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There is a robust literature on the relationship between financing constraints and real investment. Little has
been said on the relationship between financing constraints and capital stock in the long run. This note focus-
es on this last issue. To keep the model tractable, we assume that the firm employs a single input, and this
input is used as collateral. We get three main results. Firstly, we show that the optimal capital stock chosen
by a firm is affected by financing constraints even when they are slack at the current time. Secondly, we show
that the net present value of the potentially constrained firm is always smaller than the one of the never con-
strained firm. Finally, we find that in the presence of latent financing constraints the firm does not limit itself
to reducing its investment when the upper limit is reached. What it actually does is to lower its long run op-
timal capital stock, amplifying the effects of constraints in the long run.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

During the last twenty years an extensive literature on determinants
of real investment has emphasized the role of financial resources in af-
fecting capital accumulation. A considerable body of theoretical research
stated thatfinancing constraintsmay be the result of optimizing behavior
of lenders. (Hodgman, 1960; Keeton, 1979; Stiglitz and Weiss, 1981). In
addition, other papers provided empirical evidence that investment deci-
sions depend strictly on internal finance and external debt (Bassetto and
Kalatzis, 2011; Chirinko, 1993; de Bondt and Diron, 2008; Fazzari and
Athey, 1987; Fazzari et al., 1988; Hennessy and Whited, 2007; Hubbard,
1998; Lensink et al., 2001; Pratap and Rendon, 2003).

The basic idea of these models is that so long as the firm does not
comeup against the constraint it will be able to satisfy the Euler equation.
But, one important implication of the optimizing models should be that
anticipated future constraints might affect the current investment deci-
sions of firms evenwhen there is no binding constraint at present. There-
fore, as Jaffee and Stiglitz argued (1990) the impact of financing
constraint “cannot be assessed just by looking at those periods in which
there is direct evidence for its presence”.

The more recent debate seems to have acknowledged this original
suggestion. D'Autmune and Michel (1985), Milne and Robertson
(1996), Whited (1998), Chatelain and Teurlai (2001, 2006), and Saltari
and Travaglini (2001, 2003) focused on the relationship between latent

financing constraints and current investment decisions. This strand of lit-
erature shows that financial constraints need not to be currently binding
in order to affect investment decisions. A clear analytical inspection of
this issue is provided by Saltari and Travaglini (2006). They show that fu-
ture latent constraints influence the optimal pattern of current invest-
ment, altering the marginal q value of the firm over time.

The present model can be seen as an update of previous contribu-
tions. The objective of the analysis is the long run capital stock. The
main result of the paper is that latent financing constraints can affect
not only investment in the short run, but also the optimal capital stock
in the long run. Therefore, the paper provides a new perspective of fi-
nancing constraints, scrutinizing the impact of constraints and shocks
on the optimal level of capital stock.

Weget threemain results. Firstly,we show that in a dynamic stochas-
tic context future financing constraints change the firm optimal capital
stock even when demand for financing resources is below the critical
threshold. Additionally, we show that thefirmnet present value is small-
er than the unconstrained one, even when the constraint is currently
slack. Finally, we show that in the presence of latent financing con-
straints the firm does not limit itself to change its investment when the
upper limit is reached. What it actually does is to lower its long run op-
timal capital stock, amplifying the effects of constraints in the long run.

The paper is organized as follows. In Section 2 we discuss a firm's in-
vestment policy under the alternative scenarios of constrained and non-
constrainedfirm. Section 3 compares these solutions. Section 4 concludes.

2. The model

In this section we analyze how financing constraints affect the de-
sired capital stock. In examining this question, it is useful to compare
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the behavior of an unconstrained firm, acting in a perfect capital mar-
ket, with that of a constrained firm which takes its decisions in the
presence of latent financing constraints.

2.1. Optimal capital stock without financing constraints

Let us suppose that the firm is risk neutral.1 Investment decisions
are taken in a perfect capital market where r is the equilibrium inter-
est rate. Each firm operates with a large number of projects. Capital is
reversible, that is the firm can buy new units of capital and resell the
old ones at the same price.

