PHYSICAL REVIEW B 106, 165405 (2022)

Universal properties of boundary and interface charges
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We generalize our recent results for the hard-wall boundary and interface charges in one-dimensional single-
channel continuum [S. Miles et al., Phys. Rev. B 104, 155409 (2021)] and multichannel tight-binding [N. Miiller
et al., Phys. Rev. B 104, 125447 (2021)] models to the realm of the multichannel continuum systems. Using
the technique of boundary Green’s functions, we give a rigorous proof that the change in boundary charge upon
the shift of the system towards the boundary by the distance x,, € [0, L] (where L is a potential periodicity) is
given by a perfectly linear function of x, plus an integer-valued topological invariant /, the so-called boundary
invariant. We provide two equivalent representations for /(x,): the winding-number representation and the
bound-state representation. The winding-number representation allows one to write / as a winding index of a
particular functional of bulk Green’s function. The corresponding integration contour is chosen in the complex
frequency plane to encircle the occupied part of the spectrum residing on the real axis. In turn, in the bound-state
representation, / is expressed through the sum of the winding number of the boundary Green’s function and the
number of bound states supported by the cavity of size x,, below the chemical potential. We observe that during
a single cycle in the variation of x,,, the boundary invariant exhibits exactly v downward jumps, each by a unit of
electron charge, whenever v energy bands are completely filled leading to the value /(L) = —v. Additionally, for
translationally invariant models interrupted by a localized impurity we derive the winding-number expression for
the excess charge accumulated on the said impurity. We observe that the charge accumulated on a single repulsive
impurity is restricted to the values —N,, .. ., 0, where N, is the number of channels (spin or orbital components)
in the system. For systems with weak potential amplitudes, we additionally develop Green’s-function-based
low-energy theory, allowing one to analytically access the physics of multichannel continuum systems in the

low-energy approximation.

DOLI: 10.1103/PhysRevB.106.165405

I. INTRODUCTION

Over the last few decades, the notion of topology has
swiftly moved to the frontiers of contemporary condensed
matter research [1-11]. Possibly, the most prominent example
of the interplay between topology and physics is the so-called
topological insulators (TI), insulators with gapped bulk and
topologically protected gapless edge states [12]. Specifically,
the very presence of these edge modes has motivated an in-
creasing interest in the field of TIs due to their promising
applications in quantum technology [13—17]. In a TI, these
edge states are said to be topologically protected when the said
insulator falls into one of the 10 discrete symmetry classes
[18,19] according to its transformation properties under time-
reversal, particle-hole, and chiral symmetries [20]. To each
of the respective symmetry classes, there exists an associated
topological invariant (such as a Chern number, for exam-
ple), allowing one to distinguish between trivial (edge states
are absent) and topological (edge states are present) phases
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[21,22]. This picture naturally suggests two peculiar physical
questions. First, whether or not topological invariants can be
directly related to a certain physically observable quantity
and, second, whether it is possible to establish a link between
topology and solid-state systems going beyond the constraints
of symmetries?

The first attempt to answer these questions appeared with
the advent of the modern theory of polarization (MTP) [23].
In particular, the so-called surface charge theorem was put
forward relating the boundary charge Qp (the excess charge
accumulated on the boundary of an insulator) to the Zak-Berry
phase of the bulk Bloch states [24-26]. Despite the connection
between the boundary charge and the Zak-Berry phase not
being subject to any symmetry restrictions, this connection
lacks uniqueness. Indeed, this relation holds only up to an
integer since, upon a gauge transformation, the Zak-Berry
phase changes by a winding number of this transformation
[26]. This observation recently served as one of the principal
motivations to study the properties of the boundary charge in
one-dimensional insulators in more detail [27,28].

In a series of our recent works [29-35], a number of
the universal features of boundary Qg and interface Q; (the
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excess charge accumulated on a localized impurity or at in-
terface between two insulators) charges were established. In
Refs. [29,30] topological indices related to the boundary
charge in a broad class of generalized Aubry-André-Harper
models (models defined by the set of periodic hopping
tm = tu+z and potential v,, = v,,1 amplitudes [36,37], with
Z being the number of sites in a unit cell) were intro-
duced. Specifically, a particular gauge has been identified,
in which the relation between the Zak-Berry phase and
QOp becomes exact, fixing the unknown integer of the sur-
face charge theorem of MTP. Furthermore, an integer-valued
symmetry-independent topological invariant I € {—1, 0} (so-
called boundary invariant) associated with the change in the
boundary charge upon the shift of the lattice by a single site to-
wards the boundary (¢, — t,,41, Uy —> Upy1) Was introduced.
In addition, it was demonstrated that upon a continuous shift
of the lattice towards the boundary by the change in the phase
of the modulation of the model parameters, the total boundary
charge consists of (up to a finite number of discontinuous
jumps) a universal linear function of the modulation phase and
a nonuniversal 27” periodic function vanishing in the Z > 1
limit.

In Ref. [31], the universal properties of Qg and Q; were
put into a general framework based on the nearsightedness
principle of Kohn [38,39] stating that localized perturbations
in insulators can only lead to local charge redistributions. In
particular, based on this principle, two quantized invariants
were established for generic one-dimensional tight-binding
models (including the multichannel models, models with
multiple orbitals per site). The first invariant, in analogy
with the single-channel case [29,30], underpins the universal
behavior of the boundary charge upon discrete lattice trans-
lations. The second one is related to the local inversion of
the lattice and characterizes the sum of the two boundary
charges left and right to the septum between two insulators.
These developments form a basis for the theory of the inter-
face charges on localized impurities and domain walls and
provide a generalization of the Goldstone-Wilczek formula
[40-44].

Quite recently, general conclusions of Ref. [31] were given
a rigorous mathematical proof [34]. In particular, for arbi-
trary translationally invariant tight-binding models with N,
channels (orbitals) per site, the boundary invariant was shown
to be given by the winding number of a given functional
of bulk Green’s functions, providing an extended form of
the bulk-boundary correspondence. As opposed to the single-
channel case, I is no longer restricted to the values —1,0
but rather takes on values in the range —N,, ..., 0, naturally
generalizing the N, = 1 case. Likewise, the quantization of
the interface charge on isolated lattice defects was demon-
strated by establishing the winding-number expressions for
the corresponding interface charges.

In another recent work, the continuum limit of the Aubry-
André-Harper models was analyzed [35]. Such a continuum
limit can be achieved by taking the simultaneous limits Z —
oo and a — 0 (with a being the lattice spacing), while keeping
the size of the unit cell finite Za = L, in this case, one arrives
at the conventional Schrodinger equation for a particle of

2 . . . . .
mass m = 2?7 moving in a periodic scalar potential V (x) =

V(x4 L). In analogy with the tight-binding models, the
change in the boundary charge upon the system’s shift was
studied, albeit now, instead of a shift of the system by a single
lattice site, the shift of the lattice as a whole towards the
boundary by a continuous coordinate x, € [0, L] was consid-
ered. It was revealed that the change in the total boundary
charge, up to a number of jumps by minus one electron charge
at the points where an edge state crosses the chemical poten-
tial, is given by a perfectly linear function of x, with the slope
given by v/L. The study thus completely confirms the ob-
servation of [29,30] that the nonuniversal contribution to the
boundary charge vanishes exactly in the Z — oo limit. Fur-
ther, it was revealed that in the case of v occupied bands, the
change in the boundary charge exhibits exactly v downward
jumps by a unit of electron charge, implying that in the con-
tinuum models, the vth band gap hosts exactly v (either left-
or right-sided) edge states. In addition, following [34], integer
charge quantization on localized impurities was demonstrated.

In this paper we study continuum models of one-
dimensional multichannel insulators beyond any symmetry
constraints. The models we focus on are defined by all one-
dimensional Schrodinger operators with periodic non-Abelian
scalar V(x) = V(x + L) and vector A(x) = A(x 4+ L) poten-
tials (here V and A are assumed to be N, x N. Hermitian
matrices). This class of models describes a wide variety of
interesting physical systems. For example, non-Abelian gauge
fields can naturally arise from relativistic corrections such as
Zeeman and spin-orbit terms in quantum nanowires [45,46].
These systems usually possess topologically nontrivial band
structures [47-50], and have a great potential for spintron-
ics applications [51-53]. Famously, non-Abelian fields arise
in the adiabatic dynamics of degenerate quantum systems
(generalizing the idea of the Berry phase) as was shown by
Wilczek and Zee [54]. Another prominent example is given
by cold-atom systems, where the artificial (or effective) non-
Abelian gauge fields arise from the motion of multilevel atoms
in spatially varying laser fields which couple the states in
the degenerate subspaces between one another [55-59]; see,
for example, [60] for an experimental realization. Other note-
worthy applications include the emergent non-Abelian gauge
fields in twisted graphene bilayers [61,62], trapped fermion
systems [63], and semiconductor photonic cavities [64].

Since the bands in multichannel systems are typically com-
posite (see, for example, [65] for definition), the problem of
exact diagonalization of the semi-infinite system’s Hamilto-
nian in the spirit of [29,35] becomes rather challenging. In
order to avoid these complications, following [34], we utilize
the method of boundary Green’s functions (BGF) [66]. The
BGF technique is common in various transport calculations
including, for example, electronic transport in metals [67,68]
and thermal transport in spin heterostructures [69]. Lately this
method was employed in the realm of topological insulators
[70] and superconductors [71,72].

This work is dedicated to the study of both boundary and
interface charges. As it was mentioned above, we employ the
BGF method to study boundary and interface charge-based
topological invariants. The boundary invariant is defined in the
manner analogous to the single-channel continuum models
[35], with a continuous shift parameter x,, € [0, L]. We give a
rigorous proof that the boundary invariant associated with the
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corresponding shift is a quantized integer quantity and provide
two different representations for the invariant. The first rep-
resentation is based on the winding-number expression. The
quantity whose winding determines / is shown to be a func-
tional of the equal-argument spatial bulk Green’s function and
its derivatives with respect to both spatial arguments. Since the
change in the boundary charge jumps by an integer only when
an edge state crosses the chemical potential from below, this
invariant naturally provides a form of the bulk-boundary cor-
respondence in multichannel continuum systems. That is the
spectral flow of boundary (or edge) modes is completely char-
acterized by the bulk quantities. The second representation,
on the other hand, utilizes the boundary Green’s functions
solely. In this representation, the invariant is expressed as a
sum of the winding number of BGF evaluated at x = x’ = x,,
and the number of bound states supported by the cavity (or
box) formed by two hard walls at x = 0 and x,,. What concerns
the interface charge, we study the translationally invariant
system interrupted by a single isolated (§-like) repulsive im-
purity and show that the excess charge accumulated on the
impurity is an integer multiple of the electron charge and
is given by a winding-number expression completely analo-
gous to the one found in the tight-biding realization of the
model [34].

We substantiate our analytical findings by numerical anal-
ysis of both boundary and interface invariants. In our analysis
we decompose S(x) = S(x) + 85(x), where S(x) and 8S(x)
are the Abelian and non-Abelian parts of the scalar S =V
and vector S = A potentials, respectively. First, we consider
a N, = 2 model with both Abelian and non-Abelian poten-
tials being chosen of the same order of magnitude ||S(x)|| ~
[16S(x)|], the regime which we shall call generic. We use this
model to validate the two representations for the boundary in-
variant by comparing the results calculated on their basis with
the ones calculated from first principles. In complete analogy
with the single-channel continuum models [35], we reveal that
the boundary invariant exhibits exactly v jumps by minus one
electron charge unit when the chemical potential is placed in
the vth band gap. By analyzing the spectral flow of the in-gap
edge states, we find that the jumps of 7 happen exactly at the
points where an edge state leaves the occupied part of the
spectrum as it is the case in both continuum [35] and tight-
binding [29,30,34] models. Additionally, for the same model,
we present the numerical results for the interface invariant and
reveal that Q; takes on values in the range —N,, ..., —1, 0.

Further, we analyze the behavior of the boundary invariant
as a function of % in the N, = 3 model. In particular we
cover various regimes ranging from completely degenerate
% = 0 to the generic % ~ 1 one, and examine the
properties of I and the associated spectral flow as the “non-
Abelianity” of the potential increases.

Alongside the exact theory, we develop a low-energy
approximation of boundary and interface charge invariants
covering the universal regime ||8S(x)||, ||S(x)|| < €r. In di-
rect analogy with the low-energy theory (LET) one commonly
develops in the wave-function language (see, for example,
[28,31,33]), we approximate the bare Green’s function of the
model by the one written in the basis of slowly varying right-
and left-moving fields in the vicinity of the chemical poten-

tial. With the help of the LET we recover the single-channel
results obtained in [31] by the wave-function-based methods
and show that, in general, within the LET, the change in
the total boundary charge is, up to integer contributions, a
linear function of x,. Finally, we substantiate our analysis by
comparing the results of LET with the exact ones in a partic-
ular N, = 2 model with small potential amplitudes ||5S(x)]|,
SOOI < €.

This paper is organized as follows. In Sec. II we introduce
the class of models considered in this paper and the corre-
sponding single-particle bulk Green’s functions. In Sec. III
the Green’s functions for the system with isolated pointlike
impurity as well as the hard-wall boundary (the boundary
Green'’s function) are introduced. In Sec. IV the charge on an
isolated §-function impurity (the interface charge) is shown
to be a quantized integer quantity. In Sec. V we define the
boundary charge in terms of the BGF and study its properties
under the shift of the lattice by x, € [0, L]. We define the
boundary invariant and derive two equivalent representations
for it. In Sec. VI we provide the numerical validation of the
two representations of the boundary invariant and demonstrate
the quantization of interface charge. In Sec. VII we study the
boundary invariant as a function of the strength of the non-
Abelian part of scalar and vector potentials. In Sec. VIII the
low-energy approximation of the bulk Green’s function and
boundary invariant are introduced, field-theoretical version of
the surface charge theorem is established, and the analytical
results are substantiated with a numerical example. Finally, in
Sec. IX we state our summary.

