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Distillation of entanglement between distant systems by repeated measurements
on an entanglement mediator
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A recently proposed purification method, in which Zeno-like measurements of a subsystem can bring about
a distillation of another subsystem in interaction with the former, is utilized to yield entangled states between
distant systems. It is shown that measurements of a two-level system, locally interacting with two other
spatially separated uncoupled subsystems, can distill entangled states from the latter irrespective of the initial
states of the two subsystems.
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I. INTRODUCTION to locally interact withX. On the other hand, it is often
One of the key technologies for quantum information andﬁﬁrl:;éz(a'oﬁ'[gz' ,7|]n ;{geeftgzﬁsﬂ g‘;agrt#;)] ;leéiﬁ)grﬁagg&igﬂ ?[\(/)vr(;]-
computatipn is purification/distillation of quantum states uantum syst’erﬁs that are located at or at least can be sent to,
[1.2. IIDar_U'cuIar pure states, such as entangled states, oft thout losing the entanglement, distant places. In this re-
play S|gn|f|can'§ roles there,. but it is not easy to find Suc:hspect, it would be worth remembering that interesting ideas
“clean” states in nature. It is therefore required to prepare; generating an entanglement between two cavj@sand
them out of mixed states; otherwise, we cannot carry out anys transferring an entanglement between two modes in a cav-
interesting ideas of quantum information and computation. ity to that between two other modes in different cavitigs

A differen.t purification mechanism has recently been Pr%have been proposed. In the former a two-level atom is sent to
posed[3]. It is shqwn that. repgated measurements on a SySperact successively with the two cavities resulting in the
tem, sayA_, resu_lt ina purlflca_mon of another_ system, By generation of an entanglement between the two, and in the
In Interaction WithA .[4]‘ Th_at Is, the state (B_'S_ _dnven a  jater the entanglement is shown to be transferred by a two-
pure state irrespective of itgenerally mixedinitial state, if level atom which passes through the two cavities and inter-
certain conditions are satisfied. Rema(kably, .if appropriat%cts with the relevant cavity modes. In this paper, this kind of
adjusyment of thg relevaqt parameters Is po§S|bIe, the maxgccessive interaction with two guantum systems is incorpo-
mal Y'EId’ which is prescribed by the 'T““a' m|x_ed state!a)f rated within the framework of the recent purification mecha-
and its target pure state, can be attained, while keeping theq 113 5 g to show that an entanglement can be established
maxi“mal_ fidelity, _b_y a.finite nqmber Of. measurements/Aon betwee’n ’the states of two systems spatially separatetiat
(an “optimal purification. T_h_|s constitutes a r_emar!<ab|e can be separatedNotice that the entangled state is distilled
contrast to the S.“'?‘”dafd purlflcat|on protogbi2], in \.Nh'ch from an arbitrary initial state that is in general mixed, while
it is generally d|ff|(.:ult.to realize both a nonvanishing yield in the generation of entanglement in REg] the initial state
and the maximal fidelity at the same time. should be prepared in an appropriate pure state and in the

Since an entangled state Is one of the_ pure states Of_ MWRansfer of entanglement in R¢€] the state is assumed to be
quantum systems, s&y and B, one can think of the possi- initially entangled.
bility of extracting t_he entangled state betwe_;@gra_nd B by After a brief review of the purification mechanism in Sec.
repeatedly performing measurements Xnwhich interacts I, a scheme of successive interaction is introduced in a
with both A andB. This possibility has already been pointed tﬁree-qubit systemA+B+X, in which systemX is assumed
out[5,6] and explored to show that one of the Bell states can, jyaract first with systerd and then withB, in Sec. IlI.
be extracted when Fh's mechanism IS applied toa thr(':'e'q”bgystemx is prepared in an initial pure state and is measured
system, wherg qubita andB always interact with the_ Other after it has interacted witi andB. Then only those events
qubit X on which one and thg same measurement is repeag; | picp systemX is found in the initial state are kept. This
edly performed. Notice that in this case the two SysStéms ceqs is repeated many times. It is shown that an optimal
andB are not spatially separated, because they are S”ppongﬁanglement purification is actually realizable for a particu-

lar choice of interaction and by properly adjusting interaction
times and strengths betweénand X andB and X. In Sec.

