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Abstract In this paper, the De Saint-Venant flexure-torsion problem is developed via a technique by means
of a novel complex potential function analytic in all the domain whose real and imaginary parts are related to
the shear stresses. The latter feature makes the complex analysis enforceable for the shear problem. Taking
full advantage of the double-ended Laurent series involving harmonic polynomials, a novel element-free weak
form procedure, labelled Line Element-less Method (LEM), is introduced, imposing that the square of the
net flux across the border is minimized with respect to expansion coefficients. Numerical implementation of
the LEM results in systems of linear algebraic equations involving positive-definite and symmetric matrices
solving only contour integrals. Some numerical applications are reported to assess not only the efficiency and
accuracy of the method to handle shear stress problems but also the robustness in the sense that exact solutions
when available are captured straight away.

1 Introduction

The evaluation of shear stresses due to torsion and shear forces applied on a De Saint-Venant cylinder is a well-
established problem in classical strength of material. However, because of mathematical difficulties that are
inherent in the problem, only few analytical solutions have been developed for beams and shafts and the evalu-
ation of the shear stress field is obtained via Finite Element Method (FEM) [1] and Boundary Element Methods
(BEM) in symmetric [2–6] and non-symmetric form (see e.g. Katsikadelis [7] and references cited herein),
which are both powerful methods for the analysis of structural systems. In more detail, FEM has been used
for the solution of the two-dimensional torsion problem [8,9] for arbitrary cross-sections. Solutions obtained
via FEM of simple and immediate use are affected, for accuracy sake, of a large number of elements in case
of complicated cross-sections. Moreover, the FEM-based approach is also limited with respect to the shape of
the elements yielding cumbersome meshing processes. On the other hand, the BEM integral method requires
only discretization of the boundary, resulting in line elements as proposed for the torsion problem [10] of
the De Saint-Venant beam. Analysis of the shear stress field in the presence of torsion and shear forces has
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been proposed by Lacarbonara and Paolone [11] and via the BEM approach by Friedman and Kosmatka [12]
and more recently, for anisotropic De Saint Venant cylinders, by Gaspari and Aristodemo [13]. The solution of
the De Saint-Venant problem for shear and torsion obtained via FEM and BEM has also been used to evaluate
shear and torsion factors in three-dimensional beam elements [14]. Furthermore, it is well known how useful
complex analysis can be for studying the torsion problem [15,16] using a classical potential function composed
of a warping function and its harmonic conjugate function. Framed into this, in a recent paper [17] the authors
propose to solve the problem of pure torsion in the De Saint-Venant cylinder by using a novel method labelled
Line Element-less Method (LEM). Since the complex potential function is holomorphic in the whole domain,
the proposed method takes full advantage of the double-ended Laurent series involving harmonic polynomials,
which are fully capable to represent any analytic function in a complex domain. The selected expression of this
analytic complex function is such that governing equations of De Saint-Venant elastic problem are satisfied
in the cross-section domain but it does not satisfy the condition of vanishing net flux of the shear stress field
across the border. This latter condition has been satisfied imposing in a weak form that the square value of the
net flux across the border is minimized with respect to parameter expansions. Numerical implementation of
the LEM results in systems of linear algebraic equations in positive-definite and symmetric matrices solving
only contour integrals. Since the method does not require any meshing procedure but only requires integra-
tions on a contour (element-less), it has been properly labelled Line Element-less Method (LEM). In [18], the
authors show how competitive the LEM is in comparison with the complex polynomial method (CPM) [19]
and the complex variable boundary method (CVBEM) [16]. Especially regarding the robustness of the method,
it is capable to capture exact solutions (when available) only retaining a few series coefficients and exactly
satisfying the boundary condition continuously.

It has to be remarked that so far no advantage of complex analysis is available in literature (to the authors
best knowledge) for solving shear problems.

In this paper, the LEM is extended to the case of flexure and torsion by introducing a novel potential
function related to shear stress straightaway. Some numerical applications to simply and multiply-connected
domains have been reported to demonstrate the accuracy and the efficiency of the proposed method to handle
shear stress problems. The method is robust in the sense that for all sections whose solution is known in ana-
lytic form (circular, elliptical and equilateral triangular with ν = 0.5) it provides the shear stress distribution
exactly.

2 Theoretical background

In this section some well-known concepts of the classical theory of flexure are presented for sake of clar-
ity as well as for introducing appropriate symbols. For further details, see Ziegler [20], Timoshenko [21],
Timoshenko and Goodier [22], and Muskhelishvili [15].

Let us consider a linearly elastic and isotropic De Saint-Venant cylinder of length L and cross-section
A with contour C. The cylinder is referred to a counter-clockwise coordinate system with x- and y-axes
coincident, as customary, with the principal axes of inertia of the cross-section as shown in Fig. 1.

Let us assume that external forces, applied at the cross-section z = L , have components Tx (L), Ty(L)
and Mz(L), respectively (see Fig. 1). The stress field in the De Saint-Venant cylinder is completely defined by
normal stress σz(z) and shear stresses τzx (x, y), τzy(x, y). The normal stress σz(z) depends on shear induced
bending moments Mx (z) and My(z):

σz(z) = Mx (z)y/Ix − My(z)x/Iy, (1)

Ix and Iy being inertia moments of the cross-section with respect to the x- and y-axes, respectively. The shear
stress fields τzx (x, y) and τzy(x, y)may be obtained by solving the equilibrium equation of the De Saint-Venant
cylinder:

∂τzx/∂x + ∂τzy/∂y = divτ = −∂σz/∂z in A, (2)

with τT = [ τzx τzy ], in conjunction with the compatibility conditions expressed by the two Beltrami equations
for τzx (x, y) and τzy(x, y) expressed as:

∇2τzx + 1

1 + ν

∂2 I1

∂x∂z
= 0; ∇2τzy + 1

1 + ν

∂2 I1

∂y∂z
= 0 in A, (3a, b)
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Fig. 1 De Saint Venant cylinder under flexure-torsion

where ∇2 [•] = ∂2[•]/∂x2 + ∂2[•]/∂y2 and I1 = σx + σy + σz = σz is the first invariant of the stress tensor;
ν is the Poisson ratio.