In what follows we set the electron charge e and reduced
Planck’s constant to unity e = 7 = 1.

II. MODEL AND BULK GREEN’S FUNCTIONS

Let us consider a model with the Hamiltonian

2
o= 24 A, P V), M
m  2m
where Ax+L)=A(x)=AT(x) and V(x+L)=V(x) =
V(x) are N, x N, Hermitian matrices, and p is the momen-
tum operator.
The retarded bulk Green’s function GO(x,x;z = w +

in) = GO(x, x') obeys the equation

(z—H)GVx,x') =GO, X )z —H ) = 8(x — x),
)

where the arrows indicate the directions of action of differen-
tial operators. Representing

GO0, x)=GCP&x +nL, ¥ +n'L)

L /L ) ,
== dk* GO, %), (3)
ys —n/L

where X, ¥’ € [0, L], we set up the equations

@—H)G @) =) s —% —rL)e"", @)

G (xX)z—Hy)=) 8E—% —rL)e™", (5
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with the boundary conditions

G]((O)(L, )_C/) — eikLG](CO)(O, )_C/), (6)
GV, L) = GO, 0)e . @)

We note the property [G?(x,x)]" = G (x/, x), where the
Hermitian conjugation does not affect z = w + in. We also
used

Sx—x)=686x+mn—-1L—-—X — @ —1)L]
= Za,,n,_na(x—x’ —rL)

L /L ) , )
= dk e N " Ml (x — & — rL).
2 —m/L .
(®)
Alternatively, we introduce
G, %) = ™G (%, &)™, ©)

with G,((O)(x,x’) obeying Eq. (4), in which the momentum
operator is shifted p — p + k, and the periodic boundary
conditions are imposed:

GO, 7)) =G 0,3, (10)
GV, L) =GV z,0). (11)

The latter allow us to represent
— 1 = iy 2migror
G x) = Y Ge BRI (12)
L

Inserting this expansion into the modified Eq. (4), we obtain

Z(ZSW - hk,lz'/)G;(fl)q/ =i, (13)
l//
where
2 2
Ll +k 1 /2w 41"
Iy = %511" + P <T > + k>A1,1” + Vi,
(14)
and
I iy
‘/l,l” = ‘/[7[!/ = Z d.x V(x)e L ) (15)
0

1 L 21 "
A=A = Z/ dx A(x)e™ T (=% (16)
0

are the Fourier transforms of potential and spin-orbit matrices.
We remark the following properties of G (x, x):
(1) Jump in the first derivatives across x = x':

GO0t ) - GO0, ) =GP (x, xh) — GV (x, x7) = 2m,
(I7)
where x* = x + 0T, and the indices 1,2 indicate derivatives

with respect to the corresponding arguments.
(2) Jump in the mixed derivative across x = x’:

GOt x7) = G x ) = idmAG). (1)

III. BOUNDARY GREEN’S FUNCTIONS

Introducing the impurity potential V,8(x), we set up the
Dyson’s equation

G(x,xX) = GO%, x) + VoGPx,00G(0,x')  (19)
= GO, x') + VoG(x, 0GP0, x).  (20)
Establishing first
G(0,x') =[1 — Vo,G(0,0)]7'GY(0, 1), 1)
we find the exact solution to the Dyson equation
Gx, x') =GO x, x') + VoGP (x, 0)
x [1 =VG20,0]17'G90, x). (22)

In the limit V; — o0, corresponding to the hard-wall potential,
we obtain the BGF

G(x,x) =G, x)
— GO, 0[GY0,0)]7 'GP, x).  (23)

We note that in the continuum models with infinitesimally
small hoppings described by differential operators in the ki-
netic part of the Hamiltonian, such a potential completely
separates the left and the right semi-infinite subsystems from
each other. From either subsystem’s point of view, it then
looks equivalent to a steplike potential of the infinite height.

IV. INTERFACE CHARGE

To compute the interface charge
1
o =- —Im/dw@(u —w)
b4

oo
X / dx tr{G(x, x) — GV (x, x)}, (24
where the integration over the spectral range is limited from
above by the chemical potential x, we use the identity (derived
in Appendix A)

o 9G®(0,0
/ dx G0, x)GP(x,0) = —#. (25)
oo Jw
The interface charge is then given by
1
0 =- —/dw@)(u—w)
b4
d 5 ~(0)
x Im Fy Indet(1 — VoG (0, 0)), (26)
w

which is an immediate generalization of the corresponding
lattice result. In the limit Vi — oo we obtain

1 9
0 =—— /da)@(u — »)Im — In det G(0,0). (27)
T Jw

V. BOUNDARY CHARGE IN SEMI-INFINITE MODEL
A. Definition

We straightforwardly generalize lattice model expressions
to obtain the charge Qp = fooo dx f(x)[p(x) — p] accumu-
lated near the (left) boundary in the right semi-infinite model.
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Hereby p(x) is the charge density, p is the average charge
density deep in the bulk (i.e., far away from the boundary),
and f(x) is an envelope function, interpolating between the
values 1 close to the boundary and O in the bulk. It can be
generally shown [29,34,35] that Qp can be decomposed as

Q5 = Qp + Op, (28)

where
, 1
Op =— ;Im/da)@(u —w)

X /<>O dx e " tr{G(x, x) — GO(x, x)} (29)
0

1 o0 .
:—Im/dw@(u—w)/ dxe 0*
T 0

x tr{[G?(0, )] G0, )GV (x, 0)} (30)

represents the sum of the Friedel and the edge-state contribu-
tions, while

L
0r =~ [ dxi1p¥m - 5l (31)
0 L

is the so-called polarization charge expressed in terms of the
dipole moment. The latter arises from the charge distribution
in the crossover region of the envelope function f(x). Hereby,
the periodic bulk density and the average bulk density are
given by

pPx) = —%Im / doO®(u — o) tr{GP(x, x)}),  (32)

1 L
p= / dx p©(x), (33)
L Jo
respectively.
Using the identity (see Appendix A)

o0
2m / dx e " GO (xo, x)GV(x, x0)

X0

9G (x0, x0)

= G, x0)

GV (xt, x
% _ G;O)(xo,xar)

Jw
3G(0) ,
+ 2iG(0)(X0,Xo)A(X0)w (34)
w
oL
:G(O)(XO”‘O)%G(“)(%,W), (35)
w

where
Lxo) =[G (xo, x0)]7' Gy (xo, x5) — iA(x0)  (36)
possesses the Hermiticity property (see Appendix B)
L(x0) = L (xo), 37

we cast

o0
/ dx e tr{[G2 (x0, x0)1 7 G (x0, x)G(x, x0))

Xo

(38)

1 9L(xg)
= %tr{G(O)(xo,xo) 3 0 }

Thus, we find that

1 1 9L(0
0y = —Im/da) O(u — w)tr{G(O)(O, 0)—L
T 2m dw

}. 39)
B. Properties of Qp under the system’s shift

Let us shift the right subsystem towards the wall by x,, and
evaluate an analog of (28) in the shifted system. All quantities
referring to the shifted system are denoted by the superscript
(@), e.g, A (x) = A(x + x,) and V@ (x) = V(x +x,). By
inspecting an equation for the bulk G (x, x'), we find that
it coincides with G (x + x,,, X' + x,).

First we study the change in the quantity Qp:

AQp(xy) = Qp(xy) — Op(0). (40)

Expressing

L
Op(x,) = — / dxg[p(o)(x +x,) — Pl
0

L+x, _
== [ @t 0w - p

4

and noticing that p@(x) = p@(x + L) is a periodic function,
we derive (see Appendix C)

AQp(xy) — pxy = — /0 Cdx p® (). (42)

It is apparent that AQp(L) = 0.
Next, we study AQp(x,) = Qp(x,) — Qp(0). Considering
the Green’s function

Gx, ') =GOx, x') — GV(x, x,)
X (G (g, 211GV (g, ), (43)
which is an analog of (23) with the infinite-strength delta
impurity at x = x, instead of x = 0, we represent

1
Qp(x,) = —;Im/da) O(u —w)

x / ” dx e " tr{G(x, x) — GO(x, x)} (44)

Xo

1 o0 "
= —Im/dw@(u, —a))/ dxe 0%
V4 X

(4
x tr{[G (x,, x,)] 7' GO (x,, )GV (x, x,)}.  (45)
Applying the identity (38) to (45), we express

2m dw
(46)

Qp(xy) :%Im/dw O(u —w)tr{G(O)(x(p,xq,) ! 8£(x¢)}.

Since both G©(x, ., ) and L(x,) are periodic in x,, so
is Qp(x,). For the difference AQjp(x,) = Qp(x,) — Qx(0),
which obeys the condition AQp(L) =0, we can state the
following integral representation:

1
AQp(x,) = ;Im/da) Ol — w)

Y o d 1 0L(x)
dx—1tr{ GO (x, x)—
x /0 xdx r{ o x)2m dw

}. (47)
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C. Representations for the boundary invariant

We study the boundary invariant
I(x,) = AQp(x,) — px, (48)
= AQj(xy) — /O " dx pO). (49)
Since AQp(L) = AQ(L) + AQp(L) = 0, this invariant pos-

sesses the property I(L) = —pL.
Combining the terms, we obtain

I(xy) =%Im/dw®(u—w)/ de

d 1 9L(x)
(0)
X tr{ [G (x, x )2 o

Another representation reads as

0] g,
(50)

I(x,) =— %Im/da) O —w)

x/ dxe_mxtr{f}(x,x) — GYx, x)}

1
+ —Im/da) O(u — w)

T

©° +

X / dx e " tr{G(x, x) — GO(x, x)}

0

1 o
+ ;Im/da) O(u —a))/ tr{GOx, x)}. (51)

0
1. Representation in terms of the winding number

Let us first derive an equation for the function £(x) defined
in (36). Exploiting the relations

d
©) -1
I (G (x, x)]

dGO(x, x _
= —[G“))(x,x)rl#[G“”(x,x)] (52
dG(O) ,
# = GO0, 1)+ GOV xT),  (53)
we establish
Ll
W 6O 01! [GP (™, %) + G (x, x )]
dx

x [GO(x, )] 7' G (x, xF)
+16 0, 01 [GR (x x D) + G (2]
— A (x). 54)
Using the representation (see Appendix B)
GG 2" =GP0, DGV, 017 G (x, xT), (55)
and Eq. (2), we find

dﬁ(x)

2
dx L=

IA)L(x) + iL(x)A(x)

— A%(x) — 2m[z — V(x)]. (56)

Differentiating it with respect to w, we also find

d Bﬁ(x) (X)
0w — [L(x) +iA(x )]
- aﬁ(x)[LT(x)—iA(x)]—Zm (57)
Jw
and
d IL(x)
0) _
tr{G (x,x)dx %o }
= —tr{ [G(lo)(x+, x)+ G(ZO)(x, x+)] LX) }
Jw
— 2mtr{GO(x, x)}. (58)

From the last relation we obtain

tr{ 4 [G(O)( )i 8£(x):| + GO, x)}
dx w

_ _tr{aﬁ()‘)}. (59)

ow

Substituting it in (50), we reveal

I(x,) = —%Im/da) O(u — a))% /Oxw dxtr{L(x)}. (60)

Defining the matrix

U(x) = Pexp {/x dx/ﬁ(x/)}, (61)
0

where Pexp stands for the path-ordered exponential, we derive
the following differential equation for it:

dU(x)
dx

Using the Jacobi’s formula

U(x)
dx

=Lx)Ux), UO)=1. (62)

tr{L(x)} = tr{ — U 'x )} = j_x In detlf(x), (63)

we express the boundary invariant as the winding number of
det U(x,):

I(x,) = —%Im/dw O(un — w)% In detU(x,). (64)

When the chemical potential is located above the vth
band the average density in the bulk amounts to p = 7 (see
Appendix D), and by (48) it follows /(L) = —pL = —v. This
defines the following topological invariant associated with the
filling factor v

1 ad
T,=-I(L)= —Im/dw O —w)y— IndetW = v,
b4 dw
(65)
where W is given by

L
W =U(L) = Pexp {/ dx E(x)}. (66)
0

Let us note that £(x) can be expressed in terms of the bulk
quantities solely. On the other hand, Z, provides the infor-
mation on the number of edge states sitting in the gap above
the band v. Indeed, since /(x,) drops by unity each time an
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edge state escapes the occupied part of the spectrum, each
time the edge state escapes it never returns back as the edge-
state dispersion always connects the valence and conduction
bands together [29,34,35] (see also Secs. VI and VII), and
the in-gap edge state dispersion relation is periodic in x,,
7T, = v is precisely equal to the number of edge states to be
found over one x,, cycle in the gap above the band v. We thus
see that Z, underpins a new form of bulk-boundary corre-
spondence (BBC) in multichannel one-dimensional models.
As it is emphasized in Sec. VII the conventional form of
BBC in the sense of Hatsugai [6] cannot be established in
multichannel models, due to the nonvanishing x, derivative
of the edge state dispersion relation at the band-touching
points.

