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In open quantum system theory, unitary groups over system-environment Hilbert space corresponding to delta-
function memory kernels, and thus generating Markovian system dynamics, are specified as the solution of a
quantum stochastic differential equation. In this paper, we identify a larger class of non-Markovian memory
kernels, described by complex-valued radon measures, and rigorously define their dynamics by constructing
system-environment unitary groups corresponding to the memory kernels. We then consider k—local many-
body non-Markovian systems and show that under physically reasonable assumptions on the total variation
and smoothness of the memory kernels, their dynamics can be efficiently approximated on quantum computers
thus providing a rigorous verification of the Extended Church-Turing thesis for non-Markovian open quantum

systems.

I. INTRODUCTION

Quantum systems invariably interact with their environ-
ment, and any model describing their behaviour needs to cap-
ture this interaction. Often such systems are assumed to ap-
proximately be Markovian, wherein the environment does not
retain any memory of the system. Markovian open quantum
systems have been extensively studied in quantum informa-
tion theory and quantum optics — a mathematically rigorous
description of a unitary group over the system-environment
Hilbert space which generates Markovian open quantum dy-
namics is provided in the theory of quantum stochastic calcu-
lus [1, 2] as the solution of a quantum stochastic differential
equation. When evolved according to this unitary group, the
system’s reduced state satisfies the well-known Lindbladian
master equation [3].

However, a number of quantum systems arising in solid-
state physics [4—7], quantum optics [8—12] as well as quan-
tum biology and chemistry [13—16] are not Markovian and
the environment’s memory needs to be explicitly taken into ac-
count. This opens up the question of formulating a mathemati-
cally rigorous description of non-Markovian dynamics. While
it is generically expected that non-Markovian open quantum
systems satisfy a generalized Nakajima-Zwazig [15, 17] or
time-convolutionless [18-20] master equation, it is usually
hard to obtain such a master equation explicitly except for
when the system only weakly couples to its environment [21—
24]. Given the difficulty of generalizing the Markovian mas-
ter equation to the non-Markovian setting, a natural ques-
tion to ask is if this generalization can be done with the uni-
tary groups described by quantum stochastic differential equa-
tions.

This question has been addressed in several specific set-
tings in the quantum optics literature — using standard the-
ory of second quantization, unitary groups have been con-
structed for non-Markovian spin boson models with normaliz-
able [25] as well as weakly interacting spin boson models with
non-normalizable [26] form factors. Furthermore, for time-
delayed feedback systems, the non-Markovian dynamics can
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be rigorously defined by expanding the system Hilbert space
with time [27, 28]. In this paper, we identify a general class
of non-perturbative models with memory kernels described
by tempered radon measures [29], which are a natural gen-
eralization of delta functions arising in classical probability
and distribution theory. We rigorously define a unitary group,
which in general generates non-Markovian system dynamics,
associated with a tempered radon measure. Our generaliza-
tion ties together disparate models used for open-system dy-
namics within the same mathematical framework — as spe-
cial cases, we recover Markovian dynamics, quantum sys-
tems with time-delay and feedback [8, 27, 30] and spin-boson
models described by spectral density functions with vanishing
high-frequency response [25]. A major difficulty in dealing
with memory kernels in this class is that the Schroedinger’s
equation for the system-environment state of the resulting non-
Markovian model is not guaranteed to have a solution. Our
key technical contribution is to construct this unitary group
via a regularization procedure — we use standard mollifiers
to regularize the radon measure to obtain a non-Markovian
model where the Schroedinger’s equation has a guaranteed so-
lution, show that the limit of this solution as the regularization
is removed exists and hence defines the dynamics associated
with the radon measure.

We next consider the simulatability of non-Markovian
many-body dynamics, thus defined, on quantum comput-
ers. While the quantum simulatability of Markovian many-
body open quantum systems [3 1—34], and many-body closed
quantum systems[35—38] have been extensively studied, non-
Markovian open quantum systems have remain relatively un-
explored. A recent work developed an efficient quantum algo-
rithm for non-Markovian dynamics where a chain Markovian
dilation is known [39]. For spin-boson models with rapidly de-
caying spectral density functions, a Markovian dilation with
finite Lieb-Robinson velocity has previously been established
[40, 41] which implies quantum simulatability of the model.
Here, we establish that the general class of non-Markovian
many-body models with memory kernels described by tem-
pered radon measures can be efficiently simulated on a quan-
tum computer under physically motivated assumptions on (the
growth of) the total variation of the memory kernel and its
smoothness. Consequently, we show that the non-Markovian
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generalization of Markovian dynamics established in this pa-
per is amodel of physical system consistent with the Extended
Church Turing thesis, according to which any physically rea-
sonable model of a many-body system should be efficiently
simulatable on quantum computers. The quantum algorithm
for simulating non-Markovian dynamics relies on a Marko-
vian dilation of non-Markovian dynamics using a Lanczos iter-
ation, also referred to the star-to-chain transformation [42, 43],
which has been previously analyzed for the Pauli-Fierz Hamil-
tonians [40, 41, 44], as well as for general models with dis-
tributional memory kernels but under the assumption of a fi-
nite particle emission rate into the environment [45]. The key
technical contribution in our work that allows us to prove that
the quantum algorithm is efficient (i.e. with run-time polyno-
mial in system size and the evolution time) is to establish error
bounds between the non-Markovian dynamics and its Marko-
vian dilation which grows polynomial with system size and
evolution time, as opposed to the previously known bounds
which in the worst case grow exponentially with evolution
time [45, 46].

II. SUMMARY OF RESULTS

We consider non-Markovian open quantum system models
where the quantum system, with a finite-dimensional Hilbert
space Hg = C9, interacts with M bosonic baths, which in-
dividually are symmetric Fock spaces over L%(R). We will
consider a Hamiltonian between the system and the environ-

ment that can be formally be written as

M
H=Hs(t)+ ) (LLAa@) + LaAL(w), ()

where Hg(t) is the time-dependent Hamiltonian describing
the system dynamics in the absence of its interaction with the
environment, {L, € S(Hs)}ae{l_gmg\,{}l are system opera-
tors (which we will refer to as ‘jump operators’ to be consis-
tent with the terminology for Markovian environments) and
fora € {1,2... M}, A,(t) is an operator that acts on the o
bath can be formally expressed as

dw
Vor'

where a,, ., can be interpreted as the annihilation operator for
frequency w in the o™ bath, and 9, (w), referred to as a ‘cou-
pling function’ throughout this paper, describes the frequency-
dependence of the interaction between the system and the o
bath.

Of particular importance to the physics of non-Markovian

Aa(t) = /R D (W)aa,we ™™

! The space of linear bounded operators from Hg to H s will be denoted by
L(Hs).

systems described by the Hamiltonian in Eq. 1 is the kernel

~ T (4] — - 2 —iw(t—t") dw

b % [Aa(t), AL = [ [ou(w) et OZE.

R 7T
For Markovian dynamics, |9, (w)| = const and p1o, = 6(t —t').
In order to generalize this description to the non-Markovian
setting, it is necessary to describe the family of kernels for
which a dynamical group can be associated with the Hamil-
tonian in Eq. 1. A natural class of kernels which also con-
tains the delta function, but will in general describe non-
Markovian dynamics, is the set of radon measures M(R)[29].
A radon measure y is a map from the space of continuous and
compactly supported functions (Cg (R)) to complex numbers
which is bounded in the sense that Vf € C2(R) with support

supp(f) CRCR

[(p, £)| < TVa(p)sup | f(2)],
zeQ

with TVq(u) is defined to be the total variation of p within
the compact set ). Furthermore, we additionally assume that
the radon measures that we consider have a fourier transform
which is of at-most polynomial growth in frequency — this
assumption stems from the physical intuition that the fourier
transform of 1, describes the spectral density function of the
a™ bath, and will not grow extremely rapidly with w in all
problems of interest.

Several commonly occuring kernels fall into the class of
radon measures — for instance, it is evident that the single
delta function kernel is a tempered radon measure. Further-
more, kernels expressed as sum of multiple delta functions
(1 = 253:1 5(t —t' — 7;) for some {71, 72...7p}), which
arise in the study of time-delay feedback systems [8, 27, 30]
also fall into this class. As a final example, consider the
kernels corresponding to square integrable coupling functions
(6 € L*(R)) — these models arise in the study of cavity QED
systems in quantum optics [47-52], or the non-Markovian
spin-boson model [25]. Such kernels are also tempered radon
measures with TVq(u) < ||17Hi2 diam (). A detailed anal-
ysis of the properties of these specific radon measures is pro-
vided in section IV B.

A non-Markovian model can thus be specified by the sys-
tem Hamiltonian, jump operators and the coupling functions
in between system and the baths. These coupling functions
are provided as a tempered radon transform, which specifies
the magnitude of the coupling function, and the phase of the
coupling function.

Definition 1 (Non-Markovian model). A non-Markovian
open system model for a quantum system with Hilbert space
Hs is specified by

(a) A time-dependent system Hamiltonian Hg(t) € £(Hg)
which is Hermitian, norm continuous and differentiable
int,

2 For Q C R, diam(§2) = Sup, yeq [T — yl



(b) A set of coupling functions {(fta,Pa)}aci1,2.. .M}
where [i1, 12 . . . ) are tempered radon measures and

w1,02...0m @ R — C specify the phase of the cou-
pling functions,

(c) A set of bounded jump operators
{La € £(Hs)}ac1,2...01}-

We now turn to the question of defining the quantum dy-
namics corresponding to a non-Markovian model. In general,
this cannot be done simply through the Schroedinger’s equa-
tion, since for general radon measure kernel it isnt clear if
a meaningful solution with the Hamiltonian in Eq. 1 exists.
For the Markovian case, this is circumvented in the theory
of quantum stochastic calculus by formulating A, (¢)dt and
Al (t)dt as operator-valued Ito increments, and the rewrit-
ing Schroedinger’s equation with the Hamiltonian in Eq. 1 a
quantum stochastic differential equation whose solution can
be shown to exist [1, 2]. For non-Markovian cases, we ap-
proach the problem of defining the associated quantum dy-
namics through a regularization procedure. An elementary but
important observation that enables this regularization is that
if the coupling functions are square integrable (v, € L*(R)),
then the solution to Schroedinger’s equation with Hamiltonian
in Eq. 1 can be shown to exist using standard tools from the
theory of non-autonomous differential equations on Banach
spaces [53, 54] (for completeness, we provide a proof of this
in section IV A ). Now, a coupling function (1, ¢) can be ap-
proximated by a square integrable function by using a molli-
fier® (smoothing function) p.

Definition 2 (Regularization). Fore > 0 and given a symmet-
ric mollifier p € C°(R), an €, p—regularization of a distribu-
tional coupling function (1, ) is a square integrable function
ve € L2(R) whose fourier transform* is given by v. € L*(R)
is given by

e (w) = Vi(w)p(we)e® @ Yw € R,

where p is the fourier transform of p and [ is the fourier trans-
form of ju°.

3 A mollifier p is a smooth compact function (p € C2°(R)) which is positive
and with support supp(p) C [—1, 1] with

/ p(z)dr = 1.
(-1,1]

Unless otherwise mentioned, we will assume p to be a symmetric (even)
function.

4 We will assume the following convention for the fourier transform © of
v € L2(R):

dw

ver

3 For a tempered distribution p € S’(R), the fourier transform fi (if it exists
as a function from R to C) is defined by demanding that

o) = [ o)

. o dw
b f) = /R ) ()

for all smooth compact functions f € C2°(R)

We note that since p is smooth and compact, its fourier
transform p falls off faster than any polynomial in w as w —
oo and thus v, is indeed a square integrable function. Equiv-
alently, this regularization step can be considered as approx-
imating the radon transform p with another radon transform
e wWhose action on a continuous compact function f is given
by

<Nsaf> = <M,f*Ps*Ps>,

where p(x) = e !p(¢~'x) and x denotes a convolution op-

eration. It can be seen that as ¢ — 0, f % p- * p. becomes an
increasingly better approximation to f, and thus p. becomes
an increasingly better approximation of /.

Since the regularized coupling functions are square inte-
grable, their associated dynamics can be computed by solving
the Schroedinger’s equation. We can now study the limit of
this dynamics on removing the regularization (¢ — 0) — our
first result shows that this limit exists, and is independent of
the choice of the mollifier. The proof of this result, provided
in section IV B, relies on an upper bound bound on the
rate of change of two-point correlation functions of system
observables that is uniform in the regularization parameter €.

Theorem 1 (Informal, Non-markovian dynamics). Given
a non-Markovian open system model (definition 1) with
Usp(t,s) for t,s € R being the propagator correspond-
ing to an ¢, p—regularization of its coupling functions,
lim. 0 Ue ,(t, s) exists weakly® as an isometry from a dense
subspace D of the system-environment Hilbert space and is
independent of the choice of the mollifier p.

This result thus establishes the well definition of dynamics
of a non-Markovian system as specified in definition 1. Our
next result considers the simultability of non-Markovian dy-
namics of many-body systems on quantum computers. The
motivation for analyzing this problem is two fold — first, a
number of non-Markovian physical systems are many-body in
nature and their dynamics are expected to be hard to simulate
on classical computers. Second, it is of interest to understand
the relationship of the non-Markovian model in definition 1
with the Extended Church-Turing thesis, which posits that the
dynamics of any physical system should be efficiently simu-
latable on a quantum computer.

To make further progress, we need two additional assump-
tions — one on the radon measures describing the coupling
functions between the many-body system and the bath, and
the second on the initial state in the environment.

Assumption 1 (Polynomial growth of Radon measure). The
radon measure | corresponding to the coupling function
should satisfy:

6 A single parameter family of operators {Oy : D — H}zelo,00) is said
to converge weakly (or converge in the weak topology) to O : D — H as
z — 0if V) € D, limg—0 Oz |¥) = O |¢).



(a) For any compact interval [a,b] C R, TV, y(p) <
poly([al , b]) and

(b) Given a compact interval [a,b] C R, EIAO ab]( €),
A}L;[a,b] (€) which are locally integrable and of polyno-

mial growth with respect to a, b, vanish polynomially as
e — 0 and for any differentiable function f € C*(R)

(1 flap) * pe) — Elimw, Jlap) * pe)| <
AL o (€) sup [F(B)] + AL, 5(e) sup |f/(t)]
t€la,b] t€la,b]

where f4.1) (t) =

Assumption 1(a), which constrains the growth of the total
variation of the memory kernel, can be physically interpreted
as limiting the amount of “memory” that the non-Markovian
system can accumulate. Assumption 1(b) is a constraint on
the smoothness of the memory kernel (i.e. the error incurred
on smoothing the memory kernel with a mollifier), and it lim-
its how rapidly the memory kernel diverges from its smooth
approximations. We show in section IV B (Examples 1-3) that
these assumptions are satisfied by a large class of coupling
functions encountered in experimentally relevant physical sys-
tems.

f(t) ift € [a,b] and O otherwise.

Assumption 2 (Initial environment state). The initial environ-
ment state |p1) @ |p2) . .. |dar) where for o € {1,2... M},
|¢a) € Fock|L?(R)] and

(a) for its n—particle wavefunctions ¢, € L*(R"™), and

any j,k >0, AN, > 0 such that

Z”’/ (14 ) [fn (@) o < N

(b) forvi,vsy...

tudes
(vac| H < /

with n1 + na...nym < P can be computed in
poly(m, P) time on a classical or quantum computer.

vy € L2(R) and P € Z~y, all the ampli-

awdw) h |¢a>

Assumption 2(a) demands that both high particle number or
high frequency amplitude of the initial wavefunction vanishes
superpolynomially. This assumption is reminiscent of assump-
tion on particle number and energies of initial states made in
studying the simulatability of quantum field theories [55, 56].
A number of commonly used initial environment states (such
as thermal states) in physically relevant open systems have ex-
ponentially vanishing high energy amplitudes, and satisfy this
assumption. Assumption 2(b) formalizes the expectation that
the it should be efficient to represent a reasonable initial state
computationally.

