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Abstract

We classify imprimitive groups acting highly transitively on blocks and
satisfying conditions common in geometry. They can be realized as suitable
subgroups of twisted wreath products.

In contrast to the theory of primitive permutation groups, the literature for
imprimitive groups appears needy. The best known construction principle for
imprimitive groups is given by wreath products of two groups U and G.

Suppose that U is a vector space and let V be the direct sum @!_, U; of t copies
of U. If G is a subgroup of the symmetric group S; acting transitively on the set
{Uy, ... ,U;} of components of V and « : Gy, — GL(U) is a linear representation
of the stabilizer in G of the component U, then the twisted wreath product
G = U wr, G may be seen as a group of affine mappings acting transitively on a
suitable system of affine subspaces of V' and having t blocks there. The abelian
group 1" consisting of all translations is the corresponding inertial group, i.e. the
normal subgroup of G leaving each block fixed. Restricting to a G-invariant
subspace W of V', for which there is an integer m < t such that the projection
W — EBffgil U, is an isomorphism with respect to any m-subset of {1, ... t},
we obtain a subgroup of G having the same system of blocks as G and inertial
group given by the translations corresponding to W. In particular, the inertial
group induces a regular action on each block and acts sharply transitively on
m-~tuples of independent points, i.e. points no two of which lying in the same
block. If the representation « is transitive, then U is finite and the stabilizer of
a block is 2-transitive on it.
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Conversely, let G be an imprimitive permutation group having a finite number
t of blocks and assume that the stabilizer G in G of a block A acts 2-transitively
on it. Suppose that the inertial group N induces a sharply transitive group on
each block and moves uniquely any m-tuple of independent points onto any other
one of the same type, for some m < t. Then each block A is a vector space of
finite dimension over a prime field and GG can be embedded into a twisted wreath
product A wr, G/N, where « is a transitive linear representation of Ga/N on A.

In geometry imprimitive actions play an important role. For instance, the
group of automorphisms of a chain geometry ([1]) is an imprimitive group oper-
ating sharply transitively on triples of independent points, such that the stabilizer
of a block is 2-transitive on it. This motivated us to study imprimitive permu-
tation groups which are highly transitive on blocks and satisfy conditions com-
mon in geometry. In particular, we classify all imprimitive permutation groups
G = (G, Q) fulfilling the following conditions for some integer m > 3:

i) the inertial group N induces a sharply transitive action on each block;

i1) given two ordered m-tuples (X, ..., Xn), (Y1, ..., V) € Q™ X, and Y]
lying in the same block A;, there is just one element in N moving (X1, ... , X,,)
onto (Y7, ... ,Y,,), provided Ay, ..., A, are distinct blocks;

i7i) the stabilizer in G of a block has a 2-transitive action on it;
iv) the group G//N is finite and acts m-transitively on the set Q of blocks.

We represent these groups as subgroups of twisted wreath products. Using
Kantor’s, Hering’s and Liebeck’s results on transitive linear representations of
finite simple groups ([7], [9] and [11]), we prove that the size of a block is 2, 3,
4, or 16 and the permutation group G = (G/N, ) is either the symmetric group
S, or the symmetric group S,,, ;1 or the alternating group A, ».

If each block contains at most 3 points then G ~ S,,, or G ~ S,,,; in the
latter case, if G does not split over the inertial group N, then any block contains
exactly 2 points and m is odd.

If each block has 4 points then either m = 4 and G ~ S4, or m = 5 and
G ~ Ss; in both cases G is a splitting extension of N by S,,.

If each block has 16 points, then either m = 4,5,6,7 and G ~ A,, s, or
m=6,7and G~ S,, or m =5 and G ~ Sg. Moreover, the group G splits always
over N, apart from the last case where a further non-splitting extension occurs.

A tool for our classification is Blackburn’s description of the extensions of a
finite elementary abelian p-group by symmetric or alternating groups ([2]).



1.1 Translation systems of imprimitivity. Let G = (G,€2) be an imprimi-
tive permutation group and let € be the corresponding system of blocks. Points
{X}ier of Q are called independent if there is no block in 2 containing any two of
them. We shall say that Q is a translation system of imprimitivity of dimension
m (< | Q|) if the inertial group N of Q, i.e. the normal subgroup of G leaving
each block of ) fixed, fulfills the following conditions 1.1.1 and 1.1.2:

1.1.1 The group N induces on any block A € Q a sharply transitive group.

1.1.2 Let Ay, ..., A, € Q be distinct blocks and let X;,Y; € NA;, i =1, ... ,m.
Then, there is just one element g € N such that g(X;) =Y; foralli=1, ... m.

As a consequence of these two conditions we have:

1.1.3 Let Xy, ..., X,, be independent points and denote by N the stabilizer in
N of each of X1, ..., X;_1, Xit1, ..., Xm. Then, N=N'x ... x N™.

Proof. Let g € N. There is just one element g; € N* such that ¢,(X;) = g(X1),
which means that g;'g fixes X;. For 1 < j < m, assume there is a unique

. , -1
element g; € N7 such that ( I gi) g fixes X1, ..., X;. Then there is just one
: . , -1 . , —1
element g;y1 € N7 with g;1(Xj) = ([To19:) 9(Xja), Le (T2 i) g
fixes Xy, ..., Xj+1. As the stabilizer in N of each of Xy, ..., X, is trivial, the
inductive argument proves that g can uniquely be written as ¢; ... ¢g,,. O

1.1.4 Let the permutation group G = (G/N, Q) be sharply m—transitive. Then,
G operates sharply transitively on the set of m—tuples of independent points.

Proof. Let Xy, ..., X,, and Y7, ..., Y,, be m—tuples of independent points.
Since G is m—transitive, there exists a coset gN € G/N such that the block
containing ¢g(X;) contains Y;, as well (i = 1, ... ,m). Then there exists h € N
such that hg(X;) = Y;. Now, the sharply transitivity follows from the fact that
the stabilizer of the points X, ..., X, is trivial. O

1.1.5 Assume that Q is finite and the stabilizer Ga in G of a block A acts
2-transitively on it. Then G is finite.

Proof. Let X € A. Since Ny leaves every point in A fixed, the finite group
Gx/Nx ~ Ga/N acts transitively on A\ {X}, hence we have that A is finite.

Thus Q2 and G are finite. O 5



2.1 Imprimitive groups and wreath products. Let U be a vector space of
finite dimension n over a field K, V = @!_, U; be the direct sum of ¢ copies of
U and G be a transitive subgroup of the symmetric group S; with respect to the
natural action on the components U; of V. Assume we are given a homomorphism
a : h + ap from the stabilizer Gy, of U, into the general linear group GL(U)
of U. We can define an embedding of G into GL(V) as follows. Starting with a
basis ey, ... ,e, of U, we have a basis

B:{en,...,eln, ...... ,etl,...,em}
of V, where e;; has e; as the i-th component and 0 as any other component.
Also, fix an element s; € G with s;(U;) = U; (hence, S = {sy, ... ,s;} is a set of
representatives of the coset space G /Gy, ); in particular, choose s, = 15. For any
g€ Gandi=1,...,t the transformation
hg,i == sgfé)gsi (1)

leaves the component U, stable. Thus putting

g(eij) = Z?:l €g(i)rQr if ahg,i(etj) = Z?:l EtrQr,
we have a linear mapping § € GL(V). Now the identity hg,g,,i = Ry, g1()lg1,4
says that g — § provides an embedding G — GL(V).

It has to be emphasized that the (tn x tn)-matrix representing § with respect
to the basis B is obtained as follows: 1) take the permutation (¢ x t)-matrix
corresponding to g; 2) replace the entry 1 at the place (g(i),7) by the (n x n)-
matrix representing oy, , (with respect to the basis ey, ... , e, of U).

Consider now the group of affine transformations

G = {xn—>v+§(x):v€‘/,g€@}.
G acts transitively on the set Q := Ul_, {z + Vi : z € V}, where V; = D, Ur.
Then the subsets A; := {x + V; : x € V'} are blocks for a system of imprimitivity
Q) having the group of translations of V as the inertial group. The fact that
t_, V; = 0 says that Q is a translation system of imprimitivity of dimension ¢.
2.1.1 Remark. The permutation group G = (G,Q) is essentially the twisted
wreath product K" wro, G of U ~ K™ by G over S and «. If it is clear what
linear representation we are using, we write simply K™ wr G. Changing the set of
representatives the action on the set of blocks remains the same, but the action
induced on a block changes according to (1) ([10, p. 86]).

2.1.2 Let W be a G-stable subspace of V. Then {z + w + j(z) : w € W, g € G}
provides a subgroup H = (K" wr @)‘W of K"wrG. Clearly if W projects onto each
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component Uj, the subgroup H is transitive. Furthermore, if there is an integer m <t
such that W is m-transversal with respect to the given decomposition @le U; of V,
i.e. if the projection W — @f};il U, is an isomorphism for any m-subset {i1, ... ,in}
of {1, ... ,t} (hence dim W = mn), then 2 is a translation system of imprimitivity of
dimension m for H. The stabilizer of a block is 2-transitive on it just if « is transitive.

2.2 Now we want discuss the converse. So let G = (G,Q) be a transitive
permutation group endowed with a finite translation system of imprimitivity
Q = {A, ..., A4} of dimension m and assume the stabilizer G, of a block

A; to be 2-transitive on it. According to 1.1.5, G must be finite.

Let | A; | = k. Then | Q | = tk and we may regard G as a subgroup of Sy;
more precisely, G is contained in the subgroup F preserving Q. Let M and N be
the inertial groups in F and G, respectively, corresponding to €; of course (M, )
is isomorphic to the direct product of ¢ copies of S;. Let X; € A;; then there is in
M a subgroup U; acting on A; as N/Ny, and leaving any other block point-wise
fixed. Clearly N is contained in the direct product V =U; x ... x U,.