*Electronic address: compagno@fisica.unipa.it IV, another example of an entanglement purification is exam-
"Electronic address: messina@fisica.unipa.it ined in a physical system where a two-level atdms in-
*Electronic address: hiromici@waseda.jp jected successively to the two cavitidsand B “back and
SElectronic address: napoli@fisica.unipa.it forth,” interacts with their cavity modes under the rotating-
'Electronic address: yuasa@hep.phys.waseda.ac.jp wave approximation, and the state Xfis repeatedly mea-
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sured in a prescribed way. It is explicitly shown that, under 0|\ =1. (2.9
certain conditions, a particular entangled state between the

lowest two modes of each cavity is extracted, irrespective of Nis reflects the unitarity of the time evolution operator
the initial cavity states. Finally, we summarize the results€” - These eigenvectors are assumed to form a complete
obtained and give future perspectives in Sec. V. orthonormal set in the following sense

Un(wnl = 1g, WlUp) = S 2.9
IIl. PURIFICATION VIA REPEATED MEASUREMENTS §| Wnl = 1o, Wl = o 2.9

Let the total system consist of two parts, systdmand  (we normalizelu,) as(u,|u,)=1, while the norm ofv,| has
systemB, and the dynamics be described by the total Hamilyeen fixed by the above relations and is not necessarily

tonian unity.) The operatoW ,(7) itself is now expanded in terms of
H=Ha+Hg+ Hig, 2.1 these eigenvectors
whereH;,; stands for the interaction between the tygoib- V(1) = > AUl (2.10
n

systems. We initially prepare the system in a product state

0= || @ pg(0) (2.2  Itis now easy to see that tHéth power of this operator is

expressed as
at t=0. Notice that systenB can be in ararbitrary mixed

statepg(0). We perform measurements édnat regular inter- [V¢(T)]N = E )\N|Un><vn| (2.11)
vals 7 to confirm that it is still in the statpp) [4], while the n

total systemA+ B during the timer evolves unitarily in terms
of the total HamiltonianH. Since the measurement is per-
formed only on system, the action of such gorojective, for large N

simplicity) measurement can be conveniently described by [V¢(T)]N—> )\3‘|u0><uo|, (2.12
the following projection operator:

and therefore it is dominated by a single term for lakye

provided the largegin magnitudg eigenvalue\, is discrete,

— 3 nondegenerate, and uniquké these conditions are satisfied,
O =94l & 1e. 23 the density operator of systeBiis driven to a pure state
Thus the state of systed is set back td¢) every afterr, large N
while that of B just evolves dynamically on the basis of the pg>(N) Uug)(Uy| (2.13

total HamiltonianH. We repeat the same measurement, rep-

resented by Eq2.3) N times and collect only those events in with the probability

which systemA has been found in the stdig) consecutively large N

N times; other events are discarded. The state of syBtésn PO(N WEY 0 21

then described by the density matrix N o™ valpa(Olvo)- (.19
The pure statéuy), which is nothing but the right eigenvec-

7) — T 7)

P (N) =[Vy(D Vg OIVL(DIVPAN), (2.4 tor of the operatoV,(7) belonging to the largegtn magni-

tude) eigenvalue\, is thus distilled in systerB. This is the

where A
purification scheme proposed [i8].
V(1) = (ple M7 p) (2.5 A few comments are in order. First, the final pure state
|upy toward which systenB is to be driven is dependent on
is an operator acting oB and the choice of the statgp) on which systemA is projected

y ' every after measurement, on the measurement intenaald
PO(N) = T (Oe™70)"po( O O] on tr):e HamiltonianH, but does not depend on the initial
= Trg{[V (D Nps(OLVi(DIY (2.6)  state of systenB at all. In this sense, the purification is
accomplished irrespective of the initighixed) statepg(0).
is the probability for these events to ocdyreld). This nor-  Second, as is clear in the above exposition, what is crucial in
malization factor appearing in EqR.4) reflects the fact that this purification scheme is the repetition of one and the same
only the right outcomes are collected in this process. measurementmore appropriately, spectral decomposijion
In order to examine the asymptotic state of sys@ifor  and the measurement intervaheed not be very smal]. It
largeN, consider, assuming its existence, the spectral deconinstead remains an adjustable parameter. Third, if we can
position of the operatoV,(7), which is not Hermitian, make other eigenvalues thag much smaller in magnitude
Vd,(T)?&VL(T). We therefore need to set up both the right-
and left-eigenvalue problems I\/Aol <1 forn#0, (2.19

V(1) [Un) = Ao, 0nl V(1) = Ao (2.7 by adjusting parameters, we will need fewer steps.,
smallerN) to purify systemB.
The eigenvalue\,, is complex valued in general, but its ab- It is now evident that the purification can be maulati-
solute value is boundefb] mal, if the conditions(2.15 and
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Nol=1 (2.16 A B [4x)

are satisfied. This conditiof2.16) assures that we can repeat  u [1x) m W [1x)
as many measurements as we wish without running the risk \_/ o
of losing the yieldP‘”(N) in order to make the fidelity to the J

target stateu),
FO(N) = Trg[pg (N) up)(ugl 1, (2.17 FIG. 1. QubitX, prepared irf1y), is brought to interaction with