The boundary condition associated with the shear stresses is

τzx nx + τzyny = τTn = 0 on C, (4)

where C is the contour of the cross-section and nT = [ nx ny ] is a vector collecting the components of the
outward normal to the contour C. Substitution of Eq. (1) expressing the normal stress σz into Eqs. (2, 3a, b)
yields the governing equations for the shear stresses τzx (x, y)and τzy(x, y) as

divτ = −Ty

Ix
y − Tx

Iy
x in A, (5)

while the Beltrami equations in conjunction with Eq. (1) become

∇2τzx = − 1

1 + ν

Tx

Iy
; ∇2τzy = − 1

1 + ν

Ty

Ix
in A, (6a, b)

which may be also combined to yield the expression for rot τ of the shear stresses as

∂τzy

∂x
− ∂τzx

∂y
= iTz rot τ = ν

1 + ν

(
Ty x

Ix
− Tx y

Iy

)
+ const. in A, (7)

where iz is the unitary vector along the z axis (iTz = [0 0 1]).
Moreover, the static equivalence conditions between shear stress field τ and shear forces Tx and Ty and

torsion moment Mz on the cross-section domain are given respectively by

∫
A

τzx dA = Tx ;
∫
A

τzydA = Ty;
∫
A

τTgdA = Mz, (8a, b, c)

where gT = [−y x].
Summing up, the governing equations for the flexure-torsion problem consist in the equilibrium equation

(2), in the compatibility conditions in Eq. (3a, b), with boundary condition expressed in Eq. (4) under the
equivalence conditions expressed in Eqs. (8a, b, c).
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3 Complex potential function formulation

Complex analysis in studying the torsion problem is an apparent tool as CPM [19], CVBEM [16] and LEM
[18] assess. In the latter paper [18], a comparison of results obtained by properly approximating the classical
potential function, according to the peculiarities of all three methods, is presented. This classical potential
function is composed of the warping function and its conjugate harmonic function; moreover, in Di Paola et al.
[17], the authors introduced LEM applied to a novel potential function related to shear stress straightaway and
results coalesce with those obtained by applying LEM to the classical potential function [18]. Based on this
solid ground, the idea of introducing this novel potential function makes it possible to take profit of complex
analysis in studying shear and torsion problems as detailed in the following.

The elastic equilibrium problem for the De Saint-Venant cylinder may be efficiently formulated by complex
analysis introducing an analytic function F(ẑ) in the cross-section domain. The complex variable ẑ = x + iy
(being i the imaginary unit) is defined in A and the function F(ẑ)may be considered, in algebraic form, by the
sum of real and imaginary components:

F(ẑ) = χx (x, y)+ iχy(x, y). (9)

The analytic requirement of the complex function F
(
ẑ
)

is fulfilled under the restrictions that χx (x, y) and
χy(x, y) are harmonic real functions so that they satisfy the conditions

∇2χx = 0; ∇2χy = 0 in A (10a, b)

and χy is the conjugate harmonic of the function χx so that they fulfil Cauchy-Riemann conditions, namely:

∂χx/∂x = ∂χy/∂y; ∂χx/∂y = −∂χy/∂x in A. (11a, b)

As mentioned before, a novel formulation for the shear solution is introduced in this paper assuming that
the real and the imaginary components of the function F

(
ẑ
)

are directly related to the shear stresses by the
relations

χx (x, y) = τzx (x, y)+ 1

1 + ν

(
νTy x y

Ix
+ Tx x2

2Iy

)
+ Gθ̄ y, (12)

χy (x, y) = −τzy(x, y)− 1

1 + ν

(
νTx x y

Iy
+ Ty y2

2Ix

)
+ Gθ̄x, (13)

where G is the shear modulus of the material and θ̄ is a still unknown constant. If Tx and Ty are zero and Mz

is different from zero, then θ̄ coincides with the unitary twist angle of the cross-section.
It is worth noting that the conditions expressed in Eq. (10a, b) by substitution of Eqs. (12, 13) lead to the

Beltrami equations for the shear stresses τzx and τzy as reported in Eqs. (6a, b). This means that the stress
distribution τ fulfils equilibrium and compatibility equations in the cross-section A and then the field τ takes
also into account the tangential stress due to shear induced torsion when the centroid does not coincide with
the shear centre.

Moreover, the Cauchy–Riemann conditions (11a, b) imply that the complex potential F(ẑ) satisfies both
equilibrium and compatibility conditions in the domain A.

For the case of pure torsion (Tx = Ty = 0), the potential function described in Eqs. (12) and (13) coalesces
with that already proposed in Di Paola et al. [17].

4 Line Element-less Method (LEM) for the shear problem

In this section, the method dubbed Line Element-less Method (LEM) will be proposed to handle beams under
shear force. First, the case of bi-connected cross-sections will be investigated because other cases of simply
and multiply-connected regions will be easier derived.
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4.1 LEM in bi-connected cross-sections

Since the potential function F(ẑ) in Eqs. (9, 12, 13) is analytic in all points belonging to the cross-section,
it may be expanded in the double-ended Laurent series as

F(ẑ) =
+∞∑

k=−∞
k �=−1

αk(ẑ − ẑ0)
k αk, ẑ0 ∈ C. (14)

In the Laurent expansion, the term corresponding to k = −1 has to be excluded; the motivation for the exclusion
of this term is reported in Appendix A.

In Eq. (14), the series
∑+∞

k=0 αk(ẑ − ẑ0)
k is called regular part and it is capable to express any analytic

function in a given region and in its contour. The series
∑−2

k=−∞ αk(ẑ − ẑ0)
k is called principal part and

accounts for singularities in ẑ0. It follows that ẑ0 has to be selected inside the hollow. This happens because
F(ẑ) is analytic in the points belonging to the cross-section but we do not have information on possible sin-
gularities in the hollow. It will be shown that the principal part is essential for a correct stress evaluation in the
bi-connected sections, but it must be disregarded for simply-connected cross-sections.

