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Riassunto

In questa Tesi si studiano sistemi stocastici con un grande numero di individui microscopici
interagenti, sotto determinate ipotesi di simmetria delle interazioni. Gli esempi considerati
appartengono a due contesti differenti, a seconda del fatto che il singolo individuo possa
controllare la propria dinamica o meno. Nel primo caso, di cui tratta la Parte 1, si e nel
contesto dei giochi ad N giocatori e giochi a campo medio, mentre nel secondo, analizzato
nella Parte 2 della Tesi, i modelli risultanti vengono detti sistemi di particelle interagenti.

Piu precisamente, nella prima parte (Capitoli 1-2) studiamo il problema della conver-
genza per i giochi a campo medio, il cui fine & di giustificare rigorosamente 1’introduzione
degli stessi come limite di giochi simmetrici non cooperativi non a somma zero ad N
giocatori, quando il numero dei giocatori tende ad infinito. In particolare, ’analisi &
incentrata sui cosiddetti giochi a campo medio a stati finiti, in cui lo stato del singolo
giocatore appartiene a un insieme discreto finito: trattiamo separatamente il caso in
cui si ha unicita di soluzione del gioco a campo medio (Capitolo 1), da quello in cui la
formulazione limite ammette piu soluzioni (Capitolo 2).

Nella seconda parte invece (Capitoli 3-4), introduciamo alcuni esempi di sistemi di spin
in cui la dinamica particellare non interagente ¢ non Markoviana, ottenuti da opportune
modifiche di classici modelli ferromagnetici di spin a campo medio. In particolare, rilassiamo
Iipotesi di Markovianita o tramite una procedura di aumento delle variabili che identificano
lo stato individuale, o imponendo la presenza di memoria nella dinamica. Sebbene uno
degli scopi sia ancora quello di giustificare rigorosamente la formulazione macroscopica
dei suddetti modelli, essi presentano alcune caratteristiche di independente interesse,
tra cui la presenza di transizioni di fase (Capitoli 3-4), la comparsa di comportamenti
periodici auto-sostenuti (Capitolo 3) e la presenza di diversi fenomeni a diverse scale
spazio-temporali (Capitolo 4).
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Abstract

This Dissertation is devoted to the study of large stochastic systems of small interacting
individuals and their macroscopic limit formulations, under symmetric properties of the
interactions. The examples we consider belong to two separate contexts, depending on
whether the individuals can control their dynamics or not. In the first case, treated in
Part 1, we fall into the framework of N-player and mean field games, while in the latter,
analyzed in Part 2, the resulting models are examples of interacting particle systems.

More specifically, in the first part (Chapters 1-2) we focus on the convergence problem
in mean field games, i.e. on the rigorous justification of mean field games as limits, when
the number of players tends to infinity, of Nash equilibria of symmetric non-zero sum
non-cooperative N-player games. In particular, we study finite state mean field games,
where the state of each player belongs to a discrete finite space, analyzing separately the
uniqueness case (Chapter 1) and a scenario with non-uniqueness of solutions to the mean
field game (Chapter 2).

In the second part of the Dissertation (Chapters 3-4) we study some examples of
interacting spin systems, with non-Markovian individual dynamics, arising as proper
modifications of classical ferromagnetic mean field spin systems dynamics. In particular,
we focus on two mechanisms for relaxing the Markovianity: a state augmentation procedure,
and the insertion of memory effects in the evolution. While one of the goals is still to
rigorously justify the passage to a macroscopic description, the models of Part 2 present
some features of independent interest, including phase transitions (Chapters 3-4), the
emergence of self-sustained oscillations (Chapter 3), and the presence of multiple spatio-
temporal scales phenomena (Chapter 4).
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Introduction

Mean field systems of interacting particles were first introduced for applications to
physics, and in particular to the kinetic theory of gases for the derivation of the spatially-
homogeneous Boltzmann equation ([73]). For the modelization of related physical phenom-
ena the mean field assumption can often seem overly simplicistic. Nevertheless, the interest
in mean field models has lasted over the years, due to their analytical tractability and
flexibility of application also to other disciplines (such as biology, sociology and economics),
in contexts where the mean field assumption appears more natural.

More recently, the integration of mean field interacting particles with control theory has
led to the introduction of mean field games ([71, 79]), where the objects of the modelization
are large systems of competitively interacting rational agents (rather than particles), which
are allowed to control their individual dynamics through some optimization criterion,
depending on the other players in a mean field way.

This Dissertation consists of two parts, which we now introduce, where the mean field
structure of interactions is a common theme.

Part 1: Finite state mean field games

This part of the Dissertation focuses on the convergence problem for a class of N-player
finite state stochastic differential games to the corresponding mean field game limit
formulation.

Mean field games were introduced independently by Lasry and Lions [79] and by
Huang et al.[71] as limit models for symmetric non-zero-sum non-cooperative N-player
dynamic games when the number N of players tends to infinity; see for instance [8, 14, 18],
and the recent two-volume comprehensive work [19, 20]. While a wide range of different
classes of mean field games has been considered up to now, here we focus on finite time
horizon problems with continuous time dynamics under fully symmetric cost structure
and complete information, where the position of each agent belongs to a finite state space.
In this setting, mean field games were first analyzed in [62] in discrete time, and then in
[61] in continuous time.

In the literature, the notion of optimality adopted for the many player games is usually
that of a Nash equilibrium. The relation with the limit formulation can then be made
rigorous in two opposite directions: either by showing that a solution of the limit model
(the mean field game) induces a sequence of approximate Nash equilibria for the N-player
games with approximation error tending to zero as N tends to infinity, or by identifying
the possible limit points of sequences of N-player Nash equilibria, as solutions, in some
sense, of the limit model. While the first problem served as a motivation for the initial
development of mean field game theory, and is still relevant for the applications, the latter
direction constitutes what we refer to as the convergence problem in mean field games.

vii
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In the approximation direction results are more common and typically easier to obtain:
for the diffusive case without jumps see for instance [9, 18, 21, 71]; the diffusive case with
controlled jumps is treated in the recent work [7]. In the finite state space setting, an
approximation result is achieved in [4] studying the infinitesimal generator, while in [24]
an analogous property is found through a fully probabilistic approach, which allows for
less restrictive assumptions on the dynamics and the optimization costs.

On the other hand, results on convergence are fewer and more recent. Important for
the convergence problem is the choice of admissible strategies and the resulting definition
of Nash equilibrium in the many player games. For Nash equilibria defined in stochastic
open-loop strategies, the convergence problem is rather well understood, see [58] and,
especially, [77], both in the context of finite horizon games with general diffusive dynamics.
In [77], limit points of sequences of N-player Nash equilibria are shown to be concentrated
on weak solutions of the corresponding mean field game.

In Part 1 of the Dissertation, we are interested in the convergence problem for Nash
equilibria in Markov feedback strategies with full state information. A first result in this
direction is given by [61] in our same setting of finite state dynamics. There, convergence
of Markovian Nash equilibria to the mean field game limit is proved, but only if the time
horizon is small enough. A breakthrough was achieved by Cardaliaguet et. al in [15]. In the
setting of games with non-degenerate diffusive dynamics, possibly including common noise,
the authors establish convergence to the mean field game limit, in the sense of convergence
of value functions as well as propagation of chaos for the optimal state trajectories, for any
finite time horizon, provided the so-called master equation associated with the mean field
game possesses a unique sufficiently regular solution. The master equation arises as the
formal limit of the Hamilton-Jacobi-Bellman systems determining the Markov feedback
Nash equilibria. Moreover, the mean field game system can be seen as the characteristics
curves for the master equation. If well-posed, the latter yields the optimal value in the
mean field game as a function of initial time, state and distribution. It thus also provides
the optimal control action, again as a function of time, state, and the measure variable.
This allows, in particular, to compare the prelimit Nash equilibria to the solution of the
limit model through coupling arguments. Such coupling ultimately allows one to get the
desired convergence of the value functions of the N-player game to the solution to the
master equation, as well as a propagation of chaos result for the corresponding optimal
trajectories, in a similar fashion to the propagation of chaos property for uncontrolled
systems (see e.g. [96]).

If the master equation possesses a unique regular solution, which is guaranteed under
the Lasry-Lions monotonicity conditions, then the convergence analysis can be considerably
refined. In this case, for games with finite state dynamics, in the two independent works
[26, 5] the authors obtain a Central Limit Theorem and Large Deviations Principle for the
empirical measures associated with Markovian Nash equilibria. In [43, 44], the authors
carry out the analysis, enriched by a concentration of measure result, for diffusive dynamics
without or with common noise.

We now give a detailed overview of the two chapters of the first part of the Dissertation.

Overview of Chapter 1

In this chapter we analyze the work [26], by A. Cecchin and the author.

Here we focus on the convergence of feedback Nash equilibria for finite state symmetric
N-player differential games, where players control their transition rates from state to state.
In details, denote the state space as 3 := {1,...,d}. Let X;(t) be the state of the i-th
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player at time ¢, and XtN " the state at time ¢ of the other N — 1 players. The N-player
dynamics is given by a system of interacting controlled continuous-time Markov chains,
such that, for A > 0,

P [Xi(t + h) = y|X;(t) = =, XNV = :BN”} = aiy(t,x, Vb + o(h),

Nyi c EN_l

for x # y and any x . The control a;(t,x, miv ’i), in Markov feedback form,

represents the rate at which player ¢ decides to go from state x to state y, when :civ s
the state of the other N — 1 players at time t.

In our framework, we show that there exists a unique feedback Nash equilibrium for
the N-player game (Proposition 1.3). It is provided by the solution to the Hamilton-
Jacobi-Bellman (HJB) system of Nd"¥ coupled ODE’s
_%N’l(t, x) — Z;-V:L i O (5, AToNIY - ATuNE 4 H (2, AN = FN(z), (HJB)

vNUT, ) = GNi(x).

In the above equation, FV* and GV are respectively the running and terminal interaction
costs of the i-th player, H is the Hamiltonian and a* its unique maximizer, and

Ajg(a:) =(g9(z1,.. .y, y2N) —g(z1, ... 2, . 7xN))y:1,...,d € R¢

denotes the finite difference of a function g(x) = g(z1,...,zN) with respect to its j-th
entry.

The study of convergence consists in finding a limit for System (HJB) as N — +o0,
under symmetric properties of the game (Proposition 1.5), realized by assuming that the
costs FN' and G satisfy the mean field assumptions, i.e. there exist two functions F
and G such that

FN’i(a:) = F($i7mév7i)7
GN’i(a:) = G(‘TZ? ma]vv’i)v

where m2 " = ﬁ éVZLj# dz; denotes the empirical measure of all the players except for
the i-th, which belongs to P(X), the space of probability measures on 3. The main result
of this chapter is Theorem 1.7, in which we prove the convergence of the value functions

vNs as N — +o00, to the solution to the master equation

—%7 + H(z,AU) = [y DU (t,,m,y) - o (y, AYU (t,y,m))dm(y) = F(x,m),
U(T,z,m) = G(z,m), (,m) € X x P(S), t€[0,T]
(M)

provided (M) has a unique regular solution. It is a first order PDE in P(X), the simplex
of probability measures in R¢. The corresponding mean field game system, which can be

proved to be the system of characteristic curves for (M), is given by the following system
of two forward-backward ODEs,

—Lu(t,z) + H(z, A%u(t,z)) = F(z,m(t)),
dima(t) = 5, my (D)o (y, Au(t,y)),
u(T,xz) = G(x,m(T)),

my(to) = mgo € P(X),

(MFG)

where wu is the value function of a representative player, and m is the optimal (in the
Nash sense) evolution of the distribution of the other infinite players (which coincides with
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the one of the reference player itself). The convergence result of Theorem 1.7 allows for
obtaining the convergence of the optimal trajectories to a collection of i.i.d. limit processes,
in terms of a propagation of chaos property, which we state and prove in Theorem 1.8.
Moreover, in Section 1.4 we study the fluctuations and large deviations of the optimal
empirical measures processes, proving a Central Limit Theorem (Theorem 1.13) and a
Large Deviation Principle (Theorem 1.14). Section 1.5 is finally devoted to the study
of the well-posedness of the master equation (M) under monotonicity assumptions (in
the Lasry-Lions sense) on the costs F' and G. We stress, however, that the convergence
argument requires only the regularity of a solution to the master equation.

Overview of Chapter 2

In this chapter we discuss the results in [25], by A. Cecchin, P. Dai Pra, M. Fischer and
the author.

We consider N-player and mean field games in continuous time over a finite horizon,
where the position of each agent belongs to a spin-valued state space ¥ := {—1,1}. If there
is uniqueness of mean field game solutions, e.g. under monotonicity assumptions, then
the convergence results of Chapter 1 apply. In Chapter 2 we instead study an example
with anti-monotonic costs, where one expects to find multiple solutions to the mean field
game. We identify an element m € P(X) with its mean m; — m_;, which we still denote
by m € [—1, 1]. Moreover, denote z(t) := u(t,—1) — u(t, 1), where u is the value function
of the reference player in the mean field game limit. In this context each player controls,
in feedback Markov form, the switching rates from one state to the other. With respect to
the setting of the previous chapter, here we set the interaction running cost F' = 0, we
consider an anti-monotonic terminal cost G(z, m) := —ma, which favors alignment with
the majority, and a simple quadratic Lagrangian L(z,a) := %, penalizing large values of
the switching rates.

In this framework, the mean field game system takes the simple form

(1)

which we are able to solve explicitly. In particular, in Proposition 2.1 we prove that System
(1) possesses exactly three solutions when the final time horizon of the game 7" > 0 is
sufficiently large. Under the same notation, we can associate the corresponding master
equation of the limit problem

~ (¢ ) + ] (AU, 2,m)) | = DUt 2, m, 1) (ATU (1, 1,m))” ()
~D"U(t,w,m, ~1) (ATU(t,~1,m))~ (152) = F(a,m), (2)
UT,z,m)=G(x,m), (z,m)e{-11}x][-1,1].

Equation (2) admits an equivalent formulation as a scalar conservation law (see Equation
(2.13)). Because of the multiple solutions to the mean field game (1), Equation (2) does not
admit a regular solution. While multiple weak solutions exist, the associated conservation
law has a unique entropy solution (Theorem 2.3), with a discontinuity point, which
turns out to be of particular importance for the N-player game. At the prelimit level,
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the unique N-player Nash equilibrium can again be described in terms of a system of
Hamilton-Jacobi-Bellman equations,

VN( p) + HWVN(t1 - p) = V(L p)
Np [V (1= p) - N(t,u)} VN (=) =V
N =) VN (bt k) -V (1= p=2)] [V (bu+ £)-vV )],
V(T p) = —(2u — 1),

(3)
written in the alternative variable p, i.e. the portion of players in state 1, for exploiting
the symmetries of the game. System (3) can be shown to reflect the degeneracy of the
limit master equation: indeed, for N > 0, a singularity develops in the symmetric point
W=z (Where half of the players is in state 1); see Figure 2.1 for a simulation.

The main result of the chapter (Theorem 2.7) consists in proving that the Nash
equilibrium of the N-player game selects, when N — +o0o, the unique entropy solution of
the conservation law associated to the master equation (2). For the proof of this fact, we
exploit a characterization of the Nash equilibrium (Theorem 2.6), which allows to deduce
that the dynamics does not cross the discontinuity point p = % As for the previous
chapter, the convergence theorem allows for obtaining the propagation of chaos property
for the N-player optimal trajectories and empirical measures, when they play the Nash
equilibrium, but only when we start the dynamics outside the discontinuity point p = %
(Theorem 2.10). When starting the dynamics precisely in the degeneracy point, we expect
the limit of the N-player empirical measures to be random, given by a symmetrically
weighted sum of two Dirac’s deltas over the two non-zero solutions to mean field game
(Conjecture 2.1). Our expectations are supported by numerical simulations (see Figure
2.2), and by an analogous result obtained in [42] for the diffusive case.

Finally, in Section 2.2.7 we give another characterization of the multiple solutions
to the mean field game system. Indeed, we show that the latter can be viewed as the
necessary conditions for optimality, given by the Pontryagin maximum principle, of a
deterministic optimal control problem in R? (Lemma 2.14). We show that the N-player
game, in the limit N — o0, selects exactly the global minimizer of this problem when
it is unique, i.e. when the initial mean of the players my is different from zero (Theorem
2.16).

Part 2: Non-Markovian interacting spin systems

The theory of interacting particle systems, originally motivated by statistical mechanics
and dated back to 1960’s (see e.g. [82] for a classical textbook), offers popular and powerful
tools for the modeling of several complex phenomena in life sciences such as ecology ([99])
and neuroscience ([55]), but also in social sciences and economics ([27, 84, 95, 100]). In
particular, interacting particle systems with mean field interactions have been proved to be
extremely appealing and successful, due to their mathematical tractability, since the initial
pioneering works by McKean ([85, 86]) on Vlasov equations, exploring the connections
with nonlinear PDEs.

Typically, the stochastic modelization consists of three main steps: identify variables of
interest for each individual, superimpose some form of interaction, and define a Markovian
evolution for the state of the whole population. Under the above framework, in the absence
of interaction, the individual dynamics is Markovian with respect to the chosen variables
of interest.
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A question which can arise naturally is about the formulation of interacting particle
systems where the non-interacting individual dynamics is itself not Markovian (see e.g.
[50, 51]). Assuming a Markovian individual evolution might indeed be restrictive in some
contexts: for example, with the initial choice on the quantities of interest, many additional
variables get inevitably neglected in the modelization of the individual dynamics, with
potential macroscopic effects unaccounted for in the interactive model; moreover, one
might be interested in introducing memory effects, which are not captured under the
Markovianity assumption (according to which the future depends only on the immediate
past, and not on the previous history of the evolution).

In Part 2 of the Dissertation we propose some toy examples of non-Markovian interacting
spin systems (i.e. systems with individual states taking values in the binary set {—1,1}),
which can make the above-mentioned restrictions less dramatic, in some cases revealing a
large-scale behavior different from that of the original Markovian version of the model.
Although they all arise as proper modifications of classical ferromagnetic mean field spin
systems dynamics, the way we relax the Markovianity assumption can differ among the
models. In particular, as we motivated above, we realize the non-Markovianity either by
an augmentation of state procedure, or by the insertion of memory effects in the individual
dynamics.

While having as a purpose to obtain macroscopic descriptions, and study the corre-
sponding limit models of the examples considered, two topics, of independent interest, turn
out to be of particular importance in the tractation: the emergence of self-sustained peri-
odic behavior, and the presence of multiscale spatio-temporal phenomena in hierarchical
mean field models, respectively analyzed in Chapters 3 and 4.

Specifically, with the term self-sustained periodic behavior we refer to systems where
each individual particle has no natural tendency to behave periodically, but the oscillations
are rather an effect of self-organization, visible in the macroscopic limit when the number
of particles tends to infinity. Among the mechanisms that can lead to or enhance the
emergence of this behavior, we cite noise ([36], [92], [98]), dissipation in the interaction
potential ([1], [29], [30], [35]), delay in the transmission of information and/or frustration
in the interaction network ([31], [50], [97]). In Chapter 3, we shall see that the non-
Markovianity of the individual dynamics can as well foster macroscopic oscillations.

Concerning the second topic, hierarchical models were often employed in the literature
for applications in population dynamics and genetics, where individuals naturally dispose
in groups with a hierarchical structure (families, clans, villages, colonies, populations and so
on). A series of papers from the '90s - ’00s (initiated with [39] and [40] among others), nicely
reviewed in [70], deals with different types of hierarchical mean field linearly interacting
diffusions (the prototype being linear Wright-Fisher diffusions), where in most cases the
macroscopic limits are retrieved at every spatio-temporal scale, and a renormalization
map can be defined, allowing one to pass from one hierarchical level to the other. The
motivation for focusing on diffusive dynamics as building blocks for the hierarchical models
stems from the fact that, with their choices, each individual non-interacting dynamics
can itself be obtained as a continuum limit of a corresponding finite state space model of
interacting particles: for example, the discrete prelimit counterpart of the Wright-Fisher
diffusion is the voter model (see e.g. [33]). In Chapter 4, we define hierarchical dynamics
of spin-flip type with a ferromagnetic mean field interaction, coupled with a system of
linearly interacting diffusions of Ornstein-Uhlenbeck type.

While for a more detailed introduction on the above matters we refer to the beginning
of each corresponding chapter, we now proceed with an overview of the results obtained
in Part 2 of the Dissertation.
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Overview of Chapter 3

The results of this chapter belong to an ongoing work of the author with P. Dai Pra and
M. Formentin.

After some preliminaries on spin systems and dynamics, given in Section 3.1, in this
chapter we analyze two examples of non-Markovian mean field interacting spin systems.
In both cases we consider spin-flip dynamics obtained as modifications of the Curie-Weiss
model. In the first example, analyzed in Section 3.2, the individual evolution is obtained
by replacing the underlying Poisson process, modeling the jump times in the Markovian
case, with a more general renewal process with memory. Let (o(t));>0 denote the resulting
spin-valued process, that is an example of two-state semi-Markov process. We can associate
a Markovian description to the latter: define y(¢) as the time elapsed since the last spin-flip
occurred up to time t. Suppose that the waiting times 7 of the underlying renewal process
satisfy

P(r > 1) = ¢(b), (4)
for some smooth function ¢ : [0, +00) — R. Then, the pair (o(t),y(t)):>0 is Markovian
with infinitesimal generator

Lf(oy) = gj;w, y) + FW)f(~0.0) — f(o,9)], (5)
for f:{-1,1} x R* — R, with
)
P =28, (6)

We study a corresponding non-Markovian interacting N-particle system for the spins
(0i(t));—1 - A mean field type interaction is introduced as a time scaling on the waiting
times between two successive particle’s jumps, depending on the overall magnetization of
the system

As above, we associate to each spin o;(t) the process y;(t) € RT of the elapsed time since
the last jump. Denoting o := (01,...,0n) € {—1, 1}N, y:= (y1,...,yn) € (RM)Y, the
corresponding Markovian N-particle dynamics is defined via the following infinitesimal
generator

LY f(o,y) =

||Mz

(y e frm™) e Prm (ol y') = flowy)| . (7)

=1

where o' is obtained from o by flipping the i-th spin, while y’ by setting to zero the
i-th coordinate. Note that, for /' = 1, we retrieve the classical Curie-Weiss dynamics for
the spins. The macroscopic limit and the propagation of chaos property for this model,
as N — 400, are studied in Appendix B, when F(y) := y”, v € N. Under the latter
choice, we can associate to the McKean-Vlasov limit process (o(t), y(t))+>0 the following
Fokker-Planck equation, satisfied by the corresponding density function f(¢,0,y):

Gftoy) + & f(toy) +yre” 0TI f(t 0,y) =0,

ft,0,0) = [;F®yre0FVBomM £ (¢, o, y)dy,

m(t) = [;°[f(E 1 y) — f(t,—1,y)ldy, (8)
1= [°f (@t 1y) + f(t,—1,y)]dy,

f(O,U,y) = fo(U, y)a for o € {_17 1}’ Yy e RF.
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We then find both theoretical and numerical evidence of emerging periodic behavior for
the above equation in the cases v = 1 and v = 2, in terms of a phase transition with
respect to the inverse temperature parameter 5, via the following approach: in Section
3.2.2, we find a neutral stationary solution of interest to (8) (Proposition 3.2), we linearize
formally the dynamics around that equilibrium and we compute the discrete spectrum of
the associated linearized operator, which we show to be given by the zeros of an explicit
holomorphic function Hg ., (A) (Propositions 3.5 and 3.6). In Subsection 3.2.2.4 we then
study numerically the character of the eigenvalues when the interaction parameter 3 varies:
for both v = 1,2, we find that for all 5 < [.(7) all eigenvalues have negative real part; at
Be(y) two eigenvalues are conjugate and purely imaginary, suggesting the possible presence
of a Hopf bifurcation in the limit dynamics. These critical values of # are then compared
to the ones obtained by simulating the finite particle system in Section 3.2.3, finding a
very good accordance.

In the second model, studied in Section 3.3, the non-Markovianity follows by an
augmentation of state procedure, where we double the state space assigning to each
microscopic spin another spin-valued variable which produces frustration in the system.
Specifically, the state of the i-th particle in the system is identified by a pair of spin-valued
variables (x;,1;) € {—1,1}%. The dynamics is given in terms of a continuous time spin-flip
type Markov chain on the augmented state space {—1, 1}2N, where each particle flips one
component of its state independently conditioned on the current state of the population,
with rates

{xi — —x; with rate (1 — 5xiyi)e_ﬂwimg, (9)

. N
y; — —y; with rate Wi

where 7,3 >0,0<e <1, and m} := % Zfil x; is the magnetization of the spins x;’s.
Note that, when ¢ = 0, the restriction of the dynamics to the z;’s is of Curie-Weiss
spin-flip type. In addition to the empirical magnetization mY of the z;’s, we also define
the analogous quantity mév for the y;’s and

1 N
mi\g = N ZnyZ
=1

It turns out that ((miv(t), ml(t), mivy(t))) o is an order parameter for the above model,
t

in the sense that its dynamics, induced by (9), is Markovian. In the limit

((md (£),my) (£), md, (£)))

= (@ (), y(), w(t)))

>0 t>0

for N — 400, the macroscopic variables ((a;(t), y(t), w(t)))t>0 satisfy

#(t) = —2x(t) cosh (Sx(t))+2sinh (Bz(t))+2ey(t) cosh (Bx(t)) —2cw(t) sinh(Bx(t)),

§(t) = ~2y(t) cosh (va(t)) — 2sinh (v()),

w(t) = —2w(t)cosh (yx(t)) —2x(t) sinh (yz(t)) —2w(t) cosh (Bx(t))+2y(t) sinh(Bz(t))
+2¢ cosh (Bx(t))— 2ex(t) sinh (Bx(t)),

2(0) = xo, y(0) =wo, w(0) = wo.

(10)
The limit evolution is thus finite-dimensional, allowing for a deeper analysis of the phase-
space diagram with respect to the previous model. After proving the well-posedeness of
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System (10) in Section 3.3.1 (Proposition 3.7), in Section 3.3.2 we perform a linear analysis
around the disordered equilibrium (0, 0,e/2), studying the local phase-diagram when the
interaction parameters vary, proving the existence of a supercritical Hopf bifurcation for
certain critical values of the parameters (Propositions 3.9 and 3.10); in Section 3.3.3 we
find numerically all the equilibria of the dynamics; in Section 3.3.4 we study numerically
the local character of the previously found equilibria; finally, in Section 3.3.5 we give
detailed illustrations of the dynamics and of the global phase-diagram, via numerical
simulations of the macroscopic equations and resorting to the previous analyses.

The results of Chapter 3 strongly suggest that the above models belong to the same
universality class: they both feature the presence of a unique stable neutral phase for
values of the parameters corresponding to high temperatures, the emergence of periodic
orbits in an intermediate range of the parameter values, and a subsequent ferromagnetic
ordered phase for increasingly lower temperatures. In particular, both dynamics can
generate self-sustained oscillations.

One of the goals of the related literature is to understand which types of microscopic
interactions and mechanisms can lead to or enhance the emergence of self-sustained
rhythms, in systems where each individual particle has no natural tendency to behave
periodically. Although not proved in general, a strong belief in the literature is that, at
least for Markovian dynamics, self-sustained oscillations cannot take place if one does
not introduce some time-irreversible phenomenon in the dynamics ([10, 60]). While the
finite-dimensional model treated in Section 3.3 falls within the above literature (due to the
presence of frustration, which is an irreversible phenomenon), the model of Section 3.2, in
which we observe that the limit dynamics is still reversible with respect to the stationary
distribution around which cycles emerge (see Remark 3.3), suggests that this paradigm
could be false for the non-Markovian case.

Overview of Chapter 4

The results analyzed in this chapter are collected from an ongoing work of the author with
P. Dai Pra and M. Formentin.

Chapter 4 is devoted to the study of a model of interacting spins with a hierarchical
mean field structure, thus serving as an attempt to relax the mean field assumption as
well as the Markovianity of the spins through a state augmentation procedure. We refer
to the beginning of the chapter for an introduction on hierarchical mean field models and
the related literature.

Let V be a set, indexing individuals in a population. Each individual » € V is
identified with a pair of variables (o, z,): a spin variable o, € {—1,1}, and a continuous
one x, € R, representing some aggregated statistics of the remaining characteristics of
the individual (and thus being naturally normally distributed for e.g. by a central limit
theorem), which would otherwise not be accounted for in the modelization by a spin
system. The interaction between each pair of spin variables o,,05 € V is encoded in a
variable J,s € R. Analogously, x, and x, interact with a strength proportional to some
variables J/, € R. The particles (o, x,),cy follow stochastic dynamics given by

{O’T = —0y, with rate 1+ tanh [—0, > oy Jrs(0s + 4], (11)

dr, = =Y ey Jlo(@r — x5)dt + odW,.(1),

where W,.(t)’s are |V| independent Brownian motions, and o > 0 is the diffusion coefficient.
As we describe below, the peculiarity of the model consists in the fact that the
interaction among different particles scales with what in the related literature (see e.g.
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[70]) is referred to as hierarchical distance. The main goal of our study is to obtain a limit
description of dynamics (11), as N — 400, at different spatio-temporal scales, analyzing
the possible presence of phase transitions in the system. In this framework, we mainly
focus on two choices for V and (deterministic) interaction parameters J,.; and J),:

e Ferromagnetic mean field case:

V.={1,...,N},
g
Jrs = N’ (12)
o
‘]'r/’s Na
with o, 8 > 0.
e Ferromagnetic two-level hierarchical case:
Vi={l,...,N} x{1,...,N},
Jrs =80 Jl=9 i —s| <1, (13)
Js=5, Jo=% if|r-s|=2,

with aq, e, 51, B2 > 0, where the distance | - | between r := (ry,72) and s := (s1, s2)
is defined by
0, if’l“1:81, T9 = S9
[r—sl:=41, ifr #s1, ro=s2

2,  otherwise.

In particular, with the term two-level mean field hierarchy we mean a system of N
interacting mean field systems of particles, where each mean field is comprised of N
particles itself, and the strength of the interaction among different particles scales with
their hierarchical distance | - |, which can either be 1, if the particles belong to the same
mean field, or 2, when they belong to different mean fields.

The hierarchical construction can be reiterated a finite number of times to define a

k-level hierarchical model, where V := {1, ... ,N}k, Jrs X %, Jl, ﬁ for |[r —s| =1,
with [ = 1,..., k. See Section 4.3.5 for details on the notion of hierarchical distance and

for the generalization of our results to each hierarchical level in the subcritical regime,
stated in Conjecture 4.1.

The mean field case

The model (11) under the mean field assumptions (12) is analyzed in Section 4.2.

In this case, denote by (o, ) = (O’j,l’j)jzl N € RY x {—1,1}" a configuration of
the entire population. Let m™¥(t) := + SN o4(t), and 2N (t) = + SN #(t) be the
empirical averages of the spins and diffusions respectively, which evolve as

mY — mV+ 2 with rate Nmm#N(t) {1 + tanh(B(zN (¢) + mN(t)))} , (14)
dz™ (t) = AW (1),

where W is a Brownian motion. From the above dynamics, we see that the diffusion
(xN());>0 evolves at a timescale of order N, while at times of order 1 it converges to

its initial datum for N — 4-o0. Assuming zV(0) — = € R for N — +o0, it is easy to
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prove that (zV(t),m"(t)) — (z,m(t)) for N — 400, where the limit satisfies the ODE
(compare with (4.9) - which is stated in alternative variables), parametrized by z,

{m(t)(:c) = 2tanh(B(z 4+ m(t)(z))) — 2m(t)(x),
m(0)(z) = mo(x).

Equation (15) features the existence of a phase transition in § = 1: it possesses a
unique stable equilibrium configuration for 5 < 1 (subcritical regime), whereas for 5 > 1
(supercritical regime) a region with multiple equilibria, with different stability properties,
appears. When we speed up time at order N, the fluctuations of the diffusion zv (Nt)
are not negligible anymore. The main contribution of this section is on the study of the
sequence of the accelerated processes (z¥(Nt), m"(Nt));>0 when N — +oo. First, we
prove that in the subcritical regime (Propositions 4.4 and 4.5), the limit of (m™ (Nt))¢>0
is a regular diffusion on the unique long-time equilibrium configuration of (15), driven by
the limit sped-up diffusion (zV(Nt));>0. We then address the main result of the section
(Theorem 4.7), where we prove that in the supercritical regime such limiting motion
turns into a regular diffusion taking place on the two stable branches of equilibria, with
jumps from one branch to the other when the process reaches the borders of the stable
configurations (see Figure 4.3 for a comparison between the two regimes).

(15)

The two-level hierarchical case

The two-level hierarchical case, i.e. dynamics (11) with the choices (13), is studied in
Section 4.3.

For any 7,5 = 1,..., N, we identify the i-th individual of the j-th population with the
pair of state variables (o;;,2;;). Define the first-level empirical magnetization of the j-th
population

1 N
== 0i(t)
Ni:l

N(t). Moreover, denote the two-level empirical magneti-

and the analogous quantity for z;

M) = 1 3 ) = 3o m¥ ()
=52 2 ou(t) = szlmj

1,j=1

zation as

and the same for XN (¢) := ﬁzj xii(t) = %ZN N(t). With this notation, the
first-level averages (2 (t), m ;V (t))j=1,..~ form a system of N interacting particles, with

J
dynamics

(t)

mY s mY + 2. rate N— |1 tanh (81 (2 (1) +mbY () + Bo( XV (8) + MY (1))

da Y (1) = —%[x?( )— XN >}dt+ 25 dW; (1),
(16)
with W;’s N independent Brownian motions. In particular, we see that the diffusions
N ’s move at times of order IV, while, by summing over j the second equatlon in (16), w

deduce that XV moves at times of order N2. Assuming that z; Noy=a;% ,ug(d:p) (w1th
Elz;] = 0 for simplicity), at times of order 1 we prove (Theorem 4.13) a propagation of
chaos for the system of magnetizations (the corresponding property for the diffusions is
trivial): namely, mév(t) — m(t) := m(t)(z;) for N — 400, where m(t)(x) solves

{m(t)( r) = Ztanh(&(fv +m(t)(z)) + B2M(t)) — 2m(t)(z),

o m(®) @0l de). an
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We observe that the limit i.i.d. processes m;(t) are of McKean-Vlasov type, because
of the integral condition on M (¢) in Equation (17). Due to the presence of the latter,
the long-time behavior of (17) is harder to study than for its corresponding mean field
version (15). For a rigorous analysis on the further timescales, we thus restrict to the
subcritical regime 81 + B2 < 1, where Equation (17) possesses a unique stable equilibrium
configuration (Proposition 4.16) given by the solution to

{m(m) = tanh(B1 (z +m(z)) + B2 1), a8)
M = J m(w)po(dar) = 0,

where we assumed as above, for simplicity, E[z;] = 0. In Theorem 4.18 we control the
uniform ergodicity of the N-particle system behavior when we rescale time up to a certain
C(N), which is allowed to grow with N.

When we accelerate time further, at a timescale of order N (Section 4.3.3), we prove
that the N-particle system (:céV(Nt), méV(Nt))j:l,m,N still propagates chaos, where the
magnetizations are converging to i.i.d. copies of a McKean-Vlasov process living onto
the equilibrium configuration curve, driven by the i.i.d. limit non-trivial dynamics of the
accelerated diffusions (xév (Nt))i>0’s (Theorem 4.20). In this case, the integral McKean-
Vlasov condition on M (t) is with respect to the law at time ¢ of the Ornstein-Uhlenbeck
diffusion (z(t))>0, the limit of xé-v(Nt) — x(t) as N — +o0, which solves

dx(t) = —agz(t)dt + odW (t).

Finally, at a timescale of order N? (Section 4.3.4), the diffusions (:cév (N?t))s>0 fastly reach
their stationary distribution; we thus characterize the limit of the sequence of second-level
empirical magnetizations (M~ (N?t));>0, proving that it converges, with respect to all
its finite time dimensional distributions, to a limit stochastic process (M (t)):>0 (note
that at the previous timescales the convergence was to a deterministic object instead),
which is the average of the equilibrium curve with respect to a mixture of the stationary
distributions of the first-level diffusions xév ’s (Theorem 4.29), where the motion is driven
by the non-trivial limit second-level diffusion (X (t))¢>0, which solves

dX (t) = odW (t),

with W a Brownian motion. After generalizing the above results to the k-level hierarchical
case in the subcritical regime (Section 4.3.5), we develop heuristic arguments, reinforced
by numerical simulations, for studying the two-level supercritical regime in the limit case
of null temperature $; = 2 = +oo (Section 4.3.6).



Notation and preliminaries

The notation we adopt in the first part of the Dissertation differs in general from that
of the second part. As they are based on works belonging to two different - but related
- mathematical literatures (mean field games and mean field interacting spin systems
respectively), we try to adhere to the classical notation employed by each corresponding
scientific community. While we postpone the specific notation to the beginning of each
part, in this section we recall some preliminary classical facts on the common mathematical
tools employed throughout the Dissertation.

Let RT denote the positive real numbers, including 0. Let E be a Polish space. Every
model we consider features E-valued processes with sample paths taking values in (or
being embedded in) the Skorohod space of cadlag functions, which we denote by D(R™; E).
When not specified otherwise, we refer to the weak convergence of stochastic processes in
the above Skorohod space: namely, we say that a sequence (X,,),>1 of stochastic processes
converges to a limiting process X if, for any T" > 0, X,, converges in distribution on
the path space D([0,T]; E) to X, as n — +oo. In what follows, we consider different
choices for E depending on the context: E := R? E :=R* x {~1,1}, E :=[~1,1] and
E :=R x [—1,1] should cover all the possible options.

A general theme is about obtaining macroscopic descriptions for stochastic systems
with a large numbers of individuals (either controlled, in which case we restrict to Nash
equilibria configurations, or uncontrolled). In this regard, an important role is played by
the so-called propagation of chaos property. We recall its definition (see e.g. [67])

Definition (Propagation of chaos). Let Q be a probability measure on E and QN a
probability measure on EN. The sequence (Q™)n>1 is Q-chaotic if for any fized integer k
and any continuous bounded functions fi,..., fr on E,

k

Jim QY hi®... @ fiwlTh) = 11(@. 5

The above definition means that, asymptotically in IV, any k coordinates become
independent, all with the same distribution (). In the context of N interacting stochastic
processes, we apply the above definition by considering Q" to be the joint law of the N
processes on the product path space, and () the law of some limiting process. All the
processes which we consider in the Dissertation enjoy additional symmetries, due to the
mean field type interactions involved: in particular, the joint law is always invariant by
permutation of the individual components (this property is referred to as exchangeability).
For such systems, proving the above propagation of chaos is equivalent to proving a Law
of Large Numbers for the associated empirical measure processes (see e.g. [67, Prop. 4.2]),
which we interchangeably refer to as the propagation of chaos property.

xix
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When needed, we endow the space of probability measures on (E, |- |) with finite first
moment, Pi(FE), with the 1-Wasserstein distance, which we denote by di,

d(pv) = ot [ o yldy(ay),
vl (p,v) JEXE

with I' the set of measures on E x E having first and second marginals equal to p and

v respectively. We recall an inequality which we use repeatedly. It follows easily by

the Kantorovich-Rubinstein duality theorem (see e.g. [91, Ch. 5]): fix (z1,...,2n) and

(y1,...,yn) € EV, and let pV := 4 LS 6, VY % SN dy, be two empirical measures.

Then,

N
) < 5 e il (19)
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Finite state mean field games






CHAPTER 1

The uniqueness case: convergence, fluctuations
and large deviations via the master equation

In this chapter we discuss the convergence problem, analyzed in [26], for finite state
symmetric N-player games under uniqueness assumptions on the limit. The limit dynamics
is given by a finite state mean field game system made of two coupled forward-backward
ODEs. We exploit the master equation approach (introduced in [15] for the diffusive case),
which in this finite-dimensional framework is a first order PDE in the simplex of probability
measures, obtaining the convergence of the feedback Nash equilibria, the value functions
and the optimal trajectories. The convergence argument requires only the regularity of a
solution to the master equation. Moreover, we show that the convergence results imply the
propagation of chaos as well as refined asymptotics for the N-player empirical measures,
in terms of a Central Limit Theorem and a Large Deviation Principle. The key point for
proving such results is to compare the prelimit optimal trajectories with the ones in which
each player chooses the control induced by the master equation. The fluctuations are
then found by analyzing the associated infinitesimal generator, while the Large Deviation
properties are derived using a result in [54]. Finally, we study the well-posedness and
regularity of solution to the master equation under monotonicity assumptions.

Finite state mean field games have been studied by several authors in the last years,
starting from [62] in discrete time, and then in the continuous time setting by [61] and
[68], in the latter with applications to graphs. For a probabilistic approach to finite state
mean field games we refer to [24]. On the convergence problem, a first result was given
n [62], but only for a small enough time horizon. An equation similar to the master
equation of this chapter, but holding in the whole space R?, was analyzed in [83], proving
the well-posedness and regularity under stronger assumptions. The works [57] and [61]
deal also with the problem of convergence, as T' tends to infinity, to the stationary mean
field game. The master equation was formally discussed in [64], [65] as well as in [61], in
the first two with a particular focus on the two state problem, a context which is related
to the model we study in Chapter 2. On numerical methods, we acknowledge the work
[63] in the finite state case under monotonicity. A class of mean field games with major
and minor agents was analyzed in [22], showing the relation with the N-player game in
the approximation direction. Finally, we mention [5], which appeared online together with
[26], in which the authors independently obtain the same convergence results we prove
here, by using again the master equation approach of [15], but considering a probabilistic
representation of the dynamics different from ours. Moreover, they also obtain a Central

3
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Limit Theorem for the fluctuations of the empirical measure processes. However, they
prove it in a different way, that is, via a martingale Central Limit Theorem.

Let us mention that a Central Limit Theorem and a Large Deviation Principle for
mean field games, enriched by a concentration of measure result, were then established

also in the diffusive case, via the master equation approach, in the two separate works
43, 44)].

1.1 Introducing the model

In this section we introduce the equations in play at a formal level. Let X;(¢) be the state
of the i-th player at time t. The dynamics of the N players is given by the system of
controlled SDEs:

= Zit [ SO, 6o, X, NG ), (1)

for i = 1,..., N, where each X;(t) is a process taking values in the finite space ¥ =
{1,...,d} and we denote by X; := (X1(t),..., Xn(t)) the vector of the N processes; N;
are N i.i.d. Poisson measures on [0, 7] x =, with = C R%, and the controls o’ € A C R? are
only in feedback form. The function f is crucial for the definition of the dynamics (1.1):
it models the possible jumps of the Markov chain, while the Poisson measures prescribe
their random occurrences. Following an idea of [66] which we repeatedly use throughout
the Dissertation, we define the function f so that the control oy (¢, z :I:iv 1) represents the

rate at which player i decides to go from state = to state y, when = #£ y, a:iv & being the
states of the other N — 1 players at time ¢; c.f. (1.2) and (1.18) below. Let us remark
that, while Cardaliaguet et al. ([15]) study the convergence problem also in the presence
of a noise (Brownian motion) common to all the players, which makes things even more
difficult, we do not consider here any common noise. In the discrete setting, this would
result in considering dynamics with simultaneous jumps, which can be realized by adding
another Poisson measure in (1.1), common to all the players.

In our framework, we show that there exists a unique feedback Nash equilibrium for
the N-player game. It is provided by the Hamilton-Jacobi-Bellman (HJB) system of Nd"¥
coupled ODE’s

NAT, 2) = GNi(x). (HIB)

{ 00N (1) — Iy st (g, AION) - AN 4 H (g, AoV = FN(a),
In the above equation, FV* and G are respectively the running and terminal costs, H
is the Hamiltonian and «o* its unique maximizer, and

Ajg(:c) =(g9(x1,...,y,...,xN) —g(z1,...,2j, . .. 733N))y:1,...,d € R¢

denotes the finite difference of a function g(x) = g(x1,...,zy) with respect to its j-th
entry.

The study of convergence consists in finding a limit for System (HJB) as N tends to
infinity. To this end, we assume symmetric properties of the game. Namely, the costs
FNi# and GN# satisfy the mean field assumptions, i.e. there exist two functlons F and
G such that FNi(x) = F(z;, mY") and GNi(x) = G(x;,mL"), where ma" denotes the
empirical measure of all the players except for the i-th, which belongs to P(X), the space of
probability measures on Y. Thanks to these mean field assumptions, we shall say that the
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solution v+ of System (HJB) can be found in the form v™(t, ) = VN (¢, z;, ma"), for a
suitable function V' of time, space and measure; this makes the convergence problem more
tractable. At a formal level, we can introduce the limit equation assuming the existence of
a function U such that VN (¢, z;, mi\”) ~ U(t,z;, mé\”) for large N. Then, let us analyze
the different components of System (HJB) and which should be their corresponding limits

in terms of U. First, the i-th difference of v™V>* should converge to

AivN’i(t, x) = (’UN’i (t, v, miv’z) — Vi (t, :L‘i,miv’i)>

- (U(ta Y, m) - U(tv T, m))

y=1,....d
y=1,...d — AxU(tv L m)

For j # i we should instead get
ANt x) =
N 1 1 N,i 1
v | g, Z Oy, + — Oy | —v " | t, 2, — Z(Sxk
N-—-1“~—~ N -1 N —-14
k#£j,i k#1 y=1,....d

1 4
~ mDmU(t, IL'Z’, mévﬂl, l']),
modulo terms of order O(1/N?), where a precise definition of D™U, the derivative with

respect to a probability measure, will be given in the next section. Then, H (z;, Alo™?) —
H(z;, A*U), and we should obtain

N
Z oF (2, AT - AT
=Ly
1 N . ,
~ o7 2 @@ AU g m)) - DUt my ;)
j=Li#i

- / o (y, AVU (t,y,mg")) - DU (t, x5, my ", y)dmy (y)
>

— / DmU(t,:c,m,y) . Oé*(y,AyU(t,y,m))dm(y),
b

Thus, we are able to introduce the master equation, that is the equation to which we
would like to prove convergence

_%7[{ + H(z,A*U) — [, D™U(t,z,m,y) - o*(y, AYU(t,y, m))dm(y) = F(x,m),
U(T,z,m)=G(z,m), (z,m)eXxP(X), tel0,T]

(M)
It is a first order PDE in P(X), the simplex of probability measures in R%. We solve it
using the strategy developed in [15], which relies on the method of characteristics. Indeed,
as remarked above, the classical mean field game system can be seen as the characteristic
curves of (M). In our finite state setting, the mean field game system consists of two
coupled ODEs: a Hamilton-Jacobi-Bellman equation giving the value function of the limit
control problem and a Kolmogorov-Fokker-Planck describing the evolution of the limit
deterministic flow of probability measures. We solve the mean field game system for any
initial time and initial distribution: this defines a candidate solution to (M) and, in order
to prove that it is differentiable with respect to the initial condition, we introduce and
analyze a linearized mean field game system. To prove the well posedness of (M) for
any time horizon, the sufficient hypotheses we make are the monotonicity assumptions
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of Lasry and Lions. However, we stress again that these assumptions play no role in the
convergence argument, as it requires only the existence of a regular solution to (M).

The rest of the chapter is organized as follows. In Section 1.2, we start with the
notation and the definition of derivatives in the simplex. So we present the two sets
of assumptions we make use of: one for the convergence, the fluctuations and the large
deviation results, while the other, stronger, for the well posedness of the master equation;
we also show an example in which the assumptions are satisfied. Then we give a detailed
description of both the N-player game and the limit model. Section 1.3 contains the
convergence results and their proofs, while in Section 1.4 we employ the convergence
argument to derive refined asymptotics for the empirical measure process, that is, a Central
Limit Theorem and a Large Deviation Principle. Section 1.5 analyzes the well-posedness
and regularity of the solution to the master equation. We conclude with Section 1.6 by
summarizing all the main results.

1.2 Model and assumptions

1.2.1 Notation

Here we briefly clarify the notation used throughout the chapter. Part of the notation is
employed also in Chapter 2. First of all, we are considering ¥ = {1,...,d} to be the finite
state space of any player. Let T be the finite time horizon and A := [k, M]d, for k, M > 0,
be the compact space of control values. Denote by

P()i={meR? : m;j>0, mi+-+mg=1}

the space of probability measures on 3. Besides the euclidean distance in R¢, denoted
with | - |, we may interchangeably use the Wasserstein metric d; on P(X) since all metrics
are equivalent. We observe that the simplex P(X) is a compact and convex subset of R<.

Let Z := [0, M]%. In the dynamics given by (1.1), the function f : ¥ x E x A —
{=d,...,d} modeling the jumps has to be a measurable function such that f(z,¢,a) €
{1 —=x,...,d—x}. Specifically, throughout the chapter we set, for z € X, { = (& )yex
and a = (ay)yes,

f(z, & a) = Z(y — x)ILm’ay[(fy). (1.2)

YyeD

The measures N; appearing in (1.1) are N i.i.d. stationary Poisson random measures on
[0,T] x E, with intensity measure v on Z given by

d

v(E):=> ((ENE)), (1.3)

J=1

for any E in the Borel o-algebra B(Z) of Z, where Z; ;= {u € Z : u; =0 Vi#j}is
viewed as a subset of R, and £ is the Lebesgue measure on R. We fix a probability space
(2, F,P) and denote by F = (F;)c[o,) the filtration generated by the Poisson measures.
These definitions of f and v ensure that the control is exactly the transition rate of the
Markov chain; see (1.18) below.

The initial datum of the N-player game is represented by N i.i.d. random variables
Z1, ..., Zn with values in ¥ and distributed as mg € P(X). The vector Z = (Z1,...,Zn)
is in particular exchangeable, in the sense that the joint distribution is invariant under
permutations, and is assumed to be Fy-measurable, i.e. independent of the noise.
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The state of player ¢ at time ¢ is denoted by X;(t), with X; := (X1(¢),..., Xn(t))-
The trajectories of each X; are in D([0,T];X), the space of cadlag functions from [0, 7] to

¥ endowed with the Skorokhod metric. For & = (x1,...,zy) € £V, denote the empirical
measures
N 1 N,i 1 Al
my = — Zéxj my " = Z Oz
N & N-—-1 <,
J=1 J=1,j#i

Thus, m¥ (t) := mk, is the empirical measure of the N players and m])\él(t) = m%f is

the empirical measure of all the players except the i-th. Clearly, they are P(X)-valued
stochastic processes. In the limit dynamics, the empirical measure is replaced by a
deterministic flow of probability measures m : [0,T] — P(X).

