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1. Introduction

Consider the following problem
—ii+AMtu=VF(t,u) +AVG(t,u) ae.in[0,T], ()
u(T) —u(0) = u(T) —u(0) =0, ’

where 1A € R, T is a real positive number, A : [0, T] — RV*N is a continuous map from the interval [0, T] to the set
of N-order symmetric matrices, F, G : [0, T] x RN — R are measurable with respect to t, for every x € RV, continuously
differentiable in x, for almost every t € [0, T] and satisfy the following standard summability condition:

sup (max{|F(-,x)|, |G(-,x)

[x|<c

VF(-,x)

VG(-,x)|}) e L'([0, T]) (11)

’ 3

for all ¢ > 0.
Note that the above condition is satisfied, for instance, simply assuming VF and VG continuous in [0, T] x RN,
Moreover, without loss of generality, it is supposed that

F(t,00=G(,00=0 (forae.te[0,T]).
Then consider the space of functions
H} = {u:[0, T] — R" | u is absolutely continuous, u(0) = u(T) and it € L*(0, T; R")}

endowed with the norm

* Corresponding author.
E-mail addresses: cordaro@dipmat.unime.it (G. Cordaro), rao@math.unipa.it (G. Rao).

0022-247X/$ - see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2009.06.049


https://core.ac.uk/display/53221797?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:cordaro@dipmat.unime.it
mailto:rao@math.unipa.it
http://dx.doi.org/10.1016/j.jmaa.2009.06.049

G. Cordaro, G. Rao /J. Math. Anal. Appl. 359 (2009) 780-785 781

T T %
ne (f\u(t>|2dr+/!u<r>\2dt> = (Jlul + 1al3)?,
0 0

where || - || = (fOT |-12)7 is the canonical norm of L2(0, T; RN).
H} is a Hilbert space and, by embedding theorems, it is compactly embedded into C°(0, T; RV).
We recall that u € HlT is said to be a solution of (P,) if

T T
/(ﬁ(t), \'/(t))dt—i—/((A(t)u(t) — VE(t,u(t)) —AVG(t, u(0)), v(t)) dt =
0 0

forall ve H}, where (-,-) is the standard scalar product in RV,
Then we consider the functionals ¥, @ : H1T — R defined as follows

T T
()= (/ )| dt + (A©u(), u(n) dt) /F (t.u)dt,
0 0
and
T
@(u):—/G(t,u(t))dt
0

Condition (1.1) implies that ¥ and & are well-defined, continuously Gateaux differentiable and sequentially weakly lower
semicontinuous in HlT. By Corollary 1.1 in [7], the solutions to (P;) in H1T are exactly the critical points of ¥ + A®.

By spectral theorem for compact self-adjoint operators on a Hilbert space (see [7, p. 89]), the differential operator
u — —ii + Au, with (—ii + Au)(t) = —ii(t) + A(t)u(t), has a sequence of eigenfunctions which is an orthogonal basis for H}
and the following decomposition holds:

Hl=H*®H @ H°,
where

H* =span{u € H}: —ii +Au = Au with A > 0},
H™ =span{u € H}: —ii + Au = Au with & <0},
H® = ker{—il + Au},

and one has dim(H™) < +oco and dim(H?) < +oo.
Denote by A1(A) the lowest eigenvalue of —ii + Au, by Proposition VL9 in [2], it can be characterized by

T

Mm(A)=  inf ]</(|i1(t)|2+(A(t)u(t),u(t)))dt).
0

ueHl, |lu|=

Under these settings, our main result, Theorem 3.1, assures that problem (P;) admits at least three distinct solutions, for A
in a suitable neighbourhood of zero, provided that the following further assumptions, only on the potential F, are satisfied:

(F1) lim|x\_,+oo(%)\1(A)|x|2 — F(t, x)) = +o0, uniformly in [0, T].
(F2) There exists § > 0 such that %)\1(A)|x|2 — F(t,x) > 0, for all xe RN\ {0} with |x| <8 and a.e. t €[0, T).
(F3) There exists xo € RN such that foT(A(t)XO, Xo) dt < fOT F(t, xp) dt.

It is worth stressing out that such solutions belong to a ball of H } centered in the origin and with suitable radius which
does not depend on A.

When A1(A) is positive, in order to verify (F;) and (F») it is sufficient to suppose F(t,-) superquadratic at 0 and
subquadratic at +oo uniformly with respect to t € [0, T].

Many authors dealt with multiplicity results for second order Hamiltonian systems. Focusing our attention on those
ones which carried out their studies about the three periodic solutions, we cite Tang and Wu [9-11]. More recently other
contributions to this topic has been given by Cordaro in [3] and Faraci in [5,6]. However, at our best knowledge, there are
not many results of the type of Theorem 3.1 proposed here. All of the papers quoted above consider the problem without
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the perturbation term VG. We also note that, instead of [3,5], our multiplicity result is proved without assuming the positive
definiteness of the matrix A(:) in [0, T].

