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DEFORMATIONS OF LAGRANGIAN SUBMANIFOLDS IN

LOG-SYMPLECTIC MANIFOLDS

STEPHANE GEUDENS AND MARCO ZAMBON

Abstract. This paper is devoted to deformations of Lagrangian submanifolds contained
in the singular locus of a log-symplectic manifold. We prove a normal form result for the
log-symplectic structure around such a Lagrangian, which we use to extract algebraic and
geometric information about the Lagrangian deformations. We show that the deformation
problem is governed by a DGLA, we discuss whether the Lagrangian admits deformations
not contained in the singular locus, and we give precise criteria for unobstructedness of first
order deformations. We also address equivalences of deformations, showing that the gauge
equivalence relation of the DGLA corresponds with the geometric notion of equivalence
by Hamiltonian isotopies. We discuss the corresponding moduli space, and we prove a
rigidity statement for the more flexible equivalence relation by Poisson isotopies.

Dedicated to Olga Radko
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Introduction

Symplectic manifolds are a key concept in modern geometry and physics. A fundamental
role in symplectic geometry is played by the distinguished class of Lagrangian submanifolds,
as emphasized in Weinstein’s symplectic creed [40]: Everything is a Lagrangian submanifold.

The deformation theory of Lagrangian submanifolds is well-behaved: as a consequence of
Weinstein’s Lagrangian neighborhood theorem [39], deformations of a Lagrangian submani-
fold L correspond with small closed one-forms on L, and the moduli space under equivalence
by Hamiltonian isotopies can be identified with the first de Rham cohomology group H1(L).

Poisson manifolds are intimately related with symplectic geometry. The non-degenerate
Poisson manifolds are exactly the symplectic ones. If one relaxes the non-degeneracy condi-
tion, replacing it with a transverse vanishing condition, one obtains a larger class of Poisson
manifolds, called log-symplectic manifolds: they are symplectic outside of their singular
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locus, which is a codimension-one submanifold. Their first appearance occurs in the work
of Tsygan-Nest [31]. The study of their geometry was initiated by Radko [34], who classi-
fied two-dimensional log-symplectic manifolds (nowadays called Radko surfaces). Since the
systematic study of their geometry in arbitrary dimension by Guillemin-Miranda-Pires [18],
log-symplectic manifolds have attracted lots of attention. One reason for this is that, de-
spite the presence of singularities, they behave like symplectic manifolds in many respects.
For instance, Mărcuţ-Osorno Torres [29] showed that, on a compact manifold M , the space
of log-symplectic structures C1-close to a given one (modulo C1-small diffeomorphisms) is
smooth and finite dimensional, parametrized by the second b-cohomology of M .

This work originated from the following question: in log-symplectic geometry, is the
deformation theory of Lagrangian submanifolds as nicely behaved as in symplectic geometry?
For Lagrangian submanifolds L transverse to the singular locus of the log-symplectic mani-
fold, the answer is easily seen to be positive, as shown by Kirchhoff-Lukat [23]: a neighbor-
hood of L is equivalent to the b-cotangent bundle of L, and the Lagrangian deformations of
L (modulo Hamiltonian isotopy) are parametrized by the first b-cohomology group of L. In
particular, the moduli space of Lagrangian deformations is smooth and finite dimensional
for compact Lagrangians L.

This paper focuses on the opposite extreme: we assume that the Lagrangian submanifold
Ln is contained in the singular locus Z of an orientable log-symplectic manifold M2n. Note
that the b-calculus developed by Melrose [25], which is one of the main tools in log-symplectic
geometry, does not apply in our setting, due to the complete lack of transversality to Z.

The main geometric questions we address are:

1) Can L ⊂ Z be deformed smoothly to Lagrangian submanifolds not contained in Z?
2) Can a first order deformation of L be extended to a smooth path of Lagrangian

deformations?
3) Is the moduli space of Lagrangian deformations – under the equivalence by Hamil-

tonian isotopies – smooth at L?

For “many” Lagrangian submanifolds L, the answer to 1) is positive, ensuring that the
deformation problem we consider does not boil down to the case of symplectic geometry.
The answer to 3) is typically negative, in contrast to the symplectic case. The answer to
2) is striking, and displays a behaviour that comes close to the symplectic case: first order
deformations are generally obstructed, but if an obvious quadratic obstruction vanishes,
then they can be extended to a smooth path of deformations.

Summary of results. As in many deformation problems in geometry, the first step
consists in providing a normal form for the log-symplectic structure in a neighborhood
of the Lagrangian L. Notice that as L is contained in the singular locus, it carries a
codimension-one foliation FL. Our normal form around L (Cor. 1.23) is constructed in two
steps: we combine a normal form statement around Lagrangian submanifolds transverse to
the symplectic leaves of an arbitrary Poisson manifold (Prop. 1.9) with the normal form
around the singular locus Z of a log-symplectic manifold (M,Π) due to Guillemin-Miranda-
Pires [18], [33]. Since the latter involves the modular class of (M,Π), we also need to express
the first Poisson cohomology of a neighborhood of L in the singular locus Z in terms of L
alone (Cor. 2.5). The modular class is then encoded by two objects attached to L:

a) A class in H1(FL), the first foliated de Rham cohomology.
We fix a representative γ ∈ Ω1

cl(FL).
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b) An element of X(L)FL/Γ(TFL) ∼= H0(FL).
We fix a representative X ∈ X(L)FL , a vector field on L that preserves the foliation
and is nowhere tangent to it.

Theorem A. The log-symplectic structure in a tubular neighborhood of L is isomorphic to
(
U ⊂ T ∗FL × R, (Vvert + Vlift) ∧ t∂t +Πcan

)
.

Here U is a neighborhood of the zero section L, Πcan is the canonical Poisson structure
on the cotangent bundle T ∗FL of the foliation FL, and t denotes the coordinate on R.
Further, Vvert is the vertical fiberwise constant vector field on T ∗FL which corresponds to
γ ∈ Γ(T ∗FL) under the natural identification, and Vlift is the cotangent lift of X.

The above normal form theorem gives an explicit model in which the Lagrangian de-
formations of L can be investigated. We can characterize algebraically the Lagrangian
deformations of L, as follows (Thm. 3.3, Cor. 3.10):

Theorem B. Lagrangian deformations C1-close to L are exactly the graphs of sections
(α, f) of the vector bundle T ∗FL × R→ L satisfying the quadratic equation

{
dFL

α = 0

dFL
f + f(γ −£Xα) = 0,

where dFL
denotes the foliated de Rham differential and γ,X are as above.

Further, this equation is the Maurer-Cartan equation of a DGLA.

The differential graded Lie algebra mentioned above is the one introduced in greater gen-
erality by Cattaneo-Felder [3], and to ensure that it captures the Lagrangian deformations
we need to check that the Poisson structure of Thm. A is fiberwise entire.

In turn, Thm. B has several geometric consequences. Before explaining them, we discuss
briefly two of the tools we use. First, when L is compact and connected, the following
dichotomy about the foliation FL is well-known [5, Theorem 9.3.13]: either it is the foliation
associated to a fibration L → S1, or all leaves are dense. This allows us to prove several
statements in the compact case by considering the two cases separately.

Second, the linear part of the above Maurer-Cartan equation reads

dFL
α = 0, dγFL

f = 0 (1)

where dγFL
f = dFL

f + fγ denotes the foliated de Rham differential twisted by γ. The

cohomology associated to dγFL
is the foliated Morse-Novikov cohomology H•

γ(FL). We will

compute it in degree 0 for compact L (see Theorem 3.17). The ordinary (untwisted) foliated
cohomology will be denoted by H•(FL).

If the modular vector field can be chosen to be tangent to L, i.e. [γ] = 0 ∈ H1(FL), then
it is easy to see that L can be deformed smoothly to Lagrangian submanifolds outside of
the singular locus Z. At the opposite end of the spectrum we have (Cor. 4.5, Prop. 4.10):

Theorem C. Assume L is compact and connected.
i) Suppose FL is the fiber foliation of a fiber bundle p : L→ S1. If for every leaf B of FL

we have [γ|B ] 6= 0 ∈ H1(B), then C1-small deformations of L stay inside Z.
ii) Suppose FL has dense leaves, and that H1(FL) is finite dimensional. If γ ∈ Ω1

cl(FL)
is not exact, then C∞-small deformations of L stay inside Z.
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The finite dimensionality assumption in ii) above is necessary: we show this exhibiting
an example, in which L is the 2-torus and FL a Kronecker foliation for which the slope
λ ∈ R \ Q is a Liouville number. The proof of these statements relies on some functional
analysis and Fourier analysis.

A first order deformation is a solution of eq. (1), the linear part of the Maurer-Cartan
equation. The deformation problem is obstructed in general: there are first order defor-
mations which do not extend to a (formal or smooth) path of Lagrangian deformations.
This is detected by the classical Kuranishi criterium: given a first order deformation (α, f),
where α ∈ Ω1(FL) and f ∈ C∞(L), the class Kr

(
[(α, f)]

)
might not vanish. This class lives

in the first foliated Morse-Novikov cohomology group H1
γ (FL). For a general deformation

problem, the Kuranishi criterium is a necessary – but not sufficient – condition to extend a
first order deformation to a formal curve of deformations. In the case at hand however, we
have the following striking result (Prop. 4.19, Cor. 4.21):

Theorem D. Assume L is compact and connected. The following are equivalent:

• A first order deformation (α, f) of L is smoothly unobstructed,
• Kr

(
[(α, f)]

)
= 0,

• α extends to a closed one-form on L \ Zf , the complement of the zero locus of f .

Notice that the third condition is independent of the data (X, γ) encoding the modular
vector field.

Finally, we address moduli spaces. From a geometric point of view, it is natural to identify
two C1-small Lagrangian deformations of L if they are related by a Hamiltonian isotopy of
the ambient log-symplectic manifold (M,Π). We show that this is exactly the equivalence
relation that the DGLA of Thm. B induces on Maurer-Cartan elements (Prop. 4.27). Thus
by eq. (1), the resulting moduli spaceMHam has formal tangent space at [L] given by

T[L]M
Ham = H1(FL)⊕H

0
γ(FL).

For most choices of L, this is an infinite dimensional vector space, while the formal tangent
space to MHam at Lagrangians contained in M \ Z is finite dimensional (at least if L is
compact). Hence, for most choices of L, the moduli space is not smooth at [L]. We also
exhibit some choices of L at which the moduli space is smooth, see §4.3.2.

The same phenomenon occurs for the moduli spaceMPoiss obtained replacing Hamilton-
ian isotopies by Poisson isotopies (Prop. 4.31). When L is compact with dense leaves, we
show that L being infinitesimally rigid under Poisson isotopies (i.e. T[L]M

Poiss = 0) implies
that L is rigid in the following sense: any sufficiently C∞-small deformation of L is related
to L by a Poisson diffeomorphism isotopic to the identity (Prop. 4.35).

Organization of the paper. In §1 and §2 we provide the geometric background and
prove the normal form given in Theorem A. In §3 and §4 we address the deformations of
Lagrangian submanifolds in log-symplectic manifolds, exhibiting the underlying algebraic
structure and drawing several geometric consequences. We refer to the introductory text of
the individual sections for more details.
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discussions. In particular, we thank him for directing us to [5, Theorem 9.3.13] and [33],
and for suggesting the generalization in Remark 3.12 and the proof of Lemma 4.4.
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1. Lagrangian submanifolds in Poisson geometry

In this section, we first recall some concepts in Poisson geometry and we introduce the no-
tion of Lagrangian submanifold. Then we prove a normal form for Poisson structures around
Lagrangian submanifolds intersecting the symplectic leaves transversely (Prop. 1.9), which
can be seen as an extension of Weinstein’s Lagrangian neighborhood theorem from sym-
plectic geometry. Our main motivation is the study of Lagrangian submanifolds contained
in the singular locus of a log-symplectic manifold. In §1.3-§1.4 we use the aforementioned
result to find local and semilocal normal forms around them (Prop. 1.17 and Cor. 1.23).

1.1. Poisson structures.

Definition 1.1. A Poisson structure on a manifold M is a bivector field Π ∈ Γ(∧2TM)
satisfying [Π,Π] = 0, where [·, ·] is the Schouten-Nijenhuis bracket of multivector fields.

The Schouten-Nijenhuis bracket on Γ (∧•TM) is a natural extension of the Lie bracket
of vector fields, which turns Γ(∧•TM)[1] into a graded Lie algebra [12, Section 1.8].

The bivector field Π induces a bundle map Π♯ : T ∗M → TM , given by contraction
of Π with covectors. The rank of Π at a point p ∈ M is defined to be the rank of the

linear map Π♯p : T ∗
pM → TpM . A Poisson structure is called regular if its rank is the same

at all points. Poisson structures Π ∈ Γ(∧2TM) of full rank correspond with symplectic
structures ω ∈ Γ(∧2T ∗M) via ω ↔ −Π−1. In general, a Poisson manifold (M,Π) comes
with an integrable singular distribution Im(Π♯). Each leaf O of the associated foliation has

an induced symplectic structure, given by ωO = − (Π|O)
−1.

A map Φ : (M,ΠM )→ (N,ΠN ) between Poisson manifolds is a Poisson map if ΠM and
ΠN are Φ-related, i.e.

(
∧2dpΦ

)
(ΠM )p = (ΠN )Φ(p) for all p ∈ M . A vector field X on a

Poisson manifold (M,Π) is called Poisson if its flow consists of Poisson diffeomorphisms,
or equivalently, if £XΠ = 0. Each function f ∈ C∞(M) determines a Poisson vector field
Xf := Π♯(df), called the Hamiltonian vector field of f . The characteristic distribution

Im(Π♯) of a Poisson manifold (M,Π) is generated by its Hamiltonian vector fields.
Thanks to the graded Jacobi identity of the Schouten-Nijenhuis bracket [·, ·], the oper-

ator [Π, ·] : Γ (∧•TM) → Γ
(
∧•+1TM

)
squares to zero. The cohomology of the resulting

cochain complex (Γ (∧•TM) , [Π, ·]) is the Poisson cohomology of (M,Π), which we denote
by H•

Π(M). The cohomology groups in low degrees have geometric interpretations, see for
instance [12, Section 2.1]. We will only encounter the first cohomology group H1

Π(M), which
is the quotient of the space of Poisson vector fields by the space of Hamiltonian vector fields.

The modular class of (M,Π) is a distinguished element in H1
Π(M) which will play a key

role in this paper. It is defined as follows: upon choosing a volume form µ ∈ Ωtop(M), there
is a unique vector field V µ

mod ∈ X(M) such that for all f ∈ C∞(M), one has

£Xf
µ = V µ

mod(f)µ.

The vector field V µ
mod is called the modular vector field associated with µ. One can check

that V µ
mod is a Poisson vector field, and that choosing a different volume form µ′ = gµ
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changes the modular vector field V µ
mod by a Hamiltonian vector field:

V µ′

mod = V µ
mod −Xln |g|. (2)

So the Poisson cohomology class [V µ
mod] ∈ H1

Π(M) is intrinsically defined; it is called the
modular class of (M,Π). A Poisson manifold is called unimodular if its modular class
vanishes. If M is not orientable, one can still define the modular class using densities
instead of volume forms. In this paper, we will only work with modular vector fields on
orientable manifolds. For more on the modular class, see [41].

We also recall some useful notions from contravariant geometry [6]. The general idea
behind contravariant geometry on Poisson manifolds (M,Π) is to replace the tangent bundle
TM by the cotangent bundle T ∗M , using the bundle map Π♯ : T ∗M → TM .

Definition 1.2. Given a Poisson manifold (M,Π), a Poisson spray χ ∈ X(T ∗M) is a vector
field on T ∗M that satisfies the following properties:

i) p∗χ(ξ) = Π♯(ξ) for all ξ ∈ T ∗M ,
ii) m∗

tχ = tχ for all t > 0,

where p : T ∗M →M is the projection and mt : T
∗M → T ∗M is multiplication by t.

Property ii) above implies that χ vanishes on M , so that there exists a neighborhood
U ⊂ T ∗M ofM where the flow φχ of χ is defined up to time 1. The contravariant exponential
map of χ is defined as

expχ : U ⊂ T ∗M →M : ξ 7→ p ◦ φ1χ(ξ).

The properties of the Poisson spray imply that expχ fixes M and that its derivative at
points x ∈M is given by

dx expχ : TxM ⊕ T
∗
xM :→ TxM : (v, ξ) 7→ v +Π♯x(ξ).

By property i), expχ maps the fiber U ∩ T ∗
xM into the symplectic leaf through x. Poisson

sprays exist for any Poisson manifold (M,Π). They proved to be useful in the construction
of symplectic realizations [6] and normal forms [13], for instance.

1.2. Lagrangian submanifolds of Poisson manifolds.

1.2.1. Lagrangian submanifolds. We now introduce Lagrangian submanifolds, which are the
main objects of study in this paper. We will use the following definition [38], [16].

Definition 1.3. A submanifold L of a Poisson manifold (M,Π) will be called Lagrangian
if the following equivalent conditions hold at all points p ∈ L:

i) TpL ∩ TpO is a Lagrangian subspace of the symplectic vector space
(
TpO, (ωO)p

)
.

ii) Π♯p
(
TpL

0
)
= TpL ∩ TpO, where TpL

0 ⊂ T ∗
pM denotes the annihilator of TpL.

Here (O, ωO) denotes the symplectic leaf through the point p.

In case (M,Π) is symplectic, this definition reduces to the usual notion of Lagrangian
submanifold in symplectic geometry. Another special case of interest is when the manifold L
has clean intersection with the leaves of (M,Π); then L is Lagrangian in M exactly when its
intersection with each leaf is Lagrangian inside the leaf, in the sense of symplectic geometry.

Coisotropic submanifolds of a Poisson manifold (M,Π) are defined similarly, replacing
“Lagrangian" by “coisotropic" in i) and replacing equality by the inclusion ⊂ in ii). While
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coisotropic submanifolds have received lots of attention, Lagrangian submanifolds only ap-
pear rarely in the context of Poisson geometry. In this regard, there seems to be no standard
definition for Lagrangian submanifolds L ⊂ (M,Π). Another definition that appears in the
literature uses the condition Π♯(TL0) = TL (e.g. [10]). Notice that the latter definition is
more restrictive than our Definition 1.3, since it imposes that connected components of L
are contained in symplectic leaves and are Lagrangian therein.

Examples 1.4. a) The symplectic foliation associated with the Lie-Poisson structure on
so∗3
∼= R3 consists of concentric spheres of radius r ≥ 0. So a plane in so∗3 is Lagrangian

exactly when it passes through the origin.
b) Let (M,Π) be a regular Poisson manifold of rank 2k, and let Φ : (M,Π) → (N, 0)

be a proper surjective Poisson submersion of maximal rank, i.e. dimN = dimM − k.
Assuming that the fibers of Φ are connected, they are Lagrangian tori contained in the
symplectic leaves of (M,Π) [11, Theorem 2.6].

c) It is well-known that the graph of a Poisson map Φ : (M,ΠM )→ (N,ΠN ) is coisotropic
in the product (M ×N,ΠM −ΠN ). If Φ is additionally an immersion1, then its graph is
in fact a Lagrangian submanifold of (M ×N,ΠM −ΠN ).

d) Let G be a Lie group acting on a Poisson manifold (M,Π) with equivariant moment
map J : M → g∗. Assume the action is locally free on J−1(0). Then J−1(0) ⊂ (M,Π)
is coisotropic and transverse to the symplectic leaves [14, Lemma 3.8]. If the leaves it
meets have dimension equal to 2 dim g, then J−1(0) is Lagrangian.

1.2.2. Normal forms. We will prove a normal form theorem around Lagrangian submani-
folds L ⊂ (M,Π) that are transverse to the symplectic leaves, extending Weinstein’s La-
grangian neighborhood theorem [39] from symplectic geometry. This is done in Proposition
1.9 below. The following lemma reduces the problem to Lagrangian submanifolds of regular
Poisson manifolds.

Lemma 1.5. Let (M,Π) be a Poisson manifold, and L ⊂ (M,Π) a Lagrangian submanifold
transverse to the symplectic leaves. Then there exists a neighborhood U of L such that Π|U
is regular.

Proof. The conditions that L be Lagrangian and transverse to the leaves of (M,Π) determine
the dimension of the leaves that L meets. Indeed, if p ∈ L and O is the leaf through p, then

dim(TpL) + dim(TpO) = dim(TpL+ TpO) + dim(TpL ∩ TpO)

= dim(TpM) +
1

2
dim(TpO),

so that dim(O) = 2(dim(M) − dim(L)). It now suffices to show that there is an open
neighborhood U of L that is contained in the saturation of L (i.e. the union of the leaves
that intersect L).

To construct such a neighborhood, fix a Poisson spray χ ∈ X(T ∗M). Let E := Π♯(TL0),
which is a vector bundle of rank dim(M)−dim(L) because of the transversality requirement.
Choosing a complement to E in TM |L, we get a direct sum decomposition

T ∗M |L = E∗ ⊕ E0. (3)

We claim that the contravariant exponential map

expχ : E∗ →M

1More generally, if Φ restricts to an immersion on each leaf of (M,ΠM ), then its graph is Lagrangian.
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maps a neighborhood V ⊂ E∗ of L diffeomorphically onto a neighborhood U ⊂M of L. By
property i) in Definition 1.2, this neighborhood U is then automatically contained in the
saturation of L. To prove the claim, it suffices to show injectivity of the derivative of expχ
along the zero section

dx expχ : TxL⊕ E
∗
x → TxM : (v, ξ) 7→ v +Π♯x(ξ). (4)

To do so, note that if Π♯x(ξ) = −v ∈ TxL, then ξ ∈
(
Π♯x

)−1
(TxL) = E0

x. But also ξ ∈ E∗
x,

so that ξ = 0 because of the direct sum (3). This then implies that also v = 0, which proves
injectivity of the map (4). This finishes the proof. �

So in the following, we may assume that L is Lagrangian in a regular Poisson manifold
(M,Π). In the next lemma, we put the foliation of (M,Π) in normal form around L, and
we construct the local model for the Poisson structure Π.

Lemma 1.6. Let (M,Π) be a regular Poisson manifold with associated symplectic foliation
(F , ω). Let L ⊂ (M,Π) be a Lagrangian submanifold transverse to the leaves of F , and
denote by FL the induced foliation on L. We then have the following:

a) There is a foliated diffeomorphism φ between a neighborhood of L in (M,F) and a neigh-
borhood of L in (T ∗FL, p

∗FL), with φ|L = Id. Here T ∗FL denotes the union of the
cotangent bundles of the leaves of FL, and p∗FL is the pullback foliation of FL by the
bundle projection p : T ∗FL → L.

b) There is a canonical Poisson structure Πcan on the total space T ∗FL which gives rise to
the foliation p∗FL.

Proof. a) By definition, TFL is a Lagrangian subbundle of the symplectic vector bundle
(TF|L, ω|L). Let V be a Lagrangian complement, i.e. TF|L = TFL ⊕ V . The leafwise
symplectic form ω gives an isomorphism of vector bundles

− ω♭ : V → T ∗FL. (5)

Next, by choosing a fiber metric g on the vector bundle TF , we obtain a foliated expo-
nential map expF : U ⊂ TF → M [2, Example 3.3.9]. For each leaf O of F , we have
that expF : U ∩ TO → O is the usual exponential map of (O, g|TO). Since V ⊂ TF|L
is a complement to TL in TM |L, the map expF gives a local diffeomorphism between
neighborhoods of L

expF : V →M. (6)

Composing (5) and (6) now gives a local diffeomorphism that matches the leaves of F
with those of p∗FL. Clearly, this map restricts to the identity on L.

b) We claim that the canonical Poisson structure ΠT ∗L on T ∗L pushes forward under the
restriction map r : T ∗L → T ∗FL, and that Πcan := r∗ (ΠT ∗L) satisfies the requirement.
This is readily checked in coordinates. Take a foliated chart (x1, . . . , xk, xk+1 . . . , xn) on
L such that plaques of FL are level sets of (xk+1, . . . , xn), and let (y1, . . . , yn) be the
associated fiber coordinates on T ∗L. Then the restriction map r : T ∗L → T ∗FL is just
the projection onto the first n+k coordinates, which implies that ΠT ∗L =

∑n
i=1 ∂xi ∧∂yi

pushes forward to a Poisson structure

r∗ (ΠT ∗L) =
k∑

i=1

∂xi ∧ ∂yi .
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Clearly, the Poisson manifold (T ∗FL,Πcan) decomposes into symplectic leaves as follows:

(T ∗FL,Πcan) =
∐

O∈FL

(T ∗O, ωT ∗O) , (7)

where ωT ∗O denotes the canonical symplectic form on T ∗O. This finishes the proof.
�

We can now show that (M,Π) and (T ∗FL,Πcan) are Poisson diffeomorphic near L. If
φ : (M,F)→ (T ∗FL, p

∗FL) denotes the diffeomorphism constructed in Lemma 1.6 (defined
on a neighborhood of L), then we have that

(φ∗Π) |L = Πcan|L. (8)

This can be checked by direct computation, but instead we refer to the proof of Weinstein’s
Lagrangian neighborhood theorem in [39], as we are just applying Weinstein’s construction
leaf by leaf. In some detail, we consider the restriction φ : (S, ωS)→

(
T ∗(L ∩ S), ωT ∗(L∩S)

)

for each leaf S ∈ F , and the usual argument of the Lagrangian neighborhood theorem shows
that φ∗ωT ∗(L∩S) and ωS agree along L ∩ S. This immediately implies the equality (8).

Having established (8), we need an appropriate version of Moser’s theorem in order to con-
struct a Poisson diffeomorphism between neighborhoods of L in (M,Π) and (T ∗FL,Πcan).
This in turn requires a foliated version of the relative Poincaré lemma. Both statements
already appeared in the literature; we state them here for the reader’s convenience.