Powers ẑk will be denoted as Pk + i Qk with Pk and Qk the so-called harmonic polynomials (∇2 Pk =
0,∇2 Qk = 0∀k). Recursive relationships to construct these polynomials and derivative rules will be reported
in Appendix B.

By letting αk = ak + ibk(ak, bk ∈ R) in Eq. (14), the complex potential function may be expanded in
terms of truncated harmonic polynomials as follows:

F(ẑ) = χx (x, y)+ iχy(x, y) =
r2∑

k=−r1
k �=−1

(ak Pk − bk Qk)+ i
r2∑

k=−r1
k �=−1

(ak Qk + bk Pk), (15)

where r1 and r2 are the selected orders of truncation of the principal part and regular part of the Laurent series.
Equation (15) may be rewritten in compact form as

F(ẑ) = pTa − qTb + i(qTa + pTb), (16)

where

p(x, y) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

P−r1(x, y)
...

P−2(x, y)
P0(x, y)

...
Pr2(x, y)

∣∣∣∣∣∣∣∣∣∣∣∣∣

; q(x, y) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

Q−r1(x, y)
...

Q−2(x, y)
Q0(x, y)

...
Qr2(x, y)

∣∣∣∣∣∣∣∣∣∣∣∣∣

; a =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a−r1
...

a−2
a0
...

ar2

∣∣∣∣∣∣∣∣∣∣∣∣∣

; b =

∣∣∣∣∣∣∣∣∣∣∣∣∣

b−r1
...

b−2
b0
...

br2

∣∣∣∣∣∣∣∣∣∣∣∣∣

(17)

and hence from Eq. (12) and (13) the stress vector τ is written in the form

τ (x, y) = D(x, y)w − J(x, y)t + Gθ̄g, (18)

where

D(x, y) =
∣∣∣∣ pT −qT

−qT −pT

∣∣∣∣ ; w =
∣∣∣∣ a
b

∣∣∣∣ ; J(x, y) = 1

1 + ν

∣∣∣∣ x2/2Iy νxy/Ix

νxy/Iy y2/2Ix

∣∣∣∣ ; t =
∣∣∣∣ Tx
Ty

∣∣∣∣ . (19a–d)

The stress distribution given in Eq. (18) fulfils equilibrium and compatibility equations in the cross-
section domain A. However, since Eq. (18) constitutes a truncation of the Laurent series, the boundary condi-
tion expressed in Eq. (4) may not be fulfilled in each point of the contours.

The crucial point of the LEM consists in satisfying the boundary condition τTn = 0 on the external contour
Ce and the internal one Ci in a weak form, that is the unknown coefficients w will be selected in a such way
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that the squared value net flux of the shear stress τ through the boundary of the domain is minimal under the
equivalence condition, that is

⎧⎨
⎩

�(w, θ̄ ) = ∮
C (τ

Tn)2dC = minw,θ̄ (20a)
subjected to∫

A RτdA = f (20b)

where

RT =
∣∣∣∣ 1 0
0 1

−y
x

∣∣∣∣ ; fT = ∣∣ Tx Ty Mz
∣∣ (21)

and C is the union of external and internal contours.
By using the Lagrange multiplier method, the minimum problem in Eq. (20a) is transformed into the

minimum of the enlarged functional

�(w, θ̄ ,λ) =
∮
C

(τTn)2dC + λT

⎛
⎝∫

A

RτdA − f

⎞
⎠ = min

w,θ̄ ,λ
, (22)

where λ is the vector of Lagrange multipliers.
In order to maintain the pure line integral method, the integral extended to the cross-section in Eq. (22)

has to be transformed into a line integral. This may be done by using Green’s lemma and the properties of
harmonic polynomials as it is shown in Appendix B.

By performing variations of the free enlarged functional, we get

∂�̃
∂w

= Qw − l + Gθ̄s + λ1c + λ2d + λ3h = 0, (23a)

∂�̃
∂(Gθ̄ )

= sTw − V + Gθ̄H + λ3 IP = 0, (23b)

∂�̃
∂λ1

= cTw − 3 + 2ν

2(1 + ν)
T x = 0, (23c)

∂�̃
∂λ2

= dTw + 3 + 2ν

2(1 + ν)
Ty = 0, (23d)

∂�̃
∂λ3

= hTw + Gθ̄ Ip + 1 − 2ν

2(1 + ν)

(
Tx

Iy
Ixyy − Ty

Ix
Iyxx

)
− Mz = 0, (23e)

where

Q = 2
∮
C

DTnnTDdC; l = 2
∮
C

DTnnTJtdC; s = 2
∮
C

DTnnTgdC;
(24a–e)

V = 2
∮
C

tTJTnnTgdC; H = 2
∮
C

gTnnTgdC .

Moreover, Ixyy and Iyxx are third-order inertia moments (see Appendix B) and the vectors c, d, h are
vectors whose evaluation involves only line integrals as it is shown in Appendix B.

Equations (23) constitute a set of 4+2(r1 +r2) linear equations that may be easily solved providing w, θ̄ ,λ
so that F(ẑ) and τ may be evaluated according to Eqs. (16) and (18), respectively.

Important remarks are as follows: Q is a symmetric and positive definite matrix; the point ẑ0 in the complex
plane for the regular part may be selected as a different point in the principal part of the Laurent series, that is
ẑ0 for the principal part must be selected into the hollow, but ẑ0 for the regular part of the Laurent series may
be selected in any other point.