The computational problem of simulating k—local many-
body non-Markovian dynamics can now be stated as

Problem 1 (k—local non-Markovian dynamics). Consider a
system of n qudits (Hs = ((Cd)®
poly(n) baths with

" interacting with M =

(a) System Hamiltonian Hg(t) is k—local i.e. Hg(t) =
Z?Ll H;(t), where N = poly(n), and for i €
{1,2...N}, H;(t) is an operator acting on atmost k
qudits and || H;(t)|| < 1.

(b) Jump operators {La}acii,2..my Such that for o €
{1,2...M}, L, acts on at-most k qudits and | L || <
1.

(c) Coupling functions {(tia, o)} ac{1,2...1} Such that for
a € {1,2... M}, u, satisfies the polynomial growth
conditions (assumption 1).

(d) An initial state |U) = 0)*" @ |®), where |®) =
[01) ® |d2) & ...|dnr) is an initial state which satis-
fies assumption 2.

Denoting by ps(t) the reduced state of the system at time t for
this non-Markovian model, then for t = poly(n), prepare a
quantum state p such that ||p — ps(t)||, < 1/poly(n).

The key ingredient to analyzing this problem is a Marko-
vian dilation of the non-Markovian model, which identifies
a finite number of modes in the environment’s Hilbert space
and then approximates the non-Markovian model by a Hamil-
tonian simulation of the system only interacting with these
modes. We make this precise in the definition below.

Definition 3 (Markovian Dilation). Given a non-Markovian
open system model (definition 1) with M baths, a Markovian
dilation with N,,, modes and bandwidth B has a Hilbert space
Hs ® Fock[L?(R)|®M and Hamiltonian

M Ny,
= Hs(t)-i-z (gaaa,lLL+ Z ta,i,jalyiaa_j—l-h.c.),

a=1 i,j=1

H{(t)

where fora € {1,2...M},7€{1,2... N}

(a) aoj = [3 ¢k j(W)aa,wdw is the annihilation operator
corresponding to the 7™ mode of the o' bath described

by orthonormal mode functions ©a,; ((Pa,i,Pa,j) =
9i5),
(b) The parameters |ga| , |ta,i ;| < B.

Our next lemma, which is used in the analysis of problem
1, uses the well-known star-to-chain transformation [42, 43]
to systematically construct a Markovian dilation to the non-
Markovian system. We analyze the error between the dy-
namics of the non-Markovian system and its Markovian di-
lation and estimate the number of modes and bandwidth of a
Markovian dilation needed to approximate the non-Markovian
model.

Lemma 1 (Markovian dilation). Consider a non-
Markovian model specified by a system Hamiltonian
Hs(t), jump operators {La}acqi2..my and coupling



functions {(fa, Pa)}tac1,2.. .M} Where i satisfy assump-
tion 1 with fi,(w) < O(w?*) for some k > 0. For
|Wo) == o) @ |®o) € Hs @ Fock[L*(R)|®M, where
o) € Hs and |Dy) is an initial environment state that
satisfies assumption 2, then 3 a Markovian dilation of the
non-Markovian model with

1
N’maB < O(POIY<_at7MvsuP|La”7
€ o

sup ||[[Hs(s), Lalll

a,s€(0,t]

Nl,k+1,N1,k+2,Nl,o))

whose system-environment state at time t is within € norm dis-
tance of the exact state.

Our analysis of the Markovian dilation, detailed in section
V A, is done in three steps. First, we analyze the error incurred
in regularizing the non-Markovian model with a mollifier p,
then we introduce a sharp frequency cutoff on the resulting
regularized square-integrable functions. One the key technical
contribution in our analysis of the mollification and frequency
cutoff is to prove bounds on error that grow only polynomially
with time, which improves previous bounds that, in the worst
case, grow exponentially with time [45, 46]. After introduc-

tion of this cut-off, we perform a star-to-chain transformation

— the analysis of this step closely follows previous works that
have studied the convergence of the star-to-chain transforma-
tion for the spin-boson models with a hard frequency cutoff
[40, 41, 44].

Using this lemma, we can map problem 1 into a Hamilto-
nian simulation problem with a finite number of modes. This
problem is still infinite-dimensional — however, we can eas-
ily show that the moments of the particle number operator for
the environment can grow at-most polynomially with the prob-
lem size n. Therefore, we can truncate the Hilbert space of
this model and obtain a finite-dimensional Hilbert space — an
application of the sparse Hamiltonian lemma [57] then yields
the the second main result of our paper. A detailed proof of
this theorem is provided in section V B

Theorem 2 (k—local Non-Markovian dynamics € BQP).
Problem 1 can be solved in poly(n) time on a quantum com-
puter.

The remainder of this paper is organized as follows — Sec-
tion IV is devoted to establishing the well definition of a non-
Markovian model associated with a memory kernel that is a
tempered radon transform. In section V, we rigorously de-
velop and analyze a Markovian dilation of these models based
on the star-to-chain transformation, and then use it to study
the simulatability of many-body non-Markovian dynamics on
quantum computers.

III. NOTATION AND PRELIMINARIES

This section describes the notation used throughout this paper. For the convenience of the reader, and for the sake of
completeness, we also collect some basic definitions and facts from the theory of function spaces and analysis that we use in
this paper — the interested reader can refer to Refs. [58, 59] for more detailed discussion.

General: For z := (r1,22...2,) € Ry := (y1,¥Y2...Yym) € R™ we will denote by (z,y) € R™" ™ defined by

(xay) = (xlaxQ'-':EnuylayZ-'

-Ym). For an ordered subset B of {1,2...n} and x € R", Bx = (zp(1),Zp(2)--.). We will

denote by o the n—element constant vector (v, «v. .. &), and by a the constant sequence (o, v, cx. . . ).

Function spaces and analysis: Throughout this paper, all integrals over R™ will be Lesbesgue integrals with respect to the
Lesbesgue measure over R™. Two measurable functions f,g : R™ — C are equal almost everywhere, denoted by f =, g,

if the set {z|f(x)

# g(x)} is a zero measure set. For a measurable function f : R™ — R and a measurable set Q@ C R",

ess sup, .o f(x) = cif the set { € Q|f(x) > c} is a zero measure set. For p > 1, we will denote by

1/p
2®) = { £ [l <oof [ o where 11 = ([ Irpar)

and

Lo(R") = {f R - fc\ 1l < oo} where ||l = ess sup,cqe | f(z)].

A map f: R — C is said to be a compactly supported function with support supp(f) C R if supp(f) is compact, and the set
{z € R\ supp(f)|f(z) # 0} is a zero measure set. For k € Zxg, we will denote by C*(R) the set of k—differentiable functions
(with k£ = 0 being continuous functions, and £ = oo being smooth) from R to C, and by C’g (R) the set of such functions with
compact support.

A function p € C°(R) is said to be a mollifier if p(z) > 0V € R and [, p(x)dz = 1 — unless otherwise mentioned, we



will assume that supp(p) = [—1, 1]. The mollifier is symmetric if p(x) = p(—z) Yo € R. Given a mollifier p and & > 0, we
will denote by p. € C.°(R) the map

p=(x )=1p( )VwGR

Note that p. is also a mollifier with supp(p.) C [—¢, ]. Given a subset 2 C R, its indicator function Z : R — C is defined by

1 ifzeQ
I = ’
@ (x) {O otherwise.

A linear map 1 : C2(R) — C is a radon measure if V€2 C R which are compact, Jug > 0 such that

(s f) < ug sup |f(x)| Vf € C2(R) with supp(f) C €.

The smallest such ug, is defined to be the total variation of y in £ and will be denoted by TV (). The set of all radon measures
will be denoted by M(RR). By the Lesbesgue decomposition theorem [60], any 1 € M (R) can be uniquely expressed as

1= e+

where 1. € M(R) is called the continuous part of y and p,, is called its atomic part. The continuous part can be characterized
by a function ¢ € C°(R) where Vf € CL(R),
(pe, f / f'(@)oe(x

The function ¢.. is also often denoted by ¢.(x) = p.((—o0,z]) to be consistent with the ‘cumulative function’ of y.. in the
measure-theoretic definition of the radon measure. j. can further be decomposed into an absolutely continuous part, which can
be described by a density function, and a Cantor part — we will not require this decomposition in this paper. The atomic part,
1ta, Which can be expressed as

MQ—E a/z _17
i€l

for some finite or countably infinite sequence {a; € C},;c and {x; € R};c; such that for any compact Q C R,

Z la;| < oo.

i€l|x; €Q
For any compact 2 C R, it can be shown that
TVa(p) = TVa(pe) + TVa(pa) where TV () =  sup / e(@) f'(x)dz| and TV (pa) = Y lasl.
ijﬁCI ) i€l|x; €Q
Lo —

We will use standard notation for Schwartz space, S(R) and tempered distributions by S’ (R). Note that every radon measure is
a distribution (i.e. a continuous map from compact smooth function to complex numbers) — a radon measure ;. € M(R) which
is additionally a tempered distribution will be called a tempered radon measure. From the Schwartz representation theorem [61],
it follows that any tempered distribution can be expressed as

e 0% . dw
W) =3 [ ) gl v € S(R)

where f is the fourier transform of f, and ug, u; ... u,, are continuous functions of at-most polynomial growth. Of particular
interest will be distributions which contain only the term corresponding to o = 0 i.e.

1) = [ i) f) 2=V 1 € SR,



where /i is a continuous function of at-most polynomial growth. Such a distribution will be called a tempered distribution with
a fourier transform being a function of at-most polynomial growth, and /i will be referred to as the fourier transform of .

Given a Banach space X and an operator O : X — X, the operator norm will be denoted by ||O|| = sup,cx [|Oz| / ||z||.
The space of bounded linear operators on a Banach space X will be denoted by £(X) i.e. £(X) = {0 : X — X|||O| < oo}.
Amap F': R — £(X)is

norm continuous at ¢ if lin}5 ||F'(t) — F(s)]| = 0 and strongly continuous at ¢ if Vo € X lin}5 |E(t)x — F(s)z|| = 0.
s s—

and

F(t) — F(s)

norm differentiable at ¢ if IF”(¢) : lim n
— S

s—t

F(t) -

’annd

F(t)x — F(s)x

t—s

strongly differentiable at if IF'(¢) : Vo € X lim HF "(t)x — =0.
5—

Note that if X is finite dimensional, then the notion of norm continuity/differentiability and strong continuity/differentiability
are equivalent. A sequence {u, : X — C},en weakly converges to p* : X — C, denoted by p* = wlim,,— o0 fy, if
Ve e X, p e =lim, o0 tn.

Given a Hilbert space H, a densely defined operator O : dom[O] — H is said to be closed if Vi € dom[O], such that V
sequences {1, € dom[O]},,en which converge to 0 such that the sequence {Ov,, € H},en also converges, lim,,_, O, = 0.
A densely defined operator O is said to be closable if it has a closed extension, called the closure of the operator and denoted
by O. We will use the following property of the domain of the closure, dom[O]: ¥ € dom[O] if and only if 3 a sequence
{tp, € dom[O]},en such that lim,, ;o 1, = 1, and the sequence {Ov,, € H},en also converges. Furthermore if O is
closable, the limit of the sequence {Ov,, € H},cn is independent of the sequence {¢,, € H}nen, and is equal to O. The
adjoint of a densely defined operator O : dom[O] — H is an operator O : dom[OT] — H where dom[OT] = {+) € H|(¢, O-) :
dom[O] — C is bounded} and by the Riesz’ representation theorem, Y1) € H,OT4) is identified as the unique vector which
satisfies (O, ¢) = (b, O¢) V¢ € dom[O]. An operator is self adjoint if dom[O] = dom[OT]. A closable operator is essentially
self adjoint if it has a self adjoint extension, which then coincides with its closure.

Fock Spaces: For a separable Hilbert space H, and n € Zx;, we will denote by Sym, (H) C H®" the set of symmetric
(permutationally invariant) states in ™. We will denote by Fock[H] := C& @D, cz-, Sym, (H) the symmetric (bosonic) Fock

space generated by H. We will denote by II,, : Fock[#H] — Fock[H] the projector onto Sym,,(H) (i.e. the n particle sector), by
T, == Y7 II; and by I, = id — I,

We will denote by Fo. [#] C Fock[H] the space of all states with a finite number of particles i.e.
Foo[H] = { |¥) € Fock[H]|3Ny € N such that IT,, [¥) = 0 Vn > Ny},

by Fj(H) C Fock[H] for k € Z>1

Fp[H] = { |¥) € Fock[H] ink (W[ 11, |¥) < oo},

n=0

and by Fs[#] the space

Fs[H] = ﬁ Fu[H] = { W) € Fock[#] ink (U| 0, |¥) < oo Vk € Z>1}.
k=1

n=0

We remark that F[#], Fs[H] and Fj,[H] (for any k € Z) are dense in Fock|[H]. For |¥) € F*[#], we will denote by u‘(\% the

k™ moment of the photon number operator i.e.

o0

k
plg) = > n* (|10, W)
n=0

For any v € H, we will denote by a; and a; the corresponding annhilation and creation operator. These operators can be



explicitly defined over the domain Foo[H] — a, : Foo[H] — Fock[H] is an operator defined by
a, (@, 0°) =0V a e C,
ay (0™, u®",0°) = (0", v/n{v, w)pu®" "1, 0°)Vu € H,n € Zs,.

Since for every n € Z>1, the set span{u®"|u € H} is dense in Sym,, (), and when domain-restricted to span{u®"|u € H},
a, as defined above is a bounded operator, it can be uniquely extended to Sym,,(7{) as a consequence of the bounded linear
transformation theorem, and then extended to Fo [H] by linearity. Similarly, a; : Fo [H] — Fock[H] is defined via

al(a,0%) = (0,av,0°)Va € C,

1 o ,
- Zu®z®v®u®("z),0"°) VYueH,neZs>.
i=0

v

af (0", u®",0%) = (0"“,

d

As with a,;, this definition of a;" can be extended uniquely to Fy.
In this paper, we will encounter finite tensor products of Fock spaces. Given a Hilbert space H, Fock[H]®M ~ Fock [’H@M } ,

where the tensor product is taken as a tensor product over Hilbert spaces. We will use the notation FX [#] = F ., [H®M] and
Fp'[H] = Fr[H®M] for k € Z>1. Fora € {1,2... M} and v € H, we define a ,, : F3![H] — Fock[H]*M via

Uy (a,0°)=0VaeC
ag (0™, u®",0%) = (0", /n(va, wyu® Y 0%°)Vu € HEM n € Zs.

where v, = 09~ g v @ 0®(M =) Similarly, we define af. ,, : F2[H] — Fock[H]®M via

a’:c_,v(C? OOO) = (07 Clq, OOO) Vce (Cu

1 & g :
al (0", u®m, 0%°) = (0", u® @ vy @ U™V 0% | Vu e H,n € L.
oc,v( ) \/TL—H Z >1

=0

We will denote by II,, : Fock[H]®™ — Fock[H]|®M the projector onto Sym,, (H¥M), by Il<,, := 7" (II; and by II,, :=
id - I,

IV. WELL-DEFINITION OF NON-MARKOVIAN MODELS
A. Square integrable coupling functions

In this section, we consider the simple case of square integrable coupling functions, and show that the solution to the (time-
dependent) Schroedinger’s equation corresponding to the non-Markovian model exists. We will consider an environment with
M baths, which are individually bosonic Fock spaces over L?(IR). We will assume the system to be finite-dimensional. Denoting
the Hilbert space of the system by Hs, the Hilbert space of the system and environment will be H = Hg ® Fock[L?(R)]*M.
The basic data needed to specify a non-Markovian model with square-integrable coupling functions is provided in the definition
below.

