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ABSTRACT 

Title of Dissertation: Navier Stokes So lution s for Chemical La ser Flows: 
Stea dy and Un steady Flows 

Ajay Prasannajit Kothari, Doctor of Philo so phy, 1979 

Di sse rtation directed by: John D. Anderso n , Jr . 
Professor and Chairman 
Department of Aero space Engineering 

Thi s work consists of an overall effort to apply a detailed and 

acc urate computational fluid dynamic technique to the solutio n of 

practical high energy la ser flow s . In particular, a third generation 

of super sonic diffu s ion chemical la se r analysi s i s introduced, namely , 

the complete so lution of the Navier-Stoke s equation s for the laminar, 

super sonic mixing flow field s fully coupled with chemical kinetics for 

both the hot and cold reactions for HF. Multicomponent diffusion i s 

treated in a detailed fa s hion. 

Solutions are obtained, fir st ly, for "cold flow s" , where the effects 

of chemical reaction s and vibrational relaxation are not included. Al

though such a s ituation is purely artificial, the results do isolate some 

of the fluid dynamic aspects of chemical la ser flow s , and provide a set 

of data to be compared later with hot flow calculations . A set of 

numerical experiments us ing four different time dependent finite differ

ence schemes show that relatively minor changes in the differencing 

procedure can lead to major variation s in the result s . A modification 

of the well-known Maccormack approach appears to be the be s t suit ed for 



mi xing flow s associated with chemical la sers. 

A comparison i s next made between co ld flows and hot flows (with 

fully coupled chem i ca l kineti cs ) . The re sult s s how that temperature 

di s tribution s are affected the mo st and velocity di st ribution s the lea s t 

by chemica l energy heat relea se. The re sult s hav e an impact on the 

interpretation of co ld flow aerodynamic experiments in the laboratory, 

and their proper extrapolation to the real chemical la ser flows . Also, 

compari son s between the present Navier Sto ke s re sults anrl other, more 

app ro ximate, exi sting calculation s are made . Gradient s are ca l culated 

as a natural part of the Navier Stokes so lution s. Re sult s are given 

for steady flow s with l arge press ure gradient s wh er e advantages of the 

Navi er Stokes solution s are delineaterl . 

In addition, the effect of un s teady flu ctuat ion s in te ntio nally 

introduced at the cavity inlet are stud ied. Spec ifi ca lly, s inu so idal 

fluctuation s in one stream and then both streams (primary and seco ndary) 

in variou s quantitie s e.g. pre ss ure, den s ity, u velocity and v vel ocity 

were s imulated. Of these, the oscillations in v velo city with appro

priate frequency and amplitude produced a remarkable improvement in mi xing. 

Such unsteady fluctuation s also yielded peak la ser gain which were 

larger by almost a factor of two compared to the steady ca se. 

The flow at the upstream boundary has so far, in the above ment i oned 

cases been ass umed to be uniform with real effects like Bo undary Layer 

and Ba se Flow having been neglected . For comparison purposes these 

effects are next included. 

A bJundary layer profile in velocity at the inl et is s hown to impede 

production of gain substantially. Base flow calculations were attem pted 

but were not success ful , 
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CHAPTER I 

I NTRO DUCTION 

1 .1 SOME BACKGROUND INFORMATION 

The past deca de ha s initi ated the age of high energy l asers; first 

starting in 1966 wi t h gas-dynamic lasers and clo se ly fo llowed by break

throughs in large chemical and e l ectr i c discharge lasers . Th e gasdynam i c 

la se r, which generates its l aser medium by mea ns of a vibrational non

equilibrium nozzle expansion, i s the subject of a r ecent book by Anderson 1 

and papers by Glowacki et al 2 and Ru sse l 3. Th e electri c-d i sc har ge l ase r, 

which generates its las er gas via electron-atom and/or molecule co lli-

s ions in a glow di sc harg e , ha s been review ed by Reilly4 Th e superso nic 

diffusion chemica l la se r, which obtains a la se r medi um from the products 

of chemical reaction i s nicely descr ib ed in a review of Wa rren 5. A 

thorough di sc uss ion of s uch co ntinuous wave (cw) as well as pul sed chem i cal 

laser i s al so pre sented in a book by Gross and Bo tt6 ca ll ed "Chem i ca l 

La se r Handbook". This volum e co ll ects and criti ca lly r evi ews all ava il 

able literature and the entire body of research work in chemical l asers 

which wa s publi s hed and performed betwee n 1967 and 197 4. All of the 

above la se rs involv e high speed flow of l arge amounts of gas; hence, 

they all involve the realms of aerody nami cs and gasdynam i cs. (For example 

the HF or DF s upersonic diffus ion chemi ca l l aser involv es the s uperso nic 

mixing of two di ss imilar streams, as shown in Fi g. l) . 

Concurrently, the di sc ipline of computational fluid dynami cs ha s 

become a third-dimens ion in aerodynamics, complementing both laboratory 

. d l . 7- 9 exper iments an pure ana ys 1s Work i s advan cing on both numer i ca l 

method s and appli catio ns to practi ca l engineering problems. The present 



work is in the l atter vein. Specifically it deals with the direct appli

cation of computational fluid dynamics to the solution of chemical laser 

fl OWS. 

The present work represents a new third generation of supersonic 

diffusion chemica l la ser anal yses. First generation studies are exempli

fied by the RESALE computer program lO (which assumes one dimensional 

premixed flow) and the approximate flame-sheet model of Hofland and 

Mirels 11 , 12 . In the flame sheet modeling the reaction zone is confined 

to the boundary of the region described by a parabola. The chemical 

pumping reactions, thus are assumed to take place in an infinitesimally 

thin region. In reality it takes a small but finite time for these 

reactions to occur and hence the actual pumping region has a finite thick

ness, and the regions of pumping and V - V, V - T deactivations overlap 

eac h other. Calculations of these regions require much more detailed 

formulations. Nevertheless suc h approximate modelings as flame sheet 

modeling have served a very important purpose in beginning the interim 

first-generation studies. 

Seco nd generation studies involve more detailed fluid dynamic cal

culations, suc h as the boundary l ayer so lutions of King and Mirels 13 

and of Tripodi et al
14 

Unfortunatel y, non e of these so lutions are able 

to model and solv e the compli cated chemically reacting, recirculating and 

se parated flow regions at the base of chemical-laser nozzles- an impor

tant aspect that affects chemical-la ser performance as emphas iz ed by 

15 Grohs . 

In King and Mirel s report the streams of H2 and Fare assumed 

to be semi-infinite and hence pressure in the flow direction is assumed 

co nsta nt, being the same as the pressure outside the boundary l ayer i . e. 

2 



inside the inviscid core. In reality , in a che111i ca l l aser a l arge number 

of nozzles are stacked together side by s ide . Thus the H2 and F streams 

are not semi-infinite but rather of a finite width. As sumption of 

constant pressure in the flow direction is hence invalid and,rather,some 

way of calculating the flow-wise pres sure increa se is absolutely necessary. 

Therefore, the present investigation is t he beginning of a third 

ge nerat ion of studies, which incorporates the solution of the complete 

. 16-1 9 Navier Stokes eq uat i ons for chem i cal- la ser flows. The advantage 

of invoking t he Navier Stokes equations is that such complicated separated 

flow fields as well as any lateral or longitudinal pressure gradients 

induced by the chemical heat release are modeled exactly. The apparent 

disadvantage i s that num er i cal so lutions of Navier Stokes solutions take 

long computer times. However, thi s ca n be redu ced con s iderab ly per run, if , 

while doing parame tric stu dies, the run s are made back to back and the 

final steady state of one run is used as the initial condition for the 

other run with s lightl y different inlet conditions. 

From among the other existing chemical laser so luti ons one of the 

mo st versat ile i s the LAMP (L aser and Mixing Program) developed at 

Lockheed (at Huntsville, Alabama) . The formul ation assumes parallel 

mixing and co nsta nt latera l pressure with la sing due to sing l e or multiple 

transitions. The program allows any chemical or vibrational reaction 

mechanism and associated rate co nstants to be prescribed as input data 

as long as thermodynamic propert i es are al so available for a ll part i ci 

pating s pecies . Transport propert i es are accounted for in terms of 

constant Prandtl and Lewis num bers in conjunctio n with a variety of 

vi scos ity opt ion s which in clud e models for both laminar and turbu l ent 

flow. The set of parabo li c partial differential equations which describes 

3 



the problem is integra ted via app li cation of a finite-difference tech

nique. The output of t he computer program gives detailed axia l and 

lateral distributions of velocity, temp erature, dens ity, species mole 

fractions, laser transition ga in s and rad ia tive intensities , and laser 

power output . 

Of the other existing CL codes, BLA ZE-II also deserves more than a 

mention. Two dimensional mixing and reacting f l ow analys is us uall y 

does not come cheaply in terms of comp uter t ime. And so, in it, a 

compromise between one- and two-dimensional treatments of the lasing 

problem was made by simplifying the multidimens ional equations using 

boundary-layer integra l methods. This approach al so allows the nozzle 

boundary-layer influence to be considered. 

l . 2 SCOPE AND PURPOSE OF PRESENT WORK 

The present work i s part of a larger, overall re search effort to 

apply detailed computational f luid dynamic techniques to the analysi s 

of practical problems of gasdynarnic and chemical la sers . In particular, 

Jones and Anderson
22 

ha ve developed a time-dependent numerical solution 

of the complete Navier Stokes equations as app l ied to the supersonic 

laminar and turbulent mixing flows characteristic of downstream mixing 

gasdynamic la sers and supersonic diffusion chemical lasers . The numerical 

technique and sample solutions for non-reacting and non-re laxing mixing 

flows of air-into-air are given in detail in Ref. 22 . Thi s work extended 

i n a very fine fashion as applied to the case of Downstream mixing Ga s

dynamic l aser is described in detail by Partha sarathy et a1 23 . 

In the present work, the ba s ic approach of Ref . 22 i s extended to 

chemical laser flows. Specifically, the complete Navi er Stokes equa t i ons 

4 



are used to calculate the supersonic laminar mixing of two chemically 

reacting streams, one of Fluorine and the other of Hydrogen. As usual, 

Helium is used as a diluent in both the streams , to different extents . 

Multicomponent diffusion is treated in a detailed fashion. 

1.2.l Cold Flmv (Steady) 

The results are obtained, firstly, for the cold flows only, i.e., 

the chemica l reactions and vibrational energy exchanges are assumed 

frozen. Obviously this is purely an artificial situation, co ntrary to 

nature, because H2 and F2, being hypergolic, will automatically react 

when broug ht into physical contact with each other. However, the 

"switching off" of the kinetics ha s two purposes: 

(l) To examine the purely fluid dynamic aspects of such flows with 

multicomponent diffusion. In this fashion, a set of cold flow calcula

tions are produced which, when compar ed with simi l ar calculations for hot 

flows (flows with chemical reaction and vibrationa l relaxation), will 

al low a direct qualitative and quantitative isolation of the effect of 

reactions on the fluid dynamics. This type of compari so n shou l d provide 

information on how results from co ld flow laboratory experiments can be 

extrapolated to actual chemi cal la ser performance. 

(2) To s imply provid e an interim assessment without further compli 

cat ions due to chemical kinetic effects. In other words to serve as a 

first step towards the eventual so lution of the entire prob l em . 

l .2.2 Modified Maccormack Method 

There was another major purpose served at this point which is funda

mental to the aspects of comp utatio nal fluid dynamics. Four numerical 

difference sc heme s with seemi ngly minor variations between them were 

found to produce ma jor differences in the behavior of the solutio ns. 
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The Appendix .B describes a se ries of numer i ca l exper iments whi ch 

delineate these differences, and which he lp to identify one particular 

difference scheme which appears most su ited for th e analysis of vi scous 

mixing flows character i st i c of chemi ca l l ase rs. This particu lar differ

encing scheme was termed the Modified Maccormack method. 

1.?.3 Hot Flow (Steady) 

A time dependent explicit finite difference scheme due to MacCormack 24 

is employed. The Navier Stokes equations are used in order to develop 

an analysis valid for chemical la ser flows takin g into account possible 

large transverse and longitudin al pressure gradients in the reaction 

regio n caused by the heat release, as well as allowing for the possi

bility of separated and/or reverse flow in the base region of the nozzle 

bank. The boundary layer equations are not va lid in such cases. A 

time dependent so l ution for the steady flow i s employed, because suc h 

an approach i s advantageous for so lutions of mi xed subsonic and super

so nic flow fields which may be of interes t. In this sense, a time

-dependent finite difference sol ution of th e Navier Stokes equat ions re

presents the "state-of- the-art" in com putat ional fluid dynamics, and 

eventua ll y lead s to t he best po ss ible, most detai l ed ca l culations of 

chem ical la ser performance with minimum amount of modeling involv ed. 

It wa s in this light, to assess the vi abi lity of Navier Stokes 

so lution s for chemi ca l la ser flows, and to underscore the advantages 

as well as the present-day restrictions of such numer i ca l solutions, 

that t hi s work i s done . The full chemical - laser kinetic s, including 

both the cold and hot reactions for HF are now coupled with the Navier 

Stokes equations, and the numeri cal results are obtained for the 

detailed variation s of velocity, pressure, temperature, chemica l s pecies 
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concentrations, and HF vibrational popu l ations throughout the region 

shown in Fig. l . Stea dy state va l ues are approached asymptotically at 

large times. Sma l l s i gnal and in tegrated ga i n are a l so ca l culated from 

the steady state valu es al ready obtained now for the entire reg i on of 

i nterest. 

Further to ill ustr ate grap hically the effect of chem i cal heat 

re l ease on t he flui d dynamics of t he adiabat i c f l ow (co l d f l ow), a 

compar i so n i s made between the res ults obtai ned before and after the 

kin et i cs are swi tc hed on i.e . be tw een co l d and hot f l ows. Such cons i d

erat i ons are impor ta nt wh en ext ra pol ating no nreact i ng superso ni c mixing 

res ul ts obtained in t he l abo r atory to the case of rea l chem i ca l l asers. 

Du r ing th e course of t he prese nt inv est i gatio n i t was bro ught to t he 

aut ho r's at t ention that Navi er Stokes so l utions are a l so be in g carr i ed 

out by Butl er et al at th e Los A"lamos Scient i fic l aboratory25- 27. Us ing 

t he hydrodynam i c code RI CE, 27 vari ous calculat ions i nvolving pr in cipa ll y 

OF chemi ca l l asers wi t h base r eli ef nozz l es have been made. Thi s work 

to da t e has ge nerall y bee n unpu bl is hed. 8eca use the present work dea l s 

wi t h HF chemi cal l asers wi th pu re l y ta ngentia l mix in g, direct compar iso n 

with t he Lo s Alamo s work ca nnot be made. I nstead, t he prese nt res ul ts 

are comar ed with th e f ini te diffe rence boundary l ayer so l ut i ons of t he 

LAMP cod eZ O,ZB and of Kin g and Mir el s29 . However t he Los Al amos cal cu

l ati ons and th e prese nt work both demonstrate t he feas i bili ty of Na vi er 

Stoke s solution s for chemi ca l l asers -- an importa nt conc lu sio n to help 

guid e futur e analyses. 