Since U; acts sharply transitively on A;, we can identify A; with the factor
group V/V; (~ U;), where V; denotes the product of all U, with r # i. As Gx,/Nx,
normalizes N/Nx,, we have that U; is normalized by G, so the transitive action
of Gx, on A; \ {X;} yields a transitive group of automorphisms (~ Gx,/Nx, ~
Ga,/N) of the finite group V/V;. Consequently V/V; ~ U, has to be a vector space
GF(p)" over the prime field GF(p) for some prime p and integer n. Furthermore,
there is a transitive linear representation a : Ga,/N — GL(U;) ~ GL(n, p) and
the twisted wreath product G := GF(p)" wr, G/N, with V the associated vector
space, can be considered. The group N is then the subgroup of translations of
G corresponding to a subspace W which is m—transversal with respect to the
decomposition V= @'_, U;. Then G/N yields a subgroup of GL(V') normalizing
N and, as an extension of a group of translations of V' by G/N, the group G can
be viewed as a subgroup of affinities of G. Thus we have

2.2.1 Theorem. Let G = (G,Q) be a transitive permutation group endowed
with a finite translation system of imprimitivity Q = {Aq, ..., A} of dimension
m <t and assume that the stabilizer G, of a block A; acts 2-transitively on A,.

Then G is finite and the inertial group N of Q is an elementary abelian p-
group for some prime p. Thus there exist an integer n > 0, a transitive linear
representation « : Ga,/N — GL(n,p) and an embedding

L:G— G=GF(p)"wry G/N
of permutation groups such that t(N) is a normal subgroup of translations of G
corresponding to a subspace W of dimension mn of the vector space V' associated



with G. In particular, there exists a decomposition of V with respect to which W
is m-transversal. Also G splits over N just if 1(G) = (GF(p)" wro G/N)w. O

2.3 If we are given an integer ¢ > 1, a field K and a linear representation
a:S;1 — GL(K") of the symmetric group S;_;, the twisted wreath product
K™ wr, S, is the semidirect product of its translation group V ~ K™ by a com-
plement isomorphic to S; of linear mappings in GL(K™). The easiest way to
represent this complement is to take all the powers of the cycle o = (1, ... )
as a set of representatives of the coset space S;/S;_1. Then the linear mapping
corresponding to o is represented by the block matrix I = (/;;), where

(L, ifi=o0o()),

lij = {On otherwise, (2)
where I,, and 0,, are the identity and the null matrix of order n, respectively.
Moreover, for k = 1, ... ,t — 1, the transposition (k k+1) corresponds to the
block matrix J, = (J};) having the non-zero blocks defined by

i ifi1 < ]i', . .
Ji]z = {jk Jlfk—i—l =1 Jllj—f—lk =J 17 (3)

Jtak—i ifi>l€+1,7
where j =a (12 ...t—2 t—1) and j, = a(rr+1) (r=1,...,t—2).

2.3.1 Ezample. In GL(4,2) ~ Ag all subgroups isomorphic to Sg are conjugate
([4, p. 22]) to the symplectic group Sp(4,2) ([8, p. 227]). Furthermore in the
latter group there is, up to conjugation, just one subgroup isomorphic to Sy acting
transitively on GF(2)* ([8, p. 176]). More precisely this action is equivalent to
the one of PTL(2,4) on GF(2)* ([4, p. 2]). So the twisted wreath product

Gs := GF(2)* wrSe
is uniquely determined (up to isomorphisms), if we require double transitive ac-

tion on a block. We shall give a representation over GF'(4) of Gg.
Write the elements in GF(4) as 0,1,1,i?. Then the semilinear mappings

g (@, y) = (@2 %), Ja + (w,y) = (P22, %), ()
g3 (@y) = (@2 + 9207, Jat(2,y) = (Y7 2%)
generate PT'L(2,4) as they satisfy the conditions
.]13 = (ju—i—lju)g = (]u]v)Q = Z.dG’F(4)2 (k = 17 27 3a 47 u = 1a 27 37 U—v= 27 3)
([5, p. 287]). Thus, for t = 6, we may take them as the entries j, in (3). Then

j = jijejaja: (x,y) — (iz + iy, i’2). (5)



2.4 1If we are given a twisted wreath product K" wr, S;, then a twisted wreath
product K" wr, A, is also defined by restriction of a to A;_;. As a set of repre-
sentatives of the coset space A;/A;_; is as well a set of representatives of S;/S;_1,
the group K" wr, A; embeds into K" wr, S;. Thus, in view of Remark 2.1.1, re-
placing the set of representatives by the powers of the cycle (1, ... ,t), we obtain
a subgroup of K™ wr, S; isomorphic to K" wr, A;. This subgroup is the semidi-
rect product of the translation subgroup by the group generated by the linear
mappings corresponding to the 3-cycles (I—111+1), 1 =2,...,t— 1, which are
given by the block matrices Q; = ( ﬁ]) having the non-zero blocks defined by
I @i fi<l-1, ! I -1 I -1

i = {in ifis1a1 Qrun =44, Qua=d", Quu=d"" (6
where ¢ = «(23 ... t—2t-1),¢" =a(12...t-3 t—2) and ¢s = a(s—1 s s+1)
(s=2,...,t—2).

2.4.1 FExample. Consider the group

H6 = GF(2)4 wr A6
as a subgroup of Gg. In such a case we have
¢ = jajsjas 4" =1jed3,  qs = Js—1Js (5 =2,3,4). (7)

Hg is uniquely determined as a twisted wreath product when we ask 2-transitivity
on a block. This follows from Ag ~ SL(2,4) ([4, p. 2]), from [8, p. 176] and the
fact that in Ag all subgroups isomorphic to Ag are conjugate ([7, p. 444]).

2.5 The alternating group A, ., is generated by elements py, ... ,p, such that
p:{’ =1, pzz =1 (Z > 1)7 (8)
(pivip)® =1 (i<7), (pjpi)* =1 (li—jl>1)

([5, p- 289]). Up to isomorphisms, there is just one twisted wreath product
Hy := GF(2)* wr Ag

with 2-transitive action on a block. This group arises using the transitive linear
representation of the stabilizer Ag as GL(4,2). Then as the generators (8) for

Ag we can take the semilinear mappings of the plane GF(4)?

pi(zy) = (o +2® + %% P Hiy +iy°),  pei(ny) o (@ +P2? 1% 12® +y +y7),
ps: (zy) = (Po+a® +iy + 7, P2° +iy +iy?), pa: (2,y) = (@ +iy + 1y, Po+ie? +y),
ps + (2,y) = iz +i2? + 1%y +iy?, o +iy +1%), pe: (2,y) = (v +i%0° +iy, P2 +y +17).
In particular we may identify p; with «(123) and p; with «(12)a(i +1 i + 2) for
¢ > 1. Since the cycle (1...9) is in Ag, we can use it to represent Hy. Thus the
matrices (6) with entries



q2 = P1, q3 = pfpg, q4 = P2pP3, 45 = P3P4, (9)
g6 = PaPs, Q7 = PsPe, ¢ = pf P2P3PaPsDss 4" = D1P2P3PaPs

generate a complement of the translation group of Hg. Up to isomorphisms, the
alternating group Ag (resp. A7) has just one transitive linear representation on
the vector space of dimension 4 over GF(2), arising as the restriction to Ag (resp.
A7) of the above representation of Ag as the general linear group GL(4,2) (7,
p. 444]). Thus there are unique twisted wreath products

H; := GF(2)* wr Ax, Hg := GF(2)* wr Ag
acting 2-transitively on a block.

For s < t, a set of representatives of the coset space A;/A;_; can be completed
to a set of representatives of A;/A; ;. Thus, if we are given a twisted wreath
product K™ wr,A;, the twisted wreath product K" wr,A,, defined by restricting
«, can be regarded as the stabilizer of ¢ — s blocks in K " wr,A;. Hence, there
are embeddings H; <— Hg < Hg which allow one to represent Hg and H; as the
stabilizers in Hg of one and two blocks, respectively.

3.1 Invariant transversal subspaces. Looking at Theorem 2.2.1, we see that
transversal subspaces (in the sense of 2.1.2) play an important role in representing
a permutation group G = (G, ) with a finite translation system of imprimitivity
Q = {Ay, ..., A} within the twisted wreath product G = GF(p)” wr, G/N.
The inertial group N of  appears as a group of translations of the vector space
associated to C, more precisely as the group of translations defined through the
vectors in a m-transversal subspace W of V. It is straightforward that

W = {('xly R ) Z;nzl fm+1,j($j)7 ey Z;nzl ft,j($])> . ':Ej € GF(p)n}a
for suitable linear mappings f; ; € GL(n,p).

3.2 Let G = GF(3)wrg S;1 With a the non-trivial representation of S,, on
the 1-dimensional GF(3)-vector space. As in 2.3, take the powers of the cycle
o = (1...m+ 1) to represent a complement isomorphic to S,,.1. Then the
matrix corresponding to o is the matrix I given by (2), whereas the transposition
(1 m~+1) is represented by the matrix J = (.J;;), the non-zero entries of which are

Jii:—l if 2§2§m, J1m+1:Jm+11:€:(—1)m+1.
I and J generate a complement isomorphic to S,,.1 of the translation group in G.

Now we ask whether in V' there is a S,,;1-invariant m-transversal subspace, i.e.
a subspace W as in 3.1, with t = m + 1, p = 3, n = 1, which is invariant under



the action of I and J. Set f; = fi41,i, then the condition (W) = W yields
Yoty fufilws) + 200 fr(@p—1) = @, Le. fifm = idgpe) and f, = (—=1)rtLfr. Hence
(—1)mHLpmrl — idgr(3)- Since GL(1,3) has order 2, the latter equation says

[ —idgp@z) if mis even,
fl_’{jﬁdGF@) if m is odd.