In choosing his/her strategy, each player minimizes the sum of three costs: a Lagrangian
L:¥xA— R, arunning cost F': ¥ x P(¥) — R and a final cost G: ¥ x P(¥) — R
(see next section for the precise definition of the N-player game). The Hamiltonian H is
defined as the Legendre transform of L:

H(z,p) := 21613{—04-p—L(x,a)}, (1.4)

for z € ¥ and p € R%.
Given a function g : ¥ — R we denote its first finite difference Ag(x) € R? by

g(d) — g(x)

When we have a function g : ¥V — R, we denote with Afg(xz) € R? the first finite
difference with respect to the j-th coordinate, namely

9(331>-~- ,$j_1,1,$j+1,. "7'%'N> —g(.'IJ)

Alg(x) :=

g(x,...,xj-1,d, Zj41,...,2N) — g(x)
For future use, let us observe that, for g : ¥ — R,

[Ag(2)| < max[Ag(z)]y < 2max|g(z)| < Clg]. (1.5)

For a function u : [ty,T] x ¥ — R, we denote

|lu|| := sup max |u(t,x)|. (1.6)
te[to,T] TEX

We also use the notation u(t) := (uy(t),...,uq(t)) = (u(t,1),...,u(t,d)). When consider-
ing a function v with values in R?, its norm is defined as in (1.6), but where | - | denotes
the euclidean norm in R

We now introduce the concept of variation with respect to a probability measure m
of a function U : P(¥) — R. Let us remark that the usual notion of gradient cannot be
defined for such a function: since the domain is P(X) we are not allowed to define e.g.
the directional derivative %’ as we would have to extend the definition of U outside the
simplex.
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Definition 1.1. We say that a function U : P(X) — R is differentiable if there exists a
function D™U : P(X) x ¥ — R given by

U(m+s(6, —6y)) — U(m).

DU = 1li 1.7
[D™U(m, y)]. := lim, . (1.7)
for z=1,...,d. Moreover, we say that U is C' if the function D™U is continuous in m.

Morally, we can think of [D™U(m,y)]. as the (right) directional derivative of U with
respect to m along the direction d, — 6,. We also observe that m + s(0, — d,) might be
outside the probability simplex (e.g. when we are at the boundary), in which case we
consider the limit only across admissible directions. However, note that, for our purposes,
this is not really a problem: since in the limit m(¢) will be the distribution of the reference
player, the bound from below for the control ensures that the boundary of the simplex
will never be touched.

Together with the definition, we state an identity which will come useful in the following
sections:

[D™U(m, )]z = [D™U(m, 2)]: + [D™U(m, y)l, (1.8)

for any x,y,z € X. Its derivation is an immediate consequence of the linearity of the
directional derivative.

We can easily extend the above definition to the case of derivative with respect to a
direction pu € Py(X), with

B(Z) = {ueRd : m+~--+ud=0}.

Indeed, an element p = (p1,...,04) = Y..ex b= € Po(X) can be rewritten as a linear
combination of . — d, as follows

n= Z ;uz((sz - 6y)

272y

for each y € X, since 3°, 4, pz (0, —dy) = D (Zziy uz) Oy, and 3°, 4, pe = —[iy.
This remark allows us to define the derivative of U(m) along the direction pu € Py(X)
as a map %U : P(¥) x ¥ — R, defined for each y € ¥ by

d

(98 U(m,y) Z'uz [D™U(m,y)], = p-D™U(m,y), (1.9)
a 27y

where the last equality comes from the fact that [D™U (m,y)], = 0.
We also note that the definition of %U (m,y) does not actually depend on y, i.e.

EU(W% y) =

0
o —U(m,1) (1.10)

o
for every y € ¥ and for this reason we will fix y = 1 when needed in the equations. Indeed,
by means of identity (1.8) and the fact that u € Py(X), for each y €

0 S m -~
@U m, 1) Z [D™U(m,1)], = [identity (1.8)]

z=1

M&

([D"U(m,y): + [D"U(m, 1)]y) p

z=1
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d
[D™U (m, y)]:p. + [D™U(m, 1)}11 Z ez

z=1

Il
Mm

I
Il
—

m 0

Il
Mm

U(m,y).

I
Il
—

For a function U : ¥ x P(X) — R we denote the variation with respect to the first
coordinate in a point (x,m) € ¥ x P(X) by A*U(z,m). Also, denote by I'f the transpose
of a matrix I'.

1.2.2 Assumptions

We now summarize the assumptions we make, which can vary according to the different
results.

Because of the compactness of A, the continuity of L with respect to its second
argument is sufficient for guaranteeing the existence and finiteness of the supremum in
(1.4) for each (x,p). Moreover, we assume that there exists a unique maximizer o*(z, p)
in the definition of H for every (z,p):

o (z,p) :=argmin{L(z,a) + a- p} = argmax {—L(z,a) — o - p}. (1.11)
a€A acA

With our choices for f in (1.2) and the intensity measure v in (1.3), a sufficient condition
for the above assertion is given by the strict convexity of L in « (see Lemma 3 in [24]).
If L is uniformly convex, such optimum «* is globally Lipschitz in p, and whenever H is
differentiable it can be explicitly expressed as o*(z,p) = —D,H (z, p); see Proposition 1 in
[61] for the proof.

We will work with two sets of assumptions on H. We first observe that it is enough
to give hypotheses for H(z,-) on a sufficiently big compact subset of R?, i.e. for |p| < K,
because of the uniform boundedness of A%™"%: see next section for details (Remark 1.4).
In what follows, the constant K is fixed:

(H1) If |p| < K then H and o are Lipschitz continuous in p.

We stress the fact that the above assumptions, together with the existence of a regular
solution to (M), are alone sufficient for proving the convergence of the N-player game to
the limit mean-field game dynamics.

In order to establish the well-posedness and the needed regularity for the master
equation we make use of the following additional assumptions:

(RegH) If |p| < K, H is C? with respect to p; H, D,H and Dng are Lipschitz in p and the
second derivative is bounded away from 0, i.e. there exists a constant C' such that

2 ~1,
D,,H(z,p) > C™ (1.12)

(Mon) The cost functions F' and G are monotone in m in the Lasry-Lions sense, i.e., for
every m,m’ € P(X),

Z(F(w,m) — F(z,m))(m(z) —m'(z)) >0, (1.13)
€Y

and the same holds for G;
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(RegFG) The cost functions F and G are C'! with respect to m, with D™F and D™G bounded
and Lipschitz continuous. In this case (1.13) is equivalent to say that

> pe[D"F(x,m, 1) - pu] >0 (1.14)

for any m € P(X) and p € Py(X).

Observe that the assumptions on H allow for quadratic Hamiltonian. As we will see, the
above assumptions imply both the boundedness and Lipschitz continuity of A*U and
D™U with respect to m. We conclude the section with an example for which all the
assumptions are satisfied.

Example 1.1. The easiest example for the costs F' and G is F(x,m) = G(z,m) = m(z).
Slightly more in general, one can consider F'(z,m) = V¢(m)(z), ¢ being a real convex
function on R<.

For the choice of the Lagrangian L, a bit of work is needed in order to recover the
regularity for H, since the maximization in the definition (1.4) of H is performed only on
the compact subset A = [k, M]? of R,

Consider the Lagrangian, not depending on z, defined by

L(a) := bla — al?, (1.15)

with a := (#) (1,...,1)" and b a large enough constant to be chosen later. The
computation of H := sup,cp. a {—p - @ — L(a)} for such choice of L gives

P
Hp)=——-a- 1.16
for |p| < b(M — k), while H is linear outside this interval. It is trivial to verify that
H is in C'(R?), and thus (H1) is satisfied, while H is not in C?(R?) because of the
linear components. Nevertheless, (1.12) is satisfied whenever |p| < K, with the choice
b= ML_K Moreover, the Lipschitz continuity of D,H and Dng is trivially holding
because of expression (1.16) for |p| < K and the linearity outside, and (RegH) follows.
Note that p represents the gradient of the value functions and thus it belongs to a compact

[- K, K|, where K is independent of b; c.f. Remark 1 below.

1.2.3 N-player game

In this section we describe the N-player game in a general setting. Namely, we suppose
that each individual has complete information on the states of all the other players and we
do not require the players to be symmetric. Then, we show the relation between System
(HJB) and the concept of Nash equilibria for the game through a classical Verification
Theorem. We conclude the section by introducing the mean field assumptions and stating
a consequence on the symmetry of the solution to (HJB). We remark that most of the
results of this section were found also in [61], but in a slightly different framework. Namely,
there the authors assumed a priori that the value functions depend on the empirical
measure, assuming hence symmetry. Moreover, they studied the infinitesimal generator of
the processes, while here we employ our probabilistic representation.
In the prelimit the dynamics is given by the system of N controlled SDEs

X;(t) :ZZ-+/0t/Ef(Xi(s_),§,o/(s,Xs))Ni(ds,dg), (1.17)
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fori=1,...,N, where f is given by (1.2) and X; = (X1(¢),..., Xn(¢)). Each player is
allowed to choose his/her control o/ having complete information on the state of the other
players. We consider only controls o := (a!,...,a") in feedback form, i.e. the controls
are deterministic functions of time and space o’ : [0,7] x ¥V — A, of = oi(t,z). We
say that o € A, for each i, if it is a measurable function of time. We denote by AN the
set of feedback strategy vectors o = (a!,...,a"), each o/ belonging to A.

We remark that the dynamics (1.17) is always well-posed, for any admissible choice of
the control, since the state space is finite and the coefficients are then trivially Lipschitz
continuous. Namely, for any a”¥ € AV there exists a unique strong solution to (1.17), in
the sense that (Xt)te[o,T] is adapted to the filtration F generated by the Poisson random
measures.

With the definition of f in (1.2) and the intensity measure v in (1.3), the dynamics of
any player remains in ¥ for any time and the feedback controls are exactly the transition
rates of the jump processes (X;(t))i=1,.. . Indeed, one can prove - see [24] - that, for

x #y and £V e 2N
P [Xz-(t +h) =y|Xi(t) =z, X = ;cNﬂ} = ol (t,x, ™" )h + o(h). (1.18)

In more rigorous terms, with the above choices, for any a® € AN the state evolution of
the N players X; := (X;(¢))X, is a Markov process, whose law is uniquely determined as
the solution to the martingale problem for the time-dependent generator

N
Lof(@) =33 al(t,2) | f([2',y]) - f(@)]

i=1yex

where

i 1 ) wy forj#i
[, 315 { y for j =i.
Since « is the vector of the transition rates of the Markov chain, we set ol (z) =
=D yta oz;(x). We remark that the boundedness from below of the controls (o € [k, M]9,
k > 0) guarantees that P(X;(t) = x) > 0 for every z in ¥ and ¢ > 0, for any player 1.

Next, we define the object of the minimization. Let a® = (a!,...,a") € AN be
a strategy vector and X = (Xi,...,Xy) the corresponding solution to (1.17). For
i=1,...,N and given functions FV* GN* : XN — R, we associate to the i-th player

the cost functional
JN(N):=E VOT [L(Xi(t), of(t, Xy)) + FNvi(Xt)} dt + GN”'(XT)] . (1.19)

The optimality condition for the N-player game is given by the usual concept of Nash
equilibria. For a strategy vector ¥ = (a',...,a”") € AV and 8 € A, denote by [’ 3]
the perturbed strategy vector given by

[aN’fi‘B]j = {aj7 j#i
B, j=1
Then, we can introduce the following

Definition 1.2. A strategy vector a®¥ is said to be a Nash equilibrium for the N -player
game if for eachi=1,..., N

TN (@) = inf I (™ ).
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Let us now introduce the functional
T . . .
JN(t,z, o) :=E V [L(XP"(s), o (s, X5%)) + FNU(XE®)]ds + GVH(XET) |, (1.20)
t

where

X2 (s) = a; + / ) / FXE(07), €, (r, XEP)N(dr, d€) s € [t T).
t =

1]

We work under hypotheses that guarantee the existence of a unique maximizer o*(x, p)
defined in (1.11). With this notation, the Hamilton-Jacobi-Bellman system associated to
the above differential game is given by System (HJB) of Section 1.1:

—%N’i(t, x) — Z;VZL ot a*(xj, AINI) AT N H (25, Al = FNA (),
vV(T ) = GNi(x).

This is a system of Nd" coupled ODE’s, whose well-posedness for all 7' > 0 can be proved
through standard ODEs techniques, because of the Lipschitz continuity of the vector fields
involved in the equations.

We are now able to relate System (HJB) to the Nash equilibria for the N-player game
through the following

Proposition 1.3 (Verification Theorem). Let v™N'¢, i =1,..., N be a classical solution to
System (HIB). Then the feedback strategy vector a™¥* = (ab*, ..., a™N*) defined by

o (t, ) = o (x, ANt x)) i=1,...,N, (1.21)

is the unique Nash equilibrium for the N -player game and the v™N''’s are the value functions

of the game, i.e.

Wit @) = IV (he,a) = inf I (@, [ ). (1.22)
(S

Proof. Let 3 € A be any feedback and X%® the corresponding solution to (1.17), given
the strategy vector [aV*~%; 8]; denote for simplicity X = X»*. Fixing i € {1,...,N},
because of the uniqueness of the maximizer in (1.11), we have

v Vi d o
S Y agltiay, AV AN )],
JFiy=1

+ B(t, ) - ANt ) + Lz, Bt ) + FNi(x) >0,

for any t,x. Applying first It6 formula (Theorem I1.5.1 in [72], p. 66) and then Lemma 3
in [24] and the above inequality, we obtain

UN’i(taw) =E [UN,i(T7 Xr)— tT (;}N7i(8,Xs)dS]
N T ' |
_ ZE[/t / [UN,Z(Xl(S), o XG(s) + F(XG(s),6, [N~ B](s, Xs)), - - - L XN(9))
=1

—oMi(X)] V(df)ds]
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) T Nyi
el [ (2 x,
¢ ot

+> (s, Xg) - ANV (s, Xo) + B(t, X) - Aot X5>> ds]
JF#i

<E

) T )
GNYT, Xr) +/ (L(Xi(s), B(s, X)) + FN’Z(XS)> ds]
t
= JN(t,x, [T B]).
Replacing 8 by o®* the inequalities become equalities. ]

Remark 1.4. It is important to observe that the solution v to (HIB) is uniformly
bounded with respect to N. Namely, there exists a constant K > 0 such that

sup |[v™'(t,2)| < K,
zexN

where the constant K is independent of N, i and t. This and (1.5) immediately imply
an analogous bound for |AWN:i(t,x)|: it is for this reason that the only local regularity
(assumptions (H1) and (RegH)) for H(x,p) with respect to p is enough for getting the
convergence and the well-posedness results.

We are interested in studying the limit of System (HJB) as N — 400 under symmetric
properties for the N-player game. Namely, we assume that the players are all identical and
indistinguishable. In practice, this symmetry is expressed through the following mean-field
assumptions on the costs:

F¥(x) = F(x;,mg™),

(M-F)
GNi(x) = G(xi, md),

T

for some F' and G : ¥ x P(X) — R. An easy but crucial consequence of assumptions (M-F)
and the uniqueness of solution to System (HJB) is that the solution vV of such system
enjoys symmetric properties:

Proposition 1.5. Under the mean-field assumptions (M-F), there exists v™ : [0,T] x
YN 5 R? such that the solutions v\ to System (HIB) satisfy, fori=1,...,N,

oVt ) = oV (t @, (1, - T, Tig 1y ZN)), (1.23)
for any (t,x) € [0,T] x X, and the function

SV s (g, yn—1) = 0N (G x (yn, - yN—1))
is invariant under permutations of (y1,...,Yn—1).

Proof. Let @ be defined from x after exchanging x; with x;, for j # k # i. Because
of (M-F), we have that FNi(z) = FN¥(&) and GNi(x) = GM¥(2) and thus, by the
uniqueness of solution to (HJB) we conclude vV (¢, ) = v™Vi(t, &). O

The above proposition motivates the study of a possible convergence of System (HJB)

to a limiting system, by analyzing directly the limit of the functions v*V.
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1.2.4 Mean field game and master equation

The mean field game describes the limit for N — +oo of the N-players dynamics when
they play the Nash equilibrium strategy. Here we illustrate it heuristically, assuming
the empirical measure of the process corresponding to the Nash equilibrium obeys a
Law of Large Numbers, i.e. it converges to a deterministic flow of probability measures
m:[0,T] — P(X).

The resulting dynamics for N — +oo is characterized by a continuum of i.i.d. players
in which the representative agent (also referred to as reference player) evolves according to

X(#) :Z—|—/Ot/Ef(X(s_),f,a(s,X(s‘)))/\/(ds,d&), te[0,T], (1.24)

where the law of the initial condition Z is mg and A is a Poisson random measure with
intensity measure v defined in (1.3). The controls are in feedback form, i.e. they belong to
the space of measurable functions « : [0,7] x ¥ — A. The associated cost is

J(a,m) :=E VOT [L(X (1), a(t, X () + F(X(t),m(t))] dt + G(X(T),m(T))| . (1.25)

The reference player thus faces the following problem:

(i) the player controls its jump intensities ay, : [0, 7] x ¥ — [0,400), y € X, via feedback
controls depending on time and on his/her own state;

(ii) for a given deterministic flow of probability measures m : [0, 7] — P(X), the player
aims at minimizing the cost (1.25);

(iii) denote by a™"™ the optimal control for the above problem, and let (X™*™(t)).c(0,1]
be the corresponding optimal process. The above-mentioned Law of Large Number
predicts that the flow (m(t)).cjo,r) should be chosen so that the following consistency
relation, known as mean field equilibrium condition, holds:

m(t) = Law(X ™" (t)) (1.26)
for every t € [0, T7.

In literature, such limit dynamics is described by the celebrated mean field game system,
whose unknowns are two functions (u, m). The equation in u describes the dynamics of the
value function of the reference player, which optimizes his/her payoff under the influence
of the collective behaviour of the others, while the equation in m describes the evolution
of the distribution of the players. In our discrete setting the mean field game system takes
the following form of a strongly coupled system of ODEs:

—gpult,x) + H(x, A*u(t,x)) = F(z,m(1)),

dma () = X, my (8 (y, Avult, y)),
u(T,z) = G(x,m(T)),

my (tO) = Mg.,0,

(MFG)

with a*(z,p) defined in (1.11) and w,m : [0,7] x ¥ — R. A solution (u,m) to (MFQG)
can be seen as a fixed point of the following procedure, which indeed mimics the problem
faced by the representative agent described above: starting with a flow m, solve the first
equation - the backward Hamilton-Jacobi-Bellman equation for u - which yields a unique
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optimal feedback control a™™ for the given m; then, impose that the distribution of the
player’s corresponding dynamics (1.24) is exactly m, giving the second equation - the
forward Kolmogorov-Fokker-Planck (KFP). As a consequence, for a solution (u,m) to
(MFG), we have

J(a,m) < J(B,m)
for any admissible feedback g, where a(t,z) = o*(x, A%u(t,z)), and the mean field
equilibrium condition (1.26) holds.

As already mentioned, recently in [15] a new technique involving the so-called master
equation was introduced to rigorously justify the passage from symmetric N-player
differential games to mean field games. Generally speaking, the master equation summarizes
all the information needed to find solutions to the mean field game: System (MFG) provides
the characteristic curves for (M) (see Section 1.5 below). Indeed, U (ty, z, mo) := u(to, x)
solves (M), (u,m) being the solution to the mean field game system (MFG) starting
at time top up to time 7', with m(t9) = mg. Moreover, in the Introduction we already
motivated heuristically the convergence result of System (HJB) to the master equation
(M). As it will be clear from the convergence argument, all that is needed is the existence
of a regular solution to (M).

To be specific on the needed regularity, we conclude this section with the definition of
regular solution to (M).

Definition 1.6. A function U : [0,T] x ¥ x P(X) — R is said to be a classical solution
to (M) if it is continuous in all its arguments, C' in t and C' in m and, for any
(t,z,m) € [0,T] x ¥ x P(X), we have

_%7(1}] + H(.’I,‘, AIU) - fE DmU(tﬂ x,m, ?J) : @*(y, AyU(tv Y, m))dm(y) - F(LL‘, m)7
UT,z,m)=G(x,m), (r,m)eX xP().
In particular,
A®U(t,z,-) : P(%) — RY
is bounded and Lipschitz continuous, and
D™U(t,x,-) : P(¥) — R4

s bounded.
Moreover, we say that U is a regular solution to (M) if it is a classical solution and
D™U(t,x,-) is also Lipschitz continuous in m, uniformly in (t,x).

Let us observe that in the master equation we could replace D™U(t,z,m,y) by
D™U(t,z,m,1), thanks to property (1.8) of the derivative. Under sufficient conditions,
we will prove in Section 1.5 the existence and uniqueness of a regular solution to (M).

1.3 The convergence argument

In this section we take for granted the well-posedness of the master equation (M) and
focus on the study of the convergence. We give the precise statement of the convergence
in terms of two theorems: the first one describes the convergence in average of the value
functions, while the second one is a propagation of chaos for the optimal trajectories.
For any i € {1,...,N} and z € X, set
d d d d
wVi (tg, z,mp) = Z Z Z Z vN’i(to,w)Hmo(a:j),

r1=1 Ti—1=1lz;41=1 rzy=1 VE
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where @ = (1,...,zy), and

W™ (to, -, mo) — Ulto, -, mo MLt (o) : Z [w* (to, 2, mo) — U (to, &, mo)|mo ().

The main result is given by the following

Theorem 1.7. Assume (H1) and that (M) admits a unique reqular solution U in the
sense of Definition 1.6. Fizx N > 1, (tg,mg) € [0,T] x P(2), € ¥V and let (vV);=1 N
be the solution to (HJB). Then

Z’U to, U(to,l‘i,miv”

IN

g

(1.27)

[[w™N (to, -, m0) — U(to, -, m0)| |11 (1mg) < (1.28)

n (1.27) and (1.28), the constant C' does not depend on i, tg, mg,  nor N.

As stated above, the convergence can be studied also in terms of the optimal trajectories.
Consider the optimal process Y; = (Y1(t), ..., Yn(t))tcpo,1] for the N-player game:

—zi+ [ /Zy Yils ™) Lo, (o, ((E)NG(ds, d€), t€[0,T]  (1.29)

where a;(t Y;) is the optimal feedback, i.e. aé(t,y) = [a*(yi, AN (¢, y))],. Moreover,
let X; = (X1(t),... ,XN(t))te[O’T] be the i.i.d. process solution to

Xu=zi+ [ [ 3= Fl Doz (@M d0), te0T] (130)

with & (t, X,) := [a* (f(i(t),AIU(t,)N(i(t),Law(f(i(t))))]y. We remark that

Law(X;(t)) = m(t),
with m the solution to the mean field game.

Theorem 1.8. Under the same assumptions of Theorem 1.7, for any N > 1 and any
ie{l,...,N}, we have

<CN~3s (1.31)

E [ sup |Yi(t) - X,(t)|
t€[0,T]

for some constant C' > 0 independent of mg and N. In particular, we obtain the Law of
Large Numbers
E | sup ]m%) —m(t)|| <CON78. (1.32)
te[0,T
Note that the supremum is taken inside the mean, giving the convergence in the space
of trajectories. For this reason, we have a slow convergence of order N~/ coming from a
result in [90] about the convergence of the empirical measures of a decoupled system (c.f.

Lemma 1 below). Instead, if the supremum is taken outside the mean, the convergence
would be of order N=/2, thanks to a result in [59].
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1.3.1 Approximating the optimal trajectories

The first step in the proof of these results is to show that the projection of U onto empirical
measures ‘ ‘
uNi(t, @) = U(t, 2, mY) (1.33)

x

satisfies the system (HJB) up to a term of order O(3;). The following proposition makes
rigorous the intuition we already used in the heuristic derivation of the master equation
(M). In what follows, C' will denote any constant independent of i, N, mg,x which is
allowed to change from line to line.

Proposition 1.9. Let U be a reqular solution to (M) and v (t, z) be defined as in (1.33).
Then, for j # 1,

o 1 ) .
NNt @) = e DU (b i my @) + 70 (1 @), (1.34)

where TV4 € CO([0, T) x BNV RY), |7V < 7(N91)2.

Proof. Observe first that [AJu™(t,x)],, = 0 = [D™U(t, zi,my 7;)]z; by definition, so
we set, [TV (¢, x)]z; = 0. Consider then h # x;: (ATt )], = Ut 2, 57— > ktinj Oyt

N,i)

ﬁ&h) — U(t,x;,mg ") by definition. By standard computations we get

1 1 Ni
U (tvxu N_1 k;j Oz, + N—ldh) —U(t, @, mg")

= (t, Zi, mfvv’l + m(éh - 6$J)) - U(t, L, mi\m)

U
= /7 {DmU(me\fﬂ + 8((5h — 5$j)7xj):|hd3
= /07— ( [DmU(m]wVﬂ + s(op, — (ij),xj)}h + [DmU(m]q:Vvaj)}h

— {DmU(miV’i, xj)}h ) ds

= [Pz,

+ /ONl_l ([DmU(mev’i + 5(0n — 5a:j)vxj)]h B [DmU(mg’i’xj)}h) ds

1 ; 1
— DM oy N
N—l{ U(t, i, my x])]h—i-O((N_l)Q),

where the last equality is derived by exploiting the Lipschitz continuity in m of D™U

1

/0m ([D’”U(miv’i + s(op, — 51’j)7 :Uj)}h B {DmU(me’“’V’i’ xj)h) ds

co [ basofa-o{irty)

For every component h of DU we proved the assertion of the proposition, and thus the
same holds for the whole vector. O

8((5h — 5:53)
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In the next proposition we show that the u""’s almost solve the system (HJB):

Proposition 1.10. Under the assumptions of Theorem 1.7, the functions (uN’i)i:L“_7N
solve

{—8“N’i (t, ac)—ZéV:L #ia*(mj, AIuNIY - AN H (5, ANt = FN (@) 40Vt @)

ot
uNA(T, @) = Gla, my ),
(1.35)
with vVt € CO([0,T] x BN), ||| < €.

Proof. We know that U solves

—0U + H(‘T7 AwU) - / DmU(t’ €, mvy) ’ Oé*(y, AyU(t7y’m))dm(y) = F(l’,m),
b

and U(T,z,m) = G(x,m). Computing the equation in (t,z;, ma"') we get (we omit the
in o* for simplicity)

— U (t, x4, mb ") + H(2i, AU (t, 25, mi "))
= [ DU mYy) - ol AUty md ) dmd () = Flai,md),
N

with the correct final condition u™(¢, &) = U(T, z;, mY") = G(xs, mh"). By definition of
empirical measure we can rewrite

—0,U (t, z3, mYY) + H(zs, AU (t, 2, mY?))

N

1 . . .

N X DU mmt ) - aley, AUt @, mi) = PNV ().
j=1j#i
Thanks to Proposition 1.9, we have
1 N A .

N—-1 Z D™U(t, i, m:]cv’lﬁ ;) -z, AU (t, zj, mi\m))

j=Li#i
N . . .
= Z AJuNﬂ(t, x) - oz, A°U(t, xj, miv’l))
j=Lj#i

N
B Z TN’ivj(ua:)'O‘(xﬁAxU(t?xj?mﬁcv’i))
J=1,j#1
= 1) + 2).

For the first term we add and subtract the quantity a(z;, A*U(t, z;, mi)):

1) = ZAjuN’i(t,a:) oz, AﬁU(t,xj,méV’i)) — oz, AU (t, x5, mév’j))
J#i
+ Z ANt x) - a(z;, AxU(t,:L'j,mch’j))
J#i
= (4) + (B).
For (A) we have, using first the Lipschitz continuity of o with respect to the second
variable and then the Lipschitz continuity of A*U with respect to m:

(A) < 3 ANt @) - (ATT(E, 2, md ) — AU (t 25, mA))
J#i
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< C Y NATUM| - mght — mg|
J#i
C N C
< A] N, < —
< o Dl < O
J#i
where the last inequality is a consequence of (1.34) and the uniform bound on ||[D™U||
for the solution to (M). Part (B) of 1) is instead what we want to obtain in the equation

for ™V, so we leave it as it is.
For the term 2), we simply note that « is bounded from above by definition, and thus

the whole term 2) is also of order O (%) O

The central part of the proof of convergence is based on comparing the optimal
trajectories associated to v with the ones associated to u’»'. Hence, consider the
processes

Xi(t) = Z; + t Y (- Xi(s7)) 0,41 s, x, ) (&y)Ni(ds, dS), ¢ €[0,T] (1.36)
0 =
—yex

where d;(t, Xy) = [*(X;(t), Alu™Ni(t, X;))],. Observe that the processes X and Y are
exchangeable. For future use, let us also recall the inequalities

C N
‘miv—m?]lv‘ SC’dl(miV,m;V)S N E |zi — vl (1.37)
i=1

for every x,y € XV, where the first inequality comes from the equivalence of all the
metrics in P(X) and the second is well-known for the Wasserstein distance d; (we stated
in (19) in general) The result needed to prove the main theorems is the following

Theorem 1.11. With the notation introduced above, under the assumptions of Theorem
1.7, we have

C
E| sup |Yi(t) - X;(1)|]| < . (1.38)
1t€[0,T] N
[ N N C
E | sup |my(t) —mX(t)’] < < (1.39)
|tef0,1] N
i N,i N,i 2 T\ Ni N i, Ny 2 ¢
E | sup [u(tY) — oM (L YR + [ AN Y) - AV Y[ | <
1t€[0,T] 0 N
(1.40)
iivj\q/\’ﬂ'(o Z) —u™0,2)| < € pas (1.41)
N , 2)| <+ . .

i=1
Proof. In order to prove (1.40), we apply Itd’s Formula to the function

U(t,Y;) = (u™i(t, V) — o™it Y))?,

N
aw(t,¥) = "X S ¥ ) - e, YN (at, de).
j=1

(1]
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where
f,t] — Yl,ta —1,t t+z Y — Y ]Oaj[(é-y)’ J+1ts - "aYN,t ;
yeY
and, as above,

of(t.Y) = [o" (Vi A (1, %)

It follows that
aw(t, ;)
= 2(u™(t,Y;) — o™it V7)) (O™ — N
N
+ Z /H[(uNﬂ(ta i/;]—) - /UN’i<t7 ?;{))2 - (uNJ;(tv }ft*) - UNJ (t, }’2,))2]_/\/;(6&7 df)
=172

Integrating on the time interval [¢,T], we get:
[uN’i (T, YT) — ’UN’i (T, YvT)}2
= [U’N’i(t? Yl'f) - UN’i(u YZ)]Q

T ) ) . )
42 /t (W (s, Ya) — oV (s, Yo)) (00N (s, Ya) — 0p0 (s, Ya))ds
N T . . . A
#3 [ LI T oM 5, V) = (s, Vi) =0 (5, Y ) PG (s, ).
Jj=1 -

For brevity, in the remaining part of the proof we set u} := u’"(t,Y;) and v¢ := v (¢, Y}).
Next, we take the conditional expectation on the initial data Z, denoting

EZ =E[-|Y; = Z].

Note that we are allowed to condition on such event since it has positive probability,
thanks to the bound from below on the jump rates. Applying again Lemma 3 of [24], we
obtain

Zrd o N2 mZi,d 02 ZTz'_z' i oo
EZ[(uy — v})?] = EZ[(uf — vf)?] + 2E [/ (. — o} ) Dyt atvsms]

t

—I—ZEZ V (s, Y) - Aj[(ui—vi)Q]ds].

Let us first study the term EZ [ ftT(ui, — 1) (Opul — atvi)ds}. Applying Equations (1.35)
and (HJB), we get

T . . .
EZ l / (= v}) (B — 8tv§)d3]

t
N

- [/ (ug — U;){ Z (_aj (Vjs, Au) - Aug + o/ (Y, Avl) - Alvg
t

j=1,j#i

+aj-Ajug—aj-Ajui) H (Y, Al) + H(V; g, Alul) — Vi (s, Y)}d]
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Recall that o/ (AJul) =: &. Note that we also added and subtracted o/ - AJu? in the last
line so that we can use the Lipschitz properties of H, a* and the bound on V¥ to get the
correct estimates. Specifically, we can rewrite

T . ) ) )
EZ l/ (ul — v2)(Opul — Gtv;)ds]
t
T , N . . o . o .
:EZ[ / <uz—v;>{ > ((af = ) Al — o - (Adul - A1)
t .
Jj=Lj

=1,j#i

— H(Yis, A% + H(Y; g, Alul) — ™ (s, Ys)}ds] .

Recollecting the above, we find
EZ|[(uf — vp)?]

) ) T ) ) .
= IEZ[(ué — vz)Q]—l— 2EZ[/ (us, — vy)(Opul — 8tv;)d5]
t

+ZEzl/ o (s,Ys) A [(ul —vé)ﬂds]
o mZi(d N2 z T’L’_i al G AIN . AGad T (AT Ada
=E*[(u} — v})?] + 2E /t(us v?) Z((a al) - Alul — o - (ATl Avs))
J#i

— H(Ys, Aivi) + H(Y; ,, A’u’s) - rN’i(s, YS)}ds]

T . o .
FEZ | [Cai(s, ¥o) - All(u — 0}))ds
t

N T o ,
+ EZ [ / ol (s, Yy) - A[(ul — vmds]

i
W20 02 z| [T Iy
= E[(uf — v))") + B V (3. ¥5) - A'[(u} — o) ]ds]

4287 [ [ =) {f:(w —aw-mz—aj.wuz—m)}ds

J#i
T N
+ Z —od - NI[(ul — vl)?]ds
boj#i
T .
+ [ (=)= H (Y5, A'vy) + H(Yis, Alug) — 1™ 1
On the other hand, observing that AJ[(uf —v%)?] = AJ (u? —v?) x (AT (v’ —v?) +2(1 (v —0?))),
X being the element by element product between vectors and 1 = (1,. .., 1), the expression
T N
EZ l/ (uf9 — U;) { Z (—20/ . (Ajué — Ajvf;))} ds
¢ j=1,j#i

/ Z (o - A [(u —v)])ds]

J=1,j#i
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can be simplified as follows

Ezl/tTu — ! { g: ( 207 - Ajui—Ajvz)>)}ds

J=15#1

/ Z (of - A [(u v)])ds]

J=1,j#i

N
> w2 [7 {200 i - o

j=1,5# t
ol (A (u], — vl) x (A (ul — o) +2(1(uf — o)) } ds]

Z EZ l/ (A (ul — Ué))zdsl :

Jj=1,g#1

Thus, we have found

0 =EZ[(u} — v

N
~w7h -2 | [T - S (@ - ang)

j=1j#i

- H(Y;,& sz;) + H(E,s; Alué) - TNJ’(Sa Y;‘) }dsl

T . . .
+RZ / 0l (s,Y,) - A[(ul — v')2]ds
t

N T
+ Z EZ [/ o - (A (ul —vé))ZdS] .

=1

Now, using again the expression for A?((u’ — v?)?),
T o .
E? [/ a'(s,Y) - A'f(ug — v;ﬂdsl
t
T | o ,
= E? / (5, Ys) - (A'(ug — vy))?ds
t

+E?

T o ) ) )

/ ai(s, Ya) - (Al(ul — vb) x 2(1(u — U;)ds] ,
t

so that we can rewrite the previous as

EZ[(ul — ul) +ZEZ [/ (A (ul — v ))st]

T ‘ N . . o .
:—QEZ[ / <u;—v;>{ S (o — &) - Alul) — H(Y; 0, A'v)

=15

H(Y;,, Aluzs) — TN’i(S, Ys)}ds]

_g* [ [ e, ¥ (80— ) 2000 v;mds] .
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Recalling that o/ > 0 (since it is a vector of transition rates), we can estimate

EZ[(ul — v))?] + ZEZ[/ (A (ul = ))st]
< 2IEZ[ r ; { ol — &I .Ajui
<27| [ |G

+ | H (Vi A'E) = H(Y,5, Al

T
+2EZV
t

This also implies, erasing the terms with j # 4 in the left hand side,

i
Uy — U

+ ‘TN’i(S,i’s)

f
J

0! (5, Ys) - A (ul — v

) 7
Ug — Vg

Zi, i 02 VA Ti_ . 2
EZ[(uf — v})%] + B V @l (A} - o}) ds]

t

{Zy i ad).

JF#i

§2Ezl u —vy

+ | H (Y, AT0)) = H(Yis, Al }ds]

+2EZVTU — ! ds].

For the boundedness of o from below and above (recall that the admissible controls « are
such that o € A = [k, M]?), we get

2

ds]

% _j 7
5{2\ ) - A

+ M5, 5

(5, Ys) - A'(ug — v})

EZ[(u; — v)?] + nEZ[ JRINTE

T
< 2E% l/
t
+ ’H(Ym,Aivi) — H(Yi,s,Aiui) + ’TN’i(s,i’s) }ds]
T
+ 2CE? V ds] .
t

We now use the Lipschitz continuity of H and o* (assumption (H1)) and the bounds on
[|rNe]| < % and ||[Adul|| < &||[DMU|| < % proved in Propositions 1.9 and 1.10 to obtain

2
ds]
c X o o o .
{N S [aul - adl] + 0 |ATGE - ul)
j=1,57
ds]

i
Uy —V

(s — v})

7 i
Ug — Vg

A A T, . A
BZ[(uf — 0})?] + kEZ [ | |aid - o)
t
T
§2EZ/
t
T
+2CE? V
t

[ )
Ug — Vg

+§}d5

u — V5| | A (uf = v))
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< Cpz /T|uZ —vll|ds +QZ]EZ /T|u — | |AT (u! —v])‘ds
- N t s s N ~—~ t
J#i
T
-I-C'EZ/ |l — (ul — b)) ds|.
t
By the convexity inequality AB < eA? + £= we can further estimate the right hand side

to get

(0 o)+ o | [ a0 -t

2
ds]

+R—ZEZ V IN[CER)

2
ds]

< g—i—C’IEZ /T lul — vl|%ds
= N2 ] s s

By Gronwall’s Lemma, we obtain

2
ds] .

sup EZ[(ul — v})?] 4+ kEZ l/OT ’A’(u?9 —vl)

t€[0,T
N (1.42)
< C—i—iZEZ / ‘A] —v3)2ds .
~— N2 2N ot
Taking the expectation and using the exchangeability of the processes (Yj;)j=1,.n we
obtain (1.40).
In order to derive (1.41), we consider (1.42) in ¢t = 0 and average over i = 1,..., N, so
that we get

C
ZIEZIUNZ(O Z)—o™M0,2)? < =
i=1 NZ
which immediately implies (1.41) almost surely.
We now estimate the difference X; — Y;. Thanks to Equations (1.36) and (1.29) and
the Lipschitz continuity in = and « of the dynamics given by f (see Lemma 2 in [24]), we

obtain

E sup ’Xi,s - Yf,s“|
s€[0,¢]
t . . . .
< CE [ 0 (X, AN (X)) = 0 (¥ A0V (V)| ds}
0

t
+CE U X0 — Vi ds}
0

t T, | . ) )
< CE [ / X, s — Yz-,s!ds] +CE [ / ATN(Y,) = AlNI(Y)| ds]
0 0

ds|

mf;vf —my. ‘ds] ) (1.43)

+ CE {/Ot ‘A‘rU (S,Xi7s,m§f) — AU (s Es,my )

¢
+ CE [/ sup
0 relo,s]

where we applied (1.40) and the Lipschitz continuity in m of A*U in the last inequality.
Applying inequality (1.37) and the exchangeability of (X,Y) to (1.43), yields

C t
< —4+CE / sup |X;, —Yi,|ds
N 0

rel0,s]

E| sup |X;s —Yis|ds
s€[0,t]

C t
<Y icE / sup | X;, — Yiglds|,
N 0 relo,s]
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so that by Gronwall’s inequality we get (1.38). Finally (1.38), applying again (1.37), gives
(1.39). O
1.3.2 Proofs of the main results

We are now in the position to prove the main results.

Proof of Theorem 1.7. For proving (1.27), we just compute (1.41) - which can be derived
for any to € [0,T] when considering processes starting from ¢ - for Z uniformly distributed
on X: this yields

=l Q

N

1 ) )

N E |U(t0al‘i7m]m\[7z) - UN’l(thwﬂ <
=1

Then, we can replace U (tg, x;, mb l) with U(tg, z;,mY) using the Lipschitz continuity of

U with respect to m, the additional error term being of order 1/N.
For (1.28), we compute

lw™(to, -, mo) — Ulto, -, m0)|| 11 (mg) =

d
= > JwMN(to, 25, mo) — Ulto, i, mo)|mo(x;)
:I)iil
d d ‘
=Y > o™it @) [T mola;) — Ut @i, mo)| mo(a:)
Ti=1 |T1, @i —1,Ti4 15, TN =1 J#i
d d ‘ ‘
=Y > vVt @) [T mola;) — o™ (¢, @) [ [ mo(z;))
=1 |T1,0 s Ti—1,Ti415e-, BN =1 J#i J#i
+ui () [] mo(fﬂj)} — Ul(t, z;,mqg)| mo(x;)
J#i
<E[o™(t, Z) =™t Z) 1+ Y WVt @) — Ut i, mo)| T mo(xy),
T1,..., k=1 j=1

(1.44)

where in the last inequality the initial data Z = (Z3,..., Zy) are distributed as my.
By (1.40), the first term in (1.44) is of order 1/N. For the second term we further
estimate, using again the Lipschitz continuity of U with respect to m,

d N
> WMt ) — Ut i mo)| [T mo(z;)
z1,..,sN=1 j=1
d ) N
= Z ’U(tvxiam]mvvz) - U(ta xi7m0)| H ’I’)’Lo(l‘j)
T1,...,eNy=1 j=1

< CE {dl(mg’i,mo)} < i,

VN

where in the last inequality we used that E [dl (mg ,mo)} < \/%, thanks to Theorem 1
of [59], where Z :=(Z;y...,Zn), the Z;’s are i.i.d. initial data, mo-distributed, d; is the
1-Wasserstein distance and mg is the corresponding empirical measure. Overall, we have

bounded (1.44) by a term of order 1/v/N, and thus (1.28) is also proved. O
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Finally, we get to the proof of the propagation of chaos (Theorem 1.8). Recall that
the Y;;’s are the optimal processes, i.e. the solutions to system (1.29), the X;;’s are the
processes associated to the functions uV*%, i.e. they solve System (1.36), while the Xi,t’s
- to which we would like to prove convergence - are the decoupled limit processes (they
solve system (1.30)). First, we need the following lemma, whose proof can be found for
example in [90]:

Lemn}a 1.12. Let Xt = (Xz',t)iel,.._,N be N i.i.d. processes with values in R, with
Law(X;¢) = m(t). Then

E | sup ’m —mt‘
t€[0,T

<CE [ sup dl(m];z’i,mt)] < CN™Y9. (1.45)
te(to, T ¢

Proof of Theorem 1.8. The assertion of the theorem is proved if we show that

Elsup X — Xif]| < ONTVP. (1.46)

te[0,7)

Indeed, by the triangle inequality and (1.38) in Theorem 1.11 we can estimate

sup |Yi:— Xidl| +E

te[0,7)
< C(N"L4 N9,

E| sup |[Vii— Xig|| <E
te[0,T

sup | X — Xi,t|]
te[0,T]

We are then left to prove (1.46). As in the proof of (1.38), we have

p(t) :=FE l sup | X s — Xw’}
s€[0,¢]

t

o (X, AN (X)) = 0 (Xis, AU (s, Xis, m(s)))| ds

+/)X,S— s 1

*(Xiyor ATU(r, X0, mx) = 0 (X, ATU (s, X5, my"))| ds
+/ ‘Xzs - zs

0 (Xig, AU (s, Ky.eymA)) — oz*(f(i,s,A’”U(s,f(i,s,m(s)))’ds] .

<E
|

<[

+

X5

0

By the Lipschitz continuity of the optimal controls, and of A*U, we can write

t
t) < C/ E [|XZ-,S — X+ ’m
0

t
gc/ﬂ«:
0

Using (1.45) of Lemma 1.12 and the exchangeability of the processes, we obtain

<C’/ sup \X”—X ]+ E[sup |X,ﬂ)~(-7r|] ds
( |j€[05 N - Z rel0,s] ! !

j#i

m(s) H ds

. 1 - .
Xis = Kis| + = D [ X = Xyl + [my" = m(s)|| ds.
N-1% ’
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|

t
SC/ p(s)ds + CN~°,
0

+ CE l sup mivz’i —m,
rel0,7] "

which, by Gronwall’s Lemma, concludes the proof of (1.31). Finally (1.32) follows from
(1.31) and (1.45), using also (1.37). O

1.4 Fluctuations and large deviations

The convergence results, Theorem 1.7 and 1.8, allow one to derive a Central Limit Theorem
and a Large Deviation Principle for the asymptotic behaviour of the empirical measure
process of the N-player game optimal trajectories. First of all, we recall from Proposition
1.5 that, for any i, the value function vV of player i in the N-player game is invariant
under permutations of (z1,...,%;—1,%it1,...,2xx). This is equivalent to say that the value
functions can be viewed as functions of the empirical measure of the system, i.e. there
exists a map V¥ : [0,T] x ¥ x P(X) such that

o™it ) = VIV (t, 2, mE) (1.47)

T

forany i =1,...,N,t€[0,7T] and = € V.

1.4.1 The empirical measure process

We consider the empirical measure process of the optimal evolution Y - defined in (1.29) -
of the N-player game. If the system is in @ at time ¢, then the rate at which player ¢ goes
from x; to y is given, via the optimal control, by

v (w4, AVt z, m ) = Fi\;y(t,mfcv), (1.48)
i.e. by a function 'V which depends only on the empirical measure m2 and on the number
of players N.

Thus the empirical measure of the system (my )iejo 77, mi’ := mg (t) = + SN OY;4s
evolves as a (time-inhomogeneous) Markov process on [0, 7], with values in Sy := P(X) N
%Zd. The number of players in state x, when the empirical measure is m, is Nm,. Hence
the jump rate of m” in the direction %(5@, — 0,) at time ¢ is Nmzl“i\fy(t, m). Therefore

N

the generator of the time-inhomogeneous Markov process m'' is given, at time ¢, by

£gm) = N 32 e, i.m) 9 (m+ 56, -6)) —gtm)] . (119)
z,y€

for any ¢ : Sy — R. Theorem 1.8 implies that the empirical measures converge in L'
- on the space of trajectories D([0,T]; P(X)) - to the deterministic flow of measures m
which is the unique solution to the mean field game system, whose dynamics is given by

the KFP ODE
{jtm(t) = D(t,m(t))m(t)

- 0) o (1.50)

where I' is the matrix defined by

Ly y(t,m) := o (2, A*U(t, 2, m)) (1.51)
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and U is the solution to the master equation. Viewing m(t) as a Markov process - and so
we will write m; in this section -, its infinitesimal generator is given, at time ¢, by

Lig(m) == Z mal'zy(t, m)[D™g(m, z)], (1.52)
T,YyeX

for any g : P(¥) — R. Thanks to (1.8), the generator can be equivalently written as

Lig(m) = Z MLy (t,m)[D™g(m, 1)], = m'T(t,m)D™g(m, 1). (1.53)
T,YyeX
In order to prove the asymptotic results, we will also consider the empirical measure
of the process X defined in (1.36), in which each player chooses the same control I'; ,
independent of N. We denote by n}¥ := % Ef\il dx,(t) the empirical measure process of
X, whose generator is given, for any g : P(¥) — R, by

Mivg(m) =N Z mgL'y 4 (t,m) {g (m + %(51, — 535)) — g(m)} ) (1.54)

z,yex

1.4.2 Central Limit Theorem

A natural refinement of the Law of Large Numbers (1.32) consists in studying the fluctua-
tions around the limit, that is the asymptotic distribution of miv — my.

This can be done through a functional Central Limit Theorem: we define the fluctuation
flow

P = VNmY —my), telo,T], (1.55)

and study its asymptotic behaviour as N tends to infinity. We follow a classical weak
convergence approach based on uniform convergence of the generator of the fluctuation
flow (1.55) to a limiting generator of a diffusion process to be determined; see e.g. [37]
for reference. Before stating the theorem we observe that the process (1.55) has values in
Py(X), which in the following we treat as a subset of R

Theorem 1.13 (Central Limit Theorem). Let U be a regular solution to the master
equation and assume (H1). Then the fluctuation flow p)Y in (1.55) converges, as N — +00,
in the sense of weak convergence of stochastic processes, to a limit Gaussian process py
which is the solution of the linear SDE

_ f
{dpt (Dt ma) oo+ b(t, 7, p0) ) dt + o (¢, my)d B, (1.56)

po = p,
where p is the limit of plY in distribution, B is a standard d-dimensional Brownian motion,
I is the transition rate matriz in (1.51), b € R? is linear in p and defined, for anyy €
and p € Py(X), by
b(t,m, i)y =Y mg [D™Tay(t,m,1) - ], (1.57)
zeX

and o € R s given by the relations

(02)x7y(t, m) = —(mgl'y y(t,m) + myl'y o (t,m)), forz #y, (1.58)
(02)%1(15, m) = Z(myfyyx(t,m) +mgI'y (8, m)). (1.59)
y#x

In particular the matriz o is the opposite of the generator of a Markov chain, is symmetric
and positive semidefinite with one null eigenvalue, and the same properties hold for o,
meaning that p, € Py(X) for any t.
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Proof. The key observation is that we can reduce ourselves to study the asymptotics of
the fluctuation flow

pr = VN —my), (1.60)

which is more standard since 7}, whose generator M is defined in (1.54), is the empirical
measure of an uncontrolled system of N mean-field interacting particles. Indeed, by (1.39)
we have that v/ N(m" —n) tends to 0 almost surely as N goes to infinity.

Thus, it remains to prove the convergence in law of (1.60) to the solution to (1.56).
The convergence of 1 (and p{’) to the initial condition p follows from the Central Limit
Theorem for the i.i.d. sequence of initial conditions Z; in systems (22) and (28). Then, we
compute the generator of (1.60) for ¢ > 0. We note that )" is obtained from n{¥ through
a time dependent, linear invertible transformation ®; : Sy — Py(X) C RY, defined by

D,(0) := VNI — my),

with inverse ®; (y) := my + ﬁ Thus, the generator H}¥ of (1.60) can be written as

0 g0 (@) (1)), (1.61)

Y g(n) = Mg 0 BY(@; (1) + 1|

for any g : Py(X) — R regular and with compact support (we can extend the definition of
g to be a smooth function in the whole space R?, so that the usual derivatives are well
defined). We have

2190 ®(@; (1) = ~VNVug(s) - m
- Wy 2

T, YyeD 8/Ly

= —\/Nvug(u) . (F (t,mt)T mt)

Q(H)Fx,y(ta me) (Mt )z

where the second equality follows from the KFP equation for m;. For the remaining part
n (1.61), we have

1

/\/l [go®(P, =N Z (mt—i_\/N)xe’y (t,mt—i—m)x

z,yeX

x{[go@d(mt—i—\/» N(5 5))—[go¢>t]<mt+\/uﬁ)}
o )l )l -0 )

z,YyeX
Thus, we have found

=3 5 (ot ) P (om0 oo+ ) )

z,yeX

~-VN Y aiyg(u)Fz,y@,mt)(mt)w-

T,YeEX

In order to perform a Taylor expansion of the generator, we first develop the term

g <u + \}N(% - 5x)> —g(p)

= Va0 By ) + 58y — 8 D)3y — 60
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Substituting, we get

H'g() = VN 5 (it f?v)r (o + 2 ) Vil (6, = 82

z,yex

4= m;ﬁ (mt + \/NLF oy (t my -+ \/HN> (8 — 62)1 D2,,9(1)(8, — 6.
- \FEE:E Tyg Ty y(t,my)(my)g + O <1N) .

Now, we note that

Z (mt + \/MN>$ Izy (t,mt + \;LN> Voug(p) - (0y — 6z)

T,YyeX
- 5 (e ) o ) o

z,yex

since Zy I’y = 0. This property allows us to rewrite

W) = 3 ey (tmi+ ) 5ol)
+VN gejz(mt)maag(u) o ]
+3 3 (ot 7 Tow (e ) 60 =007 Dlaatis, — 00
+0(%)-

Then, using the Lipschitz continuity of I' as we did in Proposition 3, we linearize the term

1 1
F%y (t, mye + — mey(t, mt) = 7Dszyy(t, me, 1) w40 (N) .