. . (7 . qubits A and B successively and then its state is measured. If it is
higher. Actually, the yield®'”(N) decays like found in|Ty), the whole process is repeated again; other events are

) * discarded.
P )(N) = 2 )\w}\mN<Un|pB(O)|vm><um|un>
n,m
large N interactions withA andB, and only those events in which the
INo| 2 volpa(0)[vo) (2.19  state ofX is found in the up state are retained and other

events are just discarded. The process is repeated many times

and the conditior{2.16) can bring us with the nonvanishing and we are interested in the resulting stateAefB.
yield (volpg(0)[vo) even in theN— o limit. Therefore the Assume that the three-qubit systen B+X is described
condition (2.16 makes the twgsometimes not compatible by a time-dependent total Hamiltonia(t). Qubit X, which
demands, i.ehigher fidelity and nonvanishing yigldchiev- s initially prepared in up statf ), is first brought to inter-
able, with fewer steps when the conditiGa 15 is met. In  action with qubitA for time intervalt,. The Hamiltonian in
this sense, the purification is considered to be optimal. this period is

It would be desirable if an optimal purification can be
realized by an appropriate choice of the s{ateand/or tun-
ing of the measurement intervaland parameters in a given
Hamiltonian. A few simple systems have already been exam-

ined[3,5,6 to show how such optimal purifications are made Next, a_fter a free_ time evol_utio_n under th_e free Hamilton_ian
possible. H, for time durationr,, qubit X interacts with another qubit

B, which has no direct interaction with, for tg. The Hamil-
tonian for this period reads

H(t) = Ho + Hya. (3.13

Il. ENTANGLEMENT DISTILLATION IN A TWO-QUBIT
SYSTEM A+B BY AN ENTANGLEMENT H(t) = Ho + Hyg. (3.1b
MEDIATOR X

. . After another free time evolution forg, the state ofX is
tang| tate of syst&mB f th LB ] ;
Since an entangled state of sys IS one otthe pure measured and only those cases in which gihigs found in

states, there is a possibility that we apply the purification, =" ) .

mechanism descriged aboge to distill t?]%yinit(gbpnerally its initial up state|Ty) are retained. The whole process, i.e.,

mixed) state ofA+B to a desired entangled state. This pos-

sibility has already been pointed out and it has been explic- interaction betweeiX andA for t,

ity demonstrated that one of the Bell statds’) of the two

qubit system#\+B can actually be extracted if we repeatedly

measure one and the same state of another qubit sy$tem — interaction betweeiX andB for tg

the interactions of which are symmetrical with respecito

andB, resulting in the maximal yield5,6]. One of the limi-

tations of this model is that the entanglement can be estab- — projection to|1), (3.2

lished only when the two systen#s and B locally interact

with the same systerX at the same time and therefore it will be repeated many times and we are interested in the final

does not seem to allow to establish an entanglement betwegfate ofA+B. See Fig. 1.

two systems that are spatially separated. A different scheme |n order to describe the above process explicitly and to

is certainly needed. show the possibility of entanglement distillation by this pro-
When the two systemé and B are spatially separated, cess, we consider the following free and interaction Hamil-

their local interactions with the other systexncannot take tonians:

place simultaneously. This means that the interactions are

considered to become effective one by one, i.e., system ® o o

first interacts with, say, systemand then withB [8,9]. This Ho=—(1+dM)+ -1 +oP)+ =(1+0%"), (3.39

kind of process can be conveniently described by a time- 2 2 2

dependent total Hamiltonian. In this section, a total system

composed of three qubi{®r three spin-1/2 systems\, B, , ,

andX is considered. The two qubitsandB interact with the Hya= gao00, Hig = ggo ot (3.3b

other qubitX successively, the state ®f initially prepared in

a particular state, say in an up state, is measured after thehere theai(A)’s are Pauli matrices acting on the Hilbert

— free evolution forr

— free evolution forrg
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space of systemd and so on, andj, and gg are real(as-
sumed, for definiteness, to be positivaupling constants.
The free Hamiltonians foA, B, andX are assumed to be the
same for simplicity and are characterized solely by the comit is an elementary task to evaluate this operator, since each
mon energy gap. factor on the right-hand side is easily evaluated in terms of
It is clear that the relevant evolution operator for thethe eigenstates of the Hamiltonian in the exponent. Indeed,

whole proces$3.2) is given by we have

V= <TX|e—iHOTBe—i(HO+H)'<B)tBe—iHOTAe—i(H0+H)’(A)tA|TX> i (34)

e_i(H°+H;(A)tA|Tx> = e_ith(1+g(38))/2_ith[|Tx>{(COS<PA —i sin@a coS B)|1aX1al + cOLGata)| LAY | al}