Definition 4. A non-Markovian open system model for a quantum system with Hilbert space Hg with square integrable system-
environment coupling functions is specified by

(a) A time-dependent system Hamiltonian Hg(t) € £(Hg) which is Hermitian, norm continuous and differentiable in t.
(b) M square integrable functions {v, € LQ(R)}QE{LQ__M},

(c) M bounded operators on the system Hilbert space { Lo, € £(Hs)}ac(1,2...13}-

(d) M strongly continuous single-parameter unitary groups on L*(R), {Ta; : L*(R) — L?*(R)}aeq1,2. 03

Definition 5. For a non-Markovian model with square integrable function as specified by definition 4 and for t € R, H(t) :
Hs @ FM[L3(R)] — H via

M
H(t) = HS(t) + Z (LLU“;,TQJ'UQ + Laaz,'ra,tva)'

a=1



For convenience throughout this section, we will define ¢ to be the constant

M
0= lvallpe I Lall- @
a=1

Lemma 2. Forallt € R,
(a) H(t) : Hs @ FY[L?(R)] — H is essentially self adjoint.
(b) H(t) is closable, and if H(t) : dom[H (t)] — H is its closure then Hs@FM [L?(R)] C dom[H (t)] and ¥ |¥) € dom[H (1)),
H(t) W) = 3207 H(t) (1L, [P) ).

Proof:

(a) is shown using Nelson’s analytic vector theorem (Theorem X.39 of Ref. [59]), and showing that all the vectors in Hg ®
Fo[L?(R)]®M are analytic vectors of Hg(t). We note that it follows easily from the definition of H (¢) that for every n € Z>o,
H(t)(id ® TI<,,) is a bounded operator and

[H(t)(id® )| < |Hs(t)] + 20v/n + 1.

Recall that given an operator O : dom[O] — H, a vector z is an analytic vector of O if >~ " [|O"z| /n! < ooVt € R.
Let |¥) € Hs ® Fo[L*(R)]®M and let Ny € Z>1 be the number of particles in the environment (i.e. ITs y, [¥) = 0). It then
immediately follows that for any k € Z>q, H*(t) |¥) has at most Ny + k particles, and thus

[ (1) [Wo)|| < (I1Hs@)]| +2v/No + k+ 16)" [[[Wo) || < 25 (I Hs(O]* + (No + k + 1)M/26%) [[|w0)]],
and thus fort > 0

o0

k
Z [HS(®) [wo)| < e 1H O [[1wo)| \+Z
k=0

kO

€t

(No +k + D)2 [[[o)|l,

(2elt)* No +k\*?
< 2SO |wo) || + ||| Wo)] \+Z % (1+ g ) %ol -

Wherein we have used the Stirling’s approximation in the last estimate. The summation can now be seen to converge for any ¢
and hence |Wy) is an analytic vector of H (t).

(b) We first consider a sequence {|¥;) € Hs @ FM (L?(R))};en such that lim; o, |¥;) = 0 and the sequence { H (t) |¥;) };en
converges. We first show that under these conditions, lim; .o, H(t)|¥;) = 0 — to see this, assume the contrary
ie. lim; oo H(t) |¥;) = |®) # 0. Since |®) # 0, IN > 0, (id ® <y ) |®) # 0. Note that

|| (id @ Ty ) H(t)|] < [[Hs(t)]| + 20V N +1,

and therefore IT<y |®) = lim;_,o0 <N H (t) |V;) = <y H (t) lim; o0 |¥;) = 0, where we have used that TI< v, IT< x H (t)
are bounded operators to swap the order of limits. Thus, we contradict our original assumption of |®) # 0 and hence |®) = 0.
This shows that the operator H (¢) is closable.

Next, we consider |¥) € Hg @ F}[L?(R)] — we consider the sequence {|¥,,) := (id ® <y ) |¥) }nen which converges to
|¥). Furthermore, we note that the sequence { H (¢) |¥,,) }en also converges, and converges to Y ~_ H (t)IL,, |¥) since

o

m=0

0o N\ 2 o0 N\ 12
<t (S i) 2 >0 s nima )

m=n-+1 m=n+1

and since ||| P)|| < oo and ,ufa < oo, Yo |y, [0 [17, 52 m ||, |¥)]|* — 0 as n — co. Consequently, we obtain that

m=n

|¥) € dom[H (t)] and H (t) | W) = oo o H()IL, [W). O

We are now poised to first investigate the existence of solution of the Schrédinger’s equation for the time-dependent Hamilto-
nian defined in Definition 5. We restrict ourselves to initial states with only a finite number of particles in the environment
ie. |¥(0)) € Hs @ FA[L?(R)], and use the density of |¥(0)) € Hs @ FA[L?(R)] to extend it to the entire system-environment
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Hilbert space. While H (), for every t, admits a self adjoint extension, since the equation under consideration is non-autonomous,
this by itself does not imply that the solution of this equation exists. Instead, we analyze this equation by first truncating the
number of particles in the environment, and analyzing the convergence of the obtained solution with the truncation.

Definition 6. Forp € Z> andt € R, define HP(t) : H — H via HP(t) = <, H (t)I1<,,.
Several properties of HP?(t) follows trivially from its definition.

Lemma 3. HP(t) has the following properties
(a) HP(t) is a bounded operator for all t € R.
(b) HP(t) is norm continuous with respect to t.

Proof:
(a) This follows straightforwardly by noting that V& € R,a € {1,2...M}, |lag,,. O<p| < /bllvall;. and

lad o H<p| < VP F I llvalle-

(b) For any 6 > 0, note that

M
IEP(t +8) — HP ()| < |Hs(t +6) — Hs()ll + Y /B I Lall | (Ters — Te)vall e -
a=1

Since Hg(t) is norm continuous, |[[Hs(t+0d) — Hg(t)]] — 0 as 6 — 0, and since T, is strongly continuous in ¢,
[|(Tt4s — Te)Val| 2 — 0 as 6 — 0, thus showing from the above estimate that H”(t) is norm continuous. O

Lemma 4. For any p € Nand 7,5 € R, there exists a unitary operator UP(7,s) : H — H which is norm continuous and
differentiable with respect to both s and T and which satisfies

idiUp(T, s) = HP(T)UP (7, s) with U (s, s) = id.
T

Furthermore, let |®) € Hg @ Fs[L?*(R)], and for t > 0, consider M‘((g)) (t) defined by

2
k k — k—
MO = 191 M0 = 205+ 24 (o) 4 METV0) fork > 1.

thenVt,s € [0,1], Mg’?(m)'@ < MF) (1) Vp € Zs.

Proof: Since HP(7) is both norm continuous in 7 and bounded, the existence, norm continuity and differentiability of UP (7, s)
follows follows directly from Dyson expansion (see theorem X.69 of Ref. [59]). For part (b), we use the Schodinger equation.
Note that

UP(7,8)|®) =I5 |®) + UP(7, s)l<p [) ,

and furthermore, ”%kipI@) < “|(§>)> Vk € Z>1. For convenience of notation, we set |U?(7,s)) = UP(r, s)ll<, |®). From the

Schroedinger’s equation, it follows that

M p—1

d (&
Eﬂf‘l’)’)(fﬁ» - } :1 E . ((n +1)F - nk)lm (WP(r,s)| Hn+1az,—rTUQLaHn WP (7, 5)) .
and therefore

-1
d %
]W&L(T,s»] <203V 1((n+ 1) = nl) [ |99 (7, )| [T, (97 (7, 9))]),
n=0

Since (n+1)! —nl = (n+ 1D +nmn+ 12 +n2(n+1)173...n!~! forl € Z>1, we obtain that

d & s .
E“\(w)m,s» <203 > (n+ D)2 ML, [UP (7 8)) | [T, [P (7, 5)) |

‘ p—1 k
n=0 s=1
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An application of the Cauchy-Schwarz inequality yields that Vs € {1,2...k}

p—1
3 (n 4+ D)F 20 L, (WP (7)) | I, [97(7, 5))
n=0
p—1 ) 1/2 ,p—1 ) 1/2
< <Z<n+1>k ML 927, ) ) <Zn2“<n+1>k+”s 1L [67(, )] )
n=0 n=0
. 12 p—1 1/2
_ 2
< (Hwrr.en) (Z%(nﬂ)k L[, [P (7)) | )
Noting that
p—1 p—1
_ _ _ _ 0 k—1
Zo<n+1>k VL, (9 (r, )| < 2" Z<n L 1) [T, [P ()P = 2F 2<u|(\p)p(m)>+M(w<3,s>>>'

Noting that u‘(g)p(T o) = ug)i |) < “|(2>)>’ we thus obtain

d (k)
P ZICO)

k—1,(, (k) 1/2( (0) (k—1)
<2 Uy (r,a) (“@*“wms»)’

Integrating which we obtain that for 7 > s

() NVZ_ ) V12 g2 © 4 (7,61 -2 (1,0 o 76D
arp) ™ = (i ) <2 g(” o) +/S /‘wws»dT') <2 f(t“@ +/S “wfzs>>dT'>=
and for7 < s

B Y2 ) 12 e © , [7 0D =2y, 7 =1
(pwerap) " = (i, ) <2 €<(S‘TW|@>+/T “wﬂs»dT/)SQ f(t“@*/T “ﬁw<fzs>>dT/>=

Since Yk € Zs>o, u[(Jkp)(T S@) = uﬁ?pl@ + ,u|($)p(7_ S)>These equations can be recursively solved to obtain the functions

(k) (0) _ (0 (0) 2 : (k—1)
M‘%>(t). Note that fg,(, oy, = i, ey < (®| @), and hence M, 4 (t) can be set to [l|®)]|°. Assuming that Iy (7 sy <
M‘(;f;l) (t) V7, s € [0, 1], we then obtain that

2 2
(k) ) V12 ok (k1) (k) . (k-1)
Hwe(r,) < ((“H<p<1>>) +2 %t(@'@ + Mg, (t)>> < 2oy + 2 3£2t2(<‘1’|‘1’> + Mg (t)) :

and since ugﬁz(m)@) < u‘(g + uf\];,)p(m», we can choose M‘(,;) = 2u‘(§))> + 226730242 (D] @) + M‘(ql,ffl) (t))Q, which proves the

lemma statement. ]
It is important to note that the bounds on 4 (¢) are uniform in p — we will exploit this in the following proofs to show the
existence and differentiability of |UP(¢)).

Lemma 5. Let |V) € Hg @ FF[L*(R)], then

(a) Vt,s >0, limy_,o0 UP(t, 8) | W) exists and € Hg ® FF[L*(R)].

(b) Vt,s > 0, limp_,oc HP(t)UP(t,3) |Wo) = H(t)limy,_o0 UP(E, s) |Wo) and H(t) lim,_,o UP(t, s) | o) is strongly con-
tinuous in t.

(c) Vt,s > 0, lim, o UP(t, s)HP(s) | Vo) = limy 00 UP(t, s)H(s) |¥o) and lim,,_,o UP(t,s)H(s)| Vo) is strongly con-
tinuous in s.

(d) 3g,h € C°(R) such that | HP(t)UP(t,s) |Wo)|| < g(t) and |HP(t) |¥o)|| < h(t)Vt > 0and p € Z>o.

Proof:
(a) To prove the existence of limit, we appeal to the completeness of H and show that the sequence {UP(t, s) [¥o) }pez., is
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Cauchy. Consider p, g € N with p > ¢ — we note that
[UP (¢, 5) [Wo) = U(t, s) [Vo)|| < [|UP (¢, 8)l<q [Wo) = U(t, )l<q [Wo)l| + 2 [[TL>q [Po) | -

Furthermore, since both U?(t, s) and UY(t, s) are norm (and thus strongly) differentiable with respect to ¢ and s, we obtain that

t
d
070,801y 190) ~ U, )T, 90)] = | [ 2L (077107 ) [0

< [ @) - H@) U o)ey [00)] 3

Furthermore, since p > ¢, we obtain that

|(I)p,q(77 3)> = (HP(T) - Hq(T))Uq(Tv S)HSq |\I]0> = (Hp(s) - Hq(S))Hqu(T, S)HSq |\I]0> ) 4)
and thus
[@p,q(sN < €3/q+ 1[I U (7, s)II<q [Wo)]|. ©)

Using the bound from lemma 4, we obtain that [|IL,U%(7,s)II<,|To)|] < \/Mé22ql\p(0)>(max(s,t))/q <

\/M|(\1212)> (max(s,t))/q and thus

¢ Ot —s|\/qF1 Clt—s|\/q+1
[ inatrsplar < LT far®) g, ) < L o s ),
and hence
Ct—s|Vg+1 2
U7, 5) |Wo) — U(E, 5) [Fo)]| < fwlgwax@,t» +2||T<q [To)]] -

Thus, ||[UP(t,s) |To) — U4(t, s) |Wo)|| — 0 as p,q — oo, thus implying that the sequence {U? (¢, s) | V) } pen is Cauchy, and

hence converges. Furthermore, from lemma 4, the moments u;ﬁ? ( are bounded uniformly in p for all k£ € Z>(, and hence

t,5)|¥o)
from the dominated convergence theorem it follows that all the particle number moments of lim,_,.. UP(t, s) |¥¢) are also

bounded — this shows that lim,,_,«, UP(t, s) |¥o) € Hs @ F¥ [L?(R)].

(b) For |¥g) € Hs @ F¥ [L?(R)], since ||[lim, oo UP(t, s)ITs, |¥o)|| = limy o0 | TTs, |¥o)|| = 0, we obtain that

H(t) lim UP(t,s)|Vo) = H(t) lim UP(¢, s)II<, |To) .

p—00 p—00

We already established in part (a) that the sequence {U?(t, s) [Wo) }pez..,, and hence the sequence {UP(t, s)Il<, [Wo) }pez.,»
converges. We now show that the sequence { H (t)UP(t, s)Il<;, [Wo) } pez.., also converges. To see this, we note that for p, ¢ €
Z>o with ¢ < p,

t
[H@UP(t, )<, [Wo) — H(HU (¢, s)l<q [Vo)|| < / [H@Q)UP(t,7) [@p,q (7, 8)) || dT + [[H(E)UP(E, ) [Tpq(t,s)] 5 (6)
where |®,, (7, s)) is defined in Eq. 4 and [T, 4(t, s)) = (Il<;, — Il<,) [¥o). Now, from the definition of H (t), it follows that

1/2
|H(OUP(t, ) [Tpq(t, )| < [|Hs @] |Tpqlt, )| + 2@( [T g (8, )1 + uE}Z@,S)F,,,q(t,S») :

Furthermore, using lemma 4, we obtain that

1 1
B ) () 2(M(rp),q<t,s> + Pmax® (s, 1) [||Tp,q (2, 9)) ]| * )
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Since |¥g) € Hs @ F4 [L*(R)], we obtain that
[Tp.q (s < [Tsq [Wo)ll + [T, [Wo)|| — 0 as p,qg — oo and,
(1) ) (1)

Hiry o(ts)) < I [ woyy T M woyy — 088 P q — 00,

and therefore it follows from the previous estimates that || H (t)U?(t, s) [T, 4(t, s))|| — 0 as p, ¢ — oo. Consider now the second
term in Eq. 6 — since UP(t, 7) |®, (7, 5)) € Hs @ FM[L?(R)], we obtain that

t t t 1/2
[ U €D @)l dr < [ 1HsO] 1@na(rs) ] dr +2¢ | (||<1>p,q<ns>>||2+u5}2<t,f>|<pp,q<f.,s>>) dr.

Using Eq. 5 and the bound from lemma 4, we obtain that

[ I dr < YL MG () [ 1Hs(

It follows from lemma 4 that for 7 € [min(¢, s), max(¢, )],

1 1 4
B0 ) () < 2(uf¢1,q<f,5>> + 2max? (s, 1) [[| B4 (7, 5)) | )

and using Eq. 5 it follows that for 7 € [min(¢, s), max(¢, s)],

(¢+1)°

(1) - (q +31)2 2 i
q

'u‘ép,q(ﬂs» - T<4|%o) (HlaX(S,t)) <

3
M), (max(s, 1)).
From these estimates, it thus follows that
t
@U@0 47, 9) [ dr = 035 prg = .

Therefore, from Eq. 6, it follows that the sequence { H (t)UP (¢, s)II<, |¥¢) },en converges — since H (t) is a closable operator,
it then follows that

lim H(t)UP(t, s)ll<, |Wo) = H(t) lim UP(t, s)ll<, [Wo) = H(t) lim UP(t,s)| Vo).
- p—00 - p—00

p—r00
Finally, we show that lim,, o, H?(t)UP(t, s) |¥o) = lim,,oc H(t)UP(t, s)lI<, |¥(). We begin by noting that

HP()UP(t,s) [®o) = HP(L)UP (¢, s)ll<p [Po) + 15, [P0y = lim HP(1)UP(L,s) |[Vo) = lim HP(t)UP(t, s)lI<, [Po) .
- p—00 p—00 -

Furthermore,

ICH (8) = HP (1)U (£, )TL<, [To) |* <

p+ 1 2 p+1 2
(p+ 1) |TLUP(t, ) | Vo) |)* < = eQMggpM(max(t,s))g = M), (max(t, )).
and thus lim,_, . HP(t)UP(¢, s)Il<, |To) = im0 HE)UP(t, 5)I<, [Po). Hence, we obtain that

H ) limy o0 UP(, 8) [Wo) = limy_yee HP(H)UP(L, 5) |T).