L
) 7w

We thus deduce that

lim sup  sup [N g(n) — Heg(u)| =0
N—=r+004¢[0,T] pePy(%)

. 1
for any g, the convergence being of order TN where

0

3 m
Htg Z /Lw 7y t mt ‘|‘ Z mt D Fm,y(ta mtal) ':U'] 8790‘)
z,Y€D T,yeX Hy
(1.62)
1
+ 5 g (mt)x Lay (t,me) (5 — 0z )TD;WQ( )(5?,! — 02).
x,yc

The proof is then completed if we show that the generator (1.62) is associated to the SDE
(1.56).
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The drift component can be immediately identified, since

S ey () grgte) = (Cmo) ) - V),
z,yed

and
52 (s DTyt 0, 1) 1] 57— gl0) = btor) - Vo)
T, Yyen Y

For the diffusion component, we first note that, for each z,y € X,

2 82 82 32 82
(Oy = 02)" Dy g (1) (6y — 6z) = 8Myuyg(u) + aWgcg(u) - 8uxuyg(“) - 8Mymcg(u),
so that
B Z m pug(u)(éy - 5m)(mt)xrm7y(tvmt)
AT
82 82 82
=35 — - M) el g o (T, M),
93%2 a:“’yru’y 8”%“969(’“) 8Nxﬂyg(u) a,U«y/icz:g(u) ( t) ,y( t)
which is equal to
(o2, m) D200 = £ 3 (02 me) )y ()
2 s 2 z,yes o Y Optapry ’

if we define (02), yex by the relations (1.58) and (1.59).

Finally, we observe that the limit process p; defined in (1.56) takes values in Py(X), as
required. Indeed, by diagonalizing o2 - which is symmetric and such that its rows sum to
0 - we get that all the eigenvectors, besides the constant one relative to the null eigenvalue,
have components which sum to 0 (by orthogonality). The same properties hold for the
square root matrix o, so that Equation (1.56) preserves the space Py(X). O

1.4.3 Large Deviation Principle

We state the large deviation result, which is a sample path Large Deviation Principle
on D([0,T]; P(X)). To define the rate function, we first introduce the local rate function
A:R — [0, 4o00],
rlogr—r+1 r >0,
A(r) =11 r=0, (1.63)
+00 r < 0.

For t € [0,T], m € P(X) and pu € Py(X), define

A(t,m, p) 1nf{ Z My wytm)\<r oy ):qwzo,

= wy(tsm)
yex (1.64)
Z Gy (6 =p Vaz, y}
z,yex
and set, for v: [0,7] — P(X),
I(y) = fOT A(t,~y(t),~(t))dt if v is absolutely continuous and v(0) = myg (1.65)
e 400 otherwise. '
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We are now able to state the Large Deviation Principle. We equip D([0,T]; P(X))
with the Skorokhod Jj-topology and denote by B(D([0,T]; P(X))) the associated Borel
o-algebra.

Theorem 1.14 (Large Deviation Principle). Let U be a regular solution to the master
equation and assume (H1). Also, assume that the initial conditions (m{\)nen are deter-
ministic and lim mév = myg. Then the sequence of empirical measure processes (mN)NeN
satisfies the sample path Large Deviation Principle on D([0,T]; P(X)) with the (good) rate
function I. Specifically,

(i) If E € B(D([0,T]; P(X))) is closed then

- < - .
hm]?up ~ logP(m € E) ;rele {I(v)}. (1.66)

(ii) If E € B(D([0,T]; P(X))) is open then

hmlnf— logP(m™ € E) > — 1njfE {I(v)}. (1.67)
e

(iii) For any M < +o0o the set

{y e D([0,T]; P(X)) : I(y) < M} (1.68)

s compact.

We remark that the initial conditions are assumed to be deterministic only for simplicity,
otherwise there would be another term in the rate function I. Before proving Theorem
1.14, let us give another characterization of I. For m € P(X) and 6 € R?, define

U(t, m,0) me zy(t,m) { 0-(6y— “”)—1} (1.69)

and let A be the Legendre transform of W:

Ao(t7 m, :U’) = sup [0 CH— \I](tv m, 0)] . (170)
feRr4

Define I° as in (1.65) but with A replaced by A°. Via a standard result in convex analysis,
Proposition 6.2 in [54] shows that A = A? and then I = I°.

Several authors studied large deviation properties of mean field interacting processes
similar to ours. However, most of them deal with the case in which the prelimit jump
rates, mY TV, are constant and equal to the limit rates m,I'; see e.g. [80], [94] and [93].
We mention that in this latter paper, as in many others, it is also assumed that the jump
rates of the prelimit process are bounded from below and away from 0; this does not apply
to our case, since the number of agents in a state z could be 0, implying that m.Y FN
might also be 0.

To prove the claim, we apply the results in [54]: to our knowledge, it is the first
paper which proves a Large Deviation Principle considering the jump rates of any player
depending on N (and deals also with systems with simultaneous jumps). Theorem 3.4.1 in
[101] shows, however, the exponential equivalence of the processes m” and the processes
n™ given by (1.54) in which the jump rates of the prelimit system m2Y TV are replaced by
mgI', which does not depend on N; the proof uses a coupling of the two Markov chains.
The results in [54] and [101] are derived assuming the following properties:
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1. the dynamics of any agent is ergodic and the jump rates are uniformly bounded;

2. for each x,y € ¥, the limit jump rates I'; , are Lipschitz continuous in m;

3. for each z,y € ¥, given any sequence m” € Sy such that limy m’ = m,

lim sup \mivfivy(t, m™N) —m, Ty, (t,m)| = 0. (1.71)
N o<t<T ’

Property (1) holds in our model since the jump rates of any player belong to [x, M], while
(2) is true because of the regularity of the solution U to the master equation.

Proof of Theorem 1.14. The fact that I is a good rate function, i.e condition (iii), is proved
for instance in Theorem 1.1 of [53]. Due to Theorem 3.9 in [54], in order to prove the
claims (i) and (ii), it is enough to show (1.71). Actually [54] studies time homogeneous
Markov processes, but their results still apply in the non-homogeneous case if one proves
the uniform in time convergence given by (1.71).

Let z,y € ¥, m" =ml € Sy, x = (21,...,2y5) € &Y and mY — m. Then

[my 1T, (t,my) — mzfa:y(t m)| < [[mY T8, (6, my) — [mY Ty (t, my))]
+ | mm " Ly(t,miv) —mxfxyy t,m) | = A+ B.

The first term goes to zero, uniformly over time, thanks to (1.27):

A= le{w Yy (g, AV (25, m — —Zﬂ{mz_w}a (25, AU (t, x5, mY))

=1

1 it N N z N
§C’N;‘AV (t,zi,my ") — AU (t, x5, my, )

1S v NNe
< C sup —Z‘v ”(t,a:)—U(t,xi,mw)) SN'

zexN
While B converges to 0, uniformly over ¢, for the regularity of U:
= ’ z, AU (t,z,mb)) — *(az,AxU(t,x,m))‘
<ay (a? AIU(t z,mIN|[m]e — me| + Clmg || AU (t, 2, mY) — ATU(t, 2, m)|
< C’mw - m‘:

which tends to 0 by assumption. O

1.5 The master equation: well-posedness and regularity

In this section we study the well-posedness of Equation (M) under the assumptions
of monotonicity and regularity for F,G, H we already introduced (Mon), (RegFG),
(RegH). A preliminary remark is that, thanks to Proposition 1 in [61], if H is differentiable
(and this is indeed the case of our assumptions) then

ay(y,p) = —aixH(y,p)- (1.72)

For this reason, we will in the following use o* interchangeably with —D,H.
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Theorem 1.15. Assume (Mon), (RegFG) and (RegH). Then there exists a unique
classical solution to (M) in the sense of Definition 1.6. Moreover, it is regular.

The proof exploits the renowned method of characteristics, which consists in proving
that
U(to, x,mp) := u(to, x) (1.73)
solves (M), u being the solution of the mean field game system (MFG) with initial time ¢
and initial distribution mg. In order to perform the computations, we have to prove the
regularity in m of the function U (tg, 2z, m) defined above. In particular, we have to show
that D™U exists and is bounded. For this, we follow the strategy shown in [15] - which is
developed in infinite dimension - adapting it to our discrete setting. The idea consists in
studying the well-posedness and regularity properties of the linearized version of System
(MFG), whose solution will end up coinciding with D™U - ug, for all possible directions
to € Py(X). In the remaining part of this section, C' will denote any constant which does
not depend on tg, mg, and is allowed to change from line to line.

1.5.1 Estimates on the mean field game system

We start by proving the well-posedness of System (MFG)

—%u(t, x) + H(xz, A%u(t,x)) = F(z,m(t)),
Gima(t) = Xy my (t)ak (y, Avult, ),
uw(T,z) = G(z,m(T)),
mg(to) = ma.0,
and a useful a priori estimate on its solution (u,m). The existence of solutions follows

from a standard fixed point argument: see Proposition 4 of [61]. Let us remark that any
flow of measures m lies in the space

{m e € (10, ). P(E)) : Im(t) = m(s)] < 2@Vt =51}

which is a compact and convex subset of the space of continuous functions, endowed with
the uniform norm (Lemma 4 of [24]). On the other hand the uniqueness of solution, under
our assumptions, is a consequence of the following a priori estimates. Before stating the
proposition, we recall the notation [[ul[ := sup;¢f, 71 maxzes [u(t, z)|.

Proposition 1.16. Assume (Mon), (RegFG) and (RegH). Let (ui,m1) and (uz, m2)
be two solutions to (MFQG) with initial conditions m1(to) = m{ and ma(to) = m3. Then
[lur — || < Clmg — mg|, (1.74)

[|m1 — mal| §C|mé—m%\. (1.75)

Proof. Without loss of generality, let us set tg = 0. Let u := w1 — ug and m := m; — mo.
The proof is carried out in three steps.
Step 1. Use of Monotonicity. The couple (u, m) solves

—%u(t, x) + H(x, A%ui(t,z)) — H(x, A%us(t,x)) = F(x,my(t)) — F(x, ma(t))
gmit, ) =32, [ma(t, ) (y, AVui (t,y)) — ma(t, y)ad (y, Avua(t, y))]
u(T,z) = G(x,mi(T)) — G(z,ma(T))
m(0,x) = m$ — md.
(1.76)
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Since % Yam(z)u(x) =, m(:c)d—f‘;(x) +>., %—T(a:)u(x), integrating over [0, 7] we have

Z [m(T, x)u(T, z) — m(0, z)u(0, x)]
_ /OT S [H(x, A%uy) — H(z, A%uz) — F(z, my) + F(z, mg)] (ma (2) — mo(x))dt

T
+ /0 ; ; [ma(y)ag (v, Aur) = ma(y)az(y, Auz)] (ui () — ua(z))dt.

Using the fact that Y, ol (y) = 0 and the initial-final data, we can rewrite
> _[Gla,m1) — G(a,ma))(ma(x) — ma(x))

’ T
+/O S [F(z,ma) — F(z,mo)] (my(z) — ma(x))dt
= Z(mé(:c) — m%(w))(ul(o,l‘) - U2(O7x))

R
+ /0 > AlH (x, A%uy) = H(z, ATus)](ma (z) — ma(x))
+A%u - [my(z)a™ (z, A%uy) — ma(z)a™ (x, A%ug)]} dt.

We now apply the monotonicity of F' and G in the first line and the uniform convexity
of H in the last two lines. In fact, recalling that o} (x,p) = —%H(x,p), by (RegH) we
have that, for each z,

H(x,A%u) — H(x, A%ug) — A%u - ng(x’ A%up) < —C7H ATy
d
H(x,A%ug) — H(x, A%uy) + A%u - 6—pH(x, A%uy) < —C7H A%
Hence we obtain

U AT P () + mn (@)t < Clmd — ) - (1 (0) — wa0)). (177)
0

Step 2. Estimate on Kolmogorov-Fokker-Planck equation. Integrating the second
equation in (1.76) over [0,t], we get

t
m(t,z) = m(0, z) +/O > [ma(s,y)ag(y, Avui (s, y)) — ma(s, )y (y, Alus(s, y))] ds.
y
The boundedness and Lipschitz continuity of the rates give
t t
max |m(t, z)| < Clmy — mi| + C/ max |m(s, z)|ds + C/ Z |A%u(s, x)|mi (s, x)ds
z 0o = 0 3

and hence, by Gronwall’s Lemma,

T
|m|| < C|m$ — md| + C/ \/Z |AZu(t, x)|2mq (x)dt. (1.78)
0 x

This, together with inequality (1.77), yields

[Iml| < C(jmg — mi| + [mg — m|"/2||ul|/2). (1.79)
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Step 3. Estimate on Hamilton-Jacobi-Bellman equation. Integrating the first equation
in (1.76) over [t,T], we get

u(t,z) =G(x,m1(T)) — G(z,m2(T))
+ /tT (F(z,m1) — Fz,my) + H(z, A%us) — H(w, A%u,)] ds.

Using the Lipschitz continuity of F, G, H and the bound
max [A%u(z)| < C'max |u(x)l,
x T
we obtain
T T
max lu(t, z)| < Clmi(T) — mao(T)| + C’/ |m1(s) — ma(s)|ds + C/ max lu(s, x)|ds.
t t
Then, Gronwall’s Lemma gives

[lul] < Clml]. (1.80)

This bound (1.80) and estimate (1.79) yield claim (1.75), using the convexity inequality
AB < eA?+ L B% for A, B > 0. Again (1.80) finally proves claim (1.74). O

1.5.2 Linearized MFG system

For proving Theorem 1.15, we introduce the linearized version of System (MFG) around
its solutions and then prove that it provides the derivative of u(to,x) with respect to the
initial condition my.

As a preliminary step, we study a related linear system of ODE’s, which will come
useful several times.

—42(t,x) — (v, A%u) - A%2(t, ) = D™F(z,m(t), 1) - p(t) + b(t, x)
dip(t.x) = 3, pyai(y, AVu) + 32, my (t) Dpai(y, A%u) - AVz + c(t, z)
2(T,x) = D"G(x,m(T),1) - p(T) + zr(x)

p(to,-) = po,

(1.81)

The unknowns are z and p, while b, ¢, zp, pg are given measurable functions, with ¢(t) €
Py(X), and (u,m) is the solution to (MFG). We state an immediate but useful estimate
regarding the first of the two equations in (1.81).

Lemma 1.17. If (RegFG) holds then the equation

—L2(t,x) — a*(z, A%u) - A2(t,2) = D™F(z,m(t),1) - p(t) + b(t, x) (1.82)
has a unique solution for each final condition zp(z) and satisfies
1211 < € [max|zr ()] + ||o]| + [1B]]] (1.83)

Proof. The well-posedness of the equation is immediate from classical ODE’s theory.
Integrating over the time interval [¢, 7] and using that

o (x, A%u) - A%z(t,x) = Z ay (7, A%u)zy (1),
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we find
T T T
z2(t,x) — 2(T,z) — oy (v, A%u)zy(s)ds = D™F - p(s)ds + b(s,x)ds.
s o= [ D"E - ployds |

Substituting the expression for z(T, z), and using the bound on the control and on the
derivatives of ' and G we can estimate

max |2(t, )] < max |27 ()] + C max |p(T, x)|
T T T
+C’/ max|z(s,x)\ds+0/ max\p(s,x)\ds+/ max |b(s, x)|ds
t * t * t *

and thus, applying Gronwall’s Lemma and taking the supremum on ¢, we get (1.83). [

In the next result we prove the well-posedness of System (1.81) together with useful a
priori estimates on its solution.

Proposition 1.18. Assume (RegH), (Mon) and (RegFG). Then, for any (measurable)
b,c,zr, the linear system (1.81) has a unique solution (z,p) € C([0,T];R? x Py(X)).
Moreover it satisfies

2]l < C(lzr] + [1ol] + llell + |pol) (1.84)
[lpll < C(lzr] + (1]l + llell + |pol)- (1.85)

Proof. Without loss of generality we assume {5 = 0. We use a fixed-point argument to
prove the existence of a solution to (1.81). Uniqueness will be then implied by estimates
(1.84) and (1.85), thanks to the linearity of the system.

We define the map ® : C° ([0, T]; Po(%)) — C°([0,7T]; Py(X)) as follows: for a fixed
p € C°([0,T); Py(X)) we consider the solution z = z(p) to Equation (1.82), and define
®(p) to be the solution of the second equation in (1.81) with z = z(p). In order to
prove the existence of a fixed point of ®, which is clearly a solution to (1.81), we apply
Leray-Schauder Fixed Point Theorem. We remark the fact that more standard fixed point
theorems are not applicable to this situation since we cannot assume that p belongs to a
compact subspace of C ([0, T]; Py(X)), since Py(X) is not compact. First of all, we note
that C ([0, T]; Py(X)) is convex and that the map @ is trivially continuous, because of the
linearity of the system. Moreover, using the equation for p in System (1.81), it is easy to
see that ® is a compact map, i.e. it sends bounded sets of C ([0, T]; Py(X)) into bounded
sets of C1 ([0,T]; Py(X)). Thus, to apply Leray-Schauder Theorem it remains to prove
that the set {p : p = A®(p) for some A € [0, 1]} is bounded in C° ([0, 77]; Py(%)).

Let us fix a p such that p = A®(p). Then the couple (z, p) solves

—4o(t,x) — (v, A%1) - A%z(t,x) = A (D™F(x,m(t),1) - p(t) + b(t, z))
Fo(t,) = X2 pyas (v, AVu) + X (32, my () Dy (y, A%u) - AVz + c(t, ) )
2(T,z) = N(D™G(x,m(T),1) - p(T) + zr(z))

p(to, ) = Apo.

First, we note that we can restrict to A > 0, since otherwise p = 0. Therefore, we can use
the equations (for brevity we omit the dependence of a* on the second variable) to get

d

@ Z<t7x)pm(t) - )‘Zp(ta x)[DmF(x, m(t)’ 1) ) p(t) + b(tv x)]
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- sz 2(t,y) — 2(t, )] + D py(t)as(y)z(t, z)
Y
—i—)\Zmyz (t,z)Dpoiy(y) - Ayz-l—)\z t,x)z(t,x).

The second line is 0, using the fact that )" p,(f) = 0 and changing = and y in the second
double sum. Integrating over [0, 7] and using the expression for z(T,z) we obtain

NS pel) (DG (), 1) p(T) + 2] = X2(0) - o
= 5 e (D™ Flrm(0).1) (1) + (0,
+)\/ Zmy i (y) - AVz((t, x) — 2(t,y))dt

T
+ )\/0 Zc(t,x)z(t,a:)dt - )\/O p(t,x)D"G(x,m(T),1) - p(T)dt,

where in the second term of the sum we have also used that 3,  [m, Dya;(y)-AYz]2(t,y) =
0.

Dividing by A > 0 and bringing the terms with F' and G on the left hand side, together
with the term in m and D,a*, we can rewrite

_ /0 T;myAysza;(y)-Ayde /0 T%: p(t,2)[D™ F (e, m(t), 1) - p(t)]de
’ + %:P(Tafﬂ)DmG(% m(T),1) - p(T)
:—ZZT Tx—l—z (0, 2)po(x /Zptw (t,x)d
+ /0 Zx:c(t,x)z(t,x)dt

We observe that, by (Mon) and (RegFG), we have
> (k) D" Fla.m(t).1) - p(0)] > 0. (1.56)

S (T, ) [D" G, m(T), 1) - p(T)] = 0. (1.87)
Furthermore assumption (1.12) yields
T T
f/ ZmyAysza;(y) - AYzdt > C'_l/ me]AIdet,
0 o (i
so that we can estimate the previous equality by
o [0 S mal A7 < o p ()] + 1o po\+/ +() dt
+ / Ip(t) - b(t)] dt (1.88)
< [arllo(T)| + |+(0) ol +/0 Ol + [ o0l
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On the other hand, by the equation for p we have

p(t, x) —po(w)+/0tzp(syy) ds+/

and thus

ds,

Zmy 0t (y) - Az + c(x)

megmmHMAEJMw+q[thmw+Mmhs

so that, by Gronwall’s Lemma and taking the sum for x € ¥ and the sup over ¢ € [0, T,
T
[lpll < Clpol + C/ Z\/mxvmx\ﬁ%ldﬂr Cllel
< Clpo| + o/ \/Z \/Z ma| ATz 2t + C||

— Clpo| +c/ IS gl Avz|2dt + e
0 X

T
SC!poH—C\I/ me|Ax2|2dt+CHc||.
0 €T

Now, we use estimate (1.88) on fOT S, mz|A%2|? that we found above to get

Hm<mw+mmwcomw>uuﬂp\+/ DN+ [ 1ol Hb>
< Cllef[ + Clpol
+C (120119 + 1221 o2+ [l + Nl 2 118112) -
We further estimate the right hand side using bound (1.83):
lloll < Cllell + lpol)
+ C|l2Y2|p(T)[
+ (el + oo ') (M2 + 1ol + IBI12) + Nl /2] [ol 2.

Using the inequality AB < eA? + ﬁBQ for A, B > 0, we obtain

1
1ol < C(llell + |z ] + [[ol] + lpol) + 5lloll,

which implies (1.85). Then (1.84) follows from (1.83). O

Given the solution (u,m) to System (MFG), with initial condition mg for m and final
condition G for u, we introduce the linearized system:

(t x) — o (x, A%u(t,x)) - A%v(t,x) = D™F(x,m(t), 1) - u(t)
tux( ) =2y ty(t)az(y, AVu(t,y)) + 32, myDpoi(y, AVu) - A¥v(t, )
o(T,z) = D"G(x,m(T),1) - u(T)

p(to) = po € Po(X).

(LIN)
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Note that in the right hand side of the first equation

for every y € ¥, using identity (1.8) and the fact that u(t) € Py(X) for every ¢ (i.e. identity
(1.10)). For this reason we just fixed the choice to D™ F(z, m(t),1) and D" G(x,m(T),1)
in System (LIN).

The existence and uniqueness of a solution (v, u) € C1([0,T];R? x Py(X)) is ensured
by Proposition 1.18. The aim is to show that the solution (v, i) to System (LIN) satisfies

v(to,z) = D™U (tg, z,mp, 1) - po. (1.89)

This proves that the solution U defined via (1.73) is differentiable with respect to mg in
any direction g, with derivative given by (1.89), and also that D™U is continuous in m.
Equality (1.89) is implied by the following

Theorem 1.19. Assume (RegH), (Mon) and (RegFG). Let (u,m) and (4,m) be the
solutions to (MFQG) respectively starting from (to,mo) and (to,70). Let (v,p) be the
solution to (LIN) starting from (to, po), with po := 1y — mo. Then

[t — u — || + |7 — m — p|| < Clmg — 10]%. (1.90)
Proof. Set z:= 4 —u— v and p := m — m — p, they solve (1.81)

—L2(t,x) — a*(z, A%u) - A%2(t,2) = D™F(z,m(t),1) - p(t) + b(t, x)
Go(t,x) =30, pyais(y, AVu) + 32, my (8) Dpars (y, A%u) - AVz + ¢(t, )
2(T,x) = D"G(x,m(T),1) - p(T) + 27(x)

p(to,") =0,

with
b(t,x) := A(t,z) + B(t,x)

1
A(t,x) :=— | [DpyH(x,A%u+ s(A%0 — A%u)) — DpH (z, A%u)] - (A4 — A%u)ds
) P P

B(t,z) = /01 (D™ F(z,m + s(f — m), 1) — D™F(z,m,1)] - (1l — m)ds

c(t,x) := Y (1hy —my) Dycdy (y, A¥u) - (AVd — AVu)
y
1
iy [ 1Dy0 . A+ s(A% — A") — Dy (y, A%)] - (A%~ At
0
y

zr(z) = /01 [D™G(x, m(T) + s(m(T) — m(T)),1) — D"G(z,m(t),1)] x
x (m(T) —m(T))ds.

Using the assumptions, namely the Lipschitz continuity of D, H, Dng , D™F and D@,
and the bound max, |A%u| < Clu|, we estimate

[ol] < [|All + || Bl

14]| < Clla — ulf?

1B]| < Cllie — ml|”
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|zr| < Cli(T) = m(T)[?
lell < Clim —ml| - [|a — ul| + C|& — ul|*.

Applying (1.84) and (1.85) to the above system and then (1.74) and (1.75), we obtain

211 +11el] < C(lzxl + 18] + el
< C (|l ull? + |l = ml [+ [Js = m]] - ||~ ul])

< C’|m0 - mo‘Q.

1.5.3 Proof of Theorem 1.15

We are finally in the position to prove the main theorem of this section.

1.5.3.1 Existence

Let U be the function defined by (1.73), i.e. U(to, x, mg) := u(to, mo). We have shown in
the above Theorem 1.19 that U is C! in m, while the fact that it is C' in t is clear. We
compute the limit, as h tends to 0, of

U(to + h7m7m0) - U(t(),ﬂ?, mO)

h
_ U(to + h,ﬂj‘,mo) - U(to + ha :Evm(to + h)) + U(to + h,l’,m(to + h)) - U(toal‘a mO)
N h h .

(1.91)
For the first term, we have, for any y € ¥,

Uty + h,z m(tg + h)) = Ulto + h, ,m(t))
[m := mi(t )+s( (to +h) —m(to))]

to+ b,z ma, y)d
/ 8 t0+h ( ))U(0+ y Ly TN y) S

- /0 D™U(to + h, ., ms,y) - (m(to + h) — m(to))ds

1 to+h
:/ ds/ D™U(to + h,x,ms,y) (ka *(k, Au ())) dt
0

to+h d d
/ ds/ S mk(8) [D™U (to + hy 2, ma, y)], a (k, AFu(t))dt.
to =1k=1

Using identity (1.8), we obtain

U(to + ha %m(to + h)) - U(to + h’ x, m(tO))

1 to+h 4 d
= [ ds Z Z my(t) [D™U (to + h, 2, ms, k)], o (k, AFu(t))dt

1 to+h d d
+ [ ds / SO mg(t) (DUt + hy w,ma, )], o5 (ky AFu(t))dt
t
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to+h d d
—/ ds/ SN T my(t) [D™U (to + b,z m, k)], o (k, AFu(t))dt,
z=1k=1

where the last equality follows from

d d
o> mk(t) [D™U(to + hyx,mg, y)], ok (k, Aru(t))
d d
= > mi(t) [D"U(to + hyw,ms, )l 3 ok (k, Afu(t)) =
since Y20, af =0, as af(k) = — >k (k).

Summarizing, we have found that,

Ul(to+ h,x,m(to + h)) — U(to + h,z,m(ty))
t()-i-h
/ ds/t / D™U(to + h,z,ms,y) - ™ (y, AYu(t))m(t)(dy).

Dividing by h and letting h — 0, we get

lim Ul(to 4+ h,x,m(to + h)) — U(to + h,x, m(to))
h—0 h

- /E DU (to, &, mo, y) - o (y, Au(to))dmo (y)

= ADmU(tO7$7m07y) : a*(y7AxU(t07y7m0))dm0(y)7

using the continuity of D™U in time and dominate convergence to take the limit inside
the integral in ds.
The second term in (1.91), for h > 0, is instead

d
U(tO + h,l‘,m(to + h)) - U(t(),.%’, mO) = um(to + h) - uz(t(]) = h£u$(t0) + O(h)v

and thus
U(to + h,x, m(to + h)) — U(to,z,mo) _ d

e h = g t=(to)

Finally, we can rewrite (1.91), after taking the limit A — 0, to obtain

atU(t()?xamO) = - /E DmU(to,l‘,mo,y) ’ a*(yvAmU(t(]vyva))dmO(y)

+ %Uz(tg) = [using the equation for u]

- /2 DU (to, z, mo,y) - & (y, AU (to, y,mo))dmo(y)
+ H(z, AU (tg,z,mq)) — F(x,mp),
and thus
—0U (to, z,mo) + H(z, A*U(to, z,mp))
— /EDmU(to,x,mo,y) ~a*(y, AYU)dmy(y) = F(x,mg),

which is exactly (M) computed in (tg, mg).
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1.5.3.2 Uniqueness

Let us consider another solution V' of (M). Since ||[D™V|| < C, we know that V is
Lipschitz with respect to m, and so is A*V. From this remark and the Lipschitz continuity
of a® with respect to p , it follows that the equation

{$%w=2ﬂmmw@Awm%mm»
(to) = mo

admits a unique solution in [t, 1.
If we now set a(t,z) := V(t,z,m(t)), we can compute (using for e.g. D"V (-, -, -, 1))

%ﬁ(t,x) — OV (t, 2, (L) + DV (¢, 2, m(t), 1) - %m(t)
= [using the equation for m]
= o0V (t,x,m(t)) + D"V (t,z,m (Z my(t)a™ (y, AYV (t,y,m (t))))

= [using identity (1.8) on D"V (-, -, -, 1)]
=3tV(t7$am(t))+/EDmV(t,x7m(t),y)'Oé*(% AYV (¢, y, m(t)))m(t)(dy)

= [using the equation for V]
= H(z, A*V(t,z,m(t))) — F(x,m) = H(x, A%u(t,x)) — F(z,m(t)),

and thus the pair (a(t), m(t)) satisfies

—Li(t, o) + H(z, AG(t, x)) = F(x,m(t)),
Ly (t) = 32 1y (t) o (y, AVii(t, ),
w(T,z) =V (T,z,m(T)) = G(z,m(T)),
m(ty) = mo

Namely, (@,m) solves System (MFG), whose solution is unique thanks to Proposition
1.16, so that we can conclude V (tg, z,mg) = U (to, x, my) for each (tg,x,mgp), and thus the
uniqueness of solutions to (M) follows.

1.5.3.3 Regularity

It remains to prove that the unique classical solution defined via (1.73) is regular, in the
sense of Definition 1.6, i.e. that D™U is Lipschitz continuous with respect to m, uniformly
int,x.

So let (u1, m1) and (ug, ma) be two solution to (MFG) with initial conditions mq(tg) =
m$ and ma(tg) = m3, respectively. Let also (vi, 1) and (ve,us) be the associated
solutions to (LIN) with p1(tg) = pa(to) = po. Recall from Equation (1.89) that vy (tg, x) =
D™U (tg, z,mp, 1) - po and va(tg, z) = D™U (tg, z,m3, 1) - g, thus we have to estimate the
norm ||v; — va||.

Set z := v — w9 and p := 1 — p2. They solve the linear system (1.81) with pg = 0 and

b(t7 ) = [D"F(z,m1,1) — D" F(x,mg,1)] - ua + [ (x, A%uy) — o™ (z, A%us)] - A%vy
ZMQy 2y, AYur) — g (y, AVus)]
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+ > [may Dy (y, AVur) — may Dy (y, AVug)] - Avy
y
zp(z) == [D"G(z,m1(T),1) — DG (x,ma(t),1)] - po.

Using the Lipschitz continuity of D,H, szH , D™F and D™G, applying the bounds
(1.84) to ve and (1.85) to pe and also (1.74) and (1.75), we estimate

18] < Cllmy = mal| - [|p2ll + Cllur — ua| - [Jv2]] < Clmg — mi| - |pol
lell < Cllur = ual| - |2l + Cllma = mal| - [Jva]] + Cllur — ua| - ||va]| < Clmg —mg| - |ol

27| < Cllmy = ma|| - ||p2]] < Clmg —mg| - |pol.
Then (1.84) gives
|21 < C(Ibl] + llel| + |2z]) < Clmg —mg| - |ol,
which, since z(tg, z) = (D™U (to, x, m§, 1) — D™U (to,z,mé, 1)) - o, yields
max |D™U (tg,z,m, 1) — D™U (tg, 2, m3,1)|

< Cmax sup }(DmU(tO’Lm(l)’ 1) - DmU(t07$vm%7 1)) ) N0|
B T o€Py(X) |M0’

< C|m — mg|.

1.6 Conclusions

Let us summarize the results we have obtained. The two sets of assumptions are given in
Section 2.2 and verified in Example 2.1.

1. If (H1) holds and there exists a regular solution U to the master equation (M), in
the sense of Definition 1.6, then the value functions of the N-player game converge to
U (Theorem 1.7) and the optimal trajectories (1.29) satisfy a propagation of chaos
property, i.e they converge to the limit i.i.d. solution to (1.30) (Theorem 1.8);

2. Under the assumptions required for convergence, the empirical measures processes
(1.49) associated with the optimal trajectories satisfy a Central limit Theorem
(Theorem 1.13) and a Large Deviation Principle with rate function I in (1.65)
(Theorem 1.14);

3. Assuming (RegH), (Mon) and (RegFG), there exists a unique classical solution
to (M) and it is also regular in the sense of Definition 1.6.



CHAPTER 2

The convergence problem in a two state model
without uniqueness

In this chapter we consider finite state IN-player and mean field games, restricting the
framework of Chapter 1 to the case where the position of each agent belongs to a binary
state space {—1,1}. If there is uniqueness of mean field game solutions, e.g. under
monotonicity assumptions, then the results of Chapter 1 apply: the master equation
possesses a smooth solution which can be used to prove convergence of the value functions
and of the feedback Nash equilibria of the N-player game, as well as a propagation of
chaos property for the associated optimal trajectories.

Here instead, we study an example with anti-monotonic costs, and show that the
mean field game has exactly three solutions, which are found explicitly. We prove that
the value functions converge to the entropy solution of the master equation, which in
this case can be written as a scalar conservation law in one space dimension, and that
the optimal trajectories admit a limit: they select one mean field game soution, so there
is propagation of chaos (except for a critical case, as we shall see, in which the limit is
random). Moreover, viewing the mean field game system as the necessary conditions for
optimality of a deterministic control problem, we show that the N-player game selects
the optimizer of this problem. A two-state non-uniqueness example was first considered
in [64, 65], where the master equation was studied formally and numerical evidence on
the convergence behavior was presented; our example should also be compared to the
“illuminating example” in [77, Sect. 3.3]) and to the example in [3, Sect. 3.3], both in
the diffusion setting. In the infinite time horizon and finite state case, an example of
non-uniqueness is studied in [38], via numerical simulations, where periodic orbits emerge
as solutions to the mean field game.

Different recent results are related to our example: among others, we cite [87], where
the authors address the convergence problem for a class of mean field games of optimal
stopping. The limit model there possesses multiple solutions, which are grouped into
three classes according to a qualitative criterion characterizing the proportion of players
that have stopped at any given time. Solutions in one of the three classes will always
arise as limit points of N-player Nash equilibria, solutions in the second class may be
selected in the limit, while solutions in the third class cannot be reached through N-player
Nash equilibria. In [78], the author attacks the convergence problem in Markov feedback
strategies by probabilistic methods. For a class of games with non-degenerate Brownian
dynamics that may exhibit non-uniqueness, the author shows that all limit points of the
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N-player feedback Nash equilibria are concentrated, as in the open-loop case, on weak
solutions of the mean field game. These solutions are more general than randomizations of
ordinary (“strong”) solutions of the mean field game; their flows of measures, in particular,
are allowed to be stochastic containing additional randomness. Still, uniqueness in ordinary
solutions implies uniqueness in weak solutions, which permits to partially recover the
results in [15]. In this direction we acknowledge the recent result [17], which deals with
the ergodic setting, where the authors show that the limit of Nash equilibria in generalized
Markov strategies is not necessarily a mean field game equilibrium. The result is thus in
sharp contrast with the finite horizon case of [78].

The question of which weak mean field game solutions can appear as limits of feedback
Nash equilibria in a situation of non-uniqueness seems to be mainly open. In [42], a class
of linear-quadratic mean field games with multiple solutions is studied in the diffusion
setting. They prove that by adding a common noise to the limit dynamics uniqueness
of solutions is re-established. As a converse to this regularization by noise result, they
identify the mean field game solutions that are selected when the common noise tends to
zero as those induced by the (unique weak) entropy solution of the master equation of
the original problem. The interpretation of the master equation as a scalar conservation
law works in their case thanks to a one-dimensional parametrization of an a priori infinite
dimensional problem. Limit points of N-player Nash equlibria are also considered in [42],
but in stochastic open-loop strategies. Again, the mean field game solutions that are
selected are those induced by the entropy solution of the master equation. Interestingly,
these solutions are not minimal cost solutions; indeed, the solution which minimizes the
cost of the representative player in the mean field game is shown to be different from
the ones selected by the limit of the Nash equilibria. In [42], the N-player limit and the
vanishing common noise limit both select two solutions of the original mean field game
with equal probability. This is due to the fact that in [42] the initial distribution for the
state trajectories is chosen to sit at the discontinuity of the unique entropy solution of
the master equation. In our case, we expect to see the same behavior if we started at
the discontinuity, see Section 2.3 below. We also mention [6], where the authors consider
a two-state example without uniqueness with an anti-monotonic cost, where a running
cost term is also added in the interaction. As in our example, they show that the entropy
solution of the master equation is of particular importance as it is the one which gets
selected in the limit. Some of the above models, including ours, can be framed into the
class of submodular mean field games. In this regard, we mention the recent result [48],
where the authors prove that the set of solutions in these types of models enjoys an ordered
lattice structure.

It is worth mentioning that the opposite framework to the one treated here is considered
in the examples presented in [49] and in [19, Sect. 7.2.5]. In these examples, uniqueness
of mean field game solutions holds, but there are multiple feedback Nash equilibria for
the N-player game. This is due to the fact that in both cases the authors consider a
finite action set (while for us it is continuous), so that in particular the Nash system is
not well-posed. They prove that there is a sequence of (feedback) Nash equilibria which
converges to the mean field game limit, but also a sequence that does not converge.

The rest of this chapter is organized as follows. In Section 2.1, we briefly recall
the notation of Chapter 1 for mean field and N-player games with finite state space.
Section 2.2 presents the two-state example, starting from the limit model, analyzed first
in terms of the mean field game system (Subsection 2.2.1), then in terms of its master
equation (Subsection 2.2.2). In Subsections 2.2.4 and 2.2.5 we show that the N-player Nash
equilibria converge to the unique entropy solution of the master equation; cf. Theorems 2.7



2.1 Mean field games with finite state space 47

and 2.10 below for convergence of value functions and propagation of chaos, respectively.
The qualitative property of the Nash equilibria used in the proofs of convergence is in
Subsection 2.2.3. Subsection 2.2.7 gives the variational characterization of the solution
that is selected by the Nash equilibria. Concluding remarks are in Section 2.3.

2.1 Mean field games with finite state space

In this section we briefly recall the notation and the equations in play for finite state mean
field games, introduced in Sections 1.1 and 1.2.1 of Chapter 1, to which the reader can
refer for more details.

2.1.1 The N-player game

As in Chapter 1, we consider the continuous time evolution of the states (X;(t))i=1,.. n of
N players; the state of each player belongs to a given finite set ¥. Players are allowed
to control, via an arbitrary feedback, their jump rates. For ¢ = 1,2,...,N and y € X,
we denote by a; :[0,T] x ¥N — [0, 400) the rate at which player i jumps to the state
y € X. Let o € AN denote the controls of all players, to which we refer also as strategy
vector. Recall P(X) to be the simplex of probability measures on ¥. To every x € ©VV we
associate the element of P(X)

. 1 N
ml = > (2.1)
J=1,j#i

Thus, m%z(t) = m%j is the empirical measure of all the players except the i-th. Recall
the cost associated to the i-th player

JN(@) :=E VOT [L(Xi(t), o (8, X)) + F (Xa(0), mi" ()] dt + G (X:(T), mﬁﬂ'(T))] :

At the N-player level, the concept of solution is that of a Nash equilibrium, given by
Definition 1.2. We work under the same assumptions of Chapter 1 (see Section 1.2.2, and
in particular (1.11)) that guarantee the existence and uniquess of the Nash equilibrium
for the N-player game. Within this framework, the search for the Nash equilibrium
is equivalent to solving System (HJB), a system of N|X|"V coupled ODE’s, indexed by
ic{l,...,N} and = € £V, whose well-posedness for all T > 0 can be proved through
standard ODEs techniques under regularity assumptions which guarantee that a* and H
are uniformly Lipschitz in their second variable (i.e. Assumption (H1) of Section 1.2.2 -
which we assume valid throughout the chapter). Under these conditions, the N-player
game has a unique Nash equilibrium given by the feedback strategy vector a’¥ € AN
defined by
N (t x) = a* (x5, A™N (¢, x)) i=1,...,N.

2.1.2 The macroscopic limit: the mean field game and the master equa-
tion

We recall that the limit as N — 400 of the N-player game admits two alternative
descriptions, illustrated in Section 1.2.4. On the one hand we have the mean field game
system (MFG), implemented by coupling the HJB equation of the control problem with
cost (1.25) for a fixed deterministic flow of probabilities m, with the forward Kolmogorov
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equation for the distribution of the optimal evolution of the representative agent, which
must coincide with m, yielding the mean field equilibrium condition (1.26). It is known,
and largely exemplified in this chapter, that well-posedness of (HJB) does not imply
uniqueness of solution to (MFG).

An alternative description of the macroscopic limit stems from the ansatz, justified by
Proposition 1.5, that the solution to the N-player Hamilton-Jacobi-Bellman system (HJB)
is of the form

vN’i(t, x) = UN(t,xi,méV’i),

for some vV : [0,T] x ¥ x P(¥) — R. Assuming vV admits a limit U as N — 400, we
formally obtain that U solves the master equation (M), where we recall the definition of
derivative DU : [0,T] x ¥ x P(3) x ¥ — R* with respect to m € P(X)

[DmU(t z.m y)] — lim U(t,m,m + S((SZ — 5y)) — U(t);nm)
y by 1T, z - 210 5 .

(2.2)

We conclude this section by recalling that uniqueness in both (MFG) and (M) is guaranteed
if the cost functions F' and G are monotone in the Lasry-Lions sense, i.e. for every
m,m’ € P(X),
Z(F(w,m) — F(z,m))(mg —m.) >0, (2.3)
€Y

and the same for the final cost G. We are interested here in examples that violate this
monotonicity condition.

2.2 An example of non uniqueness

We consider now a special example within the class of finite state models described above.
We let ¥ := {—1,1} be the state space. An element m € P(X) can be identified with
its mean m; — m_y; so from now we write m € [—1, 1] to denote the mean, while the
element of P(X) will be denoted only in vector form (mi,m_1). We also write o'(t, x) for
o/_xi (t,x), i.e. the rate at which player i flips its state from z; to —z;. Moreover we choose

L(z,a) := — F(x,m) =0, G(z,m) := —mux.

Observe that the final cost G favors alignment with the majority, while the running
cost is a simple quadratic cost. Compared to condition (2.3), note that the final cost is
anti-monotonic, as

Z(G(m, m) — G(xz,m’))(m, —ml) = —(m — m’)2 <0.
TEX

The associated Hamiltonian is given by

a2 - \2
H(z,p) = Sup {apx - 2} _ () : (2.4)

with a*(x,p) = p_,, where p~ denotes the negative part of p. From now on, we identify p
with p_, € R and A%u with its non-zero component u(—x) — u(x).
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2.2.1 The mean field game system

The first equation in (MFG), i.e the HIB equation for the value function u(t, ), reads,
using (2.4),

{_iu@mﬁ+§KA%Ath12=0 (2.5)

w(T,z) = —m(T)x

Now define z(t) := u(t,—1) — u(t,1). Subtracting the equations (2.5) for x = +1 and
observing that ) )
[(A%u(t, =1))7]" = [(A%u(t, 1))7]" = 2],

we have that z(t) solves

5= 2l
2 (2.6)
2(T) =2m(T).
This equation must be coupled with the forward Kolmogorov equation, i.e. the second
equation in (MFQG), that reads 1 = —m|z|+ 2. The mean field game system takes therefore
the form:
_ 2l
=73
m=—mlz|+ z 27)
2(T) =2m(T)
m(0) = myg

Proposition 2.1. Let T'(mg) be the unique solution in T € [%, 2] to the equation

(2T — 1)%(T + 4)
27T

Then, for every mgy € [—1,1] \ {0}, System (2.7) admits

Imo| =

(i) a unique solution for T < T(my);

(ii) two distinct solutions for T' = T (my);
(iii) three distinct solutions for T > T'(myg).
If mg =0, then T(0) = 1/2 and (2.7) admits

(i) a unique solution for T <1/2;

(ii) three distinct solutions for T > 1/2: the constant zero solution, (z4,my), and
(z—,m_), where my(t) = —m_(t) > 0 for every t € (0,T].

Proof. Note that (2.6) can be solved as a final value problem, giving

2m(T)
z(t) = . 2.9
®) Im(T)(T —t)+ 1 (2:9)
This can then be inserted in the forward Kolmogorov equation mm = —m/|z| + z, giving as

unique solution

B 2
m(t) = (mo — sgn(m(T))) (|m‘(717;)(]j(11)ﬂ|T Jtr)l_i_ 1) +sgn(m(T)). (2.10)
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These are actually solutions of (2.7) if and only if the consistency relation obtained by
setting ¢ = 7" in (2.10) holds, i.e. if and only if m(T") = M solves

T?°M? +T(2 - T)M|M| + (1 —2T)M — mq = 0. (2.11)

Moreover, distinct solutions of (2.11) correspond to distinct solutions of (2.7). We first
look for nonnegative solutions of (2.11). Set

f(M):=T*M3+T(2 - T)M?*+ (1 —2T)M — mo.

Note that

fl(M) <0 +— Me(—l 2T_1>.

T 3T

T <s; then f is strictly increasing in (0,+00), so the equation f(M) = 0 admits a
unique nonnegatlve solution if mg > 0, otherwise there is no nonnegative solution. If
T > 1, then f restricted to (0,+0c) has a global minimum at M* = 2T L 1f mg > 0 then
there is still a unique nonnegative solution, while for mg = 0 there are two nonnegative
solution, one of which is zero. If, instead, my < 0, so that f(0) > 0, the equation f(M) =0
has zero, one or two nonnegative solutions, depending on whether f(M*) > 0, f(M*) =0
or f(M*) < 0 respectively. Observing that

(2T — 1)%(T +4)
27T ’

FI) = ~mo -

we see that those three alternatives occur if T < T'(myg), T = T(mg) and T > T'(mg)

respectively. The case M < 0 is treated similarly.
O

2.2.2 The master equation
Identifying again a probability on ¥ with its mean m, using the expression for H and its
minimizer given in (2.4), Equation (M) takes the form
2
~ 9t 2 m) +3 [(ATUt 2,m))”| = DUt 2,m, 1) (AU, 1,m))
—D"U(t,z,m, —1) (A*U(t, ~1,m))” 52 = F(z, ), (2.12)
U(T7x7m) :G(‘Tam>7 (a:,m) S {_171} X [_171]

In (2.12), the derivative D™U is still intended in the sense introduced in (2.2), but
identifying the resulting vector with its non-zero component (e.g. D™U(t,z,m,1) =
[D™U(t,x,m,1)]-1 = a(m_liml)U(t,x, m)). Similarly, we identify the vector A*U with
its non-zero component. Setting

Z(t,m):=U(T —t,—1,m)—-U(T —t, 1,m),

we easily derive a closed equation for Z:

8z il Zlz| _ z%\ _
Z(0,m) = 2m,

where 8% is denoting the differentiation in the usual sense with respect to m € [—1,1]. In
1 0

particular, observe that % = 3o
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Note that this equation has the form of a scalar conservation law

{%%(t,m) + %g(m, Z(t,m)) =0 (2.14)

Z(0,m) = f(m).
Scalar conservation laws typically possess unique smooth solutions for small time, but
develop singularities in finite time: weak solutions exist but uniqueness may fail. To
recover uniqueness the notion of entropy solution is introduced (see Appendix A for a very

brief, non-exhaustive overview). A simple sufficient condition can be given for piecewise
smooth functions (see [34]):

Proposition 2.2. Let Z(t,m) be a piecewise C' function, which is C* outside a C* curve
m = 7(t), and assume the following conditions hold:

(i) Z solves (2.14) in the classical sense outside the curve m = y(t).
(ii) The initial condition Z(0,m) = f(m) holds for every m.
(iii) Denoting

Zy(t):= lim Z(t,m), Z_(t):= lim Z(t,m),
L) = T Z(m), 2= lim Z(tm)

we have that, for every t > 0 and every c strictly between Z_(t) and Z4(t),

g(v(1), Z2-(t)) —g(v (), Z+(t))

Y(t) = 70— Z.(1) , (2.15)
g(v(#),0) —a(v (1), Z+ (1) _ . a(y(t),c) —a(v(t), Z-(1))
N0 <A1 < 0 (2.16)

Then, Z is the unique entropy solution to (2.14).

Condition (2.15) is called the Rankine-Hugoniot condition, while (2.16) is called the
Lazx condition. When specialized to the case g(m, z) := m# — % and (t) = 0 we simply
obtain

Zy(t)y=—-Z_(t) > 0. (2.17)
For Equation (2.13), the entropy solution can be explicitly found. Let
g(M,t,m) = t*M> +t(2 — t)M|M| + (1 — 2)M —m (2.18)

and M(t,m) denote the unique solution to g(M,t,m) = 0 with the same sign of m, if
m # 0; M is defined for any time and let M (¢,0) = 0. Define

Z(t,m) = m (2.19)

Such function has a unique discontinuity in m = 0, for ¢+ > 1/2, and is C! outside. However,
observe that Equation (2.13) must be solved in the finite interval ¢ € [0, 7], where T is
the final time appearing in (2.12). Thus, for 7' < 1/2 the solution is regular.

Theorem 2.3. The function Z defined in (2.19) is the unique entropy admissible weak
solution to (2.13).
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Proof. From the properties of g(M,t, m), it follows that

lim M (t,m) = — lim M (¢,m) > 0,
mJl0 m710

for any time. These limits correspond to the solutions m, and m_ of Proposition 2.1,
evaluated at the terminal time. Therefore (2.17) is satisfied. We remark that the conser-
vation law is set in the domain [—1, 1] without any boundary condition, but this is not a
problem as we have invariance of the domain under the action of the characteristics. [

Remark 2.4. We observe that to the entropy solution (2.19) of (2.13) there corresponds
a unique solution of (2.12). It can be constructed via the method of characteristic curves,
in terms of a specific solution to the mean field game system for the couple (u,m), the one
that corresponds to the solution to (2.7) employed in the definition of (2.19).

It is known that, if there were a regular solution to the master equation (2.13), thus
Lipschitz in m, then this solution would provide a unique solution to the mean field game
system (2.7), since the KFP equation would be well posed for any initial condition, when
using z(t) = Z(T — t,m(t)) induced by the solution to the master equation:

{ 1= —m|Z(T — t,m)| + Z(T — t,m) (2.20)

m(0) = my.

In our example there are no regular solutions to the master equation; however the entropy
solution still induces a unique mean field game solution, if mg # 0.

Proposition 2.5. Let Z be the entropy solution defined in (2.19). Then (2.20) admits a
unique solution m™, for any T, if mg # 0: it is the unique solution which does not change
sign, for any time.