+ | Ls{= i sin@p Sin 20| L p)(T Al = 1 SIN(Gata) [T XL Al}], (3.59
and similarly
i ' ; Ao .
(Tx|e7HoHxelte = gletat+o3 V/2Twle] (1, |{(COS @ ~ i SN g COS V)| T)(Te| + COLTgts)| Lp)( L8]}
+(Ixl{= i sin gg sin 205|1)(| g = i sin(ggte)|le){T8l}], (3.5b
|
where the anglegg and 6, g are defined as {H ATB>:| B e_iw(tA+TA+tB+TB)M|:|T ATB>:| a8
|~LA~LB> |~JzA~LB> . .
ea®) = tae) 0 + 9/%\(5), (3.69 _ _
We proceed in the same way for the odd parity subspace
spanned by the statéga|g) and||aTg). To this end we de-
g fine the 2x 2 matrix NV with its elements
sin 29A(B):%, (3.6h)
+ .
© T Oae) Ny = €°@n¥8)(cos g, — i Sin @a COS 0,)coLggtp),
(3.99
COS Vpg) = S (3.60
AB) = > > . .
VO + Ga) Ni2= = Sin g Sin 26, sin g sin 26, (3.9b
Let us introduce a parity operat@t= o o’ whose ei-
genvalues +1 and -1 single out two subspaces of the product Ny = — €100 2748) singat)sin(ggte) (3.90
21—~ A B'B/» .

Hilbert spaceH ,® Hg invariant under the action of the op-
eratorV. The two state$[ATg) and|| |} generate the even

arity subspace and the followingx2 matrix M with its . o
party P Ny = €19Ma*270) coggata)(COS@g — i SiN @g COS W),

elements
(3.90
M, = €1 27aM8+2%8) (cos pp — i SiN @ COS W)
o so that the action oY is represented as
X (CoSgg — 1 Sin ¢g COS M), (3.79
- . . . V[ |TA~LB> :| — e_i“’(tA+tB+27'B) |TALB> :| . (310)
M= —e"'Asin g, sin 20, sin(ggts),  (3.7D) INEY, [LaTe)
In order to show explicitly that the proceé3.2) with the
L iw(tat2m) o . . particular choice of interactio3.3b) admits an entangle-
My, = B singata)Sin @ Sin 205, (3.70  hent gistillation for qubit systenA+B, it turns out to be
enough to consider a much simpler case. Let us treat systems
A and B symmetrically, except for the ordering of their in-
Mz = CO4gata)COLGgtp) (3.7d0  teractions with systerX. We choose the same parameters for

A and B, i.e., Ja=0=0, tA:tBEt, and TA=TR=T ((PA(B)

allows us to completely characterize the actionvoin this
subspace as follows:

— ¢ and fxg)— 6). For the parity-odd states, the matyX
now is simplified to be
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Ae (e‘i‘*’(”zﬂ coggt)(cose — i sin ¢ cos ) - sir? ¢ sir? 26 ) (310
B — g 2ot gi?(gt) e @*27) coqgt)(cose —i sing cos X) '
[
It is easy to find the condition under which an entangled state i 1 . i
of the form P'7(e) = 5[<TAlB| + € X ATellpas(O)|Talp) + €X]|aTR)].
(3.17

1 _
W) = E(|TAJ,B> +eY|aTe), (3.12

. . . . _ This is nothing but the probability of finding the target en-
wherey is a real parameter, is an eigenstate of this makfix tangled statéW)=(|1lg)+€Y | Alg)/1\2 in the initial state
(and therefore of the operatd. A straightforward calcula- )

tion shows that if the parametegs t, and 7 are so chosen
that the relation

cosg —i sin @ cos B= — &7 codgt) (3.13 IV. ENTANGLEMENT DISTILLATION
OF CAVITY MODES

is satisfied, the stat@) with y=w(t+7) is indeed an eigen-
state ofV belonging to the eigenvalug,=-e 3“7 [There In the previous section, the possibility of realizing an en-
is another possibility of optimal distillation of the above en-tanglement distillation is demonstrated for the three-qubit
tangled statg3.12), but with a differenty, i.e., y=w(t+7)  systemA+B+X. The particular form of interactio(8.3b) is
+77. This case is realized under the conditi@13 with the shown to be suitable for this purpose following the procedure
replacementwr— w7+, the corresponding eigenvalue is (3.2). In this section, another application of the purification
also given by the shifted one, i.e;3®7 ] mechanism[3,5,6 is explored in a system composed of a