Let fi = —idgp@) with m odd. Then from f, = (=1)"*1f] it follows f, = —idgr()
for all r, but in such a case J(W) # W. So we have

3.2.1 Lemma. Let « be the non-trivial representation of S,, on the vector line
over GF(3). Then, in the vector space associated with the twisted wreath product
GF(3)Wro Smy1, the hyperplane 75 (—=1)™k+D gy = 0 is the only subspace which
s both m-transversal and stable under S,,+,. O

3.3 Let G = GF(2)"wrq Spmt1 and let W be a m-transversal subspace of V' as
in 3.1 with ¢ = m + 1 and p = 2. Then W is stable under the action of S,,+1
just if it is stable under the transformations I and .J;, defined by (2) and (3). In
particular I(W) =W gives f; = fi (i=1,...,m) and

A = idgreyn, (10)
whereas J, (W) =W gives j, = fFifm % (k=1,...,m—1). So
Gor=frh =2 m = 1), (11)

— Let m = 4. The symmetric group S4 has a non-faithful natural representation

as GL(2,2). As in GL(2,2) ~ S3 there is no element of order 5, in such a case
(10) says f1 = idgr(2)2- Consequently (11) gives ji_y = ji, i.e. idgpep2 = ji—1ji =
a(l—1 1 I+41), but there are no elements of order 3 in ker o ~ Zy @ 7.

— Let m = 5. We have a faithful representation « : S5 — PT'L(2,4) of S5 as the
collineation group of the plane over GF(4). Then (10) and (11) say

fi= [ (zy) v (o + iy +iy?, P+ %), (12)
if we regard V' as a vector space over GF(4). Thus we may identify W with the
GF(4)-subspace Y29, fi(zs,y:) =0 of V.

— Let m = 6. There is a faithful representation « : S¢ — Sp(4,2) of Sg as the
4-dimensional symplectic group over GF(2). Then we may identify j; = a (I I+1)
with (I 1+1) (7 8) because there is just one embedding S¢ — Ag and « is faithful.
Thus (11) may be read in Ag as (I—1 1)(7 8) = f{' (I I+1)(7 8)f1 and we see
that the order of f; should be 6, a contradiction to (10). Summing up, we have
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3.3.1 Lemma. Let W be a S,,11-tnvariant m-transversal subspace of the vec-
tor space associated with GF(2)" wry Spy1, where either m = 4 and a(Sy4) =
GL(2,2), or m = 5 and «(Ss) = PTL(2,4), or m = 6 and «(Se) = Sp(4,2).
Then m =5 and W is the subspace Y.5_, f(z;,y;) = 0 with f given by (12). O

3.4 Consider one of the groups Hy, ¢ = 6,7,8 or 9, introduced in 2.4 and 2.5.
We ask an A;-invariant (¢t — 2)—transversal subspace W, of the vector space V;
associated with H;. If we represent each H;, within Hy, then W, has the shape

{(Z_: fi(Zi),i:gi(Zi),Zl, e, 229,0, L. ,O) S (GF(2)4)9 Lz € GF(2)4}, (13)

with f;, g; € GL(4,2). Such a subspace W; exists and can be described by the
following quadratic functions (we regard V4 as a vector space over GF(4)):

(i%r +ix? +i%y +y?, iz +i%222 +i2y +i%y?), ift > 6,
fl(xay) = . 2 : _
(iz + i*y,z + y), if t =6,
[ (PZr+ix? +iy, P2+ 22 + iy + iy ?), if t > 6,
gi(z,y) = { (iz? + iy 2, i%y2), if £ =6, (14)
f2=whd, 92 = @914,
fi=aifi-1d", 9i = qj-19j-14" B<j<t—2),
where ¢a, ... ,q;_2,¢,q" are the functions (7) or (9) according as whether ¢t = 6 or

t > 6. In fact, one can check that the transformations @, given by (6), generating
a complement of the translation group of H;, leave that subspace invariant.
Actually there are no further possibilities for an A;-invariant (t—2)—transversal
subspace of V;. In order to verify this claim, ask the subspace (13), written over
GF(4), to be stable under each transformation (6) for [ =2, ...t — 1, or ask

Ql (fi(zi)7gi(z’i>70> 70722'707 s 70) € Wt (15)

for all z; = (z;,y;) € GF(4)%. In particular we have

a) f[1d" g1 =4q'q" (i=1,1=2),
b) [id g+ 2" = gefi, g1d T g =g24"7 (i=1,1=13),
c) fo=ahd, 92 = @291¢ (i=1,1=4), (16)
d) q-1f1 = fiqi-s, qQi—291 = 91G1—3 (i=1,1=5,...,t—1),
) (i=2,1=3)

f1d 7 g2 = qo f2

8y

with g5 from (7) if t = 6 and from (9) if t > 6. If t = 6, then (16d) give

fi(z,y) = (ax + bz’ 4 d'y + V'y?, i%azx + ibx? + id'y + %0’y ?),
g1(z,y) = (cx 4+ dx? + dy + d'y?, icx +id'y?).

10



From (16b) we infer just two possibilities for g;: either c = ¢ # 0 =d and d’ =1,
or¢c=c¢ =0and d =d =i Assume the first one holds. Then (16a) gives
a=1b=c? a =0,V =i%c? but such a solution does not satisfy (16b). Thus
c=cd =0,d=d =1iand (16a) says that the functions (14) are the unique
possible instances giving an invariant subspace such as (13).

Let ¢t > 6. Then Equations (16d) force f; and g; to take the shape

filz,y) = (az +bx?+ (ia + b)y +i%by?, i*b%z +ia’z? + b2y + (a® + i)y ?),
g(z,y) = (cx+dx? + (ic+i%c? + d)y + (c +i%d +i%d?)y?,
(ic +i%d?®)x + (i*c® + d)x? + (PPc+ic? +i%d + d?)y + (ic? + i2d)y?).

By (16a) we have ¢ = i(a + b+ b?) and d = ia? + ib + i*b?, whereas (16¢) and
(16¢) give f1¢'"*q291 = q2q3f1. This means either b = 1 + ia + ia?, or a = i* and
= i. But using (16b) we see that just the latter can occur. Hence we have

3.4.1 Lemma. The subspace W,, defined through (13) and the functions (14),
1s the unique Ai-invariant (t — 2)—transversal subspace of the vector space V;
associated with Hy (t =6,7,8 or9). O

Now, we look for an As-invariant (¢ — 3)—transversal subspace W of V;, t > 6.
Within V4 we can represent W as

t—3 t—3

t—3

{(Zfi(zi),Zgi(zi), hi(2i), 21, -+ 5 26-3,0, ... ,o) € (GF@2)" iz € GF(2)4}, (17)
i=1 =1 i=1

with f;, gi, hi € GL(4,2). As above, we have to ask the subspace (17), written

over GF'(4), to be stable under each transformation (6) for l =2, ... ;¢ —1, i.e.

Ql (fi(zi),gi(zi),hi(zi),O, - ,O,zi,O, - ,0) ceW VZZ' = (xl,yl) S GF(4)2 (18)

It turns out fo = guf1¢' and, for j > 2, f; = ¢j+1f;-1¢". Furthermore, using (18)
for i = 1 and [ = 6, we have g5 f1 = fiqq; this equation forces f; to take the shape

fi(z,y) = (an1x + a122® + any + azy?,

(i%af; +iaty+a3) )z +(af; +i%aiy +iasy)2” + (afy +iad; +ia3,)y+ (1aiy +a3; +a32)y?).
Also, for i = 4 and [ = 5, we have q4fy = faqi—2, hence q4f4(1,0) = faq;—2(1,0),
giving in turn as; = iay; and ag = i%a1s for t = 7, a1 = a1y and agy = i%a;; +iag
for t = 8. Let t = 7, then from ¢,f4(0,1) = f1q5(0,1) we infer a;o = i%a;; and
a;; = 0. Let t = 8, then from quf4(i%,0) = f1qs(i%, 0) it follows ay; = iay; and
a;; = 0. In both cases we get a contradiction to the fact that f; € GL(4,2).

Let now t = 9. Using (18) for ¢ = 1 and [ = 7 we obtain g¢sf1 = fi1g3, which
gives ag; = iayy + a3y + ia1e, a9 = ilayy + i%as + iad,, whereas (18) for i = 1
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and | = 2 yields ¢'q"hy = figr and ¢'~' fi = g1z, hence ¢'¢"h1(1,0) = fiqz(1,0).

As the functions ¢g; and hy fulfill the same conditions (14) as the functions f;

and g; defining the subspace Wy introduced above, we obtain a;; = ajo = 1. But

f1(1,0) = (0,i?) and ¢'g1¢7(1,0) = (1,1), so we get again a contradiction.
Summing up, we have the following

3.4.2 Lemma. Fort =7,8 or9 there is no A;-invariant (t — 3)—transversal
subspace in the vector space associated with the group H; introduced in 2.5. O

4.1 Imprimitive groups m-transitive on blocks. In the remaining part
of this paper, G = (G,2) will be a permutation group endowed with a finite
translation system of imprimitivity Q = {A;, ..., A;} of dimension m > 3, with
inertial group N, such that the stabilizer in G of a block is 2-transitive on it
and the factor group G/N acts m-transitively on Q. This condition confines
G = (G/N, Q) to be either the symmetric group on m or m + 1 elements, or the
alternating group on m + 2 or m + 3 elements, or a Mathieu group ([9, p. 68] or
[3]). As the Mathieu groups have no faithful transitive linear representation ([9,
p. 68]), by 2.2.1 we have that only the following cases occur:

a)G~S,; ) G~S,11; ¢)G~A, 0 d G~A,s.

4.1.1 Remark. A such result can be obtained by assuming that the stabilizer
in G/N of m distinct blocks has odd order.

We shall show that not all the above possibilities occur.

4.1.2 Proposition. If |A| < 3 then either G~ S,, or G~ S, ;1.

Proof. Let |A| = 2. If Q@ = {A, ... ,A;}, then G can be embedded into the
symmetric group Sy;. Consider distinct non-trivial elements g; and go in N fixing
the points of each of Ay, ... A, 5. Since g1, as well as gy, fixes point-wise at
most m — 1 blocks, the fact that each block contains two points implies that the
product g;g- leaves at least t — 2 blocks point-wise fixed. It follows either t = m
or t = m + 1, which means either G~ S,, or G~ S, ;.

