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Abstract. In this paper we introduce some new types of star covering properties which we call set (strongly) star Menger, set
(strongly) star Rothberger, set (strongly) star Hurewicz properties. We consider also weaker versions of these properties, discuss
their relationships with some other selective covering properties, and study topological properties of introduced classes of spaces.
Keywords: Star selection principles, set-star Menger, set strongly star Menger, set star Hurewicz, set star Rothberger.

PACS: 54D20, 54A05, 54B05, 54C10.

INTRODUCTION

Let X be a topological space, 4 a subset of X and # a collection of subsets of X. Clearly, properties of 4 or of elements
of P depend on the manner in which 4 or elements of P are placed in X. Two natural lines of investigation arise:

(I) To each topological property 7 assign a relative 7 of 4 in X (and say 4 is 7 in X);

(IT) To each topological property & assign a property $-m which shows how each element 4 € P is located in X.

A.V. Arhangel’skii (with collaborators) was the first who applied this kind of investigation (see [1, 2] in connec-
tion with (I) and [3] for (I) and (II)).

The same scenario was applied to selection principles theory, one of the most dynamic areas of research in
topology in the last 25-30 years (see, [4, 9, 15] for (I) and [6, 16, 17] for (IT)).

In this paper we follow the line (II) of investigation considering some properties related to the Menger [19],
Rothberger [20] and Hurewicz [10] covering properties and their star versions.

We use the usual topological notation and terminology as in [8]. Throughout the paper, unless otherwise stated,
no separation axioms are assumed. The set on natural numbers is denoted by N, the first uncountable ordinal by w;.
If 7 is a family of subsets of a space X, 4 C X, x € X, then

StA,F)=UFeF :FNA+0

is the star of A with respect to F; St({x}, ¥) is denoted by St(x, 7).

Recall the following definitions from [11] (see also [12, 13]).

A space X is said to be:

1. star Menger SM (respectively, star Rothberger SR) if for each sequence (U, ), of open covers of X there is
a sequence (V,)qen (respectively, a sequence (U, ),en) such that V, is a finite subset of U, (respectively, U, € U,)
foreachn e N, and X = [,y St(U V., U,,) (respectively, X = ,en SUU,, U)).

2. strongly star Menger SSM (respectively, strongly star Rothberger SSR) if for each sequence (U, ),en of open
overs of X there is a sequence (F,),cn of finite subsets of X (respectively, a sequence (x,),en of elements of X) such
that X = ey SU(F,, U,) (respectively, X = (,en St(xn, Uy))-
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3. star Hurewicz SH (respectively, strongly star Hurewicz SSH) if for each sequence (U,),en of open covers of
X there is a sequence (V,,)qen (respectively, a sequence (F,),en) such that V, is a finite subset of U, (respectively, F,
is a finite subset of X) for each n € N, and each x € 4 belongs to all but finitely many sets St(| V,,, U,,) (respectively,
to all but finitely many sets St(F,,, U,,)).

More details on star selection principles the reader can find in [5, 11, 21, 22, 24, 25] and the survey papers
[13, 14].

In [17], the so-called set versions of these star covering properties (in a very general form) were presented. Here,
we continue the investigation of those properties.

New definitions

In this section we introduce new selection properties related to star versions of the Menger, Rothberger and Hurewicz
covering properties. As we mention in Introduction the first presentation of these properties was done in [17].

Definition 1 Let  be a family of nonempty subsets of a space X. We say that X is:

(1)  P-star Menger (respectively, weakly P-star Menger, almost P-star Menger, faintly P-star Menger) if for each
A € P and each sequence (U),),en of covers of A by sets open in X, there is a sequence (V,),en such that V,
is a finite subset of U, for each n € N, and 4 C (J,,ery St(U V2, U,) (respectively, A € U,en St(U Vi, U,),
Ac UneN St(U (Vm (L(n)a Ac UneN St(U (Vn, (Lln));

2)  P-strongly star Menger (respectively, weakly P-strongly star Menger, almost P-strongly star Menger) if for
each 4 € P and each sequence (U, ),en of covers of A by sets open in X, there is a sequence (F,),en of finite
subsets of 4 such that A C (J,cy St(F,, U,) (respectively, 4 C U,y St(Fp, U,), A € U ey SUE,, U)).

(3)  P-star Rothberger (respectively, weakly P-star Rothberger, almost P-star Rothberger, faintly P-star Roth-
berger) if for each 4 € P and each sequence (U,,),cx of collections of sets open in X such that 4 ¢ JU,,
there is a sequence (U,)ney such that U, € U, for each n € N and 4 C J,en SU(U,, U,) (respectively,
A € Unen SUUn, Uy), A € Upen SUUR, Uy) 5 A € Upen SUU, Un))s

(4)  P-strongly star Rothberger (respectively, weakly P-strongly star Rothberger, almost P-strongly star Roth-
berger) if for each 4 € P and each sequence (U, ),en of collections of sets open in X such that 4c UU,,
there is a sequence (x,),erv of elements of 4 such that 4 C |,y St(x,,, U,,) (respectively, 4 C U,y St(x,. U,),
A € Uner St(xn, Uy));

(5)  P-star Hurewicz (respectively, almost P-star Hurewicz, faintly P-star Hurewicz) if for each 4 € ¥ and each
sequence (U, )qen of collections of sets open in X such that Ac JU,, there is a sequence (V,),en such that
vV, is a finite subset of U, for each n € N and each x € 4 belongs to all but finitely many sets St(J V,, U,)
(respectively, to all but finitely many sets St(lJ V,,, YU,), to all but finitely many (e St(U Vi, U,)).