Lemma 1.7. [9, Proposition 3.3] Let (N,F) be a foliated manifold, and let p : M → N be
a vector bundle over N . Denote by F ′ := p∗(F) the pullback foliation of F . Suppose that
α ∈ Γ

(
∧kT ∗F ′

)
is a closed foliated k-form whose pullback i∗α to (N,F) vanishes. Then

there exists a foliated (k − 1)-form β ∈ Γ
(
∧k−1T ∗F ′

)
such that dF ′β = α and β|N = 0.

Lemma 1.8. [7, Lemma 5] Let (M,F , ω) be a symplectic foliation. Consider a foliated
1-form α ∈ Ω1(F) satisfying α|N = (dFα) |N = 0 for some submanifold N ⊂ M . Then
ω+ dFα is non-degenerate in a neighborhood U of N , and the resulting symplectic foliation
(U,F|U , ω|U + (dFα) |U ) is isomorphic around N to (M,F , ω) by a foliated diffeomorphism
that is the identity on N .

Altogether, we obtain the following normal form around Lagrangian submanifolds trans-
verse to the symplectic leaves of a Poisson manifold.

Proposition 1.9 (Local model around Lagrangians transverse to symplectic leaves). Given
a Poisson manifold (M,Π), let L ⊂ (M,Π) be a Lagrangian submanifold transverse to the
symplectic leaves. Denote by FL the induced foliation on L. Then a neighborhood of L
in (M,Π) is Poisson diffeomorphic with a neighborhood of L in (T ∗FL,Πcan), through a
diffeomorphism that restricts to the identity on L.

Proof. By Lemma 1.5, we can assume that (M,Π) is regular, with underlying foliation F .
By Lemma 1.6 and (8), there exists a foliated diffeomorphism between neighborhoods of L,
φ : U ⊂ (M,F)→ V ⊂ (T ∗FL, p

∗FL), satisfying

(φ∗Π) |L = Πcan|L and φ|L = Id.

Denote by ω, ω̃ ∈ Ω2(p∗FL|V ) the leafwise symplectic forms on V ⊂ T ∗FL corresponding
with the Poisson structures Πcan and φ∗Π, respectively. Since ω̃ − ω is closed and the
restriction (ω̃−ω)|L vanishes, we can apply Lemma 1.7: shrinking V if necessary, we obtain
that ω̃ − ω = dp∗FL

β for some β ∈ Ω1(p∗FL|V ) satisfying β|L = 0. Lemma 1.8 gives an
isomorphism of symplectic foliations ψ : (V, p∗FL|V , ω̃|V )→

(
ψ(V ), p∗FL|ψ(V ), ω|ψ(V )

)
such
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that ψ|L = Id, again shrinking V if necessary. The map ψ◦φ : (U,Π|U )→
(
ψ(V ),Πcan|ψ(V )

)

now satisfies the criteria. �

Remark 1.10. One can also obtain Proposition 1.9 by applying some more general results
that appeared in [4]. There one shows the following:

• [4, Theorem 8.1] Let (M,D) be a smooth Dirac manifold. If D ∩ TM has constant
rank, then (M,D) can be embedded coisotropically into a Poisson manifold (P,Π).
Explicitly, denote E := D ∩ TM and define P to be the total space of the vector
bundle π : E∗ → M . Choosing a complement to E inside TM gives an embedding
i : E∗ →֒ T ∗M . Then the Dirac structure ei

∗ωT∗M (π∗D), obtained by pulling back
D along π and applying the gauge transformation by i∗ωT ∗M , defines a Poisson
structure Π on a neighborhood ofM inE∗. It has the desired properties: M ⊂ (P,Π)
is coisotropic and the Dirac structure DΠ pulls back to D on M .
• [4, Proposition 9.4] Suppose we are given a Dirac manifold (M,D) for which D∩TM

has constant rank k, and let (P1,Π1) and (P2,Π2) be Poisson manifolds of dimension
dim(M) + k in which (M,D) embeds coisotropically. Assume moreover that the
presymplectic leaves of (M,D) have constant dimension. Then (P1,Π1) and (P2,Π2)
are Poisson diffeomorphic around M .

In our situation, we have a Lagrangian submanifold i : L →֒ (M,Π) transverse to the
symplectic leaves of (M,Π), so the pullback i∗DΠ is a smooth Dirac structure on L. More-
over, i∗DΠ ∩ TL has constant rank since it is given by Π♯(TL0) = TFL. The procedure in
described in the first bullet point above then yields exactly the local model (T ∗FL,Πcan).

Now (L, i∗DΠ) is embedded coisotropically in (M,Π) and in (T ∗FL,Πcan), both of which
have dimension equal to dim(L) + rk(TFL). The presymplectic leaves of (L, i∗DΠ) have
constant dimension, since they are just the leaves of FL. Applying the second bullet point
above then shows that (M,Π) and (T ∗FL,Πcan) are Poisson diffeomorphic around L.

L

FL

T ∗FL

FLFL

Figure 1. The foliation FL and vector bundle T ∗FL.

Proposition 1.9 implies that C1-small deformations of a Lagrangian L ⊂ (M,Π) transverse
to the leaves correspond with Lagrangian sections of (T ∗FL,Πcan). Thanks to the decom-
position (7), these can be studied using well-known results from symplectic geometry about
Lagrangian sections in cotangent bundles. We obtain that deformations of L ⊂ (M,Π) are
classified by the first foliated cohomology group H1(FL).
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Corollary 1.11. Given a Poisson manifold (M,Π), let L ⊂ (M,Π) be a Lagrangian sub-
manifold transverse to the symplectic leaves. Denote by FL the induced foliation on L.

• The graph of α ∈ Γ (T ∗FL) is Lagrangian in (T ∗FL,Πcan) exactly when dFL
α = 0.

• The graphs of closed foliated one-forms α, β ∈ Γ (T ∗FL) are related by a Hamiltonian
diffeomorphism exactly when [α] = [β] in H1(FL).

1.3. Log-symplectic structures.

The rest of this paper is devoted to a specific class of Poisson structures, called log-
symplectic structures. These are generically symplectic, except at some singularities where
the bivector drops rank in a controlled way.

Definition 1.12. A Poisson structure Π on a manifold M2n is called log-symplectic if ∧nΠ
is transverse to the zero section of the line bundle ∧2nTM .

A log-symplectic structure Π is symplectic everywhere, except at points lying in the set
Z := (∧nΠ)−1 (0), called the singular locus of (M,Π). If Z is nonempty, then it is a smooth
hypersurface by the transversality condition. In that case, Z is a Poisson submanifold of
(M,Π) with an induced Poisson structure that is regular of corank-one.

The geometry of the singular locus (Z,Π|Z ) has some nice features. The foliation of Π|Z
is unimodular, i.e. defined by a closed one-form θ ∈ Ω1(Z), and the leafwise symplectic form
extends to a closed two-form ω ∈ Ω2(Z). The pair (θ, ω) defines a cosymplectic structure
on Z. The existence of such a pair is equivalent with the existence of a Poisson vector field
on Z that is transverse to the leaves of Π|Z [17]. One can obtain such a vector field by
restricting a modular vector field on (M,Π) to Z [18].

Example 1.13. The standard example of a log-symplectic manifold is R2n with coordinates
(x1, y1, . . . , xn, yn) and Poisson structure Π = ∂x1 ∧ y1∂y1 +

∑n
i=2 ∂xi ∧ ∂yi . It follows from

Weinstein’s splitting theorem that any log-symplectic structure looks like this near a point
in its singular locus. In this example, the vector field ∂x1 is the modular vector field
corresponding with the volume form dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn. It is indeed transverse to
the symplectic leaves of Z = {y1 = 0}, which are the level sets of x1.

The importance of modular vector fields is apparent in the following normal form result,
which describes the log-symplectic structure in a neighborhood of its singular locus [18],
[33, Prop. 4.1.2].

Proposition 1.14 (Local form around singular locus). Let Π be a log-symplectic structure
on an orientable manifold M , with singular locus (Z,Π|Z). Let Vmod ∈ X(M) be a modular
vector field on M . Then there is a tubular neighborhood U ⊂ Z × R of Z, in which Z
corresponds to t = 0, such that

Π|U = Vmod|Z ∧ t∂t +Π|Z .

Log-symplectic structures can alternatively be viewed as symplectic forms on a suitable
Lie algebroid. To any b-manifold (M,Z) consisting of a manifold M and a hypersurface
Z ⊂ M , one can associate a Lie algebroid bTM whose sections are the vector fields on
M that are tangent to Z. Lie algebroid 2-forms ω ∈ Γ

(
∧2

(
bT ∗M

))
that are closed and

non-degenerate are called b-symplectic forms. Having a log-symplectic structure Π on M
with singular locus Z is equivalent to having a b-symplectic form on (M,Z) [18]. This point
of view allows one to study log-symplectic structures using symplectic techniques.



DEFORMATIONS OF LAGRANGIAN SUBMANIFOLDS IN LOG-SYMPLECTIC MANIFOLDS 12

1.4. Lagrangian submanifolds of log-symplectic manifolds.

We now focus on Lagrangian submanifolds L of log-symplectic manifolds (M,Z,Π). La-
grangians transverse to the degeneracy locus Z can be treated using the b-geometry point
of view, which reduces their study to symplectic geometry. Indeed, the submanifold L is
naturally a b-manifold (L,L ∩ Z) and the condition that L be Lagrangian (in the sense of
Def. 1.3) is equivalent with the requirements

{
bi∗ω = 0

dim(L) = 1
2 dim(M)

,

where ω is the b-symplectic form defined by Π and i : (L,L∩Z) →֒ (M,Z) is the inclusion.
In [23], one shows that a neighborhood of L in (M,ω) is b-symplectomorphic with a neigh-
borhood of L in its b-cotangent bundle bT ∗L, endowed with the canonical b-symplectic form.
As a consequence, the moduli space of Lagrangian deformations of L under Hamiltonian
equivalence can be identified with the first b-cohomology group bH1(L). All of this is in
complete analogy with what happens in symplectic geometry.

We will consider Lagrangians at the other extreme, i.e. those that are contained in the
singular locus of a log-symplectic manifold (M2n, Z,Π). If L is such a Lagrangian and
O2n−2 is the leaf through p ∈ L, then we have

dim(TpL) = dim(TpL+ TpO)− n+ 1,

where 2n − 2 ≤ dim(TpL + TpO) ≤ 2n − 1. So either dim(L) = n − 1 and connected
components of L lie inside symplectic leaves, or dim(L) = n and L is transverse to the
leaves in Z. In the rest of this note, we will deal with Lagrangians of the second kind:

middle dimensional Lagrangian submanifolds contained in the singular locus.

Remark 1.15. More generally, instead of middle dimensional Lagrangian submanifolds, one
could consider middle dimensional coisotropic submanifolds C ⊂ (M,Z,Π). Although these
two notions coincide for submanifolds transverse to the degeneracy locus Z, they are not
equivalent in general – in particular, they are not equivalent in the setup we consider.

An example of middle dimensional coisotropic C contained in Z which is not Lagrangian,
is the following. Take M = R4 and Π = ∂x1 ∧ y1∂y1 + ∂x2 ∧ ∂y2 , take C given by the
constraints x1 − y

3
2 = 0 and y1 = 0. It is coisotropic because the Poisson bracket of these

constraints is y1, thus again a constraint. It is not Lagrangian because TpC = TpO at points
p of C where y2 vanishes, where O denotes the (2-dimensional) symplectic leaf through p.

Example 1.16. In the local model
(
R2n, x1, y1, . . . , xn, yn

)
with its standard log-symplectic

structure Π = ∂x1 ∧ y1∂y1 +
∑n

i=2 ∂xi ∧ ∂yi , the submanifold L = {y1 = · · · = yn = 0} is
Lagrangian of middle dimension, contained in the singular locus.

Example 1.16 is in fact the local model for any Lagrangian Ln ⊂ Z ⊂ (M2n,Π).

Proposition 1.17 (Local form around a point). Let (M2n, Z,Π) be a log-symplectic man-
ifold and let Ln ⊂ Z be a Lagrangian submanifold. Around any point p ∈ L, there exist
coordinates (x1, y1, . . . , xn, yn) such that





Z = {y1 = 0}

Π = ∂x1 ∧ y1∂y1 +
∑n

i=2 ∂xi ∧ ∂yi
L = {y1 = · · · = yn = 0}

.
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Proof. Applying Prop. 1.9 and Prop. 1.14 locally around p shows that there exists a
coordinate system (U ;x1, t, x2, y2 . . . , xn, yn) such that

Π|U = Vmod|U∩Z ∧ t∂t +
n∑

i=2

∂xi ∧ ∂yi . (9)

Here Vmod is a locally defined modular vector field, L = {t = y2 = · · · = yn = 0} and
Z = {t = 0}. If we write Vmod|U∩Z in coordinates as

Vmod|U∩Z = z(x, y)∂x1 +
n∑

i=2

gi(x, y)∂xi +
n∑

i=2

hi(x, y)∂yi ,

then requiring that Vmod|U∩Z is Poisson yields that z(x, y) only depends on x1. Now
Vmod|U∩Z − z(x1)∂x1 is a Poisson vector field tangent to the leaves, so it is locally Hamil-
tonian. This implies that, changing to a different modular vector field, we may assume

Vmod|U∩Z = z(x1)∂x1 .

Note here that z(x1) is nowhere zero since Vmod|U∩Z is transverse to the leaves. This allows
us to define a new coordinate ξ by

ξ :=

∫
1

z(x1)
dx1.

In the new coordinate system (ξ, t, x2, y2, . . . , xn, yn), the expression (9) becomes

Π = ∂ξ ∧ t∂t +
n∑

i=2

∂xi ∧ ∂yi ,

so these coordinates satisfy the criteria. �

We display two classes of middle dimensional Lagrangian submanifolds contained in the
singular locus.

Example 1.18 (Mapping tori). Assume the singular locus Z2n−1 is compact and has a
compact leaf S. Then Z is the mapping torus of a symplectomorphism φ : S → S, i.e.

Z = ([0, 1] × S)/ ∼,

where the equivalence relation is given by (0, x) ∼ (1, φ(x)) for all x ∈ S [17, Theorem 19].
Let ℓ ⊂ S be a Lagrangian submanifold such that φ(ℓ) = ℓ. Then

L := ([0, 1] × ℓ)/ ∼,

the mapping torus of ℓ, is an n-dimensional Lagrangian submanifold in Z.

Now let (X,Z) be a b-manifold (i.e. Z is a codimension-one submanifold of X), and let
N ⊂ X be a b-submanifold (i.e. N is transverse to Z). Then we have bTN ⊂ bTX, and
the annihilator (bTN)◦ is a Lagrangian submanifold of the log-symplectic manifold bT ∗X
transverse to the singular locus. We now adapt this construction to obtain Lagrangian
submanifolds of bT ∗X contained in the singular locus. The construction depends on ad-
ditional choices, and is somewhat reminiscent of the following in symplectic geometry: for
a submanifold N of an arbitrary manifold and a closed α ∈ Ω1(N), the affine subbundle
{ξ : ξ|TN = α} over N is a Lagrangian submanifold of the cotangent bundle. In Proposition
1.20 we provide a construction depending on Lie algebroid splittings, and in Corollary 1.21
we make the construction more explicit. We first need to recall some well-known facts in
the following remark.
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Remark 1.19. i) Let A → Z be a Lie algebroid, and B → N a Lie subalgebroid
supported on a submanifold N of Z. Then the annihilator B◦ is a coisotropic
submanifold of the Poisson manifold A∗, where the latter is endowed with its natural
linear Poisson structure [42, Prop. 4.6].

ii) Let (X,Z) be a b-manifold. The b-cotangent bundle bT ∗X has a canonical log-
symplectic structure Π [18, Ex. 9], which agrees with the linear Poisson structure
associated to the Lie algebroid structure (bTX, [·, ·], ρ). (This construction general-
izes Example 1.13.)

There is a short exact sequence of Lie algebroids over Z:

0→ L →֒ bTX|Z
ρ
→ TZ → 0. (10)

The kernel L has a canonical non-vanishing section w (given by x1∂x1 for any local
coordinate system on X for which x1|Z = 0), thus we have a canonical isomorphism
of line bundles L ∼= R× Z [18, §3.1]. The dual short exact sequence reads

0→ T ∗Z
ρ∗

→֒ bT ∗X|Z → L∗ → 0. (11)

It is known that bT ∗X|Z is the singular locus of the log-symplectic structure Π,
hence it has a corank-1 Poisson structure. It turns out that its symplectic leaves are
exactly the preimages of the constant sections of L∗ under the map in (11), i.e. the
level sets of the function 〈w, ·〉 on bT ∗X|Z , as can be seen easily in coordinates.

Proposition 1.20. Let (Xn, Zn−1) be a b-manifold, and N ⊂ Z a submanifold. Let

σ : TN → bTX|Z

be a Lie algebroid morphism such that2 ρ ◦ σ = IdTN .
Then L, defined as the annihilator of σ(TN) in the vector bundle bT ∗X|N , is an n-

dimensional Lagrangian submanifold of bT ∗X contained in the singular locus.

Proof. By assumption, σ(TN) is a Lie subalgebroid of bTX|Z supported on N . Its annihi-
lator L maps onto L∗|N under the map in the short exact sequence (11). Hence L intersects
transversely the 2n−2-dimensional symplectic leaves of bT ∗X|Z , by Remark 1.19 ii). Notice
that L is an n-dimensional coisotropic submanifold of bT ∗X|Z by Remark 1.19 i). Hence the
intersection of L with any symplectic leaf is a (n− 1)-dimensional coisotropic submanifold
of the symplectic leaf, i.e. it is Lagrangian there. Hence L is Lagrangian. �

Corollary 1.21. Let (Xn, Zn−1) be a b-manifold, and assume that the normal bundle
TX|Z/TZ is trivial. Let N ⊂ Z be a submanifold. Let

• f ∈ C∞(U) be a defining function3 for Z (here U is a tubular neighborhood of Z),
• α ∈ Ω1(N) be a closed 1-form on N .

Then

TN◦ ⊕ R

(
df

f
|N − α

′

)

is an n-dimensional Lagrangian submanifold of bT ∗X contained in the singular locus. Here

• TN◦ is the annihilator of TN in T ∗Z|N ,

2When N = Z, this means that σ is a Lie algebroid splitting of the sequence (10).
3Existence of such f is equivalent with TX|Z/TZ being trivial. Given f , note that df |Z trivializes

(TX|Z/TZ)∗, hence also TX|Z/TZ is trivial. Conversely, take an exponential map exp : TX|Z/TZ ∼=
Z × R → M on a neighborhood of Z, set pr : Z × R → R to be the projection and define f := pr ◦ exp−1.
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• α′ ∈ Γ(T ∗Z|N ) is any extension4 of α,

and we view both as lying in bT ∗X|Z by using the map ρ∗ in (11).

Proof. The line subbundle Rdf
f |Z of bT ∗X|Z maps surjectively onto L∗ in the sequence (11),

hence the kernel of df
f |Z is the image of a vector bundle splitting τ : TZ → bTX|Z of the

anchor map ρ in the sequence (10). Further τ is a Lie algebroid morphism (this can be

be seen choosing coordinates on X adapted to Z; it also follows from the fact that df
f |Z is

closed and thus its kernel is involutive).
Now let σ : TN → bTX|Z be a vector bundle map such that ρ ◦ σ = IdTN . Then,

in view of the short exact sequence (10), the difference σ − τ |TN is a vector bundle map
TN → L|N ∼= R×N . Hence

σ = τ |TN + αw

for some α ∈ Ω1(N), where w denotes the canonical section of L as in Remark 1.19 ii).
Conversely, given any α ∈ Ω1(N), the above formula defines a vector bundle map σ satisfying
ρ ◦ σ = IdTN .

It turns out that σ is a Lie algebroid morphism (i.e. σ(TN) is a Lie subalgebroid) iff α

is closed. Indeed, for all vector fields X,Y ∈ X(N), after choosing extensions X̃, Ỹ ∈ X(Z)
and an extension α̃ ∈ Ω1(Z) of α, we have:

[τ(X̃) + α̃(X̃)w, τ(Ỹ ) + α̃(Ỹ )w]|N = τ([X,Y ]) + α([X,Y ])w

iff (dα)(X,Y ) = 0, as one computes using the fact that τ is bracket-preserving.
As in Proposition 1.20, denote by L the annihilator of σ(TN) in bT ∗X|N . Then

L = TN◦ ⊕R

(
df

f
|N − α

′

)
. (12)

The inclusion “⊃” holds for the following reasons: TN◦ annihilates σ(TN), and for all
vectors X ∈ TN we have〈

df

f
|N − α

′ , σ(X)

〉
= α(X) − α(X) = 0.

Since both vector subbundles have the same rank, we obtain the equality (12), and Propo-
sition 1.20 concludes the proof. �

Example 1.22. i) The case N = {p}, for p a point of Z: in this case the construction of
Corollary 1.21 does not depend on any additional choice, and yields as Lagrangian subman-
ifold the fiber bT ∗

pX.
ii) The case N = Z: for any defining function f for Z and closed 1-form α on Z, the line

bundle

R

(
df

f
|Z − α

)
→ Z (13)

is a Lagrangian submanifold. We remark that such df
f |Z − α are exactly the closed (w.r.t.

the Lie algebroid differential) sections of bT ∗X|Z which on w evaluate to 1.
Notice that any other defining function for Z is of the form fg for some function g

without zeros, and that d(fg)
fg |Z is given by df

f |Z plus an exact term d(log(|g|Z |). Thus,

when H1(Z) 6= 0, not all Lagrangian submanifolds of the form (13) can be realized as
R(dhh |Z) for some defining function h.

4The construction clearly does not depend on the extension.
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Given a Lagrangian Ln contained in the singular locus Z of a log-symplectic manifold
(M2n,Π), Prop. 1.9 describes a neighborhood of L in (Z,Π|Z) and Prop. 1.14 describes
a neighborhood of Z itn (M2n,Π). Combining the two propositions, we get the following
normal form around Ln ⊂ (M2n,Π).

Corollary 1.23 (Local form around a Lagrangian in the singular locus). Let (M2n, Z,Π)
be an orientable log-symplectic manifold, and make a choice of modular vector field Vmod on
M . Let Ln ⊂ Z be a Lagrangian submanifold, and denote by FL the induced5 foliation on
L. Then a neighborhood of L in (M,Π) can be identified with a neighborhood of L in the
vector bundle T ∗FL × R→ L, endowed with the log-symplectic structure

Π̃ := V ∧ t∂t +Πcan. (14)

Here t is a coordinate on R, and V is the image of Vmod|Z under the Poisson diffeomorphism
(Z,Π|Z )→ (T ∗FL,Πcan) between neighborhoods of L constructed in Prop. 1.9.

Remark 1.24. The vector field V in (14) is only defined on a neighborhood W of L in T ∗FL.
Note that there is some freedom in the formula (14), in the sense that there we can replace
V by any Poisson vector field representing the Poisson cohomology class [V ].

To see this, take any representative V − Xf of [V ], for some function f defined on W .

Note that V is a modular vector field of Π̃, with respect to the volume form Ω on W × R
that is uniquely determined by requiring that 〈Ω,∧nΠ̃〉 = t. If f̃ is an extension of f

to W × R, then also V − Xf̃ is a modular vector field of Π̃, with respect to the volume

form ef̃Ω on W × R. Proposition 1.14 now implies that replacing V by V − Xf in (14)

gives a log-symplectic structure that is Poisson diffeomorphic to Π̃ in a neighborhood of
W ⊂W × R.

An arbitrary representative of the modular class has little to do with the Lagrangian L;
we will remedy this in the next section. One could hope to find a representative of [V ] that
is tangent to L. This amounts to finding a modular vector field, defined on a neighborhood
of L in (M,Π), that is tangent to L. This can always be done locally near a point, as a
consequence of Prop. 1.17 (namely, the vector field ∂x1 in the statement of the proposition
is modular and tangent to L). Globally however, this may fail, as we now show.

Example 1.25 (No modular vector field is tangent). Consider the manifold R × S1 × T2

with coordinates (t, τ, θ1, θ2) and log-symplectic structure

Π = (∂τ + ∂θ2) ∧ t∂t + ∂θ1 ∧ ∂θ2 .

The submanifold L := {t = θ2 = 0} ∼= S1 × S1 is Lagrangian inside the singular locus
Z = S1×T2. Note that ∂τ +∂θ2 is a modular vector field for Π (associated with the volume
form dθ1 ∧ dθ2 ∧ dt∧ dτ). If there existed a modular vector field tangent to L (defined near
L), then its restriction to Z would look like

∂τ + ∂θ2 + (∂θ1 ∧ ∂θ2)
♯ (df) = ∂τ +

(
1 +

∂f

∂θ1

)
∂θ2 −

∂f

∂θ2
∂θ1

for some f ∈ C∞(Z), where (
1 +

∂f

∂θ1

)∣∣∣∣
θ2=0

= 0. (15)

5The leaves of the codimension-one foliation FL are the connected components of the intersections of L
with the symplectic leaves of Z.
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But then, fixing any value of τ and denoting by i : {τ} × S1 × {0} →֒ Z the inclusion, we
get

0 =

∫

{τ}×S1×{0}
i∗df =

∫

{τ}×S1×{0}

∂f

∂θ1
dθ1 = −

∫

{τ}×S1×{0}
dθ1 = −2π,

using Stokes’ theorem, and (15) in the third equality. So there is no modular vector field
tangent to L.

2. Poisson vector fields on the cotangent bundle of a foliation

Let L be a manifold and FL a foliation on L. Denote by Πcan the canonical Poisson
structure on T ∗FL (as in b) of Lemma 1.6). This section treats Poisson vector fields
on (T ∗FL,Πcan). We show that every class in the first Poisson cohomology group of
(T ∗FL,Πcan) admits a convenient representative (Thm. 2.2), and use this to compute
explicitly the first Poisson cohomology group (Cor. 2.5). At the beginning of §3, we apply
these results to the modular vector field of a log-symplectic manifold, and find a convenient
representative of the class [V ] in (14).