2. Representation in terms of bound states
Let us introduce the Green’s function G®(x, x') for the
model with two infinite-strength delta impurities at x = 0 and
x,. It obeys the relations

GP(x,x)=G(x,x), xx >x, (67)

GP(x,x)=G(x,x), x,x <0 (68)

and for 0 < x,x" <x, it satisfies the Schrodinger equa-
tion with open boundary conditions. This observation allows
us to rewrite (51) in the form

I(xy) =%Im/da)®(u—a))/ wdxtr{G(z)(x,x)}
0
— lIm/da)@(u—a))
b4

oo
x / dx tr{G® (x, x) — G(x, x)}. (69)
—00
The first contribution is interpreted as —N,, where N, is a
number of bound states in the isolated cavity 0 < x < x,,
which lie below the chemical potential . This follows from
the fact that G is the exact Green’s function for the cavity
of size x, with open boundary conditions. In the Lehmann
representation we get

1 %y
—Im/dw@(u —a))/ dx tr{GP(x, x)}
T 0

1 o
= —Im/dw@(u—w)/ dx
T 0

C 1 ;
X ; mtf{lﬁﬁ (X)W,g(x)}

-y /0 dx (v )

eg<p

- [ st ==, (70)

€g<iL

where 14 (x) are the exact eigenfunctions of the Hamiltonian
(1) and ey are the corresponding eigenvalues for the given
boundary conditions.

To evaluate the second term, we note the equation for
GA(x, x'):
GP(x,x') = G(x, x)
= G(x, x)[G(xy, x)] ' Glxp. X)), (71)
Using the analog of (25) for G(x, x") (see Appendix A)
o 0G(x,,
/ dx G(x,, 0)G(x, x,) = _960w %) gy
o dw

we obtain

1 0
I(xy) = =N — ;Im/da) O(u — a))% Indet G(x, x,),
(73)

i.e., the boundary invariant can be expressed in terms of the
bound states and the winding number of det G(x,, x,,). The
comparison of (65) and (73) also provides the formula for N,:

N, = —%Im/da) O(u — a))% lndet[G(xw,xw)Ufl(xw)].
(74)

VI. NUMERICAL RESULTS: VALIDATION OF BOUNDARY
AND INTERFACE INVARIANTS

In order to showcase the above-developed theory we study
a particular N, = 2 system defined by the following potential
profiles:

A(x) =0.60p sin(gx) + 0.703 sin(3gx)
+ 0.4[cos(rr /4)o| + sin(mwr /7)o,] cos(4gx), (75)

V(x) =0.300 cos(gx) + 0.307 sin(2gx)
— 0.40, cos(2gx), (76)

where oy is the 2 x 2 identity matrix, o; (j = 1, 2, 3) are the
usual Pauli matrices, ¢ = ZT”’ and we set L = 5 a.u. (through-
out the calculations we adopt the Hartree’s atomic units, that
is, we additionally set the electron mass to unity m = 1).
The energy dispersion of the bulk system is shown in Fig. 1.
In the following we assume that the chemical potential of
the system is located in the band gap above the sixth band
maxy €¢x < M < Mming €7 .

A. Calculation of winding numbers and bulk
position-space Green’s functions

We are interested in evaluation of the winding numbers of
the form

dw ad
wn[K]| = — / O — w)lm— In K(w) an
b4 Jw
for some function K (w), which is real valued on the real axis.
Along the branch cut it is ill defined, therefore, it is necessary
to shift @ — w + in, as prescribed in the definition of retarded
response functions. Noticing that Im K(w + in) = %[K (w +
in) — K(w — in)], we interpret the first term K (w + in) under
the integral as K (z) being integrated from —oo + into u + in,
and the second term —K(w — in) under the integral as K(z)
being integrated from w — in to —oo — in. This observation
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FIG. 1. The bulk energy spectrum of the model used in the numerical calculations throughout this section. Left panel: band structure
corresponding to the model defined by the non-Abelian gauge potentials (75) and (76) with L = 5 a.u. Right panel: the corresponding bulk
local spectral density at the origin of position space p©@(w) = p@(w,x = 0) = —%ImG(O)(O, 0; w + in) (for numerical reasons n = 1073 was
chosen in the calculation of spectral density). Throughout the numerical calculations we assume that the chemical potential w is located in the
gap above the sixth energy band, which we schematically illustrate by the black dashed line.

allows us to rewrite wn[K] in terms of the contour integral in
the complex frequency plane z,

wn[K] = — y§ ?ilnl((z), (78)
c 2mi 0z

where C is a clockwise contour surrounding the occupied part
of the spectrum residing on the real axis. For practical pur-
poses we consider a rectangular contour having the width 2n
in the imaginary direction and ranging from B to p in the real
one. Here w is the chemical potential and B is some energy
lying below the bottom of the lowest band. Let us also note
that nonetheless retarded and advanced Green’s functions are
defined in the limit n — 07, in practical calculations of wind-
ing numbers, 7 can be chosen arbitrarily (and it is numerically
beneficial to choose larger values of n) since the winding
number, being a member of the homotopy class of a unit circle
simply measures the degree of the mapping S' — S' and
cannot be affected by continuous contour deformations (see
Fig. 2). Numerically, the contour integral in (78) is calculated
as [34]

dz 9 SO
— _WmK@)~> AKX n.>1 79
where
}]YIKBXVEF ,VI_XIlKBYVIIi LN
K _ 1 l(R,]f)z : 9 g ne — 1 80
n T o ) vKexk, —XxKsvf, _ (80)
T ®y o =N

XK =Re[K(w,)], YK =Im[K(w,)], (81)

K _ K)?2 K)?
R =/ (XK)" + (vK)", (82)
8x\, =xF-xf vk =vF-vk (83)

Here {wp}y=1... s 1S the contour-ordered set of points on the
contour C. Note that for small values of 7, in the spirit of [34],
one has to employ the adaptive numerical algorithm for the
determination of points {w,},=1,., for any given calculation
of the winding number. Using the above-mentioned analytical
continuation trick (choosing larger values of 1) one automat-
ically avoids these complications since the said K function is
only needed far away from the nonanalytical features of G,
This allows one to evaluate all of the ingredients involved
in the calculation (G©, G(IO), G(ZO)) once on the fixed grid
of complex w points. Despite this drastic simplification, we
stress that as a rule of thumb one has to choose a much
denser set of w points in the vicinity of the chemical potential
w € {i + iy|ly € [n, —n]} than on the rest of the contour w €
C\ {u+iyly € [n, —nl} (in fact, for n, B = O(1) the points
on the rest of the contour can be chosen rather sparsely).
This very observation served as our major motivation for the
development of the low-energy theory presented in Sec. VIIIL.

As we have seen in Secs. IV and V, the relevant invari-
ants can be expressed through the functionals of the bulk
position-space Green’s function. For these purposes we em-
ploy the series of basis transformations (3), (9), and (12),
and search for the Fourier components of the bulk Green’s
function G,(:,)l), y- In order to numerically solve Eq. (13) for

G,(COI) , we introduce a cutoff M < oo in the space of Fourier

modes (labeled by [, /) and replace the infinite-range Fourier
summations by the corresponding cutoff ones as

(84)

[ee) M
> fim Y
I=—M

I=—00

for a given sequence f;. The value of the cutoff has to be
chosen in the way that leads to the convergence of the cor-
responding observables. Within this approximation we write
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FIG. 2. Top panel: Schematic illustration of two contours in
the complex w plane encompassing the nonanalytical features of
the K function on the real axis. Here blue and orange contours
correspond to the small and large values of 1 and B, respectively.
Second and third panels show a comparison between the mappings
of the small- and large-n rectangular contours by the function K =
det[1 — V,G©(0, 0)]. Despite of the smaller-n contour having much
richer structure than its large-n counterpart, we see that the value of
winding number (—1) is unaffected by contour deformations as is
suggested in main text.

(13) as

1 — )G ~ 1, (85)

where 1 is the M - N. x M - N, identity matrix, é](co) isthe M x
M block matrix composed of N. x N, blocks G,(:)l), y»and z €
{wn}n=1,....n,. 1t thus follows that

G, ~ (21 — )y (86)
Hence,
R :
(—;(0) %)~ — i_h 71, %(lem,)' o
(X, X) L l’:E—M(Z K e 87)

In order to perform the integral in (3) we discretize the
first Brillouin zone by slicing it into N; > 1 segments
of width §; = ﬁ and replace the integration with a
sum of N, evenly spaced momenta k,, = —% +6m, m=
0,..., Ny — 1, so that

/L
/ dl f (k) ~ 8 Y f(kn)- (88)
—m/L ko

Taking into account the transformation (9) it finally follows

Sk < s o
G(O)(x, x/) ~K Z elk,,,(x+nL)e—lkm(x +n'L)
2
ki

x 3 (2l = ly,) e TET(89)

We note that, in practice, the inverse of z1 — Iy is numerically
ill defined for z in the vicinity of the real axis. Indeed, since
the above matrix is normal [z1 — /. (z1 — A)T] = 0, its con-
ditional number can be written as [73]

- — speclh
e — ey = Mz = spectii})

(90)

min(|z — spec{iy}|)’

and since min(lz—spec{ﬁk}D takes arbitrarily small val-
ues as one approaches the spectrum of e, we conclude
that « can take on arbitrarily large values, so that the
numerical inverse ceases to exist (independently of the nu-
merical inversion algorithm). To avoid this complication,
we perform numerical diagonalization of I and rewrite the
inverse as

No

GEYAREDY

a=I1

o, k) (o, kI, oD
T — €k

where €qx, |a, k) are the eigenvalues and the normalized
eigenstates of & labeled by the band index ¢ =1, ..., N, =
N.(2M + 1). With this in hand we rewrite Eq. (89) as

S (e o
G(O)(x, x/) ~ K Z elkn1(x+VlL)e—lkm(X +n'L)
2
Kom

Z

x Y ——F,E&¥),  (92)
where we have defined

M
2i (jz_ 5!
Fam@®X) =Y [, kn) (@, knllipe ™ 1. (93)
LI'=—M
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FIG. 3. (a) Shows the interface charge as a function of the impurity strength V, (here V, is measured in Hartree units) for the model defined
by potentials (75) and (76). As one can see, the charge on the impurity is restricted to the values —2 (= —N,), ..., 0 as it was the case in
tight-binding description [34]. (b), (c) Demonstrate how the contour defined by the K function det[1 — VoG©(0, 0)] crosses the point 0 + i0

when the interface charge drops as 0 — —1 and —1 — —2, respectively.

Note that the above representation is also beneficial from the
numerical perspective since the auxiliary function F, ,, (%, ')
requires a one-off numerical evaluation once M, N, and the
position-space grid have been established. Analogous repre-
sentations hold for the derivatives of the bare Green’s function
GEO)(x, x') and G;O)(x, x).

B. First-principles calculation of boundary invariant

To test the validity of the representations of the boundary
invariant introduced in Secs. VC 1 and V C 2, we compare the
invariant computed based on Egs. (65) and (73) with the one
computed from the first principles. As opposed to our anal-
ysis of boundary invariant in the multichannel tight-binding
models carried out in [34], we find that the calculation of the
invariant based on the exact numerical diagonalization of the
Hamiltonian (1) in the basis of standing waves is unfeasible
due to the size of the dimension of its matrix representation
required for the convergence of the results. To this end, we
again employ the method of boundary Green’s functions. In
particular, we make use of the formula (50), which is derived
from the basic definition of the boundary charge by simple
position-space integration.

As one can infer, handling the formula (50) requires (in ad-
dition to the calculation of the bulk Green’s functions and its
spatial derivatives) the knowledge of the frequency derivative
of the L(x) function defined by (36). Exploiting the matrix
identity (52) we find

9 aG(O) , +
G(O)(x, X)—L(x) = M
ow

ow
3G (x, x) _
—~ T[G@(x, OGP (x, ).

(94)

Here we again find the representation (92) beneficial since
it allows one to avoid the finite-difference calculation of w

derivative and simply write it as

0 Sk o I
_G(O) X, x/ ~ K elkm(XJrﬂL)e*lkm(X +n'L)
ow ( ) 21 ;
N, |
x Z—zFa,m(x, ). (95)
a=1 (Z — €ak,

Again, an analogous representation holds for %Ggo)(x,x’).
Evaluation of the integral in (50) is again eased by rewriting
it as a contour integral in the spirit of (78) with the following
analytical continuation.

C. Results
1. Interface charge

In this section we start our discussion by considering the in-
terface charge invariant as a function of the impurity strength
0; (V). Numerical results for the interface charge invariant are
presented in Fig. 3(a) for 10° values of V; in the range [0, 12].
The chemical potential was chosen to lie slightly above the
sixth energy band 11 = max; €6 + 1072, As opposed to the
single-channel case where the charge on an isolated impurity
is restricted to the values —1, 0 [31,35], we observe that the
interface charge in the multichannel system takes on values
—2(=-N,),..., 0.

The jumps of the interface charge occur whenever
an edge-state pole defined by the condition det[l —
VoG(0, 0)]],,.r = O crosses the chemical potential from be-
low, that is, a unit of electron charge is carried away from
the system in the process of spectral flow. In Figs. 3(b) and
3(c) we demonstrate this process by studying the flow of the
contours resulting from the mapping of the rectangular con-
tour defined in Sec. VI A by the K function K(w) = det[1 —
VoG®(0, 0)] as a function of impurity strength V,. Once the
first bound state leaves the system, the K contour crosses the
origin of the complex plane w = 0 + i0 leading to the winding
number of —1. As the value of the impurity strength increases
even further, the second edge state escapes the occupied part
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FIG. 4. Top panel: The spectral flow of the in-gap edge states as
a function of the shift variable x,,. Here the orange solid lines indicate
the bound state poles of the right-half system and the green dashed
lines indicate those corresponding to the left-half system. Position
of the chemical potential (indicated by the dashed black line) is
chosen to be straight in the middle of the band gap between the
sixth and seventh bands. Bottom panel shows the boundary invariant
I(x,) = AQp(x,) — px, as defined in (48). Invariant calculated from
the first principles [utilizing Eq. (50) is shown in pink, whereas the
boundary invariant calculated on the basis of the winding-number
expression (65) is depicted in blue dots. As one can notice the value
of the invariant drops by 1 each time the bound-state pole crosses the
chemical potential from below.

of the spectrum resulting in the second drop of Q; by unity
which is reflected by additional knotting of the contour around
o =0+4i0.