1. 2. 4 Uns teady Fl ow 

So far th e tim e depend ent method has bee n used to ca l cul ate stea dy 

state chemi ca l la se r f low fi elds as t he asymptot i c r es ul t at l arge times; 
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the final stea dy state has been the desired result, and the time-depen

dent technique has been simply a means to that end 16- 18 . A question 

now can be asked: what would be the effect of intentionally introduced 

fluctuations at the inl et on the overall performance of the chemical 

laser? The answer to this question wa s observed to be a real enhancement 

of mixing and increase in gain for some particular fluctuations at the 

inlet. Availability of the already existing time dependent technique 

was taken advantage of to study the transient effects of unsteady fluc

tuations in the flow properties at the ca vity inlet on overall chemical 

laser performance downstream. In parti cular, the results show that 

intentional fluctuation s in the inlet velocity vector can result in 

increased mixing and about a factor of two increase in HF chemical laser 

ga in. This work presents the final results of suc h unsteady mixing 

phenomena in chemical la sers. 
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CHAPTER I I 

OVERVIE\tJ OF THE PR10i3LEM 

2. 1 PHYSICAL: LAYOUT OF THE NOZZLES 

2.1 .1 Two Dimensionality 

The axis y shown in Fig. 1 is the laser beam direction. Axis z i s 

then perpendicular to the plane of the paper and a/ az ~ 0 reducing the 

problem to a two dimensional one. Also i n the beginning, for the steady 

flow calculations, parallel mixing is assumed for the following reasons: 

(a) it constitutes a reasonably stra ight forward test of the 

present Navier Stokes solutions; 

(b) other results exist for this model and hence can be used 

for comparison; and, 

(c) it is a relatively uncomplicated model to compare results 

for hot and cold flows. 

2.1 .2 Boundary Conditions 

As already mentioned earlier the nozzles of chemical lasers are 

stacked together side by side, Hydrogen and Flourine nozzles placed 

alternatively. Supersoni c f low of the fu el gas viz. Hydrogen and the 

oxydizer gas vi z. Flourine i ss ues from the nozzle exits. If , now we 

looked at the centerlines of any of the no zzles, it would be obvious 

t hat the properties on both s ides of the centerlines are mirror image s 

of each other. Thus symmetry conditions exist about the centerlines . 

Calculations, then, need to be made only in the section of the flow 

region enc l osed between two adjoining centerlines, one of a Hydrogen 

stream and other of the adjoi ni ng Flourine s tream, in order to know th e 

pro perties at each point in the entire la sing region. Symmetry conditi ons 
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thus describe the natural boundary conditions on two sides of the region 

of computation. Th e boundary conditions at the upstream end of the test 

section (the region of computat ion will now be referred to as the 'test 

section') are also prescribed, being the same as the nozzle exit conditions. 

These condit ions were so chosen as to represent a possible experimental 

s ituation. The condit ions at the downstream end of the test section 

need not be prescribed. 

2.2 CHEMICAL MECHANISMS FOR POPULATION INVERSION 

As discussed earlier, the Flourine and Hydrogen nozzles, appro

priately diluted with Helium are stacked together alternatively. These 

superson i c streams when,brought into co ntact with eac h other, r eact 

hypergolically in the mixing region downstream of the no zz le exits. In 

particular the following two reactions ca lled the "pumping reactions" 

take place, designated res pectively as the co ld and hot reactions. 

F + H2 ~ HF( \! )*+ H - 31.7 Kca l/kgmole ( l ) 

H + F2 ~HF( \! )*+ F - 98 .9 K ca l/kgmole ( 2) 

The cold reaction can populate HF in the vibrational l evel s 0, l , 

2 and 3; whereas the hot reaction can populate higher vibrational level s 

such as O through 8. Each one of these HF vibrational l evel s, from 0 

through 8, can be and is treated as a separate species interlinked by 

chemical reactions and vibrational relaxation reactions. 

These pumping reactions have a characteristic of producing vibra

* tionally excited HF viz. HF( \! ) wherein the populations of various 
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vibrational levels do not follow the Boltzman distribution for the 

local translational temperature. Population inversion is then said to 

exist if population of a higher level is greater than that of the 

lower level i.e. if NHF(v+l))NHF(v)· An exampl e of this is depicted 

in Fig. 2 along with the corres ponding Boltzman distribution. It is 

this population inversion that makes the l aser work (see Refs. l and 30 

for background on laser properties). The vib ratio nally excited HF mole

cules give off their energy in excess of that presc ribed by the Bo l t zman 

distribution and this energy is given off in the form of electromagnetic 

radiation. The energy differential between the HF vibrational levels 

up to abo ut nine l evels being approx i~ately same, the frequency of the 

d . t · 26 . l h . ra 1a i on turns out to be approximate y t e same viz. 2 .7 11 and thu s 

t he radiation is nearly coherent ( see Tabl e I for reference) chemical 

energy is thus available in the form of radiation energy through the 

mechan i sm of population inversion . In the chemical laser, this inv er

sio n may be total, as previously described, or partial, where the in

version i s carried by the rotational di stribution 1 •31 . Rotational 

levels are here assumed to be in equilibrium at the translational 

temperature. 
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CHAPTER I I I 

FORMULATION OF THE PROBLEM 

3. l GOVERNING EQUATIONS 

As already discussed ear l ier in the previous chapter, the flow in 

the test section regio n is two dimens ional . The small characteristic 

sizes of the chemical laser, as well as small representitive densities, 

render t he characteristic Reynolds number of the order of 103. Thus 

viscosity plays an important role in the flow region . The flow then is 

fully viscous as well as compressible. The two dimens ional Navier Stokes 

equat i ons are t herefore used. Mass diffu s ion, thermal conduction and 

viscous dissipation are also incorporated . Diffusion due to pressure 

(Dufoure effect) and temperature gradients 32 i s negligible and hence 

i s not included. 

As mentioned earl i er, the hot reaction is able to pump O through 

8 vibratio nal l evels of HF. Each one of these vibrational levels is 

treated as a separate species. Adding to these 9 species, the reactants 

H, H2 , F, F2 and an inert gas (dil uent) He make a total of 14 different 

spec i es leading to the 14 species continuity equations. 

These 14 species co ntinuity equations in addition to (l) the global 

co ntinuity equation, (2) x mome ntum equation, (3) y momentum equation 

and ( 4) energy equation make a system of 18 equations which are used 

to so lv e for t he 18 unknowns. These unknownsare (l) mass density - r , 

(2 ) x component of velocity - u, (3 ) y component of velocity -v, (4) 

temperature - T and (5) ... .. (18) species densities - pk where 

k = 1,2 .... 14. Pressure was obtained using the equation of state s ince 

the de nsity and temperature wou l d be calculated and the specific ga s 
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* constant R for the mixture of gas at any point can al so be calculated. 

Thu s all the thermodynami c properties of flowing gas mixture can be 

calculated at every point. 
14 

The 14th species conti nu ity equation is red un da nt since E pk= p 

k=l 
where p is being calculated independently us ing the global continuity 

equation. Nevertheless all 14 of the species continuity equations were 

used since it was no t apparent beforeha nd wh ich species density s hould 

best be calculated as 

n- l 14 
pn = p - [ E Dk+ E nk] 

k=l k=n+l 

rather than by the spec i es co nti nuity equation for p . 
n 

( 3) 

This approach, nevertheles s , do es not necessarily render the prob-

lem inconsistent unless a mistake exists somewhere within the program. 

It ins tead serves as a good check for the program making it more sen

s iti ve. Aposteriori the val ues of global densities obtained in both 
14 

these ways (viz . n = r nk wh ere Pk i s calculated from species contin
k=l 

uity equation and D as computed from the global continuity equation) 

were compared and were found to be in an excellent agreement. 

In order to calculate t he tra nsport properties of the ga s mixture 

at any point (viz. vi scos ity, thermal conductivity and diffu s ion coeffi

cients), t he transport properties of each of the const ituent ga s es were 

* Mass fractions Ci of eac h co nstituen t gas i.e. r, i/ r making up the 
mixture at any point as well as mo l ecular weights of each component 
s pec i es are al so known . From these, the specific ga s cons t ant can 
be calcula ted as, 

R = 
18 
E 

i = 1 
c . R. = 

1 1 

18 
E 

i = 1 

R c . 
1 m. 

1 
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calculated fir st, from variou s formulae available for individual spec ies 

viscosity, thermal conductivity and binary diffu s ion coefficients. 

Once these are known, th e mixture vi scos ity , thermal conductivity and 

multicomponent diffusion coefficients ca n readily be calculated as the 

const ituents and t heir mass fractions are al so known at ea ch mes h 

point . A more detailed analysis of the calcu l ation of these transport 

properties i s presented elsewhere in thi s chapter. 

The afore mentioned equations, for the case of two dimensional un

s teady flow, i n their dimensional form 33 are written below. They are, 

Continuity: 

~ + _l_ (pu) + _l_ (pv) = 0 
at ax ay 

x-Momentum: 

Du 
p Dt = 

where ax i s devi atoric normal s tress and ' yx is shearing stress. 

= - 2/3 )J (l.t! + ~ ) + 2 ~ 
CT X ax ay )I ax 

'yx 

y- Momentum: 

Dv 
p Dt 

= )J ( ~ + ~ ) 
ax ay 

(4) 

( 5) 

( 6) 

aga in here cry i s devi ato ri c normal stress and 1xy i s s hearing stress. 

T xy 
= (~ + ~ ) = 

JJ ax ay 

l 4 
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and, 

2/3 I ( ~ + ~ ) 2 (~ ) 1 ay ax + ii ay 

In both the above equations the body force s are neglected and bulk 

viscosity K is assumed to be negligible. 

Energy: 

where , 

-

P ~~ = - 'J • q - 'J • ( p V) 

v2 
total energy E = e + 2 

( 7) 

and q i s the heat fl ux vector including in general conduction, diffusion 

and radiation. 

.• 
q = ( qc + qd + qr ) 

Species Continuity: 

( 8) 

where vkx and vky are x and y components of the diffu s ion velocity for 

the species k and wk is the rate of chemical production of the s pecies 

k. 

The subscripts l through 14 correspond to the various species as 

given in Table II. 

On further simplification, after some algebraic manipulation, these 

equations can be reduced to the following form; the well known conser

vation form: 

~ + _l_ ( pu) + _l_ ( pv) = 0 
at ax ay 

( 9) 
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+ ~ [p U V - µ ( ~ + ~ )] 
ay ax ay 0 

a (pv)+ ~ [puv-µ(~+~)J 
TT ax ay ax 

+ ~ [ 2 2 (av au) 
ay P V + p + 3 µ 'ay + ax 

a a 8T 14 
at (PE) + ax{ P u H - k ax + I: Pk h k v kx 

k=l 

2 ( au av + v[- µ - + - ) 
3 ax ay 2 µ ~] } = 0 

ay 

( 1 0) 

( 11 ) 

( 1 2) 

( 1 3 ) 

These equations are further nondimens i onalized by the following 

appropriate parameters in order to faci li tate computations. 

t ' _ t x' _ X y' = 'i._ 
- L/U ' - L' L 

r 

u' = u/U , v' = v /U , v k' = vk /U , v ' k = vk /U r r x xr y yr 
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k I = k/ k ' ]l I = Jl/]1 
r r 

The non-dimens ionalized set of these equations, after dropping the 

primes for convenience and s till written in the conservation form , i s, 

_l_ (p) + _l_ (pu) + _a (pv) = O 
at ax ay 

( l 4) 

8 (pu) + _l_ [pu2 + p +-
3
2 

Jl (~ +~ )/Re - 2 Jl (~ )/Re ] 
at ax ax ay r ax r 

+ _]_ [ p UV - Jl ( ~ + ~ )/Re ·] = 0 
ay ax ay r 

( l 5) 

a a (au av) a 2 " t (pv)+ -{puv - Jl - + - /Re } + -{pv + p 
o ;i x ay ax r y 

( l 6) 

" 14- " " a { oT U [ (-ov +-ou)] + - puH --- k ~ + I: Pk h vk + - -
ay c oy k=l k y Rer 8x ay prmg 

( l 7) 

L 
= (-P -1,- ) wk 

r r 
( l 8 ) 
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where Rer = 

where 

P U L 
r r 

Ur 
reference Reynolds number and 

C prmg 

Pr = 
r 

= -------,--.,...,..-~--,-----;-
Pr x Re x (M )2 x (y - l) 

r r r r 

reference Prandtl's number 

reference Mach number 

Equatio ns (14) - (18) can also be rewritten as 

aO + aF + aG = R 
at ax ay 

( l 9) 

where 0, f, G and Kare one dimensional te nsors (vector) with 18 compo

nentseach, namely, 

0 = 

2 

3 

4 

5 

6 

7 

8 

9 

l O 

11 

12 

13 

14 

18 

p 

P U 

p '/ 

P E 

P l 

p 2 

() 3 

1) 4 

p 5 

p 6 

() 7 

Pg 

p 9 

P l O 



0 cont . = 

2 

3 

4 

5 
F = 6 

7 

8 

9 

1 0 

11 

12 

13 

14 

1 5 

16 

1 7 

18 

pU 

1 5 

16 

1 7 

18 

[ 2+ 2 (~ +1'{_)/Re pu P + 3 11 ax ay r 
- 2 µ (~ )/Re ] 

ax r 

( au av) J [ pUV - 11 3Y + 8X /Rer 

1 aT 
I: Pk hk {p uH - -- k - + v kx c ax prmg k 

+ - u- 2 ( au+ av) 2 ~ 
Re [3 µ ax 3Y - µ ax 

r 

+ _v_ [- 11 (~ + ~ )] 
Re ax ay r 

P7 (u + v l x) 

P2 ( u + v 2x) 

P3 ( u + v 3x ) 

P4 (u + v 4x ) 

P5 (u + v 5x ) 

P5 (u + v 6x ) 

P7 ( u + v 7x ) 

Ps (u + v Bx ) 

Pg (u + v 9x ) 

P7Q (u + v lOx) 

P71 (u + V17 X) 

P72 (u + v12x) 

P73 ( u + \) 13) 

P14 (u + v14x) 
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1 pV 

2 [ puv - µ (~ + ~ )/Re ] 
ax ay r 

3 
2 2 au av) [ pu +p+ - µ( - + - /Re 3 ax ay r 

- 2 µ ( : ~) /Rer] 

1 aT L Pk hk '\y 4 {p vH- -- k - + C ay k prmg 

- + _ u_ [- (~ + ~ )] G = Re µ ax ay 
r 

+ _ v_ [I (~+ .a_'{_)_ 2 jJ ~J } 
Re 3!1 ax ay ay r 

5 pl (v + vlx) 

6 Pz (v + \)2) 
7 P3 (v + ' 13x) 
8 P4 (v + v4x) 

9 P5 (v + v5x) 

10 P5 ( V + v6x) 

11 P7 (v + v7x) 

12 Pg (v + v8x) 

1 3 Pg ( V + v9x) 

14 pl O (v + vl Ox) 
l 5 P71 (v + vll x) 

l 6 pl 2 (v + vl 2x) 
l 7 P13 (v + vl3x) 

18 P14 (v + vl 4x) 
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0 

2 0 

3 0 

4 0 

5 wl 

6 w2 

7 ul3 

8 W4 

9 W5 

R = (- L- ) l O w6 
JJrPr 

11 W7 

12 W3 

13 Wg 

14 wlO 

l 5 wll 

16 wl2 

l 7 wl3 

18 Wl4 

3.2 CALCULATION OF RELATED QUANTITIES 

The remaining unknowns in equations (14) - (18) were computed from 

the basi c variables p, T and pk using auxiliary equations. 