Notice that we are not allowed to set ¢g8sin(gt)=0 two-level systeme.g., an atominteracting with two single-
because it would result in a degeneré@temagnitudg eigen- mode cavities. The two cavities may be located at spatially
value. Observe that we have essentially two conditionglistant placegor may be near and separated Iptend we
(3.13), while we have three independent combination of pa-2im at extracting an entanglement between the two-cavity
rametergt, wt, andwr. We, therefore, have the possibility of States by repeatedly bringing the two-level atom into inter-
an optimal distillation of the entangled st4#), if the mag- ~ action with them and then selecting a particular state of the
nitudes of the other eigenvalues \6fare made smaller than atom by measurements.
unity. The remaining eigenvalue 8f under the conditionsin ~ The ideas of generatinf8] and of transferring9] en-

(3.13 reads tanglement in two-cavity system have already been proposed
_ _ o . and studied in the context of the cavity quantum electrody-
eI coggt)(cose ~ i sin ¢ cos ) + siré(gt)] namics(CQED) [10], spectacularly developed over the last
= g [ — co(gt) + sir(gh)], (3.14 two decades both in the microwavyé&l] and optical[12]

domains. Entanglement is generated from a properly pre-
and its absolute value cannot be made unity wherpared pure state in the form@8] and an initially prepared
coggt)sin(gt) # 0. On the other hand, matri¥1 is expressed entanglement in one cavity is transformed into another en-
as tanglement between the two cavities in the laf@}, via
diw(t+n) it successive interactions with a two-level atom. The atom
_( € cos(gt) Fe !sirf(gy plays the role of a “mediator” or “transformer” of entangle-
M= — amio(t+27) n2 (315) P . .
Fe sin(gt) cog(gt) ment. A similar, but more complicated role is sought for the
) ) .atom in the present scheme, because its interactions with the
and the absolute values of the eigenvalues of this matrix,yities and the measurements of its state are expected to
cannot reach unity if cos(t+7)#+1 and co&gt)sin(@)  enaple us to extract an entangled state, that is to produce an

#0. This means that, under these conditionsgnwt, and  entanglement distillatiorirrespective of the initial states of
w7 satisfying the relationi3.13), an optimal purificatiorfi.e.,  the two cavities

distillation) ~ of  the  entangled  state ([Talg) For simplicity, suppose that the two cavitiésand B are
+e*7|| ATg))/\2 is possible. It is in fact easily shown that identical and their interaction with a two-level atotis well
the left eigenstate o¥ belonging to the eigenvalu®,=  described by the Jaynes-Cummings Hamiltor{ié8]. Let a
—e 347 is expressed as andb indicate the annihilation operators of the modes of the

1 two cavitiesA and B, respectively. The free and interaction
(= =((Talel + €™ |ale), (P[¥)=1, (3.16  Hamilionians are
\‘J

and therefore the yiel®”(N) approaches asymptotically, as
N becomes large, a finite value

(O]

Ho= 5 (1+03) + wa'a+ wb'b, (4.13
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Hia=0n(ova+a.a’), Hig=gg(o.b+ o b). 1)
I A Y B7—%m
A state where the atorK is in the up(down) state and the 1) ' S ‘ )
modesa andb are in thenth andmth levels, respectively, is
denoted as$7(|),n,m) (n,m=0,1,2,..). I

Since our purpose is to extract a pure state not in product _ _ _
form but entangled, it turns out that simple processes like FIG. 2. Atwo-level atomX, prepared irj]), is brought to inter-
(3.2) for the three-qubit system would not work. Indeed, be-action with cavity modesa and b in the two cavitiesA and B
cause of the choice of the Jaynes-Cummifiggating-wave successively, ar_1d its state is measured after the mterg_cnor_ls. Atoms
interactions (4.1b), the number 0perato(1+03)/2+aTa that are found in stat) will be sgnt ba_ck to the cavities |_n_the
+b'b commutes with any offy, H.,, andH., and therefore reversed order. The state of atofnis again measured, and if it is

) 00 ' IXAs XB L found in ||), the whole process is repeated; other events are

any state of the tyvo—ca_vlty system of the fphmO), which is  discarded.
a product state, is easily seen to be an eigenstate of the time

evolution operator constructed analogously(304). (If the

down state ofX is measured, product stat@sm) are found — interaction betweeiX andA for t,
to be eigenstates_ of the relevant time evolution opepator. — projection to]). 4.2
Thus a process different froig8.2) would be necessary for

our purpose. See also Fig. 2.