Let |A| = 3. By theorem 2.2.1, the group Ga/N maps homomorphically onto
Z, ~ GL(1,3) and this excludes that G is an alternating group. O

4.1.3 Theorem. G is sharply m-transitive.

Proof. We have to rule the possibility d) out. If G ~ A,, 3 then, in view of
Theorem 2.2.1, the stabilizer A,,,o has a transitive linear representation on A.
By [7, Theorem 6.5], if m +2 > 8 then |A| = m + 2 and |GL(A)| < |A42].
Hence, since m > 3, we have m = 4,5 or 6 and, for each of these values of m, just
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one instance occurs (2.5, [7, Theorems 5.13, 6.5] or [11]). Hence, according to
Theorem 2.2.1, we have that G embeds into one of the groups H,, 3 introduced
in 2.5 and the vector space V,, 3 associated with H,,,3 has an A,, s-invariant
subspace of the shape (17) taking ¢ = m+3, but this contradicts Lemma 3.4.2. O

4.1.4 Lemma. Let G~ S,,. Then G = GF(p)" wro S,, where a is one of the
following n-dimensional transitive linear representations of S;,—1:

1. The trivial representation of S,,—1 on a vector line over GF(2);

2. The non-trivial representation of S,,—1 on a vector line over GF(3);
3. The faithful representation of Sg as GL(2,2);

4. The non-faithful representation of Sy as GL(2,2);

5. The representation of Sy over GF(2) corresponding to PT'L(2,4);
6. The representation of Sg as Sp(4,2).

In any case G splits over the inertial group N.

Proof. The first part of the assertion and the fact that « is a transitive linear
representation follow from Theorem 2.2.1. If the kernel of the representation «
contains A,,_; thenn =1 and p =2 or 3.

Now we assume that |A| > 3. Theorem 6.5 in [7] yields m — 1 < 6. Namely,
if m —1 > 8 then |GL(A)| < |S,,—1|, whereas if m — 1 € {7,8} we have that
|A| = 16, but GL(4,2) ~ Ag and S7 is not contained in Ag. The transitive linear
representations 3 till 6 exist (3.3). These are, according to [7, Corollary 5.6 and
Theorems 5.12, 5.13] or [11], all transitive linear representations for the groups
Sm_l, with 4 S m S 7. O

When G is isomorphic to S,,,; or to A, » the situation is more complicated.
First we shall deal with the case |A| =2, 3.

4.2 The case |A| =2. By Proposition 4.1.2 and Lemma 4.1.4, we may assume
that G ~ S,,;1. Hence G can be embedded into the symmetric group So(m+1)-
More precisely, G is a subgroup of order 2" (m + 1)! of the subgroup F of order
20m+) (m 4 1)! preserving . Then G has index 2 in F and the inertial group N
index 2 in the subgroup M of F leaving each block in {2 stable.

From 1.1.4 it follows that the group G contains exactly two involutions leaving
the blocks As, ..., A,, 1 point-wise fixed and switching A,,, with A,,, 1 and, also,
such involutions are conjugate in G, hence their product is the non-trivial element
of the subgroup N™ defined in 1.1.3. By permuting the blocks, we infer that N
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is contained in the subgroup H of G generated by all involutions fixing point-
wise m — 2 blocks and switching other two blocks. Since these involutions induce
all transpositions in G/N ~ S,,.1, we obtain H = G. As F contains just two
distinct classes of conjugate involutions satisfying the above conditions, it follows
that there exist at most two distinct permutation groups (G, Q). We can actually
realize two non-isomorphic permutation groups as follows.

Fix points Xi, ..., X411 in Q, with X; € A;, and identify them with the
vectors of a basis B of a vector space of dimension m + 1 over GF(3). Also,
identify the other point in the block containing X; with —X;. This means that
we may regard F' as the group of permutation matrices in GL(m + 1, 3) having
the non-zero entries equal to 1 or —1. Then N is a subgroup of index 2 in the
group M of diagonal matrices in GL(m + 1, 3). Since there is no element # 1 in
N leaving m blocks point-wise fixed, from 1.1.3 it follows that N consists of all
diagonal matrices with determinant 1.

Let S be the stabilizer in F' of the basis B; clearly S ~ S,,.1. Now, look at
the following subgroups of index 2 of F:

G =N >85, Gy:={AcF:detA=1}.
The permutation groups (G1,€2) and (G, ) are not isomorphic. In fact, the involution
of G fixing X, ..., X;,—1 and switching X,,, with X, 11, leaves the block A; point-
wise fixed, whereas the involution of G4 fulfilling the same conditions acts non-trivially
on Aj. In view of Lemma 4.1.4, the discussion yields

4.2.1 Theorem. Let B = {ei, ... ,em+1} be a basis of a vector space V' of dimension
m + 1 over the prime field GF(3) and denote by N the group of linear transformations
represented, with respect to B, by diagonal matrices with determinant 1. If | A | = 2
then (G, ) is isomorphic to one of the following:

1. Q= {61, —€1, ... ,6m+1,—6m+1}, G=G; =N ><]GL(V)B;

2. Q= {e,—e1, ..., €mt1,—C€m+i1}, G=Gy ={9g€ GL(V)q:detg =1};

3. Q= {e,—e1,...,em,—€m}, G=G3 =GL(V)q~GF(2)wrS,,.

Moreover, no two of G, G2, s are isomorphic as permutation groups. O

Remark. 1In spite of Theorem 4.2.1, if m is even, the map g — (det g)g defines an
isomorphism G1 — G4 of abstract groups. But if m is odd, there is no complement of
N in Gs. In order to prove this fact, consider ¢ = diag(1, ... ,1,—1) € M \ N. The set

{seé(l_det %) . s € S} is a set of representatives of G/N. Furthermore we have
816%(1—det SI)S//(?%(l_det s") _ 3/3"6%(2_thS/_dets“)/{(s/, ") = S/S/lgé(l—det(s/s”))KI(S/, s")
for all s',s"” € S, where xk : S x S — N is the mapping
(s, 8") — {s”_les”e if det s’ = —1;

1y if det s’ = 1.
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This means (see for instance [8, Theorem 17.2]) that N possesses a complement in Ga
just if there exists a function ¢ : S — N such that

o(s)p(s's")
for all §',s” € S. As every element in N has order 2, the required condition x(1g,1g) =
1y yields ¢(lg) = 1n. For all s € S, set p(s) = diag (¢1($), ..., ¥m+1(s)) and, for
i=1,...,m+1, put ey, = s(e;) € B. Thus we have

k(s 8") = diag(. .. @y-10:(s")pi(s)pi(s's") ...).
Consequently, the product (ps/—l(i)(8”)(,01(8’)()01‘(8I3H) must be 1 if dets’ = 1, or if s”
leaves the vector e, 1 fixed. Otherwise

k(s s") = s'p(s")s

-1 ifi=m+1,ors(i)=m+1,

gps,fl(i)(sﬂ)@i(S/)SDi(S/ " = {+1 0L m 14 s"(i). (19)

In particular, if s is an element in S of order 2, we have

andi=m+1,ori=s(m+1), (20)
+1 otherwise.

—1 ifdets=-1,s(m+1)#m-+1
Ps(i) (8)pils) =

Denote by o;; the element in S switching the vectors e; and e; and leaving the re-

maining vectors in B fixed. Then (20) gives ¥ (0m, m+1)Pm+1(Om,m+1) = —1. As a
consequence, ¢(0m,, m+1) € N forces

‘Pl(am,nﬂ-l) @m—l(am,m-i-l) =—-L (21)
Since m is odd, the product o := o012 ... Om—2,m—1 is well-defined. The relations
o(ems1) = eéms1 and 0% = 1g give

p1(0)p2(0) = ... = pm-2(0)pm-1(0) = 1.
If 4 would not divide m + 1, then det(oy,, m+10) = —1 which means
1= (Pi(o'm,m+10)(;0i+1(0m,m+la) (Z = 1, N (e 2),

-1 = (Pm(am, ’rn—&-lo')(;om—l-l(O'W7 m—i—lU)y

ie. o(om, my10) &€ N. Therefore 4 divides m + 1 and we have
(Pl(am,m-i—lg)@?(am,m—&-lg) = ... = Som(amm-i-lg)%@m—&-l(am,m-&-la) =L
Use now Equations (19) for s’ = o and s” = oy, 1. It follows
©2(0m, m+1)91(0)P1(Om, m+10) = ©1(Tm, m+1)92(0)p2(0m, m+10) = 1.
Therefore ¢1(0m, m+1)92(0m,m+1) = 1 because we know that ¢;(0)p2(c) = 1 and
©1(0m, m+10)92(0m, m+10) = 1. Likewise, we get

©3(0m, m+1)Pa(Om,m+1) = - = Em—2(0m, m+1)Pm—1(m,m+1) = 1,
a contradiction to (21).
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4.3 The case |A| = 3. By Proposition 4.1.2 and Lemma 4.1.4 we may assume
that G ~ S,,+1. According to Theorem 2.2.1, we may identify G with a subgroup of
the twisted wreath product G = GF (3) wrgq Spnt1, where «v is the non-trivial linear
representation of S, on the 1-dimensional vector space over GF(3); then, the inertial
group N is defined by a S, 1-invariant m-transversal subspace W of the vector space
V associated with G, which is a hyperplane (Lemma 3.2.1).

Let S ~ S,,+1 be a translation complement in G and let A be the subgroup of S
isomorphic to A,,41. Consider in the group G/N ~ (V/N) ><1(SN/N) the subgroup
(V/N) >a(AN/N). As V/N is 1-dimensional, the last semi-direct product must be
direct. Then we can use the subsequent lemma to conclude that AN = ¢~ 1(AN/N),
where ¢ : G — G/N denotes the canonical homomorphism.

4.3.1 Lemma. Let G =V > A be a semidirect product of an solvable group V by
a group A isomorphic to the alternating group Ay, t > 4. Besides let N be a normal
subgroup of G contained in V and let H be a subgroup of G containing N such that
H/N ~ A. If AN/N centralizes V/N, then H = NA.