De Saint-Venant flexure-torsion problem handled

),( ss yx
n

n

),( 11 yx ),( 22 yx

n

),( 00 yx

x

y

yT

xT

zM

n

1i
C

2i
C

eC

si
C

jjj iyxz +=ˆ

1 se i iC C C C= ∪ ∪ ∪

Fig. 2 Multiply-connected cross-section and location of singularities ẑ j

4.2 LEM in simply-connected cross-sections

The case of simply-connected cross-sections is obtained from the previous case simply by neglecting the
principal part of the Laurent series, that is

F(ẑ) =
r2∑

k=0

αk(ẑ − ẑ0)
k =

r2∑
k=0

(ak Pk − bk Qk)+ i
r2∑

k=0

(ak Qk + bk Pk), (25)

that is all the equations remain the same but p, q, a, b have to be defined in the form

p(x, y) =

∣∣∣∣∣∣∣
P0(x, y)

...
Pr2(x, y)

∣∣∣∣∣∣∣
; q(x, y) =

∣∣∣∣∣∣∣
Q0(x, y)

...
Qr2(x, y)

∣∣∣∣∣∣∣
; a =

∣∣∣∣∣∣∣
a0
...

ar2

∣∣∣∣∣∣∣
; b =

∣∣∣∣∣∣∣
b0
...

br2

∣∣∣∣∣∣∣
. (26)

The vectors c, d, h (Appendix B) now contain r2 + 1 components and the solving system remains a linear
system of 6 + 2r2 equations in 6 + 2r2 unknowns.

4.3 LEM in multiply-connected cross-sections

As it has been stated in Sect. (4.1), the regular part of the Laurent series is totally independent of the principal
part. Moreover, in multiply-connected domains we have polar singularities for each hollow, then we need the
principal part of the Laurent series for each hollow, essential for the correct evaluation of the shear stress. That
is, having s hollows in the cross-section, we have to select s points ẑ j ( j = 1, . . . , s) inside the s hollows as it
is shown in Fig. 2 and ẑ0 for the regular part is another point (that may be coincident with some ẑ j ), and the
function F(ẑ) is then given as

F(ẑ) =
r2∑

k=0

αk(ẑ − ẑ0)
k +

s∑
j=1

⎛
⎝ −2∑

k=−r1

α
( j)
k (ẑ − ẑ j )

k

⎞
⎠. (27)

Then, all the concepts exploited in Sect. (4.1) do not change but D(x, y), J(x, y), g have to be properly defined
because new unknowns appear.
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Table 1 Results for shear stresses for an elliptical cross-section

Cross-section geometry x

y a

b

yT

Series coefficients �= 0 b0 = − 2(a2+2b2(1+ν))Ty

ab(a2+3b2)π(1+ν) ; b2 = 2(1−2ν)Ty

ab(3a2+b2)π(1+ν)
Lagrange multipliers θ̄ λ = 0; θ̄ = 0

Shear stresses τzx (x, y) − 4[a2ν+b2(1+ν)]xyTy

ab3(a2+3b2)π(1+ν)

Shear stresses τzy(x, y)
2[2b4(1+ν)+b2[a2−2(1+ν)y2−(1−2ν)x2]−a2 y2]Ty

ab3(a2+3b2)π(1+ν)

5 Numerical studies

In this section, some applications on simply and multiply-connected cross-sections will be reported in order
to show the effectiveness of the proposed method. It will also show the robustness of the LEM in the sense
that it attains exact solution for all the cases in which it exists.

Exact solutions are marked since the stress field fulfills the boundary condition on C, in all the points of
inner and outward contours. For all cases, a proper algorithm based on the theory described in the previous
section has been developed using Mathematica 5.0. Shear centre and correction factors are evaluated by means
of the expressions reported in Appendix C.

5.1 Simply-connected cross-sections

For a beam under shear forces exact solutions are known for elliptical and triangular cross-sections [22],
the latter with ν = 0.5. To assess the robustness of LEM both cases are studied considering only the regular
part of the Laurent series expansion since both cross-sections (elliptical and triangular) are simply-connected.

In Tables 1 and 2 only the series coefficients ak, bk different from zero are reported, no matter the value
of truncation because all the others are exactly zero; the Lagrange multiplier λ, the value of θ̄ and the τ (x, y)
function.

In particular, in Table 1, these values are provided for the ellipse under Ty and it is worth stressing that the
expression of τ (x, y) totally coincides with the exact solution reported in [22].

In Tables 2a, b, these values are reported for a triangular cross-section under Tx and Ty , respectively.
All results are depending on ν; in the case of equilateral triangle the solution is exact and coincides with that
reported in [22] for ν = 0.5.

In Tables 3a, b, results are reported for isosceles triangular cross-section under Tx and Ty , respectively.
Opportune remarks have to be considered: for isosceles triangular cross-section with ν = 0.5 the solution

obtained by LEM is exact since the condition τTn = 0 is fulfilled in all points of the boundary and for isosceles
triangular cross-section with double height with respect to the base under shear force in y-direction, the solution
is exact for every value of ν.

5.2 Multiply-connected cross-sections

As it has been previously stated for the case of multiply-connected cross-sections, the principal part of the
Laurent series is essential for each hollow in order to find a correct shear stress distribution for both shear
forces and torsion moment.
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Table 2 Results for shear stresses for an equilateral triangular cross-section (a) x-direction shear force (b) y-direction shear force

(a) x-direction shear force

Cross-section geometry x

y

xT

3 3

3

Series coefficients �= 0
Lagrange multipliers θ̄

a0 = 2(41+32ν)Tx

171
√

3�2(1+ν) ; a2 = − (2ν−1)Tx

12
√

3�4(1+ν) ; b1 = − (45+62ν)Tx

228
√

3�3(1+ν)
b3 = 35(2ν−1)Tx

1368
√

3�5(1+ν) ; λ = 0; θ̄ = 0

Shear stresses (1 + ν)τzx (x, y) [16�3(41 + 32ν)+ 6�2(45 + 62ν)y − 144�[y2(1 − 2ν)+ x2(3 + 2ν)]
+ 35(3x2 − y2)(1 − 2ν)y]Tx/1368

√
3�5

Shear stresses (1 + ν)τzy(x, y) x[6�2(45 + 62ν)− 228�(1 + 2ν)y + 35(x2 − 3y2)(1 − 2ν)]Tx/1368
√