Proof. Let mog > 0. If ¢ and |m — myg| are small then Z(T — ¢,m) is regular (Lipschitz-
continuous) and remains positive. So we have a unique solution to (2.20), for small time
t € [0, to]; moreover it is such that 72 > 0 and hence in particular m(tg) > mg. Thus we
can iterate this procedure starting from m(tg) > 0: we end up with the required solution,
which is positive and such that m(t) > mg for any time. This solution is unique (for any
T) since Z(t,m) is Lipschitz for m € [my, 1]. In fact the other two solutions described in
Proposition 2.1 would require the vector field Z in (2.20) to be negative for any time, and
this is not possible when considering the entropy solution Z. The same argument gives
the claim when mg < 0. ]

2.2.3 Properties of the N + 1-player game

We consider now the game played by N + 1 players, labeled by the integers {0,1,..., N}.
By symmetry, we can interpret the player with label 0 as the representative player. Let

N
1 1 2 N -1
N
== ) Op= — =, —— 1
Hy N; Il—le{O’Nan TN }

be the fraction of the “other” players having state 1. Comparing with the notations in
N+1,0

(2.1), note that pul = Hm+ In what follows, we use N rather than N + 1 as apex

in all objects related to the N + 1-player game. By symmetry again, the value function

vNO(¢, ) introduced in (HJB) is of the form

UN’O(t,a:) = VN(t,xo, uiv),
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NN
considering, besides permutation invariance, is invariant by the sign change of the state
vector, it follows that

where VN 1 [0,7] x {-1,1} x {0,%, CINRLES 1} — R. Since the model we are

VN1, ) = VN -1,1 = ). (2:21)
We can therefore redefine VN (¢, u) := VN(t,1,1); from System (HJB) we derive the
following closed equation for V/:

— VN )+ HOVN (1 - g) = VY (L )
= Nu [VN (1 =) = V(] VY (= &) = V()]
FN(1— p) [VN (t,u+ %)—VN (t, 1—p— )]* [VN (t,qu %)—VN(t, u)} :
VT, p) = —(2u — 1),

2=

(2.22)
with H(p) = (p;)Q . It is easy to check that, when imposing a final datum V™ (T, u) € [—1,1],
any solution to System (2.22) is such that V¥ (¢, u) € [~1,1] for any ¢ < T. The locally
Lipschitz property of the vector field is thus enough to conclude the existence and
uniqueness of solution for any 7' > 0 for the above system with [V (¢, )| < 1. Such
solution allows to obtain the unique Nash equilibrium, given by the feedback strategy

N (t ) = {

(VN1 = i) = V()] for mo =1,

N (2.23)
(VN1 = i) = V()] for mg = —1.

We now set

ZN(t,p) = VN1 = p) = V(L ).
The following result, that will be useful later, shows that if the representative player agrees
with the majority, i.e. zo = 1 and pl > %, or 29 = —1 and pl < %, then she/he keeps
her /his state by applying the control zero.

Theorem 2.6. For any u € Sy = {0, %, cen 1}, we have

20w 20 (V1) =0) ifp (2.24)
2w <0 @Vt —1m)=0) ifps< g (2.25)

Proof. We prove (2.24), the proof of (2.25) is similar. For any N even, observe that
ZN(%) = 0, so that it is enough to prove the claim for pu > % + % Define
1
WAt p) = VIt p) = V(o + ).
By (2.22),

S 2N (6 )= H(=2" (1, 1)~ H(ZN (1, )
+ N,u,{ (ZN(t, ,u))WN(t,,u — ]17> (ZN (t,,u - ;))_ W (t,1 - u)}
—N(l—u){ <ZN (t,u+]lv>>+WN(t,u) (2.26)

+ (ZN (t,,u))JrWN (t,l - ;r) }
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and
%WN(t,M) = H(ZN(t,p) - H (ZN <t7#+ ]17))
—NM(ZN(t,,u))wa (tw“_]if)
+N (u—i— ]if) (ZN (757/~L+]1]>>_WN(t,M) .

+N( - ) (ZN (t,u + ;)Y W, )

—N(l— —1) (ZN (t +2))+WN (t +1)
ne YR YEEIE
Note that, for p > 3, ZN(T, ) = 4 — 2 > 0 and WN(T, ) = & > 0. So, set
,_ . 7N N 1
s:=supt <T:Z%(t,v) <O0or W (t,y)§0forsomeu>2 )

We complete the proof by showing that s = —co. Assume s > —oo. For t € [s,T] we have
ZN(t, ) >0 and WN (¢, ) > 0 for all 4 > 3, so, from (2.26), observing that the terms in

(ZN) N disappear,

G2 () < H-2¥ () + N1 - )2 (W (11— - )

= ZN(t, ) BZN(t,u) + N1 —pmywh <t, 1—p— ;fﬂ :

Since the control zero is suboptimal, it follows that |V (¢, )| < 1 for all ¢, i, so that
|ZN(t, u)| < 2 and |WH (¢, )| < 2. Therefore, for t € [s,T], ZN (¢, ) is bounded from
below by the solution to

{iz(t) = 2(¢) él +2N(1 — p)] (2.28)

2(T) =4p —

which is strictly positive for all times. In particular ZV (s, ) > 0. Similarly, for ¢ € [s, T],
from (2.27)

d 1
Gt < N1 w2 (a3 ) WY ) < 2N - )WY (2 ),
which implies that also W (s, 1) > 0; by continuity in time, this contradicts the definition
of s. Finally, observe that in the proof we fixed NV even. The proof for N odd can be
easily adapted with a bit of care, noting that p = % cannot hold. O

2.2.4 Convergence of the value functions

We now consider the value function V¥, the unique solution to Equation (2.22), and study
its limit as N — 4o00. We show that its limit corresponds to the entropy solution of the
Master Equation (2.12). More precisely, let U be the solution to (2.12) corresponding to
the entropy solution Z of (2.13). Define, for px € [0, 1]

U (t,u) :=U(t,1,2u—1).
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P

Figure 2.1: Simulation of the N-player dynamics (2.22). We plot the value function
VN(t,p) for N =1000,T =2, p € {0, %, e 1}, the fraction of players in state 1.

Note that, for T > %, U*(t,-) is discontinuous at p = %, but it is smooth elsewhere. In
Figure 2.1 we indeed see the formation of a shock at the N-player level in the discontinuity
point p = %, while there is smoothness elsewhere. The main result of this chapter
establishes that V¥ converges to U* uniformly outside any neighborhood of y = % In

what follows, Sy := {0, s %1}

Theorem 2.7 (Convergence of value functions). For any e > 0, t € [0,T] and u €
SN\ (%—8,%4—6) we have

VN () — U (1) < (2.29)

ks

where C. does not depend on N nor on t, i, but lim._,g Ce = +00.

The proof of Theorem 2.7 is based on the arguments developed in Chapter 1. We first
slightly extend the above notation, letting, for z € {—1,1}

U*(t,z,p) :==U(t,x,2n — 1).
Moreover, let
oMUt a) = V(@ ), u () = U (8, i)

fori=0,...,N, where u]wv’i = % Z;-V:O’j# d(z;=1) 1s the fraction of the other players in 1.
Let also S5 := Sy \ (5 —¢, %—I—E). The following results are the adaptations of Propositions
1.9 and 1.10 of Chapter 1. The first provides a bound for AJu™V+ (¢, x), while the second
shows that U* restricted to S% is "almost" a solution of (2.22).

Proposition 2.8. For any t € [0,T], € > 0 and any x such that uiv’i € Sy, if N > %, we
have
10

AjuN,i (ta .’13) = _Na_,uU(ta L, MI:I:VJ) + TN’Z’J (t7 SC), (230)

for any j # i, with ”TN’Z"j (t, cc)’ < %% The constant C; is proportional to the Lipschitz

constant of the master equation outside the discontinuity, which behaves like e 5.
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Proposition 2.9. For any t € [0,T], any € > 0 and any p such that either p € [% +e,1]
or p€[0,3 —¢l, the function U*(t, p) satisfies

S )+ HU (11 ) = U (1) (2.31)

= NulU* (1= ) = U] U (8= ) = U7

+ N(1—p) {U* (t,u—k;) -Ur (t,l —p— Jb)] {U* (t’ﬂ+]17> —U*(t,u)]
+7“N(t,u), (2.32)

with ’rN(t, u)‘ < %, where C; is as in Proposition 2.8.

We now use the information provided by Theorem 2.6. Set

[N . ,_|_ +

=0

If z € 5, then ,uiv’i € S5 for all i. Denote by Y; the state at time s of the NV + 1 players
corresponding to the Nash equilibrium. By Theorem 2.6 it follows that, if Y; € X% for
some t < T, then Y; € X5 for all s € [t,T]. Computing V¥ (or U*) in the optimal
trajectories Yy when starting the dynamics at time ¢ in 3%, we get

VN(3717NN71(3))7 }/2(3) =1,

VN(s,1,1 — iNi(s)), Yi(s) = —1, (2.34)

oM, ¥3) = V(s Yilo) 1 (s)) = {

in light of the invariance property (2.21). Thus, the dynamics is such that it keeps being
either on the right or on the left of the strip centered in the discontinuity. In particular
we obtain

vVi(s,Y,) < max VV(s, u?), (2.35)
wNess,

[ (s, Yo) = u™ (s, Yo)l < max [V (s, ™) = U (s, 1), (2.36)
uYeSy

for every s € [t,T], almost surely, and

max [vV(s, &) — u™Ni(s, )| = max [V (s, uV) — U*(s, u™)|. (2.37)
zeEX wNess,

Moreover, we note that
|Ai’L)N’i(8, };s) _ AiUN’i(S, Y;)|
= [V (s, ~Yi(s) piy (5)) = Uls, ~Yi(s), sy (5))

— VN (s,Yi(s), iy (5)) + U(s, Yi(s), uy" ()

<2 max |[VN(s, 1) = U(s, ).
uNess,

(2.38)

Proof of Theorem 2.7. We choose a deterministic initial condition Y; € X%, at time
t € [0,T). As in the proof of Theorem 1.7 of Chapter 1, we exploit the characterization
of the N-player dynamics in terms of SDEs driven by Poisson random measures, and we
apply It0’s formula to the squared difference between the functions uiv " and viv " both
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computed in the optimal trajectories (Y)sep,1)- 1 Using equations (2.31) and (2.22), we
then find

Bl — o) + 3F [ [t o (o - vé“ﬂ)zds] (2.39)

j=0

= —2E[/(ué\7’z - vév’z){ — TN(S, ug’l(s)) + H(A’uév’z) — H(A’vév”)
¢

4 Z AJ NZ—I—CV(AZ N,i Aivév’i)}ds],
J=0,j#i

where o' is the Nash equilibrium played by player i, @ is the control induced by U and all
the functions are evaluated on the optimal trajectories, e.g. v := v™N(s,Y;). We erase
all the positive sum on the lhs and estimate the rhs using the Lipschitz properties of H,
the bounds on ¥ and AJu’ given by Proposition 2.8, and the bound on o/ given by the
fact that ZN(t,u) < 2, to get, for N > g,

N, N
E[(u; " — vy )2]

C T T . o
< NE /t |u + CE /t JulNt — || Ayl — s
+— Z El/ N’i—vév’i\|AjuéV’j—Ajvév’j\ds],
J 0,j7#1
which can be further estimated via the convexity inequality ab < a2 + 162 yielding

E[(u,{“-v,{V)]<£+CE +CE

N,i N,i
N2 s 0

T, . -
/ ’Azué\/,z _ szé\f,z
t

T 2
/ U ds
t
+9§:E /TN' N _ pdyNip2g

N2E U v s|.

Here C denotes any constant which may depend on ¢, and is allowed to change from line
to line. Since all the functions are evaluated on the optimal trajectories, we apply (2.36)
and (2.38) to obtain

¥ N VP < O [ e U s ) = V(5,0 s

for any deterministic initial condition Y; € £5,. Therefore (2.37) gives

C T
max \U(t ) = VNt )P < = + C/ max |U(s, u) — V¥V (s, )| ds (2.40)
pnes N2 t neSs,

and thus Gronwall’s lemma applied to the quantity max,ess [U(s, 1) — VN (s, p)|? allows
to conclude that

max [U(E, 1) - VNt p)? <

ma I (2.41)

We remark that in Chapter 1 the controls are assumed to be bounded below away from zero. Never-
theless, this fact is not used to derive the analogous identity to (2.39). A proof of the convergence results
with no lower bound on the controls can be found in Section 3.1 of [23], if the master equation possesses a
classical solution. Moreover, see Section 2.2.6 for a proof of Theorem 2.7 in the case of bounded below
transition rates.
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which immediately implies (2.29), but only if N > g Changing the value of C' = C, the
thesis follows for any N. O

2.2.5 Propagation of chaos

The next result gives the propagation of chaos property for the optimal trajectories.
Consider the initial datum (in ¢t = 0) £ i.i.d. with P(§ = 1) = po and E[§;] = mo = 2p0— 1,
and denote by Y; = (Yp(t),Yi(t),...,Yn(t)) the optimal trajectories of the N+ 1-player
game, i.e. when agents play the Nash equilibrium given by (2.23). Also, denote by X, the
i.i.d. process in which players choose the local control a(t,+1) := [Z(t, m*(t))]T, where Z
is the entropy solution to (2.13) and m* is the unique mean field game solution induced
by Z,if mg # 0 (uo # %), that is the one which does not change sign (see Proposition 2.5).

The propagation of chaos consists in proving the convergence of Y; to the i.i.d. process X;.

Theorem 2.10 (Propagation of chaos). If pug # % then, for any N andi=0,...,N,

Q

E| sup |Yi(t) — Xi(t)|| < 2, (2.42)
t€[0,7 N
where Cy,, does not depend on N, and lim 1 Cuy = 0.
Denote by X;(t) the dynamics of the i-th player when choosing the control
a'(t,x) = [AU(t 2, pg")] (2.43)

induced by the master equation. We use X; as an intermediate process for obtaining the
propagation of chaos result. In fact, X; can be treated as a mean field interacting system
of particles (since the rate in (2.43) depends on N only through the empirical measure),
for which propagation of chaos results are more standard. Next result shows the proximity
of the optimal dynamics to the intermediate process just introduced.

Theorem 2.11. If ug # % then, for any N andi=20,..., N,

E[sup Yitt) — X0l < (2.0

te[0,T] - N’

where Cy,, does not depend on N, and limuo_% Cpy = +00.

Proof. Let pg = % + 2¢ and consider the event A where both X; and Y; belong to X5, for
any time. Exploting the probabilistic representation of the dynamics in terms of Poisson
random measures, we have

E

sup | Xi(s) — Yi(S)\]
s€[0,¢]

ool

<cz([ [|Xi<s> ~ V)| ATV (s, X,) — AV, Vo) d|

o (X, AiUNvi((??Xs))_Oé*(Y;’s, AivN,i@, Ys))‘ + | Xis—Y; s|] ds}

< CE U X, (s )|ds} +CE [HA/ AN (s, V) — AN, Y)|ds]

+ CE {11 / AN (s, X,) — AtuNi(s, n)\ds} + CP(AY),
0
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and now we apply (2.29) together with (2.38), the Lipschitz continuity of U in ¥5, and
the exchangeability of the processes to get, if N > %,

C t .
E Lil[lol,)t] | Xi(s) — Yi(s)\] =5t C/O E|X;(s) — Y;(s)|ds + P(A°)

+CE|14 /O t [1U (s, Xi(5), 1% (5)) = Uls, Xi(s), 1y ()]
HU (5, = Xi(s), 1y () = Uls, = Xi(s), 13" (5))] ds]
C
— +C | E|X;(s) = Yi(s)|ds + P(A°) + CE |1 | X;(s) — Yj(s)|ds
<ol Y LTERTE
< ¢ +c/ E|Xi(s) — Y;(s)|ds + P(A°). (2.45)

We can bound the probability of A€ by considering the process in which the transition
rates are equal to 0, for any time, i.e. the constant process equal to the initial condition &.
Thanks to the shape of the Nash equilibrium, which prevents the dynamics from crossing
the discontinuity, and of the control induced by the solution to the master equation, we
have

P(A°) = P(3t : either X; or Y; ¢ X5,) < 2P(£ ¢ ¥5%). (2.46)

For the latter, we have

N N

P =p(Yae (§ - ne e ver))
N N N1
§P<;fi§2+N€+l> §P<u5 §2+5N),

denoting

ey 2T NEFL 1 (2.47)

N +1 2

Observing that (N + 1),uév ~ Bin(N + 1,3 + 2¢) (recall g = 1 + 2¢), we can further
estimate, by standard Markov inequality,

1 Var u£
e) < 2 >2 —
PE¢Xy) <P <‘u£ 5 2e| > 2¢ 5N> @ —en )2
1
5+2) (5 —2¢
1 (2 ) ( ) <& (2.48)

_N+1(26_NL+1<%+5> e )2_N€

if N > %, so that 2e — ey > i.
Putting estimate (2.48) into (2.45), and denoting ¢(t) :=E [supse[oﬂ | Xi(s) — Yz(s)\},
we obtain

C’ t
< — .
<o +C /0 o(s)ds (2.49)

which, by Gronwall’s lemma, gives (2.44), but only if N > % By changing the value of
C = (g, the claim follows for any N. O
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We are now in the position to prove Theorem 2.10. Thanks to (2.44), it is enough to
show that

E [ sup | X;(t) — Xi(t)] (2.50)

te[0,7

Recall that the X;’s are i.i.d. and Law(X;(t)) = m*(t); also, set m = m* and p = mtl
Moreover, we know that (N +1)u ( ) ~ Bin(N + 1, u(t)). The rate of convergence follows
from the estimate

E|uf(0) —u(t)| < (2:51)

for any time, by Cauchy-Schwarz inequality.

Proof of Theorem 2.10. Let ug = % + 2¢ and consider the event A where both X; and X:t
belong to X%, for any time. Arguing as in the proof of Theorem 2.11, we obtain

E l sup | X;(s) — Xi(s)yl < C/tIE]Xi(s) — Xi(s)|ds + P(A°)
s€[0,t] 0

wE[ﬂA [ 1065, X6), 1)) — U5, i) )
UG5, = Xi(5), 1 (5)) — U, —Xils), M(S))\dS]

< c/t E|X,(s) — X,(s)|ds + P(A°)

IlA/t ! > 1X(s i(s)|ds

J#

+CE +C sup E|u u(t)’

te[0,T)

C t v c
<~ +c/0 E|X,(s) — Xi(s)|ds + P(A°).

We can bound the probability of A¢ as before and thus Gronwall’s Lemma allows to
conclude. 0

2.2.6 A modified example

This section was developed in a previous, unpublished version of the author’s work [25],
and can also be found in the PhD Dissertation [23]. We consider a modified framework
allowing only for controls bounded from below (i.e. a(t,z) > k > 0). Most of the results
are analogous to the previous setting, so we just sketch them, but the convergence proof is
different: it involves a large deviation principle, and so it could be of interest itself. It still
relies on a characterization of the Nash equilibrium as in Theorem 2.6, but unfortunately
we have not managed to prove it. Moreover, it is interesting to note that the insertion of
a lower bound on the transition rates can restore uniqueness of solutions to the mean field
game (see Proposition 2.12 below).

In the modified setting, we leave the final cost unchanged and consider the Lagrangian

la — s

Ly(a) = 5
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so that the running cost is still zero if a player chooses the control equal to the minimum.
The Hamiltonian of the problem is

k)2 —\2
Hy(p) = sgp{—ap— (a2)} = —Kp+ (p2) , (2.52)

whose argmax is given by a’(p) := k + p~. The mean field game system becomes

Z=z (% + 2/4;)

m=—m(|z| + 2K) + z (2.53)
2(T) = 2m(T) '
m(O) = my

In order to solve System (2.53), we again suppose m(T) = M is given so that we can find
z(t). As one can check via computation,

4x M

t) = .
O Gy a0 o]

(2.54)

Substituting this expression in the KFP equation, we find

m(t) =

_ 1+ 26t N f(2e26T 1+€2nt (=2 2/%_,’_ 2nT+ 26(t+T)) | M
62Ht(|M‘ - 62K(T t)(zli + |M|))2 (m0+ ( e )M (Ze (62(mt|M‘_l§N7£(2H€J’_|M|)e)2 . ) l)

(IM] = T (2 + [M]))?

(2.55)
By imposing the mean field condition m(7T') = M we can characterize the MFG solutions
via the solutions in M to

2T .2 (71+62HT)M(262K4T(1+62NT)K+(762KT+€4RT)‘M‘)
4637? [mo + TN =2 (2w M)

~ M+
(IM] = 2T (2 + |M]))>

=0. (2.56)

Note that this is a generalization of the case x = 0: indeed, for kK — 0 we recover the
previous mean field condition, given by (2.11). The above equation can be rewritten as

M3 —1)2 — M|M|(e*T — 1)[(1 — 4r)e* T — 1]

2.57
+ 26 M [T (25 — 1) + 1] — 4e* T k%*my = 0 (2.57)

We can now state the analogous of Proposition 2.1.

Proposition 2.12. If k > % the MEFG system (2.53) has a unique solution for any T and
mo; if kK < % and T <T, = w the MFG system (2.53) has a unique solution for
any my.
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Moreover, let T,.(mg) be the unique solution in T € [Ty, +oo[ to

Imo| =

1 1
1GART 22 {3(_1 n €2HT)22,‘£ (1 +et (-1 4 2/{)) [—1 +e2"(2 — 4k) + M (—1 +4k)

—\/(—1 +e25T)2(1 — 6Kk + e2°T (=2 + 8k) + e T (1 — 2k + 4/@2)}

1
3 (14 (=14 45)) [14 (1 = i) + 7 (=2 + 4x)

+ 9(—1 + e2sT)

2
—i—\/(—l +e25T)2(1 — 6Kk + 27T (=2 + 8k) + e T (1 — 2k + 4/@2)}

1
27(—1 + e2rT)4

+ {1 + e (1 — 4k) + 2T (=2 + 4k)

3
/(14 €2T)2(1 — 6k + €2T(~2 + 8k) + 4T (1 — 26 + 4&2))} } .

(2.58)
Then, for any mgy € [—1,1], the MFG system (2.53) possesses

(i) a unique solution for T < T.(mg);
(ii) two solutions if T = T,(myg);
(7ii) three distinct solutions for T > T,.(my).

Note that lim, o7 = %, as in Proposition 2.1, and limm% T, = +oo. In fact, the
insertion of a lower bound k increases the time for which there is uniqueness of solutions.
Moreover the three distinct solutions, when they exist, possess the same properties as for
k = 0. Namely, if mg # 0 there is a unique solution, denoted by (z}, m}), which does not
change sign, and is the one that exists for any 7. If mg = 0 instead, the three solutions
are: the constant 0, the one always positive and the one always negative, if T' > T}.

The master equation and the Nash system have the same shape as in (2.12) and (2.22),
where the Hamiltonian is replaced by H, and p~ by a). The master equation can still be
written as a scalar conservation law, whose entropy solution, denoted by Z(¢,m), has the
same properties as before: it has a shock at m = 0, for t > T}, and is smooth elsewhere.
If we show that the solution to the Nash system enjoys the same properties, then we are
able to prove the convergence of the value functions as well as a propagation of chaos for
mo 7'5 0.

From now on, we thus fix 0 < & < 1/2 and T > Ty. Denote VN (¢, 1) = VN(t,1,m)
and ZY (t,p) = VN(t,1 — p) — VN(t, ), so that the Nash equilibrium is given by

ay (41, 1) = 5+ ZY (8, 1)

Let Ug(t,z, m) be the solution to the master equation corresponding to the the entropy
solution Z}(t,m) and define U} (¢, n) = Ug(t,1,2u — 1). Let also Y*, X" and X" be the
analogue of the processes defined in Section 2.2.5.

Theorem 2.13. Fix N > 1 and 0 < k < % Assume that for any p € Sy = {O, %, cee 1}

ZN(t ) =0 ifp> (2.59)

ZN(tp) <0 ifp<

N = DN =
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Then, for any t € [0,T], e >0 and u € SN\}% —6,%4-6[, we have

x Cepn
V¥ () = U (8 )] < =55, (2.61)
where C¢ . does not depend on N nor on t,u. Moreover, if p # %
E | sup |[Y7(t) — XE@)]| < Can (2.62)
tefo,7] ‘ - VN’
K K C/.Lo K
E | sup |Y"(t) — X[ (t)|| < —= (2.63)
te[0,7] N

Proof. We start by proving (2.61), omitting for simplicity the x from the notation. Let
€ > 0 be fixed and consider a deterministic initial condition & = Y; at time ¢ such that
uév € X5, where X% is defined by (2.33). Let € = &(T, k,¢) := %e*%T, fix N > % and
consider the set

Ac={Y, ey Vsel, 1)}

We first bound the probability of AEC. For the purpose, consider the process Y in which
the transition rates of each Y; are all constant and equal to the minimum x, with the same
initial condition Y;. Thanks to the properties of the Nash equilibrium (2.59) and (2.60),
we have P(A®) < P(AS), where A, is the set where Y, € S for any s € [t,T]. The

fraction of particles in state 1 of this process, denoted by (ﬂN (s)) , has a non-zero
s€|t,

probability of crossing the discontinuity, due to x > 0, thus we cannot argue as for k = 0.
We are allowed to consider a sequence of deterministic initial conditions such that
Hm g =:pf € [0,1]\]1/2—¢,1/2+¢[ = S5 (2.64)
N—o0
in particular the limit exists. We have that the Y;’s are independent processes (even if not

identically distributed), and the sequence of processes (ﬁN (s)) ] satisfies a sample
S b

path large deviation principle on D([0,T7; [0, 1]), thanks to a version of Sanov’s Theorem;
see e.g. [45] and [52]. We actually need only the upper bound:

1 ~
lim sup - log P(AS) < ~Ip ., (2.65)

N—o00

where 7 is a good rate functional, Zr ¢ := inf, KI(/\)’ with

1 1
Broe = {A€ DIOLTHO.1): Mo ¢ |5 55— vse T},
Thanks to (2.64), the sequence of processes (ﬁN (s)) i) satisfies a propagation of chaos
S ’

property with the limit given by p*(s) = & + (,u}f - %) e 2501 for ¢ < s < T it is

provided by the solution to the KFP equation when z = 0. It is well known that the rate
functional is always positive and, if the propagation of chaos holds, Z(A) = 0 if and only
if A = p*. Therefore we can conclude that Zr , . > 0, because of the choice of &: indeed,
| (s) — 1/2] > 2¢ for all s € [t,T] and for any choice of t and p; € S°. Thus, p* does not
belong to the closure of Br .. This implies that

P(AY) ~ e NITimee, (2.66)
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Moreover, the solution U* to the master equation is smooth outside [1/2 —&,1/2 + €]
and so the conclusions of Proposition 2.8 follow in the same way for N > 2/¢. With the
same steps as in the proof of Theorem 2.7, we obtain Equation (2.39):

E[(u" — 2+ ZE[/ Ys)<Aj[uév’i — vév’i]fds]
T
- _QEl/ (' = o >{ — N5, Yo) + H(AW) — H(AY)

+ Z I — @) AN+ ol (AT Aivév’i)}dsl

J=0,j#i

with the same notation. This time, we split the expectation in E[14, ...] + E[1,¢...].
The second term is bounded by

_ C
E[lgc...] < CNP(AY) ~ CNe OV < 3
for N > N; large enough. For the first term instead, we note that under the event A. we
can use Lipschitz properties of H, and a}, and the bounds on V4 and AJu™N?. On the

left hand side we also erase the positive sum »_,; and estimate a' > k. After the above
procedures we end up with

2
ds

T ) ) ) )
E[(ui“—vt’uma[m [ sy

C T
< gmta [

C al T N,i N,i
+N7—i-1 Z E ]].Ag/t |U5 — v

J=0,j#1

T ) L R
] + CE [ILAE /t jul¥t — N Aty Nt — szi\[ﬂds]

Jvi|ds| + CNP(AS).

The right hand side can be further bounded using the inequality ab < da® + %, so that we
can write
2
ds

E[(u — v)?] + kE ]lA/ NN

T 2
14, / ds
t

N T
K . . .
" NE|1 / ATy ATV
2(N+1)j§ l“‘s |
T
/ u
t

Taking the averages ﬁ Zi]\io of the above, we obtain

§£+CE

Nji . Ny
N2 v

S S

u

WJ QdS]

N T
K . . . .
+ — E E|l1 AN N _ A N 2d .
2(N 1) = [ Ac A | Ug Vg | S

(2.67)

§£+C’IE

2
N,i N,i
E s — v ds

. N T
Bl Vo2 K El1 / NdyNid — AdpNd|2g
N+1§ [(ug ™ — vt )]+2<N+1)j§zo [Ast | A vs | ds
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[]uN’ — M 2} ds

<yt [ 5y

and thus Gronwall’s Lemma, applied to the quantity N—H SNLE [|ué\“ _ vé\/,iﬂ yields,
erasing the second (positive) term of the lhs,

o e e e nf] s 5
which also implies
S %E [M /T AT AjUN’j|2d8_ <Y, (2.68)
2(N+1)j:0 “Jt 5 s __N2
Applying (2.68) to the rhs of (2.67) and using Gronwall’s Lemma again, we get
Wi (1,€) — N O < (2.69)

for any deterministic £ € X%, which immediately gives (2.61), in light of (2.37).

To prove (2.62), we first observe that (2.68) can be derived in the same way for more
general non-deterministic initial conditions. Indeed, assuming now that the initial time
is 0 and the initial condition £ is i.i.d. with P(§; = 1) = % + 2¢, the same argument we
used above yields P(AY) < CN~2 and thus, by summing on both sides of (2.68) the
same quantity appearing on the lhs, but with A. replaced by A , and then using the
exchangeability of the process Y, we deduce

ds (2.70)

=l Q

T, S
E[/ ’AZUN’Z(S,YS) — AluMNi(s,Y) <
0

Consider now the set E. where both X; and Y; belong to X5, for any time. We can bound

P(ES) = P (3t : either pi(t) or pgf(t) ¢ B ) < 2P (3t: p () ¢ =5
<2P(AL) < %

Proceeding as in the proof of (2.44), applying (2.70), the Lipschitz continuity of U* in E.
and the exchangeability of the processes, we find

t . . . .
E [ sup |X;(s) — Yl(s)\] < CE [/ | Xi(s) = Yi(s)| + \A’uN”(s,Xs) — AlvN’Z(s,Ys)\ds}
s€[0,¢] 0

t t . . . )
< CE [/ X, (s) — Yi(s)us} +CE {ILE/ ANi(s, Y, — AZvNﬂ(s,Ys)ws]
0 0

+CE

t o : . .
]lEE/ |AWN (s, X ) —AluN”(s,Yg)ds} + CP(EF)
0

nEs/ = 571X (s) — Yi(s)lds | +

t
< c/ E|X;(s) — Yi(s)|ds + & + CE
0 N J#l

<—+C/ [sup | Xi(r) — Z(r)\] ds
0<r<s
and thus Gronwall’s inequality gives (2.62).
Finally, (2.63) derives from (2.62) as in Theorem 2.10. Actually, we obtained the
claims only for N large enough, but by changing the value of C' = C; the thesis follows for
any N. O
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2.2.7 Potential mean field game

We give here another characterization of the solutions to the MFG system (2.7). For a
more detailed introduction on potential mean field games in the finite state space see [23,
Sect. 1.4.1]. We show that System (2.7) can be viewed as the necessary conditions for
optimality, given by the Pontryagin maximum principle, of a deterministic optimal control
problem in R?. We show that the N-player game, in the limit as N — 400 selects exactly
the global minimizer of this problem when it is unique, i.e. when mqg # 0.

The notation is slightly different in this section. Consider the controlled dynamics,
representing the KFP equation,

m1 =m_1x_1 — Mo
m_1 = mio; —Mm-_i10_q (2.71)

m(0) = my.

The state variable is m(t) = (my(t),m_1(¢)). Note that, in the previous notation, we had
my = p and m = mq — m_;. Here the control is a(t) = (aq(t), a—1(t)), deterministic and
open-loop, taking values in

A={(a1,a-1) : a1,a—1 > 0}.
Clearly, if mo = (mo,1, mo,—1) belongs to the simplex
P({lv _1}) = {(mlamfl) L my + m—_1 = 17m13m71 Z 0}7

then, for any choice of the control «, the dynamics remains in P({1, —1}) for any time.
The cost to be minimized is

)= [ ' <m1(t)a1(t)2 Fmoa(t) ‘“2“)2> dt + G(m(T)), (2.72)

2
where G(m1,m_1) := —W is such that
2 Gm) = —(ma —m_1) = G(1,m)
aml - 1 -1) — )
aTflg(m) =mp —m_1 =: G(—1,m),
whereas G(z,m) = —x(my; — m_1), for x = %1, is the terminal cost. This structure is

called potential mean field game, since we have VG(m) = G(-, m).
The Hamiltonian of this problem is

a2 a2
H(m,u) = sup {—b(m, a)-u—mp— — ml_l}
acA 2
=2 _ —12
(O 2u1) [ (G0 ;—1) ] 7

where b, (m,a) = m_ga_y —mga,, for x = £1, is the vector field in (2.71), and the argmax
of the Hamiltonian is

aj(u) = (-1 —u1)",

a1 (u) = (ug —u_1)".
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Thus, the HJB equation of the control problem reads

— UL H(m, V) =0  t€[0,T),me P({1,-1}) 2.73)
U(Tv m) = g(m)v .
and its characteristics curves are given by the MFG system
—y + M -0
i+ [(u1—u271)’}2 —0
m1 =m_1a*(u) — miaj(u) (2.74)

m_y =myaj(u) —m_ia*(u)

ur1(T) = G(£1,m(T)), m(0) = myo.

Lemma 2.14. The following claims hold:
1. There exists an optimum of the control problem (2.71)-(2.72).

2. The MFG system (2.74) represents the necessary conditions for optimality, given by
the Pontryagin maximum principle.

Proof. The first claim follows from Theorem 5.2.1 p. 94 in [13], which can be applied
since the dynamics is linear in « and the running cost is convex in «. Conclusion 2 is
standard. O

We know that, if T is large enough, there are three solutions to the MFG system. The
control problem (2.71)-(2.72) has a minimum, so we wonder which of these solutions is
indeed a minimizer.

First, we need to investigate some property of the roots of (2.11). Let 7" > T'(my)
be fixed. Let My(mg) < Ma(mg) < Ms(mg) be the three solutions to (2.11). If my =0
denote M_ = M;(0) < 0, M4y = M3(0) > 0; we have M>(0) = 0 and M4y = M_. If
mgo > 0 then, by Proposition 2.1, M3(mg) > 0 and M;(myg), M2(mg) < 0; if mg < 0 then
Mg(ﬂlo) < 0 and Ml(mo),MQ(mo) > 0.

Lemma 2.15. Let mg > 0 and T > T'(my) be fized. Then

1. The function [0, mg] 2 m +— Ms(m) € [0, 1] is increasing, Ma(m) is decreasing and
M;i(m) is increasing. In particular for any m € [0, mg]

Msz(m) > My = |[M_| > [My(m)| > [Mz(m)| > M>(0) =0 (2.75)

2. We have My(m) < —22=1 < My(m) < 0 and for any m € [0, mq

2T -1
3T

2T -1

Mz(m) + 3T

‘ > ‘Ml(m) + (2.76)

The case mg < 0 is symmetric.

Proof. Claim (1) derives from the proof of Proposition 2.1. For claim (2), Mj(m) and
Ms(m) are the two negative roots of f(M) = T?M?3 —T(2—T)M?+ (1 —2T)M —m = 0.

The roots of f'(M) are q := —27?::;1 and % Hence My < ¢ < M3 < 0, f(q) > 0 and we

have, by Taylor’s formula (which here is actually a change of variable),

fla+e) = flg) + fa)e + f”2(q) e + fmﬁ(q)é” = f(q) + fﬂ;’)g + 723
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fla-e) = 1@ - Pl + L0 LD gy TD 2 pos

for any ¢ > 0. Thus f(q+¢) — f(q — €) = 272 > 0 for any € > 0, which implies
(2.76). O

For i = 1,2, 3, denote by m;, z;, a;, m;, u; the solution to the MFG system corresponding
to Mz

Theorem 2.16. Let mg > 0 and T > T(my) be fixzed. Then for any m € [0,mg] and
i=1,2,3 we have J(a;) = @(M;(m)), where ¢ : [—1,1] — [-1,1],

o(M) := M> (T — % — TyMy) : (2.77)

Moreover, for any m € (0,my],

p(My) = p(M_) < ¢(0) =0, (2.78)
p(Mz(m)) < p(My) < @(Mi(m)), (2.79)
o(Mi(m)) < o(Mz(m)) > 0, (2.80)

meaning that ay and a_ are both optimal if m = 0 and o« = 0 is not, while ag is the
unique minimizer if m > 0, with

J(a3) < J(a1) < T(az). (2.81)

Proof. The first claim and (2.77) follow directly from (2.72) and (2.10).

We continue by proving (2.79). The roots of ¢ are 0 and +¢, with ¢ := _2:57;1_ The
function ¢ is then increasing if either M < q or 0 < M < —q. Thus (2.79) follows from
(2.75) and the fact that o(My) = @(M_), as ¢(M) only depends on |M].

Next, we show that o(My) < 0 = (0). Since M, solves T2M?+T(2—-T)M +1-2T =
0, we obtain, for M = M,

M? M?

p(M) = =-(2T =1 - 2TM) = 7(T2M2 —T%M)

T2M3

(M—-1)<0

because M, < 1.

To prove (2.80), we first note that we have just showed that it holds in m = 0:
p(M1(0)) = o(M—) = (M) < 0 = (0) = (M5(0)). We also know that p(M, (m)) >
©(M1(0)) and p(My(m)) > ¢(M2(0)), thanks to the monotonicity behavior of ¢ and
Lemma 2.15. Hence suppose by contradiction that there exists m €]0,mg| such that
©(Mi(m)) = o(Mz(m)) = ¢, for some ¢ > 0. This implies that both M;j(m) and Msy(m)
are negative roots of ¢(M) — c. Thus they are also negative roots of

V(M) :=Tp(M) —Tc— f(M) = gTM2 —(1=2T)M +m —Tec=0
and ¢'(q) = 0, where q = —2€;1 as above. Since v has degree 2, it follows that

|Ma(m) — q| = |Mi1(m) — g|, but this contradicts (2.76). Therefore there is no m for which
o(Mi(m)) = p(Ma(m)), and then if (2.80) holds for m = 0 (which is (2.78)) then it is
true for any m € [0, mg]. O
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Figure 2.2: Simulation of the N-player dynamics. We plot the empirical distribution
of p™(t) at the final time t = T' = 2, N = 500,p € {0,1/N,..., 1} for an initial datum

concentrated in % .

Note that the results in this section imply that the N-player game selects, in the
limit as N — +o0, the global minimizer of the control problem (2.72), when it is unique.
Moreover, the sequence of the N-player value functions V'V converges to the derivative of
the value function of such control problem, as the latter is constructed by using the same
characteristic curves used for constructing the solution (2.19) to the master equation. We
remark that the value function of the control problem (2.72) can also be characterized as
the unique viscosity solution to (2.73).

2.3 Conclusions

Let us summarize the main results we have obtained for this two state model with
anti-monotonic terminal cost:

1. the mean field game possesses exactly 3 solutions, if 7' > 2 (Proposition 2.1);

2. the N-player value functions converge to the entropy solution to the master equation
(Theorem 2.7);

3. the N-player optimal trajectories converge to one mean field game solution, if my # 0
(Theorem 2.10);

4. viewing the mean field game system as the necessary conditions for optimality of a
deterministic control problem, the N-player game selects the global minimizer of
this problem, when it is unique, i.e. mg # 0 (Theorem 2.16).

We remark that in the convergence proof we did not make use of the characterization
of the right solution to the master equation as the entropy admissible one; the key point
was to show that the N-player optimal trajectories do not cross the discontinuity. Neither
did we use the potential structure of the problem: these are properties which might allow
to extend the convergence results to more general models.
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Observe that solutions of the MFG system, whether selected by the limit of N-player
Nash equilibria or not, always yield approximate Nash equilibria in decentralized symmetric
feedback strategies; see, for instance, [4] and [24] in the finite state setting. In this sense
the other two solutions still have a physical meaning.

What is left to prove for this model is a propagation of chaos result when mg = 0. Let
my, resp. m_, be the mean field game solution always positive, resp. always negative.
What is evident from the simulations (see Figure 2.2) is the following

Conjecture 2.1. Let mg = 0 and m”Y be the empirical mean related to the optimal
trajectories of the N-player game, viewed as a random variable in D([0,T],[—1,1]). Then

lim Law(m®) = %5% - %5%. (2.82)

The limit of the empirical measures is not deterministic: in this sense there is no
propagation of chaos when my = 0, i.e. the initial point is exactly in the discontinuity.
Unfortunately we did not manage to prove this result for our model, since it is difficult
to track the Nash system in a neighborhood of the discontinuity. We remark that a
similar result, in the regime of open-loop controls, was recently obtained in [42] for a
linear-quadratic mean field game in dimension 1. We finally remark that the claim of
Conjecture 2.1 should remain true also for the modified example of Section 2.2.6, due to
the numerical simulations which show the same behaviour as in Figure 2.2 .
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CHAPTER 3

The mean field case

In this chapter we analyze two examples of non-Markovian mean field interacting spin
systems. In both cases we consider dynamics of spin-flip type, related to the Curie-Weiss
model. In the first example we relax the Markovianity assumption by replacing the
memoryless distribution of the waiting times of a classical spin-flip dynamics with a
distribution with memory. The resulting stochastic evolution for a single particle is a
spin-valued renewal process, an example of two states semi-Markov process. As we shall
see, we can associate to the individual dynamics an equivalent Markovian description,
which is the subject of our analysis. We study a corresponding interacting particle system,
where a mean field interaction is introduced as a time scaling, depending on the overall
magnetization of the system, on the waiting times between two successive particle’s jumps.

In the second model instead, the non-Markovianity follows by an augmentation of
state procedure, where we double the state space assigning to each microscopic spin
another spin-valued variable which produces frustration in the system. The resulting
model is finite-dimensional, allowing for a deeper analysis of the phase-space diagram of
the macroscopic limit equations.

Interestingly, we show that the above models belong to the same universality class:
they both feature the presence of a unique stable neutral phase for values of the parameters
corresponding to high temperatures, the emergence of periodic orbits in an intermedi-
ate range of the parameter values, and a subsequent ferromagnetic ordered phase for
increasingly lower temperatures. In particular both dynamics can generate self-sustained
oscillations: in the first case this seems to be a global phenomenon (even though we were
not able to prove it), while in the finite-dimensional model we show that the cycles appear
only starting the dynamics in a specific area of the phase-space.

Emerging periodic behavior in complex systems with a large number of interacting
units is a commonly observed phenomenon in a variety of life science applications such
as neuroscience ([55]) and ecology ([99]), but also in socioeconomics ([27, 100]), whose
mathematical modelization has raised an interest in the community of probabilists and
physicists working on interacting particle systems, and in particular on mean field models,
due to their analytical tractability. With the term self-sustained periodic behavior we refer
to systems where each individual particle has no natural tendency to behave periodically,
but the oscillations are rather an effect of self-organization, visible in the macroscopic limit
when the number of particles tends to infinity. One of the goals of the mathematical theory
in this field is to understand which types of microscopic interactions and mechanisms can
lead to or enhance the above self-organization. Among others, we cite noise ([36], [92],

73
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[98]), dissipation in the interaction potential ([1], [29], [30], [35]), delay in the transmission
of information and/or frustration in the interaction network ([31], [50], [97]). Specifically,
in [50] the authors consider non-Markovian dynamics, studying systems of interacting
nonlinear Hawkes processes for modeling neurons.

Although not proved in general, a strong belief in the literature is that, at least for
Markovian dynamics, self-sustained periodic behavior cannot emerge if one does not
introduce some time-irreversible phenomenon in the dynamics, as it is the case in all
the above cited works (see e.g. [10], [60]). While the finite-dimensional model treated
in Section 3.3 falls within the above examples (due to the presence of frustration), the
model of Section 3.2, in which the limit dynamics is still reversible with respect to the
stationary distribution around which cycles emerge (see Remark 3.3 below), suggests that
this paradigm could be false for the non-Markovian case.

Before proceeding with the analysis of the two models, we briefly review some prelimi-
nary concepts in Section 3.1. Finally, we point out that in this chapter we proceed less
rigorously than in the rest of the Dissertation, often relying on numerical evidence.

3.1 Preliminaries

As we already mentioned, the models considered in this chapter can be seen as proper
modifications of the Curie-Weiss dynamics. When we refer to the latter, we mean a
spin-flip type Markovian dynamics for a system of N interacting spins o; € {—1,1},
i=1,..., N, which is reversible with respect to the equilibrium Gibbs probability measure
on the space of configurations {—1, 1},

1
Pyglo):= ———exp|-BH(0)], 3.1
#0) 1= = exp -6 (o) (31)
with o := (01,...,0n) € {=1,1}", B > 0 (ferromagnetic case), and Zx () is a normalizing
constant. In statistical mechanics, the function H is called Hamiltonian: it specifies the
energy of each spin configuration o € {—1, 1}N , and in the Curie-Weiss case it is given by

AN
Hy(o) =~ 5 (Zl az-) : (3.2)

Define also the empirical magnetization as

1 N
N = — ;
m N ;:1 ;.

Note that the distribution (3.1) gives higher probability to the configurations with minimal
energy, which by (3.2) are the ones where the individual spins are aligned in the same state.
The equilibrium model undergoes a phase transition tuned by the interaction parameter
B > 0 (referred to as inverse temperature in the literature), which can be recognized by
proving a Law of Large Numbers for the equilibrium empirical magnetization

507 lfﬂg 17

3.3
%5+TI’LB + %5*7715’ if 5 > ]-7 ( )

Law(m™) Noteo, {

where mg > 0 is the so-called spontaneous magnetization.
When we turn to the dynamics, different choices can be made in order to satisfy the
above-mentioned reversibility with respect to (3.1). The prototype is a continuous-time
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spin-flip dynamics defined in terms of the infinitesimal generator L, applied to a function
f{-1,1}"Y SR,
N

—Bom Y ;
Lf(e) =Y e P [f(o) — f(o)], (3.4)
i=1
where o' € {1, 1}N is obtained from o by flipping the i-th spin, i.e.
a-i — _Jk7 lf k’ == Z‘,
o if k #1.
Note that in Chapter 4 we consider the different spin-flip rates
1 — tanh(Boym™Y),

for which the reversibility with respect to (3.1) still holds. Dynamics (3.4) induces a
continuous-time Markovian evolution for the empirical magnetization process m® (t), which

is given in terms of a generator £ applied to a function ¢ : [—1,1] — R:
14+m 2 1-m 2
N _ —Bm Bm
N N N-—T il .
LY g(m) 5 ¢ {g (m N) g(m)] + 5 € [g (m—l— N) g(m)}

(3.5)

The above generator can be obtained by observing that, when a spin o; flips from o; to
—o; at time t, the empirical magnetization changes by a quantity —%. The factors N HTm
and N I_Tm represent the number of spins in state 1 and —1 respectively. It is easy to

obtain the weak limit of the sequence of processes (mN (t)) o1 by studying the uniform

convergence of the generator (3.5) as N — +o0o. The limit process m(t) is deterministic
and solves the Curie-Weiss ODE

m(t) = 2sinh(Bm(t)) — 2m(t) cosh(Sm(t)), (3.6)
m(0) =mo € [—1,1]. '
The presence of the phase transition highlighted in (3.3) can be recognized as well in the
out-of-equilibrium dynamical model (3.6). Indeed, studying the long-term behavior of
(3.6), one finds that:

e for § <1, (3.6) possesses a unique stationary solution, globally attractive, constantly
equal to 0;

e for § > 1, 0 is still stationary but it is unstable; two other symmetric stationary
locally attractive solutions, +=mg, appear: the two non-zero solutions to

m = tanh(Sm).

The dynamics m(t) gets attracted for ¢ — +o0o to the polarized stationary state
which has the same sign as the initial magnetization my.

Another concept which we refer to in Section 3.2 is that of a remewal process, a
generalization of the Poisson process. As the latter, it is a stochastic process for events
that occur randomly in time. For our purposes, we identify a renewal process with the
sequence of its interarrival times (also commonly referred to as sojourn times or waiting
times in the literature) {7;,},~ ;, i.e. the holding times between the occurrences of two
consecutive events. The Poisson process (see [12, Ch. 8] for a thorough introduction) is
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characterized by having independent and identically distributed interarrival times, where
each T; is exponentially distributed. In particular, the following memoryless property is
satisfied for any i = 1,2,...

P(T; > s+ t|T; > t) = P(T; > s),

for any s,t > 0. The interarrival times of a renewal process are still independent and
identically distributed, but their distribution is not required to be exponential. We recall
that a continuous-time homogeneous Markov chain can be identified by a Poisson process,
modeling the jump times, and a stochastic transition matrix, identifying the possible
arrival states at each jump time. Due to the lack of the memoryless property, when one
replaces the Poisson process in the definition of the spin-flip dynamics with a more general
renewal process, the resulting evolution is thus non-Markovian. In the literature, the
associated dynamics is referred to as semi-Markov process, first introduced by Levy in

[81].

3.2 Oscillatory behavior in a model of mean field interact-
ing renewal processes

In this section we consider a non-Markovian, infinite-dimensional modification of the
Curie—Weiss model and exhibit some partial evidence of its oscillatory behavior.

In order to introduce the model, we start by observing that the Curie-Weiss dynamics
(3.4), as any spin-flip Glauber dynamics, can be obtained by adding interaction to a system
of independent spin-flips: at the times of a Poisson process of intensity 1, the spin in
a given site flips; different sites have independent Poisson processes. Our aim here is
to replace Poisson processes by more general renewal processes, otherwise keeping the
structure of the interaction. For the moment we focus on a single spin o(t) € {—1,1}. If
driven by a Poisson process of intensity 1, its dynamics has infinitesimal generator

Lf(o) = f(=0) = f(0), (3.7)

f:{=1,1} — R. If the Poisson process is replaced by a renewal process, the spin dynamics
is not Markovian. In what follows, we refer to the resulting dynamics as a spin-valued
renewal process, that is an example of two-states semi-Markov process. We can associate a
Markovian description to the latter: define y(¢) as the time elapsed since the last spin-flip
occured up to time ¢. Suppose that the waiting times 7 (interchangeably referred to as
interarrival times) of the renewal satisfy

P(r > t) = o(t), (3.8)

for some smooth function ¢ : [0, +00) — R. Then, the pair (o(t),y(t))i>0 is Markovian
with generator

Lf(oy) = giw, y) + FW)f(~0.0) — f(o,9)], (3.9)
for f:{-1,1} x Rt = R, with
R At
F(y)=-20. (3.10)

This is equivalent to say that the couple (o(t),y(t)):>0 evolves according to

{(a(t),y(t)) — (—o(t),0), with rate F(y(t)),

- (3.11)
dy(t) = dt, otherwise.
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Expression (3.10) for the jump rate follows by observing that, for an interarrival time 7 of
the jump process o(t), we have

o(t+h)
pt)

for any h > 0. Observe that when the 7’s are exponentially distributed F'(y) = 1, so we
get back to dynamics (3.7).

Dynamics (3.9) can be perturbed by allowing the distribution of the waiting time
for a spin-flip to depend on the current spin value o; the simplest way is to model this
dependence as a time scaling:

P(o(t+h)=—0clo(t)=0)=1—-P(r >t+hlr>t)=1—

P(r > t|lo) = p(a(o)t). (3.12)
Under this distribution for the waiting times the generator of (o(t), y(t))i>0 becomes:

Lf(o,y) = gjyc(ff, y) +a(o)F(a(o)y)[f(=0,0) = f(o,y)].