2. Boundary invariant

Now let us turn our attention to the boundary invariant
I(x,). Boundary invariant (BI) computed on the basis of the
winding-number representation (65) alongside the one com-
puted from the first principles (see Sec. VIB) is shown in
the bottom panel of Fig. 4. In the calculations of /(x,) the
chemical potential was chosen to lie straight in the mid-
dle of the relevant gap u = %(maxk €6.x + ming €7 ;) and the
position-space grid consists of 10 evenly spaced points in
the range [0, L] = [0, 5]. First, we note that Bls calculated
within two approaches are in exquisite agreement with one
another, thus justifying the winding-number representation
of Sec. VCI1. In analogy with the single-channel contin-
uum models [35], BI shows exactly v = 6 downward jumps
by a unit of electron charge for the filling factor v leading

to the properties [(0) =0, I(L) = —pL = —+L =—v = —6
demonstrated analytically in Sec. V C.

Again, the mechanism leading to the abrupt reduction of
the charge is the spectral flow of the edge-state poles inside
the gap hosting the chemical potential. The pole positions as a
function of the shift parameter x,,, found as the real solutions
to det[G(O)(x(p, x,)] = 0, are plotted in the top panel of Fig. 4.
We note that there are precisely 12 solutions to the pole equa-
tion in the interval x,, € [0, L]. Six of these, plotted in dashed
green lines, correspond to the left-half system, whereas the
other six, depicted in solid orange lines, are the ones relevant
for us, those corresponding to the right-half system. As one
can infer from Fig. 4, the downward steps of /(x,) happen
exactly at the points where bound states leave the system, as
is indicated by vertical yellow lines.

Let us note that the entire bulk band structure of any
multichannel continuum model is invariant under continuous
shifts of the lattice by x,, (as it is the case in single-channel
continuum models [35]) as opposed to the tight-binding mod-
els examined in [34]. This fact can be trivially seen by a
simple coordinate shift in the Schrodinger equation for the
bulk eigenstates of the system. Another similarity to the
single-channel continuum theory is the presence of exactly
v = 6 poles in the band gap above the vth band, an interesting
difference though lies in the discontinuity of the edge-state
dispersion relation, that is, the poles of the left-half system do
not continuously transform into the ones of the right half in
the process of the spectral flow.

Finally, in Fig. 5, we present the results for the bound-state
representation of BI introduced in Sec. V C2. The topmost
panel of Fig. 5 shows the first contribution to BI given by
the formula (73), that is, the negative of the number of
bound states —N,, inside the cavity (box) of width x,, lying
below the chemical potential yu = %(maxk €6k + Ming €7).
Although this number can be found on the basis of the formula
(74), we have found it numerically beneficial to calculate it via
numerical diagonalization of the Hamiltonian (1) in the basis
of standing waves:

2 . [mnx
Xn(x) = [ —sin (—), x €0, x,], neN. (96)
V X X

The second contribution to BI defined by (73), i.e., the wind-
ing number of the boundary Green’s function (23) atx = x’ =
Xy, is shown in the middle panel of Fig. 5. Although —N}, is
a strictly decreasing function of x,, (as one would expect on
the physical grounds N, ~ 2x,./i/m), wn[G(x,, x,)] shows
three upward jumps by unity. Noteworthy, these are precisely
canceled by the corresponding downward jumps of —N}, (as
indicated by the punctured green lines) leading to the correct
functional dependence of the boundary invariant as is demon-
strated in the bottom panel of Fig. 5.

v
L

VII. NUMERICAL RESULTS: FROM COMPLETELY
DEGENERATE TO GENERIC REGIME

In this section we are going to analyze the properties of [
and the associated spectral flow in the re%imes ranging from

VIl [I8AX)] ;
the clc‘;r;tp)lﬁtely degenerate o TSl = 0 to the generic
X

HEAMI] 7 A
SRR 1. Here, V(x), A(x) and §V (x), 8A(x)

one
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I(x,) first principles

----- I(x,) bound states
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Ly

FIG. 5. Top panel: Negative of the number of bound states below
the chemical potential u = %(maxk €6« + ming €7 ) inside a box of
width x,. Middle panel: The winding number of boundary Green’s
function G(x,, x,). Bottom panel: Comparison between the bound-
ary invariants calculated from the first principles (50) (in pink) and
the ones calculated with the help of the bound-state representation
(73) (blue dotted line).

are the Abelian and non-Abelian parts of the correspond-
ing potentials V(x) =V (x) + 8V (x), A(x) = A(x) + SA(x).
In the following we consider the N, = 3 system defined by
the potentials

V(x) = [0.35 cos(2gx) + 0.76 sin(gx)hg,  (97)

A(x) = [0.44 cos(3gx) + 0.11 sin(2gx)]ro, (98)

8V (x) =0.074X1; cos(gx) + 0.0108X4 cos(2gx)
4+ 0.00431¢ cos(3gx) + 0.00221rg sin(gx), (99)

8A(x) =0.00311; sin(2gx) + 0.011x5 sin(3¢gx)
+ 0.006515 sin(4gx) + 0.0092A7 cos(4gx). (100)

Here Xy is the 3 x 3 identity matrix, A;, j=1,...,8, are
the standard Gell-Mann matrices, and g = 2Tﬂ In the fol-
lowing we assume that L = 3 a.u. and as before we adopt
the Hartree’s atomic units. In the following we also assume
that the chemical potential lies a quarter band gap away from
the top of the sixth energy band yu = i(3 max €x ¢ + min € ¢)
independently of the perturbation strength.

The energy band structure, the spectral flow of edge states
inside the gap, and the boundary invariant for the potentials
V@) =V@E +0x8V(x), Vx)+1x8V(x), V) +5 x
8V (x), V(x)+ 10 x 8V (x) [analogous for A(x)] are shown
in Fig. 6. As the perturbation is turned on from zero, the
energy subbands of a completely degenerate model slightly
split apart, and as the strength of the perturbation increases
further, the subbands become more and more distinguishable.

Similarly, the edge-state poles lying on top of one another
in a model with degenerate bands are split apart by the pertur-
bation. Let us note that as soon as the perturbation is turned
on, the edge state dispersion’s x, gradient is no longer zero
at the band edges (as it is always the case in single-channel
models [6,35]), instead the bound-state poles enter the band at
a slant. Touching the band edge by the edge-state dispersion
in the single-channel case is an important property for estab-
lishing the conventional bulk-boundary correspondence in the
spirit of Hatsugai [6]. It allows one to assign a certain sign-
valued vorticity to the touching point, the sum of all vorticties
over both band edges, bottom and top, representing the Chern
index of the band. In the multichannel case this property does
not hold, as discussed above. But, it is nevertheless possible
to establish the bulk-boundary correspondence by observing
that the overall drop of the boundary invariant over the single
x, cycle coincides (up to the sign) with the number of the
occupied bands v.

As one can see, in a degenerate system, the boundary
invariant features a pair of jumps by —3 corresponding to
the escape of the particles of different “color charge” sitting
in the same bound state. As the perturbation is switched on
and the degeneracy is gone, the single step of —3 degenerates
into a threesome of steps splitting further and further apart
as the strength of the non-Abelian part of the potentials is
increased.

VIII. LOW-ENERGY THEORY

In this section, we consider the class of systems with both
Abelian and non-Abelian parts of vector and scalar potential
being much less than the Fermi energy. In this case, it is
possible to develop the so-called low-energy theory (LET)
allowing one to get analytical insights into the physics behind
the states residing near the chemical potential.

As per common practice [28,31,33], present LET is
developed on the basis of degenerate (Brillouin-Wigner) per-
turbation theory, where the periodic potentials generating the
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FIG. 6. From top to bottom: energy spectrum, spectral flow of in-gap edge states, and boundary invariant for varying relative strengths of
Abelian and non-Abelian parts of scalar and vector potentials. Here the strength of the perturbation increases from 0 x {ZX} in the first column

to 10 x {‘;X} in the last one. Here the chemical potential is indicated by the dashed black line and is chosen to lie a quarter of band gap away

from the top of the sixth energy band © = %(3 max € ¢ + min €; ) (for any strength of the perturbation).

Fermi-surface resonances of 2kr; = MTD, v=1,2,..., are

treated as the perturbation to the free-particle Hamiltonian.
In the following case, for simplicity purposes, we restrain
ourselves to the systems satisfying

L L
/ dxe TV (x) #0, / dre T°A(x) #£0.  (101)
0 0

That is, we assume that the amplitudes of the mode corre-
sponding to the Fermi surface b are nonzero and thus the
gap is opened in the first order in perturbation theory. In
the opposite scenario one simply has to consider higher-order
perturbation theory to obtain the effective low-energy Hamil-
tonian (see Refs. [28,31] for details).

Note that in LET, the channel splitting of the energy bands
is typically much smaller than “global” gaps generated purely
by the periodicity of potentials, which are themselves much
smaller than the Fermi energy. For this purpose, it is conve-
nient to adopt the new labeling of states. In this section, the
global gaps (from now on referred to as gaps for simplicity)
are labeled by the index b = 1, 2, . ... In particular, when the
chemical potential is placed in the gap D, that means that
v = N, - D bands are filled.

A. Approximation for bulk Green’s functions

Consider either odd gap v = 2p + 1 or even gap ¥ = 2p.
In the LET description, an odd gap occurs when the two
parabolas corresponding to the quadratic kinetic term in (14)

and labeled by / = p and —p — | intersect each other at
k = T, while an even gap occurs when the two parabolas
labeled by [ = p and —p intersect each other at k = 0. To
lift these degeneracies, it suffices to project the perturbative
terms A; ;» and V;;» in (14) onto the quoted pairs of states.
Thereby, we get an effective low-energy Hamiltonian written
in the 2 x 2 block form, with each block being a N, x N,
matrix

k7 ko k
P(hk — —F>7> =h" = ——+ A+ W
2 m

m 2m
UF]; + vpAp %Ap +Vi
%A;—t + V]—j —UF]; — vrAp .
(102)

Hereby, P denotes the corresponding projector, with the upper
state being p, and the lower state being —p — 1 (—p) for odd
(even) v. In the following we label these states by a, b = 1, 2.

We set the chemical potential p = gr;—z: and introduce the
notations k = k — % (k = k) for the odd (even) case as well
as define the Fermi quasimomentum kr = kp; = ”T” and the

Fermi velocity vp = vpy = 2X. In the above representation
, mL

(102) we use the Hermiticity property of V (x) and A(x) trans-
lated to their Fourier components (15) and (16): V_; = v,

v
A_; = AL. Without loss of generality, we can choose the zero-

mode matrices Vj and Ay to be traceless.
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Introducing 7 = z — u and neglecting the term % we eval-
uate the corresponding effective Green’s function Glgo)eff =
z— hsz)’l. The corresponding low-energy approximation
for the Green’s function in the spatial representation reads
as

G(O)(x, x/) ~ /OO %eﬂ}()(7xf)
oo 2T

% [G](EO?,]effeikF(xfx’) _’_Gl(zoifffefikr(xff) (103)
+G/(Eoi;ff ik (rx) —i—(_;l(;);’leffe_ikf(”x')]. (104)

For the special single-channel case with A(x) = 0 and V; =0,

(0),eff 7+ UFk Vi
G = [k, )( z—vFlE,>’ (105)
1
fk,2) = 5— VR (106)
and
GO(x, x) = 2F @Q)[Z + V3| cos(krx + ¢3)], (107)

where ¢; is the phase of the gap parameter V; = |V;|e'?,

F@) = [ &5k z) = — 50 \/ﬁ,and in particular
[ w?— \72
F(Z—co-l—i)——L i —Vsl <0 < V5]
N M= 2UF \/W
T @<l

(108)

B. Boundary charge

In the low-energy approximation we neglect the polariza-
tion charge Qp since itis O(, ¢~ ”V In L':k”) (see Appendix E 1).
Our goal is to evaluate the boundary charge by the formula
(30) making the LET approximation of G®. Let us then

consider

/ dx e (GO (x, x,) GV (xp, x,)1 7' GO (x,, X))

4

_, [ dk [dk
= tr{[G(O)(xw,xw)] 1/§ o

&) - -
% / dx ¢ F=F+i0")(—x,)
X,

(4

x Z G[({O);f/f ikp (b'xp—d’ x)G(O) eff zkp(ax bxw)}. (109)
a,b,a't/

In order to suppress terms which are fast oscillating in x, we
select only the terms in these sums, which have a = ¢’ [as it
is shown in Appendix E 2, the rapidly oscillating terms give
a O(HV””) contribution]. (Here we use a,b=1,2 = +, —).

After that we perform the x integration and obtain

[0¢]
/ dx e tr{GO(x, x,)[G? (%, x,)] ' GO (x,, X))
X,

¢

dk [ dk i
r{[ Corx )1 [ 5 | i T o

x Z [G](;(/)) effG](;O),eff]b,
bbb

(110)

ik (b —b)x,
A€ .