In order to prove Theorem 3.1, we use a recent result, proved by Fan and Deng in [4], which shows a more convenient
way to apply Theorem 1 of [8] in some concrete cases. It is also worth of stressing out that our proof relies on a gen-
eral mountain pass lemma without (P.S.) condition, Theorem 2.8 of [12], which allows us to consider perturbations only
satisfying the usual growth conditions.

2. Preliminary results

In this section we give some preliminary lemmas. The first concerns with the component H® of the space H}. We omit
the rather technical proof which can be found in [1] (see proof of Lemma 3.2).

Lemma 2.1. For each € > 0 there exists a constant M(¢) > 0 such that

m({te[0, T]: |u’@®)| < M(e)|u°|}) <€ vu®eHO,

where m(-) denotes the Lebesgue measure.

Lemma 2.2. There exists A > 0 such that
T T

w](u):/|a(r)]2dt+/(A(t)u(r),u(t))dt>X||u||2

0 0
foreveryue HT.
Proof. We argue by contradiction. Suppose that there exists a sequence {uplnen € HT, with |lun|| = 1, such that

limy s 100 W1 (up) < 0. Up to a subsequence which is denoted by {u,} again, there exists u* € H* such that u, — u* weakly
as n — +o0. Exploiting the weakly sequentially lower semicontinuity of ¥, one has

¥ (u™) < liminf v (up) <O0.
n—+o00
Consequently, being ¥ (u*) > 0 since u* € H™, it results that ¥ (u*) = 0 hence u* = 0. Now the compact embedding of H}

into C%(0, T; R) assures us that u,; — 0 strongly in C°(0, T; R), as n — +oc. Then

T

. .2 . _
n_lylloollun I3 —H_QTOO(% (un) /(A(f)un(t),un(f))df> =0.

0

So {u,} strongly converges to 0 in H1T which is absurd since by hypothesis |uy|| =1, for everyneN. O
Lemma 2.3. If hypothesis (F1) holds then W is coercive.

Proof. We first assume that 11(A) =0.
So, let {un}neny € HT be a sequence such that limy_, o [|un ]| = +00. We have u, =u; + uf, with u; € H* and ul € HO,
because, by definition, A1(A) =0 implies that dim(H ) = 0. Hence, one has

T T
¥ (up) = %(/(’lln(t)|2dt+(A(t)un(t),un(t)))dt> _/F(t,un(t))dt

0 0
T T

= %(/(]ilrf(t)’zdt+ (Au; ), uy ©)) dt) - / F(t, un(t)) dt
0 0

~ T
> 5 = [ o) )
0

where the last inequality follows by Lemma 2.2.
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Fix L > 0 arbitrarily, by (F1), there exists K = K(L) > 0 such that

F(t,x) < —L, forae.te[0,T]andall x| > K. (2.3)

Denote by {|u| < K} the set {t € [0,T]: |u(t)|] < K} and by {|u| > K} its complement in [0, T]. Moreover, put bg(t) =
supjy <k |F(t, )| for all t € [0, T]. By assumption (1.1) we know that bk € L'([0, T]). One has

lP(un)}%Hu;’Hz— / F(t, un(t)) dt — / F(t, un(®))dt by (1.1)
{lun| <K} {lun|>K}
~ T
>%|‘un+”2—/b,<(t)dt— / F(t, un(®)dt by (2.3)
0 {lun|>K}
X T
>t P~ [ b, 2.4
0

for every n e N.
So, if limp— 40 [lU;} || = +00, from (2.4), it follows that

~ T
. . A 2
nBToo ¥ (u,—,) > nEToo<§ ”ur-z'_ ” - / bK(t) dt) =00,
0

and the thesis is proved.

At this point, it remains to consider the possibility that {u;} is bounded. In this case, since |up| — -+oo, we must have
ul] — +oo.

let 0 <€ < % be chosen small enough such that,

LT
/ be(@dr < 25)
A
for every measurable A C [0, T], with m(A) <e.
By Lemma 2.1, there exists M(¢) > 0 such that, if we set

An={te[0,T]: |ud®)] > M(e)|u|

}, foreveryneN,

it results that m([0, T]\ An) < €. Then, we also have

|un(®] = |ud®] = |uf ©)| = M(e)|uld]| —c, forae.te A,

where ¢ > 0 is a constant such that, maxcejo, 1] |u; (¢)| < ¢, which exists due to the boundedness of {u;} in H}. Hence, there
exists v € N such that

An € {lup| > K}, foreveryn>v. (2.6)

