj),ak],...,&i,dj,&k,...>. (126)
1<j m,k

By following (1), (2), (3) and (4), we conclude that 0, M4, . q,) has pseudoweight > h = wt({ao, . .., an)):

(1) Note that wt(em(ai,a;)) = wt(c(ai,a;)) > wt(a;) + wt(a;) by Definition (2) and (II9). Then,
by assumption (II8]), we have

wt((Alem(ai,a5),a0,...,0,...,05,...,a,))) > h (127)

and
wt(A({ag, ..., Giy- .. an))) > wt({ao, ..., 4, .., an)) = h — wt(a;). (128)

Hence, the sums (I22)) and (I23) have pseudoweight > h since (a; — 1) € (Lipt(a,)G))-

(2) Since we have

wt([ar, aiajlym(ai, a;)|]) = wt(ar) + wi(aia;lym(ai, a;)]) > wt(ax) (129)
and
wt((em(ai,aj),...,di,dj,dk,...>) (130)
=wt(em(ai,a;j)) +h —wt(a;) — wt(aj) — wt(ay) (131)
>h — wt(ag), (132)

we have (1 — [ag, a;aj|ym(ai, a;)|]) € (Lwi(ay)+1G)), and so the sum ([I24]) has pseudoweight > h.

(3) Note that a;a;vm(a;, aj)arasyi(ar, as) — arasyi(ar, as)a;a;vm(a;, a;) is contained in Ker(e). Thus,
a;ajYm(as, aj)arasy(ar, as) — aragy(ar, as)a;a;vym(a;, a;) € (I1G)). On the other hand, the term
(em(ai,aj),e(ar, as),...,a;,a5,04.,0as,...) has weight > h. Therefore, the sum (I25) has pseu-
doweight > h + 1.
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(4) The term ([em(ai, aj), agl, ..., a4, aj,ay, .. .) has weight > h since wt(ep(ai, a;)) > wt(a;) + wt(a;).
Therefore, the only problem we need to consider is the remaining sign of sgn(v,,(a;, a;)) after taking

augmentation to their coefficients. By considering mod Ty, 41 (ﬁ,(f)) with w = wt(a;)+wt(a;)+wt(ag),
we have

> sen(ym(ai, a;))lem, (ai, az), ax] = [[ai, a;], a]. (133)

m

In addition, by taking summation on indices i, j, k and noting the effect of ¢*7, we get
(lai, az], ar] = [[ai, ax], a;] + [laj, ax), ai]. (134)

By Jacobi identity, we know that (I34]) lies in Fw+1(ﬁ(f)). Thus, finally we conclude that the sum
([I26]) has weight > h + 1, and thus, has pseudoweight > h + 1.

0

Lemma 5.2.6 (Pseudoweight Lemma). Suppose following condition (1), (2) and (3):
(1) Given a following commutative diagram with exact rows:

Co1(G) 225 o (G) =2 €, 1(G)

[ I [

Co1(G) 225 0 (G) =22 €, 1().

(2) The differentials Op+1 : Cry1(G) — Cn(G) is given as follows:

n+1
On((b1, - bng1)) = > (=1)F (b — 1)1, by )
i=1
—I-Z D) 0,b,(c(bs, b;), b1, - ooy biy oo bjy o bygn) + (terms of higher weight).

1<j
(3) For j e {n—1,n}, the differentials 0;41 satisfies

9j+1(B,2) = (=1) (z = 1)B + (9,8, 2) (135)
for each generator B = (b1,...,b;) of C;(G).

Then, the following statements hold: If the bottom row satisfies the pseudoweight condition in di-
mension n, then so does the top row. Moreover, the condition is satisfied compatible manner with the
above commutative diagram, that is, for any n-cycle ¢ € Cy(G) with pseudoweight wt(c) > h and any
r € Cpy1(G) with weight wt(x) > h such that q(c) = Opi1(x), there exists a y € Cyy1(G) of weight
wt(y) > h such that q(y) = x and On11(y) = c.

Proof. We suppose that ¢ € C,(G) satisfies the conditions wt(c) > h and d,(c) = 0. By definition of
q, we have wt(q(c)) > h and 9,(q(c)) = q(d,(c)) = 0. Then, by assumption, there exists = € Cp41(G)
with 0,,11(¢(z)) = q(c) and wt(g(x)) > h. Indeed, since the bottom row in the commutative diagram (1)
satisfies the pseudoweight condition in dimension n and q(c) € Ker(d,), there exists | € Cy41(G) such
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that wt(l) > h and 0,41(l) = q(c). By surjectivity of g, there exists x € C,4+1(G) such that ¢(z) = .
Thus, we have 0,41(¢(x)) = ¢(c). Moreover, by definition of ¢, we may assume wt(x) > h.

Set § := ¢ — Op+1(x). Then, we have ¢(d) = 0, so ¢ € Ker(q). Therefore, as we mention in the below
of (IIH)), § can be written as the form:

5=Z%<az,»2>+zwy'(z—1)(ﬁj> (136)

where o = (a1,...,an—1) and Bj(b1,...,by) are some generators, and ~;,w; € [Z,G].
Then, to complete the proof, it suffices to show

O (Z(l)"wj<ﬁj,z>) =0, (137)
J
In fact, if (I37) is true, then y := x + > w;(B),2) € Cny1(G) satisfies the desired property. Since
>_jw;j(Bj, 2) has weight > h and lies in Ker(g), y has also weight > h and ¢(y) = ¢(z). By definition of
d, we have 0p,41(y) = ¢. Therefore, the pseudoweight condition in dimension n holds in the top row in
compatible way.

We give a proof of (I37)). By (I35]), we get

On+1 (Zwy Bj, 2 ) —Z(_l) ( BJ +ij nﬁj’ z) (138)
_Z )'w;(z — 1)(B;) ij  Bi, 2) (139)

where 0,,8; = 0,0 — ¢ and ¢ denotes terms in 0,; which contain (ci,...,c,) with ¢; = z for some i.
Note that (ci,...,cn) = 0if ¢; = ¢; for some i # j. Note that 0,,(0) = 0n(c — Op+1(x)) = 0 since c is a

cycle. Thus, using (I36) and (I39)),
0 =0,(9) (140)
=0, (D vilei, 2) + Y wi(z = 1)(6;) (141)
( J

—MZ vilai, 2) + (—1)"3n+1(z wj(Bj,2)) — (=1)"
ny, i, 2 "ij]a’ Bj,2)) (143)
Z% —10, 2 Z On-1€, 2)) (144)
+ (2= DO (=1 "yilw) Zw; (145)

i

Then, Y 7i(@-10,2) + 35(~1)"w; (9016, 2) and (= — 1)(T;(~ 1) ifo) — 35 w;(948) are lincarly

independent because one sum contain z in (cy, ..., ¢,) but the other does not. Therefore, we have

Z'yi(an—laza Z n 1C7 > (146)

w;(0nBj, %)) (142)

~M
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and

(= DO_(=1)"d) = > wi(9,85)) = 0. (147)

i

Then, by Lemma [I20] (z — 1) is not a zero divisor, so we get from (I47),

> (1) i) Zw] (0,,87) = 0. (148)

Thus, by putting (I48)) into (I39)), we get (I37). Henceforth, the assertion has been proved. [l
Theorem 5.2.7. Notations being as above, there are continuous [ZyG]-module homomorphism
On : Cn(G) — Cr_1(G) (149)
such that
(1) (Cx(@G),0x) is a free chain resolution of Zy; with € : Co(G) — Zy the augmentation map.

(2) The homomorphism 0y, is given as follows:

On((br, -, bn)) = > (=1 (b = 1)(b, .., by, ., b)
i=1
+ Z Z+J+1b bi(c(bi, bj), b1, .. b ,Ej, ..., bn) + (terms of higher weight).
1<J

Proof. We prove the assertion by induction. For the first step of induction, we can use the explicitly
constructed chain complex in (IT3]).

We assume that the homomorphisms 9; : C;(G) — C;_1(G) has been defined for all 1 < i < n which
acts on each generator (b1,...,b,) as (2). Note that the differential satisfies the assumption of Lemma
For each generator a € Cp,+1(G), let M, € C,(G) be its molecule. Then, using Lemma [5.2.5] we
see wt(9,My) > wt(a). By applying the Pseudoweight Lemma to the cycle 8,(M,) € Cp_1(G), there
exists A(a) € Cp(G) with 0,(A(a)) = 0,(M,) and wt(A(w)) > wt(a). In terms of M, and A(a), w
define 9,41 : C+1(G) = Cn(G) b

Op+1(a) := M, — A(a) (150)
Then, by construction we get 9,41 09, = 0 and Op+1 © ¢ = q o Op+1 by compatibility condition. Since

a chain homomorphism ¢ : Cy,(G) — C,,(G) is defined compatible way, C,(G) satisfies the Pseudoweight
condition for any n. This implies Co(G) is exact a fortirori and the assertion has been proved. O

5.3 Computation of dimension of H3( /Fk(F(Z ); Zy)

In this section, we compute the rank of the third homology group Hg(ﬁ,(f) /T (ﬁ,(f)); Zy) of ol /T (ﬁ,(f))
with (trivial) coefficients in Zy in term of the free chain resolution of Z, constructed in the previous section.
Since this free chain resolution is constructed so as to be related to the Koszul complex of free nilpotent
Lie algebra, one may show isomorphism between Hs( 2 / Fk(ﬁ(f)); Zy) and H3(L/L>; Ze) using spectral
sequence associated with weight filtrations.

By thinking Z, as a [Z;G]-module with trivial G-action, we set

D.(G) := Z¢®[7,)C+(G). (151)
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Here ®[z,¢q means a complete tensor product over [Z,G] (see [RZ, Section 5.5.]). Note that by theorem
£.2.7(2), the induced homomorphism 9,, on D, (G) is given by

On((b1,...,bn)) = Z(—l)”jH(c(bi, b;),b1,. ., biy. .., Dj, ..., by) + (terms of higher weight).  (152)
1<J
Filter the chain complex (D«(G),3d,) by setting F'D,,(G) be the submodule of D,(G) generated by
terms (g1, ..., gn) whose weight wt({g1,...,gn)) > l. Setting the associated graded chain complex as

(D, (G @fl G)/FHD,(G), (153)

we see that gr(D,(G)) is isomorphic to the Koszul complex A, (gr(G)) of the associated graded Lie algebra
gr(G) of G, i.e., gr(D«(G)) ~ Ai(gr(G)). Note that the filtration of D, (G) is bounded. In fact, for a
nilpotent group G of nilpotency class (k—1), F'D,,(G) = D,,(G) if | < n and F'D,(G) = 0ifl > n(k—1).