Note the left-subsystem analog

/ " dx GO, x )G (xy, x)17' GO (x,, )}

di’ i
GO L X /
{[ (- %) 27 k—k —i0t
x Z GGy eﬂ]bfbei"“b'—bw}. (111)
Representing
G(O) ettG(O) eff G<0) ettG(O) eff | G}(}(/J),eff(G](EO),eff _ G](z(/)),eff)
(112)
5 7(0),eff
- —3—2[(_};(;9)’6ff] +op k' — k) —E—0.GO T (113)
on one hand, and
A(0),eff A(0),eff _ A(0),eff A0)eff | (AO)eff  A(0),eff\ A(0),eff
Gy G = GG + (G Gy )Gy
(114)
5 #(0), off
_[G(O)eff]+v (k — k/)G(O)eff il S (115)
oz 0z

on the other hand, we insert the symmetrized combination of
the above expressions into (110). Thereby, we obtain

o0
/ dx e tr{GO(x, x,)[GO (x,, x,)1 7' GO (x,, X))

¢

1
A —Etr{[G(o)(x(p,xw)]_ (116)

dk'
—Evptr{[G( ) (X5 %)™ 1/ /

G(O) Jeff . aG(_O),eff
% § : G(()) eff G(_()),f:ffo_Z k_
K 0z
b,b b'b

9GO (xw,x¢)}

x el’krw’wxw}. (117)
1. Single-channel case
Noticing that
G](z(/)),effo_zél(z()),eff — G](gO),effo_Z Gl(;(,)),eff’ (l 18)
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we show that

~(0),eff ~(0),eff
aGk’_ UZG](;O),eff _ G](}(/)).effo_z aGlE_ ‘
07 0z
= 2/ (.2 - fkDIGY . GPN (119)
+ R 0GP = GV Mo fk 7). (120)

Integrating over k and k', we observe that the term (119)
vanishes, while the term (120) gives the contribution

_2f O Vi
2[F(2)] <_Vv* 0/ (121)
Inserting this into (117), we obtain

o0
/ dx e "GO (x, x, )[GO(x,, x,)1 7' GO(x,, x)
X

¢

1 1 | OF (z)
__f__[ @1 (122)
274 V5| cos @y
UliF(Z)|VD| Sifi% (123)
Z+ Vsl cos gy
where @y = 2kpx, + 5.
Integrating over the valence band states up to —|V;|, and

accounting the pole at w = —|V;| cos @5 in the band gap (set-

ting u = |V;|), we obtain
cor 1 1 dz 1 —2vpF(2)|V;] sin @y
0nto) = 05" — 3+ 5 Py :
4 2 2mi Z+ |Vs| cos @5
1
= 03" — 7 +0@)
1 =5l VD 1 _D
s . Vil sin@ .
2 J (0 + V5| cos @p)y/@? — V]2
(124)
Hereby, the contribution _Z arises from the half-winding
of the function F'(z) around the branching point w = —|V, |:
1 BF(Z) 1 7§ dz z
F ! - ——
Z?Q FOT T2 ) 2mi V52— 22
1 —|Vs|+in dz
8mi —|Vs|—in |Vf;| +z

/‘V"l dow w+in
X P T Sy
—oo 27 [V5|? = (@ + in)?
1 1 Vsl
= ————/ dold(w —Vs]) +8(w + [V3])]

- . (125)

In turn, the term Q3™ accounts the contribution of deep-lying
occupied states which is missing after the spectrum lineariza-
tion. Following the prescription of Ref. [31], we represent
Qp"™ as a boundary charge in the gapless model with the
nonlinearized spectrum (2 in the present case). The corre-

sponding calculation, carried out in Appendix F, yields the
result Q" = —%.

Recalling that for ¢ € [—m, ] it holds

/_1 sin ¢ 7 —270(p), (126)
= T —27 ,
—o0 (x + cos@)v/x2 — = ¢
we finally obtain
Op(@r) = ;L (127)

which is consistent with our previous result for lattice models
[31].

2. Multichannel case

Assuming that ||V;]| ~ vp||As||, we see that the scalar
potential gives the dominant contribution to the off-diagonal
component of the matrix in (102) at k < kr. Along with the
additional simplifying assumption Ay = 0, this results in the
full neglect of the vector potential A(x). Thereby, we obtain
the multichannel analog of (105):

G](EO)'eff _ f] (k, TZ)(Z:’__UFk) i fl (k_v Z)Vfi ] ’ (128)
Vi filk, 2) (Z — vrk) f2(k, 2),
where
_ 1
k,z) = — , 129
Si(k, 2) 2 orh ViV (129)
_ 1
k,z2)= — —. 130
fa(k, 2) 2 kP -V, (130)
These matrices satisty f1V; = V; fa, V; fi= szJ. Employ-

ing the singular-value decomposition V;, = U,V U; and VJ =
UQV]-)*U T, where U ; are unitary matrices, and V;isa diagonal
matrix, we represent f; = U, f U IT and f, = U, f U, . Hereby,

1

fo 2= 22 — (vpk)? — |V |2 (13D
is the diagonal matrix. Then,
GOl _ (Ul fUli(Z N vrk) U f}Z—)U; A ) 132
k U,V fU z — vrk) U fU,
It follows
GO, x) = UizF U/ + UszF U,
+ Ui FVU) &% + U,V FU e 20 (133)

with the diagonal matrix £ (Z) = % f fooo dk f (k, 7). In the off-

diagonal representation we have

GO, x) =z2(F + B)

+ Fl V,-,eZikFx + V\jTFle—ZikFx’ (134)
with Fi»(2) = 5 [, dk fi2(k, 2).
Denoting
- A T A A _{
GO — R dk GO _ UzFU| U FV;U,
h 21 oo ' UZVTJ*FU; UzZl‘ﬁUzT
= 2F % f = wEOwt
- W(V;F 94 )W =WG, W, (135)
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where W = (%‘

/ (0),eff ~(0),eff
BT =R
07

0
U7), we evaluate

IGO ~0)_ IGY

= W|: “@ 5, GO) — Gg?)oz—agv ]W*

0 2F2V;\ .
= W(_zV;ﬁz 0 )W

0 2U1F2V]—)U;>
= N : (136)

(—2U2Vﬁ F2U] 0
Then,
/ / dk/ ZeikF(b’xw—hxw)
bv

aG(—(,))’eff B B BG(—O)’eff
x |: g_ UZGIEO),eff _ G](;,))’eff(fz g_
Z Z vb

= ZUIﬁZVDU;gzikFXw _ 2U2VQ*F2U1T672ik,:xw

= 2F2V,ePkere QYT FRe ki (137)
Introducing the following quantity
P(x,) = — ivptr{[G (xy, x,)] 7!
x (FVyertrre — yiiFZe k) ) (138)
we show in Appendix G that
%};ﬁ”) = —I;—ia%tr{[G(O)(xwxw)]_l}. (139)

Then,

QB ( xw ) —_ corr
1

10 ©)
o dz Ea—lndetG (Xg, xy) — P(xy)

corr+ _ygdz[_—lndetG( ()Qp,x(p)

kp 0

—PO)+ o Y (GO, x)]_l}}

0
(140)

where the contour embraces both poles and branch cuts in the
counterclockwise direction, and Q3" = %. Hence,

Qs(xy) — 0p(0)

dz 91 o o
_ 27-”8Z 21 ndet G (X(p,x(p)——lndetG (O 0)

LA e x)]_l}:| (141)
Vr Jo
L ygdzqg(xq,,z) 7§dzq3<o 2). (142)

In the representation (142) we employed the boundary charge
spectral density
13 ©)
qp(xy32) = Ea—zlndetG (xp, Xp) — P(xy), (143)
and (142) holds true by virtue of the identity (139).

The frequency contour integral gives the two contributions
to Qp(x,) — Op(0). First, there is a branch cut along the real
axis from —oo to —Ay = —minjgn, |VM| that is up to
the valence band edge determined by the smallest eigenvalue
of V5. Second, there are poles lying in the band gap below
the chemical potential, that is in the range —A; < Z < 0. We
should, however, keep in mind that these poles can correspond
to bound states in either the right or left subsystem.

To evaluate the branch-cut contribution, we use the rep-
resentation (141), in which the integrand is expressed in

terms of the full frequency derivative. Noticing that the
det GO (x,,x,)
detG(0,0)

— max;<n, | V.|, while the jump in

[GO 0, )] o= —ootin — [GO(x, )] e=—ooiy = 2ivF
(144)

phase of is continuous at very large negative 7 <

contributes to

00 (x,) — QY (0) =

k[: _ X
= ;chw = vNCZw

L kg [* )
——/ dxtr{2ivg} (145)
2ri vr Jo

= px,. (146)

In turn, to evaluate the poles’ contribution to Qp(x,) —

035(0), we use the representation (142). The poles Z;p )

of gp(x,;z) are identified with the roots of the equa-
tion det G (x,, x,) = 0, and thus we get

Y Rj(x,).
J

1
Py dzqp(xy32) = (147)

2mi poles

where we sum residua

1<1 | 2P(x) det G(O)(xw,x¢)> (148)

R;j(x,) = _11 2

9 det GO (x,,x,)

az
of all the poles. It turns, however, out that R;(x,) = +1 for
the bound state in the right subsystem, and R;(x,) = 0 for
the bound state in the left subsystem (see Appendix H for the
proof). Thus, we find the poles’ contribution

P (x,) — QP (0) = N, (x,) — N, (0)

in terms of the number N, (x, ) of the bound states in the right
subsystem with energies lying in the gap below the chemical
potential. In particular, in the single-channel case

sin @,

1
Ny = (14 S
2 2( T singl

which is in agreement with our previous result [31]. Finally,
Op(xy) — Qp(0) = px, + Ny (x,) — N:(0). (151)

This formula allows for an immediate interpretation in terms

of the spectral flow. Note that x,, can be redefined x, — x, +

ﬁ Z]xv(:1 @y, to include the mean phase of the gap-matrix
eigenvalues.

(149)

> = O(sin @), (150)
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—— Exact spectrum
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FIG. 7. Comparison of the exact spectrum of the model defined
by the potential (152) (here L = 3 a.u.) with its low-energy coun-
terpart. As it is indicated in the inset the exact spectrum is well
approximated by the low-energy one in the vicinity of the chemi-
cal potential located in the middle of the second energy gap u =
1(max €4 + min € 5).

C. Comparison with exact theory

One expects the low-energy theory (LET) to be valid
in the regime of small enough energy gaps f—; < 1, where

Aj ~ maxi gy, |\7g, »| is the energy gap hosting the chemical
potential, and € is the Fermi energy. Thus, for the purpose
of comparison of LET and exact result we have to choose a
model with small enough potential amplitudes. In particular,
let us consider the following N, = 2 potential:

V(x) = vgop cos(3gx) + vioq sin(2gx)

+ v207 sin(4gx) + v3o3 cos(2gx). (152)

Here as before g = 27 /L, 0 and o; are the identity and Pauli
matrices, respectively, and the potential amplitudes are chosen
to be vo = 0.0065, v; = 0.035, v, = 0.00275, vz = 0.047.
In the following we additionally assume that L = 5 a.u. and
the chemical potential is located in the middle of the second
band gap i = (max €, 4 + min €, 5)/2 (thatis ¥ = 2). We can
read off the effective potential:
. %] U3
V, = —iao; + Bos, a—2, 5
The Dirac-type model features a quartet of energy bands with
dispersion relations given by

elfaj)[ =o0,Jvik2+ A%, Ar=a+pB.

Here 0 = — corresponds to the valence bands, o = + cor-
responds to the conduction ones, k=k—0=k, and vp =
kp = % = 2?” The comparison between the exact and ap-
proximate dispersion relations is shown in Fig. 7. As one can
infer from the inset, in the vicinity of the chemical potential,
the two perfectly overlap.

Performing the manipulations outlined in Sec. VIIIB 2 we

find that the LET approximation of the equal argument bare

p= (153)

(154)

Green’s function is given by
GV, x) =z(F, + F oo + (ALF, + A_F_)sin(2kpx)o,
+ (A E, — A_F_)cos(2kpx)os. (155)

Here F. are the diagonal elements of £ corresponding to the
two different gaps A.. This immediately allows us to write
the determinant of G (x, x):

A 1

det GO(x, x) = 2F, F_[2* + A, A_ cos(4kpx)] — TR
Uf
(156)

It is straightforward to determine the poles inside the gap
7€ [—|A_|,|A_]|] satisfying det G (x, x) = 0. We find the
following solutions:

Ay A_|sin(4kpx)]

7=+
VAL + A2 £ 28, A cos(4kp)

O[A_[/IA+] = cos(4kpx)], (157)

where © is the Heaviside step function. The affiliation of a
given pole (for a given value of x) with either left- or right-
half system follows from the sign of its spatial derivative:
positive for the right-half system and negative for the left one.
Using (138) we obtain the following simple result for the P
function:

det GO(x, x)P(x) = 2up AL A_F F_(F, + F_) sin(4kpx).
(158)

With this in hand, we readily find the following central result
for the aforementioned model:

0y (xy) — 0 (0)
_ sin(dkrx,) ( A_ + Ay cos(dkpx,) sin(4kpx,)

= sin(@krx, )| \ 1A_ + A, cos(dkrx, ) sin(dkrx, )|
L AIAL A cos@hexr)] N A+)>
AL+ A2 428, A cos(4kpx,)
O[lA_|/|A4| — cos(4krx,)]. (159)

The comparison of the results presented above with exact ones
is shown in Figs. 8 and 9. Figure 8(a) shows the spectral flow
of the in-gap edge states calculated from det[G¥(x,, x,)] =
0, Z € [max €4, minegs], where GO (x,, x,) is the exact
Green'’s function for the model defined by the potential (153).
On the other hand, the spectral flow based on the LET solution
(157) is shown in Fig. 8(b), and its difference to the result
in Fig. 8(a) is presented in Fig. 9. As is indicated by dashed
vertical yellow lines, the values of x, where the edge states
(belonging to the right-half system) escape the occupied part
of the spectrum calculated on the basis of two approaches
are in perfect agreement. Moreover, the entire line shapes
of the spectral flows are in exquisite tune with one another.
This signifies that in the regime of small gaps, not only the
exact spectrum in the vicinity of the chemical potential is
well approximated by LET (see Fig. 7), but also the Green’s
function itself. Let us also note that the discontinuity feature of
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FIG. 8. Comparison of the exact invariant with the one obtained
on the basis of the low-energy theory. (a) Shows the spectral flow of
the in-gap edge states obtained within the exact theory. (b) Shows the
spectral flow of the in-gap edge states obtained within the low-energy
approximation. (c) Shows the x,, dependence of the residue R(x,) at
the pole z7 [see (157)] lying below the chemical potential.

the spectral flow (the poles of the left-half system do not con-
tinuously transform into the ones of the right half) discussed
in Sec. VIC also persists in the low-energy regime.