Now, we investigate the continuity of H (¢) lim, oo UP(t, s) | o) = lim,— oo HP(t)UP(t, s)II<, |¥o) with respect to ¢. For
p € Z>p and ¢ > 0, define AP(0) va

AP(8) = H (H”(t +O)UP(t+6,5) — HP (U (1, s)) T, W)
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We need to show that lims_,o lim;,_, o, AP(d) = 0. To see this, we note that

AP(5) < H <Hp(t +6)— Hp(t)> UP(t, s)TI<, | o)

+ HHp(t +8) <Up(t +9,8) = UP(t, S)>H<p [Wo)

Now

H (Hp(t +9) — H”(t)) UP(t,s) |[Wo)

)

12 M

2 1
< (e 8) — HsO I+ (18017 + 1m0 IEal | (Fass =T Joa]
B a=1 L

)

1/2 M
< st +) =~ HsO 19+ (1190012 + 318 ) 3 1l (S = ]
a=1 L

and consequently by the strong continuity of T ¢,

lim lim H (H”(t +6) — H”(t)) UP(t, ) |[Wo)|| = 0.

6—0p—oo

Furthermore,

t+6
HHp(t +9) <Up(t +9,s) — UP(t, s)>H<p [Ty || < /t |HP (1T + 6)HP (1)UP(r, s)ll<p [To)|| dr.

It follows from lemma 4 that || H? (7 + §) H?(7)UP (1, s) | Uy)|| is bounded above by a constant independent of p and continuous
in 7. Thus, we obtain that

lim lim HHp(t—i-5)<Up(t+5, S)—Up(t,s))ﬂ<p|\1/0> = 0.

§—0p—oo

Thus, we obtain that lims_, lim, ., AP(d) = 0.

(c) The proof of this part closely follows that of part (b), with only minor modifications which we outline here. We can show that

T, o HHP(S) W) — H(s) |x1/0>H — 0, which would imply that lim,_,c UP(t, ) HP(s) [Wo) = lim,_,e UP(t, s)H(5) [¥o),
in two steps — first, we establish that lim,_, ., HP(s) |¥q) = lim, . HP(s)II<,|¥o) using the fact that all the particle-
number moments of |¥y) are finite. Then, we can show that lim,,_, .. H?(s)Il<, |¥g) = lim,_oc H(s)II<, |¥¢) by analyzing
the norm ||(H (s) — H?(s))Il<, | Vo) ||. By showing that the sequence { H (s)II<, |¥y) } pen converges, and using the closability
of H(t), we then obtain that lim, ., H(s)I<,|Wo) = H(s)lim, ,o <, |¥). Finally, using lemma 2b, you obtain that
H(s)limp o0 <, [Wo) = H(s)|¥g). To prove that lim, ,oo UP(t,s)H(s) |¥o) = lim,_,oc UP(t, s)HP(s)|¥y) is strongly
continuous, we can again analyze AP(J), where

)

AP(5) = H <Up(t, s+ 0)HP(s + 8) — UP(t, S)Hp(s)> W)

<|[(vrtts 0 - vt ) s+ ) o)

+ HUP(t, 5) (Hp(t, s+6) — HP(S)) [Wo)

Using lemma 4, we can show that lim,,_, o, lims_,o AP(J) = 0.

(d) This follows straightforwardly from lemma 4, and noting that

1/2
I OU (¢.9) (9o < Vs O 11003+ 26 1100 |” + 312 (max(e )
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which yields the upper bound ¢(t). Similarly,

1/2
| EP () %) < ([ (0)] 1%6)]] + 2@( o)l + uf$>o>> :

which yields the upper bound A(t). O

Lemma 6. Given a non-Markovian model with square integrable coupling functions and for t,s € R, there exists a unique
isometry U(t,s) : Hs @ F¥[L?(R)] — Hs @ F¥ [L?(R)] € H which is strongly continuous and differentiable in both t, s and
satisfies

d _ d .
EU(t’ s) = —itH(t)U(t,s) and @U(t’ s) =1iU(t,s)H(s), (7)

with U(s,s) =id Vs € R.
Proof: We first construct the unitary group U (t, s) — given a state |¥) € Hg ® F&[L?(R)], we let

Ul(t,s)|Po) = plLIglo UP(t,s)|Pg) .

It follows from lemma 5 that U (¢, s) is well defined, that U (t, 5) |¥o) € Hs @ Fa [L?(R)] and that U (¢, s) is an isometry. Now,
we note that since UP(t, s) is the propagator corresponding to H?(t),

t
Ul(t,s)|¥y) = plLrI;o UP(t,s) o) = |¥g) — iplLrI;o/ HP(T)UP(7,5)|Vy) dr.

From lemma 5(d), it follows that || H?(7)UP (7, s) |¥¢)|| is bounded above by a continuous (and thus integrable) function of 7,
and hence from the dominated convergence theorem, we obtain that

Ul(t,s)|Pg) = [Tg) —i/ lim HP(1)UP(7,s) |¥g) dr.

s P00
Finally, using lemma 5(b), we obtain that lim, ,.o HP(7)U?(7,s)|Vo) = H(1)U(7,s)|¥o), and since H(7)U(T,s) |¥y) is
strongly continuous in 7, U (¢, s) |¥y) is strongly differentiable in ¢. Thus,

Ul(t,s)| o) = |\IJO>—Z'/ H(T)U(1,s) |¥o) dr = %U(t, ) |Wo) = —iH(t)U(t,s) |¥o) .

which shows that dU (¢, s)/dt = —iH (t)U(t, s) (where derivatives are understood as strong derivatives) with U(s, s) = id. A

similar argument can be made using lemmas 5(c) and 5(d) to show that dU (¢, s) |¥q) /ds = iU (t, s)H(s).

Since V¢ € R, H(t) is essentially self adjoint, H (¢) is self adjoint — from this, it immediately follows that if the solution to

Eq. 7 exists, the it must be unique. To see this, we simply note that the self-adjointness of H (t) implies that ||U (¢, s) |[¥o)| =
U (s, s)|®o)||, and hence |¥) =0 = |¥() = 0 V¢ > 0. Now if there were two distinct solutions Uy (¢, s), Uz (t, s) to Eq. 7,
then (Uy(t,s) — Us(t,s)) |[¥o) would be a non-zero vector, which leads to a contradiction since by essential self adjointness of
H(t), |[(Us(t, s) = Ua(t,s)) |o)|| = 0. 0

In the following lemmas, we provide some further properties of dynamics of non-Markovian models with square integrable
functions which will be useful for the analysis of distributional coupling functions.

Lemma 7. Givenu € L?*(R) and a non-Markovian model with square integrable coupling functions, Voo € {1,2... M}, s,t €
[0, 00),

¢
ay U(t,s) =Ul(t,s)a, , — z/ (U, Ta,70a)U (6, T) LU (1, s)dT

over the domain Hg ® F¥ [L?(R)], where U(t, s) is the propagator corresponding to the non-Markovian model as defined in
lemma 6.

Proof: Throughout this proof, all operators are considered to be over the domain Hs ® F4 [L?(R)] — in particular, we extend
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aZ , from the domain Hg ® FY/[L3(R)] to Hs ® F§ [L*(R)] via
ay,|U) =Y af I, |¥) V|¥) € Hs @ FY[L*(R)].
n=0

Note that since U (t, s) is strongly differentiable with respect to ¢, and it maps H.g @ F¥ [L?(R)] to Hs ® F¥ [L?(R)), it follows
that the operator a, ,(t,5) = U(s,t)a, ,U(t, s) is strongly differentiable in both ¢ and s. Differentiating it with respect to ,

and using the characterization of H(t) when acting on Hs ® F4 [L?(R)] as provided in lemma 2, we obtain

d

pn U u(t,s) = —i(u, Ta,10a)U (8, t) LU (¢, 8).

Noting that since U (¢, s) is strongly continuous in both of its arguments and since L,, is a bounded operator, the right hand side
in the above equation is strongly continuous in ¢ and thus the equation can be integrated to obtain

t
a;7uU(t, s) =U(t, s)a;)u - z/ (U, Ta,70a) U (t, T) LU (1, s)dT,

which proves the lemma. O
Definition 7 (System Green’s functions). Consider k + 1 non-Markovian models specified by coupling functions v; = {v; o €
L*(R)}aeq1,2..my for i € {1,2...k + 1}, but with the same time-dependent system Hamiltonian Hg(t) and jump operators
{Lo € £(H5)}ac(i,2..m} For O1,02... 0y € £(Hs), |¥1), V) € Hand ty,ty ...ty € [0,00), then the Green’s function
Ga ”52 Wk (ta,ta . ty) is defined by

GEI’:J(Z);.TJ.’Z)ZI;|\111>,|\I,2>(tl, ta... tk) = <\I/1| ka+1 (0, tk.:,_l)Okka (tk, tk—l)Ok—l ..OWU,, (tl, 0) |\112> ,
where U,, (-, -) is the propagator, as defined in lemma 6, for the i™ model fori € {1,2...k + 1}.

Lemma 8. Consider two non-Markovian models described by coupling functions v = {v, € L? (R)}QG{LQ,”M}, u={u, €
L? (R)}aeq1,2...m1, but with the same system Hamiltonian Hys(t), jump operators { Lo, € £(Hs)}acq1,2...m} and environment
single-particle unitary group {T, + : L*(R) — L*(R)}. For A, B € £(Hs), |¥),|®) € Hs @ F¥ [L*(R)] and t,s € [0, c0),

EGZ,é;w),\@)( t) =iGp, (Ha( s) A),B;| W), |<p>(5at)+

M
P2 (G[ii,AJ,BM.,aa,TM|<I>> (D) + G A Bz v 0,1 (5 t>> -

a=1

M S S
. V,0,0,U V,0,U,U _
ZZ (/0 <T5’Ua,TTUQ>GLQ7[L37A].’B;M})ﬂ\q))(S,T, t)dr +/O <T7u°"Tsvo‘>G[La,A],B,LL;|xI/>,\<1>>(S’t’T)dT

a=1
t
/5 <TTua,TSva)GFLU %‘H B, ‘q>>(s, T, t)dT)

Proof Differentiating GZ’?J]’;WM o) (8, 1) with respect to s and using lemma 2(b), we obtain that

M
ZZ <<\IJ|U (0,8)BU,(t, 8)a; +.,. [La, AlUy(s,0) |®) +
(W] U0, 1) BU, (t, 9)[L, Alag.... Us <s,o>|<1>>).
We note that

<\I/|Uu(ovt)BUv(tvS)[HS(S)aA]U (S O)|(I)> o

Glhra(s), 4185w |2y (5 1):
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Using lemma 7, we obtain that
(U] U,(0,t)BU,(t,s)[L!, Ala;, . , U,(s,0)|®) =

A, TsVo

S
V,0,U . V,0,0,U
it A, 3:19) 5,00 1) (5 D) Z/0 (T Trval G s ) gy ay (572 DT

and
(T Uw(0, ) BUY(t, 8)ag, «, v, [Las AUy (5,0) |@) =
t
G[i«;,A],B;a;,Tsua\\I'>7|<I>>(S’t)+i/s <T-,—ua,TSUQ>G[I’/O:7A])LL’B;I‘I’%@)(S,7', t)dr—
i/o <TT’UJO”TSUQ>G[£;,A],B,LL;\\I/),|<I>>(S’t’T)dT’
which completes the proof of the lemma. (]

B. Extension to general radon measures

Definition 8 (Distributional coupling function). A distributional coupling function is specified by a tuple (u,p) where p €
M(R) N S'(R) is a radon measure and a tempered distribution whose Fourier transform is a positive continuous function of
at-most polynomial growth and p € C*(R).

An important consideration is how to apply the radon measure 1 on a discontinuous function, since by definition it is only
specified as acting on continuous functions. The approach to extend p to a space of discontinuous functions is to use a mollifier
i.e. first smoothen the discontinuous function to a continuous function using a mollifier, and then applying .

Definition 9 (Function space PWC*(R)). PWC'(R) is space of all functions which are expressible as g - Tia.p) for some g €
CY(R) and [a,b] C R.

Definition 10. Given a 1 € M(R), consider the map p. : PWNC'(R) — C given by (pic,-) = {(u, pe * (-)) with p being a
symmetric mollifier, then p* : PWC (R) — C is defined by p* := wlimg_o ..

In the following lemmas, we establish that p* is well defined (i.e. the limit defining * exists), is independent of the precise
choice of the mollifier and that when restricted to the function space C1(R) (i.e. the space of continuously differentiable com-
pactly supported functions), its action coincides with that of the radon measure ;2. We also derive certain properties of the map
w* which will be useful in the following subsection. We first present a technical lemma.

Lemma 9. Consider 11 € M(R) with the Lesbesgue decomposition i = . + piqg with ¢. € C°(R) given by ¢.(x) =

pe((—o0,z]) Vo € R, and pig = 7, . aid(x — ;) for some {a; € Chicr, {ys € R}icr and finite and countably infinite index
set I. Given a compact interval [a,b] C R and f € C'(R), define (ufa o f) by

<Mra,b]v f> = <:LLZ,[a,b]7 f> + <M2,[a,b]7 f> where

b
o £) = F0)0.0) = £(@cla) = [ ou(@)f (@) and
oo aifw)+ Y aifw)

icl|yie{a,b} icl|yi€(a,b)

N | =

<Mf1,[a,b}= =

Then, for every compact intervals [a,b] C R, EAg_[a b (), AL_[G b () > 0 where Ag_[a b (e), At_[a o () = 0ase — 0 such
that Ve € (0, (b — a)/2) and for any mollifier p € C.°(R) with supp(p) C [—¢, €]

</'L>[ka.,b]7f> - <,U,,p* (f : I[ayb])> < A,?L;[a,b] (E) sup |f($)| + A}L;[a,b] (E) sup |f/(l')| :
z€[a,b] z€la,b]

Proof: Let p € C2°(R) be a symmetric and positive-valued function with supp(p) C [—¢, ¢] for some € > 0. Let f € C*(R).
For [a,b] C R, define f[’;_b] = (fZiap) *p-
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Analysis of the continuous part. Now, we consider /., f[’; b]) — since f[’; n € C!(R), we note that

(ks flogy) / Pe(@) f] 4

We note that Vo € R,

’

b b
fin@ = [ 0= Iy = flape— a) = Fbpte— )+ [ Fwipte -

Therefore,

(e B = [ 100 0)ots = V)n— [ @ocwoly—aldy— [, ocn)f oty ~ adody.

z€[a,b]

Since e < (b—a)/2 = supp(p) C [-(b—a)/2,(b— a)/2], this can be rewritten with integrals being only over compact
intervals,

3b—a 3b—a 3b a

e S = [, Omoty ~ ity [ s@onoty -y [ 7

3a—b
2

/ 6o () (@)ply — 2)dady.

