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Abstract

We report a perturbative calculation of the expectation value of the infinite straight line Maldacena-Wilson
loop in N = 4 supersymmetric Yang-Mills theory to order g6. Thus, we extend the previous perturbative
result by one order. The vacuum expectation value is reformulated in terms of a non-linear and non-local
transformation, the Nicolai map, mapping the full functional measure of the interacting theory to that of a free
bosonic theory. The results are twofold. The perturbative cancellations of the different contributions to the
Maldacena-Wilson loop are by no means trivial and seem to resemble those of the circular Maldacena-Wilson
loop at order g*. Furthermore, we argue that our approach to computing quantum correlation functions is
competitive with more standard diagrammatic techniques.
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1 Introduction

In N =4 supersymmetric Yang-Mills the Maldacena-Wilson loop operator for a single infinite straight
line is a %—BPS object [1,2]. As such it is believed that its vacuum expectation value does not receive
any quantum corrections. Lower order perturbative calculations indicate that

(W(=)),=1. (1.1)

However, thus far no rigorous proof exists showing that indeed all perturbative corrections cancel. In
this work we compute the vacuum expectation value (1.1) up to order g° for all N using the recently
fully established Nicolai map [3-5], thus extending the previous perturbative results of Erickson,
Semenoff and Zarembo [6,7] by one order.

In early work, Nicolai showed that supersymmetric gauge theories are characterized by a non-local
and non-linear transformation 7, the Nicolai map [8,9]. Then Dietz and Lechtenfeld realized that the
Nicolai map provides a ghost and fermion free quantization of supersymmetric Yang-Mills theories
[10-12]. However, only very recently it has been understood how to obtain the Nicolai map for all
critical dimensions and in general gauges of N'= 1 super Yang-Mills [3-5]. In [13] Nicolai and Plefka
used the map to compute some lower order examples of quantum correlators and the 1-loop dilation
operator in N = 4 super Yang-Mills.

Besides increasing the perturbative precision of (1.1), our calculation functions as a non-trivial proof
of concept regarding the applicability of the Nicolai map. We show that our formalism is competitive
with standard perturbative techniques. However, we will also see that the perturbative cancellations
of the different contributions to the infinite straight line Wilson loop are by no means trivial and
seem to resemble those of the circular Maldacena-Wilson loop at order g*.

1.1 The Maldacena-Wilson loop

In N =4 super Yang-Mills the Euclidean Maldacena-Wilson loop along a curve C is given by [1]
1
WH(€) = - Tr. P exp (z’g / dr (4, ()" +i¢1(a:)]j:]91)) , (1.2)
C

where A, () =t A (z) is the gauge field and ¢;(x) =1*¢¢(x) are the six scalars. 6! describes a point
on the unit 5-sphere, i.e. 076 =1, and x(7) parametrizes the curve C. In the following we choose the
infinite straight line parametrized by z#(7) = (7,0,0,0). The trace is over the color space with gauge
group U(N) in the fundamental representation and generators t* (a = 1,...,N?). These generators
obey

N
't = —1. (1.3)
2
Furthermore, we have the relations

fabc]eabd _ N5Cd, Trc(tatb) — %5“17 and Trc(l) =N. (1'4)



1.2 Correlation Functions and the Nicolai Map

We state the main theorem from [4,8, 14].

Supersymmetric gauge theories are characterized by the existence of a non-linear and non-local trans-
formation T, of the bosonic fields ® = {Af,¢%,...}

Ty @(2)— 2'(2,9:9),
which is invertible at least in the sense of a formal power series such that

1. The bosonic action without gauge-fixing terms is mapped to the abelian action,

Splg; ®] = Sp[0;9'].

2. The gauge-fizing function G*(P) is a fized point of Tg.

3. Modulo terms proportional to the gauge-fizing function G*(®), the Jacobi determinant of T, is
equal to the product of the MSS and FP determinants

T (Ty®) = Anss[P]|App[®],
at least order by order in perturbation theory.