2.1. Convenient representatives.

We denote by

X(L)FL :=
{
W ∈ X(L) : [W,Γ(TFL)] ⊂ Γ(TFL)

}

the Lie subalgebra of vector fields on L whose flow preserves the foliation FL.

Lemma 2.1. Let W ∈ X(L)FL and let r : (T ∗L,ΠT ∗L)→ (T ∗FL,Πcan) denote the restric-
tion. We then have the following:

(i) The cotangent lift of W pushes forward via r : T ∗L→ T ∗FL to a Poisson vector field

on T ∗FL, which we denote by W̃ .

(ii) When W lies in Γ(TFL), the vector field W̃ is Hamiltonian.

Proof. We denote by pT ∗FL
: T ∗FL → L and pT ∗L : T ∗L→ L the vector bundle projections.

(i) Let WT ∗L ∈ X(T ∗L) denote the cotangent lift of W . To show that it pushes forward
via r, we need to show that its action on functions preserves r∗(C∞(T ∗FL)). It suffices
to consider fiberwise constant and fiberwise linear functions on T ∗FL. The fiberwise
constant ones are of the form p∗T ∗FL

g for g ∈ C∞(L). Since pT ∗L = pT ∗FL
◦ r, we have

WT ∗L(r
∗(p∗T ∗FL

g)) =WT ∗L (p
∗
T ∗Lg) = p∗T ∗L(W (g)) = r∗(p∗T ∗FL

(W (g))).

Next, fiberwise linear functions on T ∗FL look like hX : T ∗FL → R : (p, α) 7→ 〈α,X(p)〉
for X ∈ Γ(TFL). Clearly, one has a commutative diagram

C∞
lin(T

∗FL) C∞
lin(T

∗L)

Γ(TFL) Γ(TL)

r∗

i

h• h• .

Recall that for the standard symplectic structure on T ∗L, the Poisson bracket satisfies
{hX , hY } = −h[X,Y ], for X,Y ∈ Γ(TL). Moreover, the cotangent lift WT ∗L is minus
the Hamiltonian vector field of hW (see e.g. [8, §2]). So for X ∈ Γ(TFL) we get

WT ∗L(r
∗hX) =WT ∗L

(
hi(X)

)
= −XhW

(
hi(X)

)
= −{hW , hi(X)} = h[W,i(X)].
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The vector field [W, i(X)] lies in Γ(TFL) by assumption, so that WT ∗L(r
∗hX) lies in

r∗(C∞
lin(T

∗FL)). This shows that WT ∗L pushes forward under r.

The vector field W̃ is Poisson since the cotangent lift WT ∗L is a symplectic vector field
and r is a Poisson map.

(ii) If W lies in Γ(TFL), then we have

W̃ = r∗
(
i(W )

)
T ∗L

= r∗

(
−Xhi(W )

)
= −r∗ (Xr∗hW ) = −XhW ,

where in the second equality we used the above comment about Hamiltonian vector
fields, and in the third the commutativity of the diagram. �

The rest of this section is devoted to the following theorem, which provides convenient
representatives for first Poisson cohomology classes, and its consequences.

Theorem 2.2. Let (L,FL) be a foliated manifold. Consider the standard Poisson structure
Πcan on the total space of the vector bundle p : T ∗FL → L. Fix a class in H1

Πcan
(T ∗FL).

Then there exists a representative Y ∈ X(T ∗FL) such that

(i) Y is p-projectable and p∗Y ∈ X(L)FL ,

(ii) the vector field6 Y − p̃∗Y is vertical and constant on each fiber of p, and Y − p̃∗Y is
closed when viewed as7 a foliated 1-form on (L,FL).

Notice that given a class in H1
Πcan

(T ∗FL), a representative Y as in Theorem 2.2 is by no

means unique: adding to Y a Hamiltonian vector field of the form W̃+Xp∗g forW ∈ Γ(TFL)
and g ∈ C∞(L) gives a representative of the same class that still satisfies the requirements
of Theorem 2.2 (see Corollary 2.5 below).

Example 2.3. Consider the plane L = R2 with coordinates x, y, and the foliation FL given
by the lines {x = const}. Then T ∗FL is R3 with coordinates x, y, z, with vector bundle
projection p = (x, y) : R3 → R2 and Poisson structure Πcan = ∂y ∧∂z. An arbitrary Poisson
vector field has the form

U = f(x)∂x + g∂y + k∂z ,

where g, k ∈ C∞(R3) satisfy ∂yg = −∂zk. This vector field is not p-projectable in general,
because g might depend on z. However, defining h(x, y, z) :=

∫ z
0 g(x, y, t)dt, we obtain a

function on R3 such that

Y := U +Xh = f(x)∂x + (k + ∂yh)∂z

is p-projectable. Notice that p∗Y = f(x)∂x lies in X(L)FL . Moreover, since the partial
derivative ∂z(k+∂yh) vanishes, the vertical vector field V := (k+∂yh)∂z is indeed constant
on each fiber of p. Regarding V as a foliated 1-form on (L,FL) yields (k + ∂yh)dy, which
is closed due to dimension reasons.

To prove Theorem 2.2, we need a few general statements about cotangent bundles.

Lemma 2.4. Let N be a manifold. Consider its cotangent bundle T ∗N with the standard
symplectic form ω and bundle projection pT ∗N .

(i) Let Y ∈ X(T ∗N) be a symplectic vector field8. Then there is h ∈ C∞(T ∗N) such that
Y +Xh is a vertical vector field.

6The lift p̃∗Y was defined in Lemma 2.1.
7I.e., when viewed as a section of p : T ∗FL → L.
8Part (i) of the lemma holds more generally whenever the pullback of ιY ω to each fiber of pT∗N is closed.
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(ii) Let V ∈ X(T ∗N) be a vertical symplectic vector field. Then V must be constant on
each fiber. It is closed when viewed as an element of Γ(T ∗N) = Ω1(N).

Proof. (i) Consider the foliation Ffiber of T ∗N by fibers of the projection pT ∗N . Denote
by ifiber the inclusion of its tangent distribution into the tangent bundle of T ∗N . Since
the 1-form ιY ω ∈ Ω1(T ∗N) is closed, its pullback i∗fiber(ιY ω) is closed as a foliated
1-form. It is foliated exact, as the leaves of Ffiber are just fibers of a vector bundle
(choosing the primitives on each fiber to vanish on the zero section, they assemble to
a smooth function on T ∗N , c.f. Lemma 1.7). So i∗fiber(ιY ω) equals dFfiber

h for some

h ∈ C∞(T ∗N), which implies that ιY ω−dh ∈ Ω1(T ∗N) pulls back to zero under ifiber.
As the fibers are Lagrangian, this means that ω−1(ιY ω − dh) = Y +Xh is a vertical
vector field on T ∗N .

(ii) The 1-form ιV ω is closed because V is a symplectic vector field. For any vertical
vector field W we have ιW ιV ω = 0 and LW (ιV ω) = 0, so ιV ω = −p∗T ∗Nα for a unique,
closed α ∈ Ω1(N). Writing in local coordinates α =

∑
i fi(q)dqi, in the corresponding

canonical coordinates on T ∗N we have

V = −(ω−1)(p∗T ∗Nα) =
∑

i

fi(q)∂pi ,

showing that V is constant along the fibers. This formula also shows that V , regarded
as an element of Γ(T ∗N) = Ω1(N), is precisely the closed 1-form α.

�

Proof of Thm. 2.2. Let U ∈ X(T ∗FL) be any representative of the given class inH1
Πcan

(T ∗FL).
Let U0 ∈ X(L) be given by (U0)(x) := (dxp)(U(x)) at each point x ∈ L. So (U0)(x) is just
the TxL-component of U(x) w.r.t. the canonical splitting Tx(T

∗FL) = TxL⊕ T
∗
xFL.

We first show that U0 ∈ X(L)FL . Since this is a local statement, it suffices to consider
open subsets of L whose quotient by the restriction of FL is a smooth manifold and show
that the restriction of U0 projects to a vector field on the leaf space. By abuse of notation,
we denote such an open subset by L. Since the leaves of the symplectic foliation Fsympl of
T ∗FL are the preimages under p of the leaves of FL, there is a canonical diffeomorphism of
leaf spaces

T ∗FL/Fsympl ∼= L/FL,

induced by the vector bundle projection p : T ∗FL → L (or equivalently, by the inclusion of
the zero section). Since U is a Poisson vector field, it projects under T ∗FL → T ∗FL/Fsympl
to some vector field Uquot. Restricting to points of the zero section L, we see that U0 is
projectable under L→ L/FL (to the same vector field Uquot).

By Lemma 2.1, U0 lifts to a Poisson vector field Ũ0 on T ∗FL. The Poisson vector field

U − Ũ0 is tangent to the symplectic foliation on T ∗FL. Indeed, since the statement is a

local one, we can again work on suitable open subsets of L and use that both U and Ũ0 are
projectable to the same vector field under T ∗FL → T ∗FL/Fsympl.

We now apply Lemma 2.4 i) smoothly to the leaves of Fsympl and the vector field U− Ũ0.
More precisely, by the proof of Lemma 2.4 i), if ω denotes the leafwise symplectic form on
T ∗FL, then we find a function h ∈ C∞(T ∗FL) such that the pullback of ι

U−Ũ0
ω− dFsympl

h

to the fibers of p is zero. It follows that

−Π♯can

(
ι
U−Ũ0

ω − dFsympl
h
)
= U − Ũ0 +Xh
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is vertical, i.e. tangent to the p-fibers. This has two consequences. First, we can apply
Lemma 2.4 ii) to conclude that this vector field is constant on each fiber, and is closed when
viewed as a foliated 1-form on (L,FL). Second, U +Xh is p-projectable and it projects to

the same vector field as Ũ0, namely U0 ∈ X(L). Hence Y := U +Xh is a representative of
the class H1

Πcan
(T ∗FL) with the required properties. �

2.2. The first Poisson cohomology.

Using Theorem 2.2, we can compute the first Poisson cohomology group of (T ∗FL,Πcan).
In the following, H•(FL) denotes the cohomology of the foliated differential forms along the
leaves of FL.

Corollary 2.5. Let (L,FL) be a foliated manifold and denote by Πcan the standard Poisson
structure on the total space of the vector bundle p : T ∗FL → L. There is a linear isomorphism

Φ: H1
Πcan

(T ∗FL)→ X(L)FL/Γ(TFL)×H
1(FL)

[Y ] 7→
(
[p∗Y ], [Y − p̃∗Y ]

)
, (16)

where the representative Y satisfies the properties in Thm. 2.2.

Notice that X(L)FL/Γ(TFL) agrees with the space of vector fields on L/FL, whenever the
latter quotient is smooth. An alternative description is the following: X(L)FL/Γ(TFL) is
naturally isomorphic with H0(FL, ν), the zero-th foliated cohomology of FL with coefficients
in the normal bundle ν = TL/TFL equipped with the Bott connection.

Proof. We first show that the map Φ is well-defined. For this, due to Thm. 2.2, we only
need to show that the above assignment is independent of the choice of representative.
Equivalently, since the expression in (16) depends linearly on Y , we have to show that if Y
is a Hamiltonian vector field on T ∗FL satisfying the properties in Thm. 2.2, then p∗Y lies

in Γ(TFL) and Y − p̃∗Y is exact when viewed as a foliated 1-form on (L,FL).
Being Hamiltonian, Y is tangent to the symplectic foliation of T ∗FL, so p∗Y is tangent

to the foliation FL. Hence p̃∗Y is a Hamiltonian vector field, by Lemma 2.1. Being the
difference of two Hamiltonian vector fields, the vertical and fiberwise constant vector field

V := Y − p̃∗Y is Hamiltonian. Denote by F ∈ C∞(T ∗FL) a Hamiltonian function for V , so
that for each leaf O of FL we have ιV ωT ∗O = −d(F |T ∗O). Regarding the vertical constant
vector field V as a foliated 1-form yields α ∈ Ω1(FL), determined by

ιV ωT ∗O = −p∗T ∗O(α|O), (17)

see the proof of Lemma 2.4 (ii). In particular, F is constant along the fibers of p : T ∗FL → L,
i.e. F = p∗(F |L). Thus α = dFL

F , showing that it is foliated exact.

We show that Φ is surjective. Let W ∈ X(L)FL . Then its lift W̃ is a Poisson vector
field on T ∗FL, by Lemma 2.1 i). Let α ∈ Ω1(FL) be a closed foliated 1-form. Denote by
V the corresponding vertical fiberwise constant vector field on T ∗FL. Then V is a Poisson
vector field, because it is tangent to the symplectic leaves of T ∗FL and its restriction to

each symplectic leaf is a symplectic vector field, by eq. (17). Hence W̃ + V is a Poisson
vector field on T ∗FL. By construction it satisfies the properties of Thm. 2.2, and its Poisson
cohomology class maps under Φ to ([W ], [α]).

We show that Φ is injective. Let Y be a Poisson vector field on T ∗FL satisfying the

properties in Thm. 2.2, so that p∗Y lies in Γ(TFL) and V := Y − p̃∗Y is exact when viewed

as a foliated 1-form on (L,FL). By Lemma 2.1 ii), p̃∗Y is a Hamiltonian vector field. Let
α = dFL

f ∈ Ω1(FL) be the exact foliated 1-form corresponding to V , where f ∈ C∞(L).
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Then eq. (17) implies that V = Π♯can(p∗(df)), showing that V is a Hamiltonian vector field.

Hence Y = p̃∗Y + V is Hamiltonian, so [Y ] = 0. �

We discuss the isomorphism (16) in two particular cases.

Example 2.6. i) Suppose FL is the foliation of L by points. Then T ∗FL is just L with
the zero Poisson structure, and the map Φ is just the identity on X(L).

ii) On the other extreme, suppose FL is the one-leaf foliation of L. Then T ∗FL is the
cotangent bundle T ∗L with its standard symplectic form, and

Φ: H1
Πcan

(T ∗L)→ H1(L).

Since Φ is an isomorphism, every class in H1
Πcan

(T ∗L) admits a representative V which
is a vertical fiberwise constant vector field (c.f. Lemma 2.4). The image of this class
under Φ is [α] ∈ H1(L), where α is just V regarded as a 1-form. The inverse map
Φ−1 reads [α] 7→ −[ω−1(p∗α)], by eq. (17), i.e. it is the composition of the natural
isomorphism p∗ : H1(L) → H1(T ∗L) and the isomorphism H1(T ∗L) ∼= H1

Πcan
(T ∗L)

from de Rham to Poisson cohomology carried on every symplectic manifold.

Remark 2.7. In case the foliation FL on L is of codimension-one, we can compare our
Corollary 2.5 with some results that appeared in [33].

i) In [33, Prop. 1.4.7], one proves the following: if (M,Π) is a corank-one Poisson manifold
and (F , ω) denotes its symplectic foliation, then there is a long exact sequence

· · · → Hk−2(F , ν)
d
→ Hk(F)

Π
−→ Hk

Π(M)→ Hk−1(F , ν)
d
→ Hk+1(F)→ · · · (18)

Here ν := TM/TF denotes the normal bundle of the foliation, and H•(F , ν) is the
cohomology of the complex

(
Γ(∧•T ∗F ⊗ ν), d∇

)
, where the differential d∇ is induced

by the Bott connection

∇ : Γ(TF)× Γ(ν)→ Γ(ν) : ∇XN = [X,N ].

The connecting map d is, up to sign, given by the cup product with the leafwise variation
varω ∈ H

2(F , ν∗) of ω [33, Def. 1.2.14], which vanishes when ω extends to a globally
defined closed 2-form on M .

Specializing to our situation, assume (L,FL) is a codimension-one foliation. Then
(T ∗FL,Πcan) is a corank-one Poisson manifold with symplectic foliation (Fsympl, ω).
The leafwise symplectic form ω ∈ Γ(∧2T ∗Fsympl) extends to a closed 2-form on T ∗FL.
Indeed, a closed extension of ω is given by q∗ωT ∗L, where q : T ∗FL → T ∗L is any
splitting of the restriction map r : T ∗L → T ∗FL and ωT ∗L is the canonical symplectic
form on T ∗L. So the connecting map d in (18) is zero, which implies in particular that

H1
Πcan

(T ∗FL) ∼= H1(Fsympl)⊕H
0(Fsympl, ν). (19)

This is equivalent with our isomorphism in Corollary 2.5. Firstly, H1(Fsympl) ∼= H1(FL)
by homotopy invariance. Secondly, as H0(Fsympl, ν) = X(T ∗FL)

Fsympl/Γ(TFsympl), we
have an isomorphism

X(L)FL/Γ(TFL)→ H0(Fsympl, ν) : [X] 7→ X̃,

where X̃ is the lift of X as defined in Lemma 2.1. To see that this map is well-defined,

just note that X̃ ∈ X(T ∗FL)
Fsympl , being a Poisson vector field. Injectivity is clear,

for if X̃ is tangent to Fsympl, then its projection p∗X̃ = X is tangent to FL. As for
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surjectivity, if U ∈ H0(Fsympl, ν) then U = Ũ0 as in the proof of Theorem 2.2, where

U0 ∈ X(L)FL . So the isomorphism (19) is equivalent with the one from Corollary 2.5:

H1
Πcan

(T ∗FL) ∼= H1(FL)⊕ X(L)FL/Γ(TFL). (20)

ii) In case (L,FL) is a unimodular codimension-one foliation, then we can further simplify
the isomorphism (20). Indeed, if θ ∈ Ω1(L) is a closed defining one-form for FL, then
we get an isomorphism

X(L)FL/Γ(TFL)→ H0(FL) : [V ] 7→ θ(V ).

An alternative argument, building on i) above, is the following. Since also Fsympl
is unimodular, the representation of TFsympl on ν given by the Bott connection is
isomorphic with the trivial representation of TFsympl on the trivial R-bundle T ∗FL×R
(see [33, Lemma 1.5.15]). So in (19), we get H0(Fsympl, ν) ∼= H0(Fsympl) ∼= H0(FL).

We will now upgrade Corollary 2.5 to an isomorphism of Lie algebras. Note that the Lie
bracket on X(L) restricts to X(L)FL thanks to the Jacobi identity. Since Γ(TFL) is a Lie
algebra ideal of

(
X(L)FL , [·, ·]

)
, the Lie bracket passes to the quotient X(L)FL/Γ(TFL). We

get a representation of this Lie algebra on the vector space H1(FL), namely

ρ :
X(L)FL

Γ(TFL)
→ End

(
H1(FL)

)
: [X] 7→ £X · . (21)

Here the Lie derivative

£Xα :=
d

dt

∣∣∣∣
t=0

φ∗tα (22)

of α ∈ Ω1(FL) along X makes sense since the flow φt of X preserves the foliation FL.
Clearly, the map (21) is well-defined: for any X ∈ X(L)FL , the Lie derivative £X acts on
H1(FL) since it commutes with the foliated differential dFL

. Moreover, if X ∈ Γ(TFL), then
£X acts trivially in cohomology thanks to Cartan’s magic formula. The fact that ρ is a Lie
algebra morphism is simply the identity £[X,Y ] = £X ◦£Y −£Y ◦£X for X,Y ∈ X(L)FL .

Proposition 2.8. Let L be a manifold and FL a foliation on L. Let Πcan denote the
standard Poisson structure on the total space of the vector bundle p : T ∗FL → L. The map
Φ constructed in Corollary 2.5 becomes an isomorphism of Lie algebras

Φ :
(
H1

Πcan
(T ∗FL), [·, ·]

)
→

(
X(L)FL/Γ(TFL)⋉ρ H

1(FL), [·, ·]ρ
)
,

where [·, ·] is the usual the Lie bracket of vector fields and [·, ·]ρ is the semidirect product
bracket induced by the Lie algebra representation ρ defined in (21).

To prove Prop. 2.8, it is convenient to rewrite the action (21) in terms of vertical fiberwise
constant vector fields on T ∗FL instead of foliated one-forms on (L,FL). To do so, we use
the correspondence

(
Ω•(FL), dFL

)
→

(
X•
vert.const.(T

∗FL), [Πcan, ·]
)
: α 7→

(
∧•Π♯can

)
(p∗α), (23)

which is an isomorphism of cochain complexes up to a global sign, i.e. it matches dFL
with

−[Πcan, ·] (see for instance [12, Lemma 2.1.3]).

Lemma 2.9. For every X ∈ X(L)FL , the correspondence (23) matches £X and
[
X̃, ·

]
,

where X̃ is the lift as described in Lemma 2.1.
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Proof. For every foliated differential form α ∈ Ωk(FL) we have to show that

(∧kΠ♯can) (p
∗ (£Xα)) =

[
X̃, (∧kΠ♯can)(p

∗α)
]
. (24)

The left hand side of this equality, using (22), reads

d

dt

∣∣∣∣
t=0

(∧kΠ♯can) ((φt ◦ p)
∗α) .

Since p∗X̃ = X, we have that φt ◦ p = p ◦ ψt, where ψt denotes the flow of X̃. So

(∧kΠ♯can) (p
∗ (£Xα)) =

d

dt

∣∣∣∣
t=0

(∧kΠ♯can) (ψ
∗
t (p

∗α))

=
d

dt

∣∣∣∣
t=0

(ψ−t)∗

(
(∧kΠ♯can) (p

∗α)
)

=
[
X̃, (∧kΠ♯can)(p

∗α)
]
,

using in the second equality that ψt is a Poisson diffeomorphism of (T ∗FL,Πcan). So the
equality (24) holds, and this proves the lemma. �

Proof of Prop. 2.8. To avoid confusion with too many brackets, we will denote equivalence
classes by underlining the representatives. Fix classes Y ,Z ∈ H1

Πcan
(T ∗FL) and assume

that the representatives Y,Z satisfy the properties in Theorem 2.2. Then also their Lie
bracket [Y,Z] satisfies these properties: it is p-projectable, p∗[Y,Z] ∈ X(L)FL and

[Y,Z]− ˜p∗[Y,Z] = [Y,Z]− [p̃∗Y , p̃∗Z]

=
[
p̃∗Y +

(
Y − p̃∗Y

)
, p̃∗Z +

(
Z − p̃∗Z

)]
− [p̃∗Y , p̃∗Z]

=
[
p̃∗Y ,Z − p̃∗Z

]
+

[
Y − p̃∗Y , p̃∗Z

]
, (25)

using in the last equation that Y − p̃∗Y and Z − p̃∗Z are vertical and fiberwise constant.
Lemma 2.9 shows in particular that both terms in (25) are vertical fiberwise constant Poisson

vector fields, hence the same holds for [Y,Z] − ˜p∗[Y,Z]. So [Y,Z] meets the criteria of
Theorem 2.2. We can therefore proceed as follows:

Φ ([Y ,Z]) = Φ
(
[Y,Z]

)

=
(
p∗[Y,Z], [Y,Z]− ˜p∗[Y,Z]

)

=

(
[p∗Y, p∗Z],

[
p̃∗Y ,Z − p̃∗Z

]
+

[
Y − p̃∗Y , p̃∗Z

])

=
[(
p∗Y , Y − p̃∗Y

)
,
(
p∗Z,Z − p̃∗Z

)]
ρ

= [Φ(Y ),Φ(Z)]ρ ,

using the equation (25) in the third equality and Lemma 2.9 in the fourth equality. �

3. Deformations of Lagrangian submanifolds in log-symplectic manifolds:

algebraic aspects

In this section, we address the algebra behind the deformation problem of a Lagrangian
submanifold Ln contained in the singular locus of a log-symplectic manifold (M2n, Z,Π).
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In §3.1-§3.2 we show that the deformation problem is governed by a DGLA, and we discuss
the corresponding Maurer-Cartan equation (Thm. 3.3 and Cor. 3.10). We also compute the
cohomology of the DGLA in degree one, by calculating the zeroth foliated Morse-Novikov
cohomology in §3.3 (Thm. 3.17). This result will be used in the next section to extract
geometric information about the deformations.

To set up the stage, we revisit Corollary 1.23, which states that a neighborhood of a
Lagrangian submanifold Ln contained in the singular locus of an orientable log-symplectic
manifold (M2n, Z,Π) can be identified with a neighborhood of the zero section in T ∗FL×R,
endowed with the log-symplectic structure

Π̃ := V ∧ t∂t +Πcan. (26)

Here V is defined on a neighborhood of L in T ∗FL, and only its Poisson cohomology class
[V ] is fixed, see Remark 1.24. We can use Theorem 2.2 to choose a convenient representative
V that satisfies

V = Vvert + Vlift,

where Vlift := p̃∗V is the cotangent lift of p∗V ∈ X(L)FL and Vvert := V − p̃∗V is vertical,
fiberwise constant and closed as a section of p : T ∗FL → L. Indeed, although Theorem
2.2 is phrased for Poisson vector fields defined on all of T ∗FL, it is clear that the proof
still works if those vector fields are only defined on a neighborhood of L in T ∗FL whose
intersection with each fiber is convex. We summarize the setup for the rest of this paper:

Given a Lagrangian submanifold Ln contained in the singular locus Z of an orientable
log-symplectic manifold (M2n, Z,Π), denote by FL the induced foliation on L. Fix a
tubular neighborhood embedding ψ : (Z,Π|Z ) → (T ∗FL,Πcan) of neighborhoods of L,
as in Prop. 1.9. Denote by [V ] the image of [Vmod|Z ] under this map, and assume
that V is a representative that satisfies the assumptions of Thm. 2.2. The local model
around L is then

(
U ⊂ T ∗FL ×R, Π̃ := (Vvert + Vlift) ∧ t∂t +Πcan

)
,

where U is a neighborhood of the zero section L. We denote by

γ ∈ Ω1
cl(FL)

the closed one-form defined by considering Vvert as a section of p : T ∗FL → L, and we
also write

X := p∗V ∈ X(L)FL .