3.2. l Calculation of Stat i c Enthalpy of Each Species, (hk), Total 

Energy of the Mixture (E) and Total Enthalpy of the Mixture (H): 

where k = 1 , 2, . . . .. l 4 (20) 
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where ek is the species in ternal energy consisting of contributions from 

tra nslational, rotational and vibrational energies and the heat s of 

formation of the species k. 

fork= 1,2, .... 14 . 

Expanding and writing for each species (subsc ript k corresponds 

to s pecies as given in Table II) , 

where k=6,7 ..... 14 

Species 6 through 14 are variou s vibrationa l l evel s of HF . There-

fore, 

fork = 7, 8 .... 14. 
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For species F, Hand He the rotationa l and vibrational modes are 

nonexiste nt. 
Also si nce the gas static temperature is expected to remain rela

tively low, vibrational energies of F2 and H2 could be neglected · 
l . e. 

(evib.)l = (evib.)
2 

= 0. Heats of formation of F2, 1-1 2 and He are zero 

by definition. Table II co ntains vibrational energies and heats of 

formation of various species. 

Thus, 

14 
(22 ) 

Then , 

u2 +v2) 
pE =p(~ + pe 

(23) 

and, 
pH = p E + p RT 

(24) 

3.2.2 Calculation of the Species and Mi xture Transport Propert ies: 

The transport properties are calculated first for eac h individual 

species at the given temperature and press ur e, and then obtained for 

the complete mixture for given mole fra ctions. 

3.2.2a Viscosity 
Viscosity for each species can be given by

34 
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n = . 000026693 [-1 v' M ~ J [~ J 
0

2 k n{2,2)* 

Here n(2, 2)* is a function of E/kT and is related as 

__ l_ - .697 (1 + .323 t n T*) 
n {2,2V -

(25) 

where T* = kT/ E 
The values of 

0 
and E/k are also tabula t ed for various species in 

Table II. 
The viscosity of the mixtureµ, was then obtained using the Wilke 

32 
est imat i on method for gases at low pressure . 

where 

6 
µ = I: 

i = l 

6 
(n- /[l + I: 

i j =l 
Jti 

[1 + (2) 1 /2 (~) 1 /4] 2 
n- M-

¢ = - J M i 

ij /g[l+(__i)Jl/2 
M. 

J 

Here y . and y. are the mole fractions. 
i J 

(26) 

3.2.2b Thermal Conductivity 
The thermal conductivity of an individual species is related 

to the vi scos ity of the species in the following manner . 

. 34 
For monoatomic species 

15 R 
\ ' = 4 Mn 

( 27) 

a d 
. 34 

n for diatomic species 

(1 ~ 1 )] 
A = A I [1 + 0. 88 5 R -

( 28) 
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where A and A1 are thermal conductivities in cal ./cm . sec. °K . 

Equation (28) can be used for rnonatornic gases as well s ince for 

monoatomic gases c /R ~ 5/2 and thus A ~ A' p . 

Th e therma l conductivity for a mixture of gases at low pressure can 

be shown to be given by
32 

where, 

6 * 6 M .. l/S 
k = I: {A . /[l+ I: (_l_J_) <P·· . l 1 . l M. l J , = J = , 

jfi 

6 
+ I: 

i = 1 

** A. I [l + 
l 

6 
I: 

j = 1 
jfi 

y. 
</> ·. (J)]} 
lJ Yi 

/ = A • {l + / [ 1 + . 3 5 ( ( C p / R) - 2 ) ] 
l l i 

for H
2

, F
2 

and HF (diatomic species) and, 

Al so , 

* A • = A • for H, F and He. 
l l 

= 0 for H, F and He 

M- + M. 
M . . = ( .--2-----2) 

l J 2 

(29) 

3.~.2c Diffusion Coefficients 
Treating each vibrational level of HF as a separate s pecies, 

the binary diffusion coefficients were fir st obtained for each of the 

14 s pecies yielding a total of 196 (14 x 14) binary diffusion coefficients . 

The (14 x 
14

) matrix is a symmetric matri x. Also the binary diffusion 
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coeffi c i ents a r e independent of their individual species concentrations 

32 but t hey do depend on the temperature and press ur e . 

wher e 

where 

= 3/ 2 ) Jl / 2 2 0.. 0.001 858 T [(M . +M. /M .M. /per .. n
0 lJ l J l J lJ 

o. . i s the binary diffu s ion coeffi c i ent in 
lJ 

2 cm / s ec 

p is pre ss ure in atmo s pheres 

T i s temperature in °k 

n0 is the thermal collision integral 

n0 f(kT /E: 12 ) 

( 30 ) 

32 Variation of n0 with kT!E: 12 was available in tabular form , and 

was successively used to obtain a curve fit with a s imple formula . 

The 14 multicomponent diffu s ion coefficients V. wer e obtained from 
1m 

th e 196 binary diffusion coeffi c ients by the following formula 32 

14 

1 - y . 
l 

[ E (y./0 .. )] 
j =l J lJ 

jfi 

( 31 ) 

Species diffusion velocities (or diffu s ion ma ss flu x) were r elated 

to concentration gradients by Fick' s law. 

p . v . = - p V. v C • 
l l l m l 

( 32 ) 
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3 . 2 . 3 Calculation of the Chemical Production Term wi: 

The species chemical production term was calculated explicitly. 

Treating each vibrational level of HF as a separate species, 100 elemen

tary reactions were obtained from the reactions and rate constants 

given in Table III 35 . These reactions involve chemical pumping for HF, 

di ss ociation, V - V (vibrational - vibrational level) transfers and 

V - T (vibrational - tra ns l ational) transfers. The chemical pumping 

i s the cause of formation of various vibra tiona l levels of HF whereas 

V - V and V - T transfers cause the destruction of population inver

s ion and re la xat ion towards Bolt ~nann distribution causing a ri se in 

trans l ational temperature. The vibrational levels of H2 were not 

treated separate l y as 3 different spec ies, unlike in Ref. 35; rather 

H2 was treated like a sing l e spec ies. 

The equilibrium constants as a function of temperature were obtained 

from the JANAF Tables 36 for the dissociation reactions. For the other 

reactions viz. chemical pumping, V - V and V - T transfers, they were 

ct t b Of the form 37 assume o e 

k = ex p[-(E - E )/ RT] eq V 0 

Here the reaction i s of the type, 

HF(O) + M~ HF(v) + M 

wh ere Mi s the collision partner. 

(Ev E
0

) i s the energy of vth level above the ground state . 

Th e backward rat e constants ca n now readily be obtai ned since 

( 33) 

( 34) 

( 35) 

where kf i s the forward rate constant and k the equilibrium co nsta nts eq 
for t he el ementary reaction in question. 
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Once all the rate constants are known, algebraic equations can be 
written for all the participating c hemical components of each elementary 
reactions. Separating then the rates of production of eac h of the 14 
spec ie s and adding them together from among al l the algebraic equations 
the final rate equations can be written for each of the 14 species. 
One of these rate equations, namely for the chemical production of HF(l) 
i s giv en below as an example. 

28 



+ (k
6

gzCHF( 2)]-k_ 6g2[HF(l )])[M4] 

+ 2(k_ ?al[HF(0)][HF( 2) ]-k7a[HF(l)J2) 

+ ( k 
7 

a [HF ( 2 ) ] 2 - k_ 7 a 2 [HF ( l ) J [HF ( l ) J 2) 

+ (k_
7

b[HF( 3) ][HF(0)]-k7b[HF(l )][HF(2)]) 

+ (k
7

b[Hf(2)][HF( 3)]-k_
7b2[HF(l)][HF(4)]) 

+ (k_Jcl [HF(0)][HF(4)]-k7c[HF(l )][HF(3)]) 

+ (k
7

c[HF(2)][HF(4)]-k_
7c

2[HF(l )][HF(5)]) 

+ (k_Jdl [HF( 0 )][HF( 5) ]-k7d[HF(l )][HF(4)]) 

+ (k
7
/HF( 2 )][ HF( 5)] - k_

7d[HF(l )J[HF(6)]) (36) 

The rate equations for all the remaining 13 species are given in 

Appendix A. 
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CHAPTER IV 

GAI N 

The sma ll s i gnal gain coefficient i s an extremely important figure 
of merit for gas la ser devi ces. It is a direct measurement of popula
tion inversion. Everything else being equal, the higher the sma ll- signal 
ga in , the eas ier laser action ca n be obtained in a gas. 

Stimu l ated emission and absorption is considered and spo ntaneou s 
emission is ignored because the characteristic test section temperature 
i s smal l. Consider a slab of gas of geometric thickness dy, with 
radiation of intensity Iv (per unit frequency) incid ent upon it as shown 
in Fig. 3. The radiative intensity absorbed in a give n spectral line 
of the gas i s dl v - Due to line broadening effect (natural, Doppler and 
Lorentz) dl varies over a narrow frequency range as s hown in Fig. 4, \/ 

(thi s gives rise to the phenomena of line shape). The inten s ity of 
radiation between v and \/ + dv is (d I )dv . The integrated radiative \) 

intensity (total intensity absorbed by line) i s
38 

dI == J (dI )dv 
\/ \ I 

( 37) 

The spectral absorption coefficient is defined as CL\/ 

d I - - a I dy 
\/ \/ \/ 

( 38) 

Examining Eq. (38) if I decreases as the radiation traverses the \/ 

slab of gas, then di v i s negative and a is po s itive. On the other hand \/ 

if I increases as in the laser effect, then dI is positive and CL i s \/ 
V \/ 

negative. Hence defining small 
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(39) 
== - a 

V 

Eq. ( 38) can now be rewritten as 

(40) 
d I == G I dy 

V O V 
V 

For a constant G
0 

along the path, the Eq . (40) integrates to [3eer's 

V 

law6 
( 41 ) 

For a single V - R transition, G
0 

can be written in terms of number 

densities Nu and N, of the upper and 1 ower states, the upper and 1 ower 

degeneracies gu and g, , the transition wave number w, a normalized line 

profile parameter • <• - • el -- where • e Is the centerline wave number 
6 

-- and an Einstein absorption coefficient B.Q,-+ U, as, 

(42) 

where his Planck's constant and•• ts the total solid angle about a 

point. 
Introduce now mole mass ratio n(v ,J l for state (v,J) and n(v) for 

vi brat i ona 1 1 eve 1 v. The number densities in £ q • ( 42) are rep 1 aced by6 

for P transitions 

Assuming equilibrium Boltzmann distribution for the rotational 

Populations at the translation temperature T: 
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(44) 

In serting Eq s . (43), (44) into Eq. (4 2) yi eld s 

n(v+l) hC x Q ( Y + 
1 
J exp [ - TI E ( v + 1 , J - 1 ) J 

- n(v) exp [- ~ E(v J)] QlYJ kT ' 
(45) 

where subscript c refers to ce nterline values . 

The molecular quantit i es needed for calculating the gain for any 

vibrational/rotational transition are transition wave length, Einstein 

coefficients for spo ntaneous and stimu l ated emis s ion and the line shape 

function. 
The transition wa ve length is determined by the vibrational/rota-

within the molecule. The rotational-
iona l energy level spaci ng t· 

-vibrational energy is given bY the following expression

29 

where 

2 3 3 
E(v J)=B J (J+l)-D J (J+ l )+H J (J+l) , e e e 

-A J(J+l)(v+ ½) - Be }(J+l)(v+ ½) 
e 

- 1 
Ae = O. 796 cm 

3 2 
De = 4 Be / we 

B = 20.95 cm 
e 

2 2 

H 
=2D (12B - Ae w )/3 we 

-1 

e e e e 
2 3 

13 

= D [(S x /w )-(5A /B )-(A w/24 B )] e e we e e e e e e 
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where w == 4.14 x 10
3 

cm-
1 

e 

and 

The Einstein coeffic ien ts denote the pro babi l it ies for stimulated 

a
nd 

spontaneous emissions . The Einstein coefficient for absorpt io n 
The probability 

simply related to that for a stimulated emission. 

of transition (v + l, J- l) to (v,J) is given by the square of the matrix 

The quantum mechanical cal culation is described in 

is · 

element IRvv+ll· 

Ref. 46. 
Th e Einstein coeff i cient in Eq . (4 5) i s related to a ~atr ix 

element by6 
(47) 4 2 

B ( J) 
_ 16 1r (~ J + l + m) IR v+ 1 1 

V, --r ~ V 
3 h c 

where m == -1 for P transitions 

m == + l for R transitions 

Line shape function is another important quant i ty in l aser calcu-

l ations. Einstein coefficients are determined by particle structure. 

and 

They d 
etermine the total rate of emission and absorption integrated over 

Because the Einstei n coefficients 

thee t · n ire s pectral line width. 
represent integral values, the peak values of emission and absorption 

depend on the width and shape of the spectral lines. There are two 

ma jor physica l phenomena causing line broadening of the extremely small 

natural line width that would be observed from particles at rest. These 
motion of the par-

the interruption two Phenomena are frequency variations due to thermal 

ticles (Doppler broadening) , and those resulting from 

radiative proces ses by particle collisions (Lorentz broadening). 
of 39 10 

According to Mitchell and zemansky and Emanuel et al the line 

shape function for combined Doppl er and Lorentz broadening, assuming that 
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l 20 asing occurs at the line center frequency , can be writt en as 

_ 2 ( £ n 2 ) !1 V ( ) cjJ - -- -- 11 C 6 VO TI 

(48) 

Here V( n ) i s the Voigt function, given by
6 

(49) 

and n i s essentially the ratio of the Lorentz line width to the Doppler 
line width. 