3�5

Shear centre location xF = 0; yF = 0

Shear correction factor K X T 57(1 + ν)/2(41 + 32ν)

(b) y-direction shear force

Cross-section geometry

x

y

yT

3l 3l

3l
x

y

yT

3l 3l

3l

Series coefficients �= 0
Lagrange multipliers θ̄

a1 = (45+62ν)Ty

228
√

3�3(1+ν) ; a3 = 35(2ν−1)Ty

1368
√

3�5(1+ν) ; b0 = − 2(41+32ν)Ty

171
√

3�2(1+ν)

b2 = − (2ν−1)Ty

12
√

3�4(1+ν) ; λ = 0; θ̄ = 0

Shear stresses (1 + ν) τzx (x, y) x[6�2(45 + 62ν)− 228�(1 + 2ν)y − 35(x2 − 3y2)(1 − 2ν)]Ty/1368
√

3�5

Shear stresses (1 + ν)τzy(x, y) [16�3(41 + 32ν)− 6�2(45 + 62ν)y − 114�[x2(1 − 2ν)+ y2(3 + 2ν)]
+ 35(3x2 − y2)(1 − 2ν)y]Ty/1368

√
3�5

θ̄ 0

Shear centre location xF = 0; yF = 0

Shear correction factor KY T 57(1 + ν)/2(41 + 32ν)
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Table 3 Results for shear stresses for an isosceles triangular cross-section (a) x-direction shear force (b) y-direction shear force

(a) x-direction shear force

Cross-section geometry x

y

xT

3 3

3

Series coefficients �= 0
Lagrange multipliers θ̄

a0 = (0.153+0.139ν)Tx
�2(1+ν) ; a2 = − 0.012(2ν−1)Tx

�4(1+ν)
b1 = − (0.043+0.062ν)Tx

�3(1+ν) ; b3 = 0.0009(2ν−1)Tx
�5(1+ν)

λ1 = −0.00013(1 − 2ν)Tx/�
3(1 + ν); λ2 = 0

λ3 = 0.00215(1 − 2ν)Tx/�
4(1 + ν)

θ̄ = −(0.0218 + 0.031ν)Tx/�
3G(1 + ν)

Shear stresses (1 + ν)τzx (x, y) [�3(0.153 + 0.139ν)+ �2(0.065 + 0.092ν)y − �[y2(0.012 − 0.024ν)

+ x2(0.025 + 0.024ν)] + (0.0027 − 0.0053ν)x2 y − (0.001 − 0.002ν)y3]Tx/�
5

Shear stresses (1 + ν)τzy(x, y) x[�2(0.0215 + 0.03ν)− �(0.024 + 0.026ν)y + (0.001 − 0.002ν)x2

− (0.0027 − 0.0053ν)y2]Tx/�
5

Shear centre location xF =; yF = −(0.2 + 0.2811ν)�/(1 + ν)

Shear correction factor K X T 84145.5(1 + ν)/(115737 + 105108ν)

(b) y-direction shear force

Cross-section geometry
x

y

yT

3 3

3

Series coefficients �= 0
Lagrange multipliers θ̄

a1 = 2Ty

27�3 ; a3 = (2ν−1)Ty

162�5(1+ν) ; b0 = − 2(7+4ν)Ty

81�2(1+ν) ; b2 = − (2ν−1)Ty

54�4(1+ν)
λ = 0; θ̄ = 0

Shear stresses (1 + ν)τzx (x, y) x[12�2(1 + ν)− 6�(1 + 4ν)y − (x2 − 3y2)(1 − 2ν)]Ty/162�5

Shear stresses (1 + ν)τzy(x, y) (�− y)[4�2(7 + 4ν)+ 4�(4 + ν)y − (3x2 − y2)(1 − 2ν)]Ty/162�5

Shear centre location xF = 0; yF = 0

Shear correction factor KY T 19
√

3(1 + ν)/2(41 + 32ν)

For the annular cross-section depicted in Fig. 3a under shear force Ty the LEM (for x̂0 = 0, ŷ0 = 0) returns
only three coefficients of the Laurent expansion (b−2, b0 and b2) no matter the truncation orders r1 and r2:

b−2 = − (3 + 2ν)

4(1 + ν)IP
R2

e R2
i Ty; b0 = − (3 + 2ν)

4(1 + ν)IP
(R2

e + R2
i )Ty; b2 = (1 − 2ν)

4(1 + ν)IP
Ty, (28)
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Fig. 3 a Annular cross-section. b Shear stress field τ due to a y-direction shear force in an annular cross-section (Ty = 1, Re = 1,
Ri = Re/4, ν = 0.3, r1 = r2 = 2). c Shear stress function τzx (x, y) in an annular cross-section subjected to a y-direction shear
force (Ty = 1, Re = 1, Ri = Re/4, ν = 0.3, r1 = r2 = 2). d Shear stress function τzy (x, y) in an annular cross-section
subjected to a y-direction shear force (Ty = 1, Re = 1, Ri = Re/4, ν = 0.3, r1 = r2 = 2)

where Re and Ri are the external and internal radius, respectively and IP = π(R2
e − R2

i )/2. It has to be
emphasized that this is an exact solution since τTn = 0 proves to be locally fulfilled in the external and
internal contour whatever the value of the Poisson ratio ν is. A solution for the section under exam can
be found in [23] in terms of flexure function expressed in polar coordinates. The presence of b−2 means
that when the shear force is different from zero the solution has a polar singularity of order two. It is
worth mentioning that from Eq. (28) if Ri = 0 the polar singularity in zero disappears and if Re = R
coefficients of Eq. (28) are equal to those reported for elliptical cross-section setting a = b = R and
Tx = Mz = 0.

Figures 3b–d show trajectories of τ and shear stress functions τzx (x, y) and τzy(x, y) due to a y-direction
shear force for the annular cross-section.