The rest of this section is organized as follows: in Section 3.2.1 we introduce the mean field
model; in Section 3.2.2 we study the linearized Fokker-Planck equation around a neutral
equilibrium, for two different choices of renewal dynamics. We determine the discrete
spectrum of the linearized operator in terms of the zeros of two holomorphic functions,
which we then study numerically as functions of the interaction parameters. The results
are then compared in Section 3.2.3 with the ones obtained by simulating the finite particle

system, finding a precise accordance between the two approaches.

3.2.1 The mean field model

On the basis of what seen above, it is rather simple to define a system of mean-
field interacting spins with non-exponential waiting times. For a collection of N pairs
(0i(t), yi(t))iz1,...n, we set mY (t) := £ 5=V, 5;(t) to be the magnetization of the system
at time ¢, and a parameter 8 > 0 tuning the interaction between the particles. The
interacting dynamics is

(0:(1),9s(t) 1= (=04(1),0),  withrate  F (y;(t)e=:(Om™ 1)) ¢=fosOm™(0),

dy;(t) = dt, otherwise.

(3.13)

Denoting o := (01,...,0n5) € {1, 1}, y := (y1,....yn) € RN, mV .= %Zfil o,
the associated infinitesimal generator is

N N
[:Nf(O', y) = Z gyf (0’, y) + Z F (yi@_ﬁﬂimN) e_ﬁo'imN {f(o'i7 yz) _ f(O', y)} , (314)
=1 ¢ =1

where o is obtained from o by flipping the i-th spin, while ¢ by setting to zero the i-th

coordinate. The additional factor e=#7i(OmY () in the jump rate in (3.13) follows from the
observation we made in (3.12) and the definition of F(y) = —%. Note that, for F' =1,
we retrieve the Curie-Weiss dynamics (3.4) for the spins.

The macroscopic limit and propagation of chaos for this class of models should be
standard, although some difficulties may arise for general choices of F' not globally Lipschitz.

For computational reasons which will be made clear in the next section, we focus on the
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case F(y) = y7, for v € N, which corresponds to considering, in the single spin model,
t"/+1

the tails of the distribution of the interarrival times to be ¢(t) < e 7+ . In Appendix
B, we study rigorously the well-posedeness of the pre-limit and limit dynamics and the
propagation of chaos under this choice of rate function.

When F(y) =y”, (3.13) becomes

{(Ui(t)>yi(t))’_>(_Ui(t)ao)a with rate y] (t)e~O+DAn OO,

. (3.15)
dy;(t) = dt, otherwise.

As for the Curie-Weiss model, dynamics (3.15) is subject to a cooperative-type interaction:
the spin-flip rate is larger for particles which are not aligned with the majority. Assuming
propagation of chaos, at the macroscopic limit N — +oo the representative particle
(o(t),y(t)) has a mean-field dynamics

{(o(t), y(t)) — (—a(1),0), with rate 37 (t)e" (DO

. (3.16)
dy(t) = dt, otherwise,

with m(t) = E[o(t)]. To this dynamics we can associate (see [76]) the non-linear infinitesi-
mal generator

Lim()f(0,y) = §§<a, y) +yle OB (o 0) — f(oy)],  (3.17)

where the non-linearity is due to the dependence of the generator on m(t), a function of
the joint law at time ¢ of the processes (o(t),y(t)).

3.2.2 Local analysis of the Fokker-Planck

In this section we perform a local analysis on the Fokker-Planck equation for the mean-field
limit dynamics (3.16) with v = 1 and v = 2. Our approach is the following: we find a
neutral stationary solution of interest, we linearize formally the dynamics around that
equilibrium and we compute the discrete spectrum of the associated linearized operator,
which we show to be given by the zeros of an explicit holomorphic function Hg (). We
then study numerically the character of the eigenvalues when 3 varies: for both v = 1,2, we
find that for all 8 < B.(7) all eigenvalues have negative real part; at 5.(y) two eigenvalues
are conjugate and purely imaginary, suggesting the possible presence of a Hopf bifurcation
in the limit dynamics. These critical values of 8 are then compared to the ones obtained
by simulating the finite particle system in Section 3.2.3.

The Fokker-Planck equation associated to (3.16) is a PDE describing the time evolution
of the density function f(t,o,y) of the limit process (o(t),y(t)). It is given by

SF(t0,y) + & f(t,0,y) +yYe”OTDImMO f(1 6, y) = 0,

f(t,0,0) = [y DAomO f(t, —o, y)dy,

m(t) = [°[f(t.1,y) — f(t. —1,y)]dy, (3.18)
1= fOOO [f(ta 17 y) + f(ta _17 y)}dy7

f(ovaay) = fO(Ua y)v for o € {_17 1}7 Yy e RT.

A general study of (3.18) is beyond the scope of this work. Here we just observe that
(3.18) can be seen as a system of two quasilinear PDEs (one for ¢ = 1 and another for
o = —1), where the non-linearity enters in an integral form through m(t) in the exponent

of the rate function. Moreover, the boundary integral condition in the second line poses
additional challenges.
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Remark 3.1. While the other equations in (3.18) are derived in a standard way from
the expression of the generator (3.17), the boundary integral condition might need to be
motivated. In words, it is a mass-balance between the spins that have just jumped (thus
having y = 0). We reason heuristically by discretizing the state space [0,+00) in small
intervals of amplitude . The discretized version of y(t) takes values in {ne : n € N}.
The associated generator is, for n € N and o € {—1,1},

1
L.f(o,ne) = g[f(a, (n+ 1)) — f(o,ne)]
+ (ne)e” 0 FDEm® [ £(_5. 0) — f(0,ne)].
Denoting f(t,o,0) the density of the discretized process in (0,0) at time t, it follows from
the expression of Le,
2 bt0,0) = Y (ne) e IO £t g ne) — L it ,0)
dt 9 9 9y 9 € I Y Y
neN
that is the discretized version of the integral condition in (3.17).

It is easy to exhibit a particular stationary solution to (3.18):

Proposition 3.2. The function

1 y7+1

floy) =gre 7, (3.19)

_yrtt
with A == [ e” 577, is a stationary solution to System (3.18) with m = 0.

Proof. Setting m = 0 in the above system, the stationary version of the first equation
becomes

fyﬂa, W)+ f(0,9) = 0, (3.20)

Shi y+1
whose solution is of the form f*(o,y) = ¢(o)f(o, O)efwa, Denoting A = [;"> efva,
it is easy to see that the integral conditions imply ¢(0) = ¢(—0) = 1 and f(0,0) =
f(—O’,O) = % ]

Remark 3.3. Let g*(o) be the marginal of f*(o,y) with respect to the first coordinate.
Then, g*(o) is a stationary reversible distribution for the limit renewal process (o(t))e>0-
Indeed, by choosing o(0) ~ g*, g*(1) = g*(—1) = 3, we have that m(t) =0 and (a(t))i>0

=3z,
t'7+1
is a renewal process with interarrival times T such that P(T > t) o e 7+1 independently

of the value of o, so its law is invariant by time reversal.

3.2.2.1 Linearized stationary system

We now compute formally the linearization of the operator associated to System (3.18)
around the solution (3.19) with m = 0. Namely, if we write the first equation in (3.18) in
operator form

0
af(tv g, y) - ‘C'\n/lf(taa’vy) = 07

with /ngf(t, o,Y) = —(%f(t, o,y)—yle~ (0 FDBom) £ (¢ 5 1)), we want to find the linearized
version of the operator [le.
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For the purpose, we express a generic stationary solution to (3.18) as

floy) = f(o,y) +eg(o,y),
imposing

/Ooo[g(l,y) +9(—1,y)]dy =0, (3.21)

so that [(°[f(1,y) + f(—1,y)]dy = 1 is satisfied. We also denote my := [;°[f(1,y) —
f(=1,y)]dy, which by the above consideration satisfies

my = 26/0 g9(1,y)dy =: k. (3.22)

The stationary version of the first equation in (3.18) becomes

9 . 0 —Bo «
a7 (o y)+5(579(0,y)+y”e Pock D[ £*(g,y) + eg(0, y)] = 0.

By expanding at the first order in ¢ the term e #7sk(r+1) ~ 1 — (v + 1)Bock, and by
considering only the resulting linear terms in ¢, we get

0 0
gyf*(a, y) + 559(0’ y)+y [ (o,y) +yeg(o,y) —y (v + 1)Bock f*(o,y) = 0.

Finally, using that f* solves (3.20) and substituting its expression (3.19), we get

9 Bok(y+1) ., _wtt
_ 2 _ET A T 1 —
8yg(my) +yg(o,y) o Y'e 7 0.

We can define the linearized operator as

Bok(y+1)  _wnt

. 9 iand
lin L
Lig(o,y) = —fayg(a, y) =y9(oy) + —— —yle T (3.23)

We proceed with the linearization of the integral condition in the second line of System
(3.18):

o0
70,00 +g(0.0) = [ [ (=ov) + cg(=or)ly7e O
o0
~ [T 1oy Boskiy+ 1)+ [ (-0, (1 + Bock(y + 1)
* o * *°
%/0 [ (=0, y)y”+ﬁ0€k(v+1)/0 f (—a,y)y”+€/0 9(—0,y)y’.
Using again that f* solves (3.20) and its expression in (3.19), we get
E( 1)
olo,0) = PO o [¥ (o pyay (3.24)
In order to gain indications on the stability properties of the stationary solution to
(3.18) with m = 0, we study the discrete spectrum of E};n defined in (3.23), i.e., we search

for the eigenfunctions g and the eigenvalues A € C, satisfying the linearized integral
conditions (3.21) and (3.24) found above, and such that

£Mg(0,y) = Aglo,y), (3.25)
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which is equivalent to

0 ok(~v+1 g+t
(,Tyg(oz y)+yg(o,y) — ’B(JA)?J% T = =Ag(o,y). (3.26)

The eigen-system around m = 0 is thus given by

1
59(0,y) +y7g(0,y) — yre 5 = —Ag(0,y),
9(0,0) = M +f0 ( o, y)y"dy, (3.27)

Jolgloyy +g( o,y)ldy =0, (o,y) € {-1,1} xRF,

Bak’(v+1)

L

where, recall by (3.22), k = 2 [;7¢(1,y)dy, and A = [Ce” g dy. We work out the
computations for the two cases y =1, v = 2.

Remark 3.4. The derivation of the linearized operator (3.25) was formal. One could
think to define it more rigorously, by indicating an Hilbert space where E,lym acts on. The

2
natural choice appears to be (a subspace of) (Ll%7 (R+)) satisfying conditions (3.21) and

(3.24), where the outer square comes from the explicitation of the spin variable o = +1,
and the measure ., is defined as

1 ot

py(dy) == [*(o,y)dy = Sre 7T dy. (3.28)

As in what follows we do not use the particular choice of domain of the operator or its
properties, we do not investigate further on this.

3.2.2.2 Casevy=1

us

5, and the eigen-system (3.27) becomes

In this case, A =

y2

@gw y)+y9(o,y) + Ag(o,y) = Bok (@‘1 ye

9(0.0) = ok (\/3) " + o> va(~0,y)dy. (3.29)
Jo<lalo,y) + g(—0o.y)]dy = 0,

where k =2 [° g(1,y)dy.

Proposition 3.5. The solutions in A € C to (3.29) are the zeros of the holomorphic
function

Hg1(\) == Hi(\ )[ 483 — A3\f]+fx2 48X\ + 28V 2T, (3.30)

with ,
Hi()\) = / e Te M, (3.31)
0

Moreover, it holds

A2Zm < (20)2mm! 1
\/>Z @2m)!! )\mZ:O (2m + 1)l 2m’ (3:32)
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Proof. In order to solve the first equation in (3.29), we set
y2
2,

h(o,y) == g(o,y)e

It holds 5 Sk
5oh(o.y) = =Ah(oy) + P52,
Y \/§
whose solution is
h(o,y) = eV [h(a ue)‘“du]

Ay Ay .
1 Sz + Sy, we obtain

Noting that [J ue*du = 3z
TR Bok e e

g<07y>:€ 2e MY g( 0)+\[<)\2—)\2+/\y (3.33)

o,y) +9(—0,y)ldy =0

We now impose the integral conditions. First, we note that [;*[g(
is equivalent to g(o,y) + g(—o,y) = 0 for every y € R* because of expression (3.33). For

the computation of k, recalling notation (3.31), we find

k=2/0009(1,y)dy
= 2¢(1,0)Hy (A +2\f;’i;2 f’;\l[\f Bkz L

so that O
_ g 1
"= 1—9-F6_ _ 9B 4 98" (3.34)
f x2\/T 22
The integral condition in the second line of (3.29) gives
501{3 2 BO'I{Z 6)‘y eAy
g(0,0) = yle e~ g(—0,0) — \/> )\2 = + TZ/
2
Pak Bok (1 — AH;(N))
== —g(0,0)(1 = AH1(})) — =
Vi NG
1 pok 1 Bok
)\2 7r / y'e El dy
H 1 1
(1—AH(A)) 507? Bok ﬁak;.

— ﬂ\/gg —9(0,0)(1 = XH (M) — 22 \[ )\2 \/7

In the second equality we have used that f;* ye Te M = 1 — AH;(\) which can be

obtained by an integration by parts. Solving for ¢g(1,0) in the above

9(1,0)[2 = NH, (V)] = Bk [ - (1-11;11(») N %
2

—_
S
_
5
>l =
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Substituting the value of k we found in (3.34), we get

9(1,0)[2 — XH; (N)]
289(1,0)Hy () 1 (1=MH(A) 1 1 1 1

J— - 7_’_77_*
5 FI) 9B | Iz 2 T "\ /x ’
1_2\F 2 T2 5 A \/; A\g A

which is equivalent to

2BH1(A) N2+ AH1 (M) = A\ /3

A?[ 28X — 2BH;(\) + 2/5\/?

As a polynomial in A, (3.35) can be written as

2 — AHi(\) = (3.35)

—)\3H1()\)\/Z + A2V21 — 4B\ — 4BH (M) + 2v2716 = 0,

or, grouping for Hy(\),

H(){zlﬁ Aﬂf}mﬁﬂ 4B\ + 2827 = 0,

i.e. the zeros of Hg 1(\), provided we prove expression (3.32) for Hq(A). In fact, as defined
n (3.31), Hi(A) is a holomorphic function on C, whose expression in series is

oo 2 0 n  poo o2
Hi(\) = /0 e Te Mdy = Z(—l)”j;'/o ye” T dy.
n=0 ’

The latter integral is known

oo 2 1
/ yle T dy = 23 (1T (”; ) , (3.36)
0

where I'(+) is the Gamma function. When n = 2m + 1, for the properties of the Gamma
function on N, (3.36) reduces to

[ ey = 2heor (P gy
0

For n = 2m instead we have, by the property I' (l + %) = (@1

/ e 2, :2;(n—1)F<n;rl>:\/Z(Qm_n!!.

We use these equalities, and reorder the terms of the absolutely convergent series of Hi(\)

to finally get
T e AZm 2 (20)*mm! 1
V=52 G G i

i.e. expression (3.32). O
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3.2.2.3 Case y=2

In this case the eigen-system is given by

3
2.9(0,y) + v29(0,y) + Aglo,y) = 5k Boky?e™ T,
9(0,0) = 2 Bok + [5° y2g(—0, y)dy, (3.37)
fO Uy +g( G,y)]dy—(),

3
where A = [§° 5 = l;g/g) and k =2 [* g(1,y)dy.

Proposition 3.6. The solutions in A € C to (3.37) are the zeros of the holomorphic
function

Hga()\) := Ha(\) [125 — MA +68AA — 6813131 (4/3)

I'(2/3
+ 38A23%/31(5/3) — 68\ :())1//3) + (3.38)
2AN% — 128A + 128 (1//3))\—66)\21,
with - s
Hy(\) ::/0 e Me T dy. (3.39)
Moreover, it holds
e A" g n—+1
_ _1\nt _9z(n-2)
Ha(\) _;::0( 1) 3 r( 3 ) (3.40)

Proof. We proceed as in the previous case, by setting

y3

h(o,y) = g(o,y)e3

so that 5 5
_ — _ 2
ayh(”’ y) = —Ah(o,y) + 5 Boky”.

Thus,

Y
h(o,y) = e {h(a, 0) + 3Pk u2e)‘"du] .
2N Jo

Since [J u?e M du = {5[—2 + eM(2 4+ Ay(—2 + Ay))], we can write

3P0k 1

3
glo,y) =e TV [g(a, 0) + oA (—2 +2eM — 2 ye + )\2y26)‘y)} . (3.41)

Recalling notation (3.39), we compute

k:2/0“9(1,y)dy=2H2(A)g(1,0)—2HQ(A)3M’+235’“/ 5 dy

AN3 AN3
38k 3 ¥

35[{ 35k 30kT(2/3 30k
= QHZ()‘)Q(LO) - 2H2()\)A)\3 +2 A3 - AN2 i(%l//?’) AN
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which gives
29(1,0)H.
k= 9(1, 0)H>(A) (3.42)

1+ 2Hy(\) 22 — 238 1 235 ?E?//g’) 38°

As before, the condition [;*[g(c,y) + g(—0,y)]dy = 0 in (3.37) is equivalent to g(o,y) +
g(—o,y) = 0 for every y € R* because of (3.41). Using this observation for y = 0 in the
other integral condition, we compute

o(o. 3ﬁak+/ [ (—g(J,O)

B 3Baki
2N A3

(=2 + 2e™ — 2yeV + )\2y26>‘y)>] dy.
Observing that, by integration by parts,

oe] 3
/ y2€_y7e_)‘ydy =1—AHz()\),
0

we find
_ 3pok I 3,6’0k: _ _ 380k
A)\2 —-3/°T'(4/3) — T8 ——37°T'(5/3).
Computing in ¢ = 1 and grouping for g(1,0),
_ ]38, 36 38
9(1,0)[2— ME(N)] = k | 35 + 25(1 = Ma(X) - 233
+%31/3r(4/3) 35 32/31“(5/3)}
_ (3838 g 35 a1/3 5 2/3
=k 98 T A Hy(\) + A)\23 I'(4/3) — 3 I'(5/3)| .
Plugging expression (3.42) for k,
2H(\) 3 33
2 — \Hy(\) = [6 — 3 H2(N)
1+2Hy(\) s — 235 + 225, T2 35 [2A7 AN
36,173 ﬁ 2/3 }
A)\23 I'(4/3) — 3 I'(5/3)
This gives

2NH>()\) [gw — 3B8H,(\) + 383/3T(4/3) — gm32/3r(5/3)}
AN3 + 68H>(\) — 65A + 65 "3 — 3502

2 — AHy(\) =

)

which is equivalent to

AN 1 128Hy(\) — 128A + 128 (1//33) — 6822 — NAHa(\)

+ 6BAH (M)A — 68\ Fi(j//f) Hy(\) = 68AHa (V35T (4/3) — 38A2 Ha(\)32/3T(5/3).
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As a polynomial in A, this is

r(2/3)
31/3

—AHy(MA* +2A0% 4+ )2 {—65 — 63 Hs(\) + 38H2(\)3%°T(5 /3)}

I'(2/3)
31/3

+ A {GﬁAHg(/\) — 68H2(X\)3/31(4/3) + 128 } + 128Hy(\) — 128A = 0.

Equivalently, in terms of Ha(\) we have

I'(2/3)
31/3 ]

Hy(\)[128 — MA + 68X — 68331 (4/3) + 38223%/°T(5/3) — 68\

I'(2/3)
31/3

+ [QA)\?’ — 128A 4+ 128 A — GB)\Q} =0,

i.e. the zeros of Hg2(A) in (3.38), provided we show the validity of expression (3.40) for
Hjy()). As defined in (3.39), H2(A) is a holomorphic function on C, which can be expressed
in series as

oo ay 8 © n)\n ) n—ﬁ
H2(/\):/0 e Ve de=2(—1)§/0 y"e 3 dy
n=0 :

e A" n—+1
— 1)l (n2)r< )
3 (up g (11

which is expression (3.40), where we have used the known formula for

[* e ay=sto-op (151,
0

O
3.2.2.4 Numerical evidence on the eigenvalues
We studied numerically the two eigenvalues’ equations
Hg1(A) =0, (3.43)
and
Hga(X) =0. (3.44)

We used a numerical root finding built-in function of the software Mathematica, specifically
FindRoot, starting the search from different initial points of the complex plane and from
different values of 3. Here we report the results:

e Casevy=1:

(1.1) we find two conjugate purely imaginary solutions to (3.43), for
A = £)o(1) = £i(1.17055)

and
B = Be(1) := 0.768834; (3.45)

(1.2) iterating the search around (5.(1),A:(1)), the resulting complex eigenvalue
goes from having a negative real part for 8 < (.(1) to a positive real part for

B> 66(1);
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(1.3) no other purely immaginary solution A = +ix is found for 0 < z < 500 and
0<pB<20;

(1.4) for B < B.(1) all the eigenvalues \ = iz + y are such that y < 0. This was
verified for —100 < z < 100, —100 < y < 100.

e Case v =2:

(2.1) we find two conjugate purely imaginary solutions to (3.44), for
A = £A.(2) := +i(1.97765)

and
B = Be(2) == 0.362275; (3.46)

2.2) analogous to (1.2);

2.3) analogous to (1.3), verified for 0 < x <10 and 0 < 8 < 5;
2.4) analogous to (1.4), verified for —25 < z < 25, —25 <y < 25;
2.5)

apart from being sensibly slower, the numerical root finding for v = 2 suffers
from numerical instability issues. This is why we were able to check the results
for much smaller intervals in this case.

3.2.3 Finite particle system simulations

We made several simulations of the particle system (/N large but finite, N = 1500) for
v = 1,2, which seem in accordance with the above numerical results on the eigenvalues
(compare with (3.45) and (3.46)). This is a description of the evidences:

e For § small the system is stable, in particular the magnetization goes to zero
regardless of the initial datum (Figure 3.1).

e There is a critical 8 (around 0.75 for v = 1, 0.35 for v = 2) above which the
magnetization starts oscillating. Close to the critical points oscillations (Figure 3.2)
do not look very regular (corrupted by noise?), but they soon become very regular if
[ is not too close to the critical value. We also made joint plots of the magnetization
with the empirical mean of the y;’s (Figure 3.3). A limit cycle seems to emerge.

e As [ increases, the amplitude of the oscillation of the magnetization increases
(Figure 3.4), while the period looks nearly constant. As 3 crosses another critical
value (around 1.3 for v = 1, 1.65 for v = 2) oscillations disappear, and the sistem
magnetizes, i.e. the magnetization stabilizes to a non-zero value, actually close to £1
(Figure 3.5).

e The oscillations are lasting for a wider interval of 5’s for v = 2 (from S ~ 0.35 until
B ~ 1.65) than v =1 (from § ~ 0.75 until § ~ 1.3). The period is instead smaller
for v = 2 than for v = 1.

e For both v = 1,2, the appearance of the oscillations does not seem to depend on
the initial data for the dynamics, suggesting the possible presence of a global Hopf
bifurcation.
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Figure 3.1: Simulation of the finite particle system’s dynamics for v = 1 (left) and v = 2
(right), with number of spins N = 1500. We plot the empirical magnetization, with initial
data 0;(0) =1 for every i =1,...,N.
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Figure 3.2: Simulation of the finite particle system’s dynamics for v = 1 (left) and v = 2
(right), with number of spins N = 1500. We plot the empirical magnetization.
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Figure 3.3: Simulation of the finite particle system’s dynamics for v = 1 (left) and v = 2
(right), with number of spins N = 1500. We plot the empirical magnetization of the spins
against the empirical mean of the y;’s.
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Figure 3.4: Simulation of the finite particle system’s dynamics for v =1 (left) and v = 2
(right), with number of spins N = 1500. We plot the empirical magnetization.
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Figure 3.5: Simulation of the finite particle system’s dynamics for v = 1 (left) and v = 2
(right), with number of spins N = 1500. We plot the empirical magnetization.
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3.3 Oscillatory behavior in a model of mean field interact-
ing spins with frustration

This section is devoted to the study of a finite-dimensional non-Markovian modification
of the Curie—Weiss spin-flip dynamics which belongs to the same universality class of
the model considered in Section 3.2, as we already remarked in the beginning of the
chapter. However, it must be noted that the properties of reversibility of the previous
model (Remark 3.3) are not holding here. Indeed, the periodic behavior is here fostered
by the presence of frustration in the dynamics, which brings time-irreversibility into play.
Nevertheless, the finite dimensionality of the model allows one to characterize the phase
diagram to a much larger extent than in the previous case. In particular, even though we
do not prove any global result, we give strong numerical evidence on the way in which
cycles disappear above a certain threshold of the parameters’ values. We mention the
work [97], which looks related to our model. Besides performing a much more general
analysis (temporal delay in the transmission of information and quenched disorder are also
considered), in that case the population consists of two types of individuals: mainstreams,
following the majority, and hipsters. In the author’s terminology, our toy model could
then be referred to that of a single population where each individual has both a conformist
and an anti-conformist side in his/her personality.

In the formulation of the model, the state of the i-th particle in the system is identified
by a pair of spin-valued variables (z;,;) € {—1,1}?. The dynamics is given in terms of
a continuous time spin-flip type Markov chain on the augmented state space {—1, 1}2N,
where each particle flips one component of its state independently conditioned on the
current state of the population, with rates

{xi — —x; withrate (1 — eay;)e oms (3.47)

. N
y; — —y; with rate Wi«

where 7,3 >0,0<e<1,and m) := % Zg\il x; is the magnetization of the spins x;’s.
Note that, if ¢ = 0, and if we restrict the model to the spins x;’s we recover the Curie—Weiss
model (3.4). Dynamics (3.47) can be thought of as a perturbation of the Curie-Weiss (the
strength of the perturbation being governed by the parameter ¢), under the additional
presence of frustration, which we here introduced through the variables y;’s, whose tendency
is to disalign with the state of the majority of the z;’s. The strength of the alignment
and disalignment tendencies is governed by the two parameters § and = respectively.
Moreover, when the private states of an individual are aligned, the interaction with the
rest of the population is mitigated (the intensity of this phenomenon being tuned by
5)‘. Denoting (x,y) := (z1,..., TN, Y1,---,YN), T = (T1,...,Ti_1, —Ti, Tis1, ..., o) and
v = (y1,-.-,Yi—1, —Yi, Yi+1,- - -, YN ), the infinitesimal generator associated to dynamics
(3.47) is, for f: {-1,1}*Y SR,

N

LY f(@,y) = Y (1 —cai)e Y [f(@'y) - f(2,y)]
=1
N
+ 3 f(@,y') — fla,y)]- (3.48)
=1

The rest of the chapter is organized as follows: in Section 3.3.1 we introduce the macroscopic
limit system, proving its well-posedness; in Section 3.3.2 we perform a linear analysis
around the disordered equilibrium, studying the local phase-diagram when the interaction
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parameters vary; in Section 3.3.3 we find numerically all the other equilibria of the system;
in Section 3.3.4 we study numerically the local character of the previously found equilibria;
finally, in Section 3.3.5 we give detailed illustrations of the dynamics and of the global
phase-diagram, via numerical simulations of the macroscopic equations and resorting to
the previous analyses.

3.3.1 Macroscopic limit

In addition to the empirical magnetization m’Y of the x;’s, we also define the analogous
quantity mév for the y;’s and

1 N
== iy
N =1

We denote ((miv (t), mi (t), mY, (t)))t>0 the process obtained by evaluating the empirical

magnetization’s functions on the particles dynamics Let Ey C [—1,1]? be the image of

{—1 1}2N under the map &V : (z,y) — (mY, mév, mi ) It is easy to check that dynamics
(3.47) induces a Markovian evolution on Ey for the process ((mév(t), ml'(t), mé\;(t)))po'

Indeed, generator (3.48) is closed in the three empirical magnetizations variables, as we
N N m Y

verify by applying it separately to the three functions (m; s My 5 Mgy

xT

N
2
Nl =71~ sxiyi)e_ﬂmimfcv |:—IZ}

el mi gy | 26~ Lo i gy
Zyi e

N g ¥E Tty 2
=1 =1
— _e—,BméV N /Bmz _|_eﬁm N 577% +€mé\7€ 5m5’c\7
—I-Em "o —Bm3 +5mN pm +5m]\geﬂ mg!

= —2mY cosh (BmlY) + 2sinh (BmY) + 25m cosh (Bmd) — 2em® , Sinh (BmY).

For m

sz

we get

o N[ 2
=1

= —2sinh (ym?Y) — 2mév cosh (ym2),
while for m%,
NN i —pmNa; [ 2 ol N [ 2
Ly, =3 (1= emiys)e” o™ | = Zmiys| + )€™ =<y,
i=1 i=1

% + "177/ —b’mN
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N N
2 1+$i6_5mg+§21—%65m5y
N 2 N 4 2
=1 =1
N N
1 1-—
_7§ :xz Zyl ymlY 7}:% Yi ,—yml

= me smh (BmY) — 2ml¥ cosh (BmY) + 2 cosh (BmY)

— 2em? sinh (BmY) — me sinh (ym2') — mey cosh (ym2).

The process ((miv(t),mév(t),m%(t))) o is an order parameter, in the sense that its
t

evolution is Markovian. The associated infinitesimal generator can be derived by applying
the change of variables prescribed by the map ®~. In this setting, the proof of a propagation
of chaos property for the sequence of the order parameters should be standard, by studying
the uniform convergence of the generators and by applying the results in [56] to obtain
(weak) convergence to a limiting deterministic process. We do not treat this problem here,

but we rather focus on studying the limit deterministic process ((:L’(t), y(t), w(t))) . to
>

which ((mfvv(t), mN (), ml (t))) o should converge. By the above computations on L%,
24

Y zy
it necessarily satisfies
z(t) = —2x(t) cosh (Bz(t))+2sinh (Bx(t))+2ey(t) cosh (Bx(t)) —2cw(t) sinh(Bx(t)),
(1) = —2y(t) cosh (1a(£))—2sinh (va(2)),

w(t) = —2w(t)cosh (yx(t)) —2x(t) sinh (yz(t)) —2w(t) cosh (Bx(t))+2y(t) sinh(Bz(t))
+2¢ cosh (Bx(t)) — 2ex(t) sinh (Bx(t)),
z(0) = zo, y(0) =yo, w(0) = wo.

(3.49)

Proposition 3.7 (Well-posedeness). For any v,5 > 0, 0 < e < 1, System (3.49) has
a unique global solution such that (x(t),y(t),w(t)) € [-1,1]* for any t > 0, provided
(w0, Yo, wo) € [—1,1] is such that, if (zo,y0) = (£1,F1), then wo = —1 and if (xo,y0) =
(£1,+1), then wy = 1.

Proof. We study the sign of the vector field at the borders of (—1,1)3 for each variable
separately. First of all, we note that, by the vector field of the second equation, if y(t) =1
(vesp. y(t) = —1), then Ly(t) < 0 (resp. $y(t) > 0), for any choice of the parameters. By
looking at the first equation, we have that, for z(¢) = 1,

d
—u(t) = —2cosh 8 + 2sinh  + 2ey(t) cosh § — 2zw(t) sinh 3.

z(t)=1
When y(t) = 1, we must have w(t) = 1, due to the assumption on the initial datum, the

definition of mfc\g (t) (for which the property is satisfied) and the supposed convergence

(miv(t),mév(t), m%(t)) — (z(t),y(t), w(t)). Thus, when y(t) =1

d

%x(t) = —2cosh 8 + 2sinh 8 + 2¢ cosh 8 — 2e sinh 3

z(t)=1

—2(1 —¢)coshf+2(1 —¢)sinh 8 <0,
for any 0 < e < 1. Similarly, when y(¢) = —1 we have w(t) = —1, and thus

d

ﬁx(t) —2(1+¢€)coshf+2(1 +¢)sinh g <0,

w(t)=1
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for any € > 0.
For z(t) = —1,

—ux(t)

-1 2 cosh B — 2sinh 5 + 2ey(t) cosh B + 2ew(t) sinh .
x(t)=—

When y(t) = —1 (thus w(t) = 1), we have

—a(t)

7 = 2cosh § — 2sinh 8 — 2¢ cosh 8 4 2e sinh 3

z(t)=—1
=2(1 —¢)coshf —2(1 —¢)sinh g > 0,

for any 0 < e < 1, while for y(t) = 1 (and w(t) = —1),

d
£9U(t)

(-1 = 2cosh § — 2sinh 8 4 2¢ cosh 8 — 2e sinh 3
x(t)=—

=2(1+¢)coshf —2(1+¢)sinh g >0,

for any € > 0. With analogous considerations on the third equation we get the assertion
for w(t). Indeed, note that the terms of the vector field of w(t) which depend on 7 have
always the right signs at the borders.

For the well-posedeness, by the Lipschitz properties of the vector field in [—1,1]3, we
can conclude by the classic theorems of global existence and uniqueness for ODEs. O

Remark 3.8. We refer to System (3.49) as the macroscopic limit of the particle system
(3.47). Observe that the disordered state (0,0, %) is an equilibrium for every choice of the
parameters B and . In the following we always assume € < 1, which is not restrictive for
the resulting phase diagram.

3.3.2 Local analysis

In this section we perform a local analysis by linearizing the dynamics around the disordered
equilibrium. Denoting with f (z,y,w) the vector field of System (3.49), the linearized
system around (0,0, §) is given by

o | =alan |, (3.50)

With A = D7($7y7w)’(x’y7w):(0,07%),

—2428—-€28 2 0
A= —2 -2 0
0 0 —4

With this notation, we are able to prove the following:

Proposition 3.9. In a neighborhood of (0,0, 5), System (3.49) possesses:

e a single pitchfork bifurcation in 5} := 2(2517:21) forey <1;

e when ey > 1, the model features:
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1. a Hopf bifurcation in B} = 52

2—2

2. a pitchfork bifurcation in BF = 2t

2—¢2

Proof. Denoting with A’ the upper left submatrix of A,

yas 242828 2
a —2 -2/

we have that the characteristic polynomial of A is

P(V) = (—4=X) [\ = Tr(4)A + Aw], (3.51)

with Tr(A’) = —4+28—¢2B and Ay = 4— 43+ 2¢23 +4ey. We know that the disordered
state is linearly stable if Tr(A’) < 0 and Ay > 0, which is equivalent to 3 < 3 2 and

1) 1 1
B < 57+ . When ev < 1, this is equivalent to 5 < €7+2 ), since (251:2) < Qfgg, while

for ey > 1 we have a linearly stable disordered state for § < 5= 52
A pitchfork bifurcation arises, associated with a change of stability of the ﬁxed point
(0,0,e/2), when Ay =0 and Tr(A’) < 0. The first condition is true for § = ¥ = EVH)

—e2

while the second holds for B < 5=. In order for them to be true at the same tlme we

need to have 2(‘”“) <3

52, Wthh is equivalent to ey < 1.
Another pltchfork blfurcatlon is present, this time not associated with a Change of
stability of the fixed point, when A 4 = 0 and Tr(A’) > 0, which is equivalent to 5 >

2— 62
and = = EVH) , which is possible if and only if ey > 1.

Finally, the condltlon for having a Hopf bifurcation is Tr(A’) = 0 and A4 > 0, which
is true for g = G3* = and ev > 1. O

4
2—g2
In the Hopf bifurcation case we can go a step further by computing the Lyapunov
coefficient around the fixed point to deduce that

Proposition 3.10. When ey > 1, a unique stable cycle emerges after Bi* = 2—452’ i.e. the
Hopf bifurcation is supercritical.

Proof (non-rigorous). First, we note that locally around the fixed point (0,0,c/2) the
dynamics is two-dimensional, since the linear dynamics is such that %$w(t) = —4w(t).
Thus, in order to compute the normal form, we restrict System (3.49) to the first two
equations, and we substitute w(t) = § (this linear approximation step can be made rigorous
by applying the methodology of the center manifold detailed in Theorem 1 of [89, Sect.
2.12]). We then obtain

#(t) = —2z(t) cosh (Bx(t)) + 2sinh (Bz(t)) + 2ey(t) cosh (Bx(t)) — &% sinh (Bx(t))
y(t) = —2y(t) cosh (yx(t)) — 2sinh (yx(t)).

(3.52)

Expanding up to the third order around (0,0), we get the topologically equivalent system

{a‘z<t> = (=24 28 — 2B)a(t) + 2ey(t) — B22%(t) + Gad (1) + efPy(t)a(t) — 25 a(t)
. 3
g(t) = —2ya(t) — 2y(t) — V2> ()y(t) — Fa’(2).

(3.53)
Applying Remark 1 in [89, Sect. 4.4], the computation of the Lyapunov coefficient o in
our case gives:

3m

(4 —4e7) (B2 (1 + B+ 28%) ++7),
NG

g =
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which is negative for ey > 1, so that we can conclude by Theorem 1 in [89, Sect. 4.4] for
planar systems. O

3.3.3 Numerical evidence on the global phase diagram

Performing a global analysis, and specifically proving global results on the existence of
periodic solutions to (3.49), does not seem easy. The main reason for this is that System
(3.49) is three-dimensional and it does not appear to have a lower dimensional or more
tractable representation. In fact, while for planar ODEs some global results on periodic
orbits are available (see for e.g. [89, Ch. 3]) , a general global theory for higher dimensions
is not developed. For this reason, at the global level we resort to a numerical analysis which
allows one to describe the phase portrait to a large extent. First of all, we characterize all
the fixed points of System (3.49), which are the solutions to

—2x cosh (Sz) + 2sinh (Sz) + 2ey cosh (Bz) — 2ew sinh (fz) = 0,
—2y cosh (yx) — 2sinh (yx) = 0,

3.54
—2w cosh (yx) — 2z sinh (yx) — 2w cosh (Bz) + 2y sinh (Bz) + 2¢ cosh (Bx) (3:34)
—2ex sinh (Bz) =0,
which can be rewritten as
x = (1—ew)tanh (Bz) + ey,
y = —tanh (yz),
w = —1 sinh (yx) + sinh (Sz) (355)
cosh (yz)+cosh (Bz) Y cosh (yz)+cosh (Bx)

cosh (Bz) sinh (Bz)
+e cosh (yz)+cosh (Bz) — €T osh (yx)+cosh (Bz)

Substituting the values of y and w at the equilibrium in the equation for x we find

f(x) := tanh (Bx) — e tanh (yx) (3.56)
¢ tanh (yz) sinh (8z) tanh (Bz) g2 sinh (Bx)
cosh (yx) + cosh (Bx) cosh (yx) + cosh (Bz)

esinh (yz) tanh (Bz)  e?sinh (Bz) tanh (Bz) | 0
~ cosh (yz) 4 cosh (Bz)  cosh (ya) + cosh (Bz) |
The scalar function f(x) just defined has the same sign of the first component of the vector
field in (3.49), and identifies the equilibria of the dynamics. Let us consider first the case
ey < 1. A plot is shown in Figure 3.6, for ¢ = 0.5 and v = 1. The critical value of the
parameter [ is in this case 8F ~ 1.714. As we see from the plot, for subcritical values
of the parameters we have only one equilibrium, corresponding to the disordered state.
Then, we see the appearance of two other equilibria of ferromagnetic type above ;. From
the linear analysis performed above, we know that - at least locally - the disordered state
is stable until 3}, where it inverts its stability, with the two emerging polarized equilibria
being stable.

The case ey > 1 is substantially different and richer. We report the plots separately in
the two Figures 3.7 and 3.8, fixing in both € = 0.5 and v = 7. In Figure 3.7, it is shown
that for 5 < 2 only the equilibrium corresponding to the disordered state is present. In
B = a. =~ 2 two other equilibria emerge, each of which then splits into two other equilibria,
resulting in a total of five fixed points for the dynamics. We remark that the critical value
a. where the other two equilibria emerge was not found through the linear analysis on
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Figure 3.6: Plot of the function f(z) for e = 0.5, v = 1. The parameter [ takes three
different values, 5 = 1, prior to the pitchfork bifurcation, 5§ = 1.71 which is approximately
the value 3} for which the pitchfork bifurcation arises, and g = 2.5.
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Figure 3.7: Plot of the function f(z) for e = 0.5, v = 7. The parameter 3 takes three
different values, 8 =1, § = 2 for which we see the appearance of other two equilibria, and
B = 2.5 where the equilibria have become five in total.

the bifurcations we performed above: it is presumably the result of a global phenomenon.
Figure 3.8 shows the plot of f(z) for other three values of the parameter 8. In § = 3 (blue
curve) the five equilibria are still present, even though we see that the two intermediate
ones are decreasing towards 0. Indeed, in 8 = 5} ~ 5.14 the two intermediate equilibria
disappear by collapsing at 0. This value of 3 is the one corresponding to the pitchfork
bifurcation we found above. Finally, in § = 7 we have three equilibria remaining: the
disordered state and two polarized equilibria.

Flx)

Figure 3.8: Plot of the function f(z) for e = 0.5, v = 7. The parameter (3 takes three
different values, 8 = 3, where the five equilibria are still present, 5 = 5.14 which is
approximately the value 8} for which the pitchfork bifurcation arises, and g = 7, where
only three equilibria survive.
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3.3.4 Numerical linear analysis on the other equilibria

Even though the zeros of the function f(x) cannot be found analytically, we can approxi-
mate them numerically with arbitrary precision for any choice of the parameters ¢,y and .
The corresponding values of y and w can be then retrieved from the expressions in (3.55).
We observe that f(z) is an odd function of x; the same holds for the expression of y in
terms of = in (3.55), while w is even in x. Moreover, we remark that = and y at the equi-
libria have always opposite signs (except trivially at the disordered one). Thus, denoting
with (acs_v 8 Yo g Wer, B) the ferromagnetic polarized equilibrium with z__ 5 < 0, we have
that the corresponding positive one is (:p;f%ﬂ,y;fmﬁ,w;%ﬁ) = (—:c;%ﬁ,—y;%ﬁ,w;%ﬁ).
The other two intermediate equilibria appearing for ey > 1 for some values of 3 are
denoted with (:c:; 5,y:7’; ﬁ,w;’; ﬁ) and (x:;rﬁ,y:;r ﬁ,w;’j’ ﬁ), for which again we have
(22 90 Yo 0y ) = (00 5 =Yl g W ).

In order to (locally) characterize the nature of these equilibria, we compute the Jacobian
(and its eigenvalues) of the vector field in (3.49) at the roots of f(z) = 0 found numerically
and the corresponding values of y and w. We report the results obtained via Mathematica:

e for ey < 1, the two polarized equilibria (xgt7 L ygc,y e wgcw 5) which emerge after the
pitchfork bifurcation at 3} are linearly stable;

o for ey > 1:

1. for the range of 5’s where the intermediate equilibria (:x:f 8 y:ff 8 wzj B) exist
(a. < B < %), they are linearly unstable, with the Jacobian having two negative
eigenvalues and a positive one;

2. the two polarized equilibria (JU;E7 45 y:E7 4 wgcW 5) emerging for 5 > a. are always
linearly stable.

3.3.5 Simulations and vector field projections

To investigate further on the global phase portrait, and particularly on the emergence
of the cycles, we performed several simulations of System (3.49). Here, we restrict the
parameters’ values to the more interesting case ey > 1. In particular, in what follows
we fix ¢ = 0.5 and v = 7. Figures 3.9 and 3.10 show what happens when we let the
dynamics start close to the disordered state. For small values of 5 (Figure 3.9A) the
disordered state attracts the trajectories; for § ~ §** (Figure 3.9B), the value of the
Hopf bifurcation, we see the emergence of periodic orbits, whose amplitude expands up to
B = 2.8 (Figure 3.10A), which is approximately the maximal amplitude’s point, since for
B = 2.9 (Figure 3.10B) the periodic orbits disappear and everything gets attracted to the
polarized equilibria.

The picture is different when we start the dynamics far from the disordered state, as
shown in Figures 3.11 and 3.12. As before, for small values of 8 the disordered state is a
global attractor for the dynamics (Figure 3.11A); for intermediate values of 3, right before
the Hopf bifurcation (Figure 3.11B, where we considered § = 2.1, while 5¥* ~ 2.285),
the system starts to oscillate, expecially in the y variable, but does not manage to reach
periodic configurations before getting attracted to the polarized equilibria for values right
above 3*: see Figure 3.12 for the case 8 = 2.3.

Summing up, these pictures highlight the global attractiveness for small values of 3 of
the disordered state, the global attractiveness of the polarized states for big enough values
of B, and the local nature of the presence of the stable cycle, which is visible only by
starting the dynamics close to the disordered state, and for an intermediate range of values
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(a) B=1 (b) B=2.3

Figure 3.9: Plots of the solution (x(t),y(t), w(t)) of System (3.49) for t € [0, 50], starting
close to the disordered state, (2(0),y(0),w(0)) = (0.1,—0.1,0.2), fore = 0.5,y =7, =1
(left), g = 2.3 = 3¥* (right). The red curve is z(t), the blue one is y(¢) and the green is
w(t).

0.5 q 0.5~
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(a) B =28 (b) B =29

Figure 3.10: Plots of the solution (z(t),y(t),w(t)) of System (3.49) for ¢ € [0, 50], starting
close to the disordered state, (z(0),y(0),w(0)) = (0.1,—0.1,0.2), for ¢ = 0.5, v = 7,
B =2.8 (left), B = 2.9 (right). The red curve is z(t), the blue one is y(¢) and the green is
w(t).

1.0 1.0
0.5 0.5¢
e : : : Lt - t
V 10 20 30 40 50 20 30 40 50
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-1.0 -1.0
(a) B=1 (b) B=2.1

Figure 3.11: Plots of the solution (z(t), y(t), w(t)) of System (3.49) for t € [0,50], starting
far from the disordered state, (x(0), y(0),w(0)) = (0.5, —0.7,0.5), for e = 0.5, vy =7, =1
(left), 8 = 2.1 (right). The red curve is z(t), the blue one is y(¢) and the green is w(t).
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Figure 3.12: Plot of the solution (z(t),y(t), w(t)) of System (3.49) for ¢ € [0, 50], starting
far from the disordered state, (z(0),y(0),w(0)) = (0.5,—0.7,0.5) for ¢ = 0.5, v = 7 and
B = 2.3. The red curve is z(t), the blue one is y(t) and the green is w(t).

Figure 3.13: Parametric three-dimensional plot of trajectories starting at different inital
points, for g = 1.9, right below the point where the other four equilibria appear.

of 3: the picture is thus different from that of the model studied in Section 3.2, where the
cycle seemed to have a global character. Moreover, we have found another critical point,
which we call z., where the cycle disappears. For the chosen numerical values € = 0.5 and
v =17, we find z. =~ 2.817. An interesting problem is to determine the way in which the
cycle disappears: the fact that the cycle’s amplitude increases with g and simultaneously
the intermediate equilibria get closer and closer to the disordered state, strongly suggests
that the point z. could be identified as the value of 8 in which the cycle falls onto the
stable manifold of one of the hyperbolic intermediate equilibria. This is indeed what is
happening.

In Figures 3.13, 3.14, 3.15, 3.16, 3.17 and 3.18 we show some parametric three-
dimensional plots of five trajectories of System (3.49), produced by starting the dynamics
in different initial points, focusing on values of 5 around a., 3;*, z. and 3;. The trajectory
in green was obtained by starting close to the disordered state, the blue and the orange
ones in two intermediate states, while the red and the black trajectories are starting close
to the polarized states. We see that, for values of § < a. (Figure 3.13), the disordered
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Figure 3.14: Parametric three-dimensional plot of trajectories starting at different inital
points, for g = 2.1, i.e. right after the appearance of the other four equilibria.

Figure 3.15: Parametric three-dimensional plot of trajectories starting at different inital
points, for g = 2.3, right after the value of § of the Hopf bifurcation.
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Figure 3.16: Parametric three-dimensional plot of trajectories starting at different inital
points, for § = 2.8, i.e. right below the critical point z. where the periodic cycle disappears.

Figure 3.17: Parametric three-dimensional plot of trajectories starting at different inital
points, for 5 = 2.9, i.e. right above the critical point z. where the periodic cycle disappears.
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Figure 3.18: Parametric three-dimensional plot of trajectories starting at different inital
points, for § = 5.3, where the unstable intermediate equilibria have disappeared, and the

polarized equilibria remain the only attractive equilibria in the dynamics.

state attracts all the five trajectories, and it is a focus. When we increase 3 right above the
value a, where the other four equilibria appear, we see that (Figure 3.14) the red and black
trajectories are now well distinguished and each tends towards the closer polarized state,
while the solutions in blue and orange, which started close to the unstable intermediate
equilibria, get attracted to the disordered state, which is still locally stable. Of course,
if we started these two solutions closer to the polarized states we would have seen an
attraction towards the other equilibria. In Figure 3.15 we have chosen a [ right above the
critical value 3;* of the Hopf bifurcation: we here indeed see the appearance of a cycle
(the one in green), and that the two intermediate solutions get attracted to the cycle. The
cycle increases its amplitude until 5 ~ 2.8, which is shown in Figure 3.16. Here, even
though the cycle is still stable, the two intermediate solutions in orange and blue are now
attracted to the polarized states: indeed, the actual value of the unstable intermediate
equilibria is decreasing towards the disordered state as § increases, but we are keeping
fixed the initial "intermediate" data so that after a while it falls within the domain of
attraction of the extreme equibria.

Figure 3.17 was realized by choosing a (3 right above the critical value z. where the
cycle disappears: as expected, the trajectory in green touches one of the two intermediate
solutions (in this case the blue one), and consequently gets attracted towards the polarized
state. As we saw from the numerical linear analysis of Section 3.3.4, locally around the
intermediate equilibria we have a two dimensional stable manifold and a one dimensional
unstable one. Necessarily then, the cycle eventually hits the two dimensional stable
manifold, the resulting trajectory escapes through the one dimensional unstable curve, and
finally it gets attracted to the polarized state. A confirmation of this is shown in Figure
3.19, where we plotted the vector field projected onto the three coordinates x, y and w,
for a value of 8 right below z.. As we see from the pictures, the plane x = z =~ x:j P
is (approximately) the stable two dimensional manifold associated to the intermediate
equilibrium.

Finally, Figure 3.18 shows the three-dimensional simulation for a big value of 3, after
the pitchfork bifurcation in 87 where the two intermediate unstable equilibria vanish. Here,
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Figure 3.19: The vector field projected onto the planes © = = =~ =z
y=y~y., 5 (Figure B), w=w~ w:’;ﬁ (Figure C), for g = 2.8.
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the green trajectory oscillates less and less and gets attracted to the polarized state, which
is the only stable equilibrium in the dynamics and thus attracts all the trajectories.



CHAPTER 4

Beyond the mean field case: a hierarchical mean
field model of interacting spins

This chapter is devoted to the study of a model of interacting spins with a hierarchical
mean field structure. As the models of Chapter 3, it can be viewed as an example of non-
Markovian spin system, where the non-Markovianity is realized via a state-augmentation
procedure, as it was for the model studied in Section 3.3. At the individual level, the full
Markovian state is indeed given by a pair of variables: the spin and a continuous variable
which evolves in a diffusive way. The main goal of our study is to obtain macroscopic limits
at various spatio-temporal scales for both the mean field and the two-level hierarchical
formulation of the model, analyzing the presence of phase transitions in the system.