As s uming now pure Doppler broadening, in the limit as n + 0 , V( n) ➔ 1.0 
and 

Here 6v
0 

is the Doppler line width at half the peak intens ity . 
A 30 ccord ing to Lengye l 

where 

and 

2w 
( 2 RT 2/2 == 

C Q, n 
/:,V D -

C MHF 

WC is transition wave number 

MHF is molecular weight of HF 

R i s universa l gas constant . 

Substituting into Eq. (50) 

(50) 

( 51 ) 

(52) 

Ass uming now that only t he P-bran ch tran s ition s occ ur (i .e. tra n
s itions proceeding from (V+l, J-1) to (V,J)) and that ro tat ional 
equilibrium al so ex i s t s , and s ub st ituting Eqs. (47), (5 2) into Eq. (4 5) 
we obtain for Gain, 
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where 

G (v,J) 
0 

l { c ( v + l ) ex P [ - khTc E ( v + 1 ' J - 1 ) J 
x MHF Q(v+l) 

- c(v) exp [- khTc E(v,J)] } 
cTTvT 

n(v) - c(v) 
- MHF 

c (v) being the mas s fraction;and m = -1 has been subs tituted for P

-tran s ition. 

Simplifying this expression algebraically 1ve get , finally 

G (v,J) = A[c(v+l) - >, c(v)] 
0 

Q(v+l) X P 

x exp - [E ( v + 1 , J - 1 ) he/ kT] 

>, = Q6(v+)l) exp -[(E(v,J)-E(v+l,J-l))hc/kT] 

c( V) 
PHF(v) 

= -~~ ~ mass fraction 
p 

CX) 

Q( v) = [ (2J + 1) exp -[E(v,J)hc/kT] 
j =O 
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rotational partition function 

E(v,J) "' 
20.95 J(J+l) - 0.796 J(J+l)(v+ ½) 

vibrational-rotational energy 

-1 cm 

It should be noted that the expression for E(v,J) given above i s 

th
e same as that given earlier as Eq, (46) except that the higher order 

terms are neglected here. 
IR~+l 12 is the vibrational contribution to the electric dipole 

moment. Population inversion is expected to exist only between the 
le l I v+l 2 ve s 1 - o and 2- 1, and hence the necessary values of Rv / required 

for gain calculations are, 

2 -38 3 IR~ I = l . 11 x l O erg-cm 

and 

Small signal gain at every point in the flow field mesh can be 

calculated for various (v,J) transitions . The averaged small signal 

Gain in they direction is just simply, 

l 
h 
r G ( v , J) ( Y) dy 

0 G (v,J) = 1, 
0 0 av . 
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CHAPTER V 

THE NUMERICAL METHOD 

5.1 THE TIME DEPENDENT APPROACH 

Equation (19)can be rewritten in the following form, 

aO 
at 

(56) 

Here the vectors 0, F, G and R consist , as discussed earlier, of 

the flow field properties and their first order derivatives. If the 

distribution of the flow field variables i s s pecified everywhere in the 

test section at any instant of time tn (i.e. after n time steps), then 

the vectors 0, F and G ca n be computed. Vector R can also be computed 

expli cit ly si nc e the temperature, rate constants and mole fractions of 

each of the species are known. Since F and G vectors are now known, 

aa F and~ can also be computed using a finite difference scheme. In 
X ay 

turn, then, the time derivative au/ at can be calculated from Eq . (5n). 

For sma ll enough time step i .e. 6t,then the Taylor series expansion 

of vector O about the time in stant t", cou l d in principle yi eld the value 

n+ 1 
of vector Oat time t by 

-n+l -Un u = ( 57) 

h. -n+l h .f 11 The components oft 1s new vector U are enoug to spec , ya 

the properties at any grid point one step ahead in time. From this, 

. a F aG n+2 
aga in, the vector s F, G and Ka nd ax' ay can be calculated at time t 

to eventually yield on+2 Thi s process then can be repeated until a 

steady state i s reached, i .e. when aO; at approaches zero. 
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However, Eq. (57) i s of fir s t order accuracy only . Therefore, a 

24 time dependent tech niqu e patterned after the Maccormack approach was 

used to generate the s teady s tate solution . (See Refs. 40 and 41 for 

further applications of thi s technique . ) Maccormack uses a predi ctor

-corrector method whi ch i s of seco nd order acc ura cy. It involves the 

t . . d. t d 1 . n+ 1 ( ) genera 10n of 1nterme 1a e pre icted va ue s at time t via Eq . 58 

below. The se predicted valu es are used again in the conservation eq uation 

in a "corrector" fa s hion to obtain value s at time (n + 2) a s s ho1--m in 

Eq. (59) belovJ. Averaging of the se two steps lead s to a higher accuracy 

(of second order) at time tn+l as described in the following three 

equat ion s , 

"' n+ 1 -n [- a F _ aG + RJ u = u + Li t ax ay n (58) 

"' "' n+2 un+ 1 [- aF ~+ K]n+l L\ t u + 
ax ay ( 5 9) 

and ~ +? 
- n+ 1 -n on~ - on u = u + 

') (60) 
l. 

Here n refers to the time s tep and tilde refers to the intermediate 

value s . 

5.2 DIFFERENCING SCHEME 

The vectors F and G contain fir s t order spatial gradients of tempera

ture and velocities directly and of spec i es concentrations indirect ly 

through the diffu s ion velocities. In turn, spatial gradients of vectors 

F and G need also to be taken to first order to solve Eqs. (58) and 

(59). Thu s effectively, second order s patial derivativ es are need ed 

for some of the thermodynamic quantiti es during both th e predi cto r and 
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corrector step calculations. Thi s offers a poss ibility of various com

binations of the so called forward, backward and central differencing 

sc hems to calculate the gradients. Several combinations were tried and 

results were compared. Appendi x B co ntains a detai led discussion of 

such schemes tried for co ld flows 16-
17

. The scheme summarized below 

yielded the best res ul ts and was hence recognized as the mo st appropriate 

scheme for the mixing flows of present interest. This differencing sc heme 

wa s termed the "Modifi ed Ma cco rmack" scheme. 
During the predictor step ca l cula tions, foward differencing is used 

for computing the gradients of F and G, i.e , 

( 61 ) 

3 G ( i 2 k) = ~ 3Y ' ' 6Y 

(6 2) 

wherea s for ca l culat i ng the gradients of T, u, v and pk which occur in 

f and~. a backward differencing scheme is used, i . e. 

_tl = ! (2,j,k) _:_T(LlA etc. 
(2, j,k) 6 X 

(63) 

ax 

Here i denotes the x-wise location and j denotes they- wi se location and 

k is the relative location in vector . 
But during th e corrector step ca lcula tions, the revers e combination 

i s applied. aF and~ are now computed using backward differencing while 
ax ay gradients of T, u, v and Pk are calculated with forward differenci ng. 

s 
11 

the remaining co l d and hot f l ow ca l cu l at ion s. 
uch a sc heme i s used for a 
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5· 3 TIME STEP 

5· 3· 1 Fluid Dynamic Criteria 
Let the grid spacing in the x and y direction (defined in Fig. l) 

be given by 6x and 6Y respectively. If u and v are the mass velocities 

in x and y directions and if 'a' is local speed of sound, then the time 

interval required for any disturbance to propagate in the x direction 

to the nearest grid point would be 

(64) 
6 X 

( 6 t) 
X =-u + a 

Similarly for they direction it would be 

( 6 t ) = ___M'y V + a 

( 65) 

The criteria for selecting the magn i tude of time step required to 

advance the solution in time is due to Courant, Fredrich and Levy

4

2 

and is hence called CFL criteria. It states that the time step should 

be smaller than the time required for the information from one grid 

Point to reach its neighboring grid point. In other words all the grid 

points are di sc retized and the information at one grid point i s realted 

to the next and only through the gradients. 

to CFL criteria is then the minimum of (6t)x 

The time step according 

and (6t) calculated at 
y 

every grid point . 
The time step used in the calculations is in general smaller 

though, then the CFL criteria time step and i s given as, 

(66) 

where 
' 
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The value of k used for the present calculation varied from O.J 

to 0.5. 

5. 3.2 Chemical Kinetic Criteria 
The other time step criteria for problems with chemical kinetics 

is due to the chemical relaxation processes. The time step has to be 

smaller than the characterist i c time required for the production of each 

species. The chemi ca l relaxation time can be given as,
43 

d[w.] 
l 

T · = -1/~ l OLW; J 

( 67) 

where i refers to various spec ies and i = l,2,, ... 14. 

In order to obtain expressions for T;, the species production term 

equatio ns i.e. equations of the type given in Appendix A, are differen

tiated with respect to the species on the L.H.S- and the negative inverse 

of which is then ca lculated. Thi s gi ves the characteristic chemical re

laxation time,. for the species, the minimum of which dictates the time 
l 

step. ( ti t) h c em· 

For the present calculation (st)chem was generally calculated to be 

greater than the (stlcFL . Although some of the reactions are hypergolic, 

the (<t)CFL is very small since the dimensions of the laser cavity are 

Again the actual time step i s a minimum of (s t)CFL and 

extremely small and velociti es are large. 

5-4 GRID SIZE AND CONVERGENCE 
A g x 

9 
mesh (with Bl grid points) was used in general . Other mesh 

sizes s uch as 
5 

x 
5

, 
13 

x 13 and 17 x 17 were also used. A few words 

about convergence are in order. The present time-dependent calculations 
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smoothly and regularly approach a steady-state solution as long as the 

r equisite stabi lity criteria are followed; i.e ., the solutions are 

s table as lon g as the t ime increment is les s than the CFL and chemical 

relaxation times. With regard to convergence, the question can be asked: 

Is enough accuracy obta in ed with the present 9 x 9 grid, which at first 

glan ce appears rather coarse? An answer is given in Fig. 5. Here, the 

final steady-state temperature at x/h = 5 and y/h = 0.75 i s given for 

t hree differet grid sizes: 5 x 5, 9 x 9 and 13 x 13. It appears that 

a 9 x 9 grid is suff ici ent l y accurate, and that a further definition by 

more grid points is unneces sary. This is totally consistent with time

-dependent so lu t ion s of other problems 1 •31 •40 •41 where sufficient accuracy 

has been obtai ned with seem ingly very coarse grids. Apparently, the 

time-dependent mechanism is "self-correcting" at each time step, allovdng 

the physics conta ined in the co nservation equations to bear more st ron gly 

and accuratel y at ea ch grid point. The philosophical point not with

s tand in g, exper i ence has clearly proven that time-dependent solutions 

require fewer grid points than might be expected for steady-s tate analyses. 

The present results are a case in point. As long as the cell Reynolds 

number in they direct i on i s on the order of unity, the gra di ents are 

adeq uatel y accounted for, as in the present calculations. A 17 x 17 

grid was used when a more definition of the flow field wa s needed for 

base flow ca l cu lation s etc . 
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6. l INLET CONDITIO NS 

CHAPTER VI 

COLD FLOW 

The initial conditions on thermodynamic variable s were chosen to 

be the same as the inlet conditions which were held fixed in time for the 

Jor1ty of problems considered. The inlet co~ditlons were ca lculated 
ma· · 
in the following manner so as to give pressure and temperature uniformit 

The thermodynamic values of Variables In the upper and lower streams 

in the test section at the start of solution are in general taken to be 

th
e same as those existing at the inlet . The solution t s then advanced 

In time for the entire test section but the inlet conditions are held 

y. 

t. . ime invariant. 
The Inlet conditions chosen were representative of a typical 

chemical laser case. The dtrnen stons of the nozzle ex it given tn Fig. 
1 

were also selected tn the same manner from previous experimental results. 

The pressure at the inlet tn both the nozzles wa s uniform at 500 N/m2 

and temperature at 1so°K. such cold temperatures and low pressures 

a re typt ca 1 of chem I ca 1 1 asers. The fl uorl ne stream con tat ned F, F 2 

and He whereas the hydrogen stream contained H2 and a minute quantity 

of diluent He . For known mole fraction s (or partial pressures), then 

the densities of each tndtvtdual constituent species can be calculated . 

The streams are presumed to be parallel mi xi ng and hence y component 

of velocity In both inl et streams ts al so zero. The x component of 

Velocity, viz. u, was also chosen to represent a typical chemical la se r 

case. The ratio of u velocities tn F2 and H2 streams was 2: 1. 
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6. 2 RESULTS AND DISCUSSION 

In ord er to con solidate and s ummarize the solution of Navier Stokes 

equa tion s for chemical laser "cold flow s", Fig s. 6 - 12 give steady 

st at e re sult s for a ca se typical of conventional super soni c diffu s ion 

chemi cal l ase r s. These re sult s were obtained us ing the modifi ed Ma ccorma ck 

sc heme di sc uss ed in Appendix B, and treated a di sc on t inuity at th e 

inl et. A 13 x 13 mes h was emplo y~ d. Figure 6 s hows th e 

progress ive development of the velocity profiles at three different 

s t ation s in the flow direction. Note the stronger effect of mixing 

on the s lower and lower molecular weight stream of H2. Figure 7 give s 

pre ss ur e profile s at the same three s tation s. Note that for the present 

cold flow s, pi s essentially constant acros s the flow, and tend s to 

decrea se s lightly in the flow direction. The corre sponding temperature 

profil es are given in Fig . 8 . Note that, as expected, T increa ses in 

the laminar mixing region, and tends to "diffu se" outward as the flow 

moves down s tream. Also note that commen surate with the slightly de

creasing p, T al so decrease s in the wing s of the profile as the flow 

more s downstream, i.e . the wing s of the flow appear to be in a s light 

expan s ion region. Again here empha s i s i s made that cold flows of the 

type analyzed in thi s chapter are purely artificial and the se res ult s 

have a meaning only within the interpretation given in Chapter l . 

The profiles of specie s den s ity for F2, F and H2 and He are given 

in Figures 9 - 12 re spectively. These re sult s i solate the effects of 

multicomponent diffu s ion. When examining the se figure s, keep in mind 

that the flow velocity of the upper stream i s twice that of the lower 

s tream . Hence for example in Fig . 11 , the ma ss fl ow of H2 i s prese rv ed , 

even though the profile s seem to show at fir st glanc e more H2 lo st from 
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the lower st ream than gained by the upper stream. However, on mas s 

flow basis, H2 i s preserved, as it should be for this purely non

-reacting flow. 