Thus, by considering spectral sequence associated to a filtered chain complex (see [RZ, Theorem
A.3.1]), we get a May spectral sequence ' = {E] } such that

El,=HY) (er(Du(G))i Zy),  Ey= Hyyo(G:Z) (154)

where H" (grD.(G)) means the weight p part of the homology group of the Lie algebra gr(D,(G)) and
H,(G;Zy) == H.((D«(G), 04)) is filtered by

F'H,(G;Zy) :=Tm(H,(F'D.(G)) = H,(D.(QG))). (155)

In particular, we have
]:lHn(G; ZZ)

(X) ~oo—_-
Bin = FUHLH, (G5 Zy)

(156)

Corollary 5.3.1. For i < 3, the homology groups H(£/£>k,Z4) of Lie algebra L/L>y and those
HZ-(F\,(LZ) /Fk(ﬁf(f)) Zy) of free nilpotent pro-f group F /F ( ) are isomorphic, that is,

Hi(L/ Lo Zo) = Hy(FO JTR(F);Z4) (6 < 3). (157)

Moreover, associated graded abelian groups are given by

FLHy (B )r(F9Y. 7 gz N ND e << 2k — 1),
3( (g/ k( )) Z) ~ Hél)(ﬁ/EZMZZ) ~ ¢ ( == ) (158)
fl+1H3(Fn /Fk( w); L) otherwise.
and
FHH(F JTp(FP): Zg) ~ 0. (159)
In particular, we have
2k—2
H3(ﬁ7(z€) /Fk(ﬁy(f)); Ly) =~ @ Z?(nNi_NiH) (160)
i=k
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Proof. After passing to Malcev completion of F / I‘k( ) over Qy, by applying Pickel’s isomorphism P
([P]), we get R R
P Hy(F® JTL(EDY);Qp) ~ Hi(L/Lsk; Q) (for all 7). (161)

Note that, since the above isomorphism is defined over @y, each relevant derived step from Ej , to E;:;l
in the May spectral sequences in (I54) cannot reduce the rank of EJ . Also note that by Theorem
421 ([©5) and (Iﬂl) (ml) we know that H;(L/L>y;Z¢) is torsion free for 0 < i < 3 and so Ej, =

HZ(,Jr)q(gr( ( /I‘k( )))); Zy) is also torsion free for p+ ¢ < 3. Then, we conclude that E;q ~ [, for

p+q < 3. In fact, 4 18 a subquotient of torsion free module £ ;’q and must have the same rank with
EI% ¢ SO E1 ~ E2 By iterating this procedure, we obtain E ~ EX

Thus, by Theorem 1211 we deduce that

le3<ﬁ“> /mﬁ“))' Zy)
FtHy (B JTu(FY); 20)

~ B~ By~ HY (L) Lok Z0) (162)

is isomorphic to the free Z;-module Z?(NNl’l_Nl) if k+1 <1< 2k—1 and 0 otherwise. Since every

relevant terms Ep q = Ep, converging to Hp+q(ﬁ,(f) /T (ﬁ,(f)); Zy) are torsion free, the extension problem

can be solved by JUSt takmg the direct sum. Combination of this extension with Pickel’s isomorphism
leads to F 2"ng( / Fk( ) Zy) = 0, and therefore, the desired equation (I58) and (I59). O

Consider the reduction map, for [ > k,
Gur Ha(F\ JTu(E); Ze) — H(FD /TR(FD); Z). (163)
In the following, we consider the chain complex D, (ﬁ,ﬁ” /Fk(ﬁ,g))) by setting G = oIS /Fk( )) in (I51).
Lemma 5.3.2. For each n < 3 and integer s, we have
FHp(Du(F JT(FSD)); Zg) ~ Ho(F* DL (B JTy(E)); Zy). (164)
For | > k, the following reduction map is surjective;
Hy(FD.(F JTi(F\Y)): Zg) — H3(F*Du(FY) JTk(FS)); Zy). (165)

Proof. Let us consider a spectral sequence associated with the weight filtration of F'D ( / Fk( )))
Then, one gets a May-like spectral sequence {£) ,} satisfying

1 _ )
El, =H

g (FDL(ED [TW(F)): Ze).  Epy = Hpro(FDL(EY [T(FD)); Zo). (166)

Here, gr(F*D, (Eg) / Fk(ﬁ(f)))) denotes the associated graded chain complex with respect to the weight
filtration of F'D, (ﬁ,(f) / Fk(ﬁ,(f))). Then, by Corollary [5.3.1], we conclude

H;()Ijr)q(gr(fs J(FO T (FOY); 7)) ~ EBHz(fjr)q(Al( (B /0 (FO)): Z,) (167)
1>s
~ p+q(£/ﬁ>k, Zg) (p=>s)
o (otherwise)
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Since the differentials preserve the weights, the inclusion F SD*(I/:'\,(LZ) /T (Eﬁ”)) C D, (F\,(LZ) / I‘k(ﬁ,(f)))
preserves the filtration, and hence, it induces a homomorphism of their spectral sequences. By Corollary
(.37 and ([I67)), the induced homomorphisms give isomorphism on E1 terms for p > s. As we see in

the proof of Corollary 5.3 in the spectral sequence for D, (Fp £ /I‘k( ))) with range p + ¢ < 3, all
differentials involving terms FEj  must be trivial. Thus, the comparison of spectral sequences implies
that the differentials must also be zero in the spectral sequence for F SD*(E(LZ) / I‘k(ﬁ,(f))) with p+¢ < 3.
Therefore, in both spectral sequences, Ep q = 5, in the range of p+¢ < 3. Asin the proof of Corollary
B30, when p 4+ ¢ < 3 all therms E< are torsion free, and therefore, H, (F°D ( /Fk( )) Zy) —
}'an(D*(E(LZ) /Fk(ﬁf(f))); Zyg) is an isomorphism for 0 < n < 3 and any s.

Next, by comparing the spectral sequence for }'SD*(F\,(LZ) /Fk+1(ﬁ,(f))) and }'SD*(F\,(LZ) /Fk(ﬁy))) in
terms of the reduction map F.” /PkH(ﬁ,(f)) Ny /Fk(ﬁ,(f)), we obtain surjective homomorphism, for
s> k42,

Hy(F*Du(F" [Ti1(FD)); Ze) — Ha(F*Do(F JTw(F)); Zy). (168)

In fact, the reduction map induces surjection on E;’q terms for p4+ g < 3 and s > k + 2, and differentials
involving these terms are trivial in both spectral sequences. This completes the proof. [l

We introduce another filtration to Hg(ﬁ,(f) /Fk(ﬁ,(f));Zg) induced by the reduction homomorphisms
@11 as follows:

G Ha(F" JTi(F); Zg) := Tm ¢y 1, = Tm <H3( Vi1 (FD); Ze) — Hy(B" /TR(ESD); Zz)) (169)
Theorem 5.3.3. Two filtrations Qng( /Fk( )) Zy) and .7-"lH3( /Fk( ));Zg) coincide:

G Hs (" JTw(E\D): Zg) = F H3(F JT(F); Zy) (170)
In particular,
0=G*Hy(F\" JTR(E"); Ze) -+ € G H (B JT(FD); Zg) = Hy(F JTR(FP)Z) (171

with associated graded terms

G'Hy (B /Tu(FPY;z N1 N,
l 13( T )) 0) :Z?( Ni_1—Ny) (172)
G H(FY JTW(FY); 20)

and x € ker(¢y ) if and only if v € Im(pop—1,) for k <1 <2k —1.

Proof. We consider the following commutative diagram:
Hy(FHDL(ES [Tu(FR?)); Z) —— Hy(FHDU(ES [Tu(FR)); Z)
l \ J’ﬁ
FHHy(BY [T0(F ) Ze) ——— FHUH(F /Ty(BL); 20)

We immediately see that the tow vertical homomorphisms are isomorphisms by definition of filtration
F on Hj( i /F*(Fy(f)); Zy) and the top horizontal homomorphism is onto by Lemma 5321 Note that
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FH1H; (F\(Z /Fl(ﬁ(z );Zy) = ( /Fl( ) Zg) by Corollary (5.3I1 Since the reduction homomor-
phism ¢, preserves the ﬁltratlon F on Hg( /Fk( )),Zg), one sees that the image Im(a) is exactly
equal to Im(¢y ;) = G Hs(F, ( /Fk( )), Zy). Therefore, we conclude that

G Ha(F JTw(F"); Zg) = Tm(a) = Im(B) = F T Hy(FO /TR(FD); Zo). (173)
O

As a byproduct of the above arguments, we get the following pro-¢ version of Stallings’ theorem.

Corollary 5.3.4. The homomorphism

Hy(F) JTxyr () Zg) — Ha(F® [Tr(FD); Zy) (174)
18 2ero map.

Proof. By (@5)), we know that the homomorphism Ho(L/L>gk11;Z¢) — Hao(L/L>g; Zy) is zero map since
they are concentrated at different weight to each other. By applying the isomorphism Hy(L/L>p;Zy) =~

Hg(ﬁr(f) /Fk(ﬁ,(f)); Zy), the result follows. O

6 Computation of dimension of Wg(f( g))

In this section, we compute the rank of Fg(f? ,gg)). The computation is very similar to the computation

of m3(Ky) in [TO]. That is, we show the existence of an isomorphism between 3(K g)) and the third

0)

homology group Hg(fl(f); Zy) of a pro-£ torus bundle 5,(5) over K ]i and reduce the computation to that

of H. 3(5,(5); Zy). However, to apply their techniques to our situation, we will need more subtle arguments
than the ones in [loc.cit.]

6.1 Isomorphism Wg([?g)) ~ Hg(f,(f); Zy)
To begin with, let us show that there is an isomorphism 73 (I? ]gg))
of Wg(IA(,g)) to that of Hg(g,(f);zg).

For this, we describe the behaviour of universal circle bundle S* — CP*° under pro-£ completion.

~ Hs3(¢ ,(f); Zy) to reduce the computation

Lemma 6.1.1. Let S0 — CP*®) pe the pro-f completion of the universal circle bundle S — CP>°.
Then the following statements hold:

(1) The fibre of S — CP*O s weak equivalent to the pro-€ completion SO of St.
(2) The pro-f completion CP>" s weak equivalent to K(Zy,2).

Proof. (1) By applying [AM|, Lemma(5.3)], we have the following commutative diagram:
St y S°° CP>

I l

F —— §°0 — Cp=®

37



where F is the fibres of §°() — CP>®®, Since CP® ~ K (Z,2) is simply connected, so is CP>®, Hence,
by [AM, Theorem(5.9)] and [AM, Corollary(4.4)], we see that 7;(S1®)) ~ m;(F) for each i. Therefore, the
statement follows from the uniqueness of Eilenberg-MacLane (pro-)spaces [AM, Corollary 4.14].

(2) Applying homotopy exact sequence of the fibre space to S0 5 CP>® and using statement (1),
we obtain the result from the uniqueness of Eilenberg-MacLane (pro-)spaces. O

Remark 6.1.2. Here, we give an another proof of CP”0 ~ K (Zy,2) in terms of the relation of completion
and fibrations, but it also follows from the fact that Z is “good” since Z is finitely generated Abelian

group (cf. Example 2.3.4)).
()

In terms of above Lemma [6.1.1] we define a pro-£ torus bundle §£f) — K,
The central extension

in the following manner.