The above consideration would suggest that, with interac- This is clearly a generalization of the purification process,
tion given by(4lb), it would be better to select after mea- “projection" — “time evolution” — “projection_" Indeed, in
surement a state of different from the initial state. How- the above scheme, “time evolution” is not meant in the usual
ever, at the same time, we need a procedure that can Rense, that is described by a total Hamiltonian. It is instead
repeated many times within the present framework of thenterrupted by another projection. However, the condition
purification mechanism. Thus we choose a procedure thafnder which the purification mechanism does work is essen-
can be described schematically as tially the same as in the ordinary cases and all that we have
to do here is to investigate the relevant evolution operator
corresponding to the above procé4<). It would be impor-

— free evolution forry tant to notice that the above choice of the initial and pro-
jected states for syste is not arbitrary. In fact, if it were
prepared in the up state, a procedure analogous to that de-
— free evolution forrg scribed before does not work. The vacuum state of the two
cavities, which is a product state, would indeed turn out to be
an eigenstate.

— free evolution forrg The relevant evolution for the above procé4<) is rep-
resented by products of the time-evolution and projection
operators and each of them is easily evaluated. The only
— free evolution forr, nontrivial operators are

preparation in|) — interaction betweeiX andA for t

— interaction betweeiX andB for tg

— projection to|T)

— interaction betweeiX andB for tg

©

_j ! —iwb! i .
e Mot = g0 P & (M Delacos gl | 1, )(T,n] ~ i sin g 1L n+ 1
n=0

i sin ™| [,n+1)(1,n| + €' cosel’| |,n)(|,n]) (4.39
and

oo

e—i(H0+H>'(B)tB — e—iwafath e_i(m+1)th(COS(p(Bm+l)|T,m)(T,m| —isin (Pfgmﬂ)”-m)(l m+ 1|
m=0

—isingf™[1,m+ 1)1, m| + €' cosef”| |, my(|,ml), (4.3b)

(n) (m)

where anglesp,” and ¢y~ are defined as

ow = gataVn,  of” = ggtgym. (4.9

It is an elementary task to evaluate in this case the relevant evolution op€atomalogously tq2.5),
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Vo=(| |e—i(Ho+H;<A)tAe—iHOTAe—i(HO+H>’(B)tBe—iHOTB|T><T |e—iHOrBe—i(H0+H>/<B)tBe—iHOfAe—i(HO+H)'<A)tA|l>, (4.5)

and its explicit expression reads

E g 2MmmeT (sir? ol cog ei™ Y + co o sir? ea™)|n,m)(n,m|

n,m=0

+sinei™? cosel” sin et cosel™|n+ 1,m- 1)(n,m|

(n-1)

+siney” cosei™Y sin ei™? cosei™Y|n - 1,m+ 1)(n,m], (4.6)

whereT=t,+ 7y +tg+ 75

It is manifest from(4.6) that in the product Hilbert space of the two cavities there are sectdfgwithin which the action
of V. is closed. These invariant sectors are characterized by the numierWe have(n+m+1) states{|n+m,0),...,|0,n
+m)} for the (n+m)th sector. Notice that the singlet statecuum statg|0, 0) (n+m=0) belongs to zero eigenvalue ¥f and
we need not consider it, for;/0,0)=0. This is closely related to the choice of the initial stateXaind is the reason why we
must prepareéX in the down state|).

Let us turn our attention first to the doublet subsp@acem=1). The action oV, on this subspace is easily read fr¢/m6)
as

11,0) it SiP e cog o) sinel sinel cosel’ | (11,0
Ve =-en? @ cin 0@ cosa® ) (4.7
|0,1) sin gy’ sin ¢’ coseg sir? o |0,2)
[
Observe that the determinant of this matrix always vanishes, k,0) & d ... 0 0 O
which means that one of the eigenvalues is zero and the other k=1, d c 00 0
is given by the trace of the  matrix - ko k1 )
—e29T(sir? ¢ cof ¢l +sir? ¢l)). Therefore we have a : — _ gr2kaT oo
possibility of obtaining the Iarge$in magnitude eigenvalue ‘l 12k-2) 0O 0 ...c,d O
by adjusting the parametept, so that |1,k- 1) 0 0 ..dyc d
|0,k) 0 O 0 d; ¢
sin (,ogl) = sin(gata) = £ 1. (4.8 |k, 0)
k-1,2)
(The possibility cosqo( )=0 would result, not in an entangle- v : (4.10
ment distillation, but in a product-state purificatipin such 2k-2) |’ '
a case, the above eigenvalue equation is simplified to 11,k 1)
0,k)
1,0 cose  Fsingd\[-eZeT 0
Vc<| >) ( QDBl - (’Dl where matrix elements;,d; can be read froni4.6) as
0,2) +sinel cosel 0 o0

( cosgly +sm<p ><|1 0 ¢; = sirfel cog o™ + cog psir? i, (4.11)
X

Fsingd cosely /\]0,2)

). s

&I cosea Y. (4.12)

d; =sin ¢ cosgd™ sin ¢f
from which it is clear that the entangled stap@'’)  Itis important to no(tz|§:e tha(tl)the C?kn%itiqﬂ 8 ir?plies that
—COS¢§)|1 0>+sm<p can be extracted with the maxi- the elementl,= 3'”<PA COSp,” SNy COS‘PB vanishes,
mal probability by this setup Notice that it still remains the irespective ofel ", and thus the sector further splits into
freedom to adjust the value ofy’=ggts. two 5Ub5€Ct0rS{|k 0),....[2.k-2)} and {11,k-1),0,k)}.