Remark 3.1. The Poisson cohomology class [V ] is completely determined by [Vmod|Z ], i.e.
different choices of tubular neighborhood embeddings ψ : (Z,Π|Z )→ (T ∗FL,Πcan) of neigh-
borhoods of L yield cohomologous Poisson vector fields V . This is a consequence of the fact
that any two tubular neighborhood embeddings are isotopic; a proof can be made using the
concrete isotopy constructed in the proof of [22, Theorem 5.3]. As a consequence, the Poisson
cohomology class [Vmod|Z ] is faithfully encoded by

(
[γ], [X]

)
∈ H1(FL)× X(L)FL/Γ(TFL).

Slightly abusing notation, we will often denote the local model by
(
T ∗FL×R, Π̃

)
although

it is only defined on the neighborhood U . Throughout the rest of the paper, U denotes this
fixed neighborhood. We only make reference to it when strictly necessary.
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3.1. The Maurer-Cartan equation.

Studying C1-small deformations of L now amounts to studying Lagrangian sections in(
T ∗FL×R, Π̃

)
, the vector bundle over L given by the Whitney sum of T ∗FL and the trivial

R-bundle. By the following little lemma, it is equivalent to look at coisotropic sections.

Lemma 3.2. The graph of a section (α, f) ∈ Γ(T ∗FL×R) is coisotropic iff it is Lagrangian.

Proof. We only have to check the forward implication at points (α(q), 0) inside the singular

locus T ∗FL × {0}. The symplectic leaf of
(
T ∗FL × R, Π̃

)
through (α(q), 0) is given by

p−1(O)× {0}, where O is the leaf of FL through q. By assumption, the subspace

T(α(q),0)Graph(α, f) ∩ T(α(q),0)
(
p−1(O)× {0}

)
= {(dqα)(v) : v ∈ TqO and (dqf)(v) = 0}

(27)
is coisotropic in T(α(q),0)

(
p−1(O) × {0}

)
, so it is at least (n − 1)-dimensional. But clearly

the right hand side of (27) is at most (n − 1)-dimensional, which shows that the subspace
(27) is Lagrangian in T(α(q),0)

(
p−1(O)× {0}

)
. �

We now derive the equations that cut out coisotropic sections in
(
T ∗FL × R, Π̃

)
.

Theorem 3.3. The graph of a section (α, f) ∈ Γ(T ∗FL×R) is coisotropic in
(
T ∗FL×R, Π̃

)

exactly when {
dFL

α = 0

dFL
f + f(γ −£Xα) = 0

(28)

Recall that any vector bundle E → L carries natural maps ∧•PE : X•(E) → Γ(∧•E),
given by restriction to L composed with the vertical projection Γ (∧•TE|L)→ Γ(∧•E). In
particular, for E := T ∗FL × R we have the following map in degree two:

∧2PE : X2(E)→ Γ(∧2T ∗FL)⊕ Γ(T ∗FL).

It is clear that L is coisotropic with respect to Π̃ if and only if ∧2PE(Π̃) = 0. Below, we
denote the bundle projections by prE : E → L and prT ∗FL

: T ∗FL → L respectively.

Proof of Thm. 3.3. A section (α, f) ∈ Γ(E) gives rise to a diffeomorphism

φ(−α,−f) : E → E : (p, ξ, t) 7→
(
p, ξ − α(p), t − f(p)

)

which maps the graph of (α, f) to the zero section L ⊂ E. So it suffices to single out the

sections (α, f) such that L is coisotropic with respect to φ
(−α,−f)
∗ Π̃. This amounts to asking

that

0 = ∧2PE
(
φ
(−α,−f)
∗

(
(Vvert + Vlift) ∧ t∂t +Πcan

))
. (29)

We now simplify the expression (29) in two steps, identifying throughout vertical fiberwise
constant vector fields on T ∗FL with foliated one-forms on (L,FL) via the bijection (23).

i) Claim 1: ∧2PE
(
φ
(−α,−f)
∗

(
(Vvert + Vlift) ∧ t∂t

))
= (0, fγ − f£Xα) . (*)

First, we note that

PE

(
φ
(−α,−f)
∗ Vvert

)
= PT ∗FL

(Vvert) = Vvert

and

PE

(
φ
(−α,−f)
∗ t∂t

)
= PE

(
(t+ pr∗Ef)∂t

)
= (pr∗Ef)∂t,
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which yields the first term on the right in (*). Secondly, we have

∧2PE
(
φ
(−α,−f)
∗ (Vlift ∧ t∂t)

)
= PE

(
φ
(−α,−f)
∗ Vlift

)
∧ (pr∗Ef)∂t

= PT ∗FL

(
φ−α∗ Vlift

)
∧ (pr∗Ef)∂t,

so Claim 1 follows if we show that

PT ∗FL

(
φ−α∗ Vlift

)
= −£Xα. (30)

To do so, we compute

PT ∗FL

(
φ−α∗ Vlift

)
=

(
φ−α∗ Vlift

)∣∣
L
− (prT ∗FL

)∗ (φ
−α
∗ Vlift)

=
(
φ−α∗ Vlift

)∣∣
L
− (prT ∗FL

)∗ (Vlift)

=
(
φ−α∗ Vlift

)∣∣
L
− Vlift|L

=

∫ 1

0

d

dt

(
φ−tα∗ Vlift

)∣∣∣∣
L

dt, (31)

using that prT ∗FL
◦ φ−α = prT ∗FL

. Now, note that

d

dt

(
φ−tα∗ Vlift

)
=

d

ds

∣∣∣∣
s=0

φ−tα∗

(
φ−sα∗ Vlift

)

= φ−tα∗

(
d

ds

∣∣∣∣
s=0

φ−sα∗ Vlift

)

= φ−tα∗ ([α, Vlift])

= [α, Vlift]

= −[Vlift, α], (32)

In the fourth equality, we used that [α, Vlift] is vertical and fiberwise constant, which
follows from Lemma 2.9. Therefore, the equality (31) becomes

PT ∗FL

(
φ−α∗ Vlift

)
= −

∫ 1

0
[Vlift, α]|L dt = − [Vlift, α]|L ,

which is exactly (30) under the identification (23). This proves Claim 1.

ii) Claim 2: ∧2PE
(
φ
(−α,−f)
∗ Πcan

)
= (dFL

α, dFL
f). (**)

Since L ⊂ (T ∗FL,Πcan) is Lagrangian, we have ∧2PE(Πcan) = ∧2PT ∗FL
Πcan = 0, so

the left hand side of (**) is equal to

∧2 PE
(
φ
(−α,−f)
∗ Πcan −Πcan

)
. (33)

We can decompose

φ
(−α,−f)
∗ Πcan −Πcan = At ∧ ∂t +Bt (34)
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for some At ∈ X(T ∗FL) and Bt ∈ X2(T ∗FL) depending smoothly on t. We find At by
contracting with dt:

At = −
(
φ
(−α,−f)
∗ Πcan −Πcan

)♯
(dt)

= −
[
φ
(−α,−f)
∗ ◦ Π♯can ◦

(
φ(−α,−f)

)∗]
(dt)

= −φ
(−α,−f)
∗

(
Π♯can (d(t− pr

∗
Ef))

)

= φ
(−α,−f)
∗

(
Xpr∗

T∗FL
f

)

= Xpr∗
T∗FL

f , (35)

using that Xpr∗
T∗FL

f is vertical and fiberwise constant. Next, since

£∂t

(
φ
(−α,−f)
∗ Πcan

)
=

d

dt

∣∣∣∣
t=0

φ
(0,−t)
∗

(
φ
(−α,−f)
∗ Πcan

)

= φ
(−α,−f)
∗

(
d

dt

∣∣∣∣
t=0

φ
(0,−t)
∗ Πcan

)

= φ
(−α,−f)
∗ (£∂tΠcan)

= 0,

it follows that

£∂tBt = £∂t

(
φ
(−α,−f)
∗ Πcan −Πcan −Xpr∗

T∗FL
f ∧ ∂t

)
= 0,

i.e. Bt = B is independent of t. So B is equal to its pushforward under the projection
T ∗FL × R→ T ∗FL, which yields

B = φ−α∗ Πcan −Πcan

=

∫ 1

0

d

dt

(
φ−tα∗ Πcan

)
dt

=

∫ 1

0
£αΠcandt

= £αΠcan. (36)

Here the third equality follows from a computation similar to the one that led to (32).
Inserting (35) and (36) into (34) gives

φ
(−α,−f)
∗ Πcan −Πcan = Xpr∗

T∗FL
f ∧ ∂t +£αΠcan.

Applying the identification (23) now yields the conclusion of Claim 2:

∧2PE
(
φ
(−α,−f)
∗ Πcan −Πcan

)
= ∧2PE

(
Xpr∗

T∗FL
f ∧ ∂t +£αΠcan

)
= (dFL

α, dFL
f).

Combining Claim 1 and Claim 2, we see that the requirement (29) is equivalent with the
equations (28) in the statement of the theorem. �

Recall that in symplectic geometry, the space of Lagrangian submanifolds close to a given
one is contractible, hence path connected. Using Theorem 3.3, we now show that the same
statement is true in our setting.
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Corollary 3.4. The set of Lagrangian sections of
(
T ∗FL × R, Π̃

)
is contractible when en-

dowed with the compact-open topology.

Proof. Let us denote for short

Def(L) :=
{
(α, f) ∈ Γ(T ∗FL × R) : graph(α, f) is Lagrangian in

(
T ∗FL × R, Π̃

)}
.

We will construct a deformation retraction F of Def(L) onto the zero section. To this end,
fix a smooth function Φ ∈ C∞(R) satisfying





Φ(s) = 1 ∀ s ≤ 0

0 < Φ(s) < 1 ∀ 0 < s < 1
2

Φ(s) = 0 ∀ s ≥ 1
2

,

and define Ψ ∈ C∞(R) by setting

Ψ(s) := Φ

(
s−

1

2

)
.

Note that Ψ ≡ 1 on the support of Φ, so that in particular Φ ·Ψ = Φ. We now define the
map F as follows:

F : Def(L)× [0, 1]→ Def(L) :
(
(α, f), s

)
7→

(
Ψ(s)α,Φ(s)f

)
.

This map is well-defined: if (α, f) solves the equations (28), then also
(
Ψ(s)α,Φ(s)f

)
solves

these equations because Φ·Ψ = Φ. Clearly, the map F is continuous when Def(L) is endowed
with the compact-open topology. Next, for (α, f) ∈ Def(L) we have F

(
(α, f), 0

)
= (α, f)

and F
(
(α, f), 1

)
= (0, 0). Since clearly F

(
(0, 0), s

)
= (0, 0) for all s ∈ [0, 1], we conclude

that F is indeed a deformation retraction of Def(L) onto L.
�

Remark 3.5. We comment on the Maurer-Cartan equation (28).

i) Twisting the foliated de Rham differential with a closed element η ∈ Ω1(FL) gives a
differential

dηFL
: Ωk(FL)→ Ωk+1(FL) : α 7→ dFL

α+ η ∧ α. (37)

The associated cohomology groups, which we denote by Hk
η (FL), will be discussed

in more detail later. If FL is the one-leaf foliation on L, then we recover what is
called the Morse-Novikov cohomology, which appears in the context of locally conformal
symplectic structures [20, Section 1].

ii) The Maurer-Cartan equation (28) shows that the problem of deforming L into a nearby
Lagrangian Graph(α, f) can essentially be done in two steps. Indeed, one can solve the
first (linear) equation in (28) for α, and then solve the second equation – which for
fixed α becomes linear – for f . Geometrically, this amounts to the following. First,
one deforms L inside the singular locus along the leafwise closed one-form α, and then
one moves the obtained Lagrangian L′ = Graph(α) ⊂ T ∗FL in the direction normal to
T ∗FL along the function f ∈ H0

γ−£Xα
(FL).
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Ω1
cl(FL)

H0
γ (FL) H0

γ−£Xα
(FL)

0 α

(α, f)

Figure 2. Deforming L into Graph(α, f).

So heuristically, it seems like deforming L into Graph(α) ⊂ T ∗FL for closed α ∈ Ω1(FL)
transforms γ into γ −£Xα. We will now make this precise.

Proposition 3.6. Let ψ : U0 ⊂ (Z,Π|Z)→ U1 ⊂ (T ∗FL,ΠT ∗FL
) be a fixed tubular neighbor-

hood embedding of L into T ∗FL, where ΠT ∗FL
denotes the canonical Poisson structure Πcan.

Assume that V = Vvert+Vlift is a representative of the Poisson cohomology class ψ∗[Vmod|Z ]
satisfying the requirements of Thm. 2.2, with associated data (X, γ) ∈ X(L)FL × Ω1

cl(FL).
Consider a Lagrangian L′ = Graph(α) ⊂ U1 ⊂ T ∗FL for some closed α ∈ Ω1(FL). Then
the following hold:

i) There is a canonical diffeomorphism of affine bundles

(Φ, φ) : (T ∗FL,ΠT ∗FL
)→

(
T ∗FL′ ,ΠT ∗FL′

)

which is a Poisson diffeomorphism between the total spaces and fixes points of L′, so
that Φ ◦ ψ is a tubular neighborhood embedding of ψ−1(L′) into

(
T ∗FL′ ,ΠT ∗FL′

)
.

ii) The representative Φ∗V satisfies the requirements of Thm. 2.2 too, and its associated

data are (X ′, γ′) =
(
φ∗X,

(
φ−1

)∗
(γ −£Xα)

)
∈ X(L′)FL′ × Ω1

cl(FL′).

Proof. i) Since α is closed, the translation map

φ−α : (T ∗FL,ΠT ∗FL
)

∼
→ (T ∗FL,ΠT ∗FL

) : (p, ξ) 7→ (p, ξ − α(p))

is a Poisson diffeomorphism; this follows from the computation (36) and the isomor-
phism (23). Its restriction to L′, which coincides with the restriction of the vector

bundle projection pL to L′, is a foliated diffeomorphism τ : (L′,FL′)
∼
→ (L,FL), and

the cotangent lift T ∗τ of τ descends to a Poisson diffeomorphism

T ∗
Fτ : (T ∗FL,ΠT ∗FL

)
∼
→

(
T ∗FL′ ,ΠT ∗FL′

)
.
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In summary, we have a commutative diagram

(T ∗L′,ΠT ∗L′) (T ∗L,ΠT ∗L)

(
T ∗FL′ ,ΠT ∗FL′

)
(T ∗FL,ΠT ∗FL

)

(L′,FL′) (L,FL)

rL′ rL

T ∗τ

pL′ pL

T ∗

F
τ

τ

. (38)

The affine bundle map (Φ, φ) :=
(
T ∗
Fτ ◦ φ

−α, τ−1
)

meets the requirements.
ii) Clearly Φ∗V is pL′-projectable, since V is pL-projectable and Φ covers the diffeomor-

phism φ. Using that pL ◦ φ
−α = pL, we have

(pL′)∗ (Φ∗V ) =
(
pL′ ◦ T ∗

Fτ ◦ φ
−α

)
∗
V =

(
τ−1 ◦ pL ◦ φ

−α
)
∗
V =

(
τ−1

)
∗
X.

Since τ−1 : (L,FL) → (L′,FL′) is a foliated diffeomorphism and X ∈ X(L)FL , we

also have
(
τ−1

)
∗
X ∈ X(L′)FL′ . Moreover, ˜(τ−1)∗X = (T ∗

Fτ)∗ Vlift by functoriality.

It remains to show that Φ∗V − ˜(pL′)∗(Φ∗V ) = (T ∗
Fτ ◦ φ

−α)∗ V − (T ∗
Fτ)∗ Vlift is ver-

tical, fiberwise constant, and that it corresponds with the closed foliated one-form
τ∗ (γ −£Xα) ∈ Ω1(FL′). We rewrite it as

(T ∗
Fτ)∗

[(
φ−α

)
∗
(V − Vlift)

]
+ (T ∗

Fτ)∗
[(
φ−α

)
∗
Vlift − Vlift

]

= (T ∗
Fτ)∗ (V − Vlift) + (T ∗

Fτ)∗
[(
φ−α

)
∗
Vlift − Vlift

]
, (39)

using that V − Vlift is vertical and fiberwise constant. The computations done in (31)
and (32) show that (φ−α)∗ Vlift − Vlift = −[Vlift, α], so it is vertical fiberwise constant
and it corresponds with the closed one-form −£Xα ∈ Ω1(FL) under the identification
(23). Since V − Vlift corresponds with γ ∈ Ω1(FL), we get that the vertical fiberwise
constant vector field (39) indeed corresponds with the closed one-form τ∗ (γ −£Xα).

�

3.2. The DGLA behind the deformation problem.

We now show that the equations (28) obtained in Theorem 3.3 represent the Maurer-
Cartan equation of a differential graded Lie algebra (DGLA) that governs the deformations

of the Lagrangian L ⊂
(
T ∗FL × R, Π̃

)
. To this end, recall the following.

Suppose E → C is a vector bundle and let Π be a Poisson structure on E such that C
is coisotropic. Cattaneo and Felder showed in [3] that the graded vector space Γ (∧•E) [1]
supports a canonical L∞[1]-algebra structure whose multibrackets are defined by

λk : Γ (∧•E) [1]⊗
k

→ Γ (∧•E) [1] : ξ1 ⊗ · · · ⊗ ξk 7→ ∧P ([. . . [[Π, ξ1], ξ2] . . . , ξk]) . (40)

Here the ξi are interpreted as vertical fiberwise constant multivector fields on E and the
map ∧•P : X•(E) → Γ(∧•E) is the restriction to C composed with the vertical projection
Γ (∧•TE|L)→ Γ(∧•E). These structure maps λk only depend on the ∞-jet of Π along the
submanifold C, so the L∞[1]-algebra usually does not carry enough information to codify
Π in a neighborhood of C. Consequently, this L∞[1]-algebra fails to encode coisotropic
deformations of C in general (see [35, Ex. 3.2]).
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However, if the Poisson structure Π is analytic in the fiber directions, then the L∞[1]-
algebra of Cattaneo-Felder does govern the smooth coisotropic deformation problem of C.
In [36], such bivector fields are called fiberwise entire, and there one proves the following.

Theorem 3.7. [36, Thm. 1.12] Let E → C be a vector bundle and Π a fiberwise entire
Poisson structure which is defined on a tubular neighborhood U of C in E. Suppose that C
is coisotropic with respect to Π, and consider the L∞[1]-algebra associated with C ⊂ (U,Π).
For any section α ∈ Γ(E) such that Graph(−α) is contained in U , the Maurer-Cartan series
MC(α) converges. Furthermore, for any such α ∈ Γ(E), the following are equivalent:

(1) The graph of −α is a coisotropic submanifold of (U,Π).
(2) The Maurer-Cartan series MC(α) converges to zero.

In the rest of this section, we show that the L∞-algebra of Cattaneo-Felder associated

with
(
T ∗FL × R, Π̃

)
reduces to a DGLA, and that this DGLA governs the deformation

problem of the Lagrangian L.

Lemma 3.8. The Poisson structure Π̃ = (Vvert + Vlift)∧ t∂t+Πcan, defined on a neighbor-
hood U of L in T ∗FL × R, is fiberwise entire.

Proof. This is straightforward computation. Choose coordinates (x1, . . . , xn) on L adapted
to the foliation FL, such that plaques of FL are level sets of x1. Let (y1, . . . , yn) be the
corresponding fiber coordinates on T ∗L. Then write

Πcan =
n∑

i=2

∂xi ∧ ∂yi , Vvert =
n∑

j=2

fj(x)∂yj , p∗V =
n∑

j=1

hj(x)∂xj ,

where p : T ∗FL → L is the projection and h1(x) only depends on x1 since p∗V ∈ X(L)FL .
We then obtain

Vlift =
n∑

j=1

hj(x)∂xj −
n∑

i=2

n∑

j=2

yj
∂hj
∂xi

(x)∂yi .

So the Poisson structure Π̃ reads

Π̃ =




n∑

j=2

fj(x)∂yj +

n∑

j=1

hj(x)∂xj −
n∑

i=2

n∑

j=2

yj
∂hj
∂xi

(x)∂yi


 ∧ t∂t +

n∑

i=2

∂xi ∧ ∂yi , (41)

which is clearly a fiberwise entire bivector field. �

Notice that the coefficients in the coordinate expression (41) are at most quadratic in the
fiber coordinates (y2, . . . , yn, t). This has the following consequence.

Lemma 3.9. The L∞[1]-algebra
(
Γ(∧•(T ∗FL×R))[1], {λk}

)
of Cattaneo-Felder associated

with
(
T ∗FL × R, Π̃

)
corresponds to a DGLA-structure on Γ(∧•(T ∗FL × R)).

Proof. We will show that the multibrackets λk defined in (40) vanish for k ≥ 3. Choose
coordinates (x1, . . . , xn, y2, . . . , yn, t) on T ∗FL×R as in the proof of Lemma 3.8 above. Since
the λk are multiderivations, it is enough to evaluate them on basic functions and vertical
coordinate vector fields. As the λk have degree one, a degree counting argument shows that
they can be non-zero only when evaluated on tuples of the form

(
Y1, . . . , Yk

)
,

(
h(x), Y1, . . . , Yk−1

)
and

(
h(x), h′(x), Y1, . . . , Yk−2

)
,
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where Y1, . . . , Yk ∈ {∂y2 , . . . , ∂yn , ∂t}. Firstly, it is clear from the expression (41) that
[[
Π̃, h(x)

]
, h′(x)

]
= 0.

Secondly, the expression (41) shows that the multivector fields
[[
Π̃, Y1

]
, Y2

]
and

[[
Π̃, h(x)

]
, Y1

]

are vertical and fiberwise constant, hence differentiating them once more along a vertical
coordinate vector field gives zero. These observations imply that λk = 0 whenever k ≥ 3. �

We now established the existence of a DGLA-structure supported on Γ(∧•(T ∗FL × R))
which governs the deformations of L as a coisotropic submanifold. Thanks to Lemma 3.2,
this DGLA in fact governs the Lagrangian deformation problem of L. We now provide more
explicit descriptions for the structure maps of the DGLA.

Corollary 3.10. The deformation problem of a Lagrangian submanifold Ln contained in the
singular locus of an orientable log-symplectic manifold (M2n, Z,Π) is governed by a DGLA
supported on the graded vector space Γ (∧• (T ∗FL × R)) = Γ

(
∧•T ∗FL ⊕ ∧

•−1T ∗FL
)
, whose

structure maps (d, [[·, ·]]) are defined by

d : Γ
(
∧k (T ∗FL ×R)

)
→ Γ

(
∧k+1 (T ∗FL × R)

)
: (α, β) 7→ (−dFL

α,−dFL
β − γ ∧ β) ,

[[·, ·]] : Γ
(
∧k (T ∗FL × R)

)
⊗ Γ

(
∧l (T ∗FL × R)

)
→ Γ

(
∧k+l (T ∗FL × R)

)
:

(α, β) ⊗ (δ, ǫ) 7→
(
0,£Xα ∧ ǫ− (−1)kl£Xδ ∧ β

)
.

Proof. We start by writing down explicitly the structure maps λ1, λ2 of the L∞[1]-algebra(
Γ(∧•(T ∗FL×R))[1], λ1, λ2

)
, as defined in (40). We then apply the décalage isomorphisms

to obtain the associated DGLA
(
Γ(∧•(T ∗FL×R)), d, [[·, ·]]

)
. In the computations below, we

again identify elements of Γ
(
∧• T ∗FL

)
with vertical fiberwise constant multivector fields

on T ∗FL via the isomorphism (23).
Choose homogeneous elements (α, β) ∈ Γ

(
∧k (T ∗FL × R)

)
and (δ, ǫ) ∈ Γ

(
∧l (T ∗FL × R)

)
.

We then have[
Π̃, α+ β ∧ ∂t

]
=

[
(Vvert + Vlift) ∧ t∂t +Πcan, α+ β ∧ ∂t

]

= (−1)k−1[Vlift, α] ∧ t∂t − V ∧ β ∧ ∂t + [Πcan, α] + [Πcan, β] ∧ ∂t, (42)

which implies that

λ1
(
(α, β)

)
= (−dFL

α,−dFL
β − γ ∧ β) . (43)

Next, using the computation (42), we have
[[
Π̃, α+ β ∧ ∂t

]
, δ + ǫ ∧ ∂t

]

=
[
(−1)k−1[Vlift, α] ∧ t∂t − V ∧ β ∧ ∂t + [Πcan, α] + [Πcan, β] ∧ ∂t, δ + ǫ ∧ ∂t

]

=
[
(−1)k−1[Vlift, α] ∧ t∂t − Vlift ∧ β ∧ ∂t, δ + ǫ ∧ ∂t

]

= (−1)k [Vlift, α] ∧ ǫ ∧ ∂t − (−1)k(l−1) [Vlift, δ] ∧ β ∧ ∂t,

which implies that

λ2
(
(α, β) ⊗ (δ, ǫ)

)
=

(
0, (−1)k£Xα ∧ ǫ− (−1)k(l−1)

£Xδ ∧ β
)
. (44)
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The décalage isomorphisms act as

(α, β) 7→ (α, β)

(α, β) ⊗ (δ, ǫ) 7→ (−1)k(α, β) ⊗ (δ, ǫ),

and applying them to (43) and (44) yields the expressions stated in the corollary. �

In more detail, the fact that this DGLA governs the deformations of L means the follow-

ing. For convenience, we assume the neighborhood U of L in T ∗FL×R where Π̃ is defined to
be invariant under fiberwise multiplication by −1. Then for any section (α, f) ∈ Γ(T ∗FL×R)
whose graph lies inside U , we have

Graph(α, f) is Lagrangian ⇔ Graph(α, f) is coisotropic

⇔ (−α,−f) is a Maurer-Cartan element of

the L∞[1]− algebra
(
Γ(T ∗FL × R)[1], λ1, λ2

)

⇔ (α, f) is a Maurer-Cartan element of

the DGLA
(
Γ(T ∗FL × R), d, [[·, ·]]

)

⇔

{
dFL

α = 0

dFL
f + f(γ −£Xα) = 0

,

where the first equivalence is Lemma 3.2 and the second one is Thm. 3.7. So we recover
the equations (28) that we derived in Thm. 3.3 by direct computation.