If the centre of the hollow does not coincide with the centre of the external contour (see Fig. 4a), then by
selecting for the principal part ẑ0 in the centre of the hollow for Tx �= 0, Ty = 0 (Fig. 4b) a solution is provided
with bk = 0 ∀k and ak �= 0 ∀k. In this case, the solution is not exact because the condition τTn is not locally
fulfilled in all points of the contour. In particular, by selecting r1 = r2 = 3 as truncation of the Laurent series
the total flux

∫
C (τ

Tn)2dC is negligible and the trajectories of the shear stress are depicted in Fig. 4b while c, d
show the stress functions τzx (x, y) and τzy(x, y). In presence of only Ty (Fig. 4e) LEM returns ak = 0 ∀k and
bk �= 0 ∀k. For this case, trajectories of the shear stress are depicted in Fig. 4e and in f, g the stress functions
τzx (x, y) and τzy(x, y) are shown.

For the case of multiply-connected cross-section with two hollows (see Fig. 5a) as stressed in Sect. 4.3,
we have to select ẑ1 and ẑ2 in the centres of the hollows while ẑ0 for the regular part has been selected for
convenience in the origin of the axes. For the numerical application, the selected an outer radius Re = 1 and
the two inner hollows radii are R(1)i = Re/4 and R(2)i = Re/8, respectively.

Figures 5b–d show the shear stress trajectories and the shear stress functions τzx (x, y) and τzy(x, y) due
to Tx , while in Figs. 5e, f, g the shear stress trajectories and the shear stress functions τzx (x, y) and τzy(x, y)
due to Ty are depicted. It has to be remarked that for multiply-connected cross-sections, if we do not take into
account for the principal part of Laurent expansion the shear stress distribution is totally wrong no matter the
selected truncation order for the regular part of the Laurent expansion.
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Fig. 4 a Circular-hollow cross-section. b Shear stress field τ due to an x-direction shear force in a circular-hollow cross-section
(Tx = 1, Re = 1, Ri = Re/4, ν = 0.3, r1 = r2 = 3). c Shear stress function τzx (x, y) in a circular-hollow cross-section
subjected to an x-direction shear force (Tx = 1, Re = 1, Ri = Re/4, ν = 0.3, r1 = r2 = 3). d Shear stress function τzy (x, y)
in a circular-hollow cross-section subjected to an x-direction shear force (Tx = 1, Re = 1, Ri = Re/4, ν = 0.3, r1 = r2 = 3).
e Shear stress field τ due to a y-direction shear force in a circular-hollow cross-section (Ty = 1, Re = 1, Ri = Re/4, ν =
0.3, r1 = r2 = 3). f Shear stress function τzx (x, y) in a circular-hollow cross-section subjected to a y-direction shear force
(Tx = 1, Re = 1, Ri = Re/4, ν = 0.3, r1 = r2 = 3). g Shear stress function τzy (x, y) in a circular-hollow cross-section
subjected to a y-direction shear force (Ty = 1, Re = 1, Ri = Re/4, ν = 0.3, r1 = r2 = 3)

6 Conclusions

The problem of stress distribution for the case of shear and torsion has been faced by Line Element-less Method.
The method consists in defining a holomorphic function in the domain of the cross-section directly related
to the shear stress distribution that will be expanded in the double-ended Laurent series. The potential func-
tion returns all the domain governing equations (equilibrium and compatibility) while the boundary condition
(τTn = 0) will be replaced in a weak form by properly minimizing the square net flux of the shear stress
through the total contour (external and internal) under the static equivalence conditions. Use of Lagrange
multiplier method gives the unknown coefficients of the Laurent series expansion. The solving equations
involve a symmetric and positive definite matrix.

It is shown that for simply-connected regions the regular part of the Laurent expansion describes the solu-
tion in terms of stress. Vice-versa for multiply-connected regions some singularities happen in the hollows and
then the principal part of the Laurent series is essential for description of the shear stress distribution.

The method is robust in the sense that for those regions where the shear stress distribution is already known,
the LEM exactly reproduces such solutions. Moreover, some new exact shear stress distributions are obtained
for cross-sections like isosceles triangular where the shear stress distribution fulfills the local condition on the
contour continuously. For the other cases, the distribution is approximated and the more terms are inserted in
the Laurent series expansion, the more accurate is the solution.
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Fig. 5 a Circular multiply-connected cross-section. b Shear stress field τ due to an x-direction shear force in a circular
multiply-connected cross-section (Tx = 1, Re = 1, R(1)i = Re/4, R(2)i = Re/8, ν = 0.3, r1 = r2 = 3). c Shear stress
function τzx (x, y) in a circular multiply-connected cross-section subjected to an x-direction shear force (Tx = 1, Re =
1, R(1)i = Re/4, R(2)i = Re/8, ν = 0.3, r1 = r2 = 3). d Shear stress function τzy (x, y) in a circular multiply-connected

cross-section subjected to an x-direction shear force (Tx = 1, Re = 1, R(1)i = Re/4, R(2)i = Re/8, ν = 0.3, r1 = r2 = 3).

e Shear stress field τ due to an y-direction shear force in a circular multiply-connected cross-section (Ty = 1, Re = 1, R(1)i =
Re/4, R(2)i = Re/8, ν = 0.3, r1 = r2 = 3). f Shear stress function τzx (x, y) in a circular multiply-connected cross-sec-

tion subjected to an y-direction shear force (Tx = 1, Re = 1, R(1)i = Re/4, R(2)i = Re/8, ν = 0.3, r1 = r2 = 3).
g Shear stress function τzy (x, y) in a circular multiply-connected cross-section subjected to an y-direction shear force

(Tx = 1, Re = 1, R(1)i = Re/4, R(2)i = Re/8, ν = 0.3, r1 = r2 = 3)

Appendix A: Motivation of exclusion of the term k = −1

Terms in the Laurent Series have a significant role depending on the physical meaning of the potential function
at hand. For instance in [18] it has been stressed that in the Laurent series for solving torsion problems, since
the classical potential function U (ẑ) is related to the warping function ω(x, y) and its harmonic conjugate
ϕ(x, y) as