In the literature, hierarchical models were often employed for applications in population
dynamics and genetics, where individuals naturally dispose in groups with a hierarchical
structure (families, clans, villages, colonies, populations and so on). A series of papers
from the ’90s - ’00s (initiated with [39] and [40] among others), nicely reviewed in [70],
deals with different types of hierarchical mean field linearly interacting diffusions (the
prototype being linear Wright-Fisher diffusions), where in most cases the macroscopic
limits are retrieved at every spatio-temporal scale, and a renormalization map can be
defined, allowing one to pass from one hierarchical level to the other. Moreover, the
study of the fixed points of the renormalization map is in some cases fully worked out.
Two crucial ingredients which allow for an iterative renormalization procedure are the
linearity of the interactions, which in the above works is realized by considering linear
drifts, of imitative type, which scale with the hierarchical distance, and some ergodicity
properties of the individual dynamics. The motivation for focusing on diffusive dynamics
as building blocks for the hierarchical models stems from the fact that, with their choices,
each individual non-interacting dynamics can itself be obtained as a continuum limit of a
corresponding finite state space model of interacting particles: for example, the discrete
prelimit counterpart of the Wright-Fisher diffusion is the voter model (see e.g. [33]).

When working directly on finite state models fewer results are known, due to the
non-linearity of the microscopic interactions. Hierarchical Ising-type models for spin
systems were introduced in [41]. Since then, a literature on the hierarchical group and
renormalization theory for spin systems was developed (e.g. [11], [46], [47], [69], [74]), but
always studying equilibrium models. On the finite state space dynamics, we acknowledge
the work [2], which studies contact processes on the hierarchical group, with a focus on
deriving sufficient conditions on the speed of decay of the infection rates for obtaining a

105
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phase transition between extinction and survival.

In our case, we define hierarchical dynamics of spin-flip type with a ferromagnetic
mean field interaction, coupled with a system of linearly interacting diffusions of Ornstein-
Uhlenbeck type. In particular, the diffusive variables enter in the spin-flip rates, effectively
acting as dynamical magnetic fields. In absence of the diffusions, the spin-flip dynamics
can be thought of as a hierarchical version of the Curie-Weiss model (3.4) (except for
considering alternative, but equivalent, transition rates). Note that in our model the
interaction between the spins is highly non-linear. However, as we shall see, the linear
diffusions drive the system of spins, eventually allowing for a separation of spatio-temporal
scales for the spin dynamics as well.

It should also be noted that the model treated in this chapter is somehow related to the
model of interacting renewal processes of Section 3.2. Indeed, in the zero-temperature limit
and for some range of the diffusion parameters, the block averages of the spins behave as
macro-spins themselves, with random jump times which are non-exponentially distributed
(see Remark 4.9 for the single particle case). However, the structure of the interactions
in this model is definitely different from that of Section 3.2, where in the latter it was
introduced as a time scaling on the waiting times of each particle’s jumps depending on
the magnetization of the spins. Nevertheless, we cannot rule out the possible emergence of
oscillating behavior for some particular parameters values also for this model, even though
we were not able to experience it with simulations.

The chapter is organized as follows: in Section 4.1 we formulate the dynamics for a
general interaction graph, which we then specify to the two contexts of our interest: the
mean field case - analyzed in Section 4.2, and the two-level hierarchical case - analyzed in
Section 4.3. In particular, in Section 4.2 we derive rigorously the macroscopic limit at the
two characteristic timescales of the model for any value of the parameters, highlighting the
presence of a phase transition, and studying the resulting effects on the dynamics at each
timescale. In Section 4.3, we study rigorously the macroscopic limits at the three different
timescales of the two-level hierarchical model, restricting ourselves to a range of interaction
parameters which we refer to as subcritical. We also formulate a generalization of these
results to the k-level hierarchical version of the model, for any k € N finite (Section 4.3.5).
In the supercritical region we focus on the zero-temperature limit (Section 4.3.6), where we
give a description of the limit dynamics supported by numerics and heuristic arguments,
allowing for a comparison with the mean field scenario.

4.1 Introducing the model

Consider a set V (possibly countably infinite), indexing individuals in a population.
Each individual r € V is identified with a pair of variables (o,,z,): a spin variable
or € {—1,1}, and a continuous one z, € R, modeling some summary statistics of the
remaining characteristics of the individual, and thus being naturally normally distributed
by a central limit theorem. The interaction between each pair of spin variables o,,0, € V
is encoded in a (possibly random) variable J,s € R. Analogously, z, and x4 interact
with a strength proportional to some variables J/, € R. The particles (o, z,)rey follow
stochastic dynamics given by

{O’r = —0, with rate 14 tanh[—0, Yy Jrs(0s + 25)], (41)

dr, = =Y ey J)s(@r — x5)dt + odW, (1),

where W,.(t)’s are |V| independent Brownian motions, and o > 0 is the diffusion coefficient.
The choice of the rate function 1 + tanh(-) in (4.1) might seem unusual. Note that it is
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alternative to the more common choice ¢~ 7" 2osev rs(?s+s) , which we discussed briefly in
Section 3.1 in the ferromagnetic mean field case without diffusions. As the latter, in the
case without diffusions, it defines a Glauber-type spin-flip dynamics with respect to which
the Gibbs measure

(o) o< 1 + tanh Z Jrs0p 0
r,seV

is reversible. The main reason for the alternative choice 1 4 tanh(-) is technical, as the
boundedness of the transition rates is convenient for the proofs, even though we believe it
is not an essential ingredient.

We focus on two different choices for V' and (deterministic) interaction parameters Jy
and J).:

e Ferromagnetic mean field case:

V:={1,...,N},
p
Jrs_ﬁa (42)
e
J’I’S N’

with o, 8 > 0.

o Ferromagnetic two-level hierarchical case:

Jrs =

JIrs
with aq, ag, 81, B2 > 0, where the distance | - | between r := (i, ) and s := (k,[) is
defined by

Vi={1,...,N} x{1,...,N},
, S =5k iflr—s[ <1, (4.3)
5, Jrs= 8%, iflr—s] =2,

SR

=

0, ifi=k j=1I
Ir—sl:=4¢1, ifi#£k, j=1I (4.4)

2,  otherwise.

The two-level hierarchical case can be thought of as a model for a collection of NV interacting
populations, each of which is itself a mean field interacting particle system with N particles.
In the definition (4.4) of the hierarchical distance |r — s|, the first index i refers to the
individual, while the index j identifies the j-th population. Two individuals r = (i, )
and s = (k,l) are thus said to be at distance 1 if j = [ (i.e. they belong to the same
population); otherwise, they are at distance 2. The choices in (4.3) are such that the
strength of the interaction is inversely proportional to the hierarchical distance. This
construction can be reiterated a finite number of times to define a k-level hierarchical
model, where V := {1,..., N}, J., %, J) g ox ﬁ for |r—s| =1, withl=1,... k.
See Section 4.3.5 for details. The main goal of this chapter is to obtain a limit description
of both the mean field and the two-level hierarchical formulation of dynamics (4.1) at
different spatio-temporal scales, analyzing the possible presence of phase transitions in the
system.
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4.2 A starter: the mean field model

In this section we study the mean field version of the model, i.e. the case of a single
population of N individuals with a mean field type interaction. We denote by (o, x) :=
(0j,25)j=1...N € ({—1,1} x R)" a configuration of the entire population. In the following,
we interchangeably use the coordinates (o4, A;) and (o, z;), where \; := 0; + ;. We denote
by

N 1 al
m* (t) := N ;O‘i(t)

the magnetization of the spin variables at time ¢, and by AV () (resp. 2V (t)) the analogous
quantity for the A;(¢)’s (resp. ;(t)’s). The dynamics is such that, at time ¢, the i-th spin
flips with rate

o; — —0y, with rate 1+ tanh(—Bo;(t)AY (t)),

where AN (t) and 2V (t) satisfy
(4.5)

dzN (t) = ZdWN (1),

{d)\N(t) = dm® (t) + daN (t),
VN

where WY is a Brownian motion and o > 0 the diffusion coefficient. Indeed, by substituting
the mean field coupling constants (4.2) in the general dynamics (4.1) we retrieve

=1+ tanh (—Bai(t)(mN(t) + xN(t)))

-

1 + tanh [—O'i(t) Jij(oj(t) + ()

j=1
=1+ tanh (—,BUi(t))\N(t)) )

N
dz;(t) = — Z %(azz(t) — xj(t))dt + odWi(t) = —a(zi(t) — 2 ())dt + cdW;(t),

j=1
and thus, by averaging the second line over i =1,..., N,
da™ (1) = ——dw™ (¢),
VN
where W := L SN W, is a Brownian motion. We stress that the law of W/ does

N
not depend on N, but we keep the notation W¥ to refer to the specific Brownian motion
obtained by the aggregation of the single W;’s.
From the definition of the spin-flip rates, we obtain the transition rates at time ¢ for

the order parameter m!"

2 1—mb
m™ = m? + N with rate Nn;(t) {1 + tanh(ﬁAN(t))}
(4.6)
N
m™ —» m? — %, with rate ng(t) {1 - tanh(ﬁx\N(t))} .

We assume i.i.d. initial data for the single variables x;(0) ~ A (zg,0?), and 0;(0) ~ Ber(p),
for some p € [0, 1].



4.2 A starter: the mean field model 109

The infinitesimal generator associated to the dynamics (4.5) and (4.6), applied to a
function f: R x [-1,1] — R, is thus given by
N 1-m 2 2
LY f(A,m) = NT [14 tanh(BN)] |f (A + N,m—i— ~) f(A,m)
14+m 2 2 o? 0 (4.7)
N1~ tanh S - g 2 .
# N 1 tanh ()] | (A= 2o = ) = fOum)| + T fOm)
In the alternative variables (x,m), with £ = A — m, the generator takes the form

m

LN f(z,m) = NlT [1 + tanh(B(z + m))] [f (:c,m + ;) — f(:c,m)]
2 92
+ NH—Tm [1 — tanh(B(z + m))] {f (:c,m - ) - f(:c,m)} + i%f(x,m).

(4.8)
The rest of this section on the mean field case is organized as follows. In the next
two subsections we motivate the expected limit behavior at the two different timescales
characterizing the model: in Section 4.2.1 we deduce the order 1 timescale deterministic
limit dynamics for N — +oo, while in Section 4.2.2 we introduce the problem of studying
the fluctuations around the deterministic limit at an accelerated timescale of order V.
An easy but important property of the accelerated dynamics is then given in Proposition
4.2, which will turn out to be very useful for generalizing some results to the two-level
hierarchical case. We finally address rigorously the convergence problem in the so-called
subcritical regime in Section 4.2.3, and in the supercritical regime in Section 4.2.4.

4.2.1 Deterministic mean field limit

At times of order 1, where the fluctuations terms (i.e. the terms which tend to 0 for
N — 400 in the generator (4.7)) become negligible for N > 0, the dynamics of the system
is well approximated by the following system of two ODEs

A(t) = 2 tanh(BA(t)) — 2m()
() = 2 tanh(BA(£)) — 2m(t)
)\(O) = )\Q S R,

m(0) = mo € [~1,1],

(4.9)

which can be thought of as the mean field limit of the dynamics introduced at the beginning.
Note that if we choose initial conditions such that Ay = my, the above system restricts to
the Curie-Weiss model (3.6), except for a missing multiplicative term in the vector field
which does not modify the qualitative behavior of the dynamics. System (4.9) is such that
its equilibria form a one-dimensional curve of fixed points, given by

m = tanh S\,

corresponding to the points (A, m) for which (), ) = (0,0). By studying the sign of the
two-dimensional vector field in (4.9), which has a constant slope of 1 since its components
are equal, one can get convinced that the equilibrium curve is a global attractor for
the dynamics. However, we can distinguish two regimes, depending on the value of the
parameter [3.

Figures 4.1 and 4.2 should highlight the qualitative behavior of the dynamics: for
B < 1, when the slope of the invariant curve is always smaller than the one of the vector
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Figure 4.2: Qualitative behavior for 8 > 1

field, the whole curve is a stable manifold; for 8 > 1 instead, the curve is stable in the
two disjoint external intervals where the slope is less than 1, while it shows an unstable
behavior in the internal interval where the slope of the curve is greater than 1. For g > 1,
we denote the critical points where the curve has a slope equal to 1 as (£\,(8), £mq(5)),
where

Aa(B) = ;arctanh ( 1— 1) ,

B
/ 1
ma(B) = 1_5-

Thus, for some initial conditions close enough to the critical points, the dynamics will
be soon attracted to the other branch of the curve, as shown in Figure 4.2, where the
vector field lines are also drawn in red. Consequently one can expect that, at the larger
timescales where the fluctuations are not negligible, the corresponding N-particle system
might show an oscillating behavior between the two stable intervals, where the fluctuations
play a role in driving the order parameters close enough to the endpoints of the stable
intervals, thus determining a sudden change in the macroscopic variables.

(4.10)

The limit system (4.9) is easily derived by observing that the generator (4.7) uniformly
converges to

Lf(A,m)=(1—m)[l+ tanh )] {;\f()\,m) + ;:nf()\,m)}
0 0

FOum) + 5 )|

— (14 m) [l — tanh(8N)] [m
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which can be rewritten as

9 roum) + —f(A m)| . (4.11)

Lf(A,m) = (2tanh(B\) — 2m) X

From the uniform convergence of the generators we obtain the weak convergence of the
stochastic processes (AN (t), m® (t))e(07) satisfying dynamics (4.5) and (4.6) to the limit
deterministic process (A(t),m(t)).e(o,r), for which system (4.9) holds (see [56] for a classic
reference).

4.2.2 Fluctuations around the deterministic limit

In order to rigorously understand the oscillating behavior with jumps which we qualitatively
described in the previous section, we are led to study the fluctuations of the N-particle
dynamics around its deterministic limit (4.9).This boils down to accelerating the dynamics
and studying what happens at the timescale where the fluctuations are not negligible
anymore, where one expects to see some limiting diffusive motion across the equilibria. In
the following, for ease of notation, we still denote as

(AN (8), m™(#))
the accelerated dynamics at a timescale of order NV, i.e.
WY (@), m™(2)) == WV (Nt), m" (N1)),

with the latter being the original process at a timescale of order 1 (and the same notation
(N (t),m™N (t)) for the alternative variables).

To motivate the presence of a limiting diffusive behavior at the accelerated timescale,
it is instructive to make a preliminary computation. We develop the jump terms in the
generator (4.7) at the second order, as follows:

f(r+ %,m—l— %) — f(Am)

v e 2) s (e 2) o5 2) s
2
~yan/ (om+ 5) + gy o+ 1)
20 pm) 4 g fm) + 05
~ T pm) 2 fm) 4 g Fm)
+ i]aa (A, m) + ]52 6‘9 —_f(Am) +0(7)
and, with analogous computations,
2 1
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Thus, without considering the remainder terms of higher orders, we have

) P
LY F(\m) ~ (2tanh(8A) — 2m) [mm m) + a—mf(A,m)
4 0?2 2 9 2 82
1 —l—m 4 0?2 2 9 2 62
o2 32
) P
— (2tanh(B) — 2m) | L FOm) + 5 F (A, m)

! 2—-2 h(BMA)) |2 o A o A o A
+N( — 2mtanh(BA)) mf( am)"‘Wf( 7m)+wf( ,m)

0_2 82
Tonane! )
(4.12)

In this approximation, the bidimensional diffusion process, which we denote as

AN (1), m™ (1)),

associated to the approximation of the generator NLV (i.e. in the accelerated timescale of
order N) is

dAN (t) = N(2tanh(BAN (1)) — 2N (t))dt 4+ o1 (AN (), mN (t))d B, (1)

+o12(AN(8), mN (t))dBa(t), (4.13)
din (t) = N (2tanh(BAN (t)) — 2m™ (£))dt 4+ oo (AN (t), @Y (£))d By (t) ’
+O'22(5\N(t>, ’ﬁlN t))ng(t),
where
%(02)11(@@), mN(t) = (’22 + (2 — 2™ (t) tanh (BAN (1)), (4.14)
%(02)12(XN(t), ™ (t)) = (2 — 2m" (t) tanh(BAY (1)),
5 (02220 (1), (1) = (2 — 2™ (1) tanh (53 (1))

Note that the above diffusive approximation (4.12) of the initial generator (4.7) is correct
for N — +00, even for the accelerated dynamics. Indeed, the remainder third-order terms
account for an error of order O ( Ng) at times of order 1, becoming of order O (%) at
times of order N. In other words, we have that

))e>0 and its diffusive

Remark 4.1. The accelerated N -particle dynamics (AN (t), m™ (¢
t),m(t))s>0 (provided it

approzimation (AN (t), N (t))i>0 have the same (weak) limit (A(
exists).

The system of two diffusive SDEs (4.13) features a strong drift which grows with N
in both variables, and a bidimensional diffusion term which is of order 1. Intuitively, the
limit process (A(t), m(t))¢>0 should thus satisfy the equation m(t) = tanh(8A(t)), so that
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the strong drift component vanishes. Equivalently stated, the strong drift in (4.13) fastly
attracts the dynamics towards the curve m(t) = tanh(8A(t)), on which the diffusive part
then acts on a larger timescale. In the limit N — +o00, one is then expecting to see an
effective one-dimensional diffusive motion onto the curve m(t) = tanh(8A(¢)), which can
be parametrized by using any of the two variables. Because of the difference in the stability
properties of the curve for different values of the parameters, additional care must be put
in the case when 8 > 1, where one should expect to retrieve a diffusive motion on the two
stable intervals of the curve, (—oo, —A,(3)) and (A, (B), +00) (with A\, (8) as in (4.10)),
with jumps from one to the other component when the dynamics hits the critical points,
as we shortly described in the previous section. Moreover, as we prove below, the arrival
points of the jumps are also deterministic, and they are given by the intersection of the
invariant curve with the tangent line passing through the critical points (see Figure 4.2).
An easy computation shows that our intuition, motivated by the form of the approx-
imate dynamics (4.13), is indeed correct. The accelerated N-particles ezact dynamics
(AN (t),mN(t)) contracts the distance between m and the invariant curve tanh(8\), but
only in the stable intervals (—oo, —A\4(8)) and (Ay(5),+00) when 8 > 1. Specifically, if

we denote
yV(t) == m™(t) — tanh(BAN (1)), (4.15)

we have the following

Proposition 4.2. Let yV(t) be as in (4.15). Then, for anyT >0, k>0, 3 < 1,

E l sup |yN(t)]k] — 0, (4.16)
t€[0,T]

for N = 4o0.

Proof. If we apply the generator (4.7) in the accelerated timescale to any power k of the
distance |y (t)|, we obtain

NLN N (@) F = NLN[m (t) — tanh(BAY (8)) |F
< —2kN(m™(t) — tanh(BAY <t>>>rm (t) — tanh(BAY (2))|F " x
)

x%mmWo—mmwﬂ%n[ (mmwv%m+q+ou)
= —2kN|m™ (1) - tanh(BA" (1)) [F [~ B(1 — tanh® (BAN (1)) + 1] + 0(1),

where in the equality we have used z - sign(z) = |z|. The O(1) terms are estimated by
exploiting the diffusive approximation (4.12). Observing that, for § < 1, the function
1 — (1 — tanh?(B))) has a global minimum in 0 given by 1 — 3, we have found

NLY [N (@) < —C (8, kNN ()] + O(D), (4.17)

with C(B, k) := 2k(1 — 8) > 0. By definition of £V, (4.17) implies
L[N 0] < —c(8, k)NE[yV (1)F] + 01
[y (O] < =C(B,K)NE|[y™ ()" ]| + O(1),
which, integrating both sides gives

C C
Nk —C1Nt N k 2 —C1Nt 2
E[lyV ()] < e ONE[lyV ()] - Ze O+ 2.
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Thus, sup;> E“yN(t)ﬂ < E“yN(O)\k} + % Note that by the assumptions on the initial

data we have by a LLN that E[|yN(O)|k] — 0 for N — 4o00. For getting the stronger

convergence (4.16) we refer to Section 4 of [28] for the diffusive case and to the Appendix
of [32] for a general proof for jump processes, where their results imply here that, for any
0 >0,

P [ sup [N ()| > 6] — 0,
te[0,7

for N — +o0. Since |y (¢)|* is uniformly bounded (4.16) follows. O

Remark 4.3. For 8 > 1, when %(tanh(ﬁA)) < 1 we can repeat the previous arguments to
obtain an estimate as (4.17). To be more precise, for any 6 > 0 we can find an € > 0 such
that £ [tanh(B(Ae(B) + 0))] = & [tanh(—B(Xa(B) +6))] = 1—¢, and & [tanh(BN)] < 1—¢
for any A € (—o00, —Ag(B) — ) U (Aa(B) + 9, +00). Then, for any (A\,m) satisfying the
above conditions we have, denoting y := m — tanh(S\),

NLN|y* < —C(6, B, k,e)N|y|* + O(1), (4.18)

with C(6, B, k,e) > 0 if and only if X € (—o00, —Aa(B) — §) U (Aa(B) + 6, +00).

4.2.3 The subcritical case: § <1

In this section we employ the result of Proposition 4.2 to obtain the convergence of the
sequence of the accelerated processes (A (t),m™ (t));>0 to some limit random process
(A(t),m(t))t>0 in the subcritical case f < 1. For convenience and coherence with the
further analyses, we state the main result of the section (Proposition 4.4) for the variables
(N (t), m"N (t))¢>0, whose infinitesimal accelerated generator is given by NLV | with £V as
in (4.8). To be precise, (zV(t));>0 satisfies

{da:N(t) = adWN(t), (4.19)

2N (0) ~ N (9:0, %02) ,
with W the Brownian motion W (t) := - SN W;(¢), while (m™ (t))s>0 is given as in

VN
(4.6) but with rates multiplied by N, i.e.

{mN(t)HmN(t) + 2 rate NQlijTN(t)(li tanh(ﬂ(wN(t) + mN(t)))) , (4.20)

m (0) = £Bin(Np).
We show below that the limit process for the sequence (2™ (t), m” (t));>0 is given by

m(t) = tanh(B(x(t) + m(t))),
dz(t) = odW(t),

m(O) =mg € [*1, 1],

z(0) = x0 € R,

(4.21)

with mo = 2p — 1 and W a Brownian motion. In the subcritical case, Equation (4.21)
is well-posed. Indeed, for 8 < 1, the relation m(t) = tanh(B(x(t) + m(t))) can be made
explicit so that m(t) = ¢(z(t)) for some function ¢ : R — [—1,1] (see also Proposition 4.5
below).
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Proposition 4.4 (Subcritical order N mean field limit dynamics). Let T'> 0 and 5 < 1.
Then, (2™ (), mN(t))tE[OyT] converges for N — +o00, in the sense of weak convergence of
stochastic processes, to (z(t), m(t))icpo,1), the solution to (4.21).

Proof. We plug in the definition (4.19) of 2V () the same Brownian motion W (¢) appearing
in the definition (4.21) of x(t). We then prove, for the resulting processes

E [ sup |m” (t) — m(t)|] — 0, (4.22)
te[0,7
E [ sup |z (t) — x(t)|] — 0, (4.23)
t€[0,T]

for N — +00. Since WY 2 W for every N, as they are both Brownian motions, (4.22)
and (4.23) imply the desired convergence in distribution between the processes. Limit
(4.23) is trivial, since the dynamics of 2V (t) in the accelerated scale is

2N (t) = 2™ (0) + U/O AW (t)

and zV(0) — 2(0) by a LLN. For (4.22), we estimate

E [ sup ‘mN(t) - m(t)‘
te[0,7)

<E [ sup ’mN(t) — tanh(ﬂ(a:N(t) + mN(t)))”

te[0,T

+E[sup | tanh(B(x (t)+mN(t)))—m(t)”.
t€[0,T]

The first term in the right hand side tends to 0 thanks to (4.16) for k£ = 1. For the second
term, using Equation (4.21) for m(t), we have

]E[Sup [ tanh(8(x (t)+mN(t)))_m(t)”

(0,77

) l sup ]tanh BN (t) +m (1)) — tanh(B(z(t) +m(t)))”

te[0,T)

< BE | sup |z (t) —x(t)|| + BE

te[0,T]

sup |[m" (t) —m(t)!] ,
te[0,7)

where in the inequality we have used the global Lipschitz continuity of tanh(-). Thus,
recollecting the above estimates

(1-pB)E [ sup |mN(t) —m(t)|| < pE

t€[0,T]

sup |z (t) — x(t)\} — 0,
t€[0,T]

for N — +o00. O

We conclude this section by noting that, in the subcritical regime § < 1, we can
furthermore obtain an explicit one-dimensional description of the limit process m(t).
Indeed, in the dynamics (4.21), the only randomness is due to the diffusion z(t), while
m(t) is slaved to be onto the invariant curve. A standard application of It6’s formula
shows that
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Proposition 4.5 (Limit diffusion). The process (m(t))i>0 defined in (4.21) is a strong

solution to , ,
{dm(t):—ﬁ 200 0) e 4 2EAmEOL vy (1),

(1-p(1-m2(1)))” 1-p(1-m2(t))
m(0) =mo € [—1,1].

(4.24)

Proof. By Equation (4.21), m(t) can be written as an explicit function of z(t), and thus
its dynamics must be of the form

dm(t) = a(t,m(t))dt + b(t, m(t))dW (t)

for some functions a,b : [0,00) x [-1,1] — R to be determined, and W (t) is the same
Brownian motion appearing in the dynamics of x(¢). By applying It6’s formula to the
function tanh(B(x(t) + m(t)), we find

dm(t) = d{tanh 8(z(t) + m(t))}

= B[l — tanh? B(x(t) + m(t))](dx(t) + dm(t))

— (% tanh B(z(t) + m(t))[1 — tanh? B(z(t) + m(t))](b(t, m(t)) + o)*dt
= B(1 —m?(t))(da(t) + dm(t)) — B7m(t)(1 — m?(t))(b(t, m(t)) + o)?dt
= B(1 —m?(t))(cdW (t) + a(t, m(t ))dt + b(t,m(t))dW(t))
— B2m(t) (1 — m? () (b(t, m(t )) 0)*d
= [B(1 —m®(t))a(t,m(t)) — B2m(t)(1 — m?(t)) (b(t, m(t)) + 0)*]dt
+ B(1 —m2(t))[o + bt, m(t))]dW(t).

By reading the diffusion coefficient from the last line, we must have
b(t,m(t)) = B(1 —m?(t))[o + b(t, m(t))],

and thus
0B(1—m2())

bt m(t)) = b(m(1)) = 17 S S

For the drift term instead

a(t,m(t)) = B(1 —m*(t))a(t,m(t)) — Bm(t)(1 — m®())[(b(t, m(1)) + 0)?].  (4.25)

Using the expression found for b(¢, m(t)), we have that

(b(t,m(t)) + 0)* = b*(t,m(t)) + o + 20b(t, m(t))

_ PR 0)? |, 20281 = mi()
S A-B—wr)? 7 T 1B - m(0)
o2B(1 = m(0))? +0*(1 = A1 = m(1)? + 20°8(1 = m*()(1 = A1 = m(1)

(1 =B —m2(1)))?

0.2

(=B =m2(1))
and thus, reading from (4.25),

0_2

(1 =801 —m?(1)))*

so that we can conclude. O

a(t,m(t)(1 - B(1 —m*(1)) = —Fm(t)(1 — m*(t))
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Remark 4.6. For 8 < 1, the SDE (4.24) is well-posed. Existence follows by Proposition
4.5. Uniqueness follows by the Lipschitz properties of the drift and diffusion functions in
[—1,1]. Indeed, note that Equation (4.24) defines a dynamics in [—1,1], due to the sign of
the drift at the borders of (—1,1) and to the fact that the diffusion is zero at the borders of

(—1,1).

4.2.4 The supercritical case: § > 1

In this section we deal with the analysis of the supercritical case § > 1. The main result
is the following convergence theorem:

Theorem 4.7 (Supercritical order N mean field limit dynamics). Fix T > 0, 8 > 1,
and let (™ (t), mN (t))iejo.1) be the accelerated processes defined in (4.19) and (4.20), with
2N (0) B 20 > Aa(B) —ma(B) and m™ (0) B mo > ma(B), or 2V (0) B 20 < ma(B) — Aa(B)
and m™(0) B mg < —mgq(B), with (Ao(B), ma(B)) as in (4.10). Then, the accelerated
sequence of processes (mN(t))te[OyT] converges weakly in the sense of stochastic processes,
for N — 400, to the process which solves the following SDE

Botmlt) (L= m*(1) | oB(L—m?(1))
(1—B(1 —m2(t)))* dt + 1-p6(1 - mz(t))dW(t)> (4.26)

+ (mp + ma)]lm(t)zfma — (myp + ma)]lm(t):mav

dm(t) = L t)|>me (

with m(0) = mg, and my := my(B) is the solution in y to

9(y) := 2By — 28(ma(B) — Aa(B)) — log(1 +y) +log(1 —y) = 0. (4.27)

In particular, in Section 4.2.4.1 we derive heuristically the limit dynamics, while in
Section 4.2.4.2 we address the rigorous proof of convergence.

4.2.4.1 Heuristic limit

In this section we describe on a heuristic level the effective motion taking place on the
invariant curve for the supercritical regime 5 > 1. As highlighted in Remark 4.3, in this
case the N-particle dynamics is contractive only in the union of the two intervals where
1— B(1—tanh?(BA)) > 0, i.e. for A > A\ (B) or A < —\4(B), which we refer to as the stable
components of the invariant curve. For the heuristic argument, we consider again the
approximate diffusive system (4.13) for (AN, M) at times of order 1, which is of the form

{d:ﬂl(t) = *2($2(t) — f(l‘l (t)))dt -+ \/% (O’lldBl(t) + Ulgng(t))

f (4.28)
daa(t) = =2(x2(t) — f(21(2)))dt + 5 (021dB1(t) + 022d Ba(t))

denoting (z1,z9) := (AY,7m"). Recall that, in our case, f(z;) = tanh(8z1), and the
diffusion coefficients can be read off from (4.14). We want to derive a limit one-dimensional
diffusion for each variable, which also contains the jump components illustrated in Figure
4.2 for g > 1. In fact, when the dynamics hits the critical points, we expect to see an
instantaneous jump to the point given by the intersection between the vector field line
passing through the critical point, and the invariant curve.

In order to derive an expression for the drift and diffusion coefficients, we follow the
approach highlighted in [88], where they analyze the case of a globally attractive invariant
manifold for the dynamics, under diffusive fluctuations of smaller order. Their approach
should thus work in our case only for the stable components of the invariant curve in the
supercritical case, and rigorously in the whole space in the subcritical case.



118 Beyond the mean field case: a hierarchical mean field model of interacting spins

Remark 4.8. Because of Remark 4.1, one can apply the same arguments below to the
subcritical case f < 1 to obtain an alternative proof of Proposition 4.4 and Proposition 4.5
for the shape of the limiting subcritical dynamics.

As in [88], if we take the point & = (z1,z2) to be the current location of the process
governed by equation (4.28), the limit SDE on the invariant manifold is obtained by
applying It6’s formula to:

m(x) := lim &x(¢),

t—o00

where &,(t) is the deterministic trajectory solving System (4.9), with initial datum
(Mo,mo) = @. The point 7(x) is in our case given by the intersection between the
vector field line passing through @ and the invariant curve.

Itd’s formula applied to each component m;(x), i = 1,2, yields

1 2 827rz( Z 87TZ

()
dmi(x =N Z oji(x)or(x 6 (%k ————dBy(t).

Tj

Note that, in order this to be fully rigorous, one should find an equation closed in a
variable & which lives on the invariant curve. For the details we again refer to [88].

In the case of a one-dimensional invariant manifold, one can explicitly compute the
coeflicients of the limit diffusion written above by performing a second-order approximation
of the m;(x)’s (see [88, pp. 6-9]). Denote by v(z1) = (z1,tanh(Sz;)) the points on the
invariant curve parametrised in the first coordinate. Then, one can compute

0 () 1
77"' =
Oy 1 — B(1 — tanh?(Bxy))’
w=y(z1)
0 (@) 1
o - _
Ozy 1 — B(1 — tanh?(Bx1))’
o="(z1)
0? () 1 2% tanh(Bz1)(1 — tanh?(Bx1))
™ = —
dx10x1 wer(z1) 1 — (1 — tanh?(Bx1)) (1 — B(1 — tanh?(Bx1)))2
0? 0?
8.%'181‘2 7T1(m) - _6$18x1 7T1($)
o=7(z1) w=y(z1)
0? 0?
8:628.7}2 m (CC) - 8x18x1 m (CB)
z=y(z1 z="(x1)

Finally, observing that, for a point @ = (1) on the invariant curve, the covariance matrix
(02);; written in (4.14) reduces to

o (3(1)) = ("02 8) ,

we get that the limit diffusion in the accelerated first variable x;(t) € R, corresponding to
A(t), is given by

022 tanh(Bx1(t))(1 — tanh? (B ())) a dB(t).

) = T S — (B 0)F 1= B0 — tank2 (51 ()

(4.29)
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Similarly, parametrising the points on the invariant curve with respect to the second
coordinate, i.e. & = y(x3) = (%arctanh(xg),xg), one gets the limit diffusion for xs(t) €
[—1, 1], corresponding to the magnetization m(t),

_ B -a3() oS- a3)
1) i e )

which is indeed the same SDE as (4.24). Note that both the drift and diffusion coefficients
explode in the critical points of the invariant curve.

Denoting with ¢(-) the drift function and with 1/g() the diffusion coefficient, we get
that the global limiting accelerated one-dimensional dynamics, written in either of the
two variables z1 or xo, should be of the form

(1), (4.30)

dX(t) = 1ix()|>a ( g(X(t))dW (t) + C(X(t))dt> + b+ a)lxp=—q — (b+a)lx()=q,
(4.31)
where the point a = a(f) is the critical (positive) point on the invariant curve, and the
point b = b(/3) (resp. —b) is the intersection between the curve and the vector field line
passing through —a (resp. a).

Remark 4.9 (Limit case  — o00). When 8 — oo, the limit dynamics for the accelerated
magnetization m(t) is expected to be a spin-valued jump process m(t) € {—1,1} with
non-exponentially distributed random interarrival jump times, with their distribution being
the one of the hitting times of a Brownian motion with diffusion coefficient o > 0. Indeed,
the critical points (see Eq. (4.10)) tend to £1 in the m-variable, and to 0 in the A-variable,
while the diagonal line x(t) = A(t) —m(t), determining when the process jumps, still evolves
according to a Brownian motion with diffusion coefficient o > 0. This observation served
as a further motivation for studying the model of interacting spin-valued renewal processes
of Chapter 3, Section 3.2, which was originally thought of as a two-level hierarchical model
for the zero-temperature regime 3 = oo.

4.2.4.2 The convergence argument

We now address the full proof of convergence to the limit dynamics for § > 1, given
in Theorem 4.7. As we did above for the subcritical case, we consider the dynamics in
the alternative variables (z,m!), whose generator, we recall, is given by (4.8). Recall
that the variable 2%, the intersection between the diagonal line (at 45 degrees) passing
through the point (AN, m”) and the \-axis, follows a Brownian motion, while m® is a
jump process depending on zV: if we think of the latter as being deterministic and fixed,
such motion is a unidimensional continuous-time Markov chain taking place along the
diagonal line parametrized by the fixed value 2V = z, which is attractive towards the
invariant curve. The limit dynamics is thus the projection of the combination of these two
motions on the invariant curve. We divide the proof of Theorem 4.7 in three lemmas. In
the following proofs we assume that x¢g > A, — m, and mgy > m,. For the symmetry of
the problem the case zg < mq — Ay and mg < —m, is analogous.

Lemma 4.10. Let
Ty, = inf {t >0:2N(t) =Ny — Mg — 5} , (4.32)

for e € R. Then,
P(Ty,, <oo)=1. (4.33)
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Proof. Recall that 2V evolves as in (4.19). For the proof, we assume for simplicity that
2N (0) = 2o (otherwise, we just add an additional term in the variance at time ¢, accounting
for the initial variance - which is small in N).We thus have that 2 (t) ~ N (0, 0?t), and
we can get explicitly the distribution of T}, in a classic way, using the reflection principle
for the Brownian motion. Indeed, we have that for any ¢ > 0,

P(T;

m

, <t)=P( inf 2N (5) < Ng —mg — ) = 2P(zN(t) < Xy — My — €)

0<s<t
_ (=) r—
202t d")j = |:Z = 0

Vit

2 Aa—Mg—E
= — e
V2mo?t /—oo
2 Ag—mg—e—xq
_ / Vi
V2ro? J-co

By taking the derivative with respect to ¢ of the previous expression we get that T}, has
density

22

e 202(dz.

(Mg —mg—e—mp) 1 _Qazma—ecng)?

£ = _ o2
725,09 Varor  Brt T

and, as one can check

P(T%, < oo) :/ fre (t)dt =1,
0 a
so that (4.33) is verified. O

Lemma 4.10 tells us that, almost surely, the process 2 (¢) reaches in a finite time the
point A\, — m, — &, which corresponds - up to an ¢ error - to the critical point on the
invariant curve we discussed in the previous section. The following two lemmas respectively
describe the limit equation for the times preceding and following the hitting time 77, .
For t < T,;f, for some § > 0, we can proceed similarly as in Propositions 4.4 and 4.5 since
the contraction estimates of Remark 4.3 are holding, while for ¢ > T, for some € > 0 we
capture the jumps via a direct estimate. We then conclude by the continuity with respect
to € and § of the hitting times distributions T, , T},,°.

Lemma 4.11. Fiz T,§ > 0. Let T, := inf {t >0:2N(t) =Ny — mg + 5}. Let

(mN(t A T,;f))tem]

denote the accelerated stopped process, with initial conditions as in Theorem 4.7. Then,

Lz

(mN(t A T*é)) o0 converges weakly in the sense of stochastic processes, for N — 400,
te

)

to <m(t/\T7E§>)te[0 e with (m(t))e>0 the solution to (4.24) with the same initial conditions

as in Theorem 4.7, and (m(t A T,;‘s)) its stopped version.
"/ tef0,T)
Proof. As in the proof of Proposition 4.4, we plug in the definition (4.19) of 2™V (t) the
same Brownian motion W (t) appearing in the definition (4.21) of 2(t). Let T,,° be the
resulting stopping time: we prove, for the resulting processes
E | sup ‘mN(t A Tn;f) —m(tA Tn;f)‘ — 0, (4.34)
te[0,7T

for N — 400, which implies the result in distribution by reasoning as in Proposition 4.4.
When t < Tw_lf we have that zV (t) > A, — m, + . Thus, we are in the stable component
of the invariant curve.
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From (4.23), it follows that
E | sup ‘:EN(t A T,;g) —z(t A Tgf)‘ — 0, (4.35)
te[0,7
for N — 4o00. For (4.34), denoting the event
A= { min ANt AT, )> )\a+5},
t€[0,T]
we estimate,

E | sup ‘m (tAT,, ) m(t/\Tgf)’ (4.36)
t€[0,T]

=E| sup ’m (tAT, ) m(t/\Trgf)’lA
t€[0,1]

+El sup ‘mN(t/\Tn:f)fm(t/\Tn:f)‘]l

3e[0,T):AN (AT ) <Aa+6

<E| sup ]m (tAT )tanh(ﬁ(mN(t/\T,;f)+mN(t/\T1;f)))’ILA]
te[0,T)
+E| sup tanh(ﬁ(xN(mTw;f)+mN(an;f)))—m(tATn;j)\ﬂA].
te[0,7

+2P(3t € [0,7]: W (EATR?) < Ao +9),

where in the last line we have used the boundedness of the integrands. The first term in
the right hand side of the above inequality tends to 0 thanks to estimate (4.18) of Remark
4.3 for k = 1, which can be applied for any A > A\, + 9, and to the same argument used
for the proof of Proposition 4.2. For the second term in the right hand side of inequality
(4.36), using Equation (4.21) for m(t A T},,), we have

E l sup |tanh(B(z™ (t A T.0) +mN (t AT,0))) — m(t A TT;j)’JLA]
t€[0,T]

= E[ sup |tanh(B8(z™(t A Tgf) +mN(t A T,;f)))—
te[0,7

— tanh(B(z(t A T;0) +m(t A TS )\M]

<(1-¢)E [ sup ‘xN(t A T,;f) —xz(t A T,;f)‘]lA]
te[0,7)

+(1-¢)E [ sup ‘mN(t A Tn;f) —m(t A Tmf)‘ﬂAl
t€[0,T]

<(1-¢)E [ sup ‘xN(t A Tn_@f) —z(tA Trgf)“|
t€[0,T]

+(1-¢)E l sup ‘mN(t A T,;f) —m(t A T,;f)” ,
te[0,7
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where in the first inequality we have used that, by the properties of tanh(-) and by
definition of A, there exists an ¢ > 0 such that % tanh(B\) < 1 — ¢ for every A > A\g + 9.
Finally, the third term in the right hand side of (4.36) can be estimated as follows

2P

R

3t € [0,7]: AN(EATL) < Ao +9) (4.37)

[
2P(3t € [0,7]: 2N (E AT + mN (EATR) < Ao +9)
QIP’(EIte 0,7]: 2Nt AT < Ay —mN(EAT, )+6)

< 21P’<E|t € 0,7]: mMN(tA ngf) < ma),

where the inequality follows by the definition of T,;f. To bound the latter, we introduce
an auxiliary process (mN(t))te[O’T], coupled with (2 (t), mN(t))te[()’T], with dynamics

N () =N () £ & rate NG (14 tanh (80 — ma + 3+ (1)),
™ (0) = m"(0),

and consider its stopped version < AN (AT, a)) o Since, by definition of T, T;f, it holds
telo,
N(tAT,0) > Ay —mq+ 6, we have that the rate of increase of m™ (¢t AT},,°) is bigger than

the rate of increase of !V (¢ A T,,%); symmetrically, the rate of decrease of m™ (t A T;,,%) is

smaller than the rate of decrease of ™ (t A T,;f). We thus have, for any ¢ € [0,T], N € N,
€ [-1,1],

P(mN (¢ AT,S) <m) <P(mN(EAT) <m). (4.38)

Moreover, note that m™ (t A Tgf) is a jump process with rates independent of 2V, starting

above m, with probability tending to 1 for N — 400, and that it gets fastly attracted,
for N — +o0, to the point m* on the invariant curve identified by

T = Ay — Mg +9,
m = tanh(8(z +m)),

for which it holds by construction m, < m*. Thus
P(3t € [0,7]: N (t A TR2) < ma) < C(N),

for C(N) — 0, when N — 4o00. By the above observation (4.38), this implies the same
bound for m" in the last line of the right hand side of (4.37).
Thus, recollecting the above estimates from (4.36),

1—
E | sup ‘mN(t A Tnfbf) —m(tA Tnfbf)‘ < ( E)IE [ sup ‘xN(t A T,;f) —z(t A Tnfbf)”
te[0,T] € te[0,T]
C(N
+C(N) < (5 ) — 0,
for N — 400, where C (V) is allowed to change from line to line. O

The next lemma deals with the times which follow the hitting time T}, . Using the
strong Markov’s property, we can restart the dynamics from the point reached at the
hitting time, assuming that we are above the invariant curve.
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Lemma 4.12. Fiz ¢ > 0 such that A, — e > 0. Let (z™V(t),m™ (t))i>0 be the accelerated
processes, with initial data (x™N(0),m™ (0)) = (z0,mo), such that xg = Ay — Mg — € and
mgo > tanh S(xg + mg). Let

T, /o ::inf{t>0:xN(t):)\a_ma_;}’

and Ty, := inf {t >0:mN(t) = mb}, with my, as in (4.27). Then,

Jlim P(Ty, < Tipo) = 1. (4.39)

Proof. The proof makes extensive use of (vV(¢));>0, an auxiliary CTMC - coupled with
(m™ (t))>0 - with the same initial datum mg, whose transition rates are given by

N N, 2 . ol — VN(t) N
N yNa S withrate N2 = [1+ tanh (BN (1) + Ao — ma — /2)]
(4.40)
o1+ vV (1)
2

N

2
Vs oV — N with rate N [1 — tanh (BN (t) + Ag — Mg — 6/2))] .

Note that (vV(t))i>0 is independent of (zV(t));>0. Moreover, setting
Ty = inf{t >0:vN(t) = mb},

we have

P(Trmy, < Teja) = P(Tr, < T.j2). (4.41)

Indeed, it is easy to check that for t < T, /5, for which N (t) < Ay —mq — /2, the rate of
increase in the dynamics of vV (t) is greater than that of m” (¢), while the opposite is true
for the rate of decrease. Since m;, < myg, (4.41) follows.

Consider now the slowed version of the process v (t), i.e. 7V (t) := vV (tN~!), whose
generator is

£V f(5) = N# (1 — tanh(B(7 + Ao — Mg — £/2))] {f (a _ ) - f(ﬁ)]
+ Nl% [1+ tanh(B(7 + Aq — ma — £/2))] [f <& + N) - f(a)} .

Expanding it to the first order, we find, up to terms of order O (%),

LY F(7) & [~20 + 2 tanh(B(F + Ao — ma — £/2))] £/ ().

This implies that, in the limit N — +o0, the process (7" (t));>0 weakly converges to the
solution of the following ODE

{éimm — o(m) = ~2m(t) + 2tank(B) + X — ma — £/2)) (.42

The vector field v(m) in (4.42) is positive if and only if

f(m) :=2pm —28(mq — \y) — log(1 +m) +log(1 —m) — Be > 0. (4.43)
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Indeed, v(m) is positive if and only if
m < tanh(B(m 4+ Ag — mq — €/2)),

which is equivalent to

1
—arctanh(m) < m+ A\, — my — /2.

B

By using the identity arctanh(m) = %log Gf—%) we get the desired inequality (4.43).

With analogous steps we get the definition of g given by (4.27), for ¢ = 0. Recall that by
our choice mgy > 0. First of all, it is easy to see that f(m) < 0 whenever m > 0. Indeed,

f(0) <0, f has a local maximum in m =m, = /1 — % for which f (, /11— %) = —fe <0,
and f(m) — —oo for m — +1. Moreover, recalling the expression for ¢(-) in (4.27), we
see that

f(m) = g(m) — Pe,

so that f(m) < g(m) for all m € [—1,1]. Since f'(m) = ¢'(m) =25 — ﬁ — - we have
that ¢ has a local maximum at m = m,, for which we have g(m,) = 0, while g(m) < 0 for

all m > 0, m # m,. We also observe that:

e dl'm}, such that f(m},) = 0;

g(mp) =0 and g(m) # 0 Vm # mq, my;

g(m) > 0if m < my, g(m) < 0 if m > my;

f(m) > 0if m <mj,, f(m) <0if m>mj,;
[ ] m}’b < my;
e my — —1 when 8 — oo.

In order to check the remarks, we note that, when m < 0,

f’(m):g’(m)>Oiffm<—ma:—1/1—;,

and —my is a local minimum, for which f(—m,), g(—m,) < 0. Moreover, f(m), g(m) —
+o0 for m — —1. Combining these with the above considerations for m > 0, we deduce
the first four bullet points. For the fact that f(m) < g(m) we get the fifth remark, while
for the last it is sufficient to observe that my, < —,/1 — % — —1 for 8§ — oc.

The above remarks and the convergence of (7" (t))i>0 to the deterministic pro-
cess (M(t))¢>0 imply that, if we define T, := inf {t >0: 0N (t) = mb} and Tm;b =

inf {t >0: 0N (t) = m?b}, we have that there exists a C' > 0, independent of IV, such that

P(Tp, < C) 2 P(Tns, < C) = 1, (4.44)
for N — +o0. Indeed, for the deterministic process m(t) the arrival time in mj (which
is greater than the one for arriving in my,) is for sure limited by a constant, because of the
sign of the vector field of (4.42).
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(a) (N (t),m™ (t)) subcritical case. (b) (=™ (t), m™ (t)) supercritical case.

Figure 4.3: Simulation of the finite N dynamics, for N = 2000, o = 2, 8 = 0.5 (left), and
[ =2 (right).

If we now consider the original auxiliary process (v (t))¢>0, i.e. the sped up version of
N (t), we get that, defining Tm;’b := inf {t >0:0N(t) = m?,b}

P(Tyn, < C(N)) 2 P(Tyy;, < C(N)) = 1, (4.45)

for N — 400, with C(N) — 0, by means of (4.44).
We can finally conclude the proof of (4.39), by estimating

P(Tin, < Toya) 2 P(T, < Tipp) 2 P(Tsy, < Topa) = 1,

as N — +oo. The last limit is deduced by (4.45) and by the fact that T/, has an explicit
distribution - independent of N - which can be found through the reflection principle for
the Brownian motion, in the same way we did in Lemma 4.10, for which we have

P(T5/2 S 6) — 0)
as 0 — 0. O

Proof of Theorem 4.7. Apply Lemmas 4.10, 4.11 and 4.12 for fixed &, > 0. Observe that
the density of T /5 is smooth with respect to €, and of course T, /5 — 0 for € — 0. Indeed,
repeating analogous computations as in Lemma 4.10, we find, for ¢t > 0,

€ 1 _8522
—_— o4t
1/ 202 t3/2 ¢

The same is true for both Ty, , TT;f — T};a, when €, — 0. Sending first N — 400 and
then €,0 — 0, we get the convergence in distribution for all the times ¢t < T;,,. Once we
are in my, we can restart the dynamics by the strong Markov property and repeat the
arguments above for the symmetric negative component of the invariant curve. Inductively,
we can find a sequence of almost surely finite stopping times (7% )ren (the alternate arrival
times in the two symmetric critical points), such that [0,7] = Uk {[Tk, Tk+1] N[0, T]}.
This is enough to deduce the weak convergence of (m®(t));ep,r to the process with
instantaneous deterministic jumps described by SDE (4.26). O

]P)(TE/Z < t) =

In Figure 4.3 we show a comparison between two prelimit trajectories in the subcritical
and supercritical case for the same initial conditions, where we used the coordinates (z,m)
instead of (A, m), which were instead employed in Figures 4.1 and 4.2. These plots will
come useful for a qualitative comparison with the two-level hierarchical case.
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4.3 The hierarchical model

In this section we study the two-level hierarchical version of the previous model. We
consider N interacting populations, each of which consists of N mean field interacting
particles. We denote with a subscript (i, j) the i-th individual in the j-th population, with
i,7=1,...,N. We thus have a collection of N? pairs of variables (;;,0;) (equivalently
(Xij, 04j)), where the o;;’s are the spins, and the z;;’s represent the aggregated remaining
characteristics of the individual. As above, we define

1 N
== 0i(t)
Ni:l

the magnetization of the j-th population, and the analogous definition for xﬁv (t) and A;-V (t).
Moreover, we define the two-level magnetization as

MN () = N2 Z oi;(t
4,j=1 ]:1

and the analogous quantities XV (t) := NQ >ij wij(t) = + Z;VZI xév(t) (resp. AN (t)) for the
x (resp. A) variables. Ideally, we want to describe the dynamics at the different hierarchical
levels as a projection of a diffusion process onto an invariant curve, as we did for the one
population scenario.
With the choices specified in (4.3), the stochastic dynamics (4.1) becomes

ojj — —oi; rate 1+ tanh{—ﬂlmj(t)( N () +mi (1) = Baoij (1) (XN (2) + MN(U)} ;
dayj () = odWig(t) — an [y () — 2 (¢ )] dt = 53 [2(t) = XV ()] at,
0ij(0) ~ Ber(p),
zi;(0) ~ N(0,1),
(4.46)
for 81, B2, 0, a1, aa > 0, with the Wj;(t)’s being N 2 independent one-dimensional Brownian

motions. In terms of the alternative variables (o;;, A;;) and their corresponding macroscopic
quantities, the above can be rewritten as

Oij F— —0ij with rate 1+ tanh{ ﬁlaw( ))\év(t) — 52‘71] AN(t }
Ay (t) = oy (£) + odWi (1) — o [ (g (1 >—az ) = (\F(6) =m(1))] dt
ﬁ[( 5(8) = o (0) = (AN () = MM (1)) ] dt,

0:5(0) ~ Bex(p),
Xis (0) ~ Bex(p) + N(0, 1),

where the * in the initial conditions for )A;; denotes the convolution between the two
distributions. Thanks to the linearity of the dynamics for the x;;’s, it follows directly from
(4.46) that

da (1) = = [a) (1) = XN @)] dt + ZedW N (1), [dXN(t) = GaW N (D),
{ N XN(0) ~ A (07 ﬁ) | (4.47)

1 N
whN .= —N"w;
J \/N; J
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are N independent Brownian motions, and
N 1 & N
W i=—> W:
VNZ;]

is another Brownian motion. Note that the laws of (WJN(t))tZO and (W (t))>0 are
independent of N, but we keep the dependency on NN in the notation to refer to the
specific Brownian motions. As we did for the mean field case, we describe each population
through the order parameters (mjv (1), xj-v(t))tzo. The collective behavior of the system
can be studied in terms of the infinitesimal generator of the dynamics applied to a function
f = f((my1,z1), (m2,22),...,(mn,2N)) =: f(m,x), f:[-1,1]Y x RN — R, which is
given by

f(m,a:)Z{N 5 (1—tanh[51(wj+m])+ﬂg(X + M )D X
j=1

X :f(l’j,mj — ;) — f(j, mj)]

NI

(1 + tanh [ﬁl(l‘j + ’I?”Lj) + ﬁQ(XN + MN)}) X (4.48)

X :f <:Ej,mj + ]37) - f(xj’mj)}

+ﬁ0@ (ijvmj)—ﬁ(ﬂﬁj—X )ﬁf(xjamj) :

J

The rest of the chapter is organized as follows: in Section 4.3.1 we develop some heuristics
to present the expected limit behaviors; in Section 4.3.2 we study the convergence at
times of order 1; we then restrict to the subcritical regime for studying rigorously the
convergence to the limit dynamics at times of order N and N? (respectively addressed in
Sections 4.3.3 and 4.3.4); in Section 4.3.5 we generalize the results giving a conjecture on
the k-level hierarchical case, for any k finite; finally, in Section 4.3.6 we study heuristically,
with the help of numerics, the zero-temperature limit case g1 = 2 = +00, highlighting
the presence of a phase transition tuned by the diffusion parameters.