Figure 8(c) demonstrates the residue (148) at the pole z3
lying below the chemical potential. As one can see, the residue
takes on values O or 1 depending on the “chirality” of the pole.
Whenever an edge state lies below the chemical potential, R
equals 0 if the edge state is hosted by the left-half system and
equals 1 if the edge state belongs to the right-half system as it
was pointed out in Sec. VIII B 2. As is indicated by the dashed
vertical yellow lines, the change in the value of the residue
happens precisely at the points of the x,, cycle, where the right-
half system’s edge modes escape and the left-half system’s
enter the occupied part of the spectrum.

IX. SUMMARY

For generic continuum models with non-Abelian scalar and
vector potentials, we have laid down a theoretical framework
for boundary and interface charge investigations. Within our
approach, both boundary and interface charges are expressed
in terms of bulk position-space Green’s functions and its
derivatives, allowing one to avoid the direct construction of
the wave functions of an inhomogeneous system, a hardly
achievable goal in a system with composite energy bands (a
typical scenario in multichannel systems).

With the help of the Green’s function representation of the
boundary charge, we establish a topological integer-valued
index (x,) associated with the change in the boundary charge
upon the translation of the entire system by x, € [0, L] to-
wards the boundary. We demonstrated that /(x,) admits for
two equivalent representations: the winding-number and the
bound-state representations. In the winding-number represen-
tation, the boundary invariant is expressed via the winding
number of a particular functional of bulk Green’s functions
as it encompasses the section of the real-frequency axis corre-
sponding to the occupied part of the energetic spectrum (see
Table I). On the other hand, in the bound-state representation,
the boundary invariant is expressed as the sum of the winding
number of the boundary Green’s function and the number of
bound states hosted by the box of size x,, lying below the
chemical potential.

We observe that during a single x,, cycle, the boundary
invariant exhibits exactly v downward jumps by a unit of elec-
tron charge whenever the chemical potential is accommodated
by the gap above the vth band. This naturally generalizes the
results on the single-channel continuum models [35] to the
multichannel realm. We find that the boundary invariant quan-
tifies the spectral flow of the boundary eigenvalue problem:
discontinuous jumps of /(x,) occur whenever an edge-state
pole escapes the occupied part of the spectrum, that is, the
unit of electron charge is carried away from the system in the
process of spectral flow. Since the boundary invariant quan-
tifies the boundary problem while being expressed in terms
of bulk quantities solely, it presents itself as a symmetry-
independent formulation of bulk-boundary correspondence in
one-dimensional multichannel continuum models. Moreover,
we have seen that the property of the bound-state dispersion
having zero x, derivative at the band-touching points [35] is
not retained in the multichannel case. In the single-channel
case this property is crucial for establishing the conventional
bulk-boundary correspondence [6]. It allows one to assign an
effective vorticity to the touching point, all vorticties over both
band edges, bottom and top, summing up to the Chern index of
the band. Even though in the multichannel case this property
does not hold, it is still possible to establish the bulk-boundary
correspondence by observing that the net drop of I over the
single x, cycle, up to the sign, coincides with the number of
the occupied bands v in the system.

Additionally, the quantization of excess charge accumu-
lated on an isolated §-function (repulsive) impurity, the
so-called interface charge Q;, was demonstrated. In particular,
we prove that the charge on the impurity is given by the wind-
ing number and, thus, is a topological invariant (see Table I).
Via this construction, we provide a rigorous mathematical
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FIG. 9. Left panel: Comparison of the spectral flow of the in-gap bound state energy (relative to the Fermi energy), corresponding to the
first bound state shown in Figs. 8(a) and 8(b). The span of the bound states slightly differs as predicted by LET and computed from first
principles, that is, LET and exact bound states typically leave and enter the energy bands at slightly different points. For that sake, in the right
panel, the difference between the bound-state energies as predicted by both approaches is only shown in the overlapping regions.

proof of the nearsightedness principle in the general one-
dimensional multichannel continuum models (see Ref. [34]
for an analogous result for tight-binding lattice models). We
observe that the charge piled up on the impurity is restricted
to the values —N,, ..., —1,0, generalizing the results of
Ref. [35].

For the systems with potential amplitudes being much
smaller than the typical value of kinetic energy, we addi-
tionally develop a Green’s-function-based low-energy theory
(LET) of boundary and interface charges. In particular, for the
models with scalar potential only, we provide a rigorous proof
that the change in Qp upon a continuous shift of a lattice
towards the boundary by x, is, up to integer contributions,
a perfectly linear function of x,. This development provides
the multichannel generalization of the field-theoretical ver-
sion of the surface charge theorem discovered in Ref. [33]
for single-channel tight-binding models. We reveal that the
agreement between LET and exact results becomes exquisite
in the regime of small energy gaps (potential amplitudes),
signifying that in this regime, in the vicinity of the chemical
potential, the exact Green’s function of the theory is perfectly
approximated by its LET counterpart. Of future interest is
the generalization of the existing low-energy theory to the
one-dimensional systems with non-Abelian vector potentials.

The developed approach of the boundary Green’s functions
can be naturally applied in higher-dimensional models for the

TABLE I. Summary of the main formulas: winding-number
expressions for the boundary and interface invariants. Both quan-
tities characterize properties of systems with broken translational
invariance, being themselves nevertheless expressed in terms of the
Green’s function G (x, x) of the translationally invariant model.

Invariant Notation wn [det K], Eq. (78) Details
Boundary I(x,) R = Pexp f(;“’ dx L(x) L(x)inEq. (36)
Interface 0O; R=1-V,G90,0) imp. strength V,

search of localized edge, surface, or hinge modes. However,
a technical challenge might consist in explicit solving of the
Dyson equation in the presence of higher-dimensional bound-
aries and impurity potentials.
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APPENDIX A: DERIVATION OF EQS. (25), (34), and (72)

Performing the sum over unit-cell index we obtain

[oe)
/ dx G0, )G (x, 0)

o0

o0

L \2 (/L 7/L
= > () / dK’ / dk ¢t nt
oo 2 —/L —/L

L
x / di G0, )GV (%,0)
0

L /L L

= dk | dxG?0,vG%x,0). (A
2 k k

T J_m/L 0

Exploiting the Fourier representation (12) we further observe
that the above expression equals

L H/L l L =(0 iy 205 =(0
dk - > / dxG) e T e L GY)
0

S il Ll
27 )L INANA | 2
I /L 1 ~(0) ~
L 1 (0) ~(0)
Y —ﬂ/LdkLZ (Gk Gy )Zl’lé

I,
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9| L (M1 )
= ~5a g/_ dkzz (G)

/L I lé
d (0)
= ——G (0, 0). (A2)
(0)—1
In this derivation we used the matrix identity G(o) Gk G((])

(0) ((J) 1

and the property = 1 which follows from (13).

We also prove (34) wh1ch is a single-sided analog of (25).
Without loss of generality we set xo = 0 since the coordinate
systems can be chosen arbitrarily. Summing up over the unit
cells, we obtain

o0
/ dx e 0G0, x)GO(x, 0)
0
L L 2 /L , /L
/dx(—)/ dk/ dk
0 2x/ g —x/L
o0
x Z i(kfk’+i0+)nLG(0)(0 )_C)G(O)()_C 0)

27'[/ /

x / dx G (0,x)GV (%, 0).
0

1 _ el(k —k' +t0+)L

(A3)

To evaluate the latter integral, we differentiate (4) with respect
tow
3G9z, 0)

H7)—t——==0.

GO, 0)+ (z — ”

(A4)

Multiplying the result with G(O)(O, X) and integrating over X
from 0T to L™, we obtain Wlth help of (5):

L
/ di G0, )G (%,0)
0

G (%,0)

.
- / dx GV(0, X)(H ™ — H)
0+

Jw
1 3G (%, 0) IGY (X, 0)
— — | O N SR () PN B S
= - |:G2’k,(0,x) » G(0, 1) —=—
.
—2iG(0, HAFEGY (%, 0)} (A5)
ot

Taking into account the boundary conditions (6) and (7) as
well as the property (17), we derive

L
m / dx G0, H)GY (%, 0)
0

(0) ©0) o+
_ 6@ 0.0+ 20 ©.0) _ 00, 0,261 0". 0)
X ow ow
G (0,0 ,
— 2iGY(0, O)A(O)—C(U ) }( =L 1)

(0)
i(k—k")L aGk ©,0) )

Jw

— 2me (A6)

Since

L /L " ei(k—k’)L
27 Jap 1 — gitk—k+i0%)
1 d(eik’L)

= -1 L _ gikLy—0'L

- =0, (A7
278 Joel—n/L ) €FF (&7)

the last term of (A6) does not give any contribution to (A3).
The remaining terms of (A6) yield

o0
—2m / dx e " *G9 (0, x)G(x, 0)
0

L 2 pm/L /L
= (-) / di’ / dk
2w —r/L —n/L
3G\V(0,0)

3G(0F,0)

x [G;?;,(o, 0h) —- G0, 0)

— 2iGY(0,0)A(0)

G0, 0)] A8)

w

which proves (34) for xy = 0.
Finally, to prove (72), we notice that (25) can be easily
generalized to

(o] 8G(0) //’ /
/ dx GOG" )G, x) = — 20 00X )
oo Jw
Then, using Eq. (23) we show that
[o.¢]
/ dx G(x,, x)G(x, x)
—00
_ 8G(0)(x¢,,x(p)
- ow
aG©(0,
+ GO, 0160, 0y 2O
ow
3G (x,, 0
1+ 2800 016000, 0)11 600, x,)
w
(G (0, 0)] !
+ 6Oy, ) A0 Gog )
ow
_ _BG(x(p,x(/,) (A10)
dw

APPENDIX B: PROOF OF THE IDENTITIES (37) AND (55)

We consider the Green’s function
Gy, (x, x) =GO (x, ")

— GO®x, x)[G?(x0, %) ' GP(x0, x'), (B)

which corresponds to a model with the infinite-strength delta
impurity at x = xp, and for xo = 0 it coincides with (20).

For the arguments’ values x < xy and x’ > xp this function
identically vanishes, G,,(x, x") = 0, since such points belong
to the different subsystems, between which there is no com-
munication. Differentiating the right-hand side of (B1) with
respect to both x and x’, and then taking the limits x — x;
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and X’ — x;, we obtain

GOy, x1) = G (g, x0)[G? (x0, X0)1 7' G (x0, x).
(B2)

This proves the identity (55).
Analogously, we establish that

GO, x5) = GO (g, x0)[GV (x0, x0)1 ' G (x0, x7).-
(B3)

Comparing the right-hand sides of (B2) and (B3) with each
other, and accounting the properties (17) and (18), we estab-
lish

GO (xE, x0) GO (x0, x0)1 7! + iA(x0)
=[GV (xp, x0)I 7' G (x0, xT) — iA(x0). (B4)

For the upper sign choice, this relation coincides with (37).

APPENDIX C: DERIVATION OF (42)

To derive (42), we consider

L+x, X
0r(x,) = — / A (p 00 - )

(7

L+x, X
=0r(0) — / dx7 [P () = p]
L

X Oy =
+/0 a5 ~ 7]

X+

P00 - )

= 0p(0) — / "dx
0
X 0 -
+/0 a5 - 7]
= 04(0) — / " dxlp @) — ]
0

=0p(0) + px, — / Cdx p® (). (C1)
0

APPENDIX D: AVERAGE DENSITY IN THE BULK

Here we would like to prove that whenever the chemical
potential is located above the gap number v, the average
density in the bulk amounts to p = 7. In order to proceed,
we review some elementary properties of the bulk eigenstates
of the system in close analogy with [35]. In particular, the
eigenstates satisfy the Bloch condition

Vea(r +L) = & a (), (D1)

and are normalized to unity over the unit cell

L Ne L
/0 dx ] (iaX) =) /0 dx Yl v, (). = 1.
r=1
(D2)

Furthermore, the following completeness and identity resolu-
tion identities hold:

L /L

o Vi V], (1) = 1y,8(x — X'),
T J_m/L

L '
= / dx W0 () = Sk — K )
- ,

(D3)

(D4)

With this in hand we can represent the bulk single-particle
Green’s function as

L L (Y ()
GO )= 2 :/ dik 2% ko .
(x g ) 2z o —n/L

Using the representation (D5) as well as the normalization
condition (D2), we get from the definition (33)

1 L
p=1 /0 dx p©(x)

11 L
=————Im
w L2m

1 L /L
= ZE;/_ﬂ/Ldk/dw(a(u—w)
L L
x / dx tr{re o ()Y, ()} (@ — €x,0)
0
1 L /L
= Zgza:/nudk/dw@(u — )

L
x / dx ) (Wi ()80 — €.a)
0

D5
W — €q +1in (D3)

L
doO(u — w) / dxtr{GO(x, x)}
0

1
=z Xa:/dw(a(u — )@ — €q) = % (D6)

where v is the number of occupied bands below the chemical
potential.