Proof. We may regard H/N as a subgroup of the direct product (V/N) x (AN/N),
so H/N projects into both V/N and AN/N. As V/N is solvable, the first projection
is trivial; hence H/N = AN/N,ie. H=AN. O

Now, since AN has index 2 in G, we see that G splits over N by a theorem of
Gaschiitz ([8, p. 121]). Thus, in view of 2.2.1, 3.2 and 4.1.4, we can state the following

4.3.2 Theorem. Let |A| = 3; then we have G ~ S;, where t =m ort =m+1, G
splits over the inertial group N and G can be realized as follows:

Let V' be the vector space of dimension t over the prime field GF(3) and let A; =
{z+V;: 2 €V}, where V; denotes the hyperplane of vectors (x1, ... ,x¢) with x; = 0.
Then, Q=A1U ... UA and G ={z—w+g(x): we W, ge S}, where W =V if
t=m, W = {(ml, 1) EVo Zznjll(—l)m(kﬂ)xk = 0} ift=m+1, and S denotes
the subgroup of GL(V') generated by the linear mappings

(1171, 7$t) — (.’Et,xl, ,.’Et_l),
(w1, ..., 2¢) — ((=D'ay, —x9, ..., —2i 1, (—1)'z1),
corresponding to the permutations (1, ... ,t) and (1t), respectively. O

In view of Theorems 4.2.1 and 4.3.2 from now on we may assume | A | > 3. Before
proceeding, we need to state the following general lemma.

4.3.3 Lemma. Let V be a GF(2)-vector space, S = (h; : i € I) be a group of auto-
morphisms of V generated by elements h; of prime order p; leaving a proper subspace
W of V invariant and 0y — W —G 28— 1g be an extension of W by S.
Assume ker(idw + hyjy) C im(idw + hyw) if pi = 2. Then the following hold:

Oy — W — G —AS — 1g
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a) For all k € I there exists g;, € G such that A(gr) = hi, and gi* = 1¢.

b) Let h; and h; be of order 2 with (h;h;)? = 1g. Then, for k = i,j, there exists
gr. € G such that X(gr) = b and g2 = (gi9;)° = 1.

c¢) Let h; and h; be of order 2 with (h;h;)? = 1g. Then, for k = i,j, there exists
g, € G such that X(gr) = hi, gi = 1¢ and (gig;)? € Fix(hg).

d) Let h; and hj be of order 2 and 3, respectively, with (hihj)> = 1g. Then, for
k =1i,j, there exists gr € G such that M(gx) = hy, g2 = g? = 1¢ and (gig;)* €
Fix(hih;) N Fix(hj + h3).

Proof. a) Let g, € A'(hg), then g centralizes gi’“ = w, € W. If p, is odd,
(wrgk )Pk = (wy)P*(gr)Pk = wy, + wy, = Oy, If p = 2 then hy(wg) = grwrgy ' = wg,
hence wy = hy(ug) + uy for some u, € W and we have (upg)? = ukgkukgglg,% =
ug + hi(ug) + wi = Oy

b) Take gj as in a), thus gi(z) + hi(z) is a well-defined vector wuy, for all x € V. Put
wij = (gig;)> (€ W), then g3 = 1¢ gives hy(ug) = ug, whereas (h;h;)3 = 1g yields

Wij = hlhj(ul) + hjhi(u]') + hl(u]) + h](uz) + u; + uy.

Thus hy(w;;) = w;; and we see that (wijgigj)3 = (wijgi)2 =1g.

c) Take g as in a) and put v;; = (gig;)? (€ W). Then ¢;9;9:9; = 9;9:9;9; and we
see that hy leaves v;; fixed.

d) Taking gj as in a), uj as in the proof of b) and v;; as in the proof of c), we have
hihj(vij) = vij. Furthermore g7 = g3 = 1 give hi(u;) = u; and (hj + h3)(uj) = uj,
whereas (gigj)Q = 1¢ implies Vij = h?(ul+uj) +hl(u]) +u;. So (h] Jrh?)(vu) = Vjj. O

4.4 The case G ~ S,i1. As |A| > 3, the permutation group G embeds into
G = GF(p)" wry S;nt1 with a one of the representations 4, 5 or 6 given in Lemma
4.1.4. Also, thanks to Lemma 3.3.1, we have m = 5 and the translations in the inertial
group N are defined through vectors in the subspace
W={(z1, ... ,2) €V = (GF(4)})°: £, fi(z:) = 0},
where f : GF(4)? — GF(4)? is the bijective mapping defined by
(z,y) — (iz +iy +iy?, i’z +i%°).

So G embeds into the group Gg introduced in 2.3 and we have to determine the non-
equivalent extensions within Gg of N by the group S generated by the matrices (3),
with k = 1,...,5 and entries (4) and (5). It turns out that ker(Jyy + idw) =
im(Jgw + idw) so Lemma 4.3.3,a applies and we find in G elements

gk:vHJk(v)—i—uk (k:1,...,5)
of order 2. Then uy € Fix(J;) and we have
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ur = (izy + iy1, 221, 21, Y1, 21, 23, 1, t12, iri1, i%r12, s11, s12),
ug = (s21, 52, izo + iyo, 1222, 22, Yo, R 23, ta, toa, 17“21, i?rg2),
(17”31, 1 32, S31, S32, 13;3 =+ 1y3, 1 3, xg, Y3, 23, 23, tg, tgg), (22)
= (t4, t42, ira1, i%ry9, sa1, 812, izy + iyy, i 4,24, Y1, 24, z3),
)

us = (25, 22, t5, ts2, irs1, %752, Sp1, Ss2, 15 + iys, 25, T5, Ys),

where the entries rgp,, Skn, tkh, Tkhs Ykh, 26n take the value 1 or 0 and ¢y, = g1 +itgo, T =
Tr1 + iTgo, Y = Ye1 + iYro, 2k = 2k1 + izpo. Notice that ug € W just if

a) Yr1 + 2k1 + 2k2 + e + 1R + Sp1 =0,

23
b) Y2 + 2kt + tho + Tr1 + T2 + Sp2 = 0. (23)
As (J1J;_1)® = 1g, we may assume (g;g;_1)> = 1¢ (Lemma 4.3.3,b) which means
Jl(ul_l) +u; € FiX(Ql2 + Ql) (l =2, ... ,5),
where @Q; = J;_1J; are the matrices (3) and (6). The last conditions give
a) Trq + T2 F Yyt Yz zie = T+ w4y + s, (24)

b) xi11 + 212 = T2 + Y2 + Si2-

Forall4,j =1, ...,5 with |i — j| > 1 we have J;J; = J;J;, hence

Vij = (gigj)2(v) +v e FiX(JZ') mFiX(Jj)
by Lemma 4.3.3,c. Thus the coordinates of v;; have the following shape:

vig = v31 = (iarg + ibi3, i%a13, ai3, bis, c13 + idis, c13 + i2dus,
diz + icis, c13, ers, i%es, bis + 13 + e, 0),
vi5 = vs1 = (c15 + id1s, 15 + i2dys, dis + icis, c15, ie1s, i2e1s,
bis + c15 + €15, 0, iais + ibys, i%a1s, ais, bis),
v35 = vs3 = (iess, i%ess, bgs + c35 + €35, 0, iags + ibss, i2ass,
ass, bss, 35 + idss, ¢35 + i%dss, dss + icss, c35),
Vg = vaz = (boa + Coa + €24, 0, iags + ibog, i%as4, ass, boa,
Coa + iday, coq + 1%day, dog + icoy, 24, ieay, i2e24),
vig = va1 = (a14 + bia, a14, ia14, %014, c1a, 14,
%14 + b1 + c14 + dua, €14, €14, 1%b1s + 214 + 2dia, dia, dra),
Vo5 = Us2 = (Ca5, C25, €5 + bas + o5 + das, eas, ieas, 12bas + i2co5 + i2dos,
das, dos, i2ags + bas, ass, iags, i2bos),

where the entries a;j, b;j, ¢ij, d;j;, e;; take the value 0 or 1. Notice that v;; = 0 precisely
if the coordinates of u; and u; satisfy the conditions
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a) xi1 =tjp + 151, b) xin +yi + vi2 = tjn + i+ 1o,
c) zig = Sj1 + Sj2,  d) tin + tio + iz = yj1 + Y2, if j=1i+43,
e) tio +1i1 = xj1, f) i1+ si2 = zjo,
(25)
g) Tio = rj2 + 551, h) Yy =rj1 + 152 + 852,
i) zit +tio = yj2,  J) zi2 +tin = T2 + Y1 + yj2, otherwise.
k) ra+rio = zj1, 1) sio = tjo,
In order that the extension exists, the vectors v;; are subject to conditions determined
by N. Blackburn in [2, pp. 205-206]. These conditions, which are also sufficient for the
existence of the extension, can be written as follows:
a) (J1 +idy)(vss) + (J3 + idy)(vis) + (J5 4 idy ) (vi3) = Oy,
b) (QF + Q1 + idy)(vi—1j + viy) = Oy, (26)
¢) (QF + Qi+ idy ) (Qfy + idy ) (vi—1141) = Oy,
where [ takes the values 2,3,4,5inb) (j #A1—2,1—1,1,1+1) and 2,3,4 in ¢).
Now the aim is to show that we may take zero all the vectors v;; # v15. We can
do this by adding to uy a vector wy, € W N Fix(Jy) with J;(w;—1) +w; € Fix(Q? + Q;)
(l=2,...,5). Then we may assume that v;; = Oy if w; and w; satisfy the condition
(Ji + idy)(wj) = (Jj + idy)(w;). We shall proceed by annihilating the vectors v;;
successively and, then, considering new vectors wy which retain the achieved conditions
v;; = Oy. As a matter of fact, adding to u; the vector
(a13 + b1z + ici3 + idy3, a1z + i2di3, diz + ia13, a13 + c13 + i2b13, c13 + idss,
ci3 +1%d13,0,0,1a13 + ibig + idis, ia13 + %b13 + idiz + i%e13,0, big + c13 + e13)
we make v13 = 0, whereas adding to ug the vector