Now, since ¢, is continuous, it is uniformly continuous over the compact interval [(3a — b)/2, (3b — a)/2]. Thus, 30,,_;a,5(€)
where d,, .[q.0(€) — 0 as e — 0 such that Vy,y’ € [(3a —b)/2, (3b — a)/2] with |y —¢'| < &, [De(y) — ¢c(¥')] < Opusfa,b)(€)
Using this, we obtain that Vz € [a, b]

$e(z) — / 6o (y)pl — y)dy
y€[(3a—b)/2,(3b—a)/2]

It then follows that

= / |(¢c(x) — de())| p(z — ¥)dy < 0,1, (0
yElr—e,x+e)

(s 1) = s L) < 0 £ @)

z€{a,b}
/ze[a,b]

be(y) — / bc(y)p(x —y)dy
y€l(3a—b)/2,(3b—a)/2]

d(z) — / boy)ply — v)dy| +
[(3a—b)/2,(3b—a)/2]

()] d,

and consequently,

W2 ) = e ] < B2 500 [ |+/ F@)lde) < A2 1000 up [(0)] + Aoy b 172

z€[a,b] z€[a,
(8a)
where
Agc;[a,b] (€) = 26,1,5(a,4) (€) and Aic;[a,b] (€) = (b—a)dpan(€) (8b)
both of which — 0 ase — 0.
Analysis of the atomic part. We now consider (i, f[’fl b]) since f | € C%(R), we obtain that
Mdaf[ab] Zalfab (yi)-
el
Therefore,
x p | < Tlee . _ P () LA
(a: f) — (pa, f[a,b]> = Z | f[ayb] (yi) |+ Z || | fyi) — f[ayb] (yi) |+ Z | 5 ; (yi)|-

i€lly;¢[a,b] i€l|y;€(a,b) i€l|y;€{a,b}
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Since supp(f[flyb]) Cla—e,a+¢],and Hf[fm] HLOO < SUp,e(q, ()], we obtain that

S S(swir@)( X s X ),

eIy ¢]a,b] z€[a,b] icl|yic€la—c,a) i€ Iyi € (b,bte]

f{;b] (yz)

Furthermore, we note that for « € [a + ¢, b — €], we obtain that
5@ = fon)| < [ 150 1@ plowiy < s (P W[ bl e s 176
[—e,€] y€Ela,b] y€la,b]

and thus we obtain that

Yo lail|fw) — g <2 sw f@) Y. Jal+e sup [f(y)l > ]

i€l|y;€(a,b) y€[a,b] iEI\yiee(ga,a-ll;]a] y€[a,b] i€l|y;€(ate,b—e)
ory; €(b—e,
Similarly, we can note that
1 e
=fla) = f£ ,(a)| < |f(a) = fla+y)|ply)dy < sup |f'(y)] yp(y) < = sup |f'(y)| and,
[a.b]
2 ’ [0,e] velab] [0,e] 2 yela,b]
1
‘—f(b) -1t b](b)‘ < / [f(b) = f(b—y)|p(y)dy < sup |f'(y)] yp(y) < = sup [f'(y)l,
2 ’ [0,e] yela,b] (0] 2 yelay)

and thus we obtain that

J(yi €
D N RV oI S )
i€l|y;€{a,b} y€la,b] icl|y;e{a,b}
Therefore, we obtain that
(s £) = (s £ )] < A an(©) 510 [FW)] + AL gan(®) sup 11w, )
yE[a,b] ye[a,b]
where
1
SFRCEND YR T ELIND SR ENEEEE (D DI T S DR |
i€l|y;€la—e,a) or i€l|y; €(a,ate] i€l|y;€(ate,b—e) i€lly;€{a,b}
yi €(b,b+e] or y; €(b—e,b]

(9b)

We can note that, by construction, Agd_[a 9 (), A}»d-[a 9 () — 0 as e — 0. Using Egs. 8 and 9, we obtain the lemma statement.
O

Lemma 10 (Existence of z*). Given a i € M(R), consider the map p. : PWC'(R) — C given by (u.,-) = (u, pe % (-)) with
p being a symmetric mollifier; then

(a) Vf € PWCH(R), (u*, f) := lim._,o(ue, f) exists and is independent of the choice of the mollifier,

(b) Vf € CL(R), (u*, f) = (1, f).

Proof: Suppose that f € PWC'(R) has the representation f = g - Z, ; for some g € C'(R) and compact [a, b] C R. Part (a)
of the lemma follows directly from lemma 9 from which it follows that lim. o (u, pe * f) = ( My b g), which can be identified

as (u*, f). Furthermore, we note that by construction, x* is independent of the choice of the mollifier.
For part (b), we note that for f = g -Ijq4) € Cl(R) € PWC'(R), g(a) = g(b) = 0, and therefore from the definition of
(Wi p)>9) in lemma 9

W f) = Moy 9) = /sbc (@)da + Y aiglys) = /sbc (@)dz + > eif(yi) = (. f),

icl el
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which proves the lemma statement. (]

Finally, lemma 9 also straightforwardly yields a convergence estimate for the limit that defines p* — the functions appearing
in the convergence estimate (Ag_[a o At_[a o in lemma 9) will be key to our analysis in the following sections, and we collect

them into the following definition.

Definition 11 (Error functions for u). Given € M(R) and its associated p* : PWC*(R) — C (Definition 10), the er-
ror functions of | for a compact interval [a,b] C R, A (]’ Al oy (0,(b — a)/2) — R* are functions such that

Aﬂ;[a,b] (E),A}L‘[a_’b] (6) = Oase — 0F, and Vf € PWC! (R) expresszble as g - Ly for some g € CY(R) and ¥ symmet-
ric mollifiers p € C2°(R) with supp(p) C [—¢,e] withe < (b—a)/2,

[(u*, ) = (o px F) < AD 4y (€) sup | F(@)] + AL y(e) sup [f/(x)].

z€la,b] z€a,b]

Example 1 (Square integrable coupling functions). Although we analyzed square-integrable coupling functions separately in the
previous section, they can also be represented as, and thus are a special case of, distributional coupling functions. In particular,
forv € L*(R), with Fourier transform © € L*(R), note that

k(t) = /OO [o(w)|Pe”“tdw,

— 00

is a continuous function with || k|| < HU”i% and thus can be described by the radon measure ji defined by
/ f®)k)dtY f € CO(R) (10)
is a Radon measure. Furthermore, the map p* : PWC! (R) — C as defined in definition 10 is given by
i ) = / FOR@M)ALY f € PWCL(R),

Consider now f = g T, € PWC'(R) for some compact interval [a,b] C R and g € C'(R). Since s € C*(R), 36, (4,4 () >
0, where 04,5 (€) — 0 as € — 0, such that Va, 2’ € [(3a —b)/2, (3b — a)/2], with |v — = fx) = f(2")] < 5N [a,] (€)-
Consequently,

|<,LL*, f> - <,Uﬂ f*p>| < 5&;[@,1)](6) sup |f(£C)|,

z€la,b

and thus the error functions (definition 11) for | defined in Eq. 10 are Aﬂ;[a,b] = Os[a,b]> AL;[a,b] = 0. As a specific example, we
consider coupling functions which in frequency-domain are expressible as sum of lorentzians i.e.

M
% ,
[o(w)|* = ; m Yw € R, or equivalently r( Z 2, _Wltle_“"jt

for some {a; € Roo}icqi,2..mys {wi € RYieqi 0.0y and {7i € Roo}icqr,2...my- Such coupling functions arise commonly in
modelling resonant light-matter interactions in quantum optics []. For this model, since k is differentiable almost everywhere

M M
and ||K'|| oo < 37520 iy /77 + w3 /27, and hence 0,.q 3)(c) = ED o1 V; + w?/2v;.

Example 2 (Delta trains). This class of coupling functions arise frequently in models studying quantum systems with time-delay
and feedback. Consider the coupling function specified by radon measure p € M(R)

M M
= Zaif(:zri) Vf € CO(R) (equivalently,u = Zalﬁ(:c - a:l)>

i=1 i=1

for some {x; € R};c12. .my,{ai € Clicqr 0. 0y With 1 < x3--- < xp7. Furthermore, the map ju* PWC'(R) — C, as
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defined in definition 10 is given by
<N
(W, ) =)oy (Lm f(@)+ lm f(:v)>-
i=1 i i
The error functions (definition 11) for |1 can be chosen to be

1
Mpn@= X ladt X ladAlgy@-c( ¥ ladty X lal)

ie{1,2...M}]| i€{1,2...M}| i€{1,2...M}]| ie{1,2...M}]|
yi€la—e,a)U(b,b+e] yi€(a,a+elu(b—e,b] yi€(ate,b—e) yi€{a,b}

We refer the reader to the proof of lemma 9 for a derivation of these error functions in a more general setting of a delta train
with a countably finite number of delta functions.

Example 3 (Complex gaussian). Consider the coupling function specified by the radon measure 1 € M(R)
M 0o
. 2
(, f) = ¢ / ekt f(x)dx Y f € CUR),
j=1 77

where kj € R,c; € Cforj € {1,2...M}. Such a coupling function arises frequently in the study of quantum optical systems

where the bath is a wire or channel with group velocity dispersion. Furthermore, the map p* : PWC! (R) — C, as defined in
definition 10 is given by

M o,
W =3¢ / 57 f(2)de Y € COR),
j=1 /-

independent of the mollifier p. The error functions (definition 11) for ju can be chosen to be

3b—a

z 3a b
AS o (e) = lejk;| max <‘ 5
j=1

)

‘) and A}L,[a,b](s) = O

Definition 1, repeated (Non-Markovian model). A non-Markovian open system model for a quantum system with Hilbert space
Hs is specified by

(a) A time-dependent system Hamiltonian Hg(t) € £(Hs) which is Hermitian, norm continuous and differentiable in t,
(b) A set of distributional coupling functions {(f1;, ¥i) }ie{1,2... a1} as defined in Definition 8,
(c) A set of bounded coupling operators {L; € £(Hs)}ic1,2...03-

Definition 2, repeated (Regularization). For ¢ > 0 and given a symmetric mollifier p € C.°(R), an e, p—regularization of a
distributional coupling function (., ) is a square integrable function v. € L*(R) whose fourier transform . € L*(R) is given
by

e (w) = V(W) p(we)e™) Yw € R.

It is easily seen that © € L?(R), since by assumption /i(w) has atmost polynomial growth in w, and p € S(R) decays
faster than any polynomial. For square integrable coupling functions, lemma 6 guarantees the existence of the solution to the
Schroedinger’s equation — we can then study whether the solution to the Schroedinger’s equation converges as £ — 0 and
define the limit as the dynamics associated with the coupling function specified by (u, p, ).

Lemma 11. Consider two non-Markovian models with coupling functions v = {v, € LQ(R)}QE{LQ__M} and uw = {uy €
L? (R)}aeq1,2...m respectively but with the same system Hamiltonian Hs(t), jump operators {La}aci,2..my and single-
particle environment dynamics described by the time-translation unitary group. Let |U,(t)) = U,(t,0)|Po),| V() =
Uw(t,0) |Wo), where Uy(t,s),Uy(t,s) are the propagators corresponding to the two non-Markovian models, and |¥y) €
Hs @ FM[L2(R)], then

19.(0) — [0} < ; ([ peyir [ exvor).
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where for T € [0,t] and o € {1,2... M},

DL (7) = 41L1, ||ag « . o, 1¥0)] |, and
ELU(T) =2 /0 (tr (U — va)’TSUQ>GL7Q:LL;\‘1’0>-,\‘1’0>(S’T>d$ + 2‘/0 (Tstq, Tr(Ug — va)>GL’m’LL;|%>7|%>(7',s)ds
where the Green’s functions GL@,LL;\%),\\I/()) (s,7) and GLa,LL,I‘Ifw %o >(T, s) are defined in definition 7.

Proof: Note that |||, (¢)) — | U, (£))]|> = 2 — 2 Re[(¥,,(£)| U,,(¢))]. Consider now the inner product (U, ()| ¥, (t)) — differ-
entiating this with respect to ¢, we obtain that

d M
G 0100} =13 ()] ELt ) 00+ (0] B 19000 ).

a=1

We note that from lemma 7, it follows that Voo € {1,2... M},
(o ()] La o, Tt (o —va) [y (t)) = (Vo Uu(O,t)Laaa e (Uo —va) Uy (t,0) [Wo) ,

t
=G >—i/ (1t (U, — Vo) Tsva>vau (s,t)ds.
0

Lmaa tt (ue— Ua)\‘l’(ﬁ [¥o Lo, LE;1Wo),|%o)

Similarly,
(Wl0)] Laa? o oy [W0(0)) = (0] Un(0, ) Laa . Un(t,0) [¥o)

t
_ GLa,I‘I’o> To) + 2/0 (Tste, Te(Uo — )>GL04,LL,|\II0> 7o >(t, s)ds.

04 Tt(ua —va)

Here, we have used the notation for Green’s functions defined in definition 7. Furthermore, we can note that Voo € {1,2... M},

v, U

G a “1}0>

Louaa e (o — 1,Oé)‘\l’(ﬁ ‘\I’0>

|‘I’o>’ ;

[Wo) @y Tt (Ua—va)
04 Tt(“a va)

and thus we obtain

d M
4 w,0) %(t»} <23 1Ll

M
Zl <’/ 7 (u Tsva>GL LL{%o), |%>(s,t)ds

Finally, noting that

a;th(“af'Ua) |\I/O> H +

t
sYay .y t, d
+‘/0 (TsVa, Tt (Ua — )>GL LLL o). %o >( s)ds

). (11)

(W (7)[ Wy (7))

a dr. (12)
-

1) = 19, < 21 = (ol w0) <2 [ |2

Combining the estimates in Eq. 11 and 12, we obtain the lemma statement. 0.

Definition 12. For M € Z>, define Fgﬁs C FM[L2(R)] as the set of vectors |®) such that

U= QMBua,ua IS S(R)}).

a=1

Vn € Zs1 : 11, |®) € span<{u®"

Lemma 12. Let (i1, ) be a distributional coupling function. Given two mollifiers p,o € C:°(R) and ,5 > 0, let v. and
vs € L*(R) be the ¢, p— and §, o —regularization of (u, @) respectively. Let Hg be Hilbert space, then,

(a) V|P) € Hg ®F£§78, 3ey ey > 0,¥7 >0, Vo € {1,2... M}, e > 0 such that Ha |<I)>H < cu o)

TV

(b) ¥V[®) € Hs @ FM g, Feppiaysduoiay > 0,7 > 0,Ya € {1,2... M}, £,6 > 0 such that H

TT('UE_'US) | H
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Cpiyp,|9)E + Cpuyr,| ) 0.

Proof: Any state |¥) € Hg ® FOAg s can be expressed as

N
W) =Y Joj) @ Juy)®
j=1

for some N € Z>1, and

M
{loj) € Hs}jeqr2.. Ny { ;) = D lta) s 10 € SR)Va € {1,2.. -M}} and {n; € Z>o}jef1,2..N}-
je{1,2..N}

a=1

(a) We obtain that

N
e, 190 < 3 v ol | [ AGTowE s
j=1
N
< SV losl gl [ |VaGp e )]

Note that by assumption, |//i(w)| is a continuous function of at-most polynomial growth. Since Vj € {1,2...N},a €
{1,2... M}, ua; € S(R),

H\/ W)Uq,j(w 1+w)HLm<oo.

1 1
Ol oo < — s)lds = —.
Il < <= [ Intollds = —=

Furthermore, note that since p is a mollifier,

Therefore,

N
_ n; ni—1 N dw
a7 e, 1)) < ;\/ﬁ ol VAT ua s+ [
7T’I’LJ nj—1
< sup Z o ™~ |V At g1 +62)| ),

aef{1,2...M}

where the bound can be identified as the constant c,, |y in the lemma statement.

(b) We obtain that

N
aa,ﬁ<v5_w>l¢>\\s;¢n—j|@| sl | [ s AR ) = )

N
S;\/n_jl\ffjl\ Iug'lnjl/‘\/—uaa ) (Plwe —0(w5))‘dw

Again, since by assumption |//i(w)| is a function of at-most polynomial growth, and Voo € {1,2...M},j € {1,2...N},
Uq,; € S(R) and therefore,

H\/ W), (W)(1 + w?)? HLm<oo.



24
Furthermore, since p,o € C2°(R) € S(R), p,6 € S(R). In particular, ||’||; « , ||6']| ,«~ < oo. Furthermore,

0 = 5(0) = <= [ styts = == [ otsyas -

since the mollifiers are, by definition, normalized to have unit area. Thus, using the Taylor’s remainder theorem, we obtain that
|p(we) — 6(wb)| < 19| oo |w|e 4+ 1167] oo |w|6 Vw € R.