U (ẑ) = ω(x, y)+ iϕ(x, y), (A1)

it is defined unless it is a constant, that means in the series we have to skip the term for k = 0.
On the other hand for solving torsion problems by the potential function F(ẑ) related to shear stresses, we

have to consider the term for k = 0 in the Laurent series approximating F(ẑ), while in this case we have to
skip the term for k = −1 (in multi-connected domain). The latter condition arises from the relation between
F(ẑ) and U (ẑ):

dU (ẑ)

dẑ
= F(ẑ). (A2)
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Now let us suppose that only one hole is present in the cross-section (bi-connected cross-section), then
U (ẑ) may be approximated by the truncated double-ended Laurent expansion as follows:

U (ẑ) =
r2∑

k=−r1
k �=0

βk(ẑ − ẑ0)
k, (A3)

where, as customary, ẑ0 is selected into the hole of the cross-section.
It follows that, by setting βk = mk + ink and taking into account Eq. (A3), the stress functionψ(x, y)may

be written as

ψ(x, y) = Gθ

[
ϕ(x, y)− 1

2
(x2 + y2)

]
∼= Gθ

⎡
⎢⎢⎣

r2∑
k=−r1

k �=0

(mk Qk + nk Pk)− 1

2
(x2 + y2)

⎤
⎥⎥⎦ (A4)

and then the stresses τzx (x, y) and τzy(x, y), taking into account the derivative rules of the harmonic polyno-
mials exploited in Appendix B, may be expressed as

τzx (x, y) = ∂ψ(x, y)/∂y ∼= Gθ
r2∑

k=−r1 k �=0

(mkk Pk−1 − nkk Qk−1)− Gθy,

(A5a, b)

τzy(x, y) = −∂ψ(x, y)/∂x ∼= −Gθ
r2∑

k=−r1
k �=0

(mkk Qk−1 + nkk Pk−1)+ Gθx .

Examination of Eqs. (A5a, b) leads to conclude that τzx and τzy , obtained by expanding U (ẑ) in the Laurent
series (A3), do not contain the term 1/(ẑ − ẑ0), corresponding to P−1 and Q−1, since it is multiplied by zero.
In other words, if we apply LEM to U (ẑ) we get a solution in terms of τ that does not contain P−1 and
Q−1. From these observations it is apparent that we do not have to integrate the terms P−1 and Q−1, that is
1/(ẑ − ẑ0), since this leads to a logarithmic term in the expressions of potential function or stress field, and
consequently a multi-valued function.

As a conclusion in order to have a full consistency working either in terms of F(ẑ) and U (ẑ), we may
exclude the term involving 1/(ẑ − ẑ0) in the Laurent expansion of F(ẑ) (Eq. 14) corresponding to k = −1.

Unfortunately, this correlation between terms of the series and physical meaning of the potential function
has not been taken into account in [17] and then in the series expansion F(ẑ) the term k = −1 was erroneously
retained. Thus, the Prandtl stress function and the warping function (Eqs. A1 and A2 in [17]) have to be
rewritten as

ψ(x, y) = Gθ
r2∑

k=−r1
k �=−1

(
ak

Qk+1

k + 1
+ bk

Pk+1

k + 1

)
− Gθ

2
(x2 + y2),

(A6a, b)

ω(x, y) = Gθ
r2∑

k=−r1
k �=−1

(
ak

Pk+1

k + 1
− bk

Qk+1

k + 1

)
.

Obviously, if no hollows are present, then the aforementioned problem may be disregarded for both U (ẑ) and
F(ẑ). The problem for the coupled shear and torsion actions behaves in the same way.

In Fig. 6a is reported the same application as reported by Di Paola et al. [17] by using the series retaining
the term for k = −1 contrasted with the result in terms of stress function by using the correct expression
(A6a) (without the term for k = −1) (Fig. 6b).

From looking at the trajectories of the shear stress field (see Figs. 7a, b) especially in the closeness of
the internal contour and between both contours, it is apparent that the correct solution is given by the series
skipping the term for k = −1 (Fig. 7b).
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Fig. 6 Prandtl stress functionψ(x, y) for pure torsion: aψ(x, y) obtained retaining the term k = −1 in the summation (incorrect);
b ψ(x, y) obtained with Eq. A6a (correct)

Fig. 7 Stress trajectories for pure torsion: a ψ(x, y) obtained retaining the term k = −1 in the summation (incorrect); b ψ(x, y)
obtained with Eq. A6a (correct)

Appendix B: Recursive form of harmonic polynomials and static equivalence condition

In this Appendix, the recursive forms of the harmonic polynomials Pk and Qk are introduced together with
their derivative property, in order to show how to rewrite the static equivalence condition involving a line
integral only.

The harmonic polynomials Pk and Qk are defined as follows:

Pk(x, y) = Re[(x − x0)+ i(y − y0)]k; Qk(x, y) = Im[(x − x0)+ i(y − y0)]k (B1)

and they may be evaluated recursively as

Pk(x, y) = Pk−1x − Qk−1 y; Qk(x, y) = Qk−1x + Pk−1 y k > 0 (B2)

P−k(x, y) = Pk(x, y)

P2
k (x, y)+ Q2

k(x, y)
; Q−k(x, y) = − Qk(x, y)

P2
k (x, y)+ Q2

k(x, y)
k > 0 (B3)

with P0 = 1, Q0 = 0, P1 = x, Q1 = y.
The derivatives of the harmonic polynomials are

∂Pk

∂x
= k Pk−1; ∂Pk

∂y
= −k Qk−1; ∂Qk

∂x
= k Qk−1; ∂Qk

∂y
= k Pk−1 ∀k. (B4)
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By taking full advantage of the relations ruling harmonic polynomial derivatives (Eq. B4), the static equiv-
alence condition