0 — Dp(E,) /T (Fn) ~ 28N — F JThi1(Fy) = E, /TR(F,) — 0, (175)

gives rise to a fibre bundle K (k 4+ 1) — K (k) whose fibre is Nj-dimensional torus denoted by Tj. Since
S — CP* is the universal circle bundle, the bundle K (k + 1) — K (k) is classified by a map

Ny,
k) - H(CPOO)Z ~ K(H2(Fn/rk(Fn);Z)v2) (176)

where (CP>); is just a copy of CP*. Note that the above map K(k) — K(Ha(F,/Tk(Fy,);7Z),2) is
isomorphic on second homology group with coefficients in Z.
By taking the pro-¢ completion, we get the induced map

KOk —>H(C]P’ O); ~ K (Ho(FO JT1(F"); Z4),2). (177)

Here, we note that F,,/T'y(F),) is “f-good” in the sense of Serre by central extension (I75]) (cf.[Ser2l 2.6

Excercises 2)(c )(d)]) Thus K(k‘)( : ~ K(Fn/Fk(Fn)( ), 1). By universal property of pro-¢ completion,

{4 —— (¢
there is a map Fy /F ( ) — F, /Fk( )( ), and thus, the corresponding map KO k) — K(k)( ).
Similar to the above, the fibre of K (k 4+ 1) — KO (k) is T}, ~ K(Z®Nk, 1) since we have

0 = Du(FOY Ty (FOY = FO T3 1 (FOY = FO T (EOY - 0 (178)

and Fk( )/Pk-',-l( ()) o~ Fk(Fn)/FkH(Fn)(Z) o~ Z?Nk. In terms of Hurewicz Theorem in the pro-
category [AM], Corollary(4.5)], the map K (k) — Hf\fl (@\P’OO (©); induces isomorphism on second homol-
ogy group with coefﬁments 1n Zy.

Since K(HQ(F(Z /Fk( ) Zy),2) is simply connected, the map K© (k) — Hﬁ\i“l(@”oo(g))i factors
through the the pro-¢ Orr space K ]i ). We denote by §g) - K ,gg) the pullback bundle obtained from
SO 5 CP>*® via pulling back by K ,g) — Hf\f:’cl (@OO (©));. Thus, we obtain the following commutative
diagram:

VSO 5 T KOk 4 1) y £ y Tk, S

! | ! l

V8O s KO(k) —— K —— T (CETO),
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Since K}g& can be thought of as pushout (fiber coproduct) of morphisms VS!® — K©(k) and

VSO 5 by definition of K Igz)’ we obtain the following commutative diagram compatible with the
above one:

VSO FO g0k 1)

70 ()

Here, the bottom (and also the top) square is a pushout diagram, and the vertical maps are bundle maps

with fiber the pro-¢ completion of a torus T( )

Lemma 6.1.3. For each k > 2, there is a map Vi41k : f,(f) — §£f) such that it induces the following
commutative diagram:

(€] ) T (el

J J

Vr41,
(KW ) B (k)

Moreover, the vertical homomorphisms ﬂg(f,(f)) — m3(K ,gé)) are isomorphisms for each k > 2.

Proof. Let us consider the following commutative diagram:

KOUFh+2) —— KOk +1) —— KOk +1) —— KOk

I | I T

VSO X T, I, yGue I,y gue) 7O, P,y Gue

T

) . ) N
Tk+1 * > Tk+1 >

Here, the symbol * denotes the constant map or the base point depending on context. By taking the
pushout for each vertical two morphisms, the above commutative diagram induces the following sequence
of four pushouts:

51(:21 — Klg?-l - &) - K (179)

Note that this map is well-defined up to homotopy since the spaces appearing here are all K (m, 1) spaces
for some group .

Denotes ypy1.k : 5,(:21 — K,g?l — & and Ygq1k - K,g?l — £l(f) — K,gg) the composition maps in the
above sequence. Then, by inserting 7441, and 9,41 in the sequence above, one obtains the following
commutative diagram:
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'Yk+1 k

G 5 g

L 1

(0)  Yrt1k

K *>K

k+1

Henceforth, by taking homotopy functor w3 to the above diagram, we get the desired commutative

)

diagram. The second statement follows from homotopy exact sequence of the fibration & — K ]i because

its fibre f,gé) is K(m,1) and, in particular, my (j:éé)) and 7T3(TI§Z)) vanish. This completes the proof. O

Lemma 6.1.4. For each k > 2, the pullback bundle 519 — K,gé) is 2-connected. In particular, the

Hurewicz homomorphism Wg(é,(f)) — H3(£,(f)) is isomorphism.
Proof. Consider the homotopy exact sequence for the fibration ng(@ — 11 @w(g), we get

ma(§%O) = my([CP™ @) — my(T1") — m (]8> (180)

Il
0 Il

since S is contractible. By comparing this with 5,(5) — K,g), one sees that WQ(KIE;Z)) ~ Fl(f]y)).

Noting that Tlg) is K(m,1) space and (K ,gé)) = 0, the assertion follows from the following homotopy

exact sequence for the fibration f,(f) - K (Z);

m(T) = 6@y = mp(K) = my(T) = mi (6Y) - m(KD). (181)
O

In short, we get the following.

Lemma 6.1.5. We have an isomorphism

m3(K\) = Hs(el"). (182)
In particular, we have
m3(K) ~ ma(KY) 04 Zy ~ Hs(¢€Y) 04 2y ~ Ha(e"; 20) (183)

Proof. The former statement is a consequence of the above discussion. The latter follows from Proposition

B33 (3). O

Hence, the computation of ﬂg(IA( g)) reduces to that of Hg(gff); Zy).

6.2 Computation of dimension of Hj(¢, ©. Z,)

In previous section, we have shown that 713(}? ,g )) o~ Hg(f,(f);Zg) and the computation of 773(]? g)) reduces
to that of Hg(é Z ) To know the rank of Wg([?,y)), this section computes H3(£](f); Zy).
By taking G as jos / Tiy1(Fn oS )) in Theorem [5.2.7] we obatain the chain complex

D (KO (k+1);Z¢) = Co(FO /T (FDY)) @ Zy (184)

[Z¢ B /T4 (BSO)]
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where we consider Z, as trivial [Z, oI / Fk+1(ﬁ,£z))]]-module. Note that this identification between chain
complex of K (7, 1) pro-space and one of 7 is deduced from Lemma[2Z.3.6] We consider the subcomplex of
D, (K (k +1);Z) which is generated by the terms (o, 51, .., Bp—1) With a € By and Bi,. .., Bu_1 € By.
Then, this chain complex can be identified with the chain complex D*(\/§ HOR iﬁz)) with induced weight
filtration. Note that the subcomplex is chain complex with zero differentials. Then, we have the following
weight preserving pushout diagram of chain complexes over Zg:

D,(v8'O x T 2y) —— DL(KO(k +1); Zy)

| |

D*(fk(é); Zy) ———— D, (5;26);2@)

Note that from the above pushout diagram, D, (ﬁl(f); Zy) is endowed with weight filtration.

Lemma 6.2.1. The inclusion of chain complex D,(VS*® x T\}EZ); Z¢) — Do (K'Y (k +1);Zy) induces the
homomorphism
Hy(vS' O x T 74) — Ha(KO(k + 1); Zy) (185)

whose image is equal to the 2k + 1-th term of filtration
FHRHy(KO (k4 1);Zy) ~ FF Hy(FO Ty (F9): Zy). (186)
Moreover, the composition
Hy(T; Z¢) — Hy(vS'O x T Z4) — Ha(KO(k + 1); Zy) (187)
s the zero homomorphism.

Proof. Noting that D*(\/gl(g) X T]gé);Zg) and D,(KO(k + 1);Z) have weight filtration, consider the
May like spectral sequence 'E = {'E} } and "E = {"E} } associated with filtered chain complexes

respcetively. Consider homomorphisms between them induced by the inclusion D*(\/§ 10 x T Igz); Zy) —
D.(KO(k +1);Zy), then we have the following commutative diagram:

FRH (VSO x T); ) —— FHHLHg (KO (k +1); Zy) +—— Hy(F1D, (KO (k +1); Zy)

l l |

I oo 11 [oo . r7(2k+1) .
E2k+1,3—2k—1 E2k:+1,3—2k:—1 ’ Hs (ﬁ/ﬁzkvzﬂ)

Here, the top right homomorphism is isomorphism by definition of the filtration F on the third homology
group and the right most vertical homomorphism is induced by quotient morphism F2*+1D, (K ©) (k+1) —
ACE) (£ L>y; Zyg) given by taking associated graded Lie algebra.

Since the May like spectral sequences 'E and ”E converge to H, (VS x f,gé); Zy) and H, (KO (k +
1); Zy) respectively, the left most and the middle vertical homomorphism is surjective. By Corollary [5.3.1]
and (I56]), we know that the bottom right homomorphism is isomorphism. Thus, the right most vertical
homomorphism must be surjective.

Noting that D*(\/§ 1O x f,gé); Zy) is concentrated on weight 2k + 1 part, we have

Hy(vS' O x T 7,) ~ Hy(F*H1 D, (vS' O x T, 7). (188)
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Therefore, from the above arguments, it is enough to show that the inclusion F 2kJrlD*(\/g 1) f,y); Zy) —
A2M+Y(L /Ly 1;7) induces a surjective homomorphism on third homology groups because their third
homology groups are free module with same rank.

For this, we compare two spectral sequences associated to D*(\/g 1) f,y); Zy) and central extension
L/L>p+1 — L/L>, of Lie algebra as in ([@5]) and (@6). Regarding D, (VSO x T,&Z); Zy) as double complex
concentrated on degree (1,2k) with zero differentials, we obtain a first quadrant spectral sequence ' FE =
{"E} ,} with

"By, = HY"" (VS L) @, (B [Trnn(BY)), "B}y = Hy(vS'O x Tizy). (189)

Then, by construction, we see that this spectral sequence collapses, that is "' £2¢ ~" Ez’q, and so

"ES = HY (VST x T, 7) ~ B~ (VSO 7)) @z, A(FO [Trsr(BD); Zg) =" B2, (190)

On the other hand, we have the Hochschild-Serre spectral sequence ""E = {""E} } converging to
Hyg(L/Lsgy1;Z¢) given in (@5) and (@6). Let us compare the spectral sequences for weight 2k + 1
part. We see that the only Ei2 terms are non-zero in both spectral sequences with weight 2k 4+ 1. More-
over, by comparing explicit form of E;q terms, one sees that they are isomorphic. Since the former
spectral sequence "' collapses, the homomorphism " EfS —"" EFS is surjective. As we see in (@3]) and
@8), we have " EPS, = H§2k+1)(£/£2k+1;25), so we conclude that Hs(FZ+1D, (V51O x f,iz));Zg) —
H§2k+1)(£ /L>k41;Zy) is surjective and we get the desired isomorphism (I87).