4.3.1 Heuristics

At the first hierarchical level we are interested in describing the limit behavior of the order
parameters of each population, i.e. the convergence of the sequences (mév (1), :L';V (t))e=0,
both at a timescale of order 1 and N. At times of order 1, by (4.47) it follows that
dxév(t) — 0 and thus mjv(t) — 0 for N — 400, that is the mean of the initial condition.
The same holds for the sequence XV (t) — 0. Expanding the generator (4.48) at the first
order in the variables m;’s, similarly to what we did for the one population case, we find
that mjV(O) —m(0) =2p—1, mév(t) — m(t), and MY (t) — m(t) for N — +o0, where
(m(t), z(t))e>0 solves the ODE

m(t) = 2tanh((B1 + B2)m(t)) — 2m(t),
() =0,

m(0) =2p — 1,

z(0) = 0.

K-

~—

(4.49)
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Equation (4.49) is (except for a missing multiplicative term in the vector field which does
not modify the qualitative behavior of the dynamics) the mean field equation for the
Curie-Weiss model (3.6) with inverse temperature parameter 31 + 32. The equilibria of the
above ODE are either just one (m = 0), when 1 + 2 < 1, or three when 1 4+ 2 > 1: two
stable (the polarized ones) and one unstable (the disordered one), where the asymptotic
one is one of the two polarized states, determined by the sign of the initial magnetization.

At times of order IV, the diffusions xév ’s are now subject to non-trivial dynamics. Indeed,
denoting again - with an abuse of notation - the sped up processes as z% (t) := xév (Nt),

J
XN(t) := XN(Nt), equations (4.47) become

{dm;v (8) = —az 2 () - XY ()] de + 0d W (@), {dXN(t) = AWIO s

2 \/N 2 1
N 1 N o
2 (0) ~ N (0, 554 ) - XN0) ~ N (0, 85 )
where the initial data are given by the long-time limit of the diffusions at the timescale of
order 1. In this timescale we thus find :vjv(t) — 2(t), XN (t) — 0, where x(t) follows the

Ornstein-Uhlenbeck dynamics

dz(t) = —agz(t)dt + odW (t),
z(0) =0,

with W a Brownian motion. As in the mean field case, the accelerated approximate
diffusive generator can give us intuition on the limit dynamics for the magnetization
processes at a timescale of order N. Indeed, expanding up to the second order the jump
terms of the dynamics in m; in (4.48), we get

NLN f (mj, xj) ~

~N [2 tanh(By(z; + my) + Bo (XN + MN)) — Qmj} 8§lf(mja ;)

J

2
+ 2~ 2m, tanh (81 (z; +mj) + Ba(XN + M) ;Mf(wj,mj) (4.51)
J
2 82 D)
+ 5 gl @) = (2= X) 5ot (w5my).

Assuming that a propagation of chaos property holds, the presence of the strong drift

in the above generator should be such that the limit of the magnetizations processes
mév(t)’s is a (mean field) process laying on the curve m = tanh(S1(x +m)) 4+ So2 M), where

the dynamics is driven by the evolution of the Ornstein-Uhlenbeck limit process x(t).
Moreover, the limit mean field M (t) should be proved to be the mean of m(t) with respect
to the distribution of x(¢). Specifically, denoting with p;(dx) the distribution of the O-U

process at time ¢, we should find that each pair of accelerated processes (xév (1), mév (t))e>o0,
for j=1,...,N, at times of order N, converges to

m(t)(z) = tanh[B1 (x + m(t)(x)) + B2 M (1)],

dz(t) = odW (t) — agx(t)dt,

m(0) =2p —1, (4.52)

z(0) =0,
M(t) = Jgm(t)(x)p(dz).

The study of (4.52) is hard to perform for general choices of the parameters. Indeed, the
behavior of the limiting dynamics can drastically change, depending on 1, 82, ao, 0 and
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the initial conditions. By analogy with the mean field case, one can expect to recognize a
radical difference between the case where one has uniqueness of the equilibrium for the
dynamics at order 1 (4.49), and the case where multiple equilibria appear.

At the second hierarchical level, we write the infinitesimal generator for a function
f(M, X) by averaging over the different populations,

LNF(M, X)) =

Nzle P (1~ tanh (B (o + my) + Ba(X 4+ M) x
{<>}
+NZ

[f(MJr]iz,X)—f(M,X)} Ty )

With analogous expansions as above for the jump components, we find

(1 + tanh [B1(xj + mj) + Bo( X + M)]) x

ENf(M X) ~
al )
(2 tanh [B1(2; + my) + Bo(X + M)] = 2m;] a7 (M.X)
]:1
1 N 82
+ 53 JZ‘E |2 = 2m; tanh [B () +mj) + Ba(X + M)] | 505 F(M. X)
2 O° M, X
T one? pxe /WX

In the drift component we can recognize the empirical average of the drifts of the single
magnetizations. It is reasonable to ask for a description of the limit dynamics of M™ (¢)
at any timescale. As we already motivated heuristically, at a timescale of order 1 the limit
M (t) of the macroscopic magnetization is the same as the magnetization of each population,
which follows a Curie-Weiss ODE. For long times (but still of order 1), the value of M (¢)
should converge to the stable equilibrium of the C—W ODE, which, depending on the
value of 51 4+ B2 may be the disordered or a polarized state. Once we consider a scale
of order N, we expect the single magnetizations to be close to their invariant curves.
However, the evolution of M (¢) can change drastically depending on the interaction
and diffusion parameters. We expect to find a regime of the parameters for which M™ (¢)
does not move much from the equilibrium reached at times of order 1, eventually starting
to move only at a scale of order N2, when the macroscopic diffusion XV (t) starts to
evolve non-trivially. At least in this regime, we expect the N? accelerated second-level
process M (t), conditionally on XV (t) ~ X, to converge, for every fixed t > 0, to the
deterministic value

{M(t) = Jg tanh(Br(z + m(t)(x)) + F2(X + M(#))) proo (d; X),

M(0) =21 (4.53)

where pio(dx; X) is the stationary distribution of the process

dx(§) = —aa(x(§) — X)dE + odW (§),



130 Beyond the mean field case: a hierarchical mean field model of interacting spins

where X enters as a parameter (it must be intended as the current fixed value of X (t)),
and m(t)(x) is the solution to

m(t)(z) = tanh(B1(x + m(t)(z)) + B2(X + M(t))).
In turns, the limit process X (t), XV (t) — X (t), evolves as

{dX (t) = odB(t),

X(0) =0, (4.54)

where B is a Brownian motion. In order to obtain a full description of the law of the limit
process M (t), one then needs to consider a combination of the conditional dynamics (4.53)
and (4.54), which takes into account the diffusive motion of X (t) (see Section 4.3.4 for
details).

For a rigorous treatment (Sections 4.3.2-4.3.4) we restrict to the subcritical case
B1 + P2 < 1 (except for the order 1 timescale, analyzed in Section 4.3.2, where the
argument works for any choice of the parameters), while we give solid heuristics and
numerics for the supercritical zero-temperature limit regime $; = 2 — +00, analyzing the
relevance of the diffusion parameters as and o for obtaining a phase transition already at
a timescale of order N (see Section 4.3.6 below). Moreover, in Section 4.3.5 we conjecture
a generalization of the results on the subcritical regime to the k-level hierarchical version
of the model.

4.3.2 Propagation of chaos at times of order 1

In this section we prove the convergence of the empirical processes (mév (1), xév (t)j=1,..N
to the deterministic limit dynamics given by (4.49), for any choice of the parameters. Our

proof works as well for random i.i.d. initial data mé\] (0) ~ p(dx), when p(dr) is a normal
distribution A(0, (6*)?) (in our particular case we have ¢* = \/Lﬁ, so that randomness is
deleted in the limit), with the resulting modification of the limit dynamics,

m(t)(z) = 2tanh(B1(z + m(t)(x)) +B2M(t)) — 2m(t)(x),

m(0)(z) =2p — 1, (4.55)
M() = fym(t)(@)u(da).

Considering random initial data also for the limit dynamics will be useful for the analyses
of the longer timescales. For clarity we recall the dynamics of the empirical processes

(@ (), m} (1)) j=1....N,

mi¥ oom) & rate N (1 tanh B (= (0)-+m () + Aa(XY ()00 (1))
m} (0) = m; ~ 5 Bin(Np),
du (1) = — 5 [xN(t) - X N(t)} dt + Z=dWN(t),

J
2 (0) = z; ~ N (0,(07)?) .

(4.56)
Since the magnetizations are not appearing in the diffusion dynamics, the propagation of
chaos property for the :név (t)’s is trivially true for any finite time interval. Indeed, every
diffusion is converging to its initial datum due to the decaying factors in front of the drift
and diffusion coefficients. The i.i.d. processes (1;(t));j=1,.. .~ to which the m¥ (t)’s will be

J
proved to converge are defined by

i (t) := m(t)(x;),
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where the z;’s coincide with the initial data for the diffusions, and m(t)(x) is the solution
to (4.55).

Theorem 4.13 (Propagation of chaos at order 1). FizT > 0. For any (1, B2, a1, 2,0 > 0,
and any j =1,..., N, we have

lim E| sup |m§v(t) —m;(t)|| = 0. (4.57)
N—=oo | ¢ef0,T)

Before proving Theorem 4.13 we need to assess the well-posedness of Equation (4.55).
We rewrite the dynamics with a generic initial datum

m(t)(z) = 2tanh(Bi(z + m(t)(x)) +B2M (1)) — 2m(t)(z),
m(0)(x) = mo(x), (4.58)
M(t) = g m(t)(z)p(dz),

with mg : R — [—1,1], mg € C(R).

Proposition 4.14 (Well-posedness at order 1). For any T > 0, Equation (4.58) has a
unique solution m : [0,T] x R — [—1,1] such that m(t)(-) € C(R) for any t € [0,T].

Proof. The vector field f : R x C(R) — C(R),
f(z,m) := 2tanh(Bi(x + m) + o M) — 2m (4.59)

is globally Lipschitz continuous for any fi,8s > 0, thus existence and uniqueness of

a solution to (4.58), with m(¢)(-) € C(R) for any ¢ € [0,7], is standard. Moreover,

studying the sign of the vector field (4.59), we see that (4.58) defines a dynamics such that

m(t) : R — [—1, 1], provided the initial datum mg : R — [—1, 1] has the same property.

Indeed, at a point T € R for which m(t)(Z) = 1, we have that %m(t)(:c)‘ ~ <0, and
=T

symmetrically if m(t)(Z) = —1 it holds %m(t)(:z)

>0 0

For the proof of Theorem 4.13, we make use of a representation of the jump processes

mév (t)’s in terms of SDEs, by employing Poisson random measures (see [66]), as we did
repeatedly in the previous chapters of this Dissertation. We fix a time horizon 7" > 0
independent of N and study the processes up to T. We then write the magnetization

processes as
(@) =m0+ [ [ Fom (7). M (5,0 (), XV (DA (s, d). (4.60)
0 J=E

for j =1,..., N, where each mjv(t) takes values in ¥ = < —1,—1+ %, B %, 1}; the
Nj’s are N i.i.d. stationary Poisson random measures on [0,7] x Z with intensity measure
von Z := [0,00)*l ¢ R given by

|5
v(E):=> UENE,), (4.61)
=1

for any E in the Borel o-algebra B(Z) of Z, where Z; := {u € Z : u; =0 Vi#j}is
viewed as a subset of R, and £ is the Lebesgue measure on R. We fix a probability space
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(2, F,P) and denote by F = (F)c(o,) the filtration generated by the Poisson measures.
The function f, modeling the possible jumps of the process, is given by

f(m,{,M,:E,X) = Z(y - m)ﬂ]o,)\my[(gy)a

YyeED
where A, denotes the rate of jumping from state m to state y. Denoting by

A (m, M, 7, X) 1= Nme (14 tanh [B1 ( + m) + fo(X + M))])

the rate of going from m to m + 2, in our case the function f further simplifies to

2

2
flm, &, M, x, X) = N]l}o,x+[(§m+%) - Nl]o,/\_[(fmf )s (4.62)

2
N

since the only possible jumps are the ones from m to m + % with rates Ar. The above

definitions of f and v ensure that A+ are exactly the transition rates of the continuous
time Markov chains mév (t)’s, and that :I:% are the only possible jumps allowed at every

time. Indeed, it is easy to prove that with our choices (4.60) is equivalent to

P [mﬁy(t +h)=m=* fV’mj.V(t) =m, MN(t) = M,z (t) =, X"V (t) = X]

=Ap(m, M,z, X)h + o(h).

(4.63)

By the smoothing formula of Poisson calculus (see [12, Ch. 9]), we have

E|[m ()] =& [m}(0)] + E [ /0 t /: FmN(s7),6, MV (s7), 2 (s),XN(s))dsy(df)}

2

=E :m;v(o): +E Uot/a [;1}O,A+[(€m+lg) = v Lo (- )} dSV(dﬁ)]

2
N

=E[mY(0)] +E

/O t [2tanh (B1(2] (5) +m (5)) + Bo( XV (s) + M (s)))

(4.64)

Proof of Theorem 4.13. First, we observe that, by the dynamics (4.60) with the choice
(4.62) for f, we can write
sup [m3 (s) — i (s)|

J
s€(0,t]

= sup
s€[0,¢]

[ L )60 ), 0, XN ()G ) — g ()]

Taking the expectation and using formula (4.64) and the limit dynamics (4.55), we can
estimate

E[ sup |m§y(s)—mj(s)] <

s€[0,t]

< E[,m;v (0) - (2p— 1>|] +E| | 2 tanh (810 (5) + m2Y (5)) + BalX¥ () + MY (5)))
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— 2tanh (B (z; + m;(s)) + BoM(s)) ]ds +E

/Ot ‘Zmév(s) - Zﬁzj(s)‘ds]

< B[jm0) - @ - DI| +E| [[[2anh (516 () + m (5) + XV 6) + 17 (5))

— 2tanh (B1(x; + m;(s)) + f2M(s)) ’ds] +CE[/O'5 sup |m;

r€(0,s]

miY (r) — i (r)|ds

By LLN on the initial data we have

Ejm(0) - (20 - 1) < C(V),

with C(N) — 0 for N — +o00. We now focus on estimating the first of the two integrals.
Using the globally Lipschitz continuity of tanh(-), we have

E[ [ [ tami (516 () + m3 () + 82XV (5) + MY ()
— 2tanh (B (x; + 1i;(s)) + f2M(s)) ids]
/Ot \XN(S)]dS]
/Ot (A (s) - M(s)\ds]
/OT 22 (s) — s /OT ’XN(S)‘dsl

t t
/ sup / sup
0 relo,s] 0 ref0,s]

where the constants are allowed to change from line to line. By the propagation of chaos
for the diffusions, we have

El/{)T‘xé\](s) —mj’ds] +El/OT‘XN(s)‘dS

for some C'(N) — 0 when N — +oco. For the last integral, denoting MN(t) :=
% Zz]\il m;(t), we estimate

t
<CE / ‘x;\[(s)—xj‘ds +CE
0

+CE /Ot m¥(s) — 1my(s)|ds| + CE

< CE +CE

mi (r) — m;(r) ‘ds

+ CE :

+CE

MN(T) - M(r)‘ds},

¢
E/ sup MN(T)—M(T)‘ds]
0 refo,s]
t - t -
SE/ sup MN(T')—MN(T’)’dS +E/ sup MN(r)—M(r)‘ds]
0 refo,s]

mfv(r) - fni(r)‘ds + C(N)
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t
= CE[/ sup mév(r) — mj(r)’ds] + C(N),
0 reo,s]

where the C(N) — 0 when N — +oo by LLN, and the last equality is a consequence
of the exchangeability of the processes (mY(t), m;i(t))i=1,.. n. Recollecting all the above
observations and estimates, we have found
t
/ sup
0 ref0,s]

with C'(IV) going to 0 for N — 4o00. Denoting ¢(t) := ElSUPse[O,t] ‘mﬁv(s) — ﬁz](s)]] , the

< O(N) +CE

]E[ sup |m} (s) — m;(s)|
s€[0,t]

mWM—mmﬂ@}

last estimate implies
t
o(t) < CN) + [ pls)ds
0
Thus, the propagation of chaos follows by the Gronwall’s lemma. 0

Remark 4.15. Note that the strong convergence (4.57) implies the convergence (in e.qg.
1-Wasserstein distance) of the associated empirical measures ™ (t) := % Z;V:l O (1) and
J

BN (t) == + Zj-v:l O, (1) to the deterministic measure u(t), the distribution of the i.i.d.
processes m;(t). Indeed, by inequality (19) and the convergence (4.57), ||u™ — @V||a, — 0
as N — +oo, while ||[i™ — pllg, — 0 as N — +oo is standard (by LLN). This in turns

implies the propagation of chaos in the classic sense.

The following proposition assesses the long-time behavior of the deterministic limit
dynamics. Specifically, we show the convergence to a unique symmetric stationary profile
m(x), regardless of the initial datum mq(x).

Proposition 4.16 (Long-time subcritical limit behavior). For 1 + f2 < 1, the solution
m(t)(-) to (4.58) is such that

E [[m(t)(§) - m(¢)P] =0, (4.65)
for t — oo, with & ~ N(0,0%) and m(-) is the unique solution to
m(x) = tanh (51 (z + m(x))). (4.66)

Proof. The uniqueness of solution to Equation (4.66) follows by considering any two
solutions m(x),n(z) and observing that

m(z) = n(2)| < film(z) —n(z)] < - < Bfm(z) — n(z),

for any x € R, so that we can conclude by a contraction argument. For the proof of (4.65),
consider any two solutions m(t) and n(t) with different initial data. It holds

;iéﬁmmm—nwm»%wws—Qﬂ—Uﬁ+&DAOMW@—n®@D%WM,

(4.67)
which is negative for 81 + 2 < 1, thus implying (4.65) because of the well-posedness of

(4.58). Indeed m(x), the unique solution to Equation (4.66), is always a solution to (4.58)
with initial datum mg(z) = —mo(—2z) and M(t) = 0 for every t.
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In order to verify (4.67), we use Equation (4.58) to compute

R
=2 / n(t)(@))*4(da)
+2 / [tanh(B (m()(2) + ) + B2 (1)) — tanh(By (n(t) () + ) + BN (1)) x
—n(t)(x))p(dx)
-2 / n(t)(@)2(de) + 2051 + o) [ (m(t)(2) = nlt) @) Pp(ae),

where in the last step we have used the Lipschitz properties of tanh(-) and the definitions
of M(t) and N (t). O

Remark 4.17. Theorem 4.13 and Propositions 4.14, 4.16 can be generalized to the case
of Gaussian initial data not centered around zero. The limit equation becomes

1 (t)(z) = 2tanh(B1(z + m(t)(2)) + B2(X + M(t))) — 2m(t)(z),
(0)(z) = mo(z), (4.68)

M(t) = [ m(t)(@)p(dr; X),

m

with p(dz; X) =N (Y, p2>. The equilibrium solution to (4.68) is given by

{mx<x> = tanh (B (z + 7(z) + (X + 1), (4.69)

M = [ (z)p(ds; X),

whose well-posedness can be obtained by a contraction argument as in Proposition 4.16.

We conclude the section noting that the processes a:év ’s and mév ’s are close to their

i.i.d. limits for any fixed time ranging in an interval which is allowed to grow with N with
a certain speed.

Theorem 4.18 (Long-time subcritical particles behavior). For any T > 0, 81 + f2 < 1,
e>0andj=1,...,N, we have

(i) For any A € B(R),

sup

te[0,TN2—¢] IP( ;V( )€ A) P(%‘@) € A)’ -0

for N — +o0.
(ii) For any A € B([-1,1]),

sup
te[0,TN2/3~¢]

P(ml () € A) — P(m;(t) € A)‘ —0

for N — 400,
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da} (t) = =5 (@) (1) = XN (0))dt + FodW (1), .
70
{xy(o):mjfv/\/(o,}v), (4.70)
and
daj(t) = =5 (z;(t) — Elz; ()])dt + F=dW;(1),
{a:j(O) ey N (0.4), N (4.71)

with XN (t) == % SV 2N (t) and W;(t) is a Brownian motion.

Proof. We realize the process xjv(t) by plugging in (4.70) the same Brownian motion

W;(t) of the definition of x;(¢) in (4.71). Then, for the resulting processes we prove

sup E [(azév(t) - a:j(t))2] — 0, (4.72)
0<t<TN2—¢

sup EUmjy (t) — mj(t)\] -0, (4.73)
0<t<TN2/3-¢

for N — 400, which imply the limits in distribution (i) and (éi). First of all we observe
that, for any ¢ > 0, we have

EU#W&—%u»ﬂzﬁﬂﬁw»—@m»ﬂ—%$Owaw»—%@»ﬂm
-2 OtE[(ij () = 3 ()X ()] ds
<E[(«)(0) - 2;(0)°] - 22 OtE[(mJ () — ;(5))?] ds
+ 292 [T [10 () — ()1 X (s)]] s
<E[(2(0) - 2;(0))?] - % Otﬂz[(xf(s) — 2i(s))%|ds
- OtE[(x;V(s) — ()] ds + 52 /OtIE[(XN(s))Z]ds,

where in the last estimate we have used ab < % + %. By definition, we have

o? 1 ,t2

BN @2 = 55 [ BV ()%)ds = 350°

Recollecting the above expressions, we have found

a9 a2 5 2

(] (1) — 23(6)%) S Bl 0) ~ 25(0)) — 52 [ (e} (5) — s)ds + 220
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which, denoting with c¢(t) := E[(a:év(t) — z(t))?], in differential form reads

&(t) < —%C(t) + %a%.

By solving the differential equation on the right hand side of the inequality, we deduce

2 2
o _ogy o)
—1) + —t. 4.74

c(t) < e_%tc(()) + NE

Note that ¢(0) = 0 because of our choices of initial data. When we take the supremum

over t in the above expression the dominant term is K,—ét, which still tends to 0 with N

going to infinity, if the supremum is taken over 0 <t < TN27¢ so that (4.72) is proved.
Moreover, we have

ds < —13. (4.75)

=lQ

/ EM (5) = ()|

Indeed, by Jensen’s and Holder’s inequalities and by (4.74), we estimate
2 2
t N t t N
/0 E ‘xj (s)—xj(s)‘ ds| = i/o E ’xj (s)—xj(s)‘ ds
t 2 0’2 ag 0'2
<t | E||lz](s) —x; ds < t? TR 1)+ —
< /0 U% (s) wJ(S)\ sSE s lNO@ (e ™" —1)+ NQS]
2
9 .3
< Wt

so that (4.75) follows by taking the square root. Note also that

¢ o [t C s
/OE[XN(s)y] ds — N/o E[|W(s)l]ds < 2,

since | XN (s)| = &|W(s)|, and E[|[W(s)|] < C/s.

Finally, for proving (4.73) we compute (using sign(z) -z = |z]),

EUm;V(t) - mj(t)” —E “mé-v(O) - mj(O)” - 2/;1@ “mj.V(s) - mj(s)” ds
w2 [k [signm;v (5) — 1ty (5)) (tamb (B (2 (5) + m3 () + Bo(MN (5) + X7 (5))~
— tanh(By (z;(s) + m;(s)) + @M(s)))] ds.

Using the Lipschitz properties of tanh(-) and the boundedness of the magnetizations
processes we can estimate
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+26) /OtEUx;Ws) —a(s)

ds + 25 /OtEUMN(S) - M(s)” ds

+ 28, /Ot]E[|XN(s)|]ds.

E [ m @) — (o)

]MN(t) - M(t)” - E[

Denoting MN (t) := + é\f:l m;(t), and p(z1,...,2y) =+ Z;-V:l dz;, we have
C
< ||V = <,
> H:“ M||d1 > \/ﬁ
where dy is the 1-Wasserstein metric, and the estimate follows by LLN. Furthermore, we
have

E“MN(S) - M(s)’ <E

]MN(S) - MN(S)” +E UMN(S) - M(S)H

|

where in the last estimate we have used the exchangeability of the magnetizations processes.
Finally, we can collect all the previous estimates to get

<E Umj.v(s) - mj(s)” +E “MN(S) — M(s)

E

m () - mj(t)”

t
< EUmy(O) —mj(O)” —21-p -5 | EUmfﬁ(s) —mj(s)\]ds
c '
+ Wlt3/2+02\/—ﬁ.

In differential form, with ¢(¢) := E “mév(t) —mj;(t)

] , k:=2(1— (1 — B2) > 0, the previous

estimate reads o o
é(t) < —ke(t) + —21/2 4 2
(1) < —helt) + 12+ %

implying
C C
o(t) < e Fe(0) + =32 4 —.
(0 < Mel0) + 7+
Recalling that ¢(0) — 0 for N — +o00 by a LLN, we obtain claim (4.73) when we take the
supremum for 0 < ¢ < TN2/3¢, ]

Remark 4.19. We observe that the results proved in this section are slightly more general
than what was needed. Indeed, the initial data for the limit diffusion processes x;’s should
have been set to x;(0) =0 for any j =1,...,N. Clearly, every result obtained above holds
true under this framework as well. As far as the other timescales are considered, at a
timescale of order N we still consider trivial initial data for the limit diffusions (thanks
to the previous theorem), while at a scale of order N? the initial data for the diffusions
are provided by the long-time limit of the diffusion processes at a timescale of order N,
i.e. they are i.i.d. normally distributed random variables, where the parameters of the
distribution are given by the ergodic limit of the Ornstein-Uhlenbeck process.
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4.3.3 Propagation of chaos at times of order N: the subcritical case

In this section we adapt the proof of the propagation of chaos to times of order N for the
case 1 + B2 < 1. Thanks to Theorem 4.18, in this scale we can assume that the initial
data for the processes are given by the long-time limit at the previous timescale of order

1. For the diffusions it holds xjv( ) =z NN( , NQ": ) for any j =1,..., N, while the

magnetizations are starting the dynamics in the long-time limit symmetric equilibrium
m(z). For ease of notation we still denote the sped up processes by

xév(t) = x;-V(Nt), mév(t) = mé-V(Nt).

They evolve according to:

my —»mi £ £ rate N? i U(litanh{ﬁl( ()+m§v(t))+52(XN(t)+MN(t))}),

m(0) = mi(zy).

da (1) = —as 2N (8) = XN (1)] dt + odWN (1),

2 (0) =z ~ N (0, %5 ).
(4.76)
The limit i.i.d. processes to which the sped up processes at order N will be proved to
converge are denoted as

(25(t), m;(t))j=1,..N

where m;(t) := m(t)(£;(t)), with

{Cfi‘j(t) = —Oézi‘j(t)dt + Ude(t), (477)
7;(0) =0,
with W;’s N independent Brownian motions, and m(t)(x) solves

m(t)(z) = tanh (81 (z + m(t)(x)) + G2M (1)) ,

m(0)(z) = ( ); (4.78)

M(t) = Jg m(t)(x)pe(de),

where i;(dx) is the distribution at time ¢ of the Ornstein-Uhlenbeck i.i.d. processes Z;(t)’s,
and T (z) is the solution to Equation (4.66). Once again, the propagation of chaos for the
diffusion processes is standard at this scale (for any fixed interval of time). What we need
to prove is the same property for the magnetizations processes,

Theorem 4.20 (Propagation of chaos at order N). Fix T' > 0. For any (1 + B2 < 1,

ay,a,0 >0, and any 7 = 1,...,N, (mév(t))te[o - converges weakly in the sense of

stochastic processes, for N — +00, to (mj (t>) 1]
telo,

Before addressing the proof, we must check that Equation (4.78) is well-posed. In fact,
the limit dynamics (4.78) is trivial at this scale.

Proposition 4.21 (Well-posedness at order N). For any 1 + P2 < 1, Equation (4.78)
has a unique classical solution m : [0,T] x R — [—1,1] such that m(t)(-) € C(R) for any
t € [0,T]. Moreover, we have m(t)(x) = m(x) and M(t) =0 for any t € [0,T].
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Proof. The non-explosiveness of Equation (4.78) is obvious by construction. Indeed,
m(t)(z) € [-1,1] for any t € [0,T], x € R. For the uniqueness, define

EF(m)(t)(x) := tanh (B1(x + m(t)(x)) + G2M (1)) ,

and consider two solutions m(¢)(-),m'(t)(-) € C(R). Then, we have
|F'(m) — F(m')|(t)(2) < max |1 — tanh?(¢)| [ﬁllm(t)(z) —m/(t)(2)| + Bo| M (t) — M’(t)!]
< Bim(t) (@) — m'(t)(x)] + Bo| M (t) — M'(1)].
By taking the sup over o € R,
1E(m)(t) — F(m')(t)]|oo < (B1 + B2)lIm(t) —m/(t)|]co,

since |M(t) — M'(t)| < [g Im(t)(x) — m/(t)(x)|pe(dz) < ||m(t) — m/(t)||oo. Thus, we can
conclude the uniqueness of solution by a contraction argument when 31+ 82 < 1. Moreover,
the triviality of the dynamics is due to the symmetry around zero of the distribution
we(dz) ~ N (O, %(1 - 6_20‘2'5)), for which we have that M(¢) = 0 for any ¢, and thus
that m(t)(x) = m(x) is the unique solution to the dynamics in this regime. O

Even though the limit deterministic dynamics is trivial, we still have to prove the
convergence of the sped up dynamics to the limit chaotic processes. Moreover, the
techniques employed in the proof will come useful for the further timescales analyses.
While the requirement 81 4+ 82 < 1 ensures the uniqueness of solution to the limit dynamics
of order N, the crucial observation - working for 5; < 1 independently of 8 - which allows
to adapt the previous proof is the following

Proposition 4.22 (Contraction estimates). Let (a:év(t), m¥

i (t))j=1,..N the empirical sped
up processes at a timescale of order N. Let

y;(t) = m (£) — tanh (B1 (2 (2) + m) (£) + B (XN (8) + MV (1)) .
Then, for any 81 <1, k>0,57=1,...,N,
k<

NLY|y; ()" < —CNly; ()" + O(1), (4.79)

for some C := C(B1,k) > 0, where O(1) is uniform in time and space and LN is given by
(4.48).

Proof. The proof uses analogous arguments to the ones used in the mean field case for
obtaining (4.17). For simplicity, we use the coordinates (\;,m;) instead of (xj,m;).
Applying the accelerated generator in the other coordinates to the function yf(t), and
expanding to the second order in (m;, A;), we get

NEN s (0] < <2N [m (1) — tanh (B0 (1) + 52N ()] [af%ij’f + ol

+0(1)

— _aNy,(t) [‘9|yj<t>|’f " iﬁjryju)k o).

amj

The O(1) follows from the fact that both y; and the coefficients appearing in the higher
order terms of the generator are uniformly bounded by some constant C' not depending on
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time nor space. Indeed, the dominating remainder terms of the development are the second
order terms, which in the accelerated timescale of order N are of order 1. Computing

9 ko 9k
e 01 + 5l )

= gy () sign(uy) [1 = (51 52) (1 - tank (5000 + 520 1)) .

we see that the factor % can be included in the terms of order O(1). Thus, using that

x - sign(x) = |z|, we have
NLNJy; ()" < —2kN]y; ()" [1 = B1 (1= tanh? (BAY (1) + AN (1)) )] + O(1).

Finally, observing that the function f(};) := {1 — b1 (1 — tanh? (ﬁl)\N + BoAN )] is

always positive for f; < 1 and has a unique minimum for A} = T f 5y, with k =
Box >k Ak such that f(A7) =1 — B1, we can conclude by choosing C(ﬁl, k) :=k(1—
B1). O

Remark 4.23. Proposition 4.22 can be trivially generalized to any timescale of order
N™t, yielding
N™LN [y (6)]F < —CN™ [y (6)]F + O(N™ ),

with y7'(t) := m (N™) — tanh (ﬁl( NN +mN (N7™))+ B (XN (N78) + MY (Nmt))).

Corollary 4.24. Let yi*(t) be defined as in Remark 4.23. Then, for any T >0, k > 0,

m=1,2
E | sup |y ()|k < C(N,m, k), (4.80)
te[0,T]

with C(N,m,k) — 0 for N = 4o00.

;V, mév) at a timescale

of order N™ is N™ LY | from the contraction estimates (4.79) generalized as in Remark
4.23 it follows

Proof. Observing that the infinitesimal generator of the processes (z

d _
—E[ly; (0] < —CON"E[Jy;(0)F] + O(N™).
Integrating both sides with respect to time we then get claim for any time ¢ € [0,7],

provided that the assertion is true for the initial datum. More precisely, the previous
estimate implies

_ m N1 m Nm-l
E[‘yj(tﬂk} <— € N tE[’yj(())‘k} - CQ e Ci1N™¢ —|— CQ N
— m CQ _ m 02
— o CIN tE“yj(O”k} Ne C1N™t .

Thus, sup;>g E{\y](t)ﬂ < E[|y](0)\k} + £. Note that by the assumptions on the initial
data we have by a LLN that E UyJ(O)\k} — 0 for N — +o00. This works both at a timescale

of order N and N2. For getting the stronger convergence (4.80) we again refer to Section
4 of [28] for the diffusive case and to the Appendix of [32] for a general proof for jump
processes. We can then conclude as we did in the proof of Proposition 4.2 for the mean

field case. O
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Proof of Theorem 4.20. As we repeatedly did above, we plug in the definition of the sped
up diffusions xév (t) the same Brownian motion W;(t) appearing in the definition of the
limit process Z;(t) in (4.77). The weak convergence in distribution is then implied by

lim E| sup ]m (t) —m;(t)|| =0, (4.81)
N—oo | ¢efo,1]
for the resulting processes, since WjN 2 W; for j =1,...,N. First, we estimate

E[ sup [mj’ (s) —mj(5)|]
s€[0,t]

<E| swp [m ¥ (s) = tanh (B1 (2] (s) +mY (5)) + B (XN () + M™(5))) H
+E 5euopt ‘tanh (Bl( (s )+m§v(s)) + Ba(X N (s) JFMN(S)))

— tanh (B1(Z;(s) + 1M (s)) + B2 M (s)) ” .

The first term in the right hand side of the above inequality is dealt with the contraction
estimates of Corollary 4.24 for m = k = 1. For the other term we use the global Lipschitz
continuity of tanh(-) in the following way:

E[ zuopt ’tanh (ﬁl( (s)+ mév(s)) + Ba( XN (s) + MN(S)))
— tanh (81 (%;(s) + m;(s)) + B2M(s)) \]

< ﬁlE[ sup ‘xév(s) — :E](S)” + ﬁlE[ sup ‘mﬁv(s) — m](s)”

s€[0,t] s€[0,t]

s€[0,t]

+ ,BQE[ sup ’XN(S)‘ S

+ /5211-3[ sup ]MN(S) - M(s)”.
For standard arguments of propagation of chaos for the interacting diffusions we have
El sup ‘xév(s) — @(s)” < C(N),
s€[0,t]
and

E[ sup ‘XN ’ < C(N),

s€[0,t]

with C(N) — 0 for N — +oc. For the term E [supse[&t] ’MN(S) - M(s)w we proceed by

a coupling as in the proofs of Theorem 4.13, to get

El sup ‘MN M(s)‘ <C(N)+E
s€[0,t]

sup ]m mj(s)|]
s€[0,t]
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Recollecting all the estimates, we have found

(1—p51—pB2)E| sup ’m (s) —m;(s)]
s€[0,t]

< C(N),
with C(N) — 0 for N — +oo. Thanks to the hypothesis 51 + 52 < 1 we get (4.81). O

Remark 4.25. As we did in Remark /.15, we note that the strong convergence (4.81)
implies the convergence (e.g. in 1—Wasse7°stem dzstance) of the associated empirical measures
pN () = & Z “10,, M) and pN(t) ==+ Z] 10, (1) to the theoretical distribution of the

m;’s, again by (19) This in turns implies the propagatzon of chaos in the classic sense.

In words, we have found that in the subcritical regime 7 + 2 < 1 the equilibrium
that the dynamics reaches for long times of order 1 is the same as the equilibrium of the
dynamics at long times of order N. The limit dynamics is thus a process moving across
the equilibria, due to the movement of the limit diffusion z(¢). In particular, define the
limit order N dynamics as the pair of processes (z(t), m(t));>0 satisfying

m(t) = tanh(B (x(t) +m(t)) + B2 M (1)),

dz(t) = —anz(t) + odW (t),

M (t) = E[m(t)], (4.82)
m(0) =0,

z(0) =0,

. . ~ D .
for which it holds (mj (t))te[o " <m(t))te[O,T] for any j =1,..., N. Then, we have the

analogous of Proposition 4.5:

Proposition 4.26. The process (m(t)) . defined in (4.82) is a strong solution to
t=>

azfr (1—m2(t)) (ﬁ arctanh(m(t))—m(t)) ﬂ%an(t)(l—mQ t))
1-p1(1-m2(1)) CA-B(-m2(1)°

ofB 1-m2(t
m((]) = 0.

dm(t) = |— dt

(4.83)

Proof. By Proposition 4.21 it follows that M (¢t) = 0. Thus, by Equation (4.82) we have
that m(¢) can be written as an ezplicit function of x(t). We can then perform analogous
computations as in the proof of Proposition 4.5, by noting that m(t) must be of the form

dm(t) = a(t,m(t))dt + b(t, m(t))dW (t)

for some functions a,b : [0,00) X [—1,1] — R to be determined, and W (t) is the same
Brownian motion appearing in the dynamics of x(t) as in (4.83). By applying It6’s formula
to the function tanh(S (z(t) + m(t)), we find

dm(t) = d {tanh 5y (z(t) + m(t))}

= B1[1 — tanh? By (z(t) + m(t))](dz(t) + dm(t))
— B2 tanh By (x(t) +m(t))[1 — tanh? By (z(t) + m(t))](b(t, m(t)) + o)*dt
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= B1(1 —m®(t))(dw(t) + dm(t)) — Bim(t)(1 — m*(t)) (b(t, m(1)) + o)dt

= f1(1 = m?(t))(—agz(t)dt + odW (t) + a(t,m(t))dt + b(t, m(t))dW (t))

= Bim(t)(1 — m* (1)) (b(t, m(t)) + o)*dt

= [B1(1 — m®(®))(alt,m(t)) — azz(t)) — Bim(t)(1 — m®(£))(b(t, m(1)) + 0)?]dt
+B1(1 = m? (1)) [o + b(t, m(t))]dW (1).

Observe that x(t) = ﬁ arctanh(m(t)) — m(t). By reading the diffusion coefficient from
the last line, we must have

b(t,m(t)) = Bi(1 — m*(t))lo + b(t, m(1))],

and thus

o —m?2

For the drift term instead

alt,m(®)) = Bu(1 — m2(t)) (a(t, m(t)) — as (; arctanh(m(t)) — m(t))) (4.84)

1

— Bim(t)(1 — m?(t))[(b(t, m(1)) + 0)?].
As in the proof of Proposition 4.5, we have that

02

(b(t,m(t)) +0)* = (1= p1(1—m2(t)))?’

and thus, reading from (4.84),

a(t,m(t))(1 = B1(1 —m?(t))) = —azB(1 — m%(t)) (511 arctanh(m(t)) — m(t))

o2

(1= Bi(1—m?(1)))*’

so that we can conclude. O

= Bim(t)(1 — m*(t))

Remark 4.27. The analogous statement to Remark 4.6 holds: for 1 < 1, the SDE (4.83)
1s well-posed. FExistence follows by Proposition 4.26. Uniqueness follows by the Lipschitz
properties of the drift and diffusion functions in [—1,1]. Indeed, note that Equation (4.83)
differs from (4.24) only by an additional drift which is reqular and tends to O at the borders
of (—1,1) (observe that (1 — x?) arctanh(x) — 0 when x — +1).

Remark 4.28. Analogously to what we did for the order 1 dynamics in Remark 4.17, we
can generalize Proposition 4.21 and Theorem 4.20 to the case where the initial data for
the diffusions are centered around a point X # 0, provided we start the magnetizations’
dynamics around the corresponding stable point on the invariant curve (otherwise there
would be an initial transient fast dynamics for reaching the corresponding equilibrium,).
The limit order N equation becomes

m(t)(x) = tanh (81 (2 + m()(@)) + Bo(X + M(2)),
m(0)(x) = *y< z), (4.85)
M(t) = fpm(t)(@)pe(da; X),



4.3 The hierarchical model 145

for some X € R, where m(x) is the solution to (4.69), and p(dx;X) is a normal
distribution with mean X and variance depending on time (the distribution of the Ornstein-

Uhlenbeck diffusions).

Note that in this case dynamics (4.85) is not trivial: M(t) fluctuates around an
equilibrium point due to the time-dependent variance of the Ornstein-Uhlenbeck diffusions,
where the equilibrium point depends both on the given X and on the parameters of the
diffusions o and ag. For example, for o > 1, studying the equation for M (t) one finds that
the equilibrium point is close to 0 independently of X. In the long run, M(t) — M (o00) :=

2

S M) (@)oo (3 X), with prog = N (X, £2).
An analogous equation to (4.83) can also be written, by adding an additional drift

term following by the fact that x(t) = B—ll arctanh(m(t)) — m(t) — %(M(t) + X), and with

initial datum m(0) = M~ (X). Due to the term M(t) = E[m(t)] the resulting equation is a
diffusion of McKean-Vliasov type:

—m ia,rC an m —m 7ﬂi X
dm(t) = _azﬁl(l 2(15))(31 _t h(_ (tQ)) (t)—5 (M(t)+X)) B ﬁ%o’2m(t)(1—m2(t:)3) dt
1-B1(1-m?(t)) (1=B1(1—m2(t)))

oB1(1—m?2(t
e = LUAOR

m(0) = m(X),

(4.86)
whose well-posedeness should also be standard.

4.3.4 Dynamics at times of order N?: the subcritical case

At this timescale a refined study of the interacting diffusions is needed to describe the
limit dynamics. Denoting with ¢ the macroscopic time of order N2, the single xjv ’s
evolve at a much faster timescale with respect to the current value of their empirical
mean X7 (t), which is not anymore zero but evolves randomly as a Brownian motion
with constant diffusion coefficient ¢. Thus, one can expect that in an infinitesimal time
dt of order N? the single diffusions become asymptotically independent and reach their
equilibrium distribution given the current value of X~ (t) = X. In turns, in the same dt
the magnetization’s processes are also asymptotically i.i.d. and reach an equilibrium given
by a macroscopic magnetization M, whose value can be read off from (4.85) in Remark
4.28, substituting py with poo, the ergodic measure of the Ornstein-Uhlenbeck processes.
The reiteration of this procedure for any dt¢ describes the dynamics at the order N2. In
particular, the dynamics at order N2 does not propagate chaos, unless we condition it
with respect to XV (t).

As before, we still denote the sped up processes under the same notation,

acjv(t) = :céV(N2t), mﬁv(t) = mjy(NQt),

using as initial data the long-time limit at the previous timescale of order N. For clarity
we write them again:

(4.87)

{dxg.v (t) = —Nag(aN (1) — XN ()dt + VNodWH (1),
J (22
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with XN (t) := % Zﬁ;l 2 (t). The dynamics of the magnetizations is now given by

{mN ml & 2 rate N* Y (1 vanh [y (2 () (6) + Ba (X (0) 415 (1))
J i =N 2 10y j 2 ’
méV(O) =m(z;).

(4.88)
At this level, we aim to prove that the conditional distribution of the empirical macroscopic
magnetization MY () with respect to X~ (¢) converges to the conditional distribution of

M (t) given X (t) (which is actually a delta), with

m(t)(x) = tanh (B1(x +m(t)(x)) + B2(X(¢) + M(2))),

m(0)(z) = Mx (o) (), (4.89)
M(t) = Jg m(t)(2)poo(da; X (1)),

where pioo(dz; X (t)) =N (X (t) i) must be intended as a conditional distribution given

) 2a2
the current realization of X (¢), whose random evolution is

dX(t) = odW (t),
{X(O) _ 0 (4.90)
with W a Brownian motion. Moreover, denoting with
1 _x2
Q+(0,dX) = \/me 202t d X (4.91)

the transition kernel’s density at time ¢ associated to the limit diffusion (4.90), we also
prove the convergence of the full law of M (t) to the law of the process M (t) defined by

(
m(0)(z) = Mx (o) (), (4.92)

with
() = /R Q4(0, dX ) ptoo (+ X). (4.93)

In details, we have

Theorem 4.29 (Limit dynamics at order N?). For any T > 0, 31,82 > 0 such that
61+ P2 <1 and aq, 0,0 > 0

(i) For all the finite time dimensional distributions of the form (ti,...,t) € [0,T]*, it
holds
Law(M™N(t1),..., MY (ty)) = Law(M(t),..., M(ty)), (4.94)

for N — 400, with M(t) the process defined by (4.92) and (4.93).
(ii) For every t € [0,T],
Law(MY(@)||XV(t) - X| < ex) = dure), (4.95)

for N — 400, with M (t) the (deterministic) variable defined by (4.89) with X (t) = X,
and ey — 0 for N — +o00.
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(7ii) (Conditional propagation of chaos) For every t € [0,T] and every k-tuple of distinct
indexes j1,...,Jk € {1,..., N}k, we have

Law(md (1), ... mY (1) XN (2) = X| < ew) = Law(ii, (1), ..., s, (1))

k (4.96)

= Law(mj1 (t)) ,
for N — +o00, where mj,(t) :== m(t)(z;,), with m(t)(z) given by (4. 89) with X (t) =
X, the xj,’s are i.i.d. random variables distributed as x ~ oo (dx; X) ( 2”—),

and ey — 0 for N — +o00.

Note that the well-posedness of the limit dynamics (4.89) and (4.92) can be proved in
the same way as we did for the order NV case in Proposition 4.21, since any two solutions
m(t) and n(t) share the same X (t). Moreover, we point out that we expect property (i)
to hold in the stronger sense of weak convergence of stochastic processes, though we did
not work out a proof yet. The main ingredients for proving the convergence to the limit
at this timescale are provided by Lemmas 4.30 and 4.31. The first establishes a handy
distributional representation of the interacting diffusions in terms of a combination of
(fast) stationary independent Ornstein-Uhlenbeck processes plus a (slow) independent
Brownian motion and a small interaction term. Lemma 4.31 involves a sort of Law of
Large Numbers/averaging property for non-linear implicit functions of the magnetizations
and of the diffusions. In what follows we strongly rely on the Gaussianity of the interacting
processes (4.87). Before stating the next result, we need to introduce the following

processes. Let <§JN(t)) . be defined as,
J=45

deN (t) = —aaNEN (t)dt + oV NdW;(t), (4.97)
€8 (0) ~ A (0, 22). |

with Wj(t) independent Brownian motions, and set £y (t) := + j-vzl &;(t). Moreover, let
(UN(t)) . be defined as
t=>

(4.98)

2

Un(0) ~ N (0, 52%).

with W a Brownian motion independent of all the W;’s. Note that the dependence on N
in Uy (t) is only through the initial datum. We are now ready to introduce the following

{dUN(t) — o2dW (1),

Lemma 4.30. Let (:céy(t))j:17,_.7N be as in (4.87). Then, for any T > 0, we have that

(i) For every j=1,...,N and every N € N,

Law((@Y ()iepom) = Law((€) (1) = En®) +UN(1) ,cory)-  (4.99)

(i) For every k-tuple of distinct indexes (j1,...,Jk) € {1,...,N}k and every fived
t € [0,T],

Law(wﬁ(t),..., Jk( )) (dx) /Qt 0,dX )k (de; X) =: gb*(dz), (4.100)

for every N € N, with ¥ (dz; X) = proo(dz1; X) X -+ - X oo (dag; X).
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(iii) (Conditional propagation of chaos) For every k-tuple of distinct indexes (j1,...,jk) €
{1,..., N} and every fized t € [0,T],

Law(z) (1), ... @)XV (1) = X| < en) (da) — pbs(da; X), (4.101)

for N — 400, with ey — 0 for N — 4o00.

Proof. Because of the Gaussianity of the mean-zero processes (xjv ()0, (ij (t))e>0 and

(Un(t))t>0 we can check assertion () only looking at the covariance functions. For a
fixed t > 0, denote A(t) := E[(z; N(t))? ] and B(t) := E[xév(t)xN(t)] Because of the

7

)
exchangeability of the processes (z; ( ))j=1,...~ we have that A and B do not depend on j
nor i. Applying It6’s formula to f( Nt)) = (:Uév(t))2 and to f(xév(t) N (@) = 2N () zN (1),

»e

and then taking the expectation, we obtain that A(t) and B(t) must solve

J

A(t) = —2a9(N — 1) A(t) + 202(N — 1)B(t) + 02N,

B(t) = —gazB(t) + 200 A(2), (4.102)
A(0) = 57

B(0) =0,

which gives
o?(1 + 2ast)

Al = ——5 (4.103)

B(t) = ot
Now, fix any s,¢ > 0 with ¢ > s. Denote An(s,t) := ]E[a:év(s)a:N(t)] and By(s,t) :=

J

E[xjv(s)va(t)] Clearly, we have An(s,s) = A(s) and By(s,s) = B(s). The evolution in

t of the above quantities can be obtained by applying It&’s formula to xév (s)xév (t) and

xﬁv(s)sz(t) on the time interval [s, t], keeping s fixed as an initial datum. We obtain the
following system of ODEs in t € [s,400):

( ) —(N = 1DagAn(s,t) + (N — 1)aa BN (s, t),

= —asBpn(s,t An(s,t),
( 75) A( ) Ta
whose solution gives
o? o?
An(s,t) = S [1 _ efazN(tfs)] 4 TefagN(tfs) + o2,
a2 a2 (4.105)

o’ —aaN(t—s)
Bp(s,t) :AN(s,t)—Te 2 .