The remaining task is to check whether there are othefFurthermore, it is easny seen that the entangled state in the
eigenstates o/, belonging to eigenvalues with unit magni- latter Subspace of the form\‘I’(k)> COS<p(k)|l k-1)
tude, under the conditio.8). Consider the invariant sector *sin (pB |0 k) has the elgenvaluee—z'k‘"T while, as shown
characterized bk=n+m>1 that is composed df+1 states in the Appendix, no eigenstate in the former subspace
{lk,0),...,|0,k)}. The action ofV, on this sector is repre- {|k,0),...,|2,k=2)} belongs to a unitin magnitude eigen-
sented by the following matriksee(4.6)]: value (if k is smaller than 9
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We have seen that there are, for dngector, many en- based purification schem8]. The establishment of en-
tangled states |qf<ck)>:cos¢g<)|1,k—1>isin ¢g‘)|o,k> (k  tanglement distillation relies on the successive interactions
=1,2..) (that increase, in general, in highkersectory ex-  between the systems under consideration and the so-called

tracted with the optimal probabilities by the proceds?).  “mediator” quantum system. In the first example, it is dem-
Repeated interactions of the two-level atéhin the cavities onstrated that the entanglement between the two qubit states
A andB and the prescribed measuremefimjections cer- IS possible via their interactions with another qubit, which
tainly bring us with a statisticalclassical mixture of these Plays the role of the entanglement mediator, with the maxi-
entangled states. The situation would not be considered confRal yield (optimal distillation. In the case of distillation of
pletely satisfactory, since we would not be able to distill acavity-mode entanglement, however, a modification of the
single entangled state by the proc€ds?). There is, how- original simple scheme, that is, “interactien measurement
ever, a way out of this difficulty. We may prepare such an— interaction—---" is required and the modified procedure
initial (mixed) state ofA+B that contains only those sectors (4.2) turns out to result in the entangled Stalétl)% after an
with relatively smallks. Such a preparation of the initial state appropriate preparation of the initial state. We stress that
would effectively eliminate the possibility of obtaining other there would also be the possibility of obtaining an entangled
states thaﬂu‘I’S‘)> after performing the procesd.2). For ex-  State not only in the lowest sectir 1 but also in the higher
ample, we may consider the following preparation procek sector, provided an appropriate initial state be prepared.
dure, which is nothing but a purification process applied to It would be worth stressing that in spite of such a modi-
cavity B. We send a two-level atom prepared in the downfication required in the second example, the underlying no-
state||) to cavity B. After its interaction, which is again tion is still the same: the action of a measuremgapre-
assumed to be of the fori@.1b), with B, the atom is mea- Sented by a projection operator, for simpligityauses an
sured and only those events in which it is found in the statéssential and critical dynamical change, not only in the sys-
||) are retained. This process is to be repeated many timd§ém measured, but also in the others interacting with the
and the resulting state g&+B, which will be used as the former. Since the notion is so general, one can devise various
initial state for the following entanglement distillation pro- applications of this scheme in many different situations. The
cess(4.2), is dominated by the staigys(0) ~ pa(0) @ [0)(0, ~ €xamples explored in this paper are just two of them and
since the vacuum state of systdris the unique eigenstate further applications will be reported elsewhere.

of the relevant evolution operatef<l|e‘iH§B‘|1> belonging Finally, we add some comments on the practical setup of

. L . ) our proposal. In both schemes reported in the previous sec-
to eigenvalue unity if no fine tunings are made on the param: brop P P

eters. After having prepared the statges(0), we repeat the tions, the entanglement mediator is an atom appropriately

. . prepared before entering into interaction with the two sub-
process(4.2) under the conditior(4.8). We finally end up systems to be entangled and subjected to a conditional mea-