We will see later that this DGLA also governs the moduli problem of L, defined by
considering deformations of L up to Hamiltonian isotopy. Indeed, in §4.3 we prove that the
gauge equivalence relation of

(
Γ(∧•(T ∗FL × R)), d, [[·, ·]]

)
agrees with the geometric notion

of equivalence given by Hamiltonian isotopies.

Remark 3.11 (Formality). We do not know whether the DGLA in Corollary 3.10 is formal,
i.e. L∞-quasi-isomorphic to its cohomology H•(FL) ⊕H

•−1
γ (FL) with the induced graded

Lie algebra structure. On one side, such a result would not be so surprising when L is
compact, because of the following. Any graded Lie algebra (H, [·, ·]) has the property that
the Kuranishi map completely characterizes unobstructedess: a first order deformation A
is unobstructed if and only9 if Kr(A) = 0. When L is compact, we know that the DGLA
in Corollary 3.10 satisfies this property, as a consequence of Prop. 4.19. Further we expect
the property to be invariant under L∞-quasi-isomorphisms satisfying mild assumptions. We
do not address the formality question any further here. A possible approach is to apply
Manetti’s formality criteria in Thm. 3.3 or Thm. 3.4 of [24].

Remark 3.12. We comment on the structure of the DGLA
(
Γ(T ∗FL×R), d, [[·, ·]]

)
introduced

in Corollary 3.10.

i) One can write down this DGLA in more generality. Let
(
A, ρ, [·, ·]

)
be a Lie algebroid

over a manifold M , and let ∇ be a flat A-connection on a line bundle E → M . Let
D ∈ Der(A) be a derivation of A. Then there is an induced DGLA-structure (d, [[·, ·]])
on the graded vector space Γ (∧•(A∗ ⊕ E)) = Γ (∧•A∗)⊕ Γ

(
∧•−1A∗ ⊗ E

)
defined by

d(α,ϕ) = (dAα, d∇ϕ)

[[(α,ϕ), (β, ψ)]] =
(
0,£Dα ∧ ψ − (−1)kl£Dβ ∧ ϕ

)
, (45)

9This is immediate, since if Kr(A) = [A,A] vanishes then t 7→ tA is a curve of Maurer-Cartan elements.
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for homogeneous elements (α,ϕ) ∈ Γ
(
∧k (A∗ ⊕ E)

)
and (β, ψ) ∈ Γ

(
∧l (A∗ ⊕E)

)
. Here

the Lie derivative £D is obtained extending the derivation on A∗ dual to D.
ii) We discuss the structure of the DGLA (Γ (∧•(A∗ ⊕ E)) , d, [[·, ·]]). The underlying

cochain complex is a direct sum of complexes (Γ (∧•A∗) , dA)⊕(Γ (∧•A∗ ⊗ E) [−1], d∇).
It can also be described as the cochain complex of differential forms on the Lie algebroid
A ⊕ E∗, the semidirect product of A by the representation on E∗ given by the dual
connection ∇∗. The underlying graded Lie algebra structure is the semidirect product
of the abelian graded Lie algebras Γ (∧•A∗) and Γ (∧•A∗ ⊗ E) [−1] with respect to the
action

Γ (∧•A∗)→ Der
(
Γ (∧•A∗ ⊗ E) [−1]

)
: α 7→ £Dα ∧ •.

iii) We can recover the DGLA
(
Γ(T ∗FL×R), d, [[·, ·]]

)
described in Corollary 3.10 by making

the following choices in the general construction of i) above:
• Take the Lie algebroid A := (TFL,−ι,−[·, ·]), where ι : TFL →֒ TL is the inclusion

and [·, ·] is the Lie bracket of vector fields. The Lie algebroid differential dA on
Γ (∧•A∗) is then −dFL

.
• Let D := [X, ·] be the derivation determined by X ∈ X(L)FL .
• Let E := L× R→ L be the trivial line bundle.
• Let the representation ∇ of A on E be defined by

∇Y • = £−Y • −γ(Y )•

for Y ∈ Γ(A). Since γ is closed, this is indeed a representation, and the induced
differential d∇ on Γ (∧•A∗) is given by

d∇• = −dFL
• −γ ∧ •.

3.3. On foliated Morse-Novikov cohomology.

This subsection discusses the cohomology of the DGLA
(
Γ(∧•(T ∗FL × R)), d, [[·, ·]]

)
in

degree one, which in the notation of Remark 3.5 is given by H1(FL)⊕H
0
γ(FL). We explicitly

compute the second summand of this cohomology group for Lagrangians that are compact
and connected. We first collect some foliated analogs of well-known facts about Morse-
Novikov cohomology [20, Section 1].

Lemma 3.13. Let L be a manifold, FL a foliation on L and η ∈ Ω1(FL) a closed foliated
one-form. As before, denote by H•

η (FL) the cohomology groups of the differential dηFL
defined

in (37). We then have the following:

i) If [η] = [η′] ∈ H1(FL), then Hk
η (FL)

∼= Hk
η′(FL). In particular, if [η] = 0 in H1(FL)

then Hk
η (FL)

∼= Hk(FL).

ii) Assume [η] 6= 0 in H1(FL) and let f ∈ H0
η (FL). Then there is a leaf O of FL on which

f vanishes identically.

Proof. i) If η′ = η + dFL
g for g ∈ C∞(L), then the following map is an isomorphism of

cochain complexes:
(
Ω•(FL), d

η′

FL

)
→

(
Ω•(FL), d

η
FL

)
: β 7→ egβ. (46)

ii) By assumption we have that

dFL
f + fη = 0. (47)

If f would be nowhere zero, then we could write η = −dFL
log|f |, contradicting that η

is not exact. So f must have a zero, say in the leaf O ∈ FL. Consider the vanishing set
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Zf := {x ∈ O : f(x) = 0}, which is nonempty and closed in O. If we show that Zf is
also open in O, then we reach the conclusion f |O ≡ 0, since O is connected.

To this end, let x ∈ Zf . Since η|O ∈ Ω1(O) is closed, there exist a neighborhood
U of x in O and g ∈ C∞(U) such that η|U = dg. Using the isomorphism (46) for the
one-leaf foliation on U , we obtain that d(egf |U) = 0. So egf |U is constant on U , and
since f(x) = 0 we must have egf |U ≡ 0. Consequently f |U ≡ 0, which shows that
U ⊂ Zf . So Zf is open, and this finishes the proof.

�

Remark 3.14. If we replace the hypothesis [η] 6= 0 in ii) of Lemma 3.13 by the stronger
requirement that η|O ∈ Ω1(O) be not exact for all leaves O ∈ FL, then, restricting the
equality (47) to each leaf O, the above proof shows that H0

η (FL) = 0.

Remark 3.15. Let (L,FL) be a foliated manifold, and η, δ ∈ Ω1(FL) closed foliated one-
forms. Then the wedge product induces a bilinear map H•

η (FL) × H
•
δ (FL) → H•

η+δ(FL).

This can be proven like the corresponding statement for manifolds [20, §1].

We now specialize to compact, connected manifolds L endowed with a codimension-one
foliation FL defined by a nowhere vanishing closed one-form. Under these assumptions it is
well-known [5, Theorem 9.3.13] that:

• either (L,FL) is the fiber foliation of a fiber bundle p : L→ S1,
• or all leaves of FL are dense. (⋆)

Recall moreover that in the former case, the k-th cohomology groups of the fibers of
p : L→ S1 constitute a vector bundle Hk over S1:

Hkq = Hk
(
p−1(q)

)
,

and one has

Hk(FL)
∼
→ Γ

(
Hk

)
: [α] 7→

(
σα : q 7→

[
α|p−1(q)

])
. (48)

Using the identification

X(S1)
∼
−→

X(L)FL

Γ(TFL)
: Y 7→ Y ,

one can define a natural flat connection ∇ on the vector bundle Hk by the formula

∇Y σα := σ£
Y
α, (49)

for α ∈ Ω1
cl(FL) and Y ∈ X(S1). Note that ∇ is well-defined, because of Cartan’s formula. If

F denotes the typical fiber of p : L→ S1 and {[β1], . . . , [βm]} is a basis of Hk(F ), then in a
local trivialization U×F , the constant functions [β1], . . . , [βm] ∈ C

∞(U,Hk(F )) ∼= Γ(Hk|U )
constitute a local frame of flat sections.

To compute the foliated Morse-Novikov cohomology, we will need the following lemma.

Lemma 3.16. Let L be a compact manifold endowed with a foliation FL that is the fiber
foliation of a fiber bundle10 p : L → S1. Let η ∈ Ω1(FL) be a closed foliated one-form,
denote by ση ∈ Γ(H1) the section corresponding with [η] ∈ H1(FL) under (48), and let
Zη := σ−1

η (0). Then there exists a smooth function g ∈ C∞(L) such that

η|p−1(q) = d
(
g|p−1(q)

)
for all q ∈ Zη.

10Note that under these assumptions, L is automatically connected.



DEFORMATIONS OF LAGRANGIAN SUBMANIFOLDS IN LOG-SYMPLECTIC MANIFOLDS 36

Proof. By [26, Lemma 2.28], we can fix an embedded loop τ : S1 → L transverse to the leaves
of FL which hits each leaf of FL exactly once. Define a function h on p−1(Zη) by setting
h|p−1(q) to be the unique primitive of η|p−1(q) that vanishes at the point p−1(q) ∩ τ(S1).
We claim that h extends to a smooth function g ∈ C∞(L). To prove this, it suffices to
show that around each point x ∈ p−1(Zη) there exist a neighborhood U ⊂ L and a smooth
function on U that agrees with h on U ∩ p−1(Zη).

Let x ∈ p−1(q) for q ∈ Zη and denote y := p−1(q)∩τ(S1). Working in a local trivialization
V × p−1(q), choose a path γ : (−ǫ, 1 + ǫ) → p−1(q) such that γ(0) = x and γ(1) = y, take
a tubular neighborhood N of this path in p−1(q) and define U := V × N . Since N is
contractible, we have for each value of v ∈ V that ηv ∈ Ω1(N) is exact. Since one can
choose primitives varying smoothly in v (see [15]), it follows that η|U is foliated exact.
Choose any primitive k ∈ C∞(U) of η|U . Shrinking V if necessary, we can assume that each
fiber {v}×N intersects the loop τ(S1). Define a map φ : U → U∩τ(S1) by setting φ(z) to be

the intersection point of τ(S1) with the fiber through z. Then setting h̃ := k−φ∗
(
k|U∩τ(S1)

)
,

we obtain a primitive of η|U that vanishes along U ∩ τ(S1).

Uniqueness of such primitives implies that h̃ agrees with h wherever both of them are
defined. This shows that h can be extended to a smooth function g ∈ C∞(L). �

We can now compute the zeroth foliated Morse-Novikov cohomology group.

Theorem 3.17. Let (L,FL) be a compact, connected manifold with codimension-one folia-
tion defined by a closed one-form. Let η ∈ Ω1(FL) be a closed foliated one-form.

i) Assume FL is the fiber foliation of a fiber bundle p : L→ S1. Then we have

H0
η (FL)

∼= {f ∈ C∞(S1) : f · ση = 0},

where ση ∈ Γ(H1) denotes the section corresponding with [η] ∈ H1(FL) under (48).
ii) Assume all leaves of FL are dense. Then

H0
η (FL) =

{
R if η is foliated exact

0 otherwise
.

Proof. i) Fix a smooth function g ∈ C∞(L) as constructed in Lemma 3.16 and define

Ψ : H0
η (FL)→ {f ∈ C

∞(S1) : f · ση = 0} : h 7→ egh.

We first check that Ψ is well-defined. Choosing h ∈ H0
η (FL), we must show that egh

is constant along the leaves of FL, and that the induced function on the leaf space S1

lies in the annihilator ideal of ση ∈ Γ(H1). Note that for any q ∈ S1, we have

d
(
h|p−1(q)

)
+ h|p−1(q) η|p−1(q) = 0.

In case ση(q) = 0, then η|p−1(q) = d(g|p−1(q)) and the isomorphism (46) implies that

(egh)|p−1(q) ∈ H
0(p−1(q)) = R.

Next, assume that ση(q) 6= 0, i.e. η|p−1(q) is not exact. Then h|p−1(q) ≡ 0 by applying

ii) of Lemma 3.13 to the one-leaf foliation on p−1(q), and therefore (egh)|p−1(q) ≡ 0.

Clearly, the map Ψ is linear and injective. For surjectivity, we let f ∈ C∞(S1) be
such that f · ση = 0 and we have to check that e−gp∗f ∈ H0

η (FL), i.e.

dFL

(
p∗f

eg

)
+
p∗f

eg
η = 0. (50)



DEFORMATIONS OF LAGRANGIAN SUBMANIFOLDS IN LOG-SYMPLECTIC MANIFOLDS 37

On fibers p−1(q) with ση(q) 6= 0, the equality (50) is satisfied since p∗f vanishes there.
On fibers p−1(q) with ση(q) = 0, we have η|p−1(q) = d(g|p−1(q)), so that the left hand
side of (50) becomes

−f(q)(e−g|p−1(q))d(g|p−1(q)) + f(q)(e−g|p−1(q))d(g|p−1(q)) = 0.

ii) This is an immediate consequence of Lemma 3.13.
�

Example 3.18. Take L = (S1 × S1, θ1, θ2) and let FL be the foliation by fibers of the
projection (S1 × S1, θ1, θ2)→ (S1, θ1). To compute H0

η (FL) for closed η ∈ Ω1(FL), we can

choose a convenient representative of [η] ∈ H1(FL), by i) of Lemma 3.13. In this respect,
notice that every class [g(θ1, θ2)dθ2] ∈ H1(FL) has a unique representative of the form
h(θ1)dθ2. Namely, setting h(θ1) :=

1
2π

∫
S1 g(θ1, θ2)dθ2, we have

∫

S1

[g(θ1, θ2)− h(θ1)] dθ2 = 0,

which implies that there exists k(θ1, θ2) ∈ C
∞(S1 × S1) such that

g(θ1, θ2)− h(θ1) =
∂k

∂θ2
(θ1, θ2).

This implies that

g(θ1, θ2)dθ2 − h(θ1)dθ2 =
∂k

∂θ2
(θ1, θ2)dθ2 = dFL

k.

Uniqueness of such representatives follows by integrating around circles {θ1}×S
1. Now, fix

η = h(θ1)dθ2 in Ω1(FL) and assume that f ∈ H0
η (FL). Then

0 =
∂f

∂θ2
dθ2 + f · h(θ1)dθ2. (51)

For fixed θ1, the restriction of f to {θ1} × S
1 reaches a maximum M and a minimum m.

The equality (51) implies that {
M · h(θ1) = 0

m · h(θ1) = 0
.

So either h(θ1) = 0 or f |{θ1}×S1 ≡ 0. Hence, we get that f ·h(θ1) = 0, and (51) then implies

that also ∂f/∂θ2 = 0. In conclusion, we get

H0
h(θ1)dθ2

(FL) = {f(θ1) : f(θ1)h(θ1)dθ2 = 0}

= {f(θ1) : f(θ1) · σh(θ1)dθ2 = 0},

using in the last equality that σh(θ1)dθ2(θ1) = 0 ⇔ h(θ1)dθ2 = 0. So we obtain the result
that was predicted by i) of Theorem 3.17.

Remark 3.19. The example we have in mind throughout this subsection is of course that
of a compact connected Lagrangian submanifold Ln contained in the singular locus Z of a
log-symplectic manifold (M2n, Z,Π). The induced foliation FL on L is defined by a nowhere
vanishing closed one-form, which is obtained by pulling back a closed defining one-form for
the foliation on Z. So (L,FL) is either the fiber foliation of a fiber bundle L → S1, or all
leaves of FL are dense in L.

Moreover, the foliation type of FL is stable under small deformations of the Lagrangian
L inside Z. To see this, we can work in the local model p : T ∗FL → L, where the total space
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T ∗FL is endowed with the pullback foliation p−1(FL). Any Lagrangian deformation L′ of L
is of the form L′ = Graph(α) for some α ∈ Ω1

cl(FL), and the induced foliation FL′ is obtained
by intersecting L′ with the leaves of p−1(FL). Therefore, the map p : (L′,FL′)→ (L,FL) is
a foliated diffeomorphism (with inverse α : (L,FL)→ (L′,FL′)), which shows that (L,FL)
and (L′,FL′) are of the same type.

4. Deformations of Lagrangian submanifolds in log-symplectic manifolds:

geometric aspects

We present some geometric consequences of the algebraic results obtained in the previous
section. We address three different geometric questions, each in a separate subsection, as
we now outline. Throughout, we assume the set-up given at the beginning of §3.

§4.1 Deformations constrained to the singular locus: We investigate when all
sufficiently small deformations of the Lagrangian L are constrained to the singular
locus. Prop. 4.2 gives a condition under which this does not happen. On the
opposite extreme, in Cor. 4.5 and Prop. 4.10 we obtain positive results assuming
that L is compact, by considering separately the case that L is the total space of
a fibration and the case that L has a dense leaf. The latter case is subtle, and we
show that the conclusion of Prop. 4.10 fails to hold if we remove a certain finite
dimensionality assumption.

§4.2 Obstructedness of deformations: We ask when infinitesimal deformations of
the Lagrangian L can be extended to a smooth curve of Lagrangian deformations. A
sufficient criterium is given in Prop. 4.13. (All smoothly unobstructed deformations
arise this way under an additional assumption, see Lemma 4.17). Our main results
here, under the assumption that L is compact, are the computable “if and only if”
criteria of Prop. 4.19 and Cor. 4.21.

§4.3 Equivalences and rigidity of deformations: On the set of Lagrangian defor-
mations of L there are two natural notions of equivalence: an algebraic one and a
geometric one, given by Hamiltonian isotopies. In Prop. 4.27 we show that they
coincide. We also show that there are no Lagrangian submanifolds which are in-
finitesimally rigid under Hamiltonian isotopies, so that the moduli space (which
typically is not smooth) does not have any isolated points. This leads us to consider
the more flexible equivalence relation given by Poisson isotopies. The formal tangent
space of its moduli space is computed in Prop. 4.31. There do exist Lagrangians
which are rigid under Poisson isotopies, as follows using Prop. 4.35.

Remark 4.1 (The local deformation problem). We summarize here how our results specialize
to the local deformation problem, i.e. to a Lagrangian L as in the local model of Prop. 1.17:

• L can be deformed smoothly to a Lagrangian submanifold outside of the singular
locus (Remark 4.3).
• all first order deformations of L are smoothly unobstructed (Cor. 4.15).
• The space of local Lagrangian deformations modulo Hamiltonian isotopies is not

smooth at [L]. Indeed, the formal tangent space at [L] is isomorphic to C∞(R) (see
eq. (78)), while at Lagrangians contained in M \ Z it is the zero vector space. The
same is true if one replaces Hamiltonian isotopies by Poisson isotopies.

4.1. Deformations constrained to the singular locus.

We now investigate whether it is always possible to find deformations of the Lagrangian L
that escape from the singular locus. Working in the model

(
U ⊂ T ∗FL×R, V ∧t∂t+Πcan

)
, a
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sufficient condition is the existence of a representative of the fixed first Poisson cohomology
class [V ] that is tangent to L. Below, we denote by W := U ∩ {t = 0} ⊂ T ∗FL the
neighborhood of L in T ∗FL where V is defined.

Proposition 4.2. The Poisson cohomology class [V ] ∈ H1
Πcan

(W ) has a representative

tangent to L if and only if [γ] = 0 ∈ H1(FL). If these equivalent conditions hold, then there
is a smooth path of Lagrangian deformations Ls starting at L0 = L which is not contained
in the singular locus for s > 0.

Proof. We start by showing that the conditions are equivalent. First assume that V −Xg

for g ∈ C∞(W ) is a representative of [V ] that is tangent to L. As before, let P denote the
map that restricts vector fields on W to L and then takes their vertical component. By
assumption, we then have

0 = P (V −Xg) = P (Vvert + Vlift −Xg)

= γ − P (Xg −Xp∗(i∗g) +Xp∗(i∗g))

= γ − P (Xp∗(i∗g))

= γ − dFL
(i∗g).

Here p : W → L and i : L →֒W denote the projection and inclusion, respectively, the fourth
equality holds since L is coisotropic, and the last equality holds by the correspondence (23).
This shows that γ = dFL

(i∗g), and therefore [γ] = 0 ∈ H1(FL). Conversely, if γ = dFL
g for

some g ∈ C∞(L), then V −Xp∗g is a representative of [V ] that is tangent to L.
If the equivalent conditions hold, then by Remark 1.24 we can assume that γ = 0. The

Maurer-Cartan equation (28) then shows that any path of the form s 7→ (0, sf) for a nonzero
leafwise constant function f ∈ C∞(L) consists of Lagrangian deformations of L that are
no longer contained in the singular locus for s > 0. Alternatively, if γ = dFL

g for some
g ∈ C∞(L), then for any nonzero leafwise constant function f on L, the path s 7→ (0, sfe−g)
meets the criteria. �

Remark 4.3. For the local deformation problem we have γ = 0, see Prop. 1.17. Hence
locally every half-dimensional Lagrangian submanifold contained in the singular locus can
be deformed smoothly to one outside of the singular locus, by Prop. 4.2.

We will single out some Lagrangians whose deformations are constrained to the singular
locus. We restrict ourselves to Lagrangians L that are compact and connected. Recalling the
dichotomy (⋆) from §3.3, these assumptions imply that either (L,FL) is the fiber foliation
of a fiber bundle L→ S1 or the leaves of FL are dense.

4.1.1. The fibration case. We need the following lemma about the map which, under the
identification (48), assigns to a closed foliated one-form its cohomology class.

Lemma 4.4. Let (L,FL) be a compact foliated manifold, where FL is the fiber foliation of
a fiber bundle p : L→ S1. Then the following map is continuous for the C0-topology:

Ω1
cl(FL)→ Γ(H1) : α 7→ σα. (52)

Proof. Let F denote the typical fiber of p : L → S1. Since F is compact, the homology
group H1(F ;Z) is finitely generated, hence it is the direct sum of a free abelian group and a
torsion subgroup. Let [γ1], . . . , [γn] be independent generators of the free part of H1(F ;Z),
where the representatives γi are smooth 1-cycles. Consider the de Rham isomorphism

H1
dR(F )→ Hom (H1(F ;Z),R) : [ω] 7→

(
[γi] 7→

∫

γi

ω

)
,
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where we use implicitly that a group homomorphism from H1(F ;Z) to R is determined by
the images of the generators of the free part. Let {[α1], . . . , [αn]} be the basis of H1

dR(F )
that corresponds under this isomorphism with the basis of Hom (H1(F ;Z),R) induced by
[γ1], . . . , [γn], so that ∫

γi

αj = δij .

This provides an isomorphism H1
dR(F )

∼= Rn. Choose local trivialisations of p : L → S1

over open subsets U1, . . . , Ur covering S1, and let V1, . . . , Vr be open subsets whose compact
closures satisfy Vi ⊂ Ui, such that V1, . . . , Vr still cover S1. Then locally the map (52) reads

Ω1
cl (F)

∣∣
p−1(Ui)

→ Γ
(
Ui ×H

1
dR(F )

)
∼= C∞(Ui,R)

n : αθ 7→

(∫

γ1

αθ, . . . ,

∫

γn

αθ

)
.

Therefore the C0-norm of σα is

∑

1≤i≤r

∑

1≤j≤n

sup
θ∈Vi

∣∣∣∣∣

∫

γj

αθ

∣∣∣∣∣ ,

which can be made arbitrarily small by shrinking α in C0. Since the map (52) is linear, this
proves the lemma. �

The following corollary states that, under hypotheses that are antipodal to those of Prop.
4.2, small deformations of L stay inside the singular locus Z.

Corollary 4.5. Let Ln be a compact connected Lagrangian submanifold contained in the
singular locus Z of an orientable log-symplectic manifold (M2n, Z,Π). Assume that the
induced foliation FL on L is the fiber foliation of a fiber bundle p : L → S1, and that the
section σγ ∈ Γ

(
H1

)
is nowhere zero. Then C1-small deformations of L stay inside Z.

Proof. Clearly, we have a continuous map
(
Ω1
cl(FL), C

1
)
→

(
Ω1
cl(FL), C

0
)
: α 7→ γ −£Xα,

so composing with the map (52) gives a continuous map
(
Ω1
cl(FL), C

1
)
→

(
Γ(H1), C0

)
: α 7→ σγ−£Xα.

Therefore, since σγ ∈ Γ(H1) is nowhere zero, the same holds for σγ−£Xα ∈ Γ(H1) provided
that α ∈ Ω1

cl(FL) is sufficiently C1-small. By Theorem 3.17, this means that the cohomology
group H0

γ−£Xα
(FL) is zero for C1-small α. Looking at the Maurer-Cartan equation (28),

this implies that C1-small deformations of L necessarily lie inside the singular locus. �

Remark 4.6. The assumption in Corollary 4.5 cannot be weakened. Clearly, if the interior of
σ−1
γ (0) is nonempty, then by Thm. 3.17 i) there exists f ∈ H0

γ(FL) which is not identically
zero, and s 7→ (0, sf) is a path of Lagrangian sections not inside the singular locus for s > 0.

Even if we ask that the support of σγ be all of S1, then the conclusion of Corollary
4.5 does not hold. Indeed, one can construct counterexamples where the vanishing set of
σγ−£Xα has nonempty interior, for arbitrarily C1-small α ∈ Ω1

cl(FL).