(6)  P-strongly star Hurewicz (respectively, almost P-strongly star Hurewicz) if for each A € ¥ and each sequence
(U,)nen of collections of sets open in X such that 4 C |J U, there is a sequence (F,),en of finite subsets of 4
such that each x € 4 belongs to all but finitely many sets St(F,, U,,) (respectively, to all but finitely many sets
St(F,,, Uy,)).

If P is the family of all nonempty subsets of X, then we say that X is set star Menger (set-SM) (set star
Rothberger (set-SR), set star Hurewicz (set-SH). Similar terminology is used for other classes defined above.

Results

In this section we mainly consider set versions of star selection principles. Only in the beginning of the section we
give a few facts about $-set versions.

Evidently, if a space X belongs to £ and X is P-set (strongly) star Menger, then X is (strongly) star Menger.
In fact, we have the following diagram (where set-SC and set SSC are abbreviations for set starcompact and set
strongly starcompact [7, 18], respectively) for the Menger-type properties.
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Observe, that there are examples showing that none of the implications in this diagram is reversible.

set—SSC — set—-SC

l l
Menger — set-SSM — set—SM
l l

SSM — SM

Diagram 1

For example, the ordinal space [0, w) with the order topology is a set strongly star Menger space (hence set star
Menger) which is not Menger, because it is not Lindelof [8].

The subspace Y = {@+ 1 : a is a limit ordinal } of the [0, w;). This subspace is not set star Menger (hence not set
strongly star Menger). Therefore, the properties set-SM and set-SSM are not hereditary.

Recall that a space X is said to be extremally disconnected if the closure of any open set in X is open.
Let o denote the family of all nonempty open subsets of a space X.

Example 1 (1) The Stone-Cech compactification 8D of a discrete space D is a Pp-set strongly star Hurewicz (and
thus Pp-strongly set star Menger) space.

Indeed, let 4 be an open subset of 8D and (U,),en be a sequence of covers of A by sets open in 8D. It is well
known that 8D is an extremally disconnected space, so that 4 is a clopen subset of SD. On the other hand, 8D is
a strongly star Hurewicz space (being compact). Since the strong star Hurewicz property is hereditary by clopen
subspaces (see, for example, [22]), A is strongly star Hurewicz. So, there are finite sets F'|, F, F3,... in A such that
each a € 4, hence each a € 4, belongs to all but finitely many sets St(F,,, U,,).

(2) An infinite set X with the cofinite topology (is extremally disconnected and star Menger and thus) is Po-set
star Menger.

Note 1 (1) The following general result is true: Every extremally disconnected (strongly) star Menger space X is
Po-set (strongly) star Menger.

(2) If in the previous example the discrete space D is uncountable, then 8D is a P-set star Menger space, but its
subspace D (which is open in 8D) is not.

In [6], quasi Menger and quasi Rothberger (also quasi Hurewicz) have been introduced and studied: a space X'
is said to be quasi Menger (respectively, quasi Rothnerger) if for any closed set 4 C X and any sequence (U),)yen
of collections of open sets in X such that 4 ¢ UU,, for each n, there is a sequence (V,),en (respectively, a sequence
(Up)nen) such that for each n, V), is a finite subset of U, (respectively, U, € U,) and 4 C J,en U V), (respectively,
Ac UneN U n)-

Natural definitions of star versions of these properties are the following: a space X is said to be quasi star Menger
g-SM (respectively, quasi star Rothberger 9-SR) if for any closed set 4 ¢ X and any sequence (U, ),en of collections
of open sets in X such that 4 ¢ U, for each n, there is a sequence (V,),en (respectively, a sequence (U,)uen)
such that for each n, V, is a finite subset of U, (respectively, U, € U,) and 4 C ey SHUV,, U,,) (respectively,
A C Upen SUU,, U,).

The following proposition follows directly from definitions.

Proposition 1 Set star Mengerness implies quasi star Mengerness, and quasi star Mengerness implies weak set
star Mengerness.

However, weak set star Mengerness implies quasi star Mengerness. Indeed, let F be a closed subset of a weakly
set star Menger space X and (U, ),en be a sequence of covers of F by sets open in X. Since X is weakly set star Menger
there is a sequence (V,),en such that V, is a finite subset of U, for each n € N, and F' C |,y SHUV,,, U,,), i.e. X is
quasi star Menger.

Similarly for other considered classes of spaces. Therefore, we have the following diagram for set star properties.
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set-SH — SH — a-set-SH

l l l
set-SM — SM — w-set-SM « a-set-SM
T T T T

setSR - SR — wsetSR « asetSR
Diagram 2
In some classes of spaces, properties that we consider here may coincide.

Theorem 1 The following hold:

1. Let X be a regular space. If X is faintly set star Menger (faintly set star Rothberger), then X is set star Menger
(set star Rothberger).

2. Every set strongly star Menger hereditarily metacompact space X is a Menger space.

3. If a P-space X is weakly set star Menger, then X is almost set star Menger.

4. In paracompact spaces set star Mengerness, set strong star Mengerness and Mengerness are equivalent.

Some properties of spaces which are the subject of this article are listed below.

Theorem 2 (1) If (A, 74) is a clopen subset of a weakly set star Menger (weakly set star Rothberger) space (X, 1),
then (A,74) is also weakly set star Menger (weakly set star Rothberger).

(2) A continuous image of a set star Menger (set star Rothberger, set strongly star Menger) space is also set star
Menger (set star Rothberger, set strongly star Menger).

(3) A4 continuous image of a weakly (almost, faintly) set star Menger space is also weakly (almost, faintly) set
star Menger.

Example 2 1. There are set star Menger spaces X and Y such that the product X X Y is not set star Menger.
2. There are a set star Menger space X and a Lindelof space Y whose product is not set star Menger.
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