APPENDIX E: SCALING OF Qr AND STRONGLY
OSCILLATING TERMS IN LOW-ENERGY THEORY

1. Polarization charge

We start our discussion with the evaluation of the bulk
density (32) in the low-energy limit

1 0
p@(x) = ——Im / dz trGO(x, x). (E1)
T —00

In the low-energy approximation we get

Im[trG© (x, x)]

N,
=2 (2 +Re[0; eV, DImF.R)],  (E2)
r=1

where we have defined U = U; U;. In the following we
are only interested in 0¥ (x) = p®(x) — p. Averaging (E4)
over the unit cell and using kp = "T” we obtain

2 e 0
p=-2 [ azmifol (E3)
=177
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It thus follows
N

2 . . N
0p0 () = == 3 RelUe eIV, (B4)
r=1
0 .
x / dzIm[F, ()] (ES)
-0

As it is usually the case in (1 4 1)-dimensional field theory,
the integrals featuring only a single propagator have to be

complemented with the high-energy cutoff A, >~ er ~ vpkr.
Bearing this in mind we write
10 . 10 .
- = / dzIm[F, ()] ~ —— / dzIm[F;(2)]
T J - T J_A,
Lo ! L Vel
= —— In———. (E6
2T VF ,W - «/ 27rvp A, (E6)
Hence, we conclude that
Ne Woal
p(x) = Y " (Re[lhe** 1|V 1) ———.  (E7)
TTVF

r=1

Substituting this result into the definition of the polarization
charge (41) and performing the integral we find

V5, A| IVa il
Op = —— Y Im[0,e] 2 In >
; 1 2v kp " oAs
D D
=0 In , (E8)
UFkF Upkp

where D = max; <, |\79, . This justifies the assertion made
in Sec. VIII B.

2. Strongly oscillating terms in (109)
The fast oscillating contribution to (109) is given by

=—Im/ dztr:[G(O)(xw,xw)]_/ d

X/ dxet(k —k'+i0* ) (x—x,)
X,

¢

(0).ff =(0).ff ik (b ~b)x, ,—2ikp ax
X Z Gk’ ba Gk ab
a,b,t/

dk/
:—Im/ dztr{ [G© )(xq,,x(p) /

(()) effG(O) eff lkF(b’ b—2a)x,

Gt va Otab _
X , a=-—a.
azb;, k — k' — 2akp + in ]

D
vrkrp

1 b iz
— Im dztr B ——
kg “A, Fi(@)+ F(3)

x [F12(2)6—2ikpxw _ FZZ(Z)eZikFx¢]]

N sin(2krx,) d' 4
/ D2

4UFkF7T

a UFkF '

APPENDIX F: HIGH-ENERGY CORRECTION
TO THE LOW-ENERGY APPROXIMATION
OF THE BOUNDARY CHARGE

(E10)

Let us compute the correction term Q7" as the boundary
charge in the gapless model with the parabolic spectrum. Its
bulk Green’s function reads as

dk eik(x—x’ )

)
—00 w + m — m
eilex'\A/Zm(erin)

- —im—zm(w — (F1)

Inserting this into the general formula (30) we evaluate

ZUC«/WJF"I)
B = Im/ dw/ dx{ }

J2m(w + in)
1
= —Im/ ——. (F2)
4 oo W+ m 4

APPENDIX G: PROOF OF EQ. (139)

First, we notice the useful relations
) 1 1 ) 1 1

=\ F=i3——\ (Gl
b g VWV, -z P4y ViV, — 22 b
and
oF; 0(zF
Vomper, T onvie, @
Z
oF; 3 (zZF:
oo = 4z, @) _42viviEy. (G3)
z
On the basis of (138) we evaluate
1 9P(x,)

2vrpkp  0x,
= t{[GO(x,. x,)] ! (F2Voe s 4 Vi F2e~2hrie) )
— t{1G g 1)
x (FVye?*rve — vIF e 2% GO (x,, x,)] 7!
x (F2Vaeditro — i FRe2ke) ), G

where we employed the relation ";7 =-G! %G’l. Trans-
»

forming further, we obtain
1 9P(x,)
ZUFkF 3X¢

= tr{Fle,—, ek, [G(O)(xq,, Xy !
X (ZFy +2F + 2V, Fre %% ) [GO(x,,, x,)]7! }
+ tr{VﬂTFlze’ZikFx“’[G(O)(x(,), xw)]*l
x (ZF +zF + 2F V2 )G (x,, x,)17' ). (GS)
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Let us now consider

L [0PGy) | ke @ ) 1}
2UFkF|: + aZt1r{[G (X, X))}

0x, vE
= w[F2V; % [GO (x,, x,)]!

x (ZF +2F + 2V Fre )G (xy, x,)] 7'}

+ eV FPe M GO (x,y, x,)]!

x (ZF +zF + 2F V3 )G (x,, x,)1 7'}

— 20{[GO (x,, x)1 7 ViV F + BVVy

+ ZFISV,-,ezikFX” + V‘_}TZFISefzikpxw)[G(O)(xw’ x(p)]*l }
(G6)

Shortening the notation G(O)(x(p,x(p) = G and re-arranging
terms in the above expression, we find its alternative repre-
sentation
=tr{[ZF + V, Fle 2*%)G — GZF> + V, Fe )]

x G G RV, — FPVGTY G

+ w{[@F + AVie™ )G — GEF + FVpe? )]

x e 2k GTN GV FE - VIFEGT)GT).  (GY)
By virtue of the identities

ZF + V) Fle 2% %)G — G(zF, + V) Fle 2kr%) = 0, (G8)

P + FVye?*r%)G — GZF, + FiVye? ) =0,  (G9)

which can be checked by a direct calculation, the terms in
(G7) are mutually canceling, and thus (139) is proven.

APPENDIX H: RESIDUA VALUES FOR THE BOUND
STATE IN RIGHT AND LEFT SUBSYSTEMS
Suppose that a root z” of the equation det G©(x,, x,) =
0 gives a pole of the boundary Green’s function G(x, x;Z),
which corresponds to a bound state in the right subsystem x >

X,. In the vicinity of the pole we approximate

G(x, x;2)
1 1
R 9; det GO (x,, x4 2)
X G352 [G (5 50527) |6 (i 3:2)
_ W) e, )

77"

(HI)

Hereby, adj[G?] = det G [G®]~! denotes the adjugate
matrix, which is regular at the pole frequency.

The normalization condition of the edge state |y, ,(x)) in
the right subsystem

/ dx (e (e, (1)) = 1

¢

(H2)

implies that

1

1=—
9 det GO (x,,, x,; 2"

) tr{adj[G(O) (xp, %03 29)]

x/ dxe_me(O)(xw,x;Zf)G(O)(x, xW;Zf)}. (H3)

¢

Using the analogous integral evaluation in Sec. VIIIB, we
obtain
1

1=-—
0; det GO (x(p, Xy} z7 ))

X (—%82 det G (xy, x,:2)
+ P(xy32) det G (xy, x5 27)), (H4)

which gives the residue value

2P(xp327) det GO (x,, x@Zﬁ”)) _1

1
R (xp)==1~-
¢ 2( 9: det GO (xw,xw;zﬁp))

(H5)

In turn, for a root Zl(p ) of the equation det G(O)(x(p, x,)=0

corresponding to the edges state |, ;(x)) in the left subsystem

X < Xy, we have an approximation of the boundary Green’s

function in the vicinity of 7 ~ Zl(p ), which is similar to (H1).

But, the normalization condition

- / " (Yes 0 s ()

—0Q

1
- i[GO 5P
_%wwwmwﬂmmww@n

X / ' dx "GO (xy, x;27) GO (x, xw;le)} (H6)

oo

contains the complementary integration range (—00, x,|. Em-
ploying in this case (111) instead of (110), we eventually
obtain

1

9; det GO (x,, x,:2”)

x <— % 9; det G (x,, x,37")
— P(x:2") det GO (x,,, xw;z,(”))), (H7)

which gives the residue value

Ri(xy) = l 1— 2P(x¢,;zl(”)) det G<0)(xw,xw;zl(/’)) =0.
’ 346t GO 5y 3,17

(H)

165405-23



KIRYL PIASOTSKI et al.

PHYSICAL REVIEW B 106, 165405 (2022)

[1] R. Laughlin, Quantized Hall conductivity in two dimensions,
Phys. Rev. B 23, 5632(R) (1981).

[2] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den
Nijs, Quantized Hall Conductance in a Two-Dimensional Peri-
odic Potential, Phys. Rev. Lett. 49, 405 (1982).

[3] D. J. Thouless, Quantization of particle transport, Phys. Rev. B
27, 6083 (1983).

[4] M. Kohmoto, Topological invariant and the quantization of the
Hall conductance, Ann. Phys. 160, 343 (1985).

[5] E. D. M. Haldane, Model for a Quantum Hall Effect without
Landau Levels: Condensed-Matter Realization of the “Parity
Anomaly”, Phys. Rev. Lett. 61, 2015 (1988).

[6] Y. Hatsugai, Chern Number and Edge States in the Integer
Quantum Hall Effect, Phys. Rev. Lett. 71, 3697 (1993).

[7] C. L. Kane and E. J. Mele, Quantum Spin Hall Effect in
Graphene, Phys. Rev. Lett. 95, 226801 (2005).

[8] C. L. Kane and E. J. Mele, Z, Topological Order and the Quan-
tum Spin Hall Effect, Phys. Rev. Lett. 95, 146802 (2005).

[9] B. A. Bernevig and S.-C. Zhang, Quantum Spin Hall Effect,
Phys. Rev. Lett. 96, 106802 (2006).

[10] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Quantum spin
Hall effect and topological phase transition in HgTe quantum
wells, Science 314, 1757 (2006).

[11] M. Konig, S. Wiedmann, C. Briiene, A. Roth, H. Buhmann,
L. W. Molenkamp, X.-L. Qi, and S.-C. Zhang, Quantum spin
Hall insulator state in HgTe quantum wells, Science 318, 766
(2007).

[12] M. He, H. Sun, and Q. L. He, Topological insulator: Spin-
tronics and quantum computations, Front. Phys. 14, 43401
(2019).

[13] A. Miyake, Quantum Computation on the Edge of a Symmetry-
Protected Topological Order, Phys. Rev. Lett. 105, 040501
(2010).

[14] D. Pesin and A. H. MacDonald, Spintronics and pseudospin-
tronics in graphene and topological insulators, Nat. Mater. 11,
409 (2012).

[15] A. Stern and N. H. Lindner, Topological quantum computation—
from basic concepts to first experiments, Science 339, 1179
(2013).

[16] R. S. K. Mong, D. J. Clarke, J. Alicea, N. H. Lindner, P.
Fendley, C. Nayak, Y. Oreg, A. Stern, E. Berg, K. Shtengel, and
M. P. A. Fisher, Universal Topological Quantum Computation
from a Superconductor-Abelian Quantum Hall Heterostructure,
Phys. Rev. X 4, 011036 (2014).

[17] R. W. Bomantara and J. Gong, Quantum computation via Flo-
quet topological edge modes, Phys. Rev. B 98, 165421 (2018).

[18] A. Kitaev, Periodic table for topological insulators and super-
conductors, in AIP Conference Proceedings Volume 1134 (AIP,
Melville, NY, 2009), p. 22.

[19] S. Ryu, A. P. Schnyder, A. Furusaki, and A. W. W. Ludwig,
Topological insulators and superconductors: tenfold way and
dimensional hierarchy, New J. Phys. 12, 065010 (2010).

[20] A. Altland and M. R. Zirnbauer, Nonstandard symmetry classes
in mesoscopic normal-superconducting hybrid structures, Phys.
Rev. B 55, 1142 (1997).

[21] M. Z. Hasan and C. L. Kane, Colloquium: Topological insula-
tors, Rev. Mod. Phys. 82, 3045 (2010).

[22] B. A. Bernevig, Topological Insulators and Topological Super-
conductors (Princeton University Press, Princeton, NJ, 2013).

[23] R. D. King-Smith and D. Vanderbilt, Theory of polarization of
crystalline solids, Phys. Rev. B 47, 1651(R) (1993).

[24] D. Vanderbilt and R. D. King-Smith, Electric polarization as a
bulk quantity and its relation to surface charge, Phys. Rev. B 48,
4442 (1993).

[25] N. Marzari, A. A. Mostofi, J. R. Yates, I. Souza, and D.
Vanderbilt, Maximally localized Wannier functions: Theory and
applications, Rev. Mod. Phys. 84, 1419 (2012).

[26] D. Vanderbilt, Berry Phases in Electronic Structure Theory:
Electric Polarization, Orbital Magnetization and Topological
Insulators (Cambridge University Press, Cambridge, 2018).

[27] J.-H. Park, G. Yang, J. Klinovaja, P. Stano, and D. Loss, Frac-
tional boundary charges in quantum dot arrays with density
modulation, Phys. Rev. B 94, 075416 (2016).