(a24 + baa, as + i%boa, a2 + 1*(boa + €24), baa + €24 + i%an4, €24 + i%bau,
ibos + 1% (a2 + €24), i(aos + €24) + 1%boa, aza + boa + das + €24, 0,
i(aga + baa + doa), 1% (aza + bag + dos + €24))
and to uy the vector
(i*(az4 + coa + €24), a4 + c24 + €24,0,0,0,0,i(az4 + c24 + €24),1(a24 + c24 + €24),
i*(a24 + c24 + €24),1(a24 + c24 + €24),1(a24 + C24 + €24),1*(a24 + C24 + €24)),

we make vog = 0. Also the vector wg = i(a35,0,0, ass, ass, ass, iass, ass, 0, 0,0,0) is in
Fix(J1), so replacing us by us + ws and us by us + ws, where wj is the vector

(i(b3s + dss) + i%(ass + es5), i(ass + e3s) + i%(bss + dss), i(ass + bss + c35 + €35),
ass + bas + ¢35 + e35,1b35, 0,0, 0, icss, icgs + i2dss, d3s + i2cs5, dss + icss),

we make v3s = 0 without destroying v13 = 0. Notice that v13 = 0, vog4 = 0 and (26b)
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imply that v14 € Fix(Q3+Q2)NFix(Q3+Q4), which means c14 = a14 and e14 = by4+dy4.
Also, vag = Oy, v3s = Oy and (26b) give vos € Fix(Q3 + Q3) N Fix(Q2% + Qs), or
eo5 = dos = asg5 + bos. Thus we can annihilate v14 and ve5 by adding

w1 = (ibm7 0, 0, b14, b14, b14, ib14, b14, 0, 0, 0, 0),
. ) .2 . . .2 . 2
wy = (d14,0,ia14,1°d14, d14, 14+ dia, a14+ 17d1g, a14+ idyg, a1+ 1°dyg, ara+ dig, idyg, i%d1a),

: 22 . 2 . 2 .
ws =icos5,1i%c5, €25, 0,1(ags + bas), i%a2s, azs, bas, bas + iags, bas + i%ags, ags + ibas, bas)

to u1, ug and ug, respectively (notice that wy € Fix(J3), wy € Fix(J2), ws € Fix(J3)).

Now the question is whether we can annihilate v15 or not. Since we are assuming
v14 = V25 = v13 = v35 = Oy, from (26a) and (26b) it follows that v is contained in the
intersection Fix(J3) NFix(Q3 + Q2) N Fix(Q2% + Q5). Therefore,

v15 = (ia, i%a, a, 0, ia, i%a, a, 0, ia, i’a, a, 0) (27)

with @ = 0, or ¢ = 1. We claim that if a = 1 no further replacement of the vectors
ug by vectors uy + wy gives vis = 0 (without destroying the achieved conditions). In
fact, if such vectors wy, exist, they should have coordinates xin, Yxh, 2kh, tkhs Tkhs Skh,
written as in (22) for ux and satisfying (23), (24) and (25) (the latter for (i, j) # (1,5)).
Also they should fulfill the condition (J; + idy)(ws) + (J5 + idy )(w1) = vis, ie., by
comparing the last coordinate but one,

r12 + s11 + 52 = 1. (28)
But (28) is incompatible with the following system of equations
T11 + Y11 + 211 + 212 + L1 + 511 =0, (23a), k=1,
T21 + Y21 + 221 + 222 + l21 + $21 = 0, (23a), k=2,
T31 + Y31 + 231 + 232 + 131 + 831 = 0, (23a), k=3,
T22 + Y22 + 221 + ta2 + ro1 + S22 = 0, (23b), k=2,
T11 + T2 + Y11 + Y12 + 211+ 212 + Zoy + oo +yo1 + 521 =0, (24a), [ =2,
x11 + 212 + Taz + Y22 + S22 = 0, (24b), | = 2,
T21 + 222 + 32 + Y32 + $32 = 0, (24b), 1 = 3,
to1 +tao + 722 + Y51 + ys2 = 0, (25d), i =2,j =5,
T12 + 732 + 831 = 0, (259), i=1,j =3,
y12 + 731 + 732 + 832 = 0, (25n), i=1,j=3,
z12 + 111 + 32 + ys1 +ys2 =0, (254), i=1,j =3,
z32 + 131 + T2 + Ys1 +ys2 =0, (255), i =3,j =5,
r11 + 712 + 231 =0, (25k), i =1,7 =3,

since the left side of (28) is the sum of all the left sides of the above system. This shows
that there is just one non-splitting extension: it is achieved by the vectors

u = (0,0,0,0,0,0,0,0,0,0,1,0), (0,0,0,0,0,0,0,0,0,0,0,0),
1

U2 = U3
ug = (0,0,0,0,0,0,0,0,0,0,1,i%), us ,0,0,i%,1,1,0,0,0,0).

(O;’ (29)

In fact, such vectors solve (22), (24) and (25) for (i,7) # (1, 5); furthermore, the vector
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(J1 +idv)(us) + (Js5 + idy)(uy) is precisely (27). Summing up we have

4.4.1 Theorem. Let G ~ Sint1 and assume that the blocks contain more than 3
points. Then m = 5, the blocks contain precisely 16 points and there is an embedding
G — Gg = GF(2)*wr Sg mapping the inertial group of G onto the group of translations
of Gg corresponding to the GF(2)-vector subspace

W={(z1, ... ,2) €V = (GF(4)%)° : £, fi(z) = 0},

where f is the bijective mapping GF(4)?> — GF(4)? by (12). There are just two non-
isomorphic embeddings of G within Gg which are generated as follows:

1. (v Jy(v)+w:weW, k=1, ...,5) (splits over N),
2. (W Jy(v)+tup+w:weW, k=1,...,5) (does not split over N),
where Ji are given by (3), (4) and (5) and uy are the vectors (29). O

4.5 The case G ~ A,, 5. It remains to examine the case where G is the alternating
group A,,42. In such a case G embeds into G = GF(2)* wry Ay, where m = 4,5,6
or 7 and « is the unique representation of A,,11 as a subgroup of GL(4,2) ~ Ag. This
means that G is one of the four groups H,,+2 introduced in 2.4 and 2.5. According
to Lemma 3.4.1, for each of the groups H,,4+2, there is precisely one A, o-invariant
m-~transversal subspace W such as (13) with functions f; and g¢; given by (14). Now,
we state

4.5.1 Theorem. Let G ~ Aio. Then 4 < m < 7, the blocks contain precisely
16 points and there is an embedding G — Hpio = GF(2)*wr A, o mapping the
inertial group of Q onto the group Ny,io of translations of Hy, o corresponding to
the subspace Wy,4o defined by (13) and (14). The group G is the splitting extension
(GF(2)4 wr Am+2>|Wm+2 Of Nm+2 by Am+2-

Proof. It is enough to prove that G splits over Np,12. We may regard G as a subgroup
of Hg (resp. Hg for m = 4) given as an extension

A
ONm+2 I m+2 I G B Am+2 — ]‘Am+2 (30)

of Nyu42 by a subgroup A,,t2 of Hg (resp. Hg) isomorphic to A,,12. We shall first
discuss the case m = 5.

The alternating group A~ is generated by the permutations (1375)(26) and (34567).
Thus, the matrix A = Q3Q2QsQ5Q4@Q3, having the non-zero entries given by the
quadratic functions over GF'(4):

as1 = ¢ 2¢5q49392, as2 = q6q5q’ 4, ar3 = gsqaq" 4,
ar = ¢"2u3q2d'q”, a1s = ©2q'q" 43924 a7, a2 = ¢'¢"47924'¢" 4746,
as7 = Q7%q/qNQ7QGQ5, ags = 444397964544, a99 = ¢342964959493,

and the matrix B = Q4Qg, the non-zero entries of which are
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bi1 = q3qs, Doz =qoqs,  buz=q g3,
bsa=q""'q2, bes =qrq'"", bre = q6q" ",
b3r = (¢'q")* bss = qsqr,  boo = qags,
generate a subgroup (~ Ay) of Hg that we may take as A7 in (30). Let

a:x— A(z) + ug, b:x— B(x)+ up
be elements in G such that A(a) = A and A\(b) = B. In view of Lemma 4.3.3,a, we may

assume the order of b to be 5. Moreover A* = 1,, yields
we = at(z) + & = uq + Aug) + A%(uq) + A3(uqs) € W N Fix(4).
The endomorphism A3 + A2+ A+idy maps W into W NFix(A) > w,. Also W decom-

poses into the direct sum of cyclic K[A]-submodules W7, ... , W5 having dimension 4
over K = GF(2) (for instance, the ones generated by
(f4(61)7 94(61)7 O? 07 07 617 07 07 0)7 (f4(€2)7 g4<€2)7 07 07 07 627 07 O? 0)7
(f4(€3),g4(63),0,0,0,83,0,0,0), (f4(e4),g4(e4),0,0,0, 64707()’0)3 (31)
(f2(81)7 92(61)7 0,e1,0,0,0,0, 0)7
for a fixed basis e1,es,e3,e4 of GF(2)%). Thus, if w € W N Fix(A) and w, is the
component of w with respect to Wy (s =1, ... ,5), then A(ws) = ws. As in Wy there is

just one non-zero vector fixed by A (the one generating the line (idy +A+ A2+ A3)(Wy)),
we infer that W N Fix(A4) = (idy + A + A2 + A3)(W). Now, let w, € W solve
(idy + A+ A? + A3)(w,) = w,, then, up to a replacement of u, by ug + W,, we may
assume the order of a to be 4. Now a* = b° = 15 imply

uq € Fix(A+ A2 + A%), w, € Fix(B + B% + B3 + B%), (32)
or, equivalently, the coordinates of u, and u; satisfy the equations

T+ 23 +ix32 + iys Jriyg2 +x52 +i2y5 +i2x72 +iyr; =0,
y1 + a3+ xF 4+ i%ys + yi +iws + iys +12yF + iwr + 207 +iyr +iyf =0,

33
1o + i2ye +i%ys + i%we + ind +iys = 0, (33)
iy + 222 +iyy +i%y7 = 0,
and
w3+ 12wy +iyy + iy + x5 +ix2 + i2ys +iy2 +ize +izd + iys + 12yd + %22 =0,
ys +@f +iyf + Pas + %03 +i%y5 + 93 + 2 + Pye + o7 + 10 +yr =0,
respectively (we are writing vectors as (21, ... ,27,0,0) with z; = (z;,v;) € GF(4)?).