We thus obtain that

o "7 oo (w0
a max aill s 1™~ W)U C‘)‘E‘H‘UHL ‘W’ dw.
crtr (we—ug) | B|| < E Vg Nl g 17 ||V 4 Lm ” Nl |

T ac{l,2. M} £ (14 w?)?
Noting that [, |w|/(1 4+ w?)?dw < co, we obtain the lemma statement with the constants

. : [
Cupla) = _max Zxﬁnagunugnnf |Vithas @+ a2, 150 [ iimzde O

ac{1,2..M} £ 1+ w?)

Lemma 13. Consider a non-Markovian model specified by a system Hamiltonian Hs(t), M jump operators { La }ac1,2...Mm}
and coupling functions, {(fia, Pa)}taeq1,2...:m}. Given two mollifiers p,o € C°(R) and €,0 € (0,1/2), consider two non-
Markovian models with the same system Hamiltonian and jump operators, but with square integrable coupling functions given by
Ve = {Uqe € L2(R)}a€{1_’2mM} andvs = {va,5 € L2(R)}a€{1_’2mM}, where vq, . and vy, 5 are €, p— and 0, c—regularizations

of (e, ) respectively. Given an initial state |Vy) € Hg ® F{‘,,{_,S[LQ(R)] then the errors 5”‘5 ”5>( ) and D”ﬂ&’f (t) defined in

lemma 11 satisfy the estimates

(a) Forallaw € {1,2...M} andt > 0,

Vs Ve 2
ELE (8) < 4| Lall TV 10111 (110).

(b) Forallaw € {1,2...M} andt > 0,

gv?lff’s)( ) < 2(2Au f0.4(+9) —l—A wil0.(28) —|—A 0t](26))

M M
2 2 2
<|L I sup [I[Hs () Lalll + 4 [1Zall® D 1L ¢ woy + 6 1Lall* D Ll TV[—l,t+1](ua')->+

5€[0,1] a’'=1 a’'=1

(2Aﬂ (e 48+ A0 (22) + A0 Ot]<26>)|f:a|2,

where A 0] Al [ot0] are the error functions corresponding to ji (definition 11) and c,, |y, is the constant
mtroduced m lemma ]2(a).

(c) Forallao € {1,2... M} andt > 0,
DZ(T[ZIJJEO)@) <A4|Lall (Cua,p,\‘l’())‘f + Cumo,\%}(s)’
where ¢, o 1Wo)s Cpua,o,|Wo) @re constants introduced in lemma 12(b).
Proof: For this proof, it is convenient to note that for « € {1,2... M} and any s, € [0, t],

(Tr V0,5, TsVa,e) = 271'/ fio (W) p(ew)6™* (8w)e ™D dw.
R

Since if £,6 € (0,1/2), supp(pe * p<), supp(cs * o5), supp(cos * p.) € [—1,1]. Consequently, Vf € C°(R) and ¢y, 5 € (0, 1],

= o, 05 % pe > Tt (f - Lty 1)) | < TV =141 () Sl[lop] |f(s)]- (13a)
se|0,t

to
/ <Ttva,6uTs’Uo¢,€>f(S)dS

ty
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Similarly,

) )

ta
/ (T 5 Tovas) f(8)ds| < TVt goy(1ta) sup |£(5)].

to
/ <Tt'Ua,sstva,E>f(S)dS
t1 s€[0,t]
(13b)

t1

2]
/ <Ttva,sstva,5>f(S)dS

t1

(a) We note that

t ¢ ¢
/ (Tt (Va,s — vaﬁ),’tsva@)GZE’vzf“ (s,t)ds| < / (TtVa,6, TsVa,e) GV (s, T)ds|+ / (T4Va,6, TsVa,e) GYV Y (s, 7)ds
0 o 0 0

Since Vs € [0, 1] ‘GUE’UE’”“ (s,7)

2 . .
Lo 2h o). ¥o) , < ||[La||”, and using Eq. 13, we obtain that

t
/ (Tt (va,s — va,s)aTsva,€>Gzeyvz}v5 (s,t)ds| <2 HLQHQTV[—LHJ] (11a)-
O sy [e3

Similarly, we can obtain that

t
e,V5, 2
/0<Tsva,6aTt(va,6—va,a)>G72:£ﬁpo>Mo> < 2| Lall” TVi—1,e41) (Ha)-

Combining these two estimates, we obtain the part (a) of the lemma statement.

(b) We begin by noting that

o0

(T1(Va,s — Vave ) TsVae) = 27T/ fio (W) p(ew) (ﬁ* (ew) — 6" (&u))e_i“(s_t)dw,

— 00

and therefore,

t
EsryVeEy — )5 7t
/0 <Tt(Ua,5 - 'Ua,a)a Tsva’€>Gza?}L§T‘l’o),\‘l’o) (37 t)ds = <No¢7 Pe * Pe *gz,t — Pe* 0§ * 935>7
where
g0 __ Ve Ve, Us . .
Jat =Tt (GLQ,LL;%»M( ?) IM)'
We note that gi’fi is a continuous and differentiable function when restricted to [—¢, 0] and hence € PWC'(R). Consequently,

‘<,ua7ps * pe* G5 — pe % 0 *g?;;t)‘ < ‘(uz,gi’fb — (Ja, pe * pe *gi’fe>‘ + ‘(uZ,gZ’,‘D — (e, pe * 05 *g?j}>‘

,0 ry
< <A2a;[—t,0] (2¢) + Aga;[—t,o] (6 + 5)) sil[l()pt] gi,t(s)’ + (A,lm;[—t,m(%) + A,lm;[—t,o] (6 + 5)) Szl[zpt] 9ot (8)
(14)
Furthermore, note that
sup_[g25(s)] < ILal? (15)

s€[—t,0]
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We next provide a bound on the derivative (sup,¢;_; o | gi’fil (s)]) which is uniform in €, 6. An application of lemma 8, yields

e,8 Ve ,Ve,Us
s)| < |G =7 s+t
gat( ) —’ [Hs(s+t),La],LL;\\I’o),\\I’O)( +t,t)|+
M
GUE;UE7U6 s+t )|+ [grevsvs s+ttt +
Z( L, Lol LhilWo)al, . oy T B+ (G L woy.as ol T aray ey 0+ 520)
a’'=1 (s41) 7 (o7
M s+T
E TotrUal e, TerVar e) G000 s’ s+T1,7)ds' |+
; 1< (Tatrvar e, Tavor e G ar[LL, Lal L Loy, (& ')
o=
-
Ve, Ve V5,05 Nds'
T/ Vet T Var e)G 57°° S+TTSdS
/0 (Torvar s, TotrVare) Gy 5 T Lt way ey (8 T T 70)
T
TerVUnt T Vo' GUE,UEWS)U& S+ T 8/ T dS/ .
S+T< s'Va’, 85 bs+1 0¢;5> [L/ Lal, LT LL,|\I/()> | W >( T )

Using Eq. 13, we thus obtain that

M M
6 2 - 2 2
sup |92 ()] < IZall sup [I[Hs(s), Lalll+ 4 1Lal® 3 IZarl sup [laz oo, 1900 + 6 1Zall® D2 IEGI TV 1041 (10)
SG(ft,O) SG[O,t] a’=1 SG[Oyt] a’=1
From lemma 12(a), it follows that Vo € {1,2... M}, s € [0,¢], |lay -, Vo) H < ¢y, |w,) and therefore, we obtain that
M M
0 2 2 2
sup gt (8)’ < S%P]H[HS(S%La]H IZall +41Zall* D IZGI ¢, jwo) + 6 1 Lall® D N Larl® TV 1411 (1)-
se(—t, se|0,7 a’=1 a'=1

(16)

From Egs. 14, 15 and 16, we obtain that

< (AO Cro(2) £ AL to1<6+a>> ||La|2+(A,ta, (29t

t
_ Ve, Ve, Us
/0 <Tt(va.’5 vms),TSUQ’E>GLZ-,IEAL;\‘I‘0>=\‘I‘0>(S,t)ds

M M
Aia;[—tm@ﬂ%))( sup [|[Hs(s), Lall [ Lall + 41 Lall* D [ Larll e jwoy + 6 1 Lall* D |La'|2TV[—1,t+1](Uo/))-

s€[0,7] a’'=1 a’'=1
Similary,
! 2
/0 (TsVa,5, Te(Va,s — UO"E»GZZ?SZ,W\I/O) I%>(t, s)ds| < (AO 0 (20) +AD g0+ E)) | Lall” + (Al _1,0(20)+

M M
AL (oo +s>) ( sup (Hs(). Ll 1 Zall + 41 Lol 3= el ey ey + 6 1ol 3 ILaIIZTV[l.,Hu(uaf))-

s€[0,7] a’'=1 a’'=1

(c) This follows from a direct application of lemma 12.

Theorem 1, repeated (Formal, Non-markovian dynamics). Consider a non-Markovian model specified by a system Hamiltonian
Hs(t), M jump operators { Lo }acq1,2..:my and distributional coupling functions, {(fia, 9a)}ac{1,2...13. Construct a square-
integral non-Markovian model with the same system Hamiltonian and jump operators, but with coupling functions ve := {vq,c €
L*(R)}aeq1,2...m} where fora € {1,2. .. M}, vo ¢ is an e, p—regularization of (jua, pa ) for a symmetric mollifier p € C°(R),
e > 0andletU,,(-,-) be its propagator. Then, fort > 0, U(t) : F%7S®H5 — H definedvia U (t) | Vo) = lim._,o Uy, (¢,0) [¥o)
exists, is an isometry and is independent of the choice of mollifier p.

Proof: For simplicity, we will assume that €, € (0, 1). Consider two symmetric mollifiers p, o € C2°(R) — let v := {vqc €
L? (R)}aeqr,2..0y and vs := {va,s € L2(R)}ae{1,z...M} be the ¢, p— and ¢, o —regularizations of the distributional coupling

functions. For [¥y) € Fﬂg)s ® Mg, let |¥,_(t)) = U,_(t,0) | Vo) and |V, (t)) = Uy, (t,0) |¥o), where U,_(,-), Uy, (-, -) are
the propagators corresponding to the two models. We note that from lemma 13(c) that Voo € {1,2... M} and 7 € [0, ¢]

81(15210 DU?@Z)( 7) =0 and Dgff&)fw(ﬂ < 4| La|l (Cua7p7|‘1’o> + Cua,07|‘1’o>)'
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From the dominated convergence theorem, we then obtain that

t t
. Vs, Ve . Vs, Ve —
5,1115130 0 N ‘\I,0>( )dT B \/0 EléIEOD I‘I’0>(T)d7- =0

Similarly, we note from lemma 13(b) that Voo € {1,2... M} and 7 € [0, t]

Vs ,Ve —
51}?210 5a,\\1/0) (1) =0.

From lemma 13(a), we obtain that Voo € {1,2... M} and 7 € [0, ]

Vs Ve 2 2
& ?‘\1/ )( ) < 4 HLOtH TV[7177+1](,U/O¢) < 4 HLa” TV[,17t+1](MQ).

Hence, again by dominated convergence theorem, we obtain that

t
. V§,Ve _ s Vs, Ve —
i, [ exibnrrer = [t £ o =0

‘We thus obtain from lemma 11 that

5,1115130 |||\Ijv5 (t» - |\I]v5 (t)>|| =0, (17

for all symmetric mollifiers p, o. From this condition, using p = o, we obtain that lim._,o |¥,,_(¢)) exists. Furthermore,
[Nime—o [Ty, ()| = lime—o ||| Tu. (¢))|| = |||[¥0)||, and hence the operator mapping |¥y) to lim._,o | ¥, (¢)) is an isometry.
Furthermore, since the limit exists, Eq. 17 additionally implies that the limit is independent of the choice of the mollifier. O

V. COMPLEXITY OF NON-MARKOVIAN DYNAMICS
A. Certifiable Markovian dilations

In this section, we develop a certifiable Markovian dilation of a non-Markovian model. We use the well-known star-to-chain
transformation for mapping the non-Markovian problem to a Hamiltonian simulation problem, and provide error bounds on this
dilation.

Definition 13 (Chain unitary group on L?*(R)). Given v € L*(R) with supp(?d) € [—w,,w,] for some w. > 0, a chain unitary
group with N,,, modes generated by v is the strongly continuous single parameter unitary group v : L*>(R) — L*(R) defined
by

Ny, N
viof =) cst)ps + < = (es. f )
B=1 B=1

where

(a) {pp € LQ(R)}%{LQ”,NTH}, called the mode functions, are a set of orthonormal functions (i.e. {(¢u,pg) = 0a,3 that are
given by

A L (@)0(w)
alw) = - /2
T R @) o)

where p,, is a degree o — 1 polynomial generated by the following recursion starting from p1(w) = 1, By = 0,

2dw Yo 1 2dw
_wc p (( )T ( )| 7pa+1(w):(w_Aa)pa(w)_Ba 1P 1(w)7Ba_ —wcpa ( )l ( )l

Vae{l,2...Ny},

(18)

Ao =

[0 0
b(w)[?d o JZ5, pE(w)|o(w)Pdw

(b) The coefficients {cs(t) € C}geqr,2...my are given by the dynamical law: cg(0) = (g, f) for p € {1,2... M}, together
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with
C1 (f) w1 tl 0 0 ... 0 C1 (t)
Co (t) tl w2 t2 0 ... 0 Co (t)
Zi C3 (t) — 0 tQ w3 t3 ce 0 C3 (t) (19)
dt . . . . Lo . .
CM(t) 0 0 0 0 ... Wa CM(t)

where wy, = A Va € {1,2... M} andty, = \/Bat1 Va € {1,2... N, },

For completeness, we provide a simple and well-known upper bound on the coefficients {Wa}ae{1,2... N,,} and
{ta}ae{1,2...N,, —1} Which will be useful in the following sections.

Lemma 14 (Upper bound on wy, to (Ref. )). Given a chain unitary group with N,, modes generated by v € L*(R) with
supp(?) C [—we, we] for we > 0, then

|wa| Swcandt, <w.Vae{l,2...Ny,},
where {Wa }aeq1,2..N,,} and {ta}acq1,2...N,.} are the parameters of the chain unitary group defined in definition 13.

Lemma 15. Given v € L*(R) N L*(R) with supp(f) € [~we,w.), let v; : L*(R) — L*(R) be the chain unitary group with
N,, modes generated by v (definition 13), then V't > 0,

1 2 2 2 N 2wct N
3 [Tev = vev|[72 < [Jvllpe Nye N )

where T; : L>(R) — L?(R) is the translation group [(t:f)(z) = f(x +t)V f € L*(R)].