The theorem was proven for N' =1 super Yang-Mills in D = 3,4,6 and 10 dimensions and Landau
gauge in [4] as well as in D = 4 dimensions and general gauges in [5]. Furthermore, Rupprecht provided
an extension to N =4 super Yang-Mills [15] (also in Landau gauge). In [4,5] the transformation 7y
has been explicitly computed for N'=1 super Yang-Mills in D = 3,4,6 and 10 dimensions and Landau
gauge up to the fourth order in the coupling.

The inverse Nicolai map is obtained via the power series expansion of the operator R, (see e.g. [3])
o

(7,7 0) (@) = Y. LRy @)(a)|

n
|
n—0 n:

o (1.5)

Because the R, operator has the properties of a derivative, the transformation ’7;—1 acts distributively

on bosonic monomials X[®], i.e.
TX[®] = X[T, ' ]. (1.6)
The vacuum expectation value of such a bosonic monomial is given by

(x[el), = / DP DY ¢S5 x[P], (1.7)

where U ={\% C%, ...} are the spinor and ghost fields and S[g; ®, ¥] is the full supersymmetric action
including the gauge fixing and ghost terms of the theory in question. Integrating out the fermionic

degrees of freedom gives

(x[a1), = / DO Anrss[®]App[®] e~ 5550 X[@], (1.8)



where Sp[g; ®] is the bosonic part of the supersymmetric action S[g; ®,¥]. The free field expectation
value of X[®] is

(X[®)), = / Do ¢80 X [9]. (1.9)

Considering the free field expectation value of X [’7'g_1<1>] and performing a transformation of the
integration variables yields

(X[T,'®)), = /D(I) e~ 5810 X [T 1]

(1.10)
= /D(I) I (T,®@)e= 58072 X [@].

Thus, if 7, satisfies 1. - 8. from the main theorem we find that (1.8) and (1.10) are equal and we
conclude

(x[@)), = (X[7,9]),. (1.11)

Notice that this transformation does not render the vacuum expectation value trivial, since the
complexity is now hidden in the perturbative expansion of the non-linear and non-local transformation
’7;—1. Using the linearity of <<>>g and the distributivity of Tg_l we can extend (1.11) to m-point
correlators of bosonic operators O;(z;), i.e.

(O1(21)... On(an)), = (T OV (1) - (Tg ' On) () ) - (1.12)

So instead of computing full n-point correlation functions of the interacting super Yang-Mills theory
(with fermions and ghosts), we can simply compute the free field expectation value of the purely
bosonic non-interacting theory with the transformed operators. After working out the transformations
(T, g_l(’)i)(xi) to the desired order in the coupling, we simply use Wick’s theorem to obtain the free
field expectation value. Up to O(g?) the inverse Nicolai map for D = 10, N' = 1 super Yang-Mills in
Landau gauge is given by

(T AY3y(2) = Ay (2) = g5 [ dv OV C(z =) Al (0) A5 ()
92 aoc e
—i-?f be pbd /dv dw{
+30NC (2 —v) A" (0)0)0 C (v — w) A (w) AL (w)
— 4N C(2 = 0) Ay ()" C (v — w) Ay () Af (w) }
+0(g%).

(1.13)

This result was first found in [8] for D =4, ' =1 super Yang-Mills. In [3] it was shown that it holds
for all critical dimensions of N' =1 super Yang-Mills. So, in particular, in 10 dimensions.

1.3 Conventions and Notation

We use the Euclidean metric. Intermediate results in our calculations are UV divergent. Thus
regularization by dimensional reduction is in order. For /' =1 super Yang-Mills in 10 dimensions we
denote the spacetime indices by M, N = 0,...,9. Dimensionally reducing the 10-dimensional A/ =1



theory to N'=4 super Yang-Mills in 2w dimensions, we split the spacetime indices M = (u,I), where
w,v=0,...,20—1and I,J =1,...,10 — 2w. Likewise we decompose the coordinates z™ = (m“,yl)
and the gauge field

Afy(z,y) = (A5(2), 07 (2)).- (1.14)
Notice that the dependence on the internal coordinates 3! is dropped.