Then, for n > v, one has

W(un)>%}|un+|}2— / F(t, un(t)) dt — / F(t, un(t)) dt
(lun] <K) (lunl =K

>— / bk (t)dt + Lm({|un| > K}) by (2.5)and (2.6)
{lun|<K}
> L + L(T—¢€)= il
-2 T4
Owing to the arbitrariness of L > 0, by (2.7), the thesis follows. .
. When X1(A) # 0, we can argue as above by replaging the matrix A with A(t) = A(t) — A1(A)I and the potential F with
Ft,0) = F(t, 0 — 28 |x2. In fact, we note that i1(A) =0. O

(2.7)
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3. Main result
Now we can state and prove our main result:

Theorem 3.1. Assume that the potential F satisfies (F1), (F2) and (F3). Then there exist A* > 0 and r > 0 such that, for every A €
1—A*, A*[, problem (P,) admits at least three distinct solutions which belong to B(0,r) C HlT.

Proof. By Lemma 2.3, condition (F;) implies that the functional ¥ is coercive.
Now we prove that ¥ has a strict local minimum at 0.
By the compact embedding of H1} into C9(0, T; RN), there exists a constant ¢; > 0 such that

max |u(t)| <cqllull, forallue Hj.
tef0,T]

So, chosen rs < % it results that

B(0,15) ={ueHp: llul <rs} [u € H}: trr[10a>T(]|u(t)| <6].
elo,

Hence, for every u € B(0,rs) \ {0}, from (F») it follows that

I T
V()= %(/(!il(t)|2dt+ (A(t)u(t),u(t)))dt> —/F(t,u(t))dt
0 0
1 T
b ( f(hl(t)‘z + ((A®) = M (ADu(®), u®))) dt)
0
T
+/<%M(A)|u(t)|2 —F(t, u(t))) dt since Aq(A—211(A)I)=0
0
T
Z /(%M(A)\U(f)lz — F(t, u(t))) dt
0
>w(0)=0, (3.8)

that is the function v =0 is a strict local minimum of ¥ in H}.

Condition (F3) assures that 0 is not a global minimum.

At this point, we can apply Theorem 3.8 of [4] taking @ and —@ as perturbing terms. Then, for every p1, o2, € € R, with
infy1 ¥ < p1 <0, p2 >0 and 0 < & <5, there exists % > 0 such that, for each A € |-, A[, ¥ + A® has two distinct local
minima u$" € ¥ ~1(1—o0, p1[) and u$" € ¥~ (1—o0, p2) N B(O, &).

Since v =0 is a strict local minimum of ¥, by Theorem 3.6 of [4], the above & can be chosen such that y =
inf”u”:g v (u) > 0.

Now let r; > 0 be such that

B(0,r1) 2 W' (]—00, p1[) UB(0, &),

and put b = supy,<r, ¥ (w)]. Owing to the coerciveness of ¥, there exists r, > ry such that infyy =, ¥ (u) =d > b.
Hence, for every u e HlT with ||u]| =ry, one has

)+ AP ) >d— A sup |@)]

Il <ra
d+b
, 39
> (3.9)
and when |jul| <ry
d—b d+b
W)+ AP W) <b+|r| sup |q>(u)|<b+—=i, (3.10)
lull<rs 2 2

because A € R can be chosen with
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d—b
<—
2supyy<r, [P W]

due to the sequentially weakly continuity of ¢ which implies that

|A]

sup |@(u)| < +oo.

llull<ra

Hence, it is easily seen that, X can be chosen small enough that the following conditions

¥ (up) + AP (ur) <0,

W (Uz) + 1P (U2) < g

” i‘I‘lf (Y +rd)) > %

and (3.9), (3.10) hold, for every A € ]—A, A[.
For a given A in the interval above, define the set of paths going from u; to u;

A={aeC([0,1],E): (0) =u1, a(l) =uz},

and consider the real number ¢ = infyc 4 SUp;e 1) (¥ (@ (1)) + 2@ («(1))). Since uy # B(0, &) and each path « goes through

3B(0,¢), one has ¢ > %.
So, taking into account (3.9) and (3.10), there exists a sequence {a;,} C A, with o ([0, 1]) C B(0,1,) for every n € N, such
that

lim sup (¥ (o (t)) + AP (o (1)) =c.

= ¢te(0,1]

Applying Theorem 2.8 of [12], there exists a sequence f{u,} C B(0,r;) which satisfies ¥(u,) + A®(up) — ¢ and
¥’ (up) + AP’ (uy) — 0 as n — oo. Hence {u,} is a bounded (PS). sequence and, taking into account the fact that ¥’ + A’
is an (S4) type mapping, admits a convergent subsequence to some us3. So, such us turns to be a critical point of ¥ + A®,
with ¥ (u3) + A®(u3) = c, hence different from u; and u; and u3 #0. O
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