∫
A RτdA = f can be rewritten in the form

r2∑
k=−r1

k �=−1

ak

∫
A

divukdA +
r2∑

k=−r1
k �=−1

bk

∫
A

divūkdA = 3 + 2ν

2(1 + ν)
Tx , (B5a)

r2∑
k=−r1

k �=−1

ak

∫
A

divvkdA +
r2∑

k=−r1
k �=−1

bk

∫
A

divv̄kdA = − 3 + 2ν

2(1 + ν)
Ty, (B5b)

r2∑
k=−r1

k �=−1

ak

∫
A

divũkdA +
r2∑

k=−r1
k �=−1

bk

∫
A

divṽkdA + Gθ̄ Ip + 1 − 2ν

2(1 + ν)

(
Tx

Iy
Ixyy − Ty

Ix
Iyxx

)
= Mz, (B5c)

where

uk = Pk+1

k + 1
i1; ūk = Pk+1

k + 1
i2; vk = Qk+1

k + 1
i1; v̄k = Qk+1

k + 1
i2; ũk = Pk+1

k + 1
g; ṽk = − Qk+1

k + 1
g. (B6)

In Eqs. (B6) i1 and i2 are given as

iT1 = [1 0]; iT2 = [0 1] (B7)

and g is defined in Eq. (8c).
Then, according to Green’s lemma, Eq. (B5) may be rewritten as follows:

cTw = 3 + 2ν

2(1 + ν)
Tx ; dTw = − 3 + 2ν

2(1 + ν)
Ty; hTw + Gθ̄ IP + 1 − 2ν

2(1 + ν)

(
Tx

Iy
Ixyy − Ty

Ix
Iyxx

)
= Mz

(B8a–c)

with

cT = ∣∣c−r1 . . . c−2c0 . . . cr2 c̄−r1 . . . c̄−2c̄0 . . . c̄r2

∣∣ ,
dT = ∣∣d−r1 . . . d−2d0 . . . dr2 d̄−r1 . . . d̄−2d̄0 . . . d̄r2

∣∣ , (B9a–c)

hT =
∣∣∣c̃−r1 . . . c̃−2c̃0 . . . c̃r2 d̃−r1 . . . d̃−2d̃0 . . . d̃r2

∣∣∣ ,
where

ck =
∮
C

uT
k ndC; c̄k =

∮
C

ūT
k ndC; dk =

∮
C

vT
k ndC; d̄k =

∮
C

v̄T
k ndC;

(B10)
c̃k =

∮
C

ũT
k ndC; d̃k =

∮
C

ṽT
k ndC

and Ixxy and Iyyx are third-order moments of inertia as follows.
Geometrical properties of the cross-sectional area may be found developing line integral only. By using

Green’s lemma, we get

A =
∫
A

dA = 1

2

∮
C

(xnx + yny)dC, (B11)

Sx =
∫
A

ydA = 1

2

∮
C

y2nydC; Sy =
∫
A

xdA = 1

2

∮
C

x2nx dC, (B12a, b)
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Fig. 8 Outward normal to the cross-sectional area

Ix =
∫
A

y2dA = 1

3

∮
C

y3nydC; Iy =
∫
A

x2dA = 1

3

∮
C

x3nx dC, (B13a, b)

Ip =
∫
A

(x2 + y2)dA =
∮
C

(
x3

3
nx + y3

3
ny

)
dC; Ixy =

∫
A

xydA = 1

4

∮
C

xy
(
xnx + yny

)
dC, (B14a, b)

Ixyy =
∫
A

x2 ydA =
∮
C

(x3 y/3)nx dC; Iyxx =
∫
A

y2xdA ==
∮
C

(y3x/3)nydC, (B15a, b)

where C = Ce + Ci is the total contour (external and internal) and nT = [nx ny] is the outward normal to the
cross-sectional area as shown in Fig. 8.

Appendix C: Shear centre location and shear correction factor

As mentioned before, if Tx and Ty are zero and Mz is different from zero, then θ̄ coincides with the unitary
twist angle of the cross-section, while if Mz = 0 and Tx and Ty are different from zero as well the centroid
coincides with the shear centre F(xF , yF ) it follows that θ̄ = 0.

Based on these fundamental considerations, one can find the location of the shear centre following these
steps:

• Setting Tx = Ty = 0,Mz = 1 it follows from Eq. 18 a value of θ̄ labelled as θ̄1

• Setting Tx �= 0, Ty = Mz = 0 it follows from Eq. 18 θ̄ say θ̄x that is the unitary twist angle due to Tx yF.
• Applying Betti’s theorem to the two cases above considered it leads to Tx yF θ̄1 = θ̄x .

Analogously, we can find the other coordinate, then it follows that:

xF = θ̄y

θ̄1Ty
; yF = θ̄x

θ̄1Tx
. (C1a, b)

Once the location of the shear centre is known we can evaluate the stress field due to pure shear τ S useful
for the determination of shear correction factor, just considering the same problem as above (Eqs. 18, 20) in
which f is particularized as fT = ∣∣Tx Ty (−Tx yF + Ty xF )

∣∣.
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Regarding the shear correction factor the formulation based on Timoshenko’s definition (1940) is here
reported. The shear correction factors in the x and y-direction, respectively, are expressed as:

K X T =
∫

A τ
S
zx (x, y)dA

Aτ S
zx (xG, yG)

; KY T =
∫

A τ
S
zy(x, y)dA

Aτ S
zy(xG, yG)

, (C2a, b)

where in K X T , τ
S
zx (x, y) is due to Tx �= 0 and Ty = 0 and in KY T , τ

S
zy(x, y) is due to Ty �= 0 and Tx = 0.

The latter formulated in terms of harmonic polynomials are then rewritten as

K X T =
(

cTw − Tx
2(1+ν)

)
Aτ S

zx (xG, yG)
; KY T = −

(
dTw + Ty

2(1+ν)
)

Aτ S
zy(xG, yG)

. (C3a, b)

The shear coefficients values depend only on the cross-sectional geometry and the Poisson ratio.
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