Proof: We define the polynomial 7, of degree o — 1 via

B 7 P fora € {1,2...Ny}.
[pid]l .2
We will denote by A € RNmXNm the matrix
w1 tl 0 0 ... 0
tl w2 tQ 0 ... 0
A= 0 t2 w3 tg 0
00 00 ...wn,

We will denote by \; € R and u’ € R¥= i € {1,2...N,,} the eigenvalues and eigenvectors of the matrix A. We note that if
(A € R,u € RV=) is an eigenvalue, eigenvector pair of A, then

(wl — )\)Ul + t1u2 = O,
(wi — )\)ul +ti—1ui—1 + tiu;+1 = 0fori € {2,3 . Ny — 1},

(wNm - /\)uNm +tn, —1un,,—1 = 0.
Solving these recursions, we obtain that
U; = ulm()\) and 7TNm+1(Q) =0 (or PN, +1 (Q) = O)

Therefore, the eigenvalues A1, A2 ... Ay, are the roots of the polynomial py, 11, and the eigenvectors are given by

K2

i _ mi(Ad) here N: — O 2() V2
u; = N where [V; = Zﬂ'j( z)
Jj=1

It can be noted that the matrix A is hermitian, and consequently, its eigenvectors for an orthonormal basis for RNm  which
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implies that

N, N,
Z 7Tj ()\Z)TFJ(AV) = Nféi,i’ and Z 7Tj ()\i)ﬂ'j/ (Al) = Nféj)]/ (20)
i=1 i=1
We next compute v;v — noting that v o< ¢, we obtain that
C1 (t) 1
Nop (6] . O
viv =) cp(t)pp, where , =|jv][e ™ | ],
-1 : :
CN,, (1) 0
which can be rewritten as
1
0 Nm . Nem N (N
—iA m(Ni) it i (A)mi(Ni) ;
e =S e oy(1) = o] Y TR e
. i=1 v i=1 i
0

We now consider
1 o
2 2 * Ak ~ —iw
3 1m0 = vl = ol - R (50 [ G(@it)eta)
j=1

Nom ) [
= [oll7- = > %/w 75 () |6(w)]? cos((w — Ay )t)dw.

i,j=1

We next use the Gauss quadrature theorem [] — we note that the polynomials py, p2 ... py,, are the polynomials that would be
used to approximate the integral of f(w)|?(w)|? in the interval [—w,, w.] with Gaussian quadrature with IV,,, interpolating points.
In particular, for every N, € Z~1, 3w € [0,00)™ with ||w]||, = 1 such that for all polynomials ¢ of degree < 2N,,, — 1,

N,
1 We ~ m
— / q(w)]6(w)[Pde = > wig(Xs).
HU||L2 —we i=1
Note that from the Taylor’s remainder theorem, it follows that,
Vw € [_wcvwc]a cos(wt) = gn,, (w) =+ TN (CU),

where ¢y, is a polynomial of degree N,,, with qn,, (0) = 1, and

sup  |ry,, (W) < Qwet)Vm T/ (N + 1)1 @1
wE[—2we,2w]

We thus obtain that

1 2
B} [ tev — vivl|7. =

Nop N,

||v||2Lz - Z % /ja Wj(w)|@(w)|2qu(w —\i)dw — Z % /fc ﬂ'j(w)|f)(w)|2TNm(w —\i)dw.

i,j=1 ,J=1

Now, from the Gauss quadrature theorem, it follows that since for j € {1,2... N, } degree of 7 (w)gn,, (w — A;) < 2N, — 1

We N7n
| ms) o, (= Adde = [0l > wnm (uax,, O = A,
~We k=1
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and therefore

N,

3% TITO0 [ o) o~ A = ol Y ) 2 g, v = A

i,5=1 —We i,5,k=1

where we have used that 71 (w) = 1 Vw € R. Furthermore, using Eq. 20, we obtain that

N,
X 7T1(AZ)7T()\1) We ~
> Tf i (W) 0(w)*qn,, (@ — \i)dw = [[v]| 72 [Jwl]l; = vl ,
i,j=1 i —We
and therefore
N,
1 =oi( N we N
B lTev — Vt””iz = - ”221 71']]\([:\2 ) /wc ﬂ'j(w)|v(w)|27"zvm (w—\;)dw.

Since fori € {1,2...N,,}, \; € [~w,,w,] and therefore

N

1
5 e = vooll7. < >

ij=1

mi(\i)
N?

swp |, ()] / 3 () 6/ (w) o

WE[—2we,2wc]

Note that Vi, j € {1,2... Ny}, |7j(A:)| < N; and N; > 1. Using this and the estimate in Eq. 21, we obtain that

N,
1 o (wt)Nmtl Jm g ) (2w,t) (2wet)Nm+1 2
e —viol < S 57 [ o i < G Z 95l 2 ollza = S gy Vo el
m D=1 e m ’

Finally, using Stirling’s approximation to estimate (N,,, + 1)! > (N,,, + 1)Vmtle=Nm > NNm+1le=Nm we obtain that

2ew.t N
N, ’

1
3l = veol < ol V2
which proves the lemma statement. O

Definition 14 (Chain-approximation). Consider a non-Markovian model specified by a system Hamiltonian Hg(t), functions
{(thas o) Yae 1,2,y jump operators {La}aci,2..my and single-particle environment dynamics described by the time-
translation unitary group. A chain approximation to this non-Markovian model, with frequency cutoff w. > 0 and N,, € Z~g
modes is a non-Markovian model specified by the same system Hamiltonian and jump operartors, but with square integrable
coupling functions {ve € L*(R)|supp(da) C [~we,we]tae(1,2...m} and single-particle environment dynamics described by the
unitary groups {Va ¢ : L*(R) — L*(R)}aef1,2...m} where Vo is the chain-unitary group with Ny, modes generated by v.,.

Next, we analyze the error incurred on approximating a non-Markovian model with its chain approximation. There are
two sources of error in this approximation — the first is in introducing a frequency cutoff into the model, and the next is in
approximating environment in the resulting model by its chain representation. We analyze both of these errors separately — for
this analysis, we restrict ourselves to coupling functions whose Fourier transforms fall off sufficiently fast with frequency. Then,
we consider models specified by a distributional coupling functions where an additional regularization step (as described in the
previous section) is needed to map them to coupling functions in this class.

Lemma 16. Consider a non-Markovian model described by coupling functions v = {v, € L*(R) N C®(R)| ()00 ()|~ <
o tae(1,2...m1> jump operators { Lo }aeqi,2..ay and system Hamiltonian Hg(t). For w. > 0, consider a non-Markovian
model described by coupling functions v, = {v,, € L*(R)|0a.w, = 0aL{—w, w.) aczs, but with the same jump operators
and system Hamiltonian. Let |V(t)) and |V, (t)) be the state at time t for both of these models starting with initial state
|Wo) € Hs @ FM(L2(R)), thenV k € Z>1,

I19(0) = [, NI < WZHL 11608 Oll= ( VEalloallzs  + 203, )
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Proof: Tt is useful to note that since V a € {1,2... M}, |00 (w)]| < ||(+)0a(-)|| ;o /w. Consequently, we obtain that

Voo (?
oo = va = | TPl < 10ROl [ - bl @2)

2
|w|>w. W We

The proof of this lemma follows from lemma 11. Consider the two error terms defined in lemma 11. First, note that for 7 € [0, ¢]
and o € {1,2... M},

. b Eall 1O)8a ()l o
20| < 4 1 Lall I = vaw. |l < 4uy) L=

Dy e (T) =4 HLaH Haa,rf(va |Wo) > [Wo) w1/2

“Va,we

Furthermore, since Vo € {1,2... M}, v4, Va0, € L*(R), we obtain that V7, s € [0, ]

) ) X (s vallg, 1(:)0a () 1o
{Tr(Va — Vayw, )s TsVa)| < /R(UZ(w) — 0}y . (W) D0 (w)e iw(s T)dw‘ < vallzz Ve = Yaw 2 < L wl/; L=
C
) X ) (5 vallp, (:)0a ()] e
{(TsVa,wer Tr (Vo — Va,w, )| < /R(Ua(w) — Va,w, (W))U;,wc (W)ew(s T)dw' < ”Ua,wc”m llva — va,wc”m < L wl/; L=,
C

Therefore, we obtain that V7 € [0, ¢],

o I loallz, ()80 ()l

ExMe(T) < 4

e
From lemma 11, we then obtain
1
1w () — [, (1)) < 1/2Z||L 1) |Lm(||L Hlvall g2 £ + 24 >>)
which proves the lemma statement. (]

Lemma 17. Consider two non-Markovian models with system Hamiltonian Hg(t), square-integrable coupling functions v =
{va € L*(R)}acq1,2..my and jump operators {Lo}ac(i,2.. .y but with two different single-parameter strongly continuous

unitary groups {To: : L*(R) — LQ(R)}QE{LQ__M}, {Vai : L*(R) — LQ(R)}QE{LQ__M} specifying the single-particle
environment dynamics. Denoting by |V.(t)) and |+ (t)) the system-environment state for the two models at time t > 0 with
[T<(0)) = [¥+(0)) = |¥o) € Hs @ FI(L*(R)), then

M M
1 1
l12<() — 1T ()] < <t+2t ey + 5 2o el loallza ) 321l Sup [1Vo,sta = Toisvel 2
a=1 a=1 €10,

Proof: Let U+(t,s) and Uy(t, s) be the propagators corresponding to the two models — we note that both U (¢, s) |¥) and
U, (t,s) |¥) are strongly differentiable with respect to ¢ and s if |¥) € Hg ® FM[L?(R)]. Consider now,

[1W(2)) =[O~ ()] = [[[Wo) = Uv(0,£)Ux(t,0) [¥o)| -

Now,
%(m(o, U(1,0) |‘I’0>) — U (0,6) (Hy (1) — He(5)Ux(1,0) [ 00)

=1 Z U 0 t a WVa,tVa—Ta,tVa + Lla;va,tvaf'ra,tva) |\IJT(t)> .

We can thus obtain the estimate,

i (vooeconmo )< e (s

a;,va,t'uaf'ra,tva |\IJT(t)>H ) .

R | 20)l P
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Moreover,
2 oo
2 2 2 1
‘ a;r-,va,tvaf'fa,tva |\I}T(t)>H <[V, tva — Ta,tva”w Z(n + 1) [T [ ()] = [[Va,tva — Ta,tvaH[ﬁ (1 + :“\(\I/)T(t))) and
n=0
- o o 2§ I, |U 2 = 2 0y
Aavo 100 —Ta,iva [T(t))|| < ”Va;tva - Ta,tUaHL2 Z?’L ML [ W ()" = Hva,tva - Ta,t'UaHLz Hlwe (1))
n=0

Finally, using lemma 4, we obtain that

2
W oy < 20l +2t2(2||L |||va||Lz) |

From these estimates, we thus obtain

2\ 1/2 M
1
||w1<t>>—|wv<t>>|s2t(1+2u,<w+2t2(2|L |||va||L2)) > el s Vot Tt
a=1 s€[0,t

Lemma 18. Consider a non-Markovian model specified by a system Hamiltonian Hg(t), coupling functions {v, € L*(R) N
Cc™ (R)’ ()00 ()l e < 00}aeqr,2...01, jump operators { Lo }aeq1,2...1y and single particle environment dynamics specified
by time-translation unitary group. For |¥) € Hg @ F37[L?(R)], let |¥(t)) be the system-environment state at time t, and let
|W, N, (t)) be the state obtained from a chain approximation to the non-Markovian model (definition 14), then,

Qew.t N b M 2\ 1/2 M
D) = [Torn.. ()] < ﬁuvm< = ) (1+2u|<%> +2t2<z ILal |va||L2) ) S 1Ll lfoall o +
m a=1 a=1

1/2
1
= ZHL 02Ol ( Val el + 220)|

Proof: Let |¥,, (t)) be the state corresponding to a non-Markovian model wherein the environment state is restricted to the
frequency interval [—w,,w,] i.e. the model with system Hamiltonian Hg(t), coupling functions {vs ., € L*(R)|0q., =
Doy - I_%’%]}ae{l)gmM} and jump operators {La}ae{l)gnjw}. Using lemma 16, we can obtain an upper bound on the error
NT(t)) — | ¥y, (t))], and using lemmas 17 and 15 we can obtain an upper bound on || ¥, (¢) — |V, n,, (¢))||. Using triangle
inequality together with these two bounds, we obtain the lemma statement. (]

Lemma 19. Consider a non-Markovian model specified by a system Hamiltonian Hg(t), coupling functions {v, €
L2(R) N CPR)|[|()a()|lpe < o0}acii..ary. jump operators {La}ae(i,2. .y and single particle environment dy-
namics specified by time-translation unitary group. Suppose that ||L.| ||va|| < Viz and || Lo ||(1)0a()|| e < Vs for
all @« € {1,2...M}. For |\I/0) € Hs @ F7[L*(R)], then 3 a chain approximation of the non-Markovian model with
we < O(poly(M,t, Ve, V57ﬂ|\p ,1/€)) and N,, < O(poly(t, M, V>, V57ﬂ|\p ,1/€)) whose system-environment state at
time t is within € norm distance ofthe exact state.

Proof: Using lemma 18 with k£ = 1, we obtain that

2ewct Non/2 1 1 1
906 = ¥ (D) < N (F ) oty Vi 3 + =ty (M1 Vi Vs ) )

Therefore, to ensure that ||| ¥ (¢ )) Wy, v, (1) < e, we can choose w. < O(poly(M,t, V;z, Vg,,ulq, ,1/€)) and

Ny, < O(poly(wet, M, t, Vye, uw ,1/€)), which yields the estimates in the lemma statement. O

Now, we consider distributional models We need some additional assumptions on the coupling functions to show that they
can be simulated efficiently.

Assumption 1, repeated (Polynomial growth of Radon measure). The radon measure |1 corresponding to the coupling function
should satisfy:

(a) For any interval [a,b] C R, TV(q (1) < poly(|al, [b|) and
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(b) The error functions corresponding to |, Aﬂ‘[aﬂ b () and Ai‘[aﬂ b () as specified in definition 11 are individually locally

A,(LJL;[a,b] (5)7 A}L;[a,b] (E) < pOIy(|a|7 |b|7 E)'

We will consider initial states in the environment which are product state over the different baths, and that the individual
product state have a sufficiently rapidly decaying high frequency response. Furthermore, we assume that the initial states
are efficiently representable i.e. their projection onto a finite set of environment modes, specified by square integrable modal
functions, can be efficiently computed.

Assumption 2, repeated (Initial environment state). The initial environment state |p1) @ |d2)...|pn) where for o €
{1,2... M}, |¢) € Fock|[L2(R)] and

(a) for its n—particle wavefunctions ¢, € L*(R™), and any j, k > 0, AN > 0 such that
S [ () o) de < A
n=0 R

(b) for vy, vy ... vy € L2(R) and P € Z~, all the amplitudes

vac|H (/ awdw) " o)

withny + na ... 0y < P can be computed in poly(m, P) time on a classical or quantum computer.

From a physical standpoint, this assumption ensures that the initial state does not induce an infinitely large ‘field” in the
environment that impacts the dynamics of the system. We make this formal in the next lemma, which can be considered as
providing concrete estimates for the constants ¢, |3y, V., o) defined in lemma 12.

Lemma 20. Let |®) = |¢1) ®@|¢2) ® ... |¢ar) € Fock[L3(R)|®M be an initial state satisfying assumption 2 and let (1, p) be a
distributional coupling function such that ji(w) < O(w?) for some k > 0. For ¢ > 0, and a compact mollifier p € C2°(R), let
ve be a €, p—regularization of i then

(a) Vo€ {1,2...M}andt > 0,

e [0V < Vo) 2|04+ (D)~ 0a0) |

(b) Vo€ {1,2...M}andt > 0,

1/2
i [ (o = o) 18] < Miks2) 20+ 27642000 e

e’'—=0 1

Proof:
(a) We note that fort > Oand @ € {1,2... M}

g reo. |2 Z /
Rn—1

< (/R(wa)mv |{;E(w1)|2dw1) <7;Jn/n(1+wf)k+1 |¢a7n(w)|2dw>,
SNl,kH(/(l—f—w )~ EHD 5, (w1)|2dw1).
R

2
dw

)

/ (@1)e™ o (01, w)) oy

Since v, is an €, p—regularization of (11, ¢) and since ||p|| . < ||p|l; = 1, we obtain that

/me) (W+1) 15, (wn)| deoy < A(uﬁ)*’“”’ﬂ@ﬂdwzH<1+<->2>*<’””ﬂ<'>Hl<°°’
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and thus

e 18] < M) 2|0+ ()70 a0 |

(b)Fore,e’ >0,t > 0and o € {1,2... M}, we note that

Q,TtVe Q, TV s (I)
[ z |
< </(1+w§)<k+2> |6 (w1 ) —@5/(w1)|2dw1> <Zn/ (1+wf)k+2|¢a,n(w)|2dw>,
R n=0 "

SNLIHQ/(I—I—W )~ (k+2) |De (w1) —ﬁs/(w1)|2dw
R

2
dw

[ (02.0) = 026) e 60 (1,0

Now, we note that

e (w1) = s (1) * = fuw) [p(wie) = plene)* < fulwn)wi (e = &) [17]] o -

Noting that ||¢|| ;o < [|(-)p(-)]|» < 1, and thus

/R (14 @) 54 o w0r) = )P < (= )2 [[ (14 ()" ++D )|

Ll
and thus

1/2 |

[ (@aeewe = a9 < Nasa) V2| @+ D EDAE)| Tle =<1

Lt

Taking the limit of &’ — 0 in this estimate, we obtain the lemma statement. O

Theorem 3. Consider a non-Markovian model specified by a system Hamiltonian Hg(t), jump operators {La}aeq1,2...0m}
and coupling functions {(pa,a)}taci1,2.. vy Where jio satisfy assumption 1 with fio(w) < O(w?*) for some
k> 0. For Vo) = o) ® |[®) € Hs ® Fock[L}(R)|®*M, where |®y) is an initial environment
state that satisfies assumption 2, then 3 a chain approximation of the non-Markovian model with wc, N, <
O(poly(e™",t, M,sup,, | Lall s 5upy seio.4 I[Hs (1), Lalll s N1 ky1, N1 kr2,N10)) whose system-environment state at time t
is within € norm distance of the exact state.