The following is an example of a Lagrangian L for which small deformations stay inside
the singular locus. However there exist “long” paths of Lagrangian deformations that start
at L and end at a Lagrangian that is no longer contained in the singular locus.
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Example 4.7. Consider the manifold (T2 ×R2, θ1, θ2, ξ1, ξ2) with log-symplectic structure

Π := (∂θ1 − ∂ξ2) ∧ ξ1∂ξ1 + ∂θ2 ∧ ∂ξ2

and Lagrangian L := T2×{(0, 0)}. Note that the leaves of FL are the fibers of the fibration
(T2, θ1, θ2)→ (S1, θ1). Considering (ξ1, ξ2) as the fiber coordinates on T ∗L induced by the
frame {dθ1, dθ2}, we have that T ∗FL = (T2×R, θ1, θ2, ξ2) with canonical Poisson structure
∂θ2 ∧∂ξ2 . Therefore, using the notation established in the beginning of this section, we have

{
X = ∂θ1
γ = −dθ2

.

So the section σγ ∈ Γ(H1) is nowhere zero, and Corollary 4.5 shows that C1-small deforma-
tions of the Lagrangian L stay inside the singular locus.

It is however possible to construct (large) deformations of L that don’t lie in the singular
locus T ∗FL × {0} ⊂ T

∗FL ×R, first deforming L inside the singular locus by large enough
α ∈ Ω1

cl(FL) such that H0
γ−£Xα

(FL) is no longer zero. To do so explicitly, note that(
g(θ1, θ2)dθ2, f(θ1, θ2)

)
∈ Ω1(FL)×C

∞(L), gives rise to a Lagrangian section of T ∗FL ×R
exactly when

∂f

∂θ2
− f = f

∂g

∂θ1
. (53)

We construct a solution (g, f) to (53) with f not identically zero. For instance, let f(θ1)
be any bump function and let H(θ1) be another bump function with H|supp(f) ≡ −1 and

−1 ≤ H(θ1) ≤ 0. Define C :=
∫
S1 H(θ1)dθ1, so C > −2π. Let K := −C/(C + 2π) and put

G(θ1) := K
(
1 +H(θ1)

)
+H(θ1). Notice that G|supp(f) ≡ −1, and since

∫

S1

G(θ1)dθ1 = K(2π + C) + C = 0,

there exists a periodic primitive g(θ1) with ∂g/∂θ1 = G. We check that (g, f) is a solution
to the Maurer-Cartan equation (53): for p /∈ supp(f) both sides of (53) evaluate to zero,
whereas for p ∈ supp(f) both sides of (53) are equal to −f(p). Clearly, f 6≡ 0.

So first deforming L along α := g(θ1)dθ2 and then moving outside of T ∗FL × {0} along
f gives a Lagrangian deformation that is no longer contained in the singular locus. As a
sanity check, looking at i) of Theorem 3.17, we notice that H0

γ−£Xα
(FL) is indeed nonzero

and that f ∈ H0
γ−£Xα

(FL), since the section σγ−£Xα vanishes on the support of f .
Moreover, the proof of Corollary 3.4 shows that this procedure can be done smoothly,

in the sense that one can construct a smooth “long” path of Lagrangians that connects
L with Lagrangians that are no longer contained in the singular locus. Concretely, let
(g, f) be the solution to (53) just constructed, and let Ψ : R → R be any smooth function
satisfying Ψ(s) = 0 for s ≤ 0, 0 < Ψ(s) < 1 for 0 < s < 1 and Ψ(s) = 1 for s ≥ 1. Take
Φ : R→ R to be defined by Φ(s) = Ψ(s−1). Then the path s 7→ (Ψ(s)gdθ2,Φ(s)f) consists
of Lagrangian sections, it starts at L for s = 0, passes through (α, 0) at time s = 1, and it
reaches Graph(α, f) at time s = 2.

The Lagrangian Graph(α, f) constructed above does not lie entirely outside of the singular
locus. Interestingly, it is not possible to find such deformations of L. For if we assume by
contradiction that (g, f) is a solution to (53) with f nowhere zero, then

∫ 2π

0

1

f

(
∂f

∂θ2
− f

)
dθ1 =

∫ 2π

0

∂g

∂θ1
dθ1 = 0,
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so that ∫ 2π

0

1

f

∂f

∂θ2
dθ1 = 2π. (54)

But then we would get

0 =

∫

T2

d
(
ln |f |dθ1

)
=

∫

T2

1

f

∂f

∂θ2
dθ2 ∧ dθ1 = −

∫ 2π

0

(∫ 2π

0

1

f

∂f

∂θ2
dθ1

)
dθ2 = −4π

2,

using Stokes’ theorem in the first and (54) in the last equality. This contradiction shows
that f must have a zero, i.e. the Lagrangian Graph(α, f) intersects the singular locus.

Alternatively, if there would exist α = g(θ1, θ2)dθ2 and a function f ∈ H0
γ−£Xα

(FL) that
is nowhere zero, then Theorem 3.17 implies that σγ−£Xα ≡ 0. Therefore, γ−£Xα is foliated
exact, which implies that there exists a function k ∈ C∞(T2) such that

−1−
∂g

∂θ1
=

∂k

∂θ2
.

Integrating this equality against the standard volume form dθ1 ∧ dθ2 on the torus T2 gives
a contradiction, since the left hand side integrates to −4π2 and the right hand side to zero.

4.1.2. The case with dense leaves. Corollary 4.5 has no counterpart for Lagrangians whose
induced foliation FL has dense leaves, at least not without additional assumptions. Indeed,
looking at Theorem 3.17 and the Maurer-Cartan equation (28), we would need a positive
answer to the following question:

If γ ∈ Ω1
cl(FL) is not exact, then is γ−£Xα still not exact for small enough α ∈ Ω1

cl(FL)?

Drawing inspiration from [1, Section 4], we construct an explicit counterexample which
answers this question in the negative. Let L =

(
T2, θ1, θ2

)
be the torus with Kronecker

foliation TFL = Ker(dθ1−λdθ2), for λ ∈ R \Q irrational. A global frame for T ∗FL is given
by dθ2, so that every foliated one-form looks like f(θ1, θ2)dθ2, which is automatically closed
by dimension reasons. It is exact when there exists g(θ1, θ2) ∈ C

∞
(
T2

)
such that

f = λ
∂g

∂θ1
+

∂g

∂θ2
. (55)

Expanding f and g in double Fourier series,

f(θ1, θ2) =
∑

m,n∈Z

fm,ne
2πi(nθ1+mθ2) and g(θ1, θ2) =

∑

m,n∈Z

gm,ne
2πi(nθ1+mθ2),

the equality (55) is equivalent with

fm,n = 2πi(m+ λn)gm,n ∀m,n ∈ Z, (56)

which implies in particular that f0,0 = 0. Note that the gm,n for (m,n) 6= (0, 0) are uniquely
determined by the relation (56) since λ is irrational.

Assume moreover that the slope λ ∈ R \ Q is a Liouville number (see Definition 5.1 in
the Appendix). In this case the foliated cohomology group H1(FL) is infinite dimensional
[19], [28, Chapter III], as one can construct smooth functions f(θ1, θ2) in such a way that
the gm,n defined in (56) are not the Fourier coefficients of a smooth function. We give an
example of such a function f(θ1, θ2) in part i) of the proof below.

Lemma 4.8. Consider the torus L =
(
T2, θ1, θ2

)
endowed with the Kronecker foliation

TFL = Ker(dθ1− λdθ2), for λ ∈ R \Q a Liouville number. There exist a non-exact foliated
one-form γ ∈ Ω1(FL) and X ∈ X(L)FL such that every C∞-open neighborhood of 0 in
Ω1(FL) contains a one-form α for which γ −£Xα is foliated exact.
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Proof. The proof is divided into two steps. In the first step, we construct γ ∈ Ω1(FL). In
the second step, we fix X ∈ X(L)FL and we construct a sequence of foliated one-forms αk
such that γ −£Xαk is exact for each value of k, and αk → 0 in the Fréchet C∞-topology.

i) We first have to find a foliated one-form γ = f(θ1, θ2)dθ2 that is not exact. Moreover,
since we want to approach γ by means of exact one-forms, we need that the coefficient
f0,0 = 1

4π2

∫
T2 fdθ1 ∧ dθ2 is zero. This can be done as follows. By Lemma 5.3 in the

Appendix, for each integer p ≥ 1, there exists a pair of integers (mp, np) such that

|mp + λnp| ≤
1

(|mp|+ |np|)
p . (57)

We can moreover assume that (mp, np) 6= (mq, nq) for p 6= q, and that np ≥ p (see
Remark 5.4). We now define f(θ1, θ2) by means of its Fourier coefficients fm,n, setting

fm,n =

{
(mp + λnp)np if (m,n) = (mp, np)

0 else
.

To see that these coefficients define a smooth function, we estimate for k ∈ N:

|fmp,np| · ‖(mp, np)‖
k = |mp + λnp| · np · ‖(mp, np)‖

k

≤ |mp + λnp| · (|mp|+ |np|) · (|mp|+ |np|)
k

= |mp + λnp| · (|mp|+ |np|)
k+1

≤
1

(|mp|+ |np|)
p · (|mp|+ |np|)

k+1

≤

(
1

p

)p−k−1

,

where the last inequality holds for p ≥ k+1. This shows that sup(m,n)∈Z2 |fm,n|‖(m,n)‖
k

is finite for each value of k ∈ N, and therefore f(θ1, θ2) is indeed smooth. To see that
γ = f(θ1, θ2)dθ2 is not exact, note that the Fourier coefficients of a primitive g(θ1, θ2)
are given by (56):

gm,n =
fm,n

2πi(m+ λn)
for (m,n) 6= (0, 0). (58)

Therefore

|gmp,np | =
1

2π
np ≥

1

2π
p,

which does not tend to zero for p→∞. So the gm,n defined in (58) are not the Fourier
coefficients of a smooth function.

ii) We let X := ∂θ1 . Notice that X ∈ X(L)FL and that X is transverse to the leaves of FL.
We now construct a sequence αk ∈ Ω1

cl(FL) such that γ−£Xαk is exact and αk → 0 in
the C∞-topology. For each integer k ≥ 1 we define αk = hk(θ1, θ2)dθ2, where hk(θ1, θ2)
is given by its Fourier coefficients

hkm,n =

{(
mp+λnp

2πi

)
· φk

(
1
p

)
if (m,n) = (mp, np)

0 else
.
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Here φk is a bump function on R that is identically equal to 1 on the interval [0, 1k ]. As
before, we see that hk is a smooth function by the estimate

|hkmp,np
| · ‖(mp, np)‖

l ≤
1

2π
|mp + λnp| · (|mp|+ |np|)

l ≤
1

2π

(
1

p

)p−l
,

where the last inequality holds for p ≥ l. Note that γ − £Xαk = (f − ∂θ1hk)dθ2 is
indeed exact because the Fourier coefficients of f − ∂θ1hk are given by

fm,n − 2πi · n · hkm,n =

{
(mp + λnp)np

(
1− φk

(
1
p

))
if (m,n) = (mp, np)

0 else
,

only finitely many of which are nonzero. Finally, by letting k increase, we can make αk
as C∞-small as desired. Indeed, for each integer l we have

‖hk‖l ≤
∑

0≤j≤l

∑

p≥k

|mp + λnp| · ‖(mp, np)‖
j · (2π)j−1

≤
∑

0≤j≤l

∑

p≥k

(
1

p

)p−j
· (2π)j−1, (59)

where the last inequality holds for k ≥ l. The expression (59) tends to zero for k →∞,
since the inner sum is the tail of a convergent series for each value of j ∈ {0, . . . , l}.

�

The above construction gives a concrete counterexample to the version of Corollary 4.5
for Lagrangians (L,FL) with dense leaves. We only have to realize L = (T2, θ1, θ2) with
TFL = Ker(dθ1−λdθ2) as a Lagrangian submanifold contained in the singular locus of some
log-symplectic manifold. The normal form (26) tells us how to construct this log-symplectic
manifold. If (ξ1, ξ2) are the fiber coordinates on T ∗L, and ξ is the fiber coordinate on T ∗FL
corresponding with the frame {dθ2}, then the restriction map reads

r : T ∗L→ T ∗FL : (θ1, θ2, ξ1, ξ2) 7→ (θ1, θ2, λξ1 + ξ2),

and therefore the canonical Poisson structure on T ∗FL is

Πcan = r∗ (∂θ1 ∧ ∂ξ1 + ∂θ2 ∧ ∂ξ2) = (λ∂θ1 + ∂θ2) ∧ ∂ξ.

Let V denote the vertical Poisson vector field on T ∗FL defined by the one-form γ ∈ Γ(T ∗FL)
constructed in Lemma 4.8, and let X := ∂θ1 . Then V + X is a Poisson vector field on
(T ∗FL,Πcan) transverse to the symplectic leaves, so the following is a log-symplectic struc-
ture: (

T ∗FL × R, (V +X) ∧ t∂t + (λ∂θ1 + ∂θ2) ∧ ∂ξ
)
,

and L is Lagrangian inside T ∗FL with induced foliation FL. The above argument shows that,
for each integer k ≥ 0, there exists arbitrarily Ck-small α ∈ Ω1

cl(FL) for which γ − £Xα
is exact. By Theorem 3.17, there exists f ∈ H0

γ−£Xα
(FL) not identically zero, where

f can be made arbitrarily Ck-small by rescaling with a nonzero constant. The Maurer-
Cartan equation (28) now implies that Graph(α, f) is an arbitrarily Ck-small Lagrangian
deformation of L that is not completely contained in the singular locus T ∗FL.
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Remark 4.9. In the above counterexample, it is crucial that the slope λ is a Liouville
number. If FL is the Kronecker foliation with generic (i.e. not Liouville) irrational slope λ,
then H1(FL) = R[dθ2]. In this case, exactness is detected by integration, for if we denote

I : C∞(T2)→ R : h(θ1, θ2) 7→

∫

T2

h(θ1, θ2)dθ1 ∧ dθ2,

then hdθ2 ∈ Ω1(FL) being exact is equivalent with h ∈ I−1(0). Since integration is C0-
continuous, it follows that the space of exact one-forms Im(dFL

) ⊂
(
Ω1(FL), C

0
)

is closed.

Therefore, if we take γ ∈ Ω1(FL) not exact, so that H0
γ(FL) = 0, then also γ − £Xα is

not exact for C1-small α, so that still H0
γ−£Xα

(FL) = 0. This shows that, if in the above

counterexample we take a generic slope λ ∈ R \Q, then C1-small deformations of L do stay
inside the singular locus.

The problem in the above counterexample is that the space of exact one-forms in Ω1
cl(FL)

is not closed with respect to the Fréchet C∞-topology generated by Ck-norms {‖ · ‖k}k≥0.
Under the additional assumption that H1(FL) is finite dimensional, this problem does not
occur, and we obtain the following analog to Corollary 4.5.

Proposition 4.10. Let L be a compact, connected Lagrangian whose induced foliation FL
has dense leaves. Assume that H1(FL) is finite dimensional and that γ ∈ Ω1

cl(FL) is not

exact. Then there exists a neighborhood V of 0 in
(
Γ(T ∗FL×R), C∞

)
such that if Graph(α, f)

is Lagrangian for (α, f) ∈ V, then f ≡ 0.

Proof. Consider the Fréchet space
(
Ω1(FL), C

∞
)

and notice that the space of closed foliated

one-forms Ω1
cl(FL) ⊂

(
Ω1(FL), C

∞
)

is closed. To see this, it is enough to note that dFL
is

continuous with respect to the C∞-topology and that {0} ⊂
(
Ω2(FL), C

∞
)

is closed since

Fréchet spaces are Hausdorff. Consequently,
(
Ω1
cl(FL), C

∞
)

is itself a Fréchet space. More-

over, the space of exact foliated one-forms Im(dFL
) ⊂

(
Ω1
cl(FL), C

∞
)

is a closed subspace.

Indeed, by assumption, the range of dFL
:
(
C∞(L), C∞

)
→

(
Ω1
cl(FL), C

∞
)

has finite codi-
mension, so it must be closed because of the open mapping theorem (see [1, Remark 3.2]).

As γ is not foliated exact, there exists a C∞-open neighborhood of γ consisting of non-
exact one-forms. By continuity of the map

(
Ω1
cl(FL), C

∞
)
→

(
Ω1
cl(FL), C

∞
)
: α 7→ γ−£Xα,

we find a C∞-open neighborhood U of 0 in Ω1
cl(FL) such that γ − £Xα is not exact for all

α ∈ U . There exists a C∞-open subset U ′ ⊂ Ω1(FL) such that U = U ′ ∩ Ω1
cl(FL). We now

define the C∞-neighborhood V of 0 in (Γ(T ∗FL × R), C∞) by

V := {(α, f) ∈ Γ(T ∗FL × R) : α ∈ U ′}.

To see that V satisfies the criteria, let (α, f) ∈ V be such that Graph(α, f) is Lagrangian in

(T ∗FL × R, Π̃). Then f ∈ H0
γ−£Xα

(FL) and α ∈ U , so that γ − £Xα is not foliated exact.

Recalling that the leaves of FL are assumed to be dense, we now use ii) of Theorem 3.17
to see that H0

γ−£Xα
(FL) vanishes. Consequently f ≡ 0, which finishes the proof. �

Since the C∞-topology is generated by the increasing family of Ck-norms, every C∞-open
neighborhood contains a Ck-open neighborhood for some k ∈ N. So shrinking the neighbor-
hood V obtained in the above proposition, one can assume that it is a Ck-neighborhood of
the zero section, for some (unspecified) k ∈ N.
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4.2. Obstructedness of deformations.

Recall that a deformation problem governed by a DGLA (W,d, [[·, ·]]) is formally/smoothly
unobstructed if every closed element α ∈ W1 – i.e. every first order deformation – can be
extended to a formal/smooth curve of Maurer-Cartan elements. A way to detect obstruct-
edness is by means of the Kuranishi map

Kr : H1(W )→ H2(W ) : [α] 7→
[
[[α,α]]

]
,

for if Kr([α]) is nonzero, then α is formally (hence smoothly) obstructed [32, Theorem 11.4].
For the deformation problem of a Lagrangian Ln contained in the singular locus of a log-

symplectic manifold (M2n, Z,Π), a first order deformation is a pair (α1, f1) ∈ Γ (T ∗FL × R)
such that {

dFL
α1 = 0

dFL
f1 + f1γ = 0

. (60)

Clearly, first order deformations of the specific form (α1, 0) or (0, f1) are smoothly unob-
structed, since s(α1, 0) and s(0, f1) satisfy the Maurer-Cartan equation (28) for all s ∈ R.

4.2.1. Obstructedness. We show that the above deformation problem is formally obstructed
in general. The Kuranishi map of the DGLA

(
Γ (∧• (T ∗FL × R)) , d, [[·, ·]]

)
described in

Corollary 3.10 reads

Kr : H1 (Γ (∧•(T ∗FL × R)))→ H2 (Γ (∧•(T ∗FL × R))) : [(α, f)] 7→ [(0, 2f£Xα)] , (61)

and the following example shows that this map need not be identically zero. (This example
will be generalized later on, in Ex. 4.22 i)).

Example 4.11 (An obstructed example). Consider the manifold T2 × R2, regarded as a
trivial vector bundle over T2. Denote its coordinates by (θ1, θ2, ξ1, ξ2) and endow it with a
log-symplectic structure Π given by

Π = ∂θ1 ∧ ξ1∂ξ1 + ∂θ2 ∧ ∂ξ2 .

Note that L := T2 × {(0, 0)} is a Lagrangian submanifold contained in the singular locus
T2 × R = {ξ1 = 0}. It inherits a codimension-one foliation FL with tangent distribution
TFL = Ker(dθ1), so the cotangent bundle T ∗FL has a global frame given by dθ2. In the
notation established earlier, we now have

{
γ = 0

X = ∂θ1
,

and the differential d of the DGLA acts as

d : Γ (T ∗FL × R)→ Γ
(
∧2(T ∗FL × R)

)
: (gdθ2, k) 7→

(
0,−

∂k

∂θ2
dθ2

)
. (62)

Since the Kuranishi map (61) is given by

Kr
( [(

gdθ2, f
)] )

=

[(
0, 2f

∂g

∂θ1
dθ2

)]
,

it is clear that

Kr
( [(

gdθ2, f
)] )

= 0⇔ f
∂g

∂θ1
=

∂k

∂θ2
for some k ∈ C∞(T2)

⇔

∫

S1

f
∂g

∂θ1
dθ2 = 0. (63)
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The equation (63) is a non-trivial obstruction to the prolongation of infinitesimal defor-
mations. For instance, the section

(
sin(θ1)dθ2, cos(θ1)

)
∈ Γ (T ∗FL × R) is an infinitesimal

deformation of L since it is closed with respect to the differential (62). But it cannot be
prolonged to a path of deformations, since the integral (63) is nonzero.

4.2.2. Formally unobstructed deformations. It is well-known that a deformation problem
is formally unobstructed whenever the second cohomology group of the DGLA governing
it vanishes [32, Theorem 11.2]. Specializing to our situation, say we have a first order
deformation (α1, f1) as in eq. (60) and we wish to prolong it to a formal power series
solution

∑
k≥1(αk, fk)ǫ

k of the Maurer-Cartan equation. So we require that

d


∑

k≥1

(αk, fk)ǫ
k


+

1

2




∑

k≥1

(αk, fk)ǫ
k,
∑

k≥1

(αk, fk)ǫ
k




 = 0.

Collecting all terms in ǫn gives

d(αn, fn) +
1

2

∑

k,l≥1
k+l=n

[[(αk, fk), (αl, fl)]] = 0

⇔ (−dFL
αn,−dFL

fn − fnγ) +
1

2

∑

k,l≥1
k+l=n

(0, fl£Xαk + fk£Xαl) = 0

⇔




dFL

αn = 0

dFL
fn + fnγ −

1
2

∑
k,l≥1
k+l=n

(fl£Xαk + fk£Xαl) = 0 .

We can always construct a formal power series solution if H1
γ(FL) = 0. Concretely, con-

structing (αk, fk) inductively, we can set αk = 0 for k ≥ 2 and choose fk such that

dFL
fk + fkγ = fk−1£Xα1. (64)

A quick proof by induction indeed shows that the right hand side of (64) is closed with
respect to the differential dγFL

for each k ≥ 2. In conclusion, we have proved the following:

Corollary 4.12. If H1
γ (FL) = 0, then the deformation problem is formally unobstructed.

Note that this assumption is weaker than requiring that the second cohomology group of
the DGLA is zero, since the latter is given by H2(FL)⊕H

1
γ(FL).

We will see that the vanishing of H1
γ (FL) in fact ensures that the deformation problem

is smoothly unobstructed, at least for Lagrangians that are compact and connected.

4.2.3. Smoothly unobstructed deformations: general results. We give a sufficient condition
for smooth unobstructedness. When £Xα is foliated exact, we have an isomorphism in
cohomology H0

γ (FL)
∼= H0

γ−£Xα
(FL), obtained from the isomorphism of cochain complexes

given in eq. (46). Using this isomorphism, from a solution of the linearized Maurer-Cartan
equation (60) we can construct a solution of the Maurer-Cartan equation (28). This leads
to the following result, which we prove with a short direct computation.

Proposition 4.13. If (α, f) ∈ Γ (T ∗FL × R) is a first order deformation such that £Xα is
foliated exact, then (α, f) is smoothly unobstructed.
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Proof. Let £Xα = dFL
h for h ∈ C∞(L). We claim that the path

s 7→ (sα, sfesh) (65)

is a prolongation of (α, f) consisting of Lagrangian sections for all times s. Indeed, we have
the following equivalences:

dFL
(sfesh) + sfesh (γ −£Xsα) = 0

⇔ dFL
(sfesh) + sfesh (γ − dFL

sh) = 0

⇔ dFL
sf + sfγ = 0. (66)

In the last equivalence we use i) of Lemma 3.13, which says that the following map is an
isomorphism of cochain complexes:

(
Ω•(FL), d

γ−dFL
sh

FL

)
→

(
Ω•(FL), d

γ
FL

)
: β 7→ e−shβ.

The equality (66) is satisfied, since (α, f) is a first order deformation. So, by Theorem 3.3,
(sα, sfesh) is indeed a Lagrangian section for each time s. Clearly, the path passes through
the zero section at s = 0 with velocity (α, f). This proves the claim. �

As a consistency check, we note that a first order deformation (α, f) as in Prop. 4.13
maps to zero under the Kuranishi map: we have Kr([(α, f)]) = [(0, 2f£Xα)] by eq. (61).
If £Xα = dFL

h for some h ∈ C∞(L), then dγFL
(f · h) = dγFL

f · h+ f · dFL
h = f£Xα.

Remark 4.14. We give a geometric interpretation of Proposition 4.13.

i) For a closed foliated one-form α ∈ Ω1(FL), exactness of £Xα is equivalent with the
existence of a closed one-form α̃ ∈ Ω1(L) that extends α. Indeed, if α̃ ∈ Ω1(L) is a
closed extension of α and r : Ω1(L)→ Ω1 (FL) is the restriction map, then

0 = r (ιXdα̃) = r (£X α̃− dιX α̃) = £Xα− dFL
(ιX α̃) ,

which shows that £Xα = dFL
(ιX α̃) is exact. Conversely, assume that £Xα = dFL

h for
some h ∈ C∞(L). Let α̃ ∈ Ω1(L) be the unique extension11 of α satisfying α̃(X) = h.
Then α̃ is closed, since

r (ιXdα̃) = r (£X α̃− dιX α̃) = £Xα− dFL
h = 0.

ii) The smooth path12 of Lagrangian deformations given by (65) is obtained by applying
certain Poisson diffeomorphisms of T ∗FL×R to the smooth path of Lagrangian sections
s 7→ (0, sf). More precisely, as in item i), assume that £Xα = dFL

h, and let α̃ ∈ Ω1(L)
be the closed one-form extending α determined by α̃(X) = h. As before, denote by
pr : T ∗FL × R → L and p : T ∗FL → L the vector bundle projections. Since α̃ is a
closed one-form, it gives rise to a Poisson vector field on T ∗FL × R, namely

Π̃♯(pr∗α̃) = (pr∗h)t∂t +Π♯can(p
∗α̃).