The scalar propagator in 2w dimensions is (with the Laplacian [J = d,,0*)

d2wk eikx
= | ——5. 1.1
C(x) / B T (1.15)
It satisfies —JC(z) = §(x) with the 2w-dimensional delta function 6(z) = §?“(z). In 2w dimensions

we have

Clz) = F(Z; D W]lw_l . (1.16)

In 10 dimensions the vector field propagator is

(A5 (0 A% )y =6 (5a1 — (1~ 22 ) (o =), (117

Here ¢ is the gauge parameter. We argue that we can compute the inverse Nicolai map in Landau
gauge (£ =0) whilst using the Feynman gauge (£ = 1) for the propagator because the Wilson loop is
gauge invariant. So when computing its vacuum expectation value, all terms coming from the gauge
parameter dependent term in the propagator must vanish. Thus without loss of generality we choose
¢ =1 and the propagator becomes

(A% (2) A% (), = 60N C (z —y). (1.18)

For n-point quantum correlation functions we define

(O1(x1)...On(z0)), = (O1(x1)...On(zn)) , (1.19)

m
9 O(gm)

with <<(91(a;1) .. On(xn)»o = <01($1) ... (’)n(azn)>0

2 Perturbation Theory

In terms of the 10-dimensional fields the infinite straight line Wilson loop (1.2) takes the simple form

WM () = %Trcp exp (zg/_o:o dr AM(z)z"M) , (2.1)

with the 10-dimensional gauge field Aps(2) = t*A%,(2) and 2M = (i#,9!) = (i*#,i|2]67). Moreover, we
abbreviate z; = z(7;). For an infinite straight line 2} satisfies
M

Sun 3TEN = k- iy — |d]|25] = 0. (2.2)



In perturbation theory the vacuum expectation value is given by
ig [ )
WE, =1+ [ dn 4 T (Au (),

2Mﬂ/ dry dry 257 TrP (Anr(21)An(22)), 23)

3'N/ dry drp drg 2M 2 28 T, P<<AM(Z1)AN(ZQ)AL(Z$)>>

+....
The expectation value has been computed perturbatively up to order g*N? by Erickson, Semenoff
and Zarembo in [6,7]. We have checked that their result also holds for all N. In the following we
show how to compute the next nontrivial order of (2.3) by the means of the Nicolai map. Expanding
the vacuum expectation value at order ¢ we obtain

<<W(f
_ g / T dn M T (A (20)),

/ dr dmy Zl Z2 TrcP<<AM(Z1)AN(Z2)>>

2'N
3'N/ dTl dT2 dT3 Zl 2’2 2’3 TI‘CP<<AM(21)AN(22)AL(23)>>3
+m/ dT1 dT2 dT3 dT4 Z{M,Zévz3 Z4 TI"CP<<AM(Z1)AN(ZQ)AL(Z3)AP(Z4)>>2 (2'4)

5' N / dr dry drg dry ds

x A1 5D 28 Tee P (An(21) An (22) AL (23) Ap(24) Ag (25) ),
6' N / dr dry drg dry d7s d7g
x AT b 228 Tro P ((Ani(21) An (22) AL (23) Ap(24) Ag (25) AR (%6)), -

We briefly discuss the terms which vanish more or less trivially. The trace over 1-point function is

zero since

Tre (Aar(21))5 = Tre(t*) (A% (21)5 = 0. (2.5)

For the 4-point function, we need to expand the inverse Nicolai map (1.13) up to O(g?). Then we
use (1.12) and collect all terms of O(g?). Computing the Wick contractions, we obtain several non-
vanishing terns. However, once we multiply the correlation function with 2/ 2£:F and insert the
parametrization of the straight line, everything cancels. The vanishing of the last two terms is rather
simple. In both cases, there are Wick contractions of two untransformed fields. These produce terms
which are proportional to zZp;2;" = 0. Thus only the 2- and 3-point functions need to be discussed

in detail.