6.3 COMPUTATIONAL EXPERIMENTS 

6.3 . l Variation in Grid Size 

A 9 x 9 grid and a 13 x 13 grid were tried with the modified 

Maccormack approach. Steady state results for both are plotted in 

Figs. 13 through 17. A di scontinuous velo city profile at the up stream 

bou ndary was used to obtain both sets of re sults . (The discontinuity 

lies at the interface of two streams as shown in Fig . l ). Exact 

s imulation of the conditions that might prevail in a laboratory experi

ment could not be atta in ed because of the finite grid s ize . The computer 

"sees" a discontinuity as a "ramp" of steepness based on the grid s izes. 

Thu s reducing the grid size tends to make the di sc ontinuity more severe . 

On this basis, a 9 x 9 grid size presented a weaker discon-

tinuity than a 13 x 13 grid. The effect of thi s steepness in the dis

co ntinuity of the inlet velocity profile on the downstream flow field 

variables i s shown in Figs . 13 through 17; the most marked variation 

being in the pressure profile of Fig. 14 , being 6% for 13 x 13 grid and 

only 2% for the 9 x 9 grid. 

6.3.2 Effect of a Continuous Velocity Profile 

In general, mixing of the two streams has been treated as being 

discontinuous at the inlet. However , for the sake of comparison a case 

where the velocity profile at the inlet in continuou s wa s s imulated 

(with a di scontin uity in p and pk at the inlet). The lack of velocity 

discontinuity was observed to yield smoother profiles at other location s 

in the test section. As i s apparent from Fig , 18, the press ure at a 
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pa r t i cul ar grid poin t i s seen to reach its final steady state value 
fa s t er and in a much smoother fa shion for a continuou s velocity profil e 
tha n a di scontinuou s one for the same grid s ize . The st eady state valu e 
of pr es sur e i s al so different becau se of the differen t inlet velocity 
profil es . 
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7. l WEAKLY REACTING CASE 

7. l . l Inlet Conditions 

CHAPTER VI I 

HOT FLOW 

2 In the cold flow case, discussed in the previous chapter , the H 

st
ream contained only a minute quantity of He as diluent . The lack of 

1c1ent amount of He and presence of considerable amount of Hz a suff' · 
on, produced rather highly reacting flow, when the hot flow was turned 

i.e. when the kinetic s were switched on. Hence a case was run wherein 

th
e He content was increa sed in the Hz stream, cons iderab ly. The inlet 

conditions again had uni form pressure of 500 n/m2 and temperature of 

lS0°K ,·n both H th 1 f t · f 
the streams. owever, e mo e rac ions o the const ituent 

spec i es in both streams were quite different, both streams now being 
heavily diluted with Helium. The initial conditions are again the same 

as th · · · F. 19 
The so lution i s advanced 

e inlet conditions, given 1n 1g . · 
in time from the initial conditions discussed above with the chemical 

kinetics switched off, i.e . for co1d flows. This allows the streams 
------to partially mix with each other and the gradients of concentrations 

then become less severe at the interface as they diffuse out. 
The chemical kinetics are then switched on and the asymptotically 
steady state obtained by advancing the solution in time until a dynamic 

equilibrium is obtained. 

7· 1 .2 Results and Discussion 
Consider the point defined by x/h = 10. 0 and y/h = 0.375. The 

time hi s tory of the static temperature at this point ts given in Fig. 
20 . de through a non-dtmen siona lt zed time 

Cold flow calculations are ma 
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of 24 to allow the two streams to mix partially. After this time, hot 

flow calculations are made. Note from Fig . 20 that the switch to a hot 

flow ca uses a di scontinuous increa se in dT/dt, and a subsequent approach 

to a higher steady-state temperature . For comparison the purely cold-

-flow case is carried out to a steady state, as shown in Fig. 20. 
Note 

th
at the combined effect of chemical reactions and vibrational relaxa

tion lead s to a 23 % increase in static temperature in comparison to the 

purely artificial cold-flow case. 
Steady state profiles of velocity, pressure and temperature with 

respect to y/h for thi s case are given in Figs . 21, 22, and 23 respec

tively . These are plotted, in each figure, for various longitudinal 

locations viz . x/ h" o, 5 and 10. Note from Fig . 21 that, in contrast 

to temperature, velocity profiles downstream of the nozzle exits show 

little influence due to chemical reactions -- a result that is almost 

l 

. bl 43 
c assical in most hig h temperature gasdynam1c pro ems . Al so note that 

the slower moving stream of H
2 

is accelerated more than the faster 

moving stream of F and F
2 

is retarded, due to mixing process. The 

pressure variations which are plotted on an expanded scale in Fig. 22, 

show virtually a constant pressure in they direction, except for a small 

variation in the middle of the mixing zone , For hot flow, there i s an 

adverse pressure grad i ent in the flow direction; in contrast the net 

effect of the purely fluid dynamic mixing appears to be a slight favor-

able P d. nt at least for the first 10 nozzle heights down 
ressure gra 1e , -

stream. Th nding temperature profiles are shown in Fig 23 e correspo · • . 
Comparing the cold floW profiles it is apparent that the viscous s hear 

act,· · 
1 

l ocal temperature rise in the mixing region at 
on causes a arger 
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x/ h = 5.0 than at x/h = 10.0 because y gradients of vel oc ity are lar-

ger nea r the no zzle exits . However, in going from x/h = 5. 0 to x/h = 10 . 0, 

t he mean temperature rise is more (averaged over the whol e cro ss section) 

whereas the peak temperature of the faster stream seems to drop becau se 

t he interface streamlines would bend toward s the slower stream . The 

average pre ss ur e al so decrea ses s lightly as the flow mov es down stream 

a s noted in Fig. 22 . In contras t the hot flow temperature profile s 

c l ea rly s how almo st di scontinuou s increa se in temperature in the mixing 

re gi on, a fact already noted from Fig. 20 . 

Figure s 24 and 25 illu strate den sity profile s of variou s HF vibra

tional lev el s at x/h = 5. 0 and 10.0 re spectively. The growth of the 

r ea ction zone can be seen clearly. Total population inver s ion s exi stin g 

between vibrational level s increa se as the flow move s down stream . Th e 

small s ignal gain, though, does not neces sarily increas e s ince the 

absolute difference between the dens itie s of HF(O), HF(l) and HF( 2) doe s 

not always increa se. 

The calculated growth of the reaction zone as defined by the region 

where pHF(O) is greater than 10% of the maximum value, i s s hown in Fig . 

26. Thi s figure is taken from Ref . 15, and contain s experimental dat a 

taken at TRW. The present re sults are marked on Fig . 26 and s how the 

same laminar variation as the experimen t al data . 

The exi stence of population inver s ion s and hence la ser action i s 

best seen in Fig. 27, where densities of variou s HF vibrational l evel s 

at y/h = 0.375 are plotted with respect to x. Inv er sion s exi st between 

the 0- 1 levels and 1-2 levels, which generate the small -s i gnal gain 

G (v.J) as cal cul a t ed from Eq. 54. Th ese ga ins are shown i n Fi gs . 28 and 
0 

29. Figure 28 shows the variation of the small s ignal gain with r es pect 
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to x at y/h = 0.375 for the vibrational level trans ition l-0 for variou s 
rotational level s (only P-branch tran sition s are con s idered) . Figure 
29 s hows s imilar re sults for the 2-l tran sition. The value s of gain 
and the s patial extent of the la s ing region as indicated on Fig s . 28 and 
29 are typical of conventional HF chemical la sers , as obtained from Refs. 
28 and 29. 

7. 2 STRONGLY REACTING CASE 

7. 2 .1 Inlet Conditions 

The previous case was weakly reacting s ince the quantitie s of reac-
tants were low and diluents high, in additio n to a low tran slational 
temperature. For the purposes of compari son, though, a case wa s run 
with inlet conditions taken from the report by Ki ng and Mirels

29 
of 

Aerospace Corpora ti on. The same case was a 1 so run on LAMP code
20 

of 
Lockheed Missiles and Space Company, Inc., (Huntsville, Alabama) . 
King and Mirels, as discussed earlier in the Introduction assume two 
semi-infinite streams, with pressure in both x and y direction s con
stant; whereas the LAMP code calculated a pressure gradient in x direc 
tion by means of a quasi-one-dimensional heat -addition approximation. 

The inlet conditions used are given in Fig . 30 . The velocitie s 
were al so different from the previous case; 1400 m/ sec for stream 1 
and 2140 m/sec for stream 2. 

7.2.2 Results and Discussion 
This mixture is so strongl y reacting that a large adver se pre ss ure 

gradient i s produced in the flow direction , Note from Fig. 31 that 
both the present calculation and LAMP predict approximately a factor 
of five pressure increase in a distance on the order of a centimeter . 
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K" 
in g and Mirel s on the other hand have no press ure gradient,· 

an ass ump -

real 1 ife t io n vali d for two semi infinite st r eams but invalid for the 

chemica l l aser s - - represented by the present ca se of stacked nozzl 
es . 

Figures 32 and 33 denote the temperatu re and HF(O) concentrati on varia -
A compar i-tions in x direction for all three methods in con siderati on. 

son between King and Mirels and the other solution i s, though , not 

entirely valid s ince the boundary conditions are different . Neverthel ess 

it is also included for the sake of completeness. Although LAMP did 

not work beyond a certain di s tance, it s hould be empha s ized that the 

press ure, temperature and concentration variation s for the di stance ov er 

whi ch the solution was obtained, show a clo se resemblence to the pre sent 

re sults. Due to a lack of time , no further effort wa s made to obtain a 

complete solution with LAMP using perhaps small er grid sizes etc . Thu s 

re sults of LAMP s hown in these figure s in no way reflect on the viabili ty 

of LAMP, but rather the fact that both the solutions followed each other 

quite so closely i s the point that should be emphasized . 
Figure 34 shows the temperature and HF(O) den sity profile s at 

X/h = 70. 0 as calculated by both the LAMP code and the present program 

for the dilute case discussed in previou s section . Results of Fi gs . 

20 - 29 a PP 7 y to this case . Note that the LAMP results predict peak 

temperature s and HF densities which are 20% and 70% higher , res pectively, 

than the present calculations - This i s con sidered to be a rea sonable 

agreement in the light of the different kinetic rates and tran sport 
prope t · h. h x,·st in two programs . Al so, the present r es ult s 

r ,es w ,c may e 
calculate detailed and variable transport propert ies at each point in 
th t t Lewis and Prandtl numbers. 

e flow; LAMP assumes con s an 
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7.3 TEST CASE WITH HIGH CAVITY PRESSURE 

7.3.l Inlet Conditions 

Finally one more test case whose inlet conditions were obtained 

C t . 44 l from Bell Aerospace orpora ion was simu ated . The inlet conditions, 

given in Fig. 35 are also used as the initial conditions. The velocitie s 

in both the streams are different now with H2 stream being mu ch faster 

than the previous cases. A sl ight discontinuity in pressure also exists 

at the inlet. The dimensions of the no zz le combinations are al so dif

ferent, they being about 1/3 of the previous cases (compare h = .5 cm 

before to h = . 157 cm nowi Test sect ion for which calcu lati ons are made 

is fifteen heights (15 h' s ) long. Discontinuities in temperature, 

density, spec i es den s ity, u velocity besides the pressure are evident. 

Parallel mixing i s again assumed. 

The most st riking differen ce here from the previous cases is the 

higher inlet pressure (5 torr s earlier to about 13 torrs now) . Mixing 

due to diffusion is therefore s lower and hence the lasing region is 

longer in terms of the nondimensional distance x/h. 

7.3.2 Re sults and Di scuss ion 

The final s teady sta te re sul ts for this case are plotted as 3-D 

s urfa ces. Thi s gives a very clear picture of fluid dynamics and reac

tion mechanisms involved during the development of flow in both x and y 

directions. The x axis again i s the flow direction and y axis repre

sents the lateral direction. z axis i s the thermodynamic quantity 

plotted for the figure . All such plot s are made as seen from a vi ewing 

angle defined by e = 60° and ~ = 240° where e and ¢ have the same 

notation s as in spherical coordinate axes (i .e. e is measured from z 

ax i s and ¢ from x axis in x,y plane) unless otherwise noted. 
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Figure 36 is such a plot of pressure . The pressure i s seen to 

increase in flow direction slight l y (about 40%), whereas in y direction 

it is almost the same. Even the slight discontinuity in pressure that 

exist at the inlet almost van ishe s by the next grid point in axial 

direction. Note here that although both x and y are plotted on the same 

scale, x actually goes from Oto 15 h whereas y goes from o to h. 

Figure 37 is a temperature surface. Again the rise in temperature due 

to heat release in the mixing region i s evident. Again note that a 

temperature discontinuity at the inlet is fed in as part of the problem . 

The temperature rise at x/h = 15 and y/h = .5 for this case is 45 %. 

Figure 38 represents the ~ens ity (global) and u velocity surfaces 

respectively. Figures39 and 40 are F2 and H2 surfaces for this case. 

The F2 content in primary noz zle is zero whereas H2 cont ent in seco ndary 

nozzles i s zero. At the inlet the F2 and H2 are present only in the 

secondary and primary nozzles, respectively. As the flow moves down

stream they diffuse into each other. Some of the diffused species com

bine to form HF. Figures 39, 40 and 41-which is a rotated vi e\'/ of the 

same H2 s urface s hown for a better clarity with e= 60° but ¢ = 150° _ 

clearly s how the depleted F2 and H2 inside the mixing region, which have 

go n e to fo rm H F . Fi g u re s 4 2 , 4 3 a n d 4 4 a re t he s u r fa c e s fo r v i bra ti o n a l 

level s HF(O), HF(l) and HF(2) re specti vely . Although they are not plotted 

to the same scale in z, their qualitative behavior towards atta ining 

a Boltzman distribution in vibrational level s at the local translational 

temperature is evident. HF ( O) i s rapidly increasi ng as the flow moves 

downstream wherea s HF(2) i s reaching an asymptotic value. Although pop

ulation invers ion exists for the first few heights down s tream, th e rapid 

V - V transitions populate then the lower levels (viz. 0 and l) at the 
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expense of higher levels (viz. l and 2 respectively) in 2 - l and l _ o 

V - V deactivations. 

The small signal gain, averaged over height his plotted in Fig. 

4
5 and 46 for 1 - o and 2 - 1 transitions respectively. The values of 

averaged small signal gain calculated for this case are higher than the 

weakly reacting case discussed in Section 7.l because the densities are 

higher now than in the prev i ous case. 
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CHAPTER VIII 

UNSTEADY FLOW 

8 . l WEAKLY REACTING CASE 

8 · l · l I n l et Condi ti on s ran s ient 
The flows discussed so far have been s teady although the t 

s t
ates that the solution goes through are obviou sly un s teady. 