[28] M. Thakurathi, J. Klinovaja, and D. Loss, From fractional
boundary charges to quantized Hall conductance, Phys. Rev. B
98, 245404 (2018).

[29] M. Pletyukhov D. M. Kennes, J. Klinovaja, D. Loss, and H.
Schoeller, Surface charge theorem and topological constraints
for edge states: Analytical study of one-dimensional nearest-
neighbor tight-binding models, Phys. Rev. B 101, 165304
(2020).

[30] M. Pletyukhov, D. M. Kennes, J. Klinovaja, D. Loss, and H.
Schoeller, Topological invariants to characterize universality of
boundary charge in one-dimensional insulators beyond symme-
try constraints, Phys. Rev. B 101, 161106(R) (2020).

[31] M. Pletyukhov, D. M. Kennes, K. Piasotski, J. Klinovaja, D.
Loss, and H. Schoeller, Rational boundary charge in one-
dimensional systems with interaction and disorder, Phys. Rev.
Res. 2, 033345 (2020).

[32] C.S. Weber, K. Piasotski, M. Pletyukhov, J. Klinovaja, D. Loss,
H. Schoeller, and D. M. Kennes, Universality of Boundary
Charge Fluctuations, Phys. Rev. Lett. 126, 016803 (2021).

[33] K. Piasotski, M. Pletyukhov, C. S. Weber, J. Klinovaja, D. M.
Kennes, and H. Schoeller, Universality of Abelian and non-
Abelian Wannier functions in generalized one-dimensional
Aubry-André-Harper models, Phys. Rev. Res. 3, 033167
(2021).

[34] N. Miiller, K. Piasotski, D. M. Kennes, H. Schoeller, and M.
Pletyukhov, Universal properties of boundary and interface
charges in multichannel one-dimensional models without sym-
metry constraints, Phys. Rev. B 104, 125447 (2021).

[35] S. Miles, D. M. Kennes, H. Schoeller, and M. Pletyukhov,
Universal properties of boundary and interface charges in con-
tinuum models of one-dimensional insulators, Phys. Rev. B 104,
155409 (2021).

[36] P. G. Harper, Single band motion of conduction electrons
in a uniform magnetic field, Proc. Phys. Soc. A 68, 874
(1955).

[37] S. Aubry and G. André, Analyticity breaking and Anderson
localization in incommensurate lattices, Ann. Isr. Phys. Soc. 3,
133 (1980).

[38] W. Kohn, Density Functional and Density Matrix Method Scal-
ing Linearly with the Number of Atoms, Phys. Rev. Lett. 76,
3168 (1996).

[39] E. Prodan and W. Kohn, Nearsightedness of electronic matter,
Proc. Natl. Acad. Sci. USA 102, 11635 (2005).

[40] R. Jackiw and C. Rebbi, Solitons with fermion number 1/2,
Phys. Rev. D 13, 3398 (1976).

165405-24


https://doi.org/10.1103/PhysRevB.23.5632
https://doi.org/10.1103/PhysRevLett.49.405
https://doi.org/10.1103/PhysRevB.27.6083
https://doi.org/10.1016/0003-4916(85)90148-4
https://doi.org/10.1103/PhysRevLett.61.2015
https://doi.org/10.1103/PhysRevLett.71.3697
https://doi.org/10.1103/PhysRevLett.95.226801
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.96.106802
https://doi.org/10.1126/science.1133734
https://doi.org/10.1126/science.1148047
https://doi.org/10.1007/s11467-019-0893-4
https://doi.org/10.1103/PhysRevLett.105.040501
https://doi.org/10.1038/nmat3305
https://doi.org/10.1126/science.1231473
https://doi.org/10.1103/PhysRevX.4.011036
https://doi.org/10.1103/PhysRevB.98.165421
https://doi.org/10.1088/1367-2630/12/6/065010
https://doi.org/10.1103/PhysRevB.55.1142
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/PhysRevB.47.1651
https://doi.org/10.1103/PhysRevB.48.4442
https://doi.org/10.1103/RevModPhys.84.1419
https://doi.org/10.1103/PhysRevB.94.075416
https://doi.org/10.1103/PhysRevB.98.245404
https://doi.org/10.1103/PhysRevB.101.165304
https://doi.org/10.1103/PhysRevB.101.161106
https://doi.org/10.1103/PhysRevResearch.2.033345
https://doi.org/10.1103/PhysRevLett.126.016803
https://doi.org/10.1103/PhysRevResearch.3.033167
https://doi.org/10.1103/PhysRevB.104.125447
https://doi.org/10.1103/PhysRevB.104.155409
https://doi.org/10.1088/0370-1298/68/10/304
https://doi.org/10.1103/PhysRevLett.76.3168
https://doi.org/10.1073/pnas.0505436102
https://doi.org/10.1103/PhysRevD.13.3398

UNIVERSAL PROPERTIES OF BOUNDARY AND ...

PHYSICAL REVIEW B 106, 165405 (2022)

[41] W.-P. Su, J. R. Schrieffer, and A. J. Heeger, Solitons in Poly-
acetylene, Phys. Rev. Lett. 42, 1698 (1979); Soliton excitations
in polyacetylene, Phys. Rev. B 22, 2099 (1980).

[42] M. J. Rice and E. J. Mele, Elementary Excitations of a Lin-
early Conjugated Diatomic Polymer, Phys. Rev. Lett. 49, 1455
(1982).

[43] A. J. Heeger, S. Kivelson, J. R. Schrieffer, and W.-P. Su, Soli-
tons in conducting polymers, Rev. Mod. Phys. 60, 781 (1988).

[44] J. Goldstone and F. Wilczek, Fractional Quantum Numbers on
Solitons, Phys. Rev. Lett. 47, 986 (1981).

[45] 1. van Weperen, B. Tarasinski, D. Eeltink, V. S. Pribiag, S. R.
Plissard, E. P. A. M. Bakkers, L. P. Kouwenhoven, and M.
Wimmer, Spin-orbit interaction in InSb nanowires, Phys. Rev.
B 91, 201413(R) (2015).

[46] C. Kloeffel, M. Trif, and D. Loss, Strong spin-orbit interaction
and helical hole states in Ge/Si nanowires, Phys. Rev. B 84,
195314 (2011).

[47] D. Rainis, L. Trifunovic, J. Klinovaja, and D. Loss, Towards a
realistic transport modeling in a superconducting nanowire with
Majorana fermions, Phys. Rev. B 87, 024515 (2013).

[48] J. Klinovaja and D. Loss, Composite Majorana fermion wave
functions in nanowires, Phys. Rev. B 86, 085408 (2012).

[49] F. Maier, J. Klinovaja, and D. Loss, Majorana fermions in Ge/Si
hole nanowires, Phys. Rev. B 90, 195421 (2014).

[50] J. Klinovaja, P. Stano, and D. Loss, Transition from Fractional
to Majorana Fermions in Rashba Nanowires, Phys. Rev. Lett.
109, 236801 (2012).

[51] D. Liang and X. P. A. Gao, InAs Nanowire transistors as
gas sensor and the response mechanism, Nano Lett. 12, 3263
(2012).

[52] T. Nautiyal, T. H. Rho, and K. S. Kim, Nanowires for spin-
tronics: A study of transition-metal elements of groups 8 — 10,
Phys. Rev. B 69, 193404 (2004).

[53] A. Iorio, M. Rocci, L. Bours, M. Carrega, V. Zannier, L. Sorba,
S. Roddaro, F. Giazotto, and E. Strambini, Vectorial control of
the spin-orbit interaction in suspended InAs nanowires, Nano
Lett. 19, 652 (2019).

[54] F. Wilczek and A. Zee, Appearance of Gauge Structure in
Simple Dynamical Systems, Phys. Rev. Lett. 52, 2111 (1984).

[55] G. Juzelitnas, J. Ruseckas, A. Jacob, L. Santos, and P. Ohberg,
Double and Negative Reflection of Cold Atoms in Non-Abelian
Gauge Potentials, Phys. Rev. Lett. 100, 200405 (2008).

[56] J. Ruseckas, G. Juzeliiinas, P. Ohberg, and M. Fleischhauer,
Non-Abelian Gauge Potentials for Ultracold Atoms with De-
generate Dark States, Phys. Rev. Lett. 95, 010404 (2005).

[57] M. Burrello and A. Trombettoni, Non-Abelian Anyons from
Degenerate Landau Levels of Ultracold Atoms in Artificial
Gauge Potentials, Phys. Rev. Lett. 105, 125304 (2010).

[58] I. 1. Satija, D. C. Dakin, and C. W. Clark, Metal-Insulator
Transition Revisited for Cold Atoms in Non-Abelian Gauge
Potentials, Phys. Rev. Lett. 97, 216401 (2006).

[59] V. Pietild and M. Méttonen, Non-Abelian Magnetic Monopole
in a Bose-Einstein Condensate, Phys. Rev. Lett. 102, 080403
(2009).

[60] Y.-J. Lin, R. L. Compton, K. Jiménez-Garcfa, J. V. Porto, and
I. B. Spielman, Synthetic magnetic fields for ultracold neutral
atoms, Nature (London) 462, 628 (2009).

[61] P. San-Jose, J. Gonzélez, and F. Guinea, Non-Abelian Gauge
Potentials in Graphene Bilayers, Phys. Rev. Lett. 108, 216802
(2012).

[62] L.-J. Yin, J.-B. Qiao, W.-J. Zuo, W.-T. Li, and L. He, Exper-
imental evidence for non-Abelian gauge potentials in twisted
graphene bilayers, Phys. Rev. B 92, 081406(R) (2015).

[63] S. K. Ghosh, J. P. Vyasanakere, and V. B. Shenoy, Trapped
fermions in a synthetic non-Abelian gauge field, Phys. Rev. A
84, 053629 (2011).

[64] H. Tercas, H. Flayac, D. D. Solnyshkov, and G. Malpuech,
Non-Abelian Gauge Fields in Photonic Cavities and Photonic
Superfluids, Phys. Rev. Lett. 112, 066402 (2014).

[65] N. Marzari and D. Vanderbilt, Maximally localized generalized
Wannier functions for composite energy bands, Phys. Rev. B
56, 12847 (1997).

[66] A. Komnik and S. Heinze, Analytical results for the Green’s
functions of lattice fermions, Phys. Rev. B 96, 155103 (2017).

[67] A. Zazunov, R. Egger, M. Alvarado, and A. L. Yeyati, Joseph-
son effect in multiterminal topological junctions, Phys. Rev. B
96, 024516 (2017).

[68] A. Zazunov, A. lks, M. Alvarado, A. Levy Yeyati, and R.
Egger, Josephson effect in junctions of conventional and topo-
logical superconductors, Beilstein J. Nanotechnol. 9, 1659
(2018).

[69] L. Arrachea, G. S. Lozano, and A. A. Aligia, Thermal trans-
port in one-dimensional spin heterostructures, Phys. Rev. B 80,
014425 (2009).

[70] Y. Peng, Y. Bao, and F. von Oppen, Boundary Green functions
of topological insulators and superconductors, Phys. Rev. B 95,
235143 (2017).

[71] A. Zazunov, R. Egger, and A. Levy Yeyati, Low-energy the-
ory of transport in Majorana wire junctions, Phys. Rev. B 94,
014502 (2016).

[72] M. Alvarado, A. Iks, A. Zazunov, R. Egger, and A. L. Yeyati,
Boundary Green’s function approach for spinful single-channel
and multichannel Majorana nanowires, Phys. Rev. B 101,
094511 (2020).

[73] E. W. Cheney and D. R. Kincaid, Numerical Mathematics and
Computing (Brooks/Cole, Pacific Grove, CA, 2007).

165405-25


https://doi.org/10.1103/PhysRevLett.42.1698
https://doi.org/10.1103/PhysRevB.22.2099
https://doi.org/10.1103/PhysRevLett.49.1455
https://doi.org/10.1103/RevModPhys.60.781
https://doi.org/10.1103/PhysRevLett.47.986
https://doi.org/10.1103/PhysRevB.91.201413
https://doi.org/10.1103/PhysRevB.84.195314
https://doi.org/10.1103/PhysRevB.87.024515
https://doi.org/10.1103/PhysRevB.86.085408
https://doi.org/10.1103/PhysRevB.90.195421
https://doi.org/10.1103/PhysRevLett.109.236801
https://doi.org/10.1021/nl301325h
https://doi.org/10.1103/PhysRevB.69.193404
https://doi.org/10.1021/acs.nanolett.8b02828
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1103/PhysRevLett.100.200405
https://doi.org/10.1103/PhysRevLett.95.010404
https://doi.org/10.1103/PhysRevLett.105.125304
https://doi.org/10.1103/PhysRevLett.97.216401
https://doi.org/10.1103/PhysRevLett.102.080403
https://doi.org/10.1038/nature08609
https://doi.org/10.1103/PhysRevLett.108.216802
https://doi.org/10.1103/PhysRevB.92.081406
https://doi.org/10.1103/PhysRevA.84.053629
https://doi.org/10.1103/PhysRevLett.112.066402
https://doi.org/10.1103/PhysRevB.56.12847
https://doi.org/10.1103/PhysRevB.96.155103
https://doi.org/10.1103/PhysRevB.96.024516
https://doi.org/10.3762/bjnano.9.158
https://doi.org/10.1103/PhysRevB.80.014425
https://doi.org/10.1103/PhysRevB.95.235143
https://doi.org/10.1103/PhysRevB.94.014502
https://doi.org/10.1103/PhysRevB.101.094511