2-point function

In order to compute the 2-loop correction to the 2-point function we need to expand the inverse
Nicolai map (1.13) up to O(g*)!. For details see [4] and Appendix B of [5], where (7, A4)%, up to
order ¢g* is given. When expanded to the fourth order (7;_114)‘}\/[ has about 500 terms. We apply
(1.12) to the 2-point function and collect all terms of O(g%), i.e.
242
2IN

6 0o
=~ Tre(ent?) [ dr dey ST (T A (T () |

21 / d7'1 dTg Z{V[Zé\[ TTCP<<AM(21)AN(ZQ)>>4

(2.6)
2N Olgh)

Because Tr.(t%?) = Tr.(t%t%) the path ordering is trivial. After computing the free field expectation
value of the transformed fields and some basic simplifications, such as enforcing f** =0, we obtain
roughly 650 terms. Approximately a third of them are proportional to § MNz"{V[ zév = 0. In order to
reduce the number of remaining terms we observe that most of them are proportional to

/ dry dry 2725 / dy1 dy dys dys

x C(z1—y1)0mC(y1—y3)0" C(y1 —y4)C (Y3 — y4)0pC (ys — y2)OnC (y3 — y2)C (Y2 — 22) ,

where the four derivatives may sit at any of the seven propagators. Using integration by parts it is

(2.7)

always possible to rearrange the contracted derivatives such that they act on two propagators both
depending on either y;, y3 or y4. In this situation we use

/dy4 P C(y1 —ya)C(ys — ya)OpC (ya — y2)
= %/dm { —C(y1 —y2)OC (y3 — y4)C(ys — y2)

+0C(y1 —y4)C(y3 — Y1) C(ys — y2)
+C(y1 —y4)C(y3 —y4)OC(ys — yz)}

and OC(z —y) = —d(x —y). Thus (2.7) becomes

(2.8)

1 o0
Z/ dr dm Z'{V[Z"év/dyl dys dys {
1
+ 50(21 — 1) C (y1 — y3)*ONC (y3 — y2)*C(y2 — 22) (2.9)
—C(z1—11)0mC (y1 — y3)*C(y1 — y2)ONC(y3 — y2)C(y2 — 22)
— (21— y1)0mC(y1 — y3)C(y1 — y2)ONC (y3 — y2)*C(y2 — 2’2)} :

The first term turns out to be total derivative. Integrating it by parts we obtain

/_O;dﬁ Moy C—w) | ] :/_o:odﬁ ailo(zl_yl) .]=0. (2.10)

T

The other two terms can be combined using the observation

/dy3 O C (y1 —y3)?OnClys — y2) = /dy3 O C(y1 — y3)ONC(ys — y2)*. (2.11)

1'When computing the inverse map in Landau gauge it is necessary to explicitly enforce the gauge condition 9" A, =0
in all terms. This is similar to the determinant test for the Nicolai map in Landau gauge (see [4]).



We repeat these steps on the other 400 non-vanishing terms. Subsequently, we perform the dimen-
sional reduction and obtain the now very simple expression

Y= / dry dry 2M 2 Tr, P{Am(z1)An(22)),

v
=96N3/ood71 dr i‘fig/dyl dya dys {

+0,0,C(z1 —y1)C (21 — y2)C(z2 — y1)C(y1 — y3)C(y2 — y3)*

+ gauc(xl —41)C (1 —y2)C(z2 — y3)C(y1 — y2)C(y1 — y3) 0 C (y2 — ys)} :

Neither of these two terms is a total derivative as there are two x; dependencies in each of them.

(2.12)

Thus, we must cancel ¥ against the 3-point function.