Since the split subgroup Hg(fg);Zg) in Hg(\/gl(z) X Téé);Zg) concentrates on weight 3k part, by
Corollary (.31 F2**+2H3(K® (k 4 1); Zy) = 0, and inclusions induce weight preserving homomorphisms
on homology groups, we conclude that the image of the composition

Hy (T 24) = Ha(vE' x T Z4) — Hy(KO (k +1); Zy) (191)
must be zero. O

Proposition 6.2.2. The cokernel of the induced homomorphism Hz(K©O(k + 1);Z¢) — Hg(g,(f);zg) is
free Zg-module of rank nINg — Ni41;

coker (Hg(K© (k + 1) Zy) — Hy(£\;2,)) ~ Z20Ne= o), (192)

In addition, the third homotopy group Fg(k]gz)) of pro-£ (complete) Orr space is free Zy-module whose

rank is computed as
2k—1

my(R\) = Hy(e;2p) ~ @ 2NN (193)
i=k

Proof. By considering §,(f) as the pushout of VSO x Tlg) — K(Z)(k + 1) and VSO x f,iz) — T,gz), its
associated Mayer-Vietoris exact sequence is given as follows.

Hy(V8' O x T 7,) —— Hy(KO(k +1); Z¢) ® Ha(T\"; Ze) —— Ha(£";7y) )

C Hy(vS' O x T 7)) —— Hy(KO(k + 1) Z¢) ® Hy(T"; 2) ——— 0
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Here, note that Hs (ﬁg); Zy) = 0 since 5,(5) is 2-connected. Also, note that morphisms in the above exact
sequence preserve filtration of homology groups since morphisms of chain complexes preserve filtration.

Noting that the map VSO T,y) — fg) split and using Lemma [6.2.1] the above Mayer-Vietoris
exact sequence induces the following commutative diagram whose bottom row is exact:

FUHHH (VSO x T 2,) —— FHRHy (KO (k 4 1); Zy)

-| |

Hy(vS' O x T 74) — 5 Hy(KO(k +1);Z) —— Ha(€:Z4) —— -

Since the top horizontal homomorphism is onto by Lemma [6.2.T] noting again that the map VSO x
Tg) — T,gé) split, we obtain the following exact sequence:

Hs (K (k +1); Zy) (0)
Hy(6"; 7
FHHy (KO (k +1); Z) 3(& 3 2¢) ]

Q H\(T"; Z4) @z, 78" ———— Hy(KO(k +1);Zy) ——— 0.
Here, we use the fact that Hl(I*A}(Lé);Zg) ~ Z3" and Hi(ﬁ,(f);Zg) =0 for ¢ > 2. The former is [RZ, Lemma

6.8.6 (b)] and the latter follows from the fact that the cohomological ¢-dimension of FY is 1 and the
existence of duality between homology groups and cohomology groups ([RZ, Proposition 6.3.6]). Using
the result of Corollary [5.3.1], the sequence leads to the following exact sequence

2k—1
0= @ zy"N N o Ha(e);20) - 28N - 2PV 0. (194)
i=k+1

Since all the relevant groups in the above sequence are free Zy,-modules, by dimension counting, the
assertion follows. O

Lemma 6.2.3. The homomorphism Y11 : Hg(f,(ﬁl; Zy) — Hg(g,i”; Zy) factors through a homomorphism

H3(KO(k +1);2,) — Hg(g,(f% Zy). Moreover, the resulting homomorphism Hg(f,(ﬂl; Zy) — H3(K©(k +
1);Zy) is surjective. That is to say, we have the following commutative diagram:

Y41,k

Hs(6":20)

Proof. For a chain complex C,, we denote by o>2C, the “stupid” truncation o9 of C,, that is, we set

7590, = {C" (n=2) (195)
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Then, by definition, we have H;(Cy) ~ H;(0>2C4) for i > 3. Since the quotient by K(ﬁ(f), 1) does note
affect to D;(K©)(k); Zy) with degree i > 2, we have 059D, (K (k); Zy) ~ O'ZQD*(KIEZ);ZE). Henceforth,

the morphisms of pro-spaces K (k + 1) — §]i€)_1, f,(ﬁl — K(Z)1 and KOk +1) — K]iﬂ)_

pae , induces the
morphisms of chain complexes as follows.

022D (€011 Z0) = 032D (K1) 11 2) = 032D (KO (k +1); Z¢) — 022Du (65 Z0). (196)

Since the middle homomorphism is isomorphism noted as above, by taking homology group functor, we
get the desired commutative diagram. The surjectivity of Hg(f,(ﬁl; Zy) — H3(K©(k+1);Zy) follows from

that of 5221 — K 1&?1' Thus, the assertion has been proved. [l

Lemma 6.2.4. For homomorphisms Y11 : 7T3(f](:;)_1) — 7T3(£,(f)) as in Lemma[6.2.3, we have

ker (Y+1,6) C Im(Vi42,k+1) (197)
Proof. Consider the following commutative diagram whose horizontal sequences are exact:

Hy(K9(k +2);Z)

a 0 . i
0 F2kt3Hs (KO (k + 2); Zy) ’fl3(5k+1vzf) —— coker(a) —— 0
el /,/3;/ J’Wﬂ-&-l,k lp
o
) . .
0 H3(KY(k +1);Zy) B Hs(fg);ze) 9 coker(8) —s 0.

FAHy(KO(k + 1); Zy)

Here, p is the induced homomorphism from the left most square of the diagram and + is the induced map
from the factorization of v, in Lemma 6.2.3] Applying the results of Corollary 531l and Proposition
[6.2.2] to the top and bottom short exact sequences, we can compute the rank of coker(a)) and coker(3) as

coker(a) =~ Z;B("N’““_N’“”)

coker(f) =~ Z;B("N’“_Nk“).

9

Now, the homomorphism p is zero homomorphism, since 7 is onto by Lemma [6.2.3l In fact, for any
element = € coker(a) there is an element ¢ € Hg(f,(ﬁl; Zyg). In fact, since poi = joyg41k and Im(yg415) =~
l 4 .
H3(€I(c-i)-1; Zy)] ker (Vg1 k) Hg(glill; Zy)/ ker(7y) =~ Im(7y), so Im(yg+1,%) =~ Im(5 o) and therefore poi =
joBo~=0. This implies p = 0.
Then, by snake lemma, we have the following exact sequence

0 ———— > ker(e) ——— ker(yp415) — coker(a) }

(% coker(e) —— coker(vy41,,5) — coker(3) — 0

where we use ker(p) = coker(a) mentioned as above. Since we have coker(a) = coker(e) and coker(yg+1.%) =

coker(f) by counting dimension, we conclude that ker(yg41%) C Im(c). Hence, this completes the
proof. O
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We introduce a (descending) filtration G® to Hg(&,(f); Zy) by setting

G Hs(6": Zy) = Tm(yi_15 - Ha(6):20) — Hy(6;24)) (198)

where the homomorphism ~;_; , is defined as composition v;—1 1 = Y—1,-2© - © Vr41,5- Note that the
isomorphism 713(@&()) — m3(K ,gé)) in Lemma maps the [-th term of the filtration ngg(fl(f);Zg) to the [-th
term of the filtration ng?,(I?,gZ)). So, we have

coker (Y41,k) = coker(Yg41k) Z?(NN’“_N]““). (199)
Theorem 6.2.5. Let I?,gé) be the complete pro-f Orr space. Then, the following statements hold:
(1) For the filtration glf(,f’ s actually given as follows:
0= g% mg(KY) - c GFimg(K) = ma (K. (200)

(2) For each integer k <1 < 2k — 1, the associated graded quotient is isomorphic to rank nN; — Nj4q
free Zy-module, i.e., there is an isomorphism

41, (0
, F 7T3( ,\]&)) L} Z?}(nNL—NHl)‘ (201)
]:l+2773(Kk )
(3) The homomorphisms
Vht 1,k : 7T3(K,£l21) — my(KY) (202)

preserve the filtration g°7r3(K,£€)), and induced homomorphism on the associated graded quotients

G'ms(KL)) . Glms(KL)

= = (203)
l {4
gHimy(R)) g im (KL
are isomorphisms for k+ 2 <1 < 2k and zero homomorphisms otherwise.
(4) In particular, for each k > 2, there is an isomorphism
R 2k—1
71.3(}(}&5)) ~ @ Z?(nNi—Ni+1) (204)
i=k
and
x € ker(¢y i )if and only if x € Im(va ). (205)
Proof. Consider the following exact sequence
0— ker(’y;HLk) — Hg(fl(:;)_l;Zg) %i;’k Hg( ,(f);Zg) — Coker(7k+17k) — 0. (206)

By inserting the result of Proposition[6.22land coker (yy11 %) =~ Z?(NN’“_N’““), the above sequence becomes

2%k+1 o%—1
0 — ker(Yps14) — EB Z?("Ni_Ni+1) N @Z?("Ni_Ni+l) %Z?(nNk—Nkﬂ) 0. (207)
i=k+1 i=k
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Therefore, dimension counting implies that

2k+1

Ker (s 1) = @) 2 NN, (208)
1=2k

Since all homology groups H. 3(5%);Z5) are free Zy-modules, in terms of Lemma [6.2.4], we have

21—1
ker(y) = @ zg NN, (209)
=2k
Hence, by group isomorphism theorem, we get
2k—1
m(,k) @ Z N Nir1), (210)

By definition of the filtration G°, its associated graded quotient is given as the form

'H (Z)Z n _
G Hs (&, (Z’) 0 ~ Z?( Niea=ND) g torsion. (211)
GH L H3(&, " Zy)

Now, we know that

4
ngS(gl(_)1§Z€) ~ ®(nN;_1—Ny)

R Zé (212)
gl+1H3( 1— 1725)

and Qng(gl(f)l; Zy) — Qng(gg);Zg) is surjective by definition, so the torsion part of equation (2II]) must
be zero. So we conclude that 0
gllf3(£](€ ?ZZ) -~ Z@(Nlel_Nl) (213)
Gy (i) |

By proposition [6.2.2] and counting dimension, we have Q%HHg(fl(f); Zy) ~ 0. O

7 Massey products and H2( /F ( ) IF)

In this section, we recall the notion of Massey products for pro-¢ group cohomology. Then, we de-
scrlbe a bas1s of the dual module Homze(Hg( /Fk(F (Z)) Zy),Zy) and the second cohomology group

( i / r ( n ); F) via Massey products. Here, F denotes the field of ¢-adic numbers Q, or finite field
F,.

7.1 Higher Massey products for pro-/ group cohomology

Here, we recall the basics of higher Massey product for pro-¢ group cohomology following [Dwy] and
[Mo1].