The time 

dependent Navier Stokes equations are used simply as a means to 
an end __ 

the asymptotically approached steady state. Nevertheless the equations 

are time dependent and can be used to obtai n sol utions for flow 

fields where inlet conditions are now varying in time
1
g unlike the 

P

re . l d f. d . t . 
16

- l S v1ous cases where they were he ,xe ,n ,me Thi s is yet 

another of the inherent advantages in using the time dependent scheme to 

obtain a solution. Other finite difference schaes are steady state 

solutions and thus the time history of flow cannot be embedded in the 

solutions. Whereas, the time dependent Navier Stokes solutions naturally 

would incorporate this behavior in their solutions . 

This inborn ability of time dependent equations precipitated a whole 

new line of simulation experiments wherein the inlet conditions were 

given sinusoidal (as well as sine square) variations and their s imul-
The ~ua si- st eady solu t ion 

taneous Effects on mixing examined. 

i s obtained when a repetative state in the whole flow f i eld 

·t s established, i.e. when the variables were observed to repeat them-

selves after each periodic time of fluctuations . The main thrust of the 

work in the present chapter is to answer what happens if on e (or more) 

of the variables at the inlet in one of the s treams (or both streams ) 

is fluctuated in time, does it enhance or inhibit mi xing and how eventually 

does it affect gain? 
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The inlet conditions were fluctuated about 

certain mean conditions 

which, for the most part, were taken to be the same as those 

for the 
dilute case discussed in Section 7.1 . 

about these mean values are outlined in the next sec tion. 
Different variables 

1 f uctua ted 

The frequency of the oscillations was selected in s uch 
a way as to 

have wavelength of the order of ca vity length, with 
1 ve ocity given by the 

faster stream speed . Further parametric studies confirmed this hypo-

thesl· s. The Strouhal number is of the ord 
er recommended in Ref. 45 _ 

The frequency of fluctuation is of the order 105 rad/sec. 

Figure 47 is a plot of sinusoidal variation in any of 
the variables. 

The time taken for sound waves to travel in y direction from the inter-

face streamline to the Fluorine stream centerline and back was also 

calculated as shown in the same figure. The frequency so calculated from 

this periodic time is also of the order of 105 rad/sec. 

8. l. 2 Results and Di scuss i on 

Different variables were chosen to be fluctuated at the inlet with 

different freque ncies and amplitudes and their effect on mixing analyzed. 

All of these simu l ation experiments are outlined below. Cold flow 

solutions were obtained first and if any improved mixing was observed 

then the hot f l ow calculations were turned on . 

8.l .2a Pressure 

Pressure was fluctuated in the F2 stream about the mean value of 

500 N/ m
2 

(and hence the density too since temperature wa s kept constant). 

This fai l ed to yield any improved mixing. Any variation in frequency 

and/or amplitude of the pressure fluctuation did not improve this 

situation. 
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8 -· l · 2 b u Ve l o c it y 

In order to vary in time, the momentum of the incomi ng flow, the 

x-compo nent of velocity was fluctuated in F2 stream about the mean value 

of 2000 m/ sec. 
Figure 48 is a plot of timewise variation of nondimensionalized 

density of F
2 

at a point In the flow fo r va rious frequency-amplitude 

combi nations. solid straight lines indicate the density of F2 at the 

same point for the case of steady mixing cold flows discussed in section 

7
. 1 whi ch is ( p ) = 0.117. It can be seen as easily that the time 

F2 N 
averaged density of F at this point is less than the steady state val 2 ue. 

It s hould be noted here that these runs are made back-to-back. i.e. the 

results of one are used as initial conditions to start the next simulation 

experiment with the frequency or amplitude of fluctuation now cha nged 

to the new value at Inlet. This resulted in considerable saving of 

computer time. Figure 4g indicates the same result for the case of 

angular ve 1 ocitY w a , x 105 and 6U • ± 25% nf UR which i s then ~ 500 

m/sec. This rather large fluctuation at the sympathetic frequency 

resulted In increased mixing. Th• time averaged density of F2 now Is 

.144 compared to th• steady state value of .117. The x wise variation 

of Fz density ts plotted in fig. 50 for a parti cular y value of 

y/h. 0.37
5 

for different phase angles of the sinusoidal oscillation 

at the inlet. A better overall mixing Is quite evident from this graph. 

The bottom half of the same figure gives x-wise variation of pressure for 

the same case for phase angle e = 0, i.e. wh en inlet velocity i s u 
R. 

Th 

. ssure for cold flows due to acceleration and 

e marked variation ,n pre 

deceleration of the flow is evident. 
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The values obtained at any pha se angle are in sta ntaneou s and do 

not give a cl ear picture in term s of better or worse mi xing . Therefor e 

whe n the r epet itive sta te wa s established, they were time averaged over 

a per iodi c time by us ing a s pec ial subroutin e. These time averaged 

values are a more use ful indicator of the trend. 

Another case with w = 0.5 TI x 5 
l O r ad/sec and t- u = .t 25% wa s al so 

run. Time averaged values for F2 den s ity vers us x for this case and 

the prev iou s case are plotted in Fig. 51. The case with w = .5 TI x 105 

rad/sec shows inferior mixing . This wa s aga in an indication that the 

angu lar velocity W = TI X l o5 rad/sec 1--1a s indeed in the desirable range. 

Hot fl ow result s were obtained for the case rD = 1T X 105 but with 

am plitude t- u = ± 10%. Time ave ra ged result s of variou s HF vibrational 

lev el den s ities are plotted in Fig. 52 and 53. Figure 52 s how s lateral 

profil es where it i s obvious that production of HF does not markedly 

differ from the one for steady flow. In fact they pretty much fall on 

top of each other. The x-w i se variation of the same, s hown in Fig . 53 

a l so shows a very s imilar behavior. Indeed thi s sugges t s that fluctua

tions with moderate amplitude like t- u = ± 10% do not depart from the 

s teady state values noticeably, but rather substantial amp litud es like 

t- u = ±25% produce noticeable changes. Thi s behavior ca n be exp l ained by 

the nonlinearity associated with large perturbances, for small pertur

bations the increa se and decrease in mixing being about the same and 

hence nu llifying each other when time integrated over a period. 

Figure 54 is a velo city vector diagram, to sca l e, at an in s tant 

l 8 go and . th 1 o5 d/ d 
described by phase ang e = case w, r,i = 11 x r a sec an 

t- u = ±25%. Large components of velocity produced in y direction du e 

to moment um interlinking ca n be seen. The flow , bes ides slowing down or 
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speed ing up due to x momentum changes in incoming flow, i s also bending 

in positive and negative Y directions. This is obviously not observed 

much for the stea dy state mixing, in s pite of the fact that both these 

cases are parallel mixing at the inlet. Thus the flow is observed to 

actua lly mix physically. 

8 . l . 2c v Velo city 

(I) Fluctuations in one s tream-F
2 

stream 

Presence of rather large v velocity components in the flow field 

for the u velocity fluctuation case outlined above prompted simulation 

of v velocity fluctuations themselves at the inlet . It was v velo city 

components s hown in Fig. 54 that were re s pon s ible for the material 

intermingling and so question was asked as to why not artificially 

introduce v velocity fluctuations about the parallel mixing (with zero 

v velocity in mean) at the inlet? 

Therefore, all subsequent cases were run wherein only the sinusoidal 

variation of y component of velocity wa s intentionally forced at the 

inlet. 

Figure 55 shows time wise variation of F2 density again at a point 

in the flow field for three different amplitudes of v = ~ 5%, ~ 10% and 

~ 25% of the uR. These cases were again run back to back, yielding a 

sa ving of a considerable computer time, Amplitudes of+ 5% and+ 10% 

again lead to F2 densities less than or of the same order as the steady 

s tate value; whereas amplitude~ 25% yielded larger densities. This 

case was therefore pursued further. Time averaged values of the F
2 

density were obtained next for this cold flow and plotted versus x . 

Figure 51 shows the comparison between variou s cases, Faster mixing for 

F2 and also H2 is seen. For all the x wise locat ion sho wn, F
2 

dens ity 
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there is higher than and H2 density lower than all the other cases, 

showing a much superior mixing. Hot f l ow was next turned on at the 

cold flow repetitive sta te. Time averaged values were again obtained 

at the establishment of repetitive state. Figure 52 shows HF vi brat ional 

level profiles for a particular x location. Again a larger and more 

spread out production of HF i s clearly seen for the present case compared 

to all the other cases plotted. Ability of the osci ll ations to populate 

the region of the flow for y/h > 0.5, which did not occur for the other 

two cases, in general produced integrated gain larger by almost a factor 

of two, thu s making it possible to increase gain by a substantial amount. 

Figure 53 again shows HF l evels versus x for various cases. Here again 

a faster mixing and faster pumping i s clearly see n, particularly at 

x/h = 2.5. 

Averaged sma ll s ignal gain is plotted in Fig . 56 and 57 ver sus the 

non-dimens ionalized x-wise location, for both the above mentioned 

un steady case and the steady mixing case. These figures clearly illu s

trate the superiority of un steady over s teady mixing in terms of gain. 

Figure 56 s hows averaged gain for transition level s l to O wherea s Fig. 

57 shows the same for l evel s 2 to l, re-emphasizing the same point of 

factor of two higher obtainable gains. In both these cases the gain i s 

calcu lated from the variou s HF l eve l s pecies dens i ties averaged over a 

ti me period of an oscillation. 

As a final comme nt on the fluid dynamic aspects of un steady mixing, 

note that there is a physical improvement in mixing due to the forced 

intermingling of the fluid elements. This can be seen from Fi gs. 58a 

and b, which s how s the time hi s tory of the inert parti cles inse rted at 

two different times (and hence different pha se angles) in the flow . 
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The nonuniform particle paths cl early s how the 
extent of material 

inte rmingling. These path lines were obtained 

res ul ts by mean s of a s pecia l s ubroutine. 

(II) Fluctuations in both s treams 

as Part of the computer 

v velocity fluctuation s so far have been only in one stream 

F2 stream. They were introduced now in both the streams t Viz . 

a differe nt 

phase difference (an gle) between the two, to explore th e 
Pos s i bility of 

further increased mixing. 
Figure 59 s how s various s imulat,·on 

ex periments 

at tempted. The run s were aga in made back-to-back and all the 
cases were 

run for the same frequency. No substantially better mi xing was observed 

over the case of fluctuation s in one s tream onl y. Phase differences 

tr i ed were 1:1 <1> = 0, Tr / 2 and TI for fluctuation of amplitude v = ± lO~~ and 

± 25%. 

8.2 TEST CASE WITH HIGHER CAVITY PRESS URE 

8.2 .l Inlet Condition s 

The inlet condit i ons were the same again as the one de scribed in 

Section 7.3 .l except that now they componen t of velo city (v velocity) 

was sinu soidally fluctuated at variou s frequencie s and amp litud es about 

a mean value of zero. Frequ ency wa s again se l ected s uch that the wav e

length associated with the greatest u velocity at the inlet wa s of the 

same order as the di s tance from the inlet to t he peak gain for s teady 

flow case of Sect ion 7. 3. 

8.2. 2 Re sult s and Di sc uss ion 

Three different cases were s imula ted. They are (1) r,1 = 2 Tr x l o5 

rad/ sec and v = ± 25%, (2) w = 2 Trx 10
5 rad/ sec and v = ➔ 15°0 and, (3) 

5 
d/ d + 15°' Of th ese . onl y the second case 

w = l . 5 Tr x l O ra sec an v = - !o . , 
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is presented here s ince it yielded the best results. All these cases 

were run back to back with the final repetitive state values of previous 

case being the initial conditions for the next case. The steady state 

values of case in Secti on 7.3 were used to start case 1 mentioned above. 

This resulted in a considerable saving of computer time . 

Figures60 through 64 have been plotted for this case after the repe

titive state has been established . They are the instantaneous values of 

various thermodynamic variables at two different phase angles of sinus

oidal variation s in v i.e. at o == o0 
and 180°. Figure 60 (a) and (b) 

are pressure surfaces, at phase angles o == 0 and 180° respectively. 

Unlike the steady case, the pressure in Y direction is not preserved at 

all due to v velocity fluctuations in the flow . Existance of propagating 

waves can also be seen. Figure 60(c) and (d ) are the temperature sur

faces corresponding to the same phase angles. Although the mean tempera

ture rises as the flow mov es downstream , the f luid dynamic co upling with 

v velocity causes slight waves in the surfaces . Figure 6l(a), ( b), (cl 

and (d) are s uch u velocity and v velocity surfaces. The v velocity 

surface s throw more in s ight into the fluid dynamics of the flow . It 

s hould be noted here that the zero of z axis (v axis) has been moved 

for the purposes of plotting, The sca le on z axis has also been con

s iderably expanded. Figure 62 is a plot of HF(D) density surface for 

o = o
0

• Figure 63(a), (b), (c) and (d) are again such surfaces for 

HF(l) and HF(
2

) den sities at different phase angles o"and 180°. Again 

the tendency toward s reaching a Boltzmann distribution at local temperature 

can also be seen. Figure 64 is just the same surfa ce as in Figure 
63

(b) 

as viewed from a different viewing angle (8 = 60° and $= 150°). 
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The averaged values of small signal gain were also obtained and 

are plotted in Fig . 45 and 46 for l - 0 and 2 - l transitions respec

tively. They are plotted on the same graphs as steady case for comparison 

purposes. Again these values are the onesobtained from time averaged 

values of densities, temperature, pressure etc . over a periodic time. 

It can be seen that again the peak gains are higher by 5% to 40%. 

Faster mixing due to the unsteady intentional fluctuations are considered 

the cause for this increase . 
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CHAPTER IX 

MISCELLANEOUS EXPERIMENTS 

The parallel mixing flows in the steady flow cases discussed in 

Chapter 7 and for al l cases other than v velocity fluctuation experi

ments in un s teady flow are idealizations of kind s where existence of 

boundary layers in the nozzles and regions of circulation in the base 

of the finite thickness for adjoining nozzles are neglected. This i s 

done to provide actually the interim re sult s in almost the same light 

as the cold flow results. 

In real nozzles, though, boundary layers exist in velocity and 

temperature. If catalytic recombination i s assumed at the nozzle walls, 

there is also a species density boundary layer in F and F2. Flow s imu

lation with just the velocity boundary layer in both nozzles was attempted 

and solution outlined in the next section. 

The nozzle lip shown in Fig. 1 is drawn to have no thickness. Of 

course in real nozzles this is not the case and a region of recircula

tion is pre sent between primary (F2) and secondary (H 2) nozzles. Thi s 

is obviously a subsonic region embedded inside the mo stly supersonic 

region existing in the flow field. The treatment for obtaining so lution 

for this case is given in Section 9.2 although thi s was not successful . 