3-point function

For the 3-point function the procedure is much the same as for the 2-point function. For the trace
and path ordering we find

Yo = 3'N/ dry dry drg 2M 2N 23 TrcP<<AM(21)AN(22)AL(23)>>3
Z . . . a c
— 2fN Jobe / dry dry drs 4729 25 (A% (21) AX (22) AS (23))4 (2.13)
3
+ ZZN fabc/ dry dry drs e(71,72,78) 517 25 25 (Af(21) AN (22) AT (23))

where d®° is totally symmetric and
€(11,72,73) = [0(11 —T2) — O(12 — 1) [0(T1 — T3) — O (13 — T1)] [0 (12 — T3) — O(73 — T2)] . (2.14)

So €(11,72,73) =1 for 71 > 75 > 73 and anti-symmetric under the transposition of any two 7;. The
first term will cancel because the 3-point correlation function at O(g3) is anti-symmetric in a, b, and
c. This time we only need the inverse Nicolai map up to O(g3). However, since we now compute a
3-point function instead of a 2-point function, after the Wick contraction, we have about the same
number of terms as before. But two thirds of the terms are proportional to dys/n, dprz or dnp and
thus cancel. The remaining terms are simplified using the same integration by parts relations as
above. However, for the 3-point function there are no total derivatives. Subsequently, we perform

the dimensional reduction and obtain the 15 terms

6N3
Yo = / dr dro drs €(my,72,73) x1$2x3/dy1 dys dys {

+0,0,05C (1 —y1)C (22 — y1)C(23 — y2)C(y1 — y3)C (Y2 — 3)°

+0,0,C (21 — Y1) C (2 — y1)C (23 — y2)C (Y1 — y3)C(y2 — y3)*

+ permutations }
6N3

(2.15)

/ dr dmp dr3 €(11,72,73) & x2$3/dy1 dyo dys {

+ 0,0, C (21— y1)C (22 — y2)C(23 — y3)C'(y1 — y2)C(y1 — ¥3)OAC (Y2 — ¥3)
—C(x1—91)0,0\C (22 — y2)C (23— y3)C(y1 — ¥2)0,C (y1 — y3)C(y2 — y3)
+C(z1 —y1)C(22 — y2)0x0,C (23 — y3) 0, C(y1 — y2)C(y1 — y3)C(y2 — y3)} :



All these terms have a factor of the form

0
i'0,C(xi—y) = EC(@ =) (2.16)
and this is their only dependence on x;. Thus we can integrate by parts and use
0
8—7_6(7'1,7'2,7'3) =20(11 —12) —20(T1 —73). (2.17)
1

After carrying out integrations over the delta functions and renaming the variables we obtain
22 = gGN?’/ dTl dT2 x’fxg/dyl dy2 dy3 {
+0,0,C(w1 —y1)C (w1 —y1)C (w2 —y2)C(y1 — y3)C( )
—0,0,C (21 —y1)C (71 —y2)C(z2 — Y1) C( )C( )
+0,C(21 — y1)9,C (21 — y1)C2 — y2)C(y1 — y3)C (y2 — y3)*
=0, C(z1 —y1)C (21 — ¥2)0,C(z2 — y1)C(y1 — y3)C( )
3
- §8MC(~T1 —41)C(x1 —y2)C(z2 — y3)C(y1 — ¥2)C(y1 — ¥3) 9 C (y2 — ys)} :

The first and third term can be combined to give a total derivative. Also the fourth term is a total

(2.18)

derivative. Subsequently, we conclude
o = —gON? /  dry dry ataY / dy1 dys dys {
+0,0,C(x1 = y1)C (w2 — y1)C (w1 — y2)C(y1 — y3)C(y2 — y3)° (2.19)
20,001 1) Cer — ) Cw2 — ) Clur ~ 12)Clon — us)ObClo2 — ) .
We see that 1 and Y5 cancel

S+ 5 =0. (2.20)

3 Conclusion

We have shown that for a Maldacena-Wilson loop operator of an infinite straight line

(W), = 1+0(") (3.1

for all N. Despite the BPS nature of this operator, the cancellation of the perturbative corrections
at the sixth order is far from trivial. They seem to resemble the cancellations of the fourth-order
perturbative corrections for the expectation value of the circular Maldacena-Wilson loop (see [6]).
All correlation functions have been computed using the Nicolai map. Despite the complexity of
intermediate results, such as the non-linear and non-local transformation of the gauge field to fourth
order in [5], the general procedure is rather simple as it completely circumvents the use of anti-
commuting variables. In the future, it will be interesting to see if the Nicolai map can also be used
to obtain non-perturbative results for certain Wilson loop operators.
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