Proof: Suppose p € C°(R) is a symmetric mollifier. Consider the non-Markovian model which has the system Hamilto-
nian Hg(t), jump operators {Lq}acq1,2..0} and coupling functions v, = {va: € L2(R)}a€{1_’2mM} where v, is the

e, p—regularization of (p4, ). Denoting the system-environment state at time ¢ corresponding to the distributional model
by |¥(t)), and the regularized model by | W (¢)), we obtain from lemmas 11 and 13 that for e € (0,1/2),

t t
11 (1)) — [T.(6))]| < lim ( /0 £/ (7)dr + /0 D2f|’$50’>(7-)d7-).

Now, since by assumption 1, the error functions Ag [ab] and At [a,0) AT€ integrable in ¢ and b. Since they are of polynomial
growth in a, b and of polynomial decrease in €, we obtain that

t t
/0 A (), /0 AL o(e)dr < O(ePpoly(t)),

for some p > 0. Furthermore, the upper bound in lemma 13(a) and (b) allows us to use the dominated convergence theorem to
obtain

;,ignOZ / £ (7 dT—Z / Tim £ (r >drsO(appoly(t,M,sgp||La|, sup ||[Hs<s>,La1|,N1,k+1>).

a,s€(0,t]

where we have used lemma 20 to estimate ¢, |y, in lemma 13(b). Similarly, using lemma 13(c) together with lemma 13(b),
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we obtain that

i Y- [ 2 () <0< poty (1w Lo Nz ) ).
a=170 «

and thus

e~ 9.0} < O poty (e M sup 2ol sup [[Fs(5) Loll N ) ) +0(<poty (1250 [ Lol iz ) ).

a,s€[0,t]

Consequently, to ensure that ||| ¥ (¢)) — |¥.(¢))|| < €/2, we need to choose. regularization parameter

5_1 = pOIY<€_15 t, Mv sup ”LOCH , Sup ||[H5(t), La]” 5N17k+17-/\/'1,k+2>- (23)
e} a,s€(0,t]

Next, we analyze the chain approximation of the regularized model. We note that if /i, is a function of polynomial growth, since
p € SMR), (')J{’a»a(')HLw < oo forany j > 0. In particular, since /i, (w) < O(w?"*) for some k > 0, then

el = [ i) o) o < O +) and

|()Pa,e ()l foo = sg% lw| fia (W) |p(ew)| < O(Ef(kJrl)).
It thus follows from lemma 18 that there is a chain approximation of this regularized model with

We, N < O(poly(e ™, t, M, sup || Lo ||, e 2* TV N7 ), (24)

such that the error between the system-environment state at time ¢ is within €/2 norm distance from the state obtained from the
chain approximation. Combining the estimate of the regularizing parameter (Eq. 23) with this estimate, we obtain the theorem
statement. O

B. k—local Non-Markovian open system dynamics is in BQP

We next consider the k—local Non-Markovian open system problem.

Problem 1, repeated (k—local non-Markovian dynamics). Consider a system of n qudits (Hs = ((Cd)®") interacting with
M = poly(n) baths with

(a) System Hamiltonian Hg(t) is k—local i.e. Hg(t) = Zﬁl H;(t), where N = poly(n), and fori € {1,2...N}, H;(t) is
an operator acting on atmost k qudits and | H;(t)|| < 1.

(b) Jump operators { Lo }aeq1,2...0y Such that for o € {1,2... M}, L, acts on at-most k qudits and || L. || < 1.

(c) Coupling functions {(jie, Pa) Yae{1,2...M} Such that for o € {1,2... M}, pq satisfies the polynomial growth conditions
(assumption 1).

(d) Initial state |¥) = |0)*™ @ |®), where |®) satisfies assumption 2.

Denoting by ps(t) the reduced state of the system at time t for this non-Markovian model, then for ¢ > 0 and t = poly(n),
prepare a quantum state f such that || p — ps(t)||,, < e.

To prove that this problem can be efficiently solved on a quantum computer, we proceed in three steps. First, we compute a
Markovian dilation of the non-Markovian system with N,,, modes — from theorem 3 it follows that N,,, = poly(n,c~!) modes
are needed to ensure that the error between the dynamics of the non-Markovian and its Markovian dilation is < €. Next, we
simulate the Markovian dilation on a quantum computer — we thus consider a different problem, defined below.

Problem 2 (k—local non-Markovian chain model). Consider a system of n qudits (Hs = ((Cd) ®n) interacting with M =
poly(n) baths with
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(a) System Hamiltonian Hg(t) is k—local i.e. Hg(t) = Zﬁl H;(t), where N = poly(n), and fori € {1,2...N}, H;(t) is
an operator acting on atmost k qudits and || H;(t)|| < 1.

(b) Jump operators { Lo }acq1,2...m Such that for o € {1,2... M}, L, acts on at-most k qudits and || Lo || < 1.
(¢) Square-integrable coupling functions {ve € L*(R)| ||va|l, . = poly(n), supp(ta) C [~we,weltae(1,2...1} Where we =
poly(n).
(d) Single-particle environment dynamics specified by {va.1 : L*(R) — LQ(R)}QG{LQ”,M} where V4 is the chain unitary
group with N,,, = poly(n) modes generated by v,
(e) Initial state |¥) = |0)*" @ |®), where | D) = |¢1) @ |p2) @ ... |dns) satisfies assumption 2.
Denoting by ps(t) the reduced state of the system at time t for this non-Markovian model, then t = poly(n), prepare a quantum
state fp such that ||p — ps(t)||, < 1/poly(n).

Since the Markovian dilation is still an infinite dimensional system (with an effective Hilbert space H g ®Fock[(CN M]®M ), this
requires a truncation of Hilbert space to a finite-dimensional one, followed by simulating the finite-dimensional quantum dynam-
ics. To show that the approximating finite-dimensional quantum system can be efficiently simulated, we use the Hamiltonian
simulatability lemma from Ref. [57], which we restate below

Lemma 21 (Hamiltonian simulatability, Ref. [57]). Given a Hamiltonian H (t) over a system of n qudits such that for every
t>0

(a) ¥ computational basis element |a), the the set of computational basis elements |b) such that {(a| H(t) |b) # 0 together with
the elements {a| H (t) |b) can be computed in poly(n) time, and

(b) Jy IH(t")]|di’ = poly(n),
then 3 a quantum circuit over n qudits of depth poly(n) which implements a unitary U such that HU - Ul(t, O)H < 1/poly(n),
where U (-, -) is the propagator corresponding to H (t).
Lemma 22. Problem 2 can be solved on a quantum computer in run time poly(n, 1/¢).

Proof: For notational simplicity, we will denote by a,,; fora € {1,2... M} and j € {1,2... N,,} the annihilation operator
corresponding to the j‘h chain mode of the o™ bath, which have the commutation relations [aq, s ajl,_’j,] = 0q,a/0;,j7. Problem 2
is then equivalent to the simulation of the Hamiltonian defined on the Hilbert space H s ® Fock[CNm]®M

M M N,, M N,,—1
H(t) = Hs(0) + 3 Noallps (Fathy + Lhoan) + 303 wasal soas + 30 3 tay <aa,ja;,j+l n aa7j+1a;7j>,
a=1 a=1 j=1 a=1 j=1

(25)
where {wWa,j}ac{1,2..M},{1,2..No}> Ltaj fae{1,2...M},{1,2...N,,} are the chain parameters corresponding to the unitary group

Vq,t. We first truncate this model into a finite-dimensional model — to do so, we first derive a bound on the expectation number

of particles in the M baths coupling to the system. Denoting by pi = (Z;V | a]; ja,j) and u? = (Z;y:’"l(al)jaa,j)%, we
obtain from Heisenberg’s equations of motion that '

1
G0 = =illnll ((Eaal 1) = c) < 2lvala I1all o 100) < 2ol Dol VD,
d
e <2<La(al,1)2aa,1>+<LaaL,1>—°-C->szmm | Zal \/u&”<2 u&%l)

integrating which yields

2
WO () < < 1D (0) + [[val |La||t) ,

and

20) - 5108 (L 24/W2(0) < Vu210)= 5108 (1421 0) 42 s 12l (VP O+ ol 121 ),




37

or equivalently

@) pe )\ 2) (1) 1 2
b0 - (B) 7 < P 0+ 2ol 12l (Vi O+ 5 el 120l )

where we have used that for 2 > 0,0 < log(1 + x) < \/z. We thus obtain that if ¢ = poly(n), ug)(t) = poly(n). With this
bound, we consider truncating the Hamiltonian — given p € Z 1, we consider the projector P, = id ® H%ﬂw , where II<,, is a

projector onto the space with less than or equal to p particles defined on Fock[C™N™]. Also, we define Q,, = id — P,. Denoting
by |¥(t)) the state corresponding to the Hamiltonian under consideration (Eq. 25) at time ¢ and by Up (¢, 0) the propagator
corresponding to the Hamiltonian P H (¢)P, then

I[W(2)) = Up(t,0)P [To)|| < [[Qp [T(1))]] +/0 [PpH (5)Qp [W(s))]| ds.

Both the terms in the above estimate can be easily bounded from above in terms of p — note that

M M
1 1
19y [ (t) Z Jid® (07 @ I, ©id") [2(1) < = 3 i (8) = Spoly(n), (26)
a=1 a=1
where we have used A/ = poly(n). Furthermore, noting that P,, Q, commute with any system operators, and for o €

{1,2...M},i,j € {1,2...Nu}, Ppal, j00,;Q, = 0and Ppa/, ;Q, = 0, we obtain that for s € (0,¢),

M
IPpH (5)Qp [T () < Z [vall 2 1 Zall 1 Ppaa,1 Qp [T < D llvallzs | Lall llaa1 Qp [T ()]
a=1 a=1

For o € {1,2... M}, we obtain that

laa1 Qp [P ()] = (¥(5)] Qpal, 1801 Qp [¥(5)) = (U(s)] af, 1001 Qp [W(s)) < (U(s)]| (], 1aa,1)” [W(s)) (T (s)] Qp |¥(s))
and consequently using Eq. 26,

(2) M
laa,1Qp ¥ ()| < “‘“p“) > ul ).

Therefore, fot | PpH (5)Qp(s) |¥(s))|| ds < poly(n)/,/p. Thus, we obtain the estimate

119 (1)) = Up(t,0P [wo) | < Polj;m_

Hence, to ensure that the error is within the truncation is below 1/poly(n), we need to choose p = poly(n).

Finally, we apply lemma 21 to prove the simulatability of the hamiltonan P, H (t)P, — we need to show that on a (suitably
chosen) basis, for any choice of computational basis |b), H (¢) |b) can be efficiently computed as a sparse vector. We consider
the basis set of the form B = Bg x By x By -+ x By, where Bg is the computational basis for the n qudit system, and for
a € {1,2... M}, B, is the subset of Fock state basis for the o™ bath with number of particles less than p i.e.

B, = {(al)l)nl (al)z)n2 ... (al)Nm)nNm |vac) |n1,na...nn,, € Zsowithny +na...ny,, < p}

Consider now the Hamiltonian P, H (t)P, — it can be expressed as sum the following terms:

* PpHg(t)P, — Since by assumptlon is expressible only as poly(n) operators that act on at-most k& qudits, it immediately
follows that P, Hg(t)Pp |b) = Hgs(t) |b) can be classically efficiently computed for |b) € B.

. pwa_jal’jamﬂ?p fora € {1,2...M},5 € {1,2...N,,} — this term is diagonal in the basis B. Furthermore, since
there are only N,,, M = poly(n) such terms, P, 224:1 Zivz"i wa_’jaldamﬂ?p |b) can be efficiently computed V |b) € B.

. Ppta_,j(aa_,jal)jﬂ + aa7j+1al7j)73p fora € {1,2...M},j € {1,2...N,, — 1} — applying this term on |b) € B
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produces a vector with at-most two non-zero elements when represented on the same basis. Furthermore, since there
are only (N,,, — 1)M = poly(n) such terms, P, 3" ij:””i_l ta7j(aa7ja;j+1 + Gajt1 al_’j)Pp |b) can be efficiently
computed V |b) € B.

Py (Laal)l + L},aa,1)Py fora € {1,2... M} — since L, only acts on at-most k qudits, applying this term on |b) € B
produces a vector with at-most 2d* non-zero elements when represented on the same basis. Furthermore, since there are
only M = poly(n) such terms, P, S-0" | (Laal, ; + Lf,aa,1)Pp [b) can be efficiently computed ¥ [b) € B.

It thus follows that P, H (t)P,, |b) can be efficiently computed V |b) € B. Finally, we note from lemma 14 that |wq ;| , ta,; < w
foralla € {1,2...M},j € {1,2... Ny}

M
IPoH P, < [ Hs() +2v/p+ 1Y I Lall[[vall 2 + PM Niwe + 2we(p + 1) M (N = 1),

a=1

where we have used the estimates | Ppaq,;Ppl| » HPpaL ijH < Vp+1

Lol < 1,|Hs(t)| s p, M, Ny, we, t = poly(n), we obtain that fot |PpH (s)Ppll ds < O(poly(n)). Thus, from lemma 21, we
can show that there is a circuit with depth poly(n) that approximates the propagator corresponding to P, H (s)P, with evolution
time ¢ within 1/poly(n) spectral norm error.Furthermore, the initial state can be efficiently represented on the basis B since it is
efficiently projectable (assumption 2b), and hence the reduced system state pg(t) can be efficiently simulated on this quantum
circuit. (]

Ppal_’ jaa,ijH < p. Noting that by assumption

Theorem 2, repeated (k—local Non-Markovian dynamics € BQP). Problem 1 can be solved in poly(n) time on a quantum
computer.

Proof: An application of lemma 3 approximates problem 1 to an instance of problem 2, and then the theorem statement follows
from lemma 22. (]

VI. CONCLUSION

Our work identifies the class of tempered radon measures as memory kernels for which a unitary group generating non-
Markovian system dynamics can be constructed. We therefore generalize the unitary group for Markovian dynamics (i.e. with a
delta function memory kernel) described in the theory of quantum stochastic calculus. We then consider the k—local many-body
non-Markovian systems, and show that their dynamics can be efficiently simulated on quantum computers, thus establishing the
consistency of this generalization with the Extended Church-Turing thesis.

Our work leaves open a few important open questions regarding non-Markovian dynamics. The first question is to further
understand if the growth conditions on the radon measure describing the memory kernel (assumption 1) are necessary — while
there are radon measures that violate these conditions, it is possible that these growth conditions hold for any tempered radon
measure. Alternatively, perhaps violating these growth condition can lead to unphysical situations, such as “infinitely long”
memory times in the non-Markovian system. Formalizing these ideas would allow us to further sharpen the class of memory
kernels that describe physically reasonable non-Markovian models.

Second question would be to characterize the unitary group describing non-Markovian dynamics constructed in this paper. An
important characterization would be to understand if this unitary group is generated by a self-adjoint Hamiltonian. Alternatively,
is the unitary group strongly continuous? Similar questions have been previously answered for the unitary group for Markovian
dynamics provided by a quantum stochastic differential equation [63—65].

Finally, it would also be of interest to develop quantum algorithms for non-Markovian dynamics with better dependence on the
problem size as well as the incurred approximation error by exploiting further structure in the non-Markovian model (e.g. spatial
locality, or availability of the Hamiltonian/jump operators as linear combination of unitaries) and using similar techniques that
have been used in Hamiltonian or Lindbladian simulation problems [33, 36, 38, 66].
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