Let G be a profinite group and let A be a discrete G-module. Let us consider the inhomogeneous
cochain complex of G with coefficients in A as in [NSWI Section 2] (see also [RZ, Section 6.4]), that is,
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for k > 0, the module C*(G; A) of k-cochains is given by the module of all continuous maps Map(GF, A)
and coboundary operator d : C¥(G; A) — C*+1(G; A) is given by

(df)(glu cee 7gk+1) = glf(927 cee 7gk+1)

k
A (0 G- i1, 9190415 Giv2s - 1) + (D (g1, gr)- (214)
=1

The cup product —: CP(G; A) x C1(G; A) — CPT9(G; A) is defined as, for u € CP(G; A) and v € C1(G; A),

(u = v)(g1, s gp+g) = (=1)Pulgn, ..., gp) - v(gpt1: - -, Iptq) € A. (215)

Let ai,...,a, € H'(G;A) be first cohomology classes. A Massey product (o, ..., an) is said to be
defined if there is an array A

A={a;; e CHG;A) |1<i<ji<m+]1, (i,§) #(1,m+1)} (216)
such that
1w e
et b h=ism) (217)
daij = Y hci Gin = arj (J#1+1).

We call such an array A a defining system for (aq,..., ;). Then, for a defining system A, the
cohomology class {(ai,...,qn,)4 in H?(G; A) is defined as the cohomology class represented by the 2-
cocycle

m
> aw — apmar. (218)
k=2

Then, we define a Massey product of ..., a,, as the subset of H?(G; A) given by
(o1,... am) = {(a1,...,am)a € H*(G; A) | Ais defining system for (ay,...,am)}. (219)

Remark 7.1.1. (1) The Massey product (1) is just ay and its defining system .4 consists of any 1-cocycle
representing . The Massey product (a1, as) is the cup product o — ao.

(2) (Uniqueness) For any integer m > 3, the Massey product {aq, ..., ay,) is defined and uniquely defined
if (a4,,..., ;) =0 for any proper subset {i1,...,%,} of {1,...,m} with r > 1.

(3) (Naturality) Let G and G’ be profinite groups and f : G — G’ be a continuous homomorphism.
Assume that {(oq,...,q.n) is defined for i, ..., ., € HY(G'; A) with defining system A = (a;;). Then,
the Massey product (f*(a1),..., f*(am)) is defined for f*(ay),..., f*(am) € H(G; A) with the defining
system A* = (f*(a;;)) and we have f*({(a1,...,am)) C (f*(c1),..., f*(am)).

Next, let us recall interpretation of a defining system for the Massey product as uni-triangular matrix
(cf. [Dwy] and [St]). Let Up,4+1(A) denote the multiplicative group of upper triangular matrices coefficients
in A whose diagonal entries are identity. Similarly, we denote by Z,,+1(A) the subgroup of U, +1(A) whose
non-zero entries are only diagonal entries and (1,m + 1)-entry. Then, noting that Z,,1(A) is identified
with A, we have the following exact sequence

1= A= Upi1(A) = Upii(4) = 1 (220)
where U,,41(A) is the quotient group Up,41(A4)/Zm+1(A). Now, for the defining system A = (a;;) for
(a1, ..., ) can be identified with a homomorphism

4G = Upii(A) (221)
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which sends g € G to ¢4(g) := (¢i;(g)) = (—ai;j(g)) where we set —a;i(g) = 1 for each 1 < i < m.
Indeed, by the condition (217, one obtains

j—1
daij(9192) = aij(91) + aij(92) — aij(g192) = D aiw(g1)ar;(g2) (222)
k=i+1
and so
j—1
$ii(9192) = bij(g1) + dii(g2) + D Pikl(g1) i (g2)- (223)
k=i+1
Besides, from this interpretation, one easily sees that the Massey product (ag,...,a,) plays a role of

obstruction class for existence of a lift of ¢4 : G — U,i1(A) to Upr1(A). More precisely, the cohomology
class {a1,...,am)4 = 0 if and only if ¢4 : G — Upi1(A) extends to a homomorphism G — U,,41(A).
Finally, we recall the relation between Massey products and Magnus coefficients.
Let G denote a pro-¢ group with minimal presentation given by

1-R—-FO a1 (224)
We set 7(x;) =: g; for 1 < i <n. Then, we recall the transgression map
tg: HY(R; A)Y — H?(G; A) (225)

associated with Hochschild-Serre spectral sequence defined as follows. For a l-cocycle a of H'(R; A)“,
there exists a 1-cochain b € Zl(ﬁ,ﬁf); A) with b|gr = a and b(o7) = b(70) = b(o) + b(7) for o € FY and
7 € R. Then, the value db(z122) depends only cosets z; mod R and z; mod R, so there is a 2-cocycle
c € Z'(G; A) such that the pullback is 7*(c) = db. Then, the transgression tg is defined as tg([a]) = [c].

Since H'(G; A) ~ H 1(ﬁ¢(f); A) and H? (F\T(LZ); A) = 0, the transgression map is an isomorphism. Dually we
have the isomorphism tg", called Hopf isomorphism,

tg" : Hy(G; A) — Hi(R; A ~ RN[FY, FOV/[R, FY). (226)

Then, an explicit formula that relates Massey products and Magnus coefficients is given as follows (cf.
[Stl Lemma 1.5]).

Proposition 7.1.2. Notations being as above, let oq,... 00, € Hi(G;A) and let A = (ai;) be a
defining system for the Massey product (aq,...,qn). For f € RN [ﬁ,ﬁ”,ﬁ}f’], we set n = (tg¥)"(f
mod [R, E(f)]). Then, we have

<Oél, o ,Ofm>_A(T])
m

= >yt N Yo @i (gi)artenivete(9i) - @mii-e;mr1(gi) (T f)
r=1 c1++er=m 1<iy,....ir<n

where ¢; (1 <4 < j) runs over positive integers with c¢1 +--- 4+ c¢; = m and g; == 7(z;) (1 <i < n) and
p(iy -5 f) is the Magnus coefficient of f with respect to I = (i1 ---1;).

Recalling the fact that p(I; f) =0 for f € rk(ﬁ,(f)) with respect to I = (i1 ...4,) with r < k—1, we
immediately get the following corollary.
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Corollary 7.1.3. With the same notation as in Proposition[7.1.2, for f € RN Fk(ﬁy)), we have

(s araln) = (DY an(gn) - arlgi )l f) (227)
T=(i1-+i)

Remark 7.1.4. Here, we follow the sign convention in [Dwy]|, [Mol] and [W1]. This is different from [May]
and [Kr].

7.2 A basis of Hz(ﬁ(f) /Fk(ﬁgg));F) in terms of Massey products

We describe a basis of Hole(Hg(E(f) /Fk(ﬁ,(f)); Zy),Zy) and HQ(E(LK) /Fk(ﬁ,(f)); F) via Massey products.
Here F = Qy or Fy.

To begin with, let us recall the notion of Lyndon basis or standard basis of L ~ Ty (F,)/Tkr1(Fy)
following [CET].

Let Z be the set of all multi-indices I = (i1 - 4y,) with 1 <'q,...,4, < n. Suppose that Z is endowed
with lexicographic order induced from that of {1,...,n}. An end of a multi-index I = (i1---1;) € T
is proper subindex I, := (imim+1 - - k) for each m > 2. A multi-index I € 7 is said to be standard if
I < I, for any m > 2 with respect to lexicographic order of Z. Then, any standard multi-index I factorise
into two standard indices I = I1I5 so that I is the longest standard end. We denote it by I = (I, I2).
By iterating this factorisation, we obtain the indices with bracketing such that each index in bracket is
standard. A standard multi-index I = (i1 - - - ix) is also called a Lyndon word of length k over {1,...,n}
Let LW, be the set of Lyndon words of length &k over {1,...,n}.

Example 7.2.1. (1) The multi-indices (122) and (1122) are Lyndon words, but (121) and (1312) are
not. (2) The Lyndon words (122) and (1112) factorise into (122) = ((12)2) and (1112) = (1(1(12)))
respectively.

Inductively, we define a map
e: LWy — Ly (228)

which assign elements of £ corresponding to Lyndon words as follows: For k = 1 set e(i) = X;, and
for k > 1, set e(I) = [e(I1), e(I2)] corresponding to standard factorisation of a Lyndon word I = (I3, I5).
It turns out that the image of e forms a basis of L;. We denote it by LBy and call it Lyndon basis or
standard commutator of Ly.

Example 7.2.2. For Lyndon words (122) and (1112) as above, the corresponding elements of Lyndon
basis are given by e((122)) = [[X1, X2] X2 and e((1112)) = [X1[X1[X1, X2]]]-

Next, we consider a defining system of Massey product obtained from Magnus coefficients as follows:

Let 2} : F,, — 7Z be a homomorphism given by z}(x;) = 6;; for 1 < i,j < n. Here §;; denotes the
Kronecker delta, that is, d;; = 1 if ¢ = j and ¢;; = 0 otherwise. By abuse of notation, we denote its
extension to ﬁy(f) — Zy¢ by the same z;.

As in equation (B9]), we consider the Magnus coefficient with respect to a multi-index I as a homo-
morphism

u(l; =) B9 — 2, (229)

*Lyndon words can be computable in terms of module LyndonWords in Sage Mathematics Software [ST09)
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and also as a l-cocycle in Zl(FT(L ),Zg) Then, for a multi-index I = (i1 ---14y,) of length m and for
1<i<j<m—+1, we set

pij = pl(igiigr - ij1); =) - B JTR(BD) — Z (230)

the induced 1-cocycle on k-th nilpotent quotient F /Fk( é)). Then, we denote by A the array con-
sisting of —p;; with 1 < ¢ < j < m+ 1. Then, we see that A = (—p;;) forms a defining system for

(=x,...,—x} ). Infact p; ;11 = p(i;; —) = 2}, and we can check

7j—1

dpig = > ik — kg (231)
m=i+1
for j # i 4 1 since we have
(15 g192) = (115 g1) (125 g2)- (232)
(I I2)=I
Therefore, the resulting Massey product
(=i =i, )a € HA(EY /Tp(FD): Zy) (233)
is represented by the following 2-cocycle:
D wl(ivig i) =) = pl(irer -+ im); =) (234)

1<I<m
Then, we have the following pro-¢ version of result in [O3].
Theorem 7.2.3. Let k > 2 be a fized integer. Then, following statements hold:

(1) Any Massey product (—z} ,...,—x; ) with m < k vanishes. In particular, any Massey product
(=xf ..., —x}) € H2(F,(f /Tk (ﬁr(f));Zg) is uniquely defined for each standard index I = (i1 - - if).
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(2) The Massey products (—x¥ ,...,—x} ) with standard indices I = (i1 ---iy) form a Z¢-basis for the

217 [
dual module of the second homology group Hole(Hg(Fr(LZ) /Fk(Fr(LZ));Zg),Zg) under the surjective
homomorphism

H(EY )T (FY); Zg) — Homg, (Hy(EY JTw(EO): Zy), Zy). (235)

Proof. (1) By Corollary 531 we have Hg( /Fk( )) Zg) ~ Fk( )/Pk+1( jals )) We know that for
such an element g, u(I;g) = 0 with any multi-index I of length < k by Remark 2.8.1] (2). Therefore, any
Massey products with any multi-index I of length m < k vanish by Proposition The uniqueness
follows from Remark [T.1.1] (2).