9.1 BOUNDARY LAYER IN VELOCITY 

The profile of the velocity boundary layer fed in at the inlet in 

both the primary and secondary streams i s shown in Fig . 65(a). Velocity 

profiles for the cold flow at various x-wise location s are also shown 

on the same figure at the steady state. It can be seen that a lthough 
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by x/h = l .25 (first grid point location from the inlet) the velocity 

profile is jagged, it becomes quite smoothly varying by x/h = 10. 
Thi s 

i s to be expected since the velocity profile at the inlet has large 

gradients for .25 < y/h < .75. Fig. 65(b) shows pressure variation 

in the x direction for y/h = 0.5 for cold flow. The pressure decreases 

considerably as flow moves downstream for the first few grid points as 

the highly viscous flow expands to fill the region of near zero velocity 

(near the inlet) by accelerating . This causes a dip in pressure at 

x/h = 1.25 as shown in Fig . 65(b). The marked acceleration of the 

flow is also apparent by comparing velocity profiles at the inlet to that 

at x/h = 1.25 in Fig. 65(a). Fig. 65(c) is a time wise plot of tempera-
Broken lines denote 

ture at three different points in the flow field . 

the hot flow temperature variation which is started after the cold flow 

steady state at 61 non-di mens; ona 1 time and continued until a hot fl ow 

steady state is reached at 100 n.d . t. The rise in temperature is again 

seen for x/h = s.O and 10.0. There is no rise in temperature for x/h = 

1.25 since hardly any HF has formed and no heat release has taken place. 

On the contrary temperature drops in value from 150°K at the inlet to 

118°K as the flow is accelerating from zero velocity at inlet to a 

supersonic speed for y/h = 0.
5

. 
Small signal gpin (for zero power) were also calculated at the hot 

flow steady state, Figure 66 is a comparison for several cases for 

tr • 
1 

This example indicates the adverse effect 

ans,tion 2, O + l, . 
that the rea 1 ef fee ts a bOU nda rY layer has on the laser perf orma nc e 

Indeed the gain at x/h = 1.25 ;seven zero for this case wherea s for 

all the other three cases drawn it is positive although rather sma ll 

Boundary 1 ayer profiles in ve 1 oc itY are thus found to 1 mpede sma 11 signal 
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gain, a result that is to be expected. Boundary layers in temperature 

and species density are expected to further reduce gain and adversely 

affect the laser performance. 

9.2 BASE FLOW 
The other real effect taken into account is the finite thickness 

of nozzle lip at inlet. Figure 67 shows such a base of small thickness. 

Inlet conditions then are simply boundary layer profiles in velocity in 

the primary and secondary streams and no sl ip conditions at the base 

i . e. zero velo city (both u and v). 

A cold flow solution was attempted with such inlet conditions but the 

final steady state was not achieved. The program "blew up" (e . g. pressure 

or temperature went negative) before this could be realized. 

The inlet conditions were next changed to an arbitrary smooth 

velocity profile at the beginning of so lut io n and then changed gradually 

to a profile which is similar but not quite the same as the actual 

(real life) velocity profile. This procedure yielded transient results 

which showed formation of vortices in the base region of the flow. The 

so lution could, this way, be advanced much farther, by slowly "creeping 

up" on the discontinuous velocitY profil e at the inlet, but no steady 

state values were still obtained . The pres sure again went very small 

and finally negative in the base region . 
It was, therefore, concluded that substituting of initial conditions 

everywhere in the flow, which are close to what might be expected at 

steady state, might work , No further attempt was made to calculate 

such conditions due to Jack of time . It s hould be emphasized here that 

the initial condition s should be such that the downstream end of the 

flow field regime i s completely superso nic or goes and remains supersonic 

soon af te r the sta rt of the so lution , 
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CHAPTER X 

CONCLUSIONS AND RECOMMENDATIONS 

The work presented herein introduces a "third generation" of 

chemical laser analysis, i.e., Navier-Stokes solutions for the flow 

field coupled with the detailed chemical kinetic s for both the hot and 

cold reactions of HF for both steady and unsteady flows . In particular ' 

the present results show the following: 
l. Navier stokes solutions for supersonic diffusion chemi cal la sers 

are indeed feasible; however, computer times equivalent to about 30 

minutes or longer on a UNIVAC 1108 are required for a single case. By 

stacking cases back-to-back such that the initial conditions for one are 

obtained from the solution of another, the net time per case can be 

substantially reduced. 
2. The major potential for such Navier-Stokes solutions is in the 

analysis of recirculation zone and separated flow effects on laser per

formance for real nozzles with finite base width at the inlet . 

3. A differencing scheme wherein the forward and backward differences 

are combined in the manner described as "modified Maccormack" yield 

the best results. This method is therefore recommended over other 

differencing schemes. 
4. In a comparison between hot and cold flow s , the chemical reac-

tions markedly affect the temoerature distributions, but have little 

effect on velocity distributions- The pressure increases in the flow 

direction due to chemical reactions, an effect to be expected from simple 

analogy with constant area heat addition in supersonic flow s . 
In contra st 
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for cold flows, the longitudinal variation is reasonably constant and 

may even decrease slightly. 
5. The growth of the laminar mixing rea,ctionzone compares favorably 

with experiment. 
6. Navier Stokes calculations have the distinct advantage that the 

two dimensional pressure gradients (in both x and Y directions) appear 

quite naturally and exactly. In strongly reacting cases, the proper 

acco unting of these pressure gradients are absolutely necessary; the 

constant pressure boundary layer assumption is not adequate . 

7. Considering t he differences between the physical propertie s 

and fluid dynamic model i ng of the present Navier Stokes analysis and 

LAMP, fairly reasonable agreement is obtained between the two. The 

constant pressure resul ts of Kin g and Mirels differ considerably s ince 

the boundary co nditions are quite different. In real life chemical 

lasers, pre ss ure gradients in x direction s play a very important 

rol e -- a fact accou nted for by the prese nt program as wel l as 

by LAMP, which i s probab ly one of the most versa til e of the chemical 

la se r codes . 
e. It is t he first numerical solution of the full Navier stokes 

equations wit h fu ll y co upl ed kinetics for both the cold and hot reaction s 

for HF and mu lticomponent diffusio n for the case of inherently un stea dy 

su perso nic mi xing f l ows . 
9. One of the i ntri ns i c advantages of time dependent so 1 ut ion i s 

its abi l ity t o obtai n solutions for mi xing flows with unstea dy conditions 

at t he inlet . Thi s cannot be achieved by a program which uses finite 

difference schemes but is time independent ; in other words a stea dy 

state formulation. 
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10. It shows that the averaged gain for HF chemical lasers can 

be increased substa ntially by intentionally fluctuating they-component 

of velocity at the inlet. This leads to better mixing and also higher 

gain in general . 
ll. Unsteady mixing is especially important for chemical lasers 

with higher cavity pressures (of order 15 - 30 torrs or higher) wherein 

molecular diffusion mixing is les s important and some external means of 

achieving faster mixing i s necessary. ln fact for such lasers a trip 

nozzle flow near the inlet has yie1ded
44 

two to three times higher power 

results. This i s attributed to the un steadiness apparently present 

due to the vortice s generated by the trip nozzles . 

12. Th e presence of a velocity boundary layer at the inl et impedes 

mixing and hence reduce integ ral gain. 
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APPENDIX A 

+ k +k +k +k5· }{ [H][F2] } + {-k 5a[HF(O)] - k-5b[HF(l)] 

5f 5g 5h 1 -

d[H J e 
dt = o 

JO 



- k - k 3~- k 36 - k 37 -k 38H [H] [ F][M6] } + { k4 +k4 +k 
-34 - ~ - - - , ao a 4b 

+ k . [HF( B)] H [F] } + { - ksa - ksb- k5c- k5d- k5e- k5f- k 
- 51 5g 
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+ k s.[HF(8)] H [F]} + { -ksa - ksb - ksc - ksd - ks - ks - k - , e f Sg 

={k [M J + k 2b[M4] + k_2c[Ms]H [HJ2 } + { -k2 [MS] -k [M J 
- 2a 3 - a 2 b 4 
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d[HF( O)] 
dt 

- k-?bl[HF(O)][HF(3)] 1 + {k7c[HF(l)][HF( 3)] - k- ?cl[HF(O)] 

· [HF(4)]1 + {k7d[HF(l )][HF(4)] - k-?dl [HF(O)][HF( 5)1 
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_ k [HF(2)] + kGbiHF(3)]- k_ 6biHF(2)] }[M 8] + {k [HF(l )] 
6b2 -6c2 

+ k ([HF(l)] 2 + [HF( 3) ] 2 - 2 [HF( 2)J2 1 + klb f- [HF(l )] · 

7a 

. [HF(2)] _ [HF( 2)HF( 3)]+[HF( 3)HF( 4)]} + ( k_ lc2[HF (l )H F(S)] 
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+{ k_
7
d

2
[HF(l )HF(6)] - k7d[HF( 2)HF( 5) ] 

+ k
7
d[HF(3)HF(6)] - k_ 7d3[HF( 2)HF(7)] } 

- 2[HF(3)]2 + [HF(4)i2J - k7,ifHF(l)HF( 3)]+ k_7,3 [HF( 2)HF(4)] 
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_k_
7
a
4
[HF(3)HF(5)]J + k7b{[HF(l)][HF( 2)] - [HF(2)HF(3)] 

- [HF( 3)HF(4)] + [HF(4)HF(5)] }- k-7bl CHF(O)HF(3)] 

+k_ Jbz(HF(l)HF( 4)]+ k_JbJ [HF(2)HF(5)] - k_7b/HF(3)HF(6)] l ] 

+ k { -[HF(l)HF( 3) ] - [HF(3)HF(5)] + [HF(4)HF(6)] } 

Jc 

+ k _ Jcl [HF( O)HF( 4 )]+ k _ JcJ [HF( 2)HF( 6) ]- k _ 7d HF( 3) HF(7) ] J] 

+ kld{-[HF(3)HF(6)] + [HF(4)HF(7)] J + k_JdJl [HF(2)HF(7)] 

- k_
7
d

4
[HF(3)HF(8)]} 

+ k HF(5) - k 6 r: HF('1) } [M7J } +{ k_6b4HF(3) - k6b4HF(4) 

6a5 - a~, 

+ k HF(5) - k 6b5HF(4)HMs] +{ k_6c4HF(3) - k6c4HF(4) + k HF(5) 
6b5 - · 6c5 

. [M J+ { k HF( 3) -k6f4HF(4)+k6f5HF(5)-k_6f5HF(4)}[M J 
10 -6f4 5 
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+ { k_
694

HF(3) - k
694

HF(4) + k
695

HF(5) - k_ 695HF(4)t[M4] 

+ k
7

a{ [HF(3)] 2 - 2[HF(4)J2 + [HF(5)]
2

} - k_ 7aiHF(2)HF(4)] 

+ 2 k_
7
aiHF ( 3)HF(5)] - k_

7
a

5
[HF(4)HF(6)] } + k7b{ [HF(2)HF( 3)] 

- [HF(3)][HF(4)] - [HF(4)HF(5)] + [HF(5)HF(6)] } - k-7b 2[HF(l) · 

HF(4)] + k_
7
biHF(2)HF(5)] + k_

7
biHF(3)HF(6}- k_ 7b5[HF(4)HF(7)] 1 

+ k
7
c { [HF(l)HF(3)] - [HF( 2 )HF(4)] - [HF(4)HF(6)] 

+ [HF ( 5)HF(7)] } - k-lcl[HF(O)HF(4)]+k_ 7c2[HF(l)HF(5)] 

+ k_
7
c

4
[HF(3)HF(7)] - k_

7
c

5
[HF(4)HF( 8)] } + k7i -[HF(l )HF( 4)] 

- [HF(4)HF(7) } + k-ldl[HF(0)HF(5)] + k_ 7d4[HF( 3)HF( 8)] 



d[ HF( 5)] 
dt 

- 2[HF(5)J2+[HF( 6)2] 2} -k_ 7a4[H F(3)HF( 5) + 2 k_ 7a5[HF(4)HF(6)] 

- k_
7
a
6
[HF(5)HF(7)] + [k 7b{[HF( 3)HF(4)] - [HF(4)HF( 5)] 

- [HF(5)HF(6)] + [HF(6)HF(7)] }- k_7b3[HF( 2)HF( 5)] 

+ k_
7
b
4
[HF(3)HF(6)] + k_7b5[HF(4)HF(7)] - k_ 7b6[HF( 5)HF( 8)] 

+ k
7
c{[HF( 2)HF(4)] - [HF( 3)HF( 5)] - [HF( 5)HF(7)] } 
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d[HF(6)] 
dt 

_ k_
7
c

2
[HF(l)HF(5)] + k_7c3[HF( 2)HF( 6)] + k- ?cS[ HF( 4)HF( 8)] 

+ k?d {[HF( l )HF(4)] - [HF( 2)HF(5 )] } - k- ?dl[HF (O) HF( 5)] 

+ k [HF( l )HF( 6)] 
-7d 2 

1 3 
= {k_

36
[H][F] - k36 [HF(6)] 1[M 6] +{-[1. 9 x 10 exp (-566/RT) ]· 

· HF(7)] - k_7a7[HF( 6)HF( 8)] + k7b{[H F(4)H F(5)] 
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d[HF(?) 
dt 

- [HF(5)HF(6)] - [HF(6)HF(7)] } - k~?b4[HFi(3)HF(6)] 

+ k-?bS[HF(4)HF(7)] + k_ 7b6[HF(S)HF( 8)] + t70 1[HF(3)HF(S)] 

- [HF(4)HF(6)] J - k_y03
[HF(2)HF(6)] + k_704[HF( 3)HF(7)] 

+ k)d {[HF( 2)HF(5) ] - [HF(3)HF{6)] J - k_)d Z [HF(l)HF{6)] 

+ k_
7
d

3
[HF(2)HF(7)] 

+ {k HF(6) - k
6
d
7
HF(7) + k+ 6d8HF( 8) - k 6d8HF(7) } [M 7 

-6d7 - l O' 

+ {k HF(6) - k
6 7

HF(7) + k698HF( 8) - k_698HF(7) } [M ] 

-6g7 9 4 
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+ 2 k-7a7[HF(6)HF(8)] + k7b {[HF(5)HF(6)]- [HF{n)HF{7)] 1 

+ k_
7
b
6
[HF(5)HF(8)] - k-lbS[HF{4)HF{7)] + k7c{[HF(4)HF(6)] 

- [HF{5)HF(7)]}- k_
7
c
4 [HF(3)HF(7)] + k_ 7c5[HF(4)HF( 8)] 

+ k?d {[HF(3)HF(6)] - [HF{4)HF(7)] } - k_ 7d3 [HF(2)HF(7)] 

+ k_ 7d4[HF(3)HF(8)] 

- k_
7
a
7
HF(6)HF(8)l+ k7bHF(6)HF(7) - k_ 7b6HF(5)HF( 8) 
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- k_
7
d

4
HF(3)HF(8) 

82 



APPENDIX B 

VARIOUS DIFFERENCING SCHEMES 

The vectors F and G contain spatial derivatives of temperature and 

velocities directly and of species densities indirectly through the 

diffusion ve 1 oci ti es . Spa t i a 1 gradients of vectors F and G need to be 

taken in turn to solve equations (58) and (59). Thus effecti vely 

spat ial gradients of the thermodynamic quantities need to be taken to 

a largest order of two. This offers various combinations of forward 
, 

backward and central differencing schemes to compute the spatia l deriva

tives. 
At the boundaries where N~ard, backward or central differencing 

sc heme may not be applicable a three point forward or backward sc heme 

wa s used as the case may be .e -9 • 
Let i represent the number of x wi se grid and j represent the number 

of y wise grid where x and y are the coordinate axes as s hown in Fig. l . 

k denotes the number of the component of vectors U, F, G or Ras written 

on pp . 18-21. 