Notice that this vector field is tangent to the fibers of pr, and that the second summand
is the constant vector field on the fibers of T ∗FL with value α. The flow at time s of
Π̃♯(pr∗α̃) maps graph(0, sf) to graph(sα, sfesh).

In case α = dFL
g is exact, then we can interpret this construction in terms of the

DGLA governing the deformation problem. Indeed, Remark 4.24 shows that the gauge

11Recall that FL is a codimension-one foliation on L and that X ∈ X(L) is transverse to the leaves of
FL. Hence, extensions of a foliated one-form α ∈ Ω1(FL) are uniquely specified by their value on X ∈ X(L).

12This path can certainly not be obtained by applying Poisson diffeomorphisms to L itself, since the
latter preserve the Poisson submanifold T ∗FL.
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action by the degree zero element (g, 0) takes the Maurer-Cartan element (0, sf) to(
sdFL

g, sfesX(g)
)
. This is consistent with the above, since X(g) is a primitive of £Xα.

Corollary 4.15. If H1(FL) = 0, then all first order deformations (α, f) ∈ Γ (T ∗FL × R)
are smoothly unobstructed.

Proof. If (α, f) is a first order deformation, then α is closed. Since H1(FL) = 0, it is exact.
The same then holds for £Xα. So the result follows from Proposition 4.13. �

Corollary 4.15 shows in particular that obstructedness is a global issue, since the coho-
mology group H1(FL) always vanishes locally.

One may wonder if all first order deformations (α, f) that are smoothly unobstructed
arise as in Prop. 4.13. The answer is negative, but it becomes positive if we restrict to first
order deformations for which f ∈ C∞(L) is nowhere vanishing. We spell this out in the
following remark and lemma.

Remark 4.16. First order deformations of the form (α, 0), hence dFL
α = 0, are smoothly

unobstructed, but in general £Xα is not foliated exact. For instance, consider the log-
symplectic manifold (T2 × R2,Π) and Lagrangian submanifold L := T2 × {(0, 0)} as in
Example 4.11, for which the foliation FL is one-dimensional. Any α = g(θ1, θ2)dθ2 ∈ Ω1(FL)
is foliated closed, but in general the integral of α along the fibers of L→ S1 : (θ1, θ2)→ θ1
is not independent of θ1, implying that £Xα is not foliated exact.

Lemma 4.17. Let (α, f) be a first order deformation such that Kr
(
[(α, f)]

)
= 0. Assume

that f ∈ C∞(L) is nowhere vanishing. Then £Xα is foliated exact.

Proof. The assumption Kr
(
[(α, f)]

)
= 0 is equivalent to [f£Xα] = 0 in H1

γ(FL) by (61),
so it implies that there exists g ∈ C∞(L) such that

f£Xα = dFL
g + gγ.

Since f is nowhere zero, we can divide by f and we obtain

£Xα =
1

f
dFL

g +
g

f
γ

=
1

f
dFL

g −
g

f2
dFL

f

=
1

f
dFL

g + gdFL

(
1

f

)

= dFL

(
g

f

)
, (67)

using in the second equality that dγFL
f = 0. This shows that £Xα is foliated exact. �

Remark 4.18. We can phrase the above proof in more conceptual (cohomological) terms,

as follows. Since f is dγFL
-closed and nowhere vanishing, it follows that f−1 is d−γFL

-closed.

By Remark 3.15 the wedge product induces a bilinear map H0
−γ(FL)×H

1
γ (FL)→ H1(FL).

This map sends [f−1] × [f£Xα] to [£Xα], which has to be zero because [f£Xα] = 0 and
the map is bilinear.
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4.2.4. Smoothly unobstructed deformations: the compact case. We now show that for com-

pact connected Lagrangians (L,FL), the condition H1
γ(FL) = 0 from Corollary 4.12 in fact

implies that the deformation problem is smoothly unobstructed. We actually prove more:
one only needs that the Kuranishi map (61) is trivial.

Proposition 4.19. Let (Ln,FL) be a compact connected Lagrangian submanifold that is
contained in the singular locus of a log-symplectic manifold (M2n, Z,Π). A first order defor-
mation (α, f) ∈ Γ (T ∗FL × R) of L is smoothly unobstructed if and only if Kr

(
[(α, f)]

)
= 0.

Proof. We only have to prove the backward implication. Let (α, f) be a first order defor-
mation of L with Kr

(
[(α, f)]

)
= 0. We know that either the leaves of FL are dense, or

(L,FL) is the foliation by fibers of a fiber bundle over S1.

i) First assume that the leaves of FL are dense.
• If γ is not exact, then H0

γ(FL) = {0} by Theorem 3.17. Since (α, f) is a first order

deformation, we have that f ∈ H0
γ(FL) = {0}. Therefore (α, f) = (α, 0) and a

path of Lagrangian sections that prolongs (α, 0) is simply given by s 7→ (sα, 0).
• Now assume that γ = dFL

k is exact. Thanks to (the proof of) Lemma 3.13 i), we
know that ekf is constant on L. So either f ≡ 0, in which case we conclude that
(α, f) is smoothly unobstructed as in the previous bullet point. Or f is nowhere
zero, in which case we can use Lemma 4.17. There we showed that £Xα is foliated
exact, and Proposition 4.13 then implies that the first order deformation (α, f) is
smoothly unobstructed.

ii) Now assume that FL is the fiber foliation of a fiber bundle p : L → S1. The closed
foliated one-form £Xα defines a section σ£Xα of the vector bundle H1 → S1 via
the correspondence (48). By Lemma 3.16, we can fix a smooth function h ∈ C∞(L)
satisfying

(£Xα)|p−1(q) = d
(
h|p−1(q)

)
∀q ∈ Z£Xα,

where we denote Z£Xα := σ−1
£Xα

(0). Mimicking the proof of Proposition 4.13, we claim

that the path s 7→ (sα, sfesh) is a prolongation of (α, f) by Lagrangian sections. So
we have to show that

dFL
(sfesh) + sfesh(γ −£Xsα) = 0. (68)

To do so, we denote Zf := f−1(0) ⊂ L. Recall here that f ∈ H0
γ (FL), so that Zf is

a union of fibers of p : L → S1 (cf. the proof of Theorem 3.17). Clearly, the equality
(68) holds on Zf . On the other hand, Lemma 4.17 implies that £Xα is exact on L\Zf .
Therefore, £Xα = dFL

h on L\Zf , and the computation (66) in the proof of Prop. 4.13
shows that (68) holds on L \ Zf .

�

Remark 4.20. A crucial point in the proof of Prop. 4.19 is that h is a smooth function
defined on the whole of L. Its existence is guaranteed by Lemma 3.16, a statement about
fiber bundles over S1. Due to this, we do not expect the statement of Prop. 4.19 to hold if
one removes the compactness assumption on L.

We give an algorithmic overview of first order deformations and their obstructedness, for
Lagrangians that are compact and connected.

i) Assume (L,FL) is the foliation by fibers of a fiber bundle p : L → S1. Fix a smooth
function g ∈ C∞(L) that is a primitive of γ on Zγ := σ−1

γ (0), as constructed in Lemma
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3.16. Thanks to Thm. 3.17 i) and its proof, we can characterize first order deformations
(α, f) of L by the requirements

{
dFL

α = 0

egf is constant on each p-fiber and vanishes on S1 \ Zγ
.

By Prop. 4.19, a first order deformation (α, f) of L is smoothly unobstructed exactly
when Kr

(
[(α, f)]

)
= 0. We claim that the latter condition is equivalent to the following:

[£Xα] = 0 ∈ H1(FL) on L \ Zf . (69)

Here Zf denotes the zero locus of f , as in the proof of Prop. 4.19. In terms of the
natural flat connection ∇ of eq. (49) on the vector bundle H1 → S1, eq. (69) is simply
saying that [α] is a flat section when restricted to L \ Zf .

To see that the two conditions are equivalent, recall that Kr
(
[(α, f)]

)
= 0 implies the

condition (69), by Lemma 4.17. Conversely, assume that the condition (69) holds. As
in the proof of Prop. 4.19, choose a smooth function h ∈ C∞(L) such that £Xα = dFL

h
on p−1(Z£Xα). In particular, this equality holds on L \ Zf . From this, we conclude
that

f£Xα = dγFL
(fh).

Indeed, on Zf this equation holds because both sides are zero; on the complement
L \ Zf it also holds because dγFL

(fh) = dγFL
f · h+ f · dFL

h = f£Xα. This shows that

[f£Xα] = 0 in H1
γ(FL), which by (61) is equivalent to Kr

(
[(α, f)]

)
= 0.

ii) In case FL has dense leaves, then we distinguish between two types of first order defor-
mations. The first type are the ones of the form (α, 0) for closed α ∈ Ω1(FL). Clearly,
these are smoothly unobstructed.

First order deformations of the second type, those with nonzero second component,
can only occur if γ is foliated exact, by Thm. 3.17. They are characterized as the (α, f)
for which {

dFL
α = 0

egf is a nonzero constant
,

where g ∈ C∞(L) is a primitive of γ. Such a first order deformation (α, f) is smoothly
unobstructed exactly when [£Xα] = 0 in H1(FL): the forward implication follows from
Lemma 4.17, and the backward implication from Prop. 4.13.

Notice that we now showed that the criterion (69) for unobstructedness in the fibra-
tion case also holds if FL has dense leaves: the two types of infinitesimal deformations
just described correspond with the extreme cases L \ Zf = ∅ and L \ Zf = L.

In conclusion, we have proved the following.

Corollary 4.21. A first order deformation (α, f) ∈ Γ(T ∗FL × R) of a compact, connected
Lagrangian L is smoothly unobstructed exactly when

[£Xα] = 0 ∈ H1(FL) on L \ Zf . (70)

Here Zf denotes the zero locus of f .

Given a first order deformation (α, f), the condition (70) is equivalent with α extending
to a closed one-form on L\Zf , by the argument of Remark 4.14 i). Therefore the condition
(70) is independent of the data (X, γ) coming from the modular vector field. We remark
that, as seen just before Corollary 4.21, the condition that (α, f) is a first order deformation
involves γ but not X.
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Example 4.22. Consider the manifold T2×R2, regarded as a trivial vector bundle over T2.
Denote its coordinates by (θ1, θ2, ξ1, ξ2). Let Z := T2×R = {ξ1 = 0} and L := T2×{(0, 0)}.

i) Any orientable log-symplectic structure with singular locus Z so that L is Lagrangian
with induced foliation TFL = Ker(dθ1), up to Poisson diffeomorphism, looks as follows
nearby L:

Π = V ∧ ξ1∂ξ1 + ∂θ2 ∧ ∂ξ2 ,

where
V = gX(θ1)∂θ1 + gγ(θ1)∂ξ2

for some function gγ ∈ C
∞(S1) and some nowhere vanishing function gX ∈ C

∞(S1).
Here we use Corollary 1.23, Remark 1.24 and Corollary 2.5 along with Remark 2.7 ii).

We have γ = gγ(θ1)dθ2, and a function on L satisfying the properties of Lemma 3.16
is the constant function zero. Hence first order deformations are given by pairs (α, f),
subject to the condition that f = f(θ1) and f · gγ = 0.

To see when such a first order deformation is unobstructed, we apply Corollary 4.21.
In the case at hand, since the fibers of p : L → S1 are circles and thanks to Stokes’
theorem, the condition (70) can be rephrased as:

the function q 7→

∫

p−1(q)
α is locally constant on p(L \ Zf ) ⊂ S

1.

For instance, in case gγ = 0 (as in Ex. 4.11), any pair (α, f) with f = f(θ1) is a first
other deformation. Such a pair is unobstructed exactly when, writing α = a(θ1, θ2)dθ2,
the expression ∫

{θ1}×S1

a(θ1, θ2)dθ2

is constant on connected components of p(L \ Zf ).
ii) Now let λ ∈ R \ Q be a generic (i.e. not Liouville) irrational number. Any orientable

log-symplectic structure with singular locus Z so that L is Lagrangian with induced
foliation TFL = Ker(dθ1 − λdθ2) is Poisson diffeomorphic around L with

Π = (C∂θ1 +K∂ξ2) ∧ ξ1∂ξ1 + (λ∂θ1 + ∂θ2) ∧ ∂ξ2 , (71)

for some C,K ∈ R with C nonzero. This follows from a similar reasoning as above,
now using that

X(L)FL/Γ(TFL) ∼= H0(FL) = R and H1(FL) = R[dθ2].

Note that γ = Kdθ2 is exact if and only if K = 0. Therefore, first order deformations
are given by (α, 0) if K 6= 0 and (α, c) if K = 0, with c ∈ R. Clearly, the Lie derivative
along X = C∂θ1 acts trivially in cohomology, since H1(FL) = R[dθ2]. Therefore, all
first order deformations of L are smoothly unobstructed, by Corollary 4.21.

The situation is different when λ ∈ R\Q is a Liouville number. Disregarding trivially
unobstructed first order deformations of the form (α, 0), Thm. 3.17 ii) implies that the
ones with nonzero second component can only occur for log-symplectic structures that
are isomorphic around L to the following model:

Π = C∂θ1 ∧ ξ1∂ξ1 + (λ∂θ1 + ∂θ2) ∧ ∂ξ2 ,

where C ∈ R0. Notice that H1(FL) is now infinite dimensional, and that the Lie
derivative along X = C∂θ1 no longer acts trivially in cohomology, which is a direct
consequence of (the proof of) Lemma 4.8. This shows that there exist obstructed first
order deformations.
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4.3. Equivalences and rigidity of deformations.

We now consider two natural equivalence relations on the space of Lagrangian deforma-
tions: equivalence by Hamiltonian diffeomorphisms and equivalence by Poisson isotopies.
We show that the action by Hamiltonian diffeomorphisms agrees with the gauge action of
the DGLA that governs the deformation problem. We also discuss rigidity of Lagrangians,
both for Hamiltonian and Poisson equivalence.

4.3.1. Hamiltonian isotopies. We showed in §3.2 that the graph of (α, f) ∈ Γ(T ∗FL × R)

defines a Lagrangian submanifold of (U, Π̃) exactly when (α, f) is a Maurer-Cartan element
of the DGLA

(
Γ(∧•(T ∗FL ×R)), d, [[·, ·]]

)
. So if we write for short

DefU(L) :=
{
(α, f) ∈ Γ(U) : graph(α, f) is Lagrangian inside

(
U, Π̃

)}

and

MCU
(
Γ(∧•(T ∗FL × R))

)
:=

{
(α, f) ∈MC

(
Γ(∧•(T ∗FL × R))

)
: graph(α, f) ⊂ U

}
,

then we have a correspondence

DefU (L)
1:1
←→ MCU

(
Γ(∧•(T ∗FL × R))

)
. (72)

We now define equivalence relations on both sides of (72) and we show that they agree
under this correspondence. We closely follow the exposition in [37]. There one considers
equivalences of coisotropic submanifolds in symplectic geometry, but most of their results
remain valid in the more general setting of fiberwise entire Poisson structures.

Definition 4.23. i) Two Lagrangian sections (α0, f0) and (α1, f1) in DefU (L) are Hamil-
tonian equivalent if they are interpolated by a smooth family (αs, fs) of Lagrangian
sections in DefU (L) that is generated by a (locally defined) Hamiltonian isotopy. In
other words, there exists a time-dependent Hamiltonian vector field XHs on U such
that the associated isotopy φs maps graph(α0, f0) to graph(αs, fs), for all s ∈ [0, 1].

ii) Two Maurer-Cartan elements (α0, f0), (α1, f1) ∈ MCU
(
Γ(∧•(T ∗FL × R))

)
are gauge

equivalent if they are interpolated by a smooth family {(αs, fs)}s∈[0,1] of sections whose
graph lies inside U , and there exists a smooth family {gs}s∈[0,1] of functions on L such
that

d

ds
(αs, fs) = [[(gs, 0), (αs, fs)]]− d(gs, 0)

=
(
dFL

gs, fs£Xgs
)
. (73)

Remark 4.24. By solving the flow equation (73), we obtain an explicit description for the
gauge action of the DGLA. Namely, a path of degree zero elements (gs, 0) acts on a Maurer-
Cartan element (α0, f0), which yields a path of Maurer-Cartan elements (αs, fs) given by

(αs, fs) =

(
α0 + dFL

(∫ s

0
gudu

)
, f0 exp

(
£X

∫ s

0
gudu

))
. (74)

We rewrite the gauge equivalence relation in more geometric terms.

Lemma 4.25. Two Maurer-Cartan elements (α0, f0), (α1, f1) ∈ MCU
(
Γ(∧•(T ∗FL × R))

)

are gauge equivalent if and only if they are interpolated by a smooth family {(αs, fs)}s∈[0,1] of
sections whose graph lies inside U , and there exists a smooth family {gs}s∈[0,1] of functions
on L such that

d

ds
(αs, fs) = Xpr∗gs |graph(αs,fs)

. (75)
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Here pr : U ⊂ T ∗FL ×R→ L denotes the bundle projection, and we see (75) as an equality
of sections of the vertical bundle restricted to graph(αs, fs).

Proof. We compute the Hamiltonian vector field Xpr∗gs . As before, let p : T ∗FL → L denote
the bundle projection. We obtain

Xpr∗gs = ((Vvert + Vlift) ∧ t∂t +Πcan)
♯ (dpr∗gs)

= pr∗(£Xgs)t∂t +Π♯can(p
∗dgs), (76)

and therefore
Xpr∗gs |graph(αs,fs)

= pr∗(fs£Xgs)∂t +Π♯can(p
∗dgs).

The section of T ∗FL × R corresponding with this vertical fiberwise constant vector field is(
dFL

gs, fs£Xgs
)
∈ Γ(T ∗FL × R), in agreement with (73). This proves the lemma. �

We need some technical results that appeared in [37]. We state them here for convenience.

Lemma 4.26. Let A → M be a vector bundle with vertical bundle V . Let Xs be one-
parameter family of vector fields on A with flow φs, and let τ0 be a section of A.

i) If τs is a one-parameter family of sections of A such that graph(τs) = φs(graph(τ0))
holds for all s ∈ [0, 1], then τs satisfies the equation

d

ds
τs = PτsXs ∀s ∈ [0, 1].

Here Pτs means vertical projection with respect to TA|graph(τs) = Tgraph(τs)⊕V |graph(τs).
ii) Conversely, assume that the integral curves of Xs starting at points of graph(τ0) exist

for all times s ∈ [0, 1], and suppose that τs is a one-parameter family of sections of A
satisfying

d

ds
τs = PτsXs ∀s ∈ [0, 1].

Then the family of submanifolds graph(τs) coincides with φs(graph(τ0)) for all s ∈ [0, 1].

Making some minor modifications to the proofs of [37, Proposition 3.18] and [37, Propo-
sition 3.19], we can show that Hamiltonian equivalence coincides with gauge equivalence.

Proposition 4.27. The bijection between Lagrangian sections and Maurer-Cartan elements

DefU (L)→ MCU
(
Γ(∧•(T ∗FL × R))

)
: (α, f) 7→ (α, f)

descends to a bijection between DefU (L)/∼Ham and MCU
(
Γ(∧•(T ∗FL × R))

)
/∼gauge.

Proof. First assume that (α0, f0), (α1, f1) ∈ DefU (L) are Hamiltonian equivalent. Then
they are interpolated by a smooth family of sections (αs, fs) ∈ DefU (L) generated by the
flow φs of a time-dependent Hamiltonian vector field XHs ∈ X(U). Part i) of Lemma 4.26
then implies that

d

ds
(αs, fs) = P(αs ,fs)XHs (77)

for all s ∈ [0, 1]. Define gs := Hs ◦ (αs, fs) ∈ C
∞(L) and observe that Hs − pr

∗gs vanishes
along graph(αs, fs). Because graph(αs, fs) is coisotropic, this implies that the Hamiltonian
vector fieldXHs−pr∗gs = XHs−Xpr∗gs is tangent to graph(αs, fs). Consequently, the equality
(77) becomes

d

ds
(αs, fs) = P(αs,fs)Xpr∗gs = Xpr∗gs |graph(αs,fs)

,

where we also used that Xpr∗gs is vertical (which is clear from the expression (76)). By
Lemma 4.25, we conclude that (α0, f0) and (α1, f1) are gauge equivalent.
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Conversely, assume that (α0, f0), (α1, f1) ∈ MCU
(
Γ(∧•(T ∗FL×R))

)
are gauge equivalent.

By Lemma 4.25, this means that they are interpolated by a smooth family of sections (αs, fs)
inside U , such that

d

ds
(αs, fs) = Xpr∗gs |graph(αs,fs)

= P(αs,fs)Xpr∗gs ∀s ∈ [0, 1],

for a smooth family of functions gs ∈ C
∞(L). In particular, the integral curve of Xpr∗gs

starting at a point (α0, f0)(p) ∈ graph(α0, f0) is defined up to time 1, and is given by
(αs, fs)(p) for s ∈ [0, 1]. Part ii) of Lemma 4.26 gives φs(graph(α0, f0)) = graph(αs, fs)
for all s ∈ [0, 1], where φs is the flow of Xpr∗gs . This shows that (α0, f0) and (α1, f1) are
Hamiltonian equivalent. �

Remark 4.28. The above proof is almost identical to the one presented in [37]. The main
difference is that in [37], one needs to impose compactness on the coisotropic submanifold to
obtain the implication “gauge equivalence⇒ Hamiltonian equivalence”, as otherwise the flow
lines of Xpr∗gs need not be defined for long enough time. Since in our setting Hamiltonian
vector fields of basic functions are vertical, we don’t need this additional assumption.

As a consequence, we obtain that the formal tangent space at zero to the moduli space
MHam

U (L) := DefU (L)/∼Ham can be identified with the first cohomology group of the
differential graded Lie algebra

(
Γ (∧• (T ∗FL ×R)) , d, [[·, ·]]

)
:

T[0]M
Ham
U (L) = H1(FL)⊕H

0
γ(FL). (78)

Indeed, if (αs, fs) is a path of Lagrangian deformations of L, then d
ds |s=0(αs, fs) is closed

with respect to the differential d of the DGLA. Moreover, if the path (αs, fs) is generated
by the flow of a time-dependent Hamiltonian vector field, then (αs, fs) is obtained by gauge
transforming the zero section, as we just proved. The expression (74) then shows that
d
ds |s=0(αs, fs) is of the form (dFL

g, 0) for g ∈ C∞(L). This proves the assertion (78).

4.3.2. Smoothness of the moduli space by Hamiltonian isotopies. In general, the moduli space

MHam
U (L) is by no means smooth, since the formal tangent spaces at different points can be

drastically different. For instance, let us look again at Example 4.11, where we considered
(T2 × R2, θ1, θ2, ξ1, ξ2) with log-symplectic structure

Π = ∂θ1 ∧ ξ1∂ξ1 + ∂θ2 ∧ ξ2

and Lagrangian L = T2 × {(0, 0)}. The induced foliation on L is the fiber foliation of
(L, θ1, θ2)→ (S1, θ1). Since γ = 0, we get for any nonzero constant c ∈ R a Lagrangian sec-
tion (0, c) ∈ Γ(T ∗FL×R) whose graph lies outside the singular locus. Hence, by symplectic
geometry, we have

T[(0,c)]M
Ham
U (L) ∼= H1(graph(0, c)) ∼= H1(L) = R2,

which is finite dimensional. On the other hand, we have

T[0]M
Ham
U (L) = H1(FL)⊕H

0
γ (FL)

∼= H1(FL)⊕H
0(FL) ∼= C∞(S1)⊕ C∞(S1),

which is infinite dimensional.

On the other hand, there are instances in which the moduli space is locally smooth.
Suppose a Lagrangian submanifold Ln contained in the singular locus Z has the property

that C1-small Lagrangian deformations of L stay inside Z. This means that the C1-small
deformations are precisely the graphs of C1-small elements of Ω1

cl(FL). Then MHam
U (L) is
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naturally isomorphic to an open neighborhood of the origin in H1(FL), by Corollary 1.11.
In particular, MHam

U (L) is smooth. We present two classes of examples.

i) A class of Lagrangians L as above are those satisfying the assumptions of Corollary
4.5. In that case MHam

U (L) is infinite-dimensional. Indeed, recall that H1(FL) ∼=
Γ(H1); if this was finite-dimensional, then H1 would be of rank zero, which implies
thatH1(FL) = 0. Then γ would be exact, which is impossible under the assumptions
of Corollary 4.5.

ii) Another class of Lagrangians L as above are those that are C1-rigid under Poisson
equivalences (see §4.3.6 later on), since Poisson diffeomorphisms of the ambient
log-symplectic manifold necessarily preserve Z. In that case MHam

U (L) is finite-
dimensional by Lemma 4.32, assuming L is compact and connected. We exhibit
concrete examples of such L in Example 4.37. Notice that Proposition 4.35 as stated
does not quite provide examples, since it makes a statement only about C∞-small
deformations.

4.3.3. Rigidity and Hamiltonian isotopies. At this point, we would like to address some
rigidity phenomena. A Lagrangian L is called infinitesimally rigid under Hamiltonian equiv-
alence if the formal tangent space T[0]M

Ham
U (L) is zero. We call a Lagrangian L rigid under

Hamiltonian equivalence if small deformations of L are Hamiltonian equivalent with L. It
turns out however that Hamiltonian equivalence is too restrictive for rigidity purposes:
there are no Lagrangians that are infinitesimally rigid. Indeed, if the formal tangent space
T[0]M

Ham
U (L) = H1(FL)⊕H

0
γ(FL) is zero, then the triviality of the first summand implies

that γ is foliated exact. But then H0(FL) = H0
γ(FL) = {0} by Proposition 3.13 i), which

is impossible. This is a motivation to look at a more flexible notion of equivalence.

4.3.4. Poisson isotopies. We will use flows of Poisson vector fields instead of Hamiltonian
vector fields to obtain a less restrictive equivalence relation on the space of Lagrangian
deformations of L.