(2) In terms of the Lyndon basis, there is a homomorphism

@ ;=) Tr(F) /T kga (Fn) — 75Nk (236)
T€LW),
given by
De(Fn)/Thpa(Fn) 29 = Y ull;g)-eI) — (u(l;9))reLw, € ZENx. (237)
Ie LWy,
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It is known that €.y, is surjective and so isomorphism (cf. [CFL, Theorem 3.5 and 3.9]). By abuse
of notation, we denote by the same Py, #(I; —) the extension

P wl:—) : TR(ED)Trr (FO) — Z§™, (238)
IeLW,

and we see that this also gives an isomorphism. In fact, this follows from I'y(F},) /F;H_l(Fn)'{Z) ~
Te(FA?)/Da (FL).
Let e*(I) denote the Kronecker dual to e(I) for each standard indices I = (i; - - - ix). Then, by applying

Corollary LT3l to (=7 ..., —a] )a, for g =3y, 1(J;9) - e(J), we have
(~ahy - maf)alg) = DM (@ () -l (25005 9)
J=(j1jr)

= (=D (- -ins g)
= (=DMt (D), 9).

Here, (—, —) denotes the Kronecker paring. Therefore, as an element of Homgy, (Ho (F\,(LZ) /T (ﬁ,ﬁ”); Zy), Zy),

the 2-cocycle (—z7 ,...,—} ) is identified with the Kronecker dual (—1)k*1e*(I). Thus, the 2-cocycles
{7, =2} )| € LWy} forms a basis of HomZZ(Hg(ﬁ(f) /rk(ﬁ,ﬁé));zg),zg). This completes the
proof. O

We complete this section by giving Massey products description of a basis for the second cohomology
groups H 2(Fr(f) / Fk(Fr(f)); F) with coefficients in F = Q, or Fy, as a corollary of above discussions.

Corollary 7.2.4. Let F denote Qp or Fy. Then, the following statement holds: The Massey products

<—a:;-k1,...,—a:,-k> with standard indices I = (i1 ---ix) form a F-basis for the second cohomology group

HQ(E(LZ) /Fk(ﬁy));F) with coefficients in F.

Proof. Tt is enough to show that dimp(H*(E\" /Tx(FSY):F)) = rankg,(He(ES /TR(FY): Zy)). When
F =y, this follows from Pontryagin duality H'(ﬁy(f) /Fk(ﬁy)); Fy) ~ H.(F;(LZ) /Fk(ﬁ,@); Fy). For the case
of F = Qy, by the universal coefficient theorem, we have

H(F{® JTR(F); Qp) =~ Homg, (Ho(FY JT(F"); Ze), Qo) (239)

since Qy is injective Zs-module and so EX‘U%Z(—, Q) =0. O

8 Properties of pro-/ Orr invariants.

This section examines some (algebraic) properties of pro-¢ Orr invariants Hl(f) and its image under Hurewicz

homomorphism Tlgg) defined in Section [2] by applying the results in Section [ and [T,

8.1 Properties of 9,(5)(0, T)

To begin with, we show the following properties of pro-¢ Orr invariants.
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Theorem 8.1.1 (properties of pro-¢ Orr invariants). Let T be a set of basing and let Gk [k] be the k-th

Johnson subgroup of absolute Galois group G of a number field K. Suppose that, for each T € T, we
have a representation Gg — Aut(Ff(Lé)) given as in section 2.7. Then, the pro-€ Orr invariant Hl(f)(a, T) €

7T3(K]g£)) for based Galois element (o,7) € Gilk] X T satisfies the following properties:

(1) The invariant Hl(f)(a, 7) is defined if and only if the length < k £-adic Milnor invariants of o vanish.
(2) The map 9,(5) :Grl[k]| xT — Wg(KIgZ)) is additive with respect to the product of (E,,T), i.e., we have

91(5)((0’1,71) o (02,72)) = 91(5)(01,7'1) + 91(5)(02,72)- (240)

for (o1,71), (02, 72) € Gglk] x T. Here, 9,(5)((01,7'1) o (09,T2)) denotes the pro-¢ Orr invariant

obtained from (Eq,,71) 0 (Egy,T2). In particular, for fized basing T, we have

0V (01 0 03, 7) = 0 (01, 7) + 0 (02, 7). (241)

¢ ¢
(3) vux(0” (0,7)) = 0, (0.7)
4) 9126)(0,7') € Im(¢ry1,k) of and only if all length k + 1 £-adic Milnor invariants of o vanish.
(5) Let T,7" be two basing. Then, Oi(o,7) = Ok(o,7") mod Im (k41 k)-

Proof. (1) Assume that the invariant §()(c,7) is defined. Then, by assumption, we know that each
yi(o) lies in Fk(ﬁy(f)), so its Magnus coefficients u(I;y;(0)) are all zero with multi-indices of length < k.
Conversely, assume that all the Magnus coefficients u(7;y;(0)) = 0 for any multi-index I of length < k,
then we see y;(0) € T' (F\,(LZ)). Thus, the invariant Gl(f)(a, 7) is defined.

(2) This is Theorem 3.4.4 and Corollary 3.4.5.

(3) Assume that Hl(é)(a, 7) is defined. Then, degree k to [ — 1 part of Hl(f)(a, 7) must be zero. This means
0 (0.7) = (6, (0,7)).

(4) Suppose that all Magnus coefficients u(l;y;(0)) for multi-indices of length k + 1 vanish. Then, by
(1) the invariant 9,(:21(0,7') is defined. Therefore, applying (3), we have Gl(f)(a, T) = ¢k+l,k(91i€)r1(a’ T)).
Conversely, if Hg) (0,7) € Im(¢+1,k), then this means that 6,&21(0, 7) is defined. By (1), we conclude that
all Magnus coefficients p(I;y;(0)) for multi-indices of length k£ + 1 vanish.

(5) By (2), 0(0,7) — Op(0,7") =0 (h" L oot ohoo,7). Here, h € Aut(l/:'\,(f)) such that 7 = 7/ o h. Since
the f-adic Milnor invariants of length < k vanish for o and the first non-vanishing Milnor invariants are
additive invariants, length < k 4 1 Milnor invariants of (h~* o 0= 0 h o o,7) vanish. In fact, we obtain

p(h oo ohoo (i - igyr))

= p(h™ oo oh; iy ikyr)) + plos (i - ikga)

= (oY (i k) + plos (i k)

= 0.
The second follows from the fact that A which acts on generators of F\T(LZ) by conjugation and the first
non-vanishing Milnor invariants are invariant under conjugation of each generator.

Therefore, Héﬁl(h_l oo lohoor)is defined. So, by (3), Q/JkJrLk(H,(i)rl(h_l oo tohooT)) =

9,(5)(h_1 oo tohoo,T)= 9,(5)(0,7') — Ok (o, 7). O
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Remark 8.1.2. Note that in [O1] he proved some geometric properties of his invariant such as realizability
([O1l, §2]) in addition to the above properties.

8.2 Properties of TIEZ)(O', T)
0

Next, we study some property of 7, (o, 7).
Theorem 8.2.1 (Vanishing condition of T]gg)(U,T)). With the same notation as in Theorem 8.1.1, let o
be an element in Gk [k]. Then, Tlgz)(a,T) =0 if and only if o € G2k — 1].

Proof. Since T]gg) (o, 7) is the image of Hl(f)(a, 7) under the Hurewicz homomorphism, if Tlgz) (o,7) is defined,

then Hl(f)(a, 7) is also defined. Note that by Lemma 3.5.1, Corollary 5.3.2 and Theorem 6.2.5, we obtain
the following exact sequence

0 — ZZ" NNk n (RO 5 Hy(FO /T (FO)) — 0. (242)

Thus, the vanishing of T,EZ) (o0,7) is equivalent to 9126)(0,7') € Im(tpok—14). Assume that 9126)(0,7') €
Im(12r—1,). Then, by Theorem 8.1.1 (4), we see that all length I (I < 2k — 1) f-adic Milnor invariants of
o vanish. This means o € G [2k — 1].

0)

Conversely, assume that o € Gg[2k — 1]. Then, by Theorem 8.1.1 (3), Hgk_l(a, 7) is defined. Now, by
Theorem 8.1.1 (3), Gl(f)(a, 7) € Im(vok—1,). Thus, T]gg)(O',T) = 0. O

As corollary of Theorem [R:2.1] and Theorem 7.2.3, vanishing of Tlgz) (0,7) can be described by Massey
products as follows.

Corollary 8.2.2. With notations as in Theorem 7.1.2 and Theorem 8.2.1, let o be an element of G k].

Let y1(0),...,yn(0) be pro-f words given as in Section 2.9. Then, T]gé)(O',T) = 0 if and only if, for

any m < 2k — 1, the evaluations of Massey products (—x} ,...,—x} ) € H%(m1(Ey); Ze) at mi(0) =
(t") ™ ([ yi()] mod [R, F7)) (1 <i < m),
(=aiys- =, ) (mi(o)) =0 (243)

for any index I = (i1 - -iy,) of length m.

9 Applications

In this section, we consider pro-¢ Orr invariants in the context of Grothendieck’s section conjecture [Gr].
In particular, we study its relation with Ellenberg obstruction introduced by Ellenberg in [E] and further
studied by Wickelgren in [W1], [W2] and [W3]. In addition, we give examples of ¢-adic Milnor invariants

which are equivalent to the vanishing of T]gé)(O', T) for X = P(b \ {0, 1, 00}
9.1 Review of Ellenberg’s obstruction to m; sections

To begin with, let us recall the notion of Ellenberg’s obstruction introduced by Jordan Ellenberg in [E].
Let X — Spec(K) be a geometrically connected curve over a number field K. Here, a curve over K
means a finite type, separated, reduced scheme of dimension 1 over K. Fix an embedding K — C. Let
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K be a fixed algebraic closure of K in C. We set X7 = X xx Spec(K) and take a rational point or
rational tangential base point b. Let X (K) denote the set of K-rational points of X. Then, we consider
non-abelian Kummer map

k= rxp  X(K) = H (Gr;mi" (X7, b)) (244)
given by, for z € X(K), 0 € G and ~, € Path(b, 2),

K(2)(0) = [zt (0(1)] € 78 (Xg, ). (245)

We can easily show that x(z) is 1-cocycle and does not depend on the choice of the path v, € Path(b, z),
so is well-defined. It is known that x is an injection. The section conjecture states that for a smooth
proper curve X of genus at least 2 over a number field K, the non-abelian Kummer map is not only
injection but also surjection, that is, a bijection.