with the single entangled stgt "), because our initial state g rement of its internal state at the end of the two successive
fofi (N K\ — A (K Ky — . . o
pas(0) satisfies(d"|pag(0)| D7) =(¥ " [pas(0)[W")=0 for  coupling processes. We wish to stress that to realize in prac-
k>1, where<d>(ck>| is the left eigenstate corresponding to tice the required “many crosses” scheme one may synchro-
|\If(ck)). nize the injection of thgth atom of the sequence into the
Concluding this section we wish to give typical values of process with the successful outcome of the internal state
relevant parameters under the aspect of the possibility afheasurement of thg —1)th one. This kind of experimental
implementing our proposal in laboratory. We concentrate orsetup might be preferable to the conceptually simpler one
the estimation of the total duratioh of the experiment. To based on the idea of using always the same atom, reversing
this end, we choose to be in the context of microwave CQEDts direction of motion at exit to reinject it into the process.
where both the geometrical arrangement of the experimentdlhus the representations in Figs. 1 and 2, as far as the aspect
setup and the intensity of the atom-field coupling regimeunder scrutiny is concerned, have been reported only for the
seem more favorable to our proposal. Let us first note thasake of simplicity.
the typical atom-field coupling constagt(g, or gg) can be
chosen in such a way that~10*~10° s™* [14]. Moreover, ACKNOWLEDGMENTS
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APPENDIX Pe=cof o2 - cod ol cog ol - codglk?
In this appendix, a symmetric matrix of the forth=2) k-1 o 5 "
+ ) si? ¢ - sir? oV cog o™V - .- cog
¢ 4 o 0 0 n% Pn o on @
%k ;k—l Oi-1 g g % 002 I+ o k™ gir? kM .. g kD
1 C . . . o (ke
: k 1otz R (A1) +sir? @2 - sir? o sin? o - -+ sirfpk Y. (A7)
6 0 0 c d Since each term in EqA7) has the same sign as the
IR others, vanishing off,, which is nothing but the condition for
0 0 0 . d3 C the matrix(Al) to possess eigenstates that belong to eigen-

with the matrix elementgsee Eqs(4.11) and(4.12)]

¢j=sir? ¢ cog ei Y + cog ¢l sir? ¢V, (A2a)

d; =sin o) cosel”

is investigated with particular attention to its eigenstates beeach term in Eq(A7) contains either sﬁxog‘”

1)

sin I+

(k=j+1)

COS@y , (A2b)

value unity, is equivalent to that of each term. This means
that there areék conditions for three parametegsty, Jgtg,

and k and it seems impossible to have a vanishipgn
general, unless most of the conditions are simultaneously
satisfied. If we choose a particular value fjit,, say gata
=7/2 as in(4.8), however, alll, with k=9 vanish because

or cog <p§f)

longing to the eigenvalues with unit magnitudes. Since thisach of which vanishes.
matrix is real and symmetric, its eigenvalues are all real, and On the other hand, the matridl) is shown to have no
the eigenvalues of relevance in the framework of our proceeigenstate belonging to the eigenvalue —1. Consider the fol-

dure here are +1.

lowing determinant:

For the first possibility +1, let us consider the determinant
l; (k=i=2) defined by ¢+l d 0 0 0
1 d 0 0 0 di Ci_1t 1 di—l 0 0
K i 0 dy Co+l ... O 0
di c-1—1 dl—l 0 0 J = : . . . . ,
|, = 0 4 G2l 0 0 0 0 0 L+l ds
0 O 0 1 d 0 0 0 d; c,+1
C3 3 (A8)
0 0 0 ds -1

(A3)

It is easy to see that the particular formlpfand the defini-
tions of ¢; andd; in Eq. (A2) lead to a recursion relation

I, + cof o) co e, _;

= = sir? oY sir? ek V(1_; + cog o} Y cog oY)

(Ad)
for k=i=4. This is further reduced to
I, = - cog ¢l cog oI,
1
- 1)~ 1IH sir? " sir? i) (k=i=2).
(AS5)

If we setl,=(-1)"1P,, then P; is found to be positive
semidefinite and to satisfy

i-1
Pi_1+ H sir? cp(AJ+1) sir? q;g(_”.

=1

P; = cog ¢\l cog o« P

(A6)

This relation is easily solved, to yield the explicit form of

| k= (_1) k+1Pk with

wherec; andd; are again given iftA2). Sincec;>0, d§<1
and thereforeJ2 c,+1>0 and J;=(cz+ 1)(c2+ 1)-d3>

let us assume that all,’s are positive definite fof up t0|
—1. Then it follows that

Ji=(g+ 1) - d?, > ¢dio - dXi,
= sir? ¢l cog XV (J,_; - cofel Y sir? okt _)
+cog @Y sin? I, (A9)
This relation recursively yields the inequalities
Ji - cog ol sir? oMy,
> sir? @) cog X *V(J_; - cof oY sir? kg,
> sir? o) cog oY - - sir? pWcod ok
X (J3- cog o sir? ok 33,). (A10)

The last factor on the right-hand side is shown to be positive
definite,
- cog ¢ sir? ok 3
> (sir? o) coek” 2> +1)J,-d3>0, (All)

which means that the quantity on the left-hand sideAihO)
is positive definite. We conclude thdt is positive definite
and therefore), does not vanish, which completes the proof.
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