Definition 4.29. We call two Lagrangian sections (α0, f0) and (α1, f1) in DefU (L) Poisson
equivalent if they are interpolated by a smooth family (αs, fs) of Lagrangian sections in
DefU (L) that is generated by a (locally defined) Poisson isotopy. In other words, there
exists a time-dependent Poisson vector field Ys on U such that the associated isotopy φs
maps graph(α0, f0) to graph(αs, fs), for all s ∈ [0, 1].

We denote the moduli space DefU (L)/∼Poiss of Lagrangian deformations under Poisson
equivalence byMPoiss

U (L). In order to study rigidity under Poisson equivalence, we want to

compute the formal tangent space T[0]M
Poiss
U (L), as done in (78) for Hamiltonian equiva-

lence. We now quotient first order deformations of L by elements of the form d
ds |s=0(αs, fs),

where (αs, fs) is generated by the flow of a time-dependent Poisson vector field Ys ∈ X(U).
Lemma 4.26 i) implies that

d

ds

∣∣∣∣
s=0

(αs, fs) = P (Y0), (79)

where P : X(U)→ Γ(T ∗FL×R) is the restriction to L composed with the vertical projection
induced by the splitting

(
T (T ∗FL×R)

)
|L = TL⊕ (T ∗FL×R). So we have to take a closer

look at (vertical components of) Poisson vector fields on U ⊂ T ∗FL × R.
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Lemma 4.30. Given the Poisson structure Π̃ = V ∧ t∂t + Πcan on U ⊂ T ∗FL × R, the
following map is an isomorphism:

H1(L)⊕H0(L)→ H1
Π̃
(U) :

(
[ξ], g

)
7→

[
Π̃♯(pr∗ξ) + (pr∗g)V

]
,

where pr : U → L is the projection.

We remark that the existence of the isomorphism follows from known facts: L is a
deformation retract of U and of U ∩ T ∗FL, and both cohomology groups appearing above
are isomorphic to the first b-cohomology group of the pair (U,U ∩ T ∗FL), by [25] and [29,
Prop. 1] respectively.

Proof. Clearly, the map is well-defined. For injectivity, assume Π̃♯(pr∗ξ)+(pr∗g)V = Π̃♯(dh)

for some h ∈ C∞(U). Restricting to W := U ∩{t = 0}, this implies that Π♯can(p∗ξ)+(p∗g)V
is tangent to the symplectic leaves, where p : W → L is the projection. Since V is transverse

to the leaves, we get that p∗g = 0, and therefore g = 0. This means that Π̃♯(pr∗ξ) = Π̃♯(dh),

and since Π̃ is invertible away from W ⊂ U , we get that pr∗ξ = dh on U \W . By continuity,
pr∗ξ = dh on all of U , so that ξ = d(i∗Lh) is exact.

To prove surjectivity, we use some b-symplectic geometry. The b-symplectic form ω on U

obtained by inverting Π̃ reads [33, Proposition 4.1.2]

ω = −Π̃−1 = q∗θ ∧
dt

t
+ q∗η,

where q : U → W is the projection and (θ, η) ∈ Ω1(W ) × Ω2(W ) is the cosymplectic
structure corresponding with the pair (Πcan, V ). If Y ∈ X(U) is a Poisson vector field, then
Y is tangent to W , so we can evaluate

ω♭(Y ) = q∗〈θ, Y |W 〉
dt

t
+

[
(〈q∗θ, Y 〉 − q∗〈θ, Y |W 〉)

dt

t
−

〈
dt

t
, Y

〉
q∗θ + ιY q

∗η

]
, (80)

which is a closed b-one form on U . Note indeed that the summand between square brackets
is a smooth de Rham form since q∗〈θ, Y |W 〉 − 〈q

∗θ, Y 〉 vanishes along the hypersurface
W = U ∩ {t = 0} and Y is tangent to it. By the Mazzeo-Melrose isomorphism [18], [29]

bH1(U)→ H1(U)⊕H0(W ) :

[
q∗(h)

dt

t
+ β

]
7→ ([β], h) ,

we know that the one-form

β := (〈q∗θ, Y 〉 − q∗〈θ, Y |W 〉)
dt

t
−

〈
dt

t
, Y

〉
q∗θ + ιY q

∗η

appearing in (80) is closed, and that h := 〈θ, Y |W 〉 is locally constant. We now have

Y = −Π̃♯(ω♭(Y ))

= q∗〈θ, Y |W 〉V + Π̃♯
(
(q∗〈θ, Y |W 〉 − 〈q

∗θ, Y 〉)
dt

t
+

〈
dt

t
, Y

〉
q∗θ − ιY q

∗η

)

= (q∗h)V + Π̃♯(−β) (81)

We make sure that the neighborhood U is such that the map iL ◦ pr : U → U induces the
identity map in cohomology. This means that q∗h = pr∗(i∗Lq

∗h) and β − pr∗(i∗Lβ) is exact.
So if we put ξ := −i∗Lβ and g := i∗Lq

∗h, then it follows from (81) that

[Y ] =
[
Π̃♯(pr∗ξ) + (pr∗g)V

]
∈ H1

Π̃
(U). �
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Proposition 4.31. The formal tangent space T[0]M
Poiss
U (L) is given by

T[0]M
Poiss
U (L) =

Ω1
cl(FL)

Im
(
r : Ω1

cl(L)→ Ω1
cl(FL)

)
+H0(L) · γ

⊕H0
γ(FL), (82)

where the map r is restriction of closed one-forms on L to the leaves of FL.

Proof. Throughout, for all vector bundles appearing, we denote by P the map that restricts
vector fields to the zero section, and then takes their vertical component. Because of (79),
we have to show that the denominator appearing in (82) is equal to

{P (Y0) : Ys ∈ X(U) time-dependent Poisson vector field} .

Notice that the above set lies in Ω1(FL), since all Poisson vector fields on U are tangent to
W := U ∩ {t = 0}. For one inclusion, let Y0 be a Poisson vector field on U . Using the fact
that Y0 is tangent to W and Lemma 4.30, we have

P (Y0) = P (Y0|W )

= P
(
Π♯can(p

∗ξ) + (p∗g)V +Π♯can(dh)
)

(83)

for some ξ ∈ Ω1
cl(L), g ∈ H

0(L) and h ∈ C∞(W ). Here p : W → L is the projection. Now
note that

P
(
Π♯can(dh)

)
= P

(
Π♯can(p

∗di∗Lh)
)
.

Indeed, since L is coisotropic and h−p∗i∗Lh vanishes along L, we have that Π♯can(d(h−p∗i∗Lh))
is tangent to L. So (83) becomes

P (Y0) = P
(
Π♯can(p

∗ξ) + (p∗g)V +Π♯can(p
∗di∗Lh)

)

= r(ξ + di∗Lh) + gγ,

where we used the correspondence (23) to obtain the last equality. This proves one inclusion.
For the reverse inclusion, given ξ ∈ Ω1

cl(L) and g ∈ H0(L), we get a Poisson vector field

Π̃♯(pr∗ξ) + (pr∗g)V ∈ X(U),

and its vertical component along L is

P
(
Π̃♯(pr∗ξ) + (pr∗g)V

)
= P

(
Π♯can(p

∗ξ) + (p∗g)V
)
= r(ξ) + gγ. �

4.3.5. Smoothness of the moduli space by Poisson isotopies. The moduli space MPoiss
U (L)

is not smooth in general, since its formal tangent space can change drastically from point to
point. For instance, let us consider the same example as in §4.3.2, i.e. (T2×R2, θ1, θ2, ξ1, ξ2)
with log-symplectic structure

Π = ∂θ1 ∧ ξ1∂ξ1 + ∂θ2 ∧ ξ2

and Lagrangian L = T2×{(0, 0)}. Consider again a Lagrangian section (0, c) ∈ Γ(T ∗FL×R)
for nonzero c ∈ R; its graph lies outside the singular locus. By symplectic geometry, [(0, c)]
is an isolated point in the moduli space MPoiss

U (L) and therefore

T[(0,c)]M
Poiss
U (L) = 0.
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On the other hand, we have

T[0]M
Poiss
U (L) =

Ω1
cl(FL)

Im
(
r : Ω1

cl(L)→ Ω1
cl(FL)

) ⊕H0(FL)

∼=
C∞(T2){

f ∈ C∞(T2) : ∂
∂θ1

(∫
S1 fdθ2

)
= 0

} ⊕C∞(S1),

which is infinite dimensional. Here we used Remark 4.14 i) to compute the first summand.

4.3.6. Rigidity and Poisson isotopies. We now address rigidity of Lagrangians under the
equivalence relation by Poisson isotopies. As in the case of Hamiltonian equivalence, we call
a Lagrangian L infinitesimally rigid under Poisson equivalence if the formal tangent space
T[0]M

Poiss
U (L) is zero. A Lagrangian L is called rigid under Poisson equivalence if small

deformations of L are Poisson equivalent with L. Rigidity is a very restrictive property: since
Poisson diffeomorphisms fix the singular locus of the log-symplectic structure, a Lagrangian
L can only be rigid if small deformations of it stay inside the singular locus.

We will restrict ourselves to Lagrangians L that are compact and connected. It turns out
that asking for infinitesimal rigidity under Poisson equivalence is only a little weaker than
asking for infinitesimal rigidity under Hamiltonian equivalence, as the next lemma shows.

Lemma 4.32. Let L be a Lagrangian that is compact, connected and infinitesimally rigid
under Poisson equivalence. Then H1(FL) is finite dimensional.

Proof. Since L is compact, we know that H1(L) is finite dimensional. Choose a basis
{[β1], . . . , [βk]} of H1(L). If α ∈ Ω1

cl(FL) is a closed foliated one-form, then infinitesimal
rigidity implies that α = r(α̃) + cγ for some α̃ ∈ Ω1

cl(L) and c ∈ R, see Prop. 4.31. Since α̃
can be written as α̃ = c1β1 + · · · + ckβk + dh for some c1, . . . , ck ∈ R and h ∈ C∞(L), we
get

α = c1r(β1) + · · ·+ ckr(βk) + dFL
h+ cγ.

Therefore H1(FL) is spanned by {[r(β1)], . . . , [r(βk)], [γ]}, hence finite dimensional. �

This implies that Lagrangians L for which FL is the foliation by fibers of a fiber bundle
over S1 are never rigid, not even infinitesimally.

Corollary 4.33. If L is a compact Lagrangian for which FL is the foliation by fibers of a
fiber bundle p : L→ S1, then L is not infinitesimally rigid under Poisson equivalence.

Proof. Assume to the contrary that L is infinitesimally rigid. By Lemma 4.32, we know that
H1(FL) ∼= Γ(H1) is finite dimensional. So H1 has to be of rank zero, which implies that
H1(FL) = 0. Consequently, γ is exact, and then Theorem 3.17 i) guarantees that H0

γ (FL)
is nonzero. This contradicts that the infinitesimal moduli space (82) is zero. So L cannot
be infinitesimally rigid. �

Remark 4.34. Alternatively, one can obtain Corollary 4.33 by using the flat connection ∇
on H1, which was defined in (49). Assuming that L is infinitesimally rigid, fix an open
U ⊂ S1 and a frame {ση1 , . . . , σηm} for H1|U consisting of flat sections. If α ∈ Ω1

cl(FL),
then infinitesimal rigidity implies that α = r(α̃) + cγ for some α̃ ∈ Ω1

cl(L) and c ∈ R. Note
that the section σr(α̃) ∈ Γ(H1) is flat, since for all Y ∈ X(S1) we have

∇Y σr(α̃) = σr(£Y
α̃) = σdFL

ι
Y
α̃ = 0,
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where we used Cartan’s magic formula. It follows that

σα|U = c1ση1 + · · ·+ cmσηm + cσγ |U

for constants c1, . . . , ck, c ∈ R. This means that necessarily H1(FL) = 0, and we obtain a
contradiction as in the proof of Corollary 4.33.

So fibrations over S1 don’t give examples of rigid Lagrangians. However, if the foliation
FL on L has dense leaves, then we do obtain an interesting rigidity statement: infinitesimal
rigidity implies rigidity with respect to the Fréchet C∞-topology.

Proposition 4.35. Let L be a compact, connected Lagrangian whose induced foliation FL
has dense leaves. Assume that L is infinitesimally rigid under Poisson equivalence. Then
there exists a neighborhood V ⊂ (Γ(T ∗FL × R), C∞) of 0 such that if Graph(α, f) is La-
grangian for (α, f) ∈ V, then (α, f) is Poisson equivalent with the zero section of T ∗FL×R.

Proof. Infinitesimal rigidity implies that H0
γ (FL) = 0, so γ is not foliated exact by ii) of

Theorem 3.17. Moreover, H1(FL) is finite dimensional by Lemma 4.32. By Proposition
4.10, we obtain a neighborhood V ⊂ (Γ(T ∗FL × R), C∞) of 0 such that if Graph(α, f) is
Lagrangian for (α, f) ∈ V, then f ≡ 0. To show that V satisfies the criteria, we distinguish
between two cases.

Case 1: γ extends to a closed one-form on L. The assumption of infinitesimal rigidity then
implies that Ω1

cl(FL) = Im
(
r : Ω1

cl(L)→ Ω1
cl(FL)

)
. So if (α, f) = (α, 0) ∈ V is such that the

graph of (α, 0) ∈ Γ(T ∗FL × R) is Lagrangian, then we have α = r(α̃) for some α̃ ∈ Ω1
cl(L).

The time 1-flow of the Poisson vector field Π̃♯(pr∗α̃) then takes L to Graph(α, 0).

Case 2: γ does not extend to a closed one-form on L. In this case, infinitesimal rigidity
implies that

(
Ω1
cl(FL), C

∞
)

splits into an algebraic direct sum

Ω1
cl(FL) = Im

(
r : Ω1

cl(L)→ Ω1
cl(FL)

)
⊕ Rγ. (84)

Since r is C∞-continuous, linear and Im(r) ⊂ Ω1
cl(FL) is of finite codimension, we get that

Im(r) ⊂
(
Ω1
cl(FL), C

∞
)

is closed. This implies that (84) is in fact a topological direct sum:
Rγ is an algebraic complement to a maximal closed subspace, and therefore a topological
complement [30, Theorem 4.9.5]. So the projection onto the second summand of (84) is
continuous, and therefore we get a continuous map

p2 : (Ω
1
cl(FL), C

∞
)
→ R : r(α̃) + cγ 7→ c.

This implies that, shrinking the neighborhood V constructed above if necessary, we can
assume that p2(£Xα) < 1 whenever (α, f) = (α, 0) ∈ V is a Lagrangian section.

Now suppose that (α, f) = (α, 0) ∈ V is such that the graph of (α, 0) ∈ Γ(T ∗FL × R) is
Lagrangian. We decompose α and £Xα in the direct sum (84):

{
α = r(ξ) +Cγ

£Xα = r(η) +Kγ
(85)

for ξ, η ∈ Ω1
cl(L) and C,K ∈ R with K < 1. We define smooth families ξs ∈ Ω1

cl(L) and
Cs ∈ R for s ∈ [0, 1] by the formulas

ξs := ξ +
C

1− sK
sη, Cs :=

C

1− sK
. (86)

Note that the denominator 1− sK occurring in these expressions is never zero for s ∈ [0, 1]
since K < 1. We claim that the isotopy φs generated by the time-dependent Poisson vector
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field Π̃♯(pr∗ξs) +CsV takes the zero section of T ∗FL ×R to graph(α, 0), or more precisely,
that φs(L) = graph(sα, 0) for s ∈ [0, 1]. To prove this, by [37, Lemma 3.15] it is enough to
check that

d

ds
(sα, 0) = P(sα,0)

(
Π̃♯(pr∗ξs) + CsV

)
, (87)

where P(sα,0) denotes the vertical projection induced by the direct sum decomposition of
T (T ∗FL × R)|graph(sα,0) into Tgraph(sα, 0) and the vertical bundle along graph(sα, 0).
Computing the right hand side of (87) gives

P(sα,0)

(
Π̃♯(pr∗ξs) + CsV

)
= Psα

(
Π♯can(p

∗ξs) + CsV
)

= r(ξs) + CsPsα(Vvert + Vlift)

= r(ξs) + Cs(γ −£X(sα))

= r

(
ξ +

C

1− sK
sη

)
+

C

1− sK
(γ − sr(η)− sKγ)

= r(ξ) +
Cs

1− sK
r(η) +

C(1− sK)

1− sK
γ −

Cs

1− sK
r(η)

= r(ξ) + Cγ

= α.

Here we used the correspondence (23) in the second equality, Lemma 4.36 below in the third
equality and the expressions (85),(86) in the fourth equality. This finishes the proof. �

By definition of the C∞-topology, one can rephrase the above proposition as follows:
infinitesimal rigidity of L implies the existence of some k ∈ N such that L is Ck-rigid.

Lemma 4.36. Let α ∈ Γ(T ∗FL), and denote by Pα the vertical projection induced by the
splitting of T (T ∗FL)|graph(α) into Tgraph(α) and the vertical bundle along graph(α). We
then have

Pα(Vlift) = −£Xα.

Proof. Denote by φ−α the translation map

φ−α : T ∗FL → T ∗FL : (p, ξ) 7→ (p, ξ − α(p)),

and let P := P0 be the vertical projection along the zero section. We then have a commu-
tative diagram

T (T ∗FL)|graph(α) T (T ∗FL)|L

Γ(T ∗FL)

(φ−α)∗

Pα
P ,

so the lemma follows from the equality (30). �

Example 4.37. Let L = (T2, θ1, θ2) with Kronecker foliation TFL = Ker(dθ1 − λdθ2) for
generic (i.e. not Liouville) λ ∈ R \Q. Let ξ be the fiber coordinate on T ∗FL corresponding
with the frame {dθ2}. As in eq. (71), we take a log-symplectic structure of the form

(
T ∗FL × R, Π̃ := (C∂θ1 +K∂ξ) ∧ t∂t + (λ∂θ1 + ∂θ2) ∧ ∂ξ

)
,

where now both C,K ∈ R are nonzero. As for generic λ ∈ R\Q, we have H1(FL) = R[dθ2],
it is clear that every element of Ω1

cl(FL) extends to a closed one-form on L. Moreover,
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since γ = Kdθ2 is not exact, we have that H0
γ(FL) = 0 by Theorem 3.17 ii). So L is

infinitesimally rigid:

T[0]M
Poiss
U (L) =

Ω1
cl(FL)

Im
(
r : Ω1

cl(L)→ Ω1
cl(FL)

)
+ Rγ

⊕H0
γ(FL) = 0,

and therefore L is C∞-rigid, by Proposition 4.35.
In this particular example, we in fact know a bit more. We already noted in Remark

4.9 that C1-small deformations of L stay inside the singular locus, i.e. they are of the form
(α, f) = (α, 0) ∈ Γ(T ∗FL × R) for α ∈ Ω1

cl(FL). Along with the fact that foliated closed
one-forms extend to closed one-forms on L, this implies that the Lagrangian L is C1-rigid
under Poisson equivalence. For if α̃ ∈ Ω1

cl(L) is a closed extension of α, then the flow of the

Poisson vector field Π̃♯(pr∗α̃) takes L to graph(α, 0).
If instead we take λ ∈ R \Q to be a Liouville number, then L is not infinitesimally rigid

by Lemma 4.32, since in that case H1(FL) is infinite dimensional.

5. Appendix

This short appendix summarizes some facts about Liouville numbers and Fréchet spaces.

5.1. Liouville numbers.

We collect some facts about Liouville numbers that are used in §4.1.

Definition 5.1. A Liouville number is a real number α ∈ R with the property that, for all
integers p ≥ 1, there exist integers mp, np ∈ Z such that np > 1 and

0 <

∣∣∣∣α−
mp

np

∣∣∣∣ <
1

npp
.

Liouville numbers are irrational (even transcendental, see [27, Theorem 4.5]).

Remark 5.2. For any sequence (mp, np)p∈N as in Definition 5.1, the set of denominators
{np : p ∈ N} is unbounded. Indeed, assume to the contrary that this set is bounded by
some constant M . Since np > 1, the sequence (mp/np)p∈N converges to α. As there are
only finitely many fractions a/b such that 1 < b ≤ M and a/b lies within distance 1 of α,
the sequence (mp/np)p∈N must have a constant subsequence. This subsequence must also
converge to α, which implies that α ∈ Q. This contradiction shows that {np : p ∈ N} is
unbounded.

The next statement is used in the proof of Lemma 4.8. It appears without proof in [1].

Lemma 5.3. If α is a Liouville number, then for each integer p ≥ 1, there exists a pair of
integers (mp, np) ∈ Z2 such that

|mp + αnp| ≤
1

(|mp|+ |np|)p
.

Proof. Since α is Liouville, we can fix a sequence (Mp, Np) for integers p ≥ 1, satisfying

0 <

∣∣∣∣α−
Mp

Np

∣∣∣∣ <
1

Np
p
, Np ≥ 2. (88)

The sequence (Mp/Np)p∈N is convergent hence bounded, so there exists an integer k ≥ 1
such that

|Mp| ≤ 2kNp, ∀p ≥ 1. (89)



DEFORMATIONS OF LAGRANGIAN SUBMANIFOLDS IN LOG-SYMPLECTIC MANIFOLDS 63

Notice that ∣∣∣∣α−
M(k+2)p

N(k+2)p

∣∣∣∣ <
1

N
(k+2)p
(k+2)p

=
1

Np
(k+2)p ·N

(k+1)p
(k+2)p

≤
1

Np
(k+2)p · 2

(k+1)p
, (90)

using in the last inequality that N(k+2)p ≥ 2 (see (88)). Since the function x 7→ xp is convex
on the domain (0,∞), we have

(
|N(k+2)p|+ |M(k+2)p|

2

)p
≤
|N(k+2)p|

p + |M(k+2)p|
p

2
,

and therefore
(
|N(k+2)p|+ |M(k+2)p|

)p
≤ 2p−1

(
|N(k+2)p|

p + |M(k+2)p|
p
)

≤ 2pmax
(
|N(k+2)p|

p, |M(k+2)p|
p
)

≤ 2p · 2kp|N(k+2)p|
p

= 2(k+1)p|N(k+2)p|
p, (91)

using (89) in the third inequality. Combining the inequality (90) with (91) gives
∣∣∣∣α−

M(k+2)p

N(k+2)p

∣∣∣∣ <
1(

|N(k+2)p|+ |M(k+2)p|
)p .

Replacing Mp by −Mp, this implies that

∣∣M(k+2)p + αN(k+2)p

∣∣ <
N(k+2)p(

|N(k+2)p|+ |M(k+2)p|
)p ≤

1
(
|N(k+2)p|+ |M(k+2)p|

)p−1 .

So if we set (mp, np) :=
(
M(k+2)(p+1), N(k+2)(p+1)

)
, then we have

|mp + αnp| <
1

(|mp|+ |np|)p
. �

Remark 5.4. The proof of Lemma 5.3 shows that we can make the additional assumptions
np ≥ p and (mp, np) 6= (mq, nq) for p 6= q. Indeed, since the set of denominators {Np : p ∈ N}
of the sequence (Mp, Np)p∈N is unbounded, we can ensure that Np ≥ p. For if Np < p, then
we know that there exists p′ > p such that the element (Mp′ , Np′) satisfies Np′ ≥ p. We
then have ∣∣∣∣α−

Mp′

Np′

∣∣∣∣ <
1

Np′

p′

<
1

Np
p′
,

so we can just replace (Mp, Np) by (Mp′ , Np′). It then follows that

np = N(k+2)(p+1) ≥ (k + 2)(p + 1) ≥ p.

Similarly, we can make sure that Np 6= Nq for q 6= p, so that also (mp, np) 6= (mq, nq).

5.2. Fréchet spaces.

We recall some basic facts about Fréchet spaces, which are used in §4.1 and §4.3. For
more details, see for instance [21].

Definition 5.5. A Fréchet space is a topological vector space X that satisfies the following
three properties:

i) X is Hausdorff.
ii) The topology on X is induced by a countable family of seminorms {‖ · ‖k}k≥0.
iii) X is complete.
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By item ii), a base of neighborhoods of x ∈ X is given by subsets of the form

Bk1r (x) ∩ · · · ∩ Bknr (x)

for n ∈ N and r > 0, where B
kj
r (x) denotes the open ball

B
kj
r (x) = {y ∈ X : ‖y − x‖kj < r}.

A sequence xn converges to x if and only if ‖xn − x‖k converges to zero for each k ≥ 0.

Example 5.6. If L is compact, the space of sections of any vector bundle over L becomes
a Fréchet space when endowed with the C∞-topology generated by Ck-norms ‖ · ‖k. We
recall the construction of such norms in the situation that is of interest to us. Let (L,FL)
be a compact manifold endowed with a codimension-one foliation; we will define Ck-norms
on the space Ω•(FL) = Γ(∧•(T ∗FL)) of foliated forms of fixed degree. Fix a finite cover
{U1, . . . , Um} of L consisting of foliated charts with coordinates (x1, . . . , xn−1, xn), such that
plaques of FL are level sets of xn. Choose open subsets Vi for i = 1, . . . ,m that still cover
L and have compact closures satisfying Vi ⊂ Ui. The k-norm of a foliated form η ∈ Ωl(FL)
with coordinate representation

η|Uj
=

∑

1≤i1<···<il≤n−1

gji1···ildxi1 ∧ · · · ∧ dxil

is then

‖η‖k =
∑

1≤j≤m

∑

1≤i1<···<il≤n−1

∑

|α|≤k

sup
p∈Vj

∣∣∣∣∣
∂αgji1···il
∂xα

(p)

∣∣∣∣∣ .

Recall also that a closed subspace of a Fréchet space is itself a Fréchet space. Finally,
it is useful to note that, if X and Y are vector spaces whose topologies are generated by
families of seminorms {‖ · ‖k} and {‖ · ‖′k} respectively, then a linear map L : X → Y is
continuous if and only if for every k ∈ N, there exist n1, . . . , nl ∈ N and C ∈ R such that

‖L(x)‖′k ≤ C
l∑

j=1

‖x‖nj
.
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