One of the difficult points to study this conjecture comes from fact that the ﬂft(X?, b) is huge and
complicated group. To remedy this, Ellenberg considered its approximation using the tower of nilpotent
quotients of 75" := 7" (X7, b):

H' Gyt /Ta(ni"))
HGs it /Ts(ih))

/

X(K) —— HY(Gg;nf" /Ta(rf"))

Note that with the choice of the base point b, X embedded in to its generalized Jacobian Jac(X) (for
generalized Jacobian, see [Serll Chapter V])

X — Jac(X) (246)
by Abel-Jacobi map and its induced homomorphism on étale fundamental groups
(X5, b) — 758 (Jac(X), b) = st /Ta(nfh). (247)

Since X is embedded into Jac(X), we have X (K) C Jac(X)(K). Thus, one sees that H'(Gy; ns* /To(n$"))
contains a homotopy section comes not from a K-rational point in X (K) but from that in Jac(X)(K).
For each k > 2, the central extension of profinite groups

1= Dp(n(") /Thpa (71") = wit [Tppa (n]") = aft /Ty(ait) = 1 (248)
give rise to a continuous boundary homomorphism ¢ on cohomology groups
5+ H' (Gres 7 JTu(m5h)) — H (G Ty () /D (259)). (249)

This boundary homomorphism dj, is an obstruction to a homotopy section H'(G ;7! /T (m$)) to
be the image of a homotopy section of H(Gx;mSt /Tyy1(n$Y)). That is, for f € HY(Gg;nst /Tp(r$Y)), if
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61(f) = 0 then there is a lift f of f in H'(Gy; 7" /Tip1 (7). Thus, starting from a homotopy section
f € HY(Gg;n$t JTo(n$Y)), computing da, ..., g, . .. recursively, one can know whether f comes from K-
rational point of X (K) or not. If there is a positive integer k, the value of d; of a lift of f does not vanish,
then f must not come from a homotopy section of H!(G,n¢"). As we see in Section 7.1, the Ellenberg
obstruction class J; is computable from Massey products. We note that, Wickelgren studied Ellenberg
obstruction from this viewpoints in her series of articles [W1], [W2] and [W3].

9.2 Relation between pro-/ Orr invariants and Ellenberg’s obstruction

Here, we describe the relation between Ellenberg’s obstruction and pro-¢ Orr invariants.

Here, we consider the spacial case that X = PL \ {o0,a1,...,a,} — Spec(K) with ay,...,a, € K as
in Section 2.7. Note that we use the same notation as in Section 2.7.

Then, in terms of Gx-action ¢ on the maximal pro-¢ quotient Wft = ﬂft(X [(,boo)(g) we define the
Johnson filtration of G i with respect to ¢, as

GKZGK[O] DGK[l] DGK[Q] 3"'DGK[m] Do (250)
Note that, for m <[, the inclusion homomorphism ¢ : Gk [l] < Gx[m] induces the homomorphism
HY(Gglm];mi" /Tx(nt")) — H' (Gr [l ni* /Ti(ni") (251)

via pullback along ¢. By considering approximation not only via nilpotent quotient by Ellenberg but also
via Johnson filtration, we obtain the following double indexed nilpotent tower:

HY G m§ [Ta(nf') —— HNGg[2sn{" /Ta(n(")) —— HY (Gk[3];n{" /Ta(n{")) — -

HGrsmyt [T(nfY) —— HY(Gk[2imy" /Ta(nf') —— HY Gk [3];nf" /Ta(nf")) — -

X (k) —— HYGg;n$t /To(nft)) —— HY(Gk[2];7s" /Ta(nst) —— H'(Gk[3]; 75" /Ta(nft) —— -

Corresponding to the double indexed nilpotent tower, there is the double indexed boundary map, for
k>1and m > 1,

Skm + HY (G [m);m" /Ty(n$h)) = H* (G [m]; Ti(m") /T (m5)) (252)

obtained by restricting the boundary map 03 : H'(Gf¢; w$t /T3 (7€%)) — H?(Gre; T(m$Y) /Trp1 (7$Y)) to the
m-th Johnson subgroup Gg[m].
Then, by definition of Johnson filtration and Ellenberg obstruction, we see the following properties:

Lemma 9.2.1. Notations being as above, let y; : Gx — Wft be 1-cocycles corresponding to G -action
on ¢t such that o(x;) = yi(a)_lx?(g)yi(a). Let [yilr € Hl(GK;ﬂft /Fk(ﬁt)) be the image of lyi] €
HY(Gg;7$Y) under the reduction map HY(Gg;m$t) — HY(Gi;nt [Ti(n$Y)). Then, the following state-
ments hold:
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(1) For any k > 2 we have
o([yilk) =0, (1<i<n), (253)

(2) Similarly, for any m > 1 and k > 2, we have
Skm([Wilaem)) =0, (1 <i<n), (254)
(3) For m >2 and m > k, we have
Wil epm) = 0 € H' (Gx[m]; 78" /Ti(x{")) (255)

Proof. (1) By definition of [y;]x, this is the image of [y;]x+1 under the reduction H'(G;mé* /Ty1(75Y)) —
HY(Gg; st JTx(7€Y)). Thus, by definition of dy, its evaluation & ([y;],) must vanish.

(2) This follows from (1) since Gg[m] is subgroup of Gk.

(3) By definition of Johnson filtration, the restriction w;|g, ) i3 1-cocycle sending o € G[m] to
Vil m)(0) € Fm(w‘lét). Since Fm(w‘lét)/Fk(w‘lét) =0 for m >k, yilg,m)(0) =0 € ﬂft /Fk(w‘lét) for m > k.
Thus, the assertion follows. [l

To relate pro-£ Orr invariants and Ellenberg obstruction, we give 1-cocycle presentation of them. For
this, we prepare the following notation. Let u(I;—) : ﬁ(f) — Zy be the pro-£ Magnus coefficient function
with respect to the multi-index I. Then, for a l-cocycle f : Gx — 13,55), we set u(I; f) : Gx — Zyg
which sends any 0 € Gi to the pro-¢ Magnus coefficient u(I; f(0)) € Zg of f(o) € B with respect to
I. Then, we have the following proposition stating the 1-cocycle version of the relation between the first

non-vanishing ¢-adic Milnor invariants and the Massey products.

Proposition 9.2.2. With notations as in the above, the following statement holds: For m > 1 and
k =m + 1, the restriction of 1-cocycle y; to Gx|[m]

Wil pm)] € HY (G Im); 7" /Tinga (754)) (256)

actually lies on HY (G g [m], Ty (%) /T i1 (1Y) and is explicitly written as

Wilawm] = B T vilawm) - () € H (G [m);Tim(r$") /T (x5h)). (257)
1€LWn,
In particular, the Kronecker pairing of the Massey product (—xj,...,—x} ) in H2(ﬁ,(f) /Fm(ﬁr(f));Zg)
with [Yi|G . m)] gives the I1-cocycle
(—2f =2 Y Wilarem) = #((i1 - im)1Yilgrem)) € H Gk Zo) (258)

Proof. By definition of Johnson subgroup Gg[m], we know that y;(o) € Fm(ﬁy(f)) for 0 € Gg[m]. Thus,

[yz‘GK[m}] € Hl(GK;Fm(W%t)/Pm+1(W%t)) c H! (GK”T? /Pm-i-l(ﬂ-ft))' As in equation (IZ{ZD, any element
g in rm(ﬁ,(f)) / Fm+1(137(f)), can be written as linear combination g = > 7y, p(;9) - e(I) in terms of
Magnus coefficients and standard basis e(I). Therefore, from our definition of u(7;y;), we conclude that
[YilGe[m)] 18 represented by

Vilawm = Y, Il m) - e(D). (259)

1€LWn,
The last statement follows from Theorem[Z.2.3]since (—z},,...,—] ) is the Kronecker dual of e((i1 - - - i)
for standard multi-index I = (i1 -+ iy,). O
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Further, we describe the pro-¢ Orr invariants as 1-cocycle as follows.

Proposition 9.2.3. Let 7 be a basing and fix it. Let ¢ : Gx — Aut(ﬂ‘ft) be a representation as above
with ¢(o)(x;) = yi(a)_lznfdo)yi(a) (1 <i<n). We define the map

09 . G — KO (260)
by o — 0%)(0, T) for o € Gg. Then, the following statements about pro-¢ Orr invariants hold:
(1) The map o) is defined for Gg|l] with I > m.
(2) Forl>m, the map 9%) 18 1-cocycle and gives a cohomology class

049) € HY(Gr[1); m3(K9)) (261)

3) Forl > 2m, the ma 9,(,? 18 zero map.
3) ; P D

In particular, for | > m, the cohomology class [0%)] lies in

2m—1
091 e @ HY(Gk;zZe™ V) (262)
k=l

Proof. These are consequence of basic (algebraic) properties of pro-¢ Orr invariants in Theorem R I.T]and
Theorem [6.2.5 In particular, note that Gk[l] acts on Wg(K,(,f)) trivially when [ > m. 0

Similarly, for T]gé)(O', T) € Hs( i / Fk(ﬁ(f)); Zy), there is 1-cocycle presentation as follows.

Proposition 9.2.4. With the same notation as in Proposition [9.2.3, we define a map
T\ G — Hy(E\) T (F); Z) (263)
by o — Tf(,f)(a,T). Then, the following statements about Tr(rf) hold:

(1) The map T]gé) is defined for Ggll] with 1 > m.

()

(2) Forl>m, the map T’ is 1-cocycle and gives a cohomology class

(7] € HY(Gy[l]; H3(F /T (FD); Zo)). (264)

m

(3) Forl>2m —1, the map Tr(rf) s zero map.

(4) Form <1 <2m — 2, the map Ty(,f) vanish if and only if the 1-cocyles

*

(=275 =20 Y Wilaem) = 101 ir); Yilgrepy) =0 (265)
for any standard index I = (i1 ---i,) withm <r <2m —2 and 1 <i <n.

Proof. (1), (2) and (3) follows from Proposition 0.2.3] since 79 s given by composition of Hurewicz
(©)

homomorphism and 97,5 .
(4) This is a consequence of proof of Theorem B.2.1] and Corollary [.T.3 O
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Now, we relate Ellenberg obstruction and pro-¢ Orr invariants as follows:

Theorem 9.2.5. For a representation ¢ : Gg — Aut(w‘lét) with fixed basing 7. Let y1,...,yn : Gk — w‘lét
be the corresponding 1-cocycles. Let Gg[m] be the Johnson subgroup defined by ¢. Let 1-cocycle 0%)
obtained from pro-¢ Orr invariants associated with ¢ representing a class in H*(Gg[l]; 7St /T (7$Y)) for
Il > m. Then, followings are equivalent:

(1) The 1-cocycle 0\ vanishes.

(2) The successive computation of double indexed Ellenberg obstructions
5m7la 5m+1,ly cee 75l,l7 5l+l,l+17 v 752m—1,2m—1 (266)

Of [yl]m7 ceey [yn]m 'U(Inishl.