Now, denote

For any ¢t > 0 we have

EVZ(0)] = (1+ 7 ) BUEY () + BT 0)] - REL&0))

and
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For any ¢ > s we get

2

EY;(s)5(0) = (1= 3 ) BEY ()6 ()] + B (96 (0] + EUN(UN (5))

and

E[Y;()Yi(t)] = E[Y;(s)Y;(1)] — E[&]" ()& (8)]-

Note that for the stationary Ornstein-Uhlenbeck processes §§V (t) we have, for any t > 0,
E[(eN (1)} = —
(€ () = 5o
and for ¢t > s,

N N _ i —aa N (t—s)
BIE (06 (9)] = e~

Moreover, by the independence between the f;v (t)’s,

and

For Un(t) we get
E[U%(t)] = o2t +

and, for ¢ > s,
o

20{2N '

One can extend the above computations to any t,s > 0: it suffices to take the minimum
between s and ¢ in the above formulae, and multiply by sign(¢ — s) in the exponentials. De-
noting with ¢y (s, t) and dy(s,t) the covariance functions of (Iﬁéy(t))te[o’T] and (Y (t))efo,7)
(i.e. the process on the right hand side of (4.99)), the above computations on Y; and the
expressions (4.103) and (4.105) show that, for any 7" > 0,

E[Un(t)Un(s)] = 0%t +

cn(s,t) = dn (s, 1),
so that (i) is proved. For the proof of (i7), recall that
2

Law (2 (1)) = N (0 | +2a2t)> .

’ 2042
On the other hand, note that, integrating in dX, recalling (4.91), (4.93) and oo (dx; X) =
N (X, £2),

) 200

(o) = [ Qu(0,dX )poe(da: X)

{/ L 2 L S dX] d

= e 202t e 97/a2 €T
2 2

R V2wo“t /%
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1 ___aga® 2
- ¢ Ft2020 dgp — N (0, ;7(1 n 2@)) (dz),
\/%\/1%—20[215 Qa2

i.e.
Law (xjv(t)) =i, (4.106)
for every N € N, with i as in (4.93).

We now check the validity of (i7) for bidimensional vectors (z}Y (t),xj-v (t)), as the
assertion then follows by the Gaussianity of the processes in play. By the computations
developed for the proof of (i), we know that (¥ (¢), xév (t)) is normally distributed, with

2(142
Elel (t)] = Elol ()] = 0, Var(@ () = A(t) = 5220 and Cov(al (1), 2] (1) =

B(t) = 0?t. Then, we just need to check that fi"?(dx), as defined in (i7), has the same
moments. Let (X1, X2) ~ ji"2. As one can check (e.g. via Mathematica):

E[X; X5 =

2 2 2
1 _ x2 1 (@ =X)*  (mg—X)
:/ 2122 5 e 202t e %ex e o?ay dXdxidxsy
R?)

To?
Q2

while the other moments were already verified.
For the proof of (iii), we note that for fixed j € {1,...,N} and any T > 0 with
te[0,7],

Law (2 (]| X" () = X| < 2x) = Law (5? ()= En(0) + Un(®)

‘UN(t) - X‘ < 5N>>

since XV (t) L2 Un(t). By noting that
E[¢ (t) = Ex(t) + Un(D]Un(D)] = Un (),
and
2
Var(6(6) — Ex(0) + Un (0[Un(0) = (1= ) 5

we find that

N—o0 N—oo

lim Law (2} ()|| XV () - X| <ey) = lim A (X, (1 _ 1> 02) (5 X).
Furthermore, computing
Cov(€(t) = En(t) + Un(),6) (1) = & (1) + Un(t) €

= S E(E" ()] + EEN (D) =~y = 0,

we can deduce the conditional law of bidimensional vectors (z2(t), xév (t)), so that (i) is

verified. ]
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Lemma 4.31 (Averaging property). Under the notation above, let f : R3x[—1,1] — [-1,1]
be globally Lipschitz continuous in each variable. Let L be the Lipschitz constant with
respect to its fourth argument, i.e., for any M, M’ € [-1,1],

\f(z1, 2,23, M) — f(x1, 29,23, M")] < LM — M'|,

for every (w1, x2,73) € R3, and suppose L < 1. Let u(du) = N (0, %) (du). Then, for
any T > 0 we have that

(i) For every N € N and t € [0,T], the equation

N
My () = 1 D2 FEF (0. E(0), U (1), M) (1107)
j=1

has a unique solution almost surely.

(ii) Let (B(t)) 0 @ Brownian motion. For every finite k-tuple of times (t1,...,tx) €
t=>
[0, T7*,
Law(My(t), .., My (t)) = Law(M(tr), ..., M(t)), (4.108)

for N — 400, where the process (M(t))t>0 is defined by

M(#) = /]R F(u,0,02B(t), M(t))u(du). (4.109)

(iii) For every fized t € [0,T],
Law( My (8)|[Un (1) = 2| < &) = darqe, (4.110)

for N — 400 and ey — 0 for N — +o00, with
M(t) = / F(u,0, 2, M) p(du). (4.111)
R

Proof. The map

N
m e 30 FEN (), En (1), Un (), m)
j=1

is L-Lipschitz continuous with L < 1. Thus, (i) follows by a contraction argument (e.g.
Banach-Caccioppoli Theorem).

For the proof of (i7) we make some preliminary remarks. First, note that by definition
of £ (t), we have

2

Ev(0) ~ N (0,525 ) .

with W (t) := ﬁ Z;-V:l W;(t), with the W;’s appearing in dynamics (4.97). The solution

of the above equation is

{diu) = —aaNE(t)dt + adW N (t),

Ev (D) =En (0= g [N (y),
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which implies, for any T > 0,

E [ sup |5N(t)|] -0, (4.112)
t€[0,T]

for N — +o00. Moreover, recalling Equation (4.98) for (U N(t)) . and the definition of
t=>
(M N(t)) . (4.107), we have the almost sure equality between the processes (M N(t))
>

t>0
and (M]"\‘,(t))tzo, the latter being defined by

Mftf(t):i §N:f EN (), En(t), W (t) + Un(0), Ma(t)) -
N
j=1

Let <MN(t))t20 be the process defined by

A

N
Nty (6) = 5 3 £ (€00, W), 31y () (4113
j=1

In light of (4.112), the trivial convergence E [Supte[O,T] |Un(t) — O'QW(t)” — 0 for N —
400 and the Lipschitz assumptions on f, we obtain

E [ sup |My(t) — MN(t)|] — 0, (4.114)
te[0,7
for N — +o00. In particular <MN(t))te[0,T} and <MN(t))te[o,T] share the same limit in

distribution, provided it exists.
Now we fix a ¢t € [0,7] and prove (ii) for all the one-dimensional distributions. Let
Mp(t)(z) be the unique solution to

N
BN ()(z) = 1 D FEN ), 0,2, M (1)(2)),
j=1
and M (t)(2)
MO:) = [ 10,2 MO u(dw).
If we show that, for every z € R,
My (t)(z) = M(t)(z), (4.115)

almost surely for N — o0, then we have My (t) = My (t)(a®W (t)) — M(t)(a®W (1)) =
M (t) almost surely for N — 400, and thus the one-dimensional version of (ii) follows by
(4.114). For the proof of (4.115), we omit for the moment the arguments 0 and z, and
rewrite

N
Ntw(t) =+ Y- S0, M () = [ £ Nt (0 (6) )
j=1

where uy(t) = %Zj‘v:l O¢n(y) 18 the empirical measure of the fjv(t)’s. We now set
J
F:[-1,1] x M1(R) — R to be given by

Pl = [ fum)p(du),
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endowing M (R) with the BL (bounded-Lipschitz) metric

/gdu—/gdv
R R

Note that m — F(m, u) is L-Lipschitz, so that there exists a unique m(u) such that

HH—VlBL:SUP{ Hlglleo < 1, gl—Lip}-

Moreover, we have

m(s) = m(v)| = ‘ [ A mo)utd) = [ fum(e)w(dw)

< [ |t miu) = G m(e)|utdw)

+

[ fm)utd) ~ [ fum@)vido
R R

< Lim(p) = m@)| + [l = v[BL,

so that
|| — vl[BL

m(e) - m)] <

In particular, m(y) is continuous in . Finally, since My (t) = m(uy(t)) and by a LLN
un(t) = p=N (0, %) almost surely, we have that, restoring the dependence on z in
the previous expression,

A

My (t)(z) = m(t)(p) = Af(uaoaz,m(t)(ﬂ))u(dU) = M(1)(2),

so that (4.115) is proved. Recall that, for any ¢, the above implies

~

My (£)(0>W (£)) — M(£)(a>W (¢)) (4.116)

almost surely for N — +o00. The finite time dimensional version follows directly by (4.116)
and by the continuity of the processes with respect to time, which yield

P (Ny (1) (W (1)) “=F25 M(5)(0?W (1), Ve€[0,T]) = 1.

Assertion (#i7) follows directly by (ii). It is indeed the corresponding conditional statement

of the one-dimensional version of (i7) noting, as we did above, that Uy () 2 a?W (t)+Un(0)
for every N, with Uy (0) — 0 for N — 400, and

E&Y (1)|Un (1)] = E[&(1)] =0,

Var(§] (DIUN (1)) = Var(§ (1) = 5.

The limit distribution is a delta in M (t) since M (t) = [ f(u,0, z, M(t))pu(du) is determin-
istic. O
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Proof of Theorem 4.29. Consider the set of N processes (mf(t), MM (t))j=1, ., coupled
with (mév(t), MN(t))j=1,...n, defined by

m (£) = tanh (B (z (1) + M (1) + Bo( XNV (1) + MV (1)),

kY (0) = m¥(0), (4.117)

NIV () = & S0 tanh (B (2 (1) + ¥ (£) + Ba( XN (8) + MV (8)))

By the contraction estimates (4.80) for k = 1,m = 2, we know that both mév(t) — m;v(t)
and MY (t) — MM (t) — 0 in strong norm, for N — +oo. Indeed, (4.80) can be trivially
adapted to show that M™(t) collapses onto the empirical mean of the processes laying

on the invariant curve. It is then sufficient to study the convergence in distribution of
(MN(t)> o1’ We first observe that, by (i) of Lemma 4.30, for every N € N it holds
telo,

(3" (1), M (1)) repo,m)

with (7 (¢), MN(t))j=1,..n given by

A~

(g (£), MY (1)) e o,y

19

m () = tanh (8161 (1) = En(t) + Un () + 1 (1) + Ba(Un(t) + NN (1)),

(0 = m3 (0).

NIN(8) = SN tanh (B (68 (1) — En(0)+ Un(t) + Y (1) + Ba (Un (1) + NIV (1)) ),
(4.118)

with SJN(t) and Un(t) given by (4.97) and (4.98) respectively. Now, we note that the

function

(€€ U, M) :=tanh (B1 (6 — €+ U + 9(6,E,U, M) + Bao(U + M)

satisfies the Lipschitz properties of Lemma 4.31 for any choice of 81,82 > 0 such that
B1 + B2 < 1. Indeed, the Lipschitz continuity in the first three variables follows from the
regularity of tanh(-). For the last argument of ¢, for any M, M’ € [—1, 1], we estimate

’(10(5’57 U,M)_(p(£7g, U’M/) §61‘¢(£7E, U’M)_Lp(é"g’ U,M/) —|—/82’M—M,"
so that ;
ra r 2
‘gp(é.vé.aU,M)_SD(g,E,U,M/) S l_ﬁl‘M_M/|
Thus, ¢ is L-Lipschitz continuous in M with L := B2 <1 if and only if 31 + B2 < 1. We

can then apply (i) of Lemma 4.31 to M™N(t), to ;tﬁ,l for all the finite time dimensional
distributions (¢1,...,tx) € [0, T,
Law (NN (1), ..., MV (t) ) — Law (M (1), ..., M* (1)),
for N — 400, where
M) = | o, 0.0°W (1), M (0)u(d)

with p =N (0, %) Assertion (7) is then implied by

Law ((M*(1)) ,c10.71) = Law (M (1)) 071 )- (4.119)
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with M(t) as in (4.92). We start by proving (4.119) for all the one-dimensional time
distributions. For the purpose, we note that for ¢ € [0, T]

F2W () 2 X (t) ~ N(0, 0%t),

with X (¢) the limit in distribution of X~ (¢). Substituting in M*(t), we have the equality
in distribution

M(8) = [ tanh (81w + X(0)+ (w0, X (), M7 (1) + Ba(X(8) + M(1) ()

Finally, with the change of variable x := u + X (¢), noting that, by the computations in
Lemma 4.30, we have that the random variable z(t) := & + o2W (t) 2 &+ X(t), with
E~N (0, %) is distributed according to

Law(x(t))(do) = [ (dw),

the relation (4.119) is proved for the one-dimensional time marginal distributions. The
analogous conclusion is immediately obtained for all the finite time dimensional distribu-
tions, by using properties (i) and (éi) of Lemma 4.30, which hold for any N and thus also

for the limit. The equality in law for the whole process follows, since both (M *(t)) o
te(o,

and (M (t))te[O,T] are functions of the same Gaussian process (X (1)), clo.1)

The proof of (i7) follows easily by property (7ii) of Lemma 4.31 and by an analogous
change of coordinates as above. In details, we know that, with the above notation

LaW(MN(t)“XN(t) ~X[<en) = Law(MN(t)“UN(t) - X|<ex),

for some ey — 0 when N — +oo. By property (éii) of Lemma 4.31 and for the above
couplings, this implies

Law (MY (1) | XV (t) = X| < en) = dugr),
where
M(O) = [ lu, X, M) u(dw).

With the change of coordinates x = u + X we get (4.95).
For the proof of (iii), consider a single process m;V(t), as given in (4.118), for a fixed
t € [0,7]. Combining assertion (¢ii) of Lemma 4.30 with (i) of this theorem, it follows

directly
Law (17} (t)(|XN(t) ~ X(t)| < ew) — Law (i (1)).

The asymptotic independence among the magnetizations, i.e. (ii7), follows by noting that
the mé\]’s (resp. mjV) are functions of ZL‘;-V, XN and MV (resp. MN). When we condition
with respect to X (t), we have that the wév (t)’s are asymptotically independent by (i)
of Lemma 4.30, and M¥ (¢) tends to a deterministic value by (ii). Thus the dependence

among the magnetizations is deleted in the limit. O
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Figure 4.4: Simulation of the finite particle system’s dynamics at a timescale of order N2,
for N=200, 81 =02=03, a1 =aw=0=1,T=10".

Remark 4.32 (One-dimensional description). Theorem 4.29 can potentially be adapted to
get rid of the dependence of the diffusions in the definition of the magnetizations dynamics.
The corresponding ergodic measure (the analogous of peo(dx; X)) with respect to which
the order N? results should hold, is the conditional (with respect to M ) ergodic measure
associated to the McKean-Viasov SDE (4.86), which of course is much harder to find than
foo (dz; X).

Remark 4.33 (Long-time behavior). Despite the well-posedness of the limit dynamics
for any finite time interval, observe that in this timescale the long-time behavior of the
limit equation cannot be determined, as the process (X (t))i>0 does not admit an invariant
measure on the whole space. However, it is clear that for big positive values of X (t) the
second-level magnetization M (t) will be close to +1, while for big negative values it will be
close to —1, as it is shown in Figure 4.4.

Remark 4.34 (Mean field case: the conditional propagation of chaos). We note that an
analogous result to the conditional propagation of chaos (iii) of Theorem 4.29 should hold
for the mean field model of Section 4.2, where the single spins (resp. diffusions) o (resp.
xj) replace the magnetizations mév (resp. a:év) ,m™ (resp. V) replaces MY (resp. XV)
and the timescale is of order N instead of order N2.

4.3.5 Renormalization theory: the subcritical case

The results of the previous section are expected to be generalizable to the k-th hierarchical
level for any k£ > 0 finite. In this section we state what we think should be the corresponding
statement, in form of a conjecture, as we did not work out a proof yet. The goal is to define
inductively a renormalization map g4, with d =1, ..., k, which allows one to describe the
limit dynamics for the aggregated magnetizations at each timescale N% in terms of the
corresponding aggregated diffusions.

In this case the model is defined on the set V := {1,..., N }k Any of the N* individuals
in the population is identified by a k-tuple i = (iy,49,...,4x). For any two individuals
1,7 € V, define the hierarchical distance as

d(i,j):==min{d |0<d<k—1, (igt1,..-,ik) = (Jas1s---.Jk)} - (4.120)
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If in (4.120) (¢g41,---,9%) # (Jat1,---,Jk) for any 0 < d < k — 1, then we set d(i,j) := k.
The interaction among individuals (7, j) at distance d(i,j) = d now scales as

Ba
J’L” = Ard?
TN (4.121)
T = it
2. N —

Ford=1,2,...,k—1and ¢ €V, set
i = (iggr, ... ip) € {1,2,... N},

and
ik = 0.

Denote for any d < k the N*~9¢ d-th level magnetizations,

and the k-th level magnetization

m(t) = % S oj(0).
JjeV

Moreover, denote for any d < k the limit d-th level diffusion,

dXD(t) = —ag 1 XD (t)dt + cdW (¢
(1) = —aqs X (t)dt + odW (), 122)
X@(0) =0,
and the limit k-th level diffusion
dX®)(t) = ocdW (¢
() = o (1) 1123)
X®(0) = 0.

Let di) (0,dX) and ng)((), dX) be the transition kernels of the diffusions (4.122) and
(4.123) respectively, and std) the stationary distribution of

{dz(t) = —ag1(2(t) — y)dt + odB(t), (4.124)

z(0) =0,

where B(t) is a Brownian motion. Note that, in the notation of the previous section

Vysl)(') = loo(;y). Then, we have

Conjecture 4.1. Assume 1 +---+ S < 1 and that z;(0) ~ N(0,1) i.i.d. for any j € V.
Then, for any i, d € {1,2,...,k} and T >0,

(mp (N))sepor) = (m D))oy (4.125)
in the sense of weak convergence of stochastic processes, where

m D) = pa(XD(¢),0), (4.126)
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with X9 the solution to (4.122) (resp. (4.123)) for d < k (resp. d = k). The function
vda = pa(x,y), ford=2,...,k, is the unique solution to

pa= [ va(eBula+ ) + it (dz), (1127)
with, ford=2,...,k,
b = / / QD0 dg— 1) (dzg_g) - ... - v (day )V, (4.128)
R R

d—1 times

and ¢1(z,y) is the unique solution to

@1 = tanh(B1(p1 + ) +y).

We conclude the section justifying the k-th level subcritical regime condition

51+"'+5k<1 (4.129)

in the above conjecture, which is in accordance with the first two hierarchical levels of the
previous sections. Let Ly_1 be the Lipschitz constant of @41 in its second variable, with
Lg—1 < 1. At the d-th hierarchical level, Equation (4.127) has a unique solution, provided
that the right hand side is a contraction in terms of 4. This is true if

Ly 184 < 1. (4.130)

On the other hand, computing the d-th level Lipschitz constant Ly we find, for y,7' € R,

lpa(z,y) — pa(z,y')] < La1(1+ BaLa)ly — ¥/l
and thus
_ Lg—1
1—Lg1Bq

Using (4.131), the subcriticality condition (4.129) implies inductively the validity of (4.130)
ford=1,...,k, starting from Ly = 1.

Lq (4.131)

4.3.6 The limit case: [$; = 2 — o]

In this section we develop solid heuristics for dealing with the limit case of null temperatures.
We also show some simulations which confirm our ideas. For convenience, here we use the
notation

po(da) == N(0, p°),

po(dx) = N(0, (1)),

px(dz) == N (X, p?), (4.132)
0_2

px (dr) = poo(da; X) = N <X7 M) ,

for the normal distributions we consider, where p? and p?(t) depend on the diffusion
parameters o and as. We analyze the limit dynamics at any timescale, formally replacing
(81 = B2 = o¢ in the deterministic limit equations, where the second level diffusion enters
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as a parameter. Substituting tanh(51z + Sow) with sign(z + w), the main focus of the
section is on the study of

m(t)(x) = 2sign(z + m(t)(x) + X + M(t)) — 2m(t)(z),
m(0)(z) = mo(x), (4.133)
M(t) = Jp m(t)(x)v(dz),

and of its equilibria, where X has to be intended as a fixed value of the second level
diffusion, and the measure v(dz) is a normal distribution chosen among the ones in (4.132),
depending on the timescale considered. We think of (4.133) as an infinitesimal time step
in the dynamics at a timescale of order N® for a > 0, with X being the value of the
second level diffusion at the current macroscopic time. The spirit of our approach is the
following;:

e we identify all the equilibria reached at an order 1 timescale, showing that they are
provided by staircase functions

+1, Vz > xg,
-1, Vz <z,

m*(z) = {
where the discontinuity point g € R belongs to a certain interval which we refer to
as fized points region. In particular, we show that the fixed points region depends
on the current value of the macroscopic quantity X and on the diffusion parameters
o and ay (Propositions 4.36, 4.40);

e we deduce the local stability of the above configurations (Proposition 4.38);

e we update the macroscopic time (either with an infinitesimal change at order N or
N?2), and evolve X to a new value X;

e we quantify the corresponding adaptation of the staircase profiles to the change in
the environment, distinguishing between the order N dynamics (Section 4.3.6.2),
where the first level diffusions z;’s already evolve non-trivially, and the order N 2
dynamics (Section 4.3.6.3), where the first level diffusions have reached a stationary
equilibrium with the environment;

e in case the previous step brings the magnetization profile to a non-equilibrium
configuration, we quantify the way it approaches again the fixed points region
(Propositions 4.39, 4.42);

e the reiteration of the above steps allows for a heuristic description of the order N?
dynamics;

e we show simulations of the finite particle system at any timescale, confirming the
above facts and highlighting the remaining open problems.

In particular, we observe the following phenomenon: the N? dynamics undergoes a phase
transition, depending on the diffusion parameters o and as. Specifically, for big values
of %, M (t) approximately evolves as a two-dimensional diffusion inside the fixed
points region, where the additional dimension (with respect to the subcritical case) is a
consequence of the new degree of freedom given by the position of the discontinuity point

zo. When % is small instead, MY (t) behaves as a two-dimensional diffusion with jumps
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(see Figure 4.10). The motivation for this is a loss of stability, not yet fully understood, of
certain areas of the fixed points region which happens already at an order N timescale:
indeed, our approach of infinitesimal time step variations does not allow for a proper
justification of this phenomenon.

4.3.6.1 Order 1 dynamics

When 81 = 2 — oo, we have that the dynamics at order 1 is given by

{m = 2sign(2m) — 2m, (4.134)

m(0) = 2p — 1,
which, when ¢t — oo reaches the equilibrium point
m = sign(2m) = sign(m).

Clearly, Equation (4.134) has the same behavior as the low temperature limit of the
Curie—Weiss model. It is easy to see that the solution m = 0 is unstable and the two
polarized solutions m = 41 are stable, where the one getting picked asymptotically is
determined by the initial sign of m(0). We denote the three equilibria of (4.134) by
mg, m+. We now let the dynamics evolve until a time of order N, when the dynamics of
the diffusions is not trivial anymore. Let this time be our new initial time, and let the
system evolve again at times of order 1. The mean field equations are now

m(t)(x) = 2sign(x + m(t)(x) + M(t)) — 2m(t)(z),
m(0)(z) = mo(x), (4.135)
M(t) = [ m(t)(x)po(dz),

with o as in the first line of (4.132), for some p > 0 which depends on the previous
evolution of the diffusions and mg(x) is close (but not necessarily equal) to the function
constantly equal to one of the three equilibria mg, m4. The study of the asymptotic profile
of Equation (4.135) helps us in understanding what the dynamics at longer timescales will
be. Indeed, as we already stressed, the further timescales dynamics are expected to be
described by motions across the different equilibria profiles of order 1, triggered by the
dynamics of the diffusions.

For studying the asymptotic profiles of the magnetization m(t)(x) we make an ansatz
on their shape, motivated by the following preliminary remark

Remark 4.35. Any asymptotic equilibrium m*(x) of Equation (4.135) is such that
1, Va>2
m*(x) == * v
-1, Vr<-2.

Indeed, for anyt > 0, we have —2 < m(t)(z) + M (t) < 2, and thus for x > 2, m(t)(z) > 0
and, symmetrically, for x < —2, m(t)(z) < 0.

Even though a full proof of the validity of the below ansatz is not established, as we
expect it to hold we state it as a

Proposition 4.36 (Shape of the equilibria). Fvery equilibrium of Equation (4.135) is a
staircase function m*™ (x) of the form

1, Vo>,
m*(z) = {+1 Vi _ io (4.136)
5 0
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for some xg € R satisfying
— 2up(z0, +00) < 29 < 2p0(—00, T0). (4.137)

Proof. We restrict ourselves to prove one direction of the ansatz, which is easy. Indeed, a
profile m™ (z) is an equilibrium for the dynamics (4.135) if

m*(z) = sign(z + m*°(x) + M), (4.138)
with
M = [ m® (a)pao(da) = ~puo(=00,0) + uo(a0,50) =1 = 2up(~00,a0).  (4.139)
For (4.138) to be satisfied it must be, when z < z,
r—1+M <0,

while, for x > zg
r+1+M>0.

Using (4.139), the above inequalities become
x—141—2up(—00,x0) = — 2pup(—00, 29) < 0,
for x < xg, and
x4+ 14+1—2up(—00,z9) = x + 2up(x0, +00) > 0,

where in the second equality we have used 1 — 2up(—00, zg) = —1 + 2u(zg, +00). Because
of the monotonicity of the above conditions with respect to x, they can be equivalently
stated as

o — 2“’0(_Ooa :EO) < Oa

and
xo + 2up(zg, +00) > 0.

Finally, observe that when xg > 0 the second inequality is trivially true and thus the right
inequality of (4.137) is the equilibrium condition for this case, while for zy < 0 the first is
the trivial one, so that we obtain the left inequality of (4.137) as a necessary condition for
the equilibrium. O

Remark 4.37. Note that in (4.137), both at a timescale of order 1 and N, po is a normal
distribution centered in 0 with variance p* (possibly depending on the (macroscopic) time
and on the diffusion parameters o and asg). Condition (4.137) restricts to

_2§$0§27

when p — 0, and to
-1< o < 17

when p — co. Moreover, the fixed points interval is monotonically decreasing with p, since
po(—00,x0) is so.
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As an example of convergence to the equilibrium, let us fix a constant initial datum
m(0)(z) =m (with 0 < m < 1) for (4.135) and reason heuristically by small variations of

time. Since at the initial time M (0) = 77, for every x > —2mm one has that %m(t) (x)’ >

0, and symmetrically, for every x < —2m, we have %m(t)(:c)‘ . < 0. One can expect

that these considerations should keep being true for any ¢ > 0 as the quantities inside the
sign function increase/decrease monotonically with time (this is not precise because of
the term M (t) inside the sign). The same argument works for —% < m < 0, and for the
symmetric case = 0. The limit configuration, denoted by m*(z), is thus given by

—1, for x < —2m,
m*(z) == <0, forxz=—2m, (4.140)
+1, for z > —2m.

By integrating (4.140) over the diffusion’s distribution we obtain the asymptotic value of
M

M= L 2; so(da). (4.141)

Depending on the variance parameter of the distribution g, the resulting asymptotic value
of M can either be greater or smaller than the initial one (or equal to in the symmetric
case T = 0). The bigger the variance of pg, the more M would tend to be depolarized in
this limit.

Proposition 4.36 asserts that there exists a whole region of fixed points for Equation
(4.135). Concerning the stability properties of these equilibria, we have that

Proposition 4.38 (Stability of the equilibria). The equilibrium m®™ (z) is locally stable
for the dynamics (4.135) if inequality (4.137) holds.

Proof. The proof is non-rigorous. Fix e.g. zp > 0. Choose as initial condition for (4.135)
mo(z) = m(x), the perturbation of m*®(x) in a point & > zy, given by

Then we have that, heuristically, %m(t = ¢ > 0. Analogously, if T < xg we

t=0

SN—
—~
&
SN—

consider m(x), defined as

so that %m(t)(:ﬁ)‘t_o =—e<0. O

To sum up, as we saw above, when we start the dynamics with a constant initial datum
mo(z) = ™ we soon get attracted (at times of order 1) to a staircase equilibrium m® (x)
for some xy € R. The next proposition, for which we do not have a proof (but is motivated
by Proposition 4.38 and supported by numerics), describes what happens at a timescale of
order 1 when we start the dynamics (4.135) with a staircase initial datum mg(z) = m*(x)
with o not belonging to the fixed points region given by (4.137).
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Figure 4.5: Simulation of the finite particle system’s dynamics at a timescale of order 1,
for N =1000, B1 = B2 =00, a1 = ag = 1, 0 = 3. We start the dynamics with a staircase

function (the red line) outside the fixed points region’s band (purple and green lines). We
2

take 2;(0) ~ N (0, £ ).
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Proposition 4.39 (Stable attractors of the dynamics). Let m(t)(z) be the solution to
FEquation (4.135) with initial datum mg(z) = m™(x), with xo > 0 (resp. xg < 0) such that
xo > 2pup(—00, x0) (resp. xo < —2po(xo, +00)). Then, we have

Jim m(t)(w) = m™ ().

with To = 2uo(—00,Tg) (resp. To = —2puo(Tg, +00)).

Proposition 4.39 turns out to be very useful in describing the dynamics at order N and
N? by infinitesimal (of order 1) variations of time. Indeed, as we shall see, the presence
of a non-zero X (t) can move the magnetization’s profile to be outside the fixed points
region. The above proposition thus quantifies how the dynamics gets attracted again
towards the fixed points region, at least for times of order 1. Unfortunately we were
not able to prove rigorously this result, but it is motivated heuristically by saying that
the out-of-equilibrium dynamics approaches the nearest possible stable equilibrium. An
illustration of this phenomenon is given in Figure 4.5.

4.3.6.2 Order N dynamics

In the timescale of order N the only additional dynamics which takes place is due to the
fact that puf(dr) now depends on time (it is a normal distribution centered around 0, with
variance depending on the macroscopic timescale ¢ and proportional to %), because of
the dynamics of the Ornstein-Uhlenbeck diffusions. In this scale we thus expect to see the
same staircase equilibrium previously reached, with some movement of the points close to
xo (caused by the motion of the diffusions at order N) in between the region of fixed points
described in Proposition 4.36. At the finite particle system’s level indeed, the motion of
the diffusions at order N should produce a coexistence of phases around zg, with some
magnetizations being +1 and others —1. An illustration of this is shown in Figure 4.6,
the analogous of Figure 4.5 at order N. The bigger the diffusive coefficient o (for a fixed
as), the wider the range of the diffusions and the area with coexistence of phases are: in
Figure 4.6 the coexistence area fills all the fixed points region. The deterministic limit
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Figure 4.6: Simulation of the finite particle system’s dynamics at a timescale of order N, for
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N =1000, 81 = f2 = 00, a1 = az = 1, and 0 = 5. As above, we take z;(0) ~ N (0 g )
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dynamics becomes
m(t)(x) = sign(z + m(t)(x) + M(1)),
m(0)(x) = m™ (), (4.142)
M(t) = [ m(t)(@)ph(d).

At this timescale the diffusion parameters play an important role. For % big, simulations
suggest the presence of a very mild interaction among the magnetizations: see Figure 4.7,
where we plot the path of the second level empirical magnetization relative to the same
simulation of Figure 4.6. We see that, after starting from a rather polarized value, after a
short time M™(t) becomes very small and from that time on it just wanders around 0,
so that the single magnetization’s processes are subject to a very low interaction among
themselves, which could eventually tend to zero for N — +o00; in fact, the interaction
among the diffusions is also tending to 0 as they propagate chaos independently of the
magnetizations. In other words, the presence of a big o > 0 (for a fixed ag > 0) might
render the particles asymptotically independent with M = 0. Assuming this is the case,
the limit process for each magnetization should be given by independent copies of a non-
Markovian spin with jump times distributed as the hitting times of the Ornstein-Uhlenbeck.
Moreover, from Figure 4.6 we see that the supposed jumps should occur precisely at the
borders of the fixed points region (the purple and green lines). This regime appears then
to be related to the mean field scenario of Section 4.2 for 5 — oo, highlighted in Remark
4.9, and to the single particle dynamics of the model of Section 3.2. We remark that the
simulations of Figures 4.6 and 4.7 were realized by keeping fixed XV (¢) = 0, thus ruling
out the (small) fluctuations of XV () around 0 at a timescale of order N. Clearly, this
should not change much the above picture.

When the parameter % is small, we instead witness the loss of stability of certain
areas of the fixed points region. For a description of this we refer to the next section,
where we describe the full dynamics at order N2.

4.3.6.3 Order N? dynamics

In order to describe the order N? dynamics, we proceed as above by infinitesimal time
steps, by looking at the conditional dynamics with respect to the values of the macroscopic
limit diffusion X (¢). We fix an initial condition with X (0) # 0 and evolve the dynamics
at times of order 1. The latter converges soon to some staircase equilibrium in the fixed
points region and stays put for all times of order 1. At times of order N we then see some
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Figure 4.7: The path of the empirical 2-level magnetization for the same simulation of
Figure 4.6.

diffusive behavior of the equilibrium around the fixed X, until the process X (¢) changes
again. The reiteration of this procedure for the updated value of X is an infinitesimal
time step in the order N2 timescale. Starting with order 1 infinitesimal time steps, we are
interested in the conditional dynamics

m(t)(z) = 2sign(z + m(t)(x) + M(t) + X) — 2m(t)(z),
m(0)(z) = m™ (), (4.143)
M(t) = [ m(t)(x)p (dr),

for some fixed X € R and some staircase initial condition m® for m, which was reached
at the previous timescale long-time limit. In (4.143), u¥ = N (X , %) is the asymp-
totic distribution of the (sped up) Ornstein-Uhlenbeck processes for a fixed value of X.
Proposition 4.36 generalizes to

Proposition 4.40 (Shape of the equilibria). Every equilibrium of Equation (4.143) is a
staircase function m*™ (x) of the form

1, Vz > x,
mo(z) == T V20 (4.144)
-1, Vzx <o,
for some xg € R satisfying
—2u5° (xo — X, +00) < g+ X < 2ug°(—00,zg — X), (4.145)

Proof. The proof follows the same steps as in the proof of Proposition 4.36, observing that

M?(_OOMTO) = /1’80(_007 Lo — X)?

with i = N (0, £2). O

) E
Remark 4.41. Analogously to Remark 4.37, the fixed points region reduces to
-2 < To + X < 27

when p? := % — 0, and to
1<z + X <1,

when p> — oo, and the fixed points interval is monotonically decreasing with p, since
to(—00, xg — X)) is so.
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Proposition 4.39 generalizes to

Proposition 4.42 (Stable attractors of the dynamics). Let m(t)(x) be the solution to
FEquation (4.143) with initial datum mo(x) = m* (z), with xro + X >0 (resp. xzo+ X < 0)
such that xo + X > 2uP(—00,zo) (resp. xo + X < —2u (g, +00)). Then, we have

Jim m(t)(x) = m™ (),

with Tg = 2u$¢ (—00, To) (resp. To = —2u (To, +00) ).

Remark 4.43. It is useful to observe that the fized points region’s borders of Proposition
4.42 can be expressed in terms of (X, M), M being the asymptotically stable value of M (t)
in Equation (4.143):

To(X,M)=1-X — M, (4.146)

for the right border, i.e. for Tg + X > 0, and
To(X,M)=-1-X — M, (4.147)

for the left border, i.e. for Tg + X < 0. Equations (4.146) and (4.147) can be derived by
using that
M =1—243(~00,T5). (4.148)

In Figure 4.8 we plot the fixed points region as a parametric function of X and M,
with the two borders given by

M=1-2u(—00,1— X — M), (4.149)

and
M=1-2u§(—00,—1 - X — M). (4.150)

We can distinguish two regimes depending on the diffusion parameters: for large values of
2
=—, Equations (4.149) and (4.150) define the graph of a function M = (X)), while this is

200
not the case when % is small. Unfortunately, we were not able to determine the precise
value of ¢ and as where this transition takes place, due to the implicit character of the
equations in play.

Simulations suggest that the dynamics for the M () is substantially different in the
two cases: for big values of %, we observe a diffusive motion onto the fixed points region,
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Figure 4.9: Two simulations of the order N dynamics, with symmetric initial conditions
in the two unstable regions, with as = 3, 0 = 1, 1 = B2 = 0o. The blue (red) dot is the
initial (final) point of each trajectory.

while for small % the dynamics resembles a diffusion with jumps. In both cases, as we
noted for the simpler case X () = 0, the single 1-level magnetizations mfv (t)’s should be
evolving as non-Markovian spins, this time interacting since X (t) # 0.

At the second hierarchical level, the situation seems comparable to its mean field
counterpart shown in Figure 4.3, with the diffusions’ parameters playing the role of (the
inverse of) 3. As in the mean field case, the jumps seem to be occuring because of a loss
of stability of the fixed points in certain areas of the phase-space. This loss of stability
seems to originate at an order N timescale (this is also in parallel with the mean field
case, where it was originating at an order 1 timescale). Indeed, for % small, starting the
dynamics (4.143) from a staircase equilibrium which belongs to a certain area of the fixed
points region, and letting it evolve for times of order N when the x;’s start their motion,
we see a fast trajectory which very soon gets attracted to an area close to the opposite
border from which it started. An example of this is shown in Figure 4.9, where we have
kept fixed X (t) = X(0) to simulate the dynamics at a timescale of order N: we indeed
see two fast transient trajectories starting from two initial points (the blue dots) which
seem to belong to the unstable regions of fixed points. The same simulation at an order
1 timescale would have instead shown a trivial dynamics constantly equal to the initial
datum, for any choice of the latter inside the two-dimensional manifold of fixed points.
Finally, in Figure 4.10 we show a complete simulation of the trajectories (X7 (¢), M (t))
at a timescale of order N2, showing the different behavior depending on the value of %
In the right plot, the white areas at the borders of the fixed points region which are not
hit by any trajectory should approximate the unstable regions of fixed points.
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APPENDIX A

Entropy solutions to scalar conservation laws

As we used some of their properties in Chapter 2, here we recall some general facts about
entropy solutions to scalar conservation laws. A standard reference for what follows is [34].
Consider the Cauchy problem, for x € R, ¢t € [0, T]

{ Opu + 0y f(x,u)] =0, (A.1)

u(0,2) = up(x).

The function f, called the flow, is not standard as it is space-dependent. We always assume
that f € C1(R?).

Definition A.1. A function u € L}, ([0,T] x R) N C([0,T[, L}, .(R)) is called an entropy
solution to (A.1) if
lim u(t) = ug (A.2)

t—0t+

n L}OC(R) and one of the following two equivalent conditions holds:

1. for any entropy-entropy flux pair (n,q), that is, for any n € C*(R) conver and
q= Q('x:u) such that auq(x7u) = 8uf(l',U)77/(U),

Om(u) + Ozlq(z,w)] + 7' (u) folz,u) — qu(z,u) <0, (A.3)
in distribution, i.e for any ¢ € CZ(]0,T[xR), ¢ >0,

/OT /R {n(u)er + q(z,w)pr + [gu(z,w) — ' () fo(z, )@} dzdt > 0; (A4)

2. for any c € R
Orlu — ¢| + Oz [sign(u — ¢)(f(z,u) — f(x,c))] + sign(u — ¢) fz(z,c) <0,  (A.5)

in distribution, that is, for any ¢ € CF(]0,T[xR), ¢ >0,

T
/0 /R{]u — |t + sign(u — ¢)(f(z,u)— f(z, ¢))pr— sign(u — ¢) fo(x, c)p}dxdt > 0.
(A.6)
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Lemma A.2. The two conditions in the above definition are equivalent and imply that u
is a weak solution to (A.1) in the sense of distributions.

The entropy condition can be specialized when u is a function piecewise smooth, as we
already stated in Proposition 2.2:

Proposition A.3. Let u be a function piecewice C' whose discontinuity points belong to
the smooth curve x = ~y(t). Then u is an entropy solution to (A.1) if and only if

1. u solves (A.1) in the classical sense where it is smooth;

2. the initial condition u(0,x) = ug(z) holds in the classical sense;

3. denoting
up(t) :== x_l}lﬂ/n(f%)+ u(t, )
and
w(t) := lim wu(t,x),
z—(t)~

the right and left limits respectively, the Rankine-Hugoniot condition holds: for all t

fOr(®),ur () = F(a(), w(?)) |
up(t) — wy(t) ’ (RE)

Y(t) =

4. the Lax stability condition holds:

F(y(@),¢) = F(v(#), ur(t))
c—up(t)

fOy(8),¢) = F(y(#), wi(D)) (L)

<3 < c—u(t)

for any t and c strictly between u; and u,.

The Rankine-Hugoniot condition is equivalent to state that u is a weak solution to the
scalar conservation law. The Lax condition can be reformulated saying that the graph of
f(v(t),-) stays above the chord joining w, and wu;, if u, < w;, while the graph stays below
the chord when u; < u,.

The main result about the theory of conservation laws is the following

Theorem A.4. If ug € L'(R) N L®(R) then there exists a unique entropy solution
u € C([0,T); LY(R) N L*®(R)) to (A.1).



APPENDIX B

Propagation of chaos for the model of Section 3.2

Here we prove rigorously a propagation of chaos property for the N-particle interacting
spin-valued renewal dynamics of Chapter 3, Section 3.2, to its mean-field limit, for any
~v € N. Actually, we establish the proofs for v = 1, where the rates enjoy globally Lipschitz
properties, and then we generalize them to any v € N in Remark B.3. The generalization
to non-Lipschitz rates is possible because of the a-priori bound on the variables y;’s which,
by definition, are such that 0 < y; < T, where T' < oo is the final time horizon of the
dynamics. For the convenience of the reader, we write again the dynamics

(oi(8), wi(0)) = (~03(2),0),  with rate ] (t)e~ (DO, )
dy;(t) = dt,  otherwise, '
and the mean-field version
(7(0),(0) = (=0 (2),0),  with rate 7 ()e”(HDIOMO), 52)
dy(t) = dt, otherwise, ‘

with m(t) = E[o(t)]. The approach is analogous to the one used recurrently in the
Dissertation: represent both the microscopic and the macroscopic model as solutions of
certain stochastic differential equations driven by Poisson random measures, in order to
apply the results in [66]. As anticipated, in the proof we restrict to a finite interval of time
[0, 7.

To begin with, let us fix a filtered probability space ((Q,F,P), (Ft)icjo,r]) satisfying
the usual hypotheses, rich enough to carry an inependent and identically distributed family
(Ni)ien of stationary Poisson random measures N; on [0, 7] x Z, with intensity measure v
on = := [0, +00) equal to the restriction of the Lebesgue measure onto [0, +00). For any
N, consider the system of It6-Skorohod equations

{m-(t) = 0i(0) + Jg Jz fi(oi(s7), & mN (57), a5 7)) Ni(ds, d), (B.3)
yi(t) = yi(0) + t + J§ Jz fa(oi(s7), & mN (s7), 4i(s™))Ni(ds, d€),
and the corresponding limit non-linear reference particle’s dynamics
{U(t) = 0'(0) + fg fE f1(0(57)7 57 m(si)a y(sf))_/\f(d& df)v (B4)
y(t) = y(0) +t + [ J= f2(0(s7), &, m(s7), y(s7))N (ds, d€).
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The functions fi, fo : {—1,1} x RT x [-1,1] x RT — R, modeling the jumps of the process,
are given by

f1(0—7§>m7y) s _20—]1]0,)\[(5)7 (B5)
and

f2(o-7§7may) = 7y]]-}0,>\[(£>7 (B6)

with A := A(o, m,y) being the rate function

Ao, m,y) = yle”OFDBom,

Proposition B.1. For~y =1, Equations (B.3) and (B.4) possess a unique strong solution
fort €10,T].

Proof. With the choices (B.5) and (B.6), the well-posedeness of Equations (B.3) and (B.4)
follows by Theorems 1.2 and 2.1 in [66]. Indeed, even though the function f is not globally
Lipschitz continuous in y, the L' Lipschitz assumption of the theorem still holds, by noting
that

/E‘fQ(JvéaTnHy) - f2(67€7ma g])‘df

= /: ‘y]l}(),/\(a,m,y)[(f) - gl] A(,m1,7)[ ‘dﬁ

< |yl|A(o,m,y) — NG, m, §)| + |X(E,m, §)||ly — 7|
< |y|[|Mo,m,y) — A(&,m, §)| + |\, 7, )|y — Fl]
< CT[|m —m|+ |y — gl + |o —6l],

where in the last step we have used that, by construction, the processes y;(t) < T for every
t € [0,T1], so that the rates are a priori bounded and the Lipschitz properties of ye~2Bom
for (y,o,m) € RT x {—1,1} x [-1,1]. O

Now, define the empirical measures

1 N
. N Z: UL?ZJZ

and their evaluation along the paths of (B.3),

1 N
= 5 2 Sei®.ai(0)) (B.7)
=1

The measures (u)" )telo,r] can be viewed as random variables with values in P(D), the
space of probability measures on D, where D := D([0,T];{—1,1} x R™) is the space of
{—1,1} x RT-valued cadlag functions equipped with the Skorohod topology.

Theorem B.2. Fiz v = 1 and a final time T > 0 in (B.3) and (B.4). Assume that
the initial conditions (0;(0),4:(0)) = (¢(0),y(0)) for dynamics (B.3) and (B.4) are po-
chaotic for some probability distribution ug on {—1,1} x R™. Then, the sequence of
empirical measures (Mév)te[O,T} converges in distribution (in the sense of weak convergence
of probability measures) to the deterministic law (Mt)te[O,T] on the path space of the unique
solution to Equation (B.4) with initial distribution p.
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~, coupled with

-----

Proof. Consider the following system of i.i.d. processes (7;(t), 7;(t))i=1

(oi(t), yi(t))i=1,....N
(B.8)

{&1<t) = 51(0) + f(;t fE fl(é—i(si)ug?m(si)’gi(si))'/\/:i(dsv df)v
Gi(t) = §:(0) + t + Jg Jz F2(Gi(s ™), €, m(s™), Gi(s™))Ni(ds, dE),

with m(t) = E[5;(t)]. Let (/i )te[o,r] be the empirical measure associated to (B.8). Clearly,
(ay Jeelo,r] = (Ht)eefo,r) in the weak convergence sense (by a functional LLN, see [66] for

e.g.). We are thus left to show
dy (LaW((MiV)te[o,T])aLaW((ﬂiv)te[o,T})) — 0,

for N — 400, with d; being the 1-Wasserstein distance (which metrizes the weak

convergence of probability measures) on P(P(D)). Since (recall (19))
1N
dq (LaW((MiV)te[o,T])aLaW((ﬁiV)te[o,T]D N > Eldsko (i, 1:), (5:, )],
i=1

with dgi, the Skorohod metric on D, it is enough to show that

1N

N ZEl sup (\Ui(t) = Gi(t)] + [yi(t) — Qi(t)’) (B.9)
i=1 tG[O,T]

for N — +00. For the proof of (B.9), we estimate, using the estimates of Proposition B.1

]—>0,

for fo,
< E|[y:(0) - §:(0)]

E l sup [yi(s) — Gi(s)|
s€[0,¢]
vof tEme(s) = m(s)] + [yi(s) = 5i(s)] + lols) - &i<s>|]ds
0
< C/tE[ sup |m™ (r) —m(r)| + sup |yi(r) = Gi(r)| + sup |oi(r) —5i(?")|]ds
0 r€[0,s] r€|0,s]

r€[0,s]

+ C(N),
with C'(N) — 0 for N — 400 because of the chaoticity assumption on the initial datum

Similarly for the o;’s, using the the Lipschitz continuity of fi, we obtain

< E||03(0) - 5(0)]

E [ sup |oi(s) — &i(s)]
s€[0,t]
+ C/tE llmN(S) —m(s)| + |yi(s) — Gi(s)| + |oi(s) — 51’(8)|] ds
0
< C/tIE[ sup |mN(r) —m(r)| + sup |y (r) —g:(r)| + sup |oi(r) — &i(r)]] ds.
0 re(0,s] r€(0,s] r€(0,s]

+C(N).

Denoting ™ (t) := & SIL, 6:(t), we find

E[ sup m¥(s) — m<s>|]
s€[0,t]
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<E| sup |mN(s) — mN(s)\ +E| sup |mN(s) — m(s)ﬂ
se[o ] s€[0,t]
1 - -
*Z [ sup |oj(s) — Gj(s)|| +E| sup | (s) —m(S)]
N ¢ 3 Lselog s€[0,t]
:E[ sup |oi(s) —ai(s)|| + C(N),
s€[0,t]

with C(N) — 0 for N — +o00 because of the chaoticity of the i.i.d. processes

(6i(t), 9i(t))i=1,...,N,

and where in the equalities we have used the exchangeability properties of the processes
(0i,04)i=1,.. n. Recollecting the estimates, we have shown, for any ¢ € [0, 7],

+E

}Vg{ [ sup [a3(s) = 1(5)

s€[0,t]

sup [yi(s) — ﬂz(S)ll }

s€[0,t]

<o+ [ NZE[ sup [oi(r) = G(r)| + sup ryz-<r>—gz-<r>|]ds,

re0,s] rel0,s]

which by the Gronwall’s lemma applied to

1Y _ i
HOEE-DY {El sup |oi(s) = ai(s)|| +E| sup |yi(s) - yi(3)|‘| } :
i=1 s€[0,t] s€[0,t]
implies (B.9), because ¢(T') is an upper bound for the left hand side of (B.9). O

Remark B.3. Proposition B.1 and Theorem B.2 can be generalized to any v € N. Indeed,
the same Lipschitz L' estimates on the rates of Proposition B.1 (used also in Theorem
B.2) hold by estimating

y+1)Bmo _ gwe—(wl)ﬁﬁz&‘

< ]y e~ (yF1)fmo _ g’ye—(vﬂ)ﬁma‘ + ’gve—(wl)b’ma _ gve—(wl)ﬁm&‘

IA(o,m,y) — NG, m, §)| = |[y7e

< |6 'Y+1)5ma||y’7 _ g’Y’ + g7|6*(’y+1)ﬁma B 67(7+1)gm5‘
< Cly = §llp(y,9)| + 57 [Clm — | + Clo - 5]]
SC[!y—zJHIm—mlﬂa—&ﬂ,

with p(y,¥) a polynomial of degree v — 1. In the last step we have used the a priori
bounds on y < T to get |p(y,7)| < C(T) and the Lipschitz properties of e~ (VTDFMT for

(o,m) € {—1,1} x [-1,1].
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