Let 

when 

· 1 2 3 IT and J. = 1 ,2,3 .... JT 
l := ' ' •••• 

i = 1 

3F (1 . k) = ' J , ax 

4 x F(2,j ,k) - 3 x F(l ,j ,k) - F(3,j ,k ) 
2 /;, X 

and when i = IT 

( B- l ) 

-
~ (ITJ·k)== 

4xF(IT-1,j,k)- 3xF(IT,j,k)-F( IT-2 j k 
.-:-- 2 /;, X , , ' (B-2) 

3 X ' ' 

Similarly for j when j == l or j 
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The following four combinations were tried . Their re sults are 

outlined. 
(l) Central differences for al l spatial gradients (except, of 

course, on the boundar i es). A two point difference sc heme (equation 
below) wa s used to calculate al l the gradients at all the grid point s 
except at the boundaries where a three point forward or backward differ-

en c e s c h em e ( E q s . ( 8 - 1 ) a n d ( 8 - 2 ) w a s us e d . e . g . 

,J F (2 k) == 'j' ax 
F(3,j,k) - F(l ,j,k) 

2 /:J. X 

aG 
ay 

(i,2,k) 
== G( i ,3,k) - G(i, l ,k) 

2 t,. y 

(8- 3 ) 

(2) Forward difference on t he F and G (Eq . (B-4)) vectors to obtain 

properties at i ntermed i ate time step, Eq . (58), 

aF (2,j,k ) == ax 
F(3,j ,k) - F(2,j ,k) 

6 X 
(B-4) 

-~ ( i 
2 k) == G( i ,3,k)- G(i,2,k) 

ay ' ' 6 X 

and backward differences ( Eq. (B-5)) for Eq. ( 59 ), 

-
aF (2,j,k ) ax 

== F( 2 ,j ,k) - F(l ,j ,k) 
tx 

(B-5) 

: i ( i , 2 , k ) == G( i , 2 , ~; - G( i , 1 , k ) 

but co nsistent l y usi ng centra l differences for T, u, v and pk. 
Th is was ca ll ed " Partial Maccormack" . 
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(3) Same as (2) above, with the exception of using forward 

differences for T, u , v and Pk (eq . (B-6) ), 

aT ( . k) = T(3,j,k) - T( 2 ,j , k) 
ax 2,J, 6x 

while solving Eq. (58 ) and backward (Eq . (B-7)), 

( B-6) 

aT ( " 2 k) = T(i,2,k)-T(i,1,k) 
3y l , , 6y 

(B-7) 

while solving Eq. (59). This was termed "full Maccormack" . 

(4) Same as (3) above but with a reverse combination viz. backward 

difference for T, u, v, pk for solving Eq. (5 8) and forward difference 

for solving Eq. (59). This could be cal1ed "Modified Maccormack" . This 

ccmbination yielded the best results of the above four variations. 

Emphasis is made that in methods (2) - (4) above , a forward 

difference is always used on f and G for the predictor s tep, and a 

rearward difference for the corrector step. The variations between 

methods (2) ~ (4) occur only in the differencing of the primary flow 

variabl es T, u, v and Dk• 

Figure B-1 depicts the numerical effect of the various schemes . 

Pressure at x/h = 10 and y/h = 0.5 is plotted ver sus non-dimen s ional 

time. Here the velocity profile at the upstream boundary wa s a ss umed 

to be continuous. Results from the four schemes above are labeled 1 - 4 

respectively in Figure B-1. Surpri s ingly, note that scheme 3, the 

"full Maccormack", did not converge to a s teady- s tate; the program blew 

up for this case. We have no explanation for thi s. Scheme 1, us ing 

all central differences , converged to a solution of sort s , but with some 

noticeable oscillations . Scheme 4, the "modified Maccormack" had the 
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best convergence behavior. In addition , Figs. B-2 through B-4 compare 

the co nverged stea dy- state results from scheme s l, 2 and 4 . In Fig , 

B-2, the velocity profi le (variation of u with y) at x/h = 10 i s shown 

as calculated fro m the t hree convergent schemes . Note that the central 

differencing and partial Maccormack sc heme s yi elded almo st identical 

profiles, but with wiggles; in contrast, t he modified Maccormack sc heme 

yielded a smooth profile which ran through the middle of the above 

wiggles. Exactly the same comparison i s observed in Fig . B-3, which 

illustrates the F
2 

and F density profile s at x/h = 10 . Again, the 

modified Maccormack sc heme yields smoot h profil es which goe s through 

the middle of the wiggles observed from the other technique s. Figure 

B-4 s hows the most striking comparison. Here, the press ure di stribution 

at x/h = 10 i s giv en as a function of y . Note that the central difference 

sc heme yields a series of regu l ar wiggle s, wherea s both the partial and 

modified Maccormack sc heme s yield smooth result s. Al so note that the 

abscissa in Fig. B-4 is an expanded scale to empha s ize the compari son . 

The res ul ts shown in Fig s. B-1 through B-4 clearly indicate that 

the modified Ma ccormack ( sc heme 4 above) yields the be st qualitative 

results, (and pre sumably quantitative as well). The use of forward 

fin ite-d ifferences for F and Gin conjunction with rearward differences 

for T, u, v and pk' and vi ce ver sa, appear s to be best for the mixing 

flow s s tudied in the present investigat ion . 

As a final note on this series of re sults, the pre servation of 

ma ss flow from the up stream to the down stream boundary i s given in the 

Tabl e IV . Obviously, in real life, ma ss i s preserved; however, compu

tational fluid dynamic ca l culations such as given here sometime s re sult 

in an art ifi cia l lo ss or gain of mass in the flow direction . Calculatio ns 
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were made form a r~ p U dy at x/h • 0 and x/h" 10 for schemes l, 2 and 

4. The results are given in Table IV. For all practical purpo ses the 

loss in the mass flux is negl i gi bl y small, thus again accentuating the 

correctness of the results. 
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TABLE r47 

Wavelength of Radiation for Variou s P Trans itions 

Identification 
Vibrational Wavelength 

Band Line µ 

l + 0 P(4) 2 .640 

P(5) 2 .673 

P(6) 2. 707 

P( 7) 2. 744 

2 + l P(4) 2. 760 

P(5) 2.795 

P(6) 2.832 

P( 7) 2. 871 
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+:> 

Species 
# 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

Species 
Name 

F?. 

Hz 

F 

H 

He 

HF(O) 

HF ( l) 

HF(2) 

HF(3) 

HF ( 4) 

HF(5) 

HF(6) 

HF(7) 

HF (8 ) 

~ 

Tf,3LE II 

cP a c/k Sp . Gas Const. Molr. 
ca l A Ok R Wt 
gmo le 0 k _j _ m 

kg 0 k kg/kgmole 

7 . ~9 3.653 11 2 218.8 38 

6.892 2. ')15 38 4124.3 2.016 

5. 437 2.9 11 2 437.6 19 

4.968 2.68 38 8248.6 l .008 

4.966 2.576 10. 22 2077 . l 4.0026 

6. 964 4 .1 354 415.56 20.008 

6.964 4. l 354 415 . 56 20 .008 

6.964 4. l 354 415.56 20.008 

6. 964 4. l 354 415.56 20.008 

6.964 4.1 354 415.56 20. 008 

6. 964 4. 1 354 415 .56 20.008 

6.964 4. l 354 415.56 20.008 

6.964 4 .1 354 415.56 20.008 

6. 964 4. l 354 415. 56 20.008 

Molecular properties of various species 

e vi b ti Hf o 

j/kg j / kg 

0 0 

0 0 

0 3.8391x10 6 

0 l .07986xl07 

0 0 

0 -l .35512xl07 

2. 3691 xl06 
-1. 355l 2xl0 7 

4. 6352x 106 -1. 35512xl07 

6.8012xl06 
-l .35512 xl07 

8 . 8696xl06 
-1. 355l 2xl0 7 

l .08427xl07 
-l.35512x l07 

l . 2722xl0 7 
-J.355 J2x l0 7 

1.4509xl07 
-l .3551 2x l0 7 

l.6205xl0 7 -l.3551 2x l0 7 



◄ ( 

Sa 

Sb 

Sc 

Se 

5{ 

5g 

5h 

Si 

Table III. Rcromm end ed Rate Coeffi c ients fo r H 2 
- F Chemic " l L 

-

2 · "'- as e r 

--=----
R.eact1 o_n __________________________ -:R:-;.-:,-.--::C-c,--~~u:-,-c-,e-n-:,------------------

No . 
Re act ion 

(cclmole-occ) 

-----
-----

-----
-----

-----
---:-

::--::
--:-;-

::----
- ----

-
M, V 

L - 1013 . 7 - J S. l / 8 

--------· 

Fz + Ml : Zr t .'A ! 

Fz+Mz = ZF+ Ml 
I b 

2b 

Zc 

◄ a 

H 2 /0) t MJ = ZH + MJ 

H 2 (0) + u 4 
= ZH + NI◄ 

H z( 0 ) ♦ Ms = ZH + Ms 

F + H 2
(v) : HF(Z) t H 

F + H 2
{v) = HF{J) + H 

H + F z = IIF{0) + F 

H + F 2 
= HF{Z) + F 

H + F 2 
= HF/J) + F 

H + F z = HF{ 4) + F 

H + F 2 
= HF(6 ) + r 

H+F2 
= HF/7) +F 

H + F 2 
= HF(8) + F 

Al a -

M = a ll • p c 

I 
cica excep t F', 1- . 

klb=Z. ◄ kla 

M = F F 
~ 

2 • 2 

k = IO I BT- I 

-Z;, 

M 3 = a lle x H 
Cept . • Hz 

k , Z. 6xl0 1 3- l . b /9 

1a 

k = 8.8x10 13 ·l . b /B 

1b 

all v 

k = 1 . ◄ >c l C I J- 1. 6/0 

4c 

all v 

l:k = ?. ◄ ,< 10 12-0. SC/a 

v -4dv 

tee n ot e a 

'""• = 1. I >< 10 13 -0 . 5 1 /8 

';" - ◄ c v 

•ce no te .._ 

. : l . 9Xl013-0. S6 / 0 

~/,,.-.f f V 

•e e no te a 

k = I.I >c 10 12-z . 4 / 0 

Sa 

_ z S JOIZ-Z.1/8 

k5b - . X 

k = J . s x 101 2 -2 . ue 

Sc 

k 
, Jo>clOJ2-Z . 4/8 

5d . 
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Table II I. 

R ec ommended Rate Coeffi ci ents for H 2 - F 2 Chemica l L ase r 

(Continue d) 

bb 
l 

bb 
V 

be 
V 

be 
V 

bg 
V 

7b 

7c 

Sb 

Sc 

8e 

8{ 

9b 
V 

HF(v) + M q 

HF (v-i ) +~' i l 

HF(vi + HF(v) , HF(v-1) + HF(v +l l 

HF(v\ t H F(v• I l ' HF(v · I l • Hr!v+Z) 

Hr(v) + 1-iF(v+l) , HF(v • I\• J,f(v•ll 

HF (v ) + HF(v+ll, HF(v-1), HflvHl 

HF(O) + hz ( I) : HF(!) • Hz( 9) 

HF(I). Hz(!) ' HF(Z). Hz(G! 

l!F(Z) + H~(I) : HF(J) + Hz(O) 

HF()) + 11 z(I) : Hfl 4) + Hz(O) 

HF(•))+ Hz(Z\ = HFII). Hz(!) 

HF(I) + Hz(Z) : HF ( Z) , H/ll 

Hz(v) + MJ = Hz(v - 1) + M 3 

1) - 0. 7/8 

, . 3 "· 1,1 

l.5,ci 0 1zTi /l 

•1 .. ' 

k7b ' 0 . Sk7_. 

k7c 0 . 2Sk7 • 

l<:d , O. I ZSk 73 

l< . 9 )( 101 I 

a. 
z. q )( I GI z 

l<8b : 

k ' q ,c 1012 

8c 
l 0 1 ) 

k5d = z ,c 

•a, : k8b 

: v(Z. S ,c 1 o· ◄ ) T ◄ . 

V ) • 
• 8 

M 1
z , H 

a ..: e n <Jlc c 

V ' 

V ' 

V : 

V ' 

v , I, Z 

b 

-~ 
Se e l e xt ! 

b 
or 1p c cil1 c v a lue ■ ,;I k . -4 

fo r v.,_nou • v1b,_11on >l ,,ve • 

l zoo•i< o r T < izo o ' K, 

of Hz· 
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TABLE IV 
Ma ss con servation in flow-wise direction 

. . 
m m 

@ x/ h = 0 @ x/ h = 10 

5 . 2.786 

\ 
5. 2.7 54 

\ 
5 .2786 \ 5 .2688 \ 

S. 2786 5 . 2726 

m l!AS BEEN NON -DH lENS IONAL I ZED BY P r Ur 

% 
Loss 

0.06062% 
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0.11367% 
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r Fig. 28 -- VadaUon of sma77 s ;gnal ga;n ;n flow dfrectfon; 1 - 0 tran s Hfon, y/h = 0.375 

0 . \ 

\ 
E 
0 

2 0 .05 
<[ 

~ 

GA·IN AT y/h =0.375 

0,6 

o I~ -_ . _ L_ _ _________________________ _ J ____ _ 

0 

5 .0 
10.0 

x/h - - --... 

-- - ~ 
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