Proof. We assume (1). Then, by Theorem BIIl we see that [y}, € H'(Ggl[l];7{ /T (n$")) has
a lift to HY(G[2m]; st /T, (7€), and therefore to H'(G[2m]; 7t /oy (75Y)).  This leads to (2).
Conversely, assume (2). Then, the reverse direction of the above arguments gives (1). Note that
Om,s---,01,; automatically vanish by Lemma (3) and, in the next step, the cocycles lift to an el-
ements in H'(Ggl[l]; 7§t /T4 1(n€")) which are not automatically 0 but whose pullbacks to H'(Gx[l +
1]; 7t /T4 1 (7€) become 0. This completes the proof. O

Remark 9.2.6. One of the possible advantages of Theorem is as follows. Suppose that 1-cocycles
which would correspond to a representation ¢ : G — Aut(n$') with the condition to define 9%) for some
m are given. Then, one may know whether two Johnson subgroups associated with ¢ and ¢’ coincide in
some range by computing (1) or (2).

9.3 Explicit vanishing condition of r,ﬁ‘)(o—, 7) for X =P \ {0,1, 00} in lower degrees

In general, it is difficult to compute pro-¢ Orr invariants Hl(f) (0, 7) and its image under Hurewicz homomor-
phism T]gé)(O', 7) from our definition. Hence, this section gives vanishing condition of T]gé)(O', 7) in terms of
(-adic Milnor invariants for the case of X = P(b \ {0, 1, 00} using Ihara-Kaneko-Yukinari’s computation as
in [I3] and [IKY]. Moreover, we give some diagrammatic computation applying methods given in [HaMal,
Section 6]. Throughout this section, we use the same notation as in Section 2.7.

Let k be an integer with > 1. Let Ggl[k] be the k-th Johnson subgroup of Gg. We set Hg, =
H 1(?}?%@5) and, by abuse of notation, £, := L}, ®z, Q¢. Then, we have the following homomorphism

i + Go k] — Hq, ®q, Lk (267)

which sends each o € Gglk] to [z1] ® [y1(0)] + [22] ® [y2(c)]. Then, we know that Im(u) € Ker([—,—] :
Hg, ®q, L — Li+1) =: Dy(Hg,) by B5). According to [HaMa) and |O1], dimension of Dy(Hg,) is equal
to nINy — Ngt+1. Moreover, the space Dy(Hg,) is isomorphic to the Qg-vector space C,Z of tree Jacobi
diagrams of degree k labelled by {1,2} subject to AS and IHX relations:

-~ - N . -
1

> N 4

| |
Y N I I I
Yy ==Y o= -+ X =0
| L
| I I

N

AS IHX
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Here, by a Jacobi diagram D, we mean a uni-trivalent graph with a cyclic order at each trivalent vertex.
The degree of D is the half of the number of its vertices. Customary, Jacobi diagrams are depicted by
dashed lines in picture. In plane diagram, we always assume that, for any Jacobi diagram, the cyclic
order at each trivalent vertex is given by opposite clockwise direction. Let us consider a linear map
¢ : Ci — Dy(Hg,) given by, for each degree k tree Jacobi diagram D,

$(D) = Xj) ® Ly(D) € Hg, ® Ly (268)

where v runs over all univalent vertices of D, [(v) € {1,2} is the label at v, and L,(D) € Ly, is defined by
the following manner: For any univalent vertex v’ # v, label the edge incident to v' of D by X,s. Next,
we assign the label [a,b] to any edge meeting a-labelled edge and b-labelled edge at a trivalent vertex
following the cyclic orientation. Finally, one obtains the label associated the the edge incident to v. This
is the desired element L,(D). For example, the element L,(D) for the following degree 3 tree Jacobi
diagram is given by [[X1, Xs], Xo].

Then, it turns out that the map ¢ actually gives an isomorphism of vector spaces ¢ : C}, 5 Dy (Hg,). For
more details, see [HaMal Section 6].

Next, we recall Thara’s result in our situation. For this, we fix some notation. Let us fix a system (s )
of prmitive £*-th roots of unity ¢, in Q such that kaﬂ = (i (k > 1). For each positive integer m, we set

T | T (269
1<a<tk
(a,0)=1

where (a™ 1) is the representative of ¢™~! mod ¢* lying on the interval [0,¢F). Then, we define the
homomorphism

Xm : Goll] = ZX (270)
such that -
(™)) xmio)
R = (i (271)
k

Under this notation, we have the following.

Proposition 9.3.1 ([I3, (4.5)]). Let m > 0 be an integer. Let (12"™1) denote the multi-index (122---21)
with m-times iteration of 2. Then, following statements hold:

(1) Let k> 0 be an integer. For any o € Gg[2k + 2], we have
p(o; (1226411)) = 0. (272)

(2) Let k> 1 be an integer. For any o € Gg[2k + 1], we have

(1 _ €2k)—1

7(%)! X2k41(0). (273)

p(o; (12°F1)) =
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Proof. Here, we give a simple diagrammatic proof of (1). Noting the isomorphism ¢ in (268]), we see that
the tree Jacobi diagram corresponding p(o; (1225+11)) is given by the following diagram.

1. 1 1. 1
N A N A

\Y/ \Y/
! !
| |
| |
l l
2 2

Here, there are k-times iterated vertices labelled by 2 on each side of the diagram, i.e., there are 2k + 1
vertices labelled by 2 on it. For convenience, let D denote the above diagram. As we see in the above
figure, the diagram D is equal to —D by AS relation. Therefore, over the field of characteristic 0, we have
D = 0. The assertion has been proved. O

Next, we give vanishing conditions of T,EZ) (0,7) via f-adic Milnor invariants.
Theorem 9.3.2. With notations in above, the following statements hold:
(1) For o € Ggl2], the invariant 7'2(6) (o,7) always 0.
(2) For o € Ggl3], the invariant Téz) (o,7) =0 if and only if
x3(o)
;(1221)) = ———~ = 0. 274
(o (1221)) = 53 T =0 (274)

(3) For o € Ggl4], the invariant TAEZ) (o,7) =0 if and only if

p(o; (111221)) =0, p(o; (121221) =0,  p(o; (122221)) = 24(?7(—0)64) = 0. (275)

Proof. (1) This follows from the Table 3 in A.3. Indeed, we have Hg(ﬁy(f) /Fg(ﬁ,ﬁz)); Zyg) = 0.

(2) By Theorem 8.2.1, T?Eé)(O', 7) = 0 if and only if p(o; I) = 0 for any multi-index I with lengths < 4. By
Table 2 in A.2, we know that dim(C}) = 1 and dim(C}) = 0. By isomorphism ¢ in (269), the condition
T?EZ) (o,7) = 0 is equivalent to the vanishing of ¢-adic Milnor invariants of length 4 corresponding to the
tree labeled Jacobi diagram below:

In particular, we can see that the f-adic Milnor invariants of length 4 are spanned by u(o;(1221)).
Therefore, we conclude that p(o;(1221)) = 0 if and only if 73(0, 7) = 0. The equality (274]) follows from

(273).
(3) Similarly, by Table 2 in A.2, we know that dim(C}) = 0, dim(C}) = 3, and dim(C§) = 0. By
isomorphism ¢ in (269), the condition TY) (o,7) = 0 is equivalent to the vanishing of f-adic Milnor

invariants of length 6 correspond to the following diagrams:
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1 1 1 1 1 1 2 1 1 2 2 1

2 2 2 2 2 2
More concretely, we can see that p(o; (111221)), u(o; (121221), and p(o; (122221)) are linear span of ¢-adic
Milnor invariants. By (273), we get the right most equality (275)). O
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A Table of Ny, D; and the rank of Hg(ﬁ(ﬁ /Fk(ﬁ(f)); Zy)

This appendix gives explicit computational table of ranks Ny, D; and Hg(ﬁy(f) /T (ﬁ,ﬁf)); Zy) for lower n
and k. In addition, we present the generating functions associated to them.

A.1 Computation of Nj

Let Ni(n) be the rank of I'y(F,)/Tk+1(Fy,) as Z-module. The following is a table of ranks Ni(n) for
2<n,k<9.

§ 2 |13 4 5 6 7 8 9
n
2 1 |2 3 6 9 18 30 56
3 3 |8 18 48 116 312 810 2184
4 6 |20 |60 204 670 2340 8160 29120
5 10 | 40 | 150 | 624 2580 | 11160 | 48750 217000
6 151 70 | 315 | 1554 | 7735 | 39990 | 209790 | 1119720
7 21 | 112 | 5388 | 3360 | 19544 | 117648 | 720300 | 4483696
8 28 | 168 | 1008 | 6552 | 43596 | 299592 | 2096640 | 14913024
9 36 | 240 | 1620 | 11808 | 88440 | 683280 | 5380020 | 43046640

Table 1: Table of Ng(n)

It is known that the generating function associated to Ng(n) is given by the cyclotomic identity

OO 1 Ni(n) 1
H<1—zk> T 1-nz (276)

k=1
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A.2 Computation of Dy(n)

We set Di(n) = nNi(n) — Ni41(n). Then, the table of Dg(n) for 2 <n <9 and 2 < k < 9 is given as
follows:

§ 2 |3 4 5 6 7 8 9
0 |1 0 3 0 6 4 13
1 6 28 36 126 246 672
4 120 |36 146 340 1200 3520 11726

10 | 50 | 126 | 540 1740 7050 26750 108752
20 | 105 | 336 | 1589 | 6420 30150 | 139020 | 672483
35 | 196 | 756 | 3976 | 19160 | 103236 | 558404 | 3140032
56 | 336 | 1512 | 8820 | 49176 | 300096 | 1860096 | 11933292
84 | 540 | 2772 | 17832 | 112680 | 769500 | 5373540 | 38747232

© 0~ O G W NS

Table 2: Table of Dy(n)

In this case, similar to the case of Ng(n), we have the following formula on generating function
associated to Dg(n).

Lemma A.2.1. Notations being as above, we have

O 1 Dy(n) 1— 2\"
i _ ey )
1— 2k (1 —nz)n—1
k=1
Proof. 1t follows from straight forward calculation by using (276) and Nj(n) = n. O

A.3 Computation of the rank of the third homology group of a free nilpotent group

The table of the ranks of Hg(ﬁ(f) /Fk(ﬁ(f)); Zyg) for 2<mn <9and 2 <k <5 is given as follows:

K 2 13 4 5
n
2 0 |1®0 06300 30D 6D4
3 1 |6@6 6 @ 28 36 28 @ 36 @ 126 @ 246
4 4 120D 36 36 @ 146 & 340 146 @ 340 @© 1200 & 3520
5 10 | 50 @ 126 126 © 540 @ 1740 540 @ 1740 & 7050 & 26750
6 20 | 105 @ 336 | 336 @ 1589 @ 6420 1589 @ 6420 @ 30150 & 139020
7 35 | 196 ® 756 | 756 @ 3976 ® 19160 3976 @© 19160 & 103236 & 558404
8 56 | 336 @ 1512 | 1512 & 8820 ¢ 49176 8820 @ 49176 & 300096 & 1860096
9 84 | 540 ® 2772 | 2772 © 17832 © 112680 | 17832 @ 112680 & 769500 P 5373540

Table 3: table of the rank of Hg(ﬁ,(f) /Fk(ﬁ,(f)); Zy)
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