Vectors in Fix(B) and Fix(AB) satisty (idy + B + B2 + B3 + B*)(z) = x and
(idy + AB + (AB)?)(z) = x, respectively. Thus, since B® = (AB)3 = idy, we have

W NFix(B) = (idy + B + B% + B3 + BY)(W),

W N Fix(AB) = (idy + AB + (AB)?)(W). (34)

22



Furthermore W decomposes into the direct sum of four cyclic K[B]-submodules W7,
W3, W4, Wy of dimension 5 over K = GF(2) (for example, the ones generated by the
first four vectors in (31)). As the line (idy + B + B2 + B3 + B4)(VV]() is the subspace
of vectors in W fixed by B, we have dim(W NFix(B)) = 4. Let

W, == WNFix(A + A2 + A3), Wy, :== W NFix(B + B2 + B3 + B%).
Then the first equation of (34) gives dim W}, = 16. Also the vectors

(0, 0, i2,1,0,0,i,1,0,0,1,i% 0,0,0,0,0,0), (i3, 1, 0, 0,i,0,0,0,0,1,0,0,1,0,0, 0,0, 0),
(i,1,i%,i2,i%,i%,0,0,i%,0,1,0,1,0,0,0,0,0), (i%, i, i%,i%, 1,1,i,1,1,i%1,0,0,1,0,0,0,0),

generate a 4-dimensional subspace of W N Fix(A) intersecting W trivially. Since
dimgp) W = 20 and W N Fix(A4) € Wy, we have

W = Wy+ (W NFix(A)) = Wy + A3 (W NFix(A)) = Wy + A3(W,) = A(Wy)+W,. (35)

Clearly ab : ¥ — AB(x) + A(up) + u, and (ab)? is a translation in N, defined
by (idy + AB + (AB)?)(A(up) + ug), the order of AB being 3. By (34) and (35) the
latter vector (€ W NFix(AB)) can be written as (idy + AB + (AB)?)(A(w}) + w},) for
suitable w), € W, and wy, € W;. Thus, up to a replacement of u, by uq + w), and u; by
up + wj, we may assume that the order of ab is 3, which means

A(up) + uq € Fix(AB + (AB)?), (36)
or the coordinates of A(up) + u, satisfy the equations

Ty + 1223 + ix3 + i%ys +1%y3 + 24 + 227 + i%ys + iy =0,

y1 + i%23 + i2ys + iaf + ys = 0, xy + x5 +1i%y8 + 16 =0, (37)
Yo + 5 + izxg +i%ys + i2y§ + izg + x% + i2y§ =0, i%xr+ m% + iy7 + y% =0.

If the order of the transformation a®ba®b? is 2, then a and b generate a complement of
Np42 isomorphic to Az (see for instance [4, p. 10]) and our claim is proved. Actually
we can always arrange u, in such a way the order of a®ba?b? is 2 by adding to u, a
suitable vector w), € W obtained as follows.

The element a3ba®b? corresponds to the mapping x — A3BA2B?%(z) + v, where

vi= (ASBA+ A3B+ A% + A +idy)(ua) + (ABA2B + A3BA? + A3)(w).
The order of A2BA?B being 2, (a®ba?b?)? € N,,42 is the translation of the vector
w = (ASBA?B? +idy)(v).
The fact that w € W is a further restriction for u, and wu; (in addition to (32) and
(36)). Thus it turns out that w has coordinates of the shape
(a, ia +i%b, i(a +b), c +id, d +i(a + b) +i%c, b+ ¢ + d + ia,
ic +i%a, id +i%(a +b+c¢), ic, d +ic, a+ b, a+b+ic+i%d, i2d, a+b+d, 0, 0, 0, 0).
Now the vector

(a+ib, b+i%d, d+i(a+b+c), c+d+i%(a+b), b+id +i*(a+c), i(c+d) +i%(a +b),
a+c+i%d, a+ic+i%d, c+i?d,a+b+c+d,a+b+d, ¢ 0,0,0,0,0,0),
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is in W NFix(A+ A2+ A3)NFix(AB + (AB)?) as its coordinates fulfill (14), (33), (37).
Also (A*BA%B? +idy)(A’BA + A3B + A? + A + idy) maps this vector to w, so we
take it as w! and make w zero, i.e. any extension in H; of N7 by A7 splits.

Now let m # 5. The linear mappings
Po=Q2... Q1 (k=1,.
with @ given by (6), with entries (7) (m=4) o (9) (m > 5), fulfill (8) for r=m;
so they generate a translation complement in Hm+2, that we can take as A;,12 in (30).

Then P; = @9 and, for k > 1, the non-zero entries pg;) of the matrix Py are

(k) _ -1 (k) ’on, -1

P21 = q@ 42 ... Gk, P12 =99 q 42 ... (4k—1,
k _ k
pl(c+)2,k+1 = Gk - q7q" L pgchl k2 = Qt—k+1 - -- qrq" 1qlq//7 (38)
k
Pgr) = Qt—r42 - Qigk—r41 (k+2<r),

PR = G " g g (B< s <),

where, of course, the indicated products of ¢; occur just if indices allow. Let
pr:x— Pp(z) + ug
an element in G with \(pg) = P;. We proceed assuming m > 5.
Up to adding an element in W,,.2, we may take wu; with the eighth and ninth

coordinate zero. Thus p1, ... ,ps generate a subgroup of H7 and we may assume
p} = lg, p?=1g (i=2,...,5),
(piip)® =1lag (i=1,...,4), (pjpi)* =1 (2<i+1<j<5),
every extension in Hy of N7 by Ay being splitting. This means
a) wup € Fix(P, + P}), bi) u; € Fix(P), (i=2,...,5),
¢i)  Pip1(ui) +uip1 € Fix(Pry Py + (P Pi)?), (i=1,...,4), (39
dij) P](’LLZ) +u; € FiX(PjPZ’), (2 <i4+1<j3< 5).

As ker (P, + idw ) = im(Ppw + idw) and (PpPp_1)? = 14,,.», Wwe may take p,, of
order 2 with (pmpm-1)® = 1g (use Lemma 4.3.3,a,b). Hence
P (tum) = tum, P (tm—1) + tum € Fix(Pp P14+ (PmPm_1)?).

Now, in order to prove that the extension (30) is splitting we have to provide further
replacements of the vectors u; making the transformations p,,py of order 2 for k =
1,...,m — 2. This means to make zero the vectors v, = (pmpk)2 € Wpya. The
vectors vk, are subject to the conditions given by Lemma 4.3.3,c,d, as well as to
conditions determined by N. Blackburn in [2, section 1] that may be written as follows:

aij) (ZdV+P)(U1m) (idV+Pi)(vjm) =0y (2 <i+1<y <m_1)7
b) (idy + Pi){vin) + (P + Po)(im) =0y (2.<3 <m 1),
Ci) (Zdv + P Pr_1 + (P P, _ 1) )(Uzm) =0y (Z <m — 2), (40)
) (Zdv + P3Py + <P3P2) )(Ugm + Ugm) = Oy,
e) (idy + PiPs+ (P P2)?)(P1(vim) + vam) = Oy
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Now we have to discuss separately the cases m = 6 and m = 7. Let m = 6. By Lemma
4.3.3,d, PsP, and P, + Pf leave v1g € Wy fixed. This forces v to have coordinates
(x4 + 25 + iys + 12y] + iys + 1292 + fwe + %2 + ys +i%y3,
x4+ 22 4 i%yy + i2ys + ixe + 1202 + ye +1%y2 + i%as + 22 + iys + 1792,
iy + 1223 4+ Y3 +ys + 1793 + iye + 45 + izs + ys + 18,
ir? 4 iyy + i%ys +1%y2 + iwe + 1202 4+ i%ys + iy2 + iZws + iys + 1292,
iz3 +ys +iys + iy + v + 23 + ys + vz,
xq + izt + oy + 1%y +ilys +iyE + e +i2d +ye +i%yE + os +ys +iys,
T4, Ya, i2y5 +y§7 Ys, Te, Y6, i2x8 + izg + iy52;7 Ty + ix?; + iy8 + i2y§7 Ty, Ys, Oa 0)
with T41 = Y42 = Tel = Y62 = 0. AISO, by (40,01), (P6P5 + (P6P5)2)(’016> = V16, i.e.
xg1 = yYg1 and yge = xgo. Consider now, the vector wg € Wy having coordinates
(ix3 4 yq + iy3 + iy2 + i2d + i2xg + i%a2,
e 2 2 e 2 o 2 2 2 2 2 2 . 2
x4 +iyy +1%ys + 1y5 +ixg + ye +17ys + 1728 + 1725 + 1ys + U3,
imi + iyi +y5 + iQy?) + ix% + yg + iZrg + iQ‘x%,
imi + iyi +i%ys + i2y§ + iyg + xg + :ch +iys + iyg, 0, 0,
T4+ 1xd + iy5, ya + Y5, dys + 03, s + 43, iys + g, w6 +17ys + ivg,
iZye + iyg +i%zg + i2x§ +i%ys + iyg, ze + 1%ys + iyg + xg + x% +ys + izyg,
ir2 +iye + iy2 + s + 22 + ys +1%Y2, ye + i2y2 + s + 22 +iys +y2, 0, 0).
Looking at (38), we see that (idy + PsP1)(ws) = v16; thus we can make pgp; of order
2 by replacing ug by ug + wg. Notice that Ps and PsPs + (P6P5)2 leave wg fixed and
this guarantees that the conditions p% =1¢ and (p6p5)3 = 1¢ still hold.
As vgg is contained in Wy NFix(P2) NFix(Fs) by Lemma 4.3.3,c, v9s has cordinates
(i2x4 + a:i + x5 + izacg + i2yg + yg, ixi + izxg + yg + ys, i2rg + xi + x5 + i2x§ + i2yg + yg,
2y + ixi + iyg + ys + yg, iry, x4 + ixi, T4, g+ ixi,
T5, i29357 07 Ye, i2y§7 i2y83 iy8 + iyga Y8, 07 0)7
where 251 = 252 and yg1 = 0. Also (40, c2,e) give ys1 = 0 and x51 = yg2 = ys2, SO
vas = ((i(age + bag), bas + iases, i(aze + bag), ase, iase + i*bag,
i%(aze + bas), aze + ibag, i%(aze + bag), i*ca6, icas, 0, icag, icag, cag, icag, icag, 0, 0).
Now the vectors
W = (07 07 07 07 07 0) 07 07 iCQGa C26, iCQGa icQGv i0267 C26, 07 07 07 O)a
we = (bag, iage + 1%bas, aze, i(azs + bag), ase + i2bog, i*(aze + b2g), 0, - .. ,0),
fulfill (idy + Ps)(w2) + (idy + P2)(we) = vae and a replacement of ug by us + wa and
ug by ug + we yields (pgp2)? = 1g. Also wy € Fix(Py) N Fix(PoPy + (PyP1)?), whereas
wg € Fix(Ps) NFix(PsPs+ (PsPs)?)NFix(PsPy), or the conditions ps = (p2p1)® = p¢ =
(peps)® = (pep1)? = 1¢ are preserved. Unfortunately Ps(w2) € Fix(PsPy + (P3P2)?),
thus we have to restore (39, ). This can be done by replacing us by ug + ws with
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w3 = (iCQG, C26, iCQG, i626, iCQG, C26, 0, 0, 0, 0, 0, 0, 0, 0, O, 0, O, 0)
As we made v zero, (40, b3) forces vsg to be stable under P;. Also, since vy = Oy,
condition (40, d) yields v3g € Fix(P3Py + (P3P)?), and this occurs just if vzg = O.
Likewise v46 € Fix(P1) by (40, bs), hence
vo = (Px3 + i3 +itys + y3, iws + 1222 + iys +i%y3, 1223 + 123 + iys,
i2x3 + %22 +i%ys + Y3, 3, 93,0, ... , 0).
Also v4g € Fix(Ps) by Lemma 4.3.3,c, so y3 = i’x3 + i’x3. Besides by (40, ag4) it
follows Py(v46) = v46, which means x3 = 0 and then v4g = 0. Thus py, ... ,pe generate
a translation complement in Hg isomorphic to Ag, i.e. the extension (30) splits.
Let m = 7. Thanks to Lemma 4.3.3,d, the vector vi7 has coordinates
(x4 + 122 + P26 + %28 + yo + yg + y7 + img + 23 + yo +i%y3,
ir] + x5 + i%76 + %2 + iye + iyg + iy? + izg + 25 + i%yo + ivs,
xy +i%xs + %22 + iwe + lyg + 1297 + ixg + 23 + iyo + iys,
ivs + i%wg + iyd + Y2 + ivg + i%23 + yo + iy3,
2y + iQJ:Z + a:g + i2m§ + iyé +i%y; + y? + ixg +i%yg + ing,
T4+ ixi—i— ix%—i— izg+ i%ys+ iyg—i— yr+ i2y$+ To+ ix%—I— Yo, Ty, 12w+ i%i, s,
w5+ 143, 26, Yo, 7+ 3, yr, Pao+ P23+ i%yo, Pwo+ 25+ yo+ iy3, 2o, Yo)-
with Tel = T62 and Y61 = 0. Besides, by (40, Cl), (P7P6 + (P7P6)2)(1)17) = V17, which
means Yo1 = Y71 + Y2 + To1 + Tg2 and yg2 = y71 + wo2. Let
wy = (24 + 23 + x5 + 0k +ize + 22 + ys + y2 +i2y2 + 9 + %22,
T4 +iv] + x5 + 1202 +ifw +i2d + ye + v + iyr +i%y5 +ixd,
T4+ i2z5 + i2x§ +i%zg + ix% + vy + yé +y7 + ing,
irs + w6 + 1228 + yo + ye + ityr +y2 +ixd, 0, 0, i%xy + 27,
iz + a3, 122, s, iys + i3, w6 + iag + iy + iyg, i%yr, iyr,
Y2 + mg + %25, Pyr + 12 + img + 173, Y7 + 23, iyr +i%YF + ixg).
We have wy; € Wy and (idy + P;P;)(w7) = vi7. Thus we can make prp; of order 2 by
replacing u7 by u7 + w7. Notice that wr is fixed by both P; and P;Ps + (PrFPs)?, so
that the conditions p% = 1g and (p7pe)® = 1g are both preserved.
Consider now the vector vey € Wy N Fix(P) N Fix(Pr) having coordinates
(x4 Pya+ yi + iws+ iye + i2ya + iyr + iys, i+ ya+ iy] + 1222 + iy + 2y + i2y3 + i%yo,
T4+ xf + iys + 1005 + iys + 10yg + Pyr £ iyE + iye + %93,
ix? 4+ gy +iys +i%02 +iye + 1202 +i%y2 + 1%y, x4 + 23 +y3,
xy + ] +i%ys + 3, T4, ya, Ts, P25, dye + Y3, Yo, iyr, Y7, Yo + 1293, 1Y3, iyo, Yo),
with T41 = Y41 = T51 = Y61 = Y12 = 0. By (40, Cc9, 6) Vo7 is also fixed by P7P6 and
PPy + (P P,)?, so it has coordinates
Va7 = (g7 + ibar, asy + 1%bar, asr + boz, asr + °baz, asy + i°bay, ibar + i%asy, iasy, ibor,

. . . . . .2 2. .2
icor, co7, ida7, ida7, i(co7 + dor), cor + dar, idar, cor +1°dor, dor + i%car, icor + i°day).
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Now, in view of Lemma 4.3.3,c and (40, b;), we can write the vectors v;7, i > 2, as:

v37 = (lasy, asy, iasy, iasy, iasz, as7, 0, ... ,0),
) ) . .2 .2 .

var = (1%aar, 1Paur, iagr, i*agr, i%asr, iaqa7, 0, ..., 0),

vs7 = (las7, asy, iasy, iasz, iasz, as7,0, ... ,0).

These vectors are related to vy via (40, ag;) and (40, d); in particular we have
cor =do7 =0, agy = agy +bor, asr =agy, asy = ay + by (41)

Now w; = (a27 + i2b27, iagr + i2b27, ibo7, asy + i2527, a7 + i2b27, ibo7 + i2a27, 0, ... ,0)
fulfills (idy + P2)(w7) = va7, so the replacement of uz by u7 + w7 makes p7ps of order
2. Notice that P;(wy) = PrPy(wy) = (PrPs + (PrPs)?)(wr) = wy and this ensures that
the already achieved conditions on p; are not destroyed. By (41) vy7 = 0 yields now
vi7 = 0 for all ¢ > 2 and we conclude that the extension (30) splits.

Finally, let m = 4. By Lemma 4.3.3,a, b, we may take p; of order 3 and, for [ > 1, p; of
order 2 with (pip;_1)® = 1g, w; € Fix(P) and Pj(u;_1) +w; € Fix(PP_1 + (P P_1)?).
Thus we have only to transform to zero the vectors v;; = (pjp;)? € We with | j—i |> 1,
being careful to retain the achieved conditions. We have to proceed analogously to the
case m > 5. By Lemma 4.3.3,c,d, it turns out that vo4 is fixed by P> and Py, whereas
(P,P1)(v1;) = (P1 + PE)(v1;) = v1; (i = 3,4). Thus we can represent the vectors v;; as

2 2 +72 . 2 +2 . . . 2 $272 2
viz = (i%ajs + ibjs +icis, 0, i*a13 + bis + 13, ia1z + big + ici3, iafs +i°by5 + icis,
2 2 s 2 . 2 272 .
ais + bis, ais, bis, iays, lajs +i%byy, c13, ic13),
_ (32 2 s 2 ih? i 2¢2 ia2 4 b2 )
vig = (lajy +ibiy + c1q, layy + b7y + c14, @14, a1a + ib1a + i7ciy, iagy + by +1%cua,
s 2 2232 | . s 2| 2272 ) : 2
iay,+ 17014+ ici4, bia, b1a, c1a, laf,+ 17D+ c1a, a1+ 17014+ icly,
.9 . . 92
1 a/14+ 1b14+ 1614)’

. . 2 . e 92 . 212
voa = (ag4 + baa, i(ags + baa), i(aga + b2s)?, 0, ag4, iagq, ias,, 0, bag, ibayg, ib3y, 0).

Furthermore, it follows from [2, section 1] that the vectors v;; fulfill the conditions

a) (idy + PyPs + (PyP3)?)(v13 + v14) = Oy,

b) (idy + PP + (P1P2)2)(P1 (v14) + v24) = Oy (42)

We can annihilate each of v;; successively. Adding

wy= (ags+ ibos, i2ags+ baa, 1%a3,+ b3y, ia3,+ ib3,, aza+ bos, iags+ iboy, 34, 0, bay, 0, 0, ib3)
to uq we make vog = 0 (in fact, (idy + P3)(w4) = va4) and this implies, with the aid of
(42, b), c14 = i2a}, + b3,. Adding the vector w; with coordinates

. 9 2 272 :2 . 2 2 | 2272 2 2 | +12 2 | 532 s2 | 1272
(ia%,+ biy, %014, b1a, i%a1a+ b1y, i%af, + 107y, i%ai,+ ibiy, b1a, 0, af,+ ib7,, iaf,+ i%b5,, 0, 0)
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to u; we make vi4 = 0, (in fact, (idy + PyPy)(Py(w1)) = v14), which implies, together
(42, a), c13 = iaiz + ib13. Now we can add the vector

2,2 s 2 2, . T T T
wy = (i%b13, layg, a13 + 113, iars + ibis, iajs + ibys, layg + b7, O,

. D) 2 2 . 92 12 2 2
ia13 + 1013, ais + bis, iajs + ibis, i®a13 + i°b13, 0)

to up in order to get v13 = 0 (in fact, (idy + P3P;)(Ps(w1)) = v13). Notice that all
of the added vectors wj, do not violate the previous achieved conditions. Thus we can
conclude that the extension (30) is in any case splitting. O
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