To simplify, we assume that the firm uses a single input K, say cap-
ital, with decreasing marginal productivity. The set of production pos-
sibilities changes continuously because of a multiplicative shock θt
whose dynamics is

dθt ¼ σθtdz ð1Þ

The shock θt follows a geometric Brownian motion without drift.
The production function is

θt f Ktð Þ ¼ θtK
α
t with 0bαb1 ð2Þ

The firm chooses its optimal capital stock maximizing the present
discounted value V(θt, Kt) of the expected cash flows

V θt ;Ktð Þ ¼ max Et
Is

∫∞
t θsf Ksð Þ−Is½ �e−r s−tð Þds ð3Þ

where dK= Isds is the investment rate. To simplify the analysis we as-
sume that the depreciation rate is equal to zero. The functional Eq. (3)
can be rewritten using the Bellman equation

rVtdt ¼ max
It

θt f Ktð Þ−It½ �dt þ Et dVð Þf g ð4Þ

Using Ito's lemma and the stochastic process (1), we can write
(see the Appendix for details)

rVt ¼ max
It

θt f Ktð Þ−It þ VKIt þ
1
2
σ2θ2t Vθθ

� �
ð5Þ

Under the assumption of perfect financial markets, and excluding
bubbles, the solution of the maximization problem (5) is

VU
t θt ;Ktð Þ ¼ θt f K�

tð Þ
r

ð6Þ

The value of the unconstrained firm (U) is equal to the present dis-
counted value of the expected cash flow which arises from the capital
stock K�

t .
Finally, from the first‐order condition VK

U=1, and using Eq. (2), we
get

K�
t ¼

α
r
θt

� � 1
1−α ð7Þ

This last condition describes the relationship between the shock θt
and the long run capital stock K�

t , corresponding to that θt, in the
unconstrained scenario. This relation is drawn in Fig. 1. The barrier–
control curve is the upward-sloping line U. Under the assumption of
diminishing returns, a higher θt rises the profit from any given level
of capital, and therefore justifies a larger capital stock in the long run.

Note that to the left of the U curve we have VK
U>1, and new invest-

ments are made. Hence, when θt rises above the U curve the optimal

policy is to increase the capital stock so as to satisfy the condition
VK
U=1 in the long run. Similarly, for any point to the right of the U

curve we have VK
Ub1, and the firm finds optimal to reduce its initial

capital stock.
Using this simple argument we reach our first result. If a firm acts

without constraints the sole determinants of its optimal capital stock is
the value of the shock θt and the corresponding marginal productivity
fK(Kt). In any period changes of θt modifies the optimal capital stock,
but themagnitude of past and future shocks has no effect on the current
investment decisions.

2.2. Optimal capital stock with financing constraints

Is this last property valid in the presence of financing constraints?
To analyze this problem, let's assume that to make a new invest-

ment the firm raises external resources. Assume that the maximum
amount of resources it can get from external lenders is given by the
proportion 0bmb1 of its initial capital stock Kt. In other words Kt is
the collateral. Obviously, the maximum amount of capital stock that
a firm can obtain in the next period is equal to Kt(1+m).2 The coeffi-
cient m is a parameter independent from the initial amount of capital
stock. Though this last assumption might appear restrictive, it is rich
enough to study the consequences of financing constraints on the op-
timal capital stock. 3

Now let's consider how investment decisions change in the presence
offinancing constraints. In the present scenario, there is an upper limit to
the investment rate

It ≤mKt ð8Þ

A potentially constrained firm observes θt, and anticipates that,
whatever its actual value, the rate of investment cannot exceed the
upper limit fixed by the constraint (8). This upper bound changes
the barrier–control curve which describes the dynamic equilibrium

1 For the case of a risk-averse firm, see Saltari and Ticchi (2005, 2007).

θ0

θ1

θ2

θ
M

C

U

Kt Kt(1+m) Kt*

Fig. 1. Investments and financial constraints.

2 There are several definition of financing constraint. In this context we refer to type
1 credit rationing: the credit contract defines the maximum amount of loan available at
the going interest rate.

3 We do not attempt to derive this constraint endogenously. However, Hart and
Moore (1994), and Kiyotaky and Moore (1997) give an argument to show the nature
of this contract: creditors know in advance the liquidation value of assets in place uti-
lized as collateral. So they take care never to allow the loan to exceed the value of the
collateralized capital stock Kt.
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between shocks and capital stock. In this setting the general solution
of the problem

rVtdt ¼ max
It

Et θt f Ktð Þ−It½ �dt þ Et dVð Þf g ð9Þ

under the credit constraint Is≤Ksm for any s≥ t, with 0bmb1, is

VC Kt ; θtð Þ ¼ A Ktð Þθn1t þ B Ktð Þθn2
t þ θt f Ktð Þ

r
ð10Þ

where C denotes the constrained firm, and n1>1 and n2b0 are the roots
of the characteristic equation. In the constrained scenario, A(Kt) and B(Kt)
are “constants” of integrationwhose value depends on the current capital
stock and the boundary conditions. The last termon the right hand side of
Eq. (10) is the fundamental value. If — as in the previous scenario — the
rate of investment may change without bounds, then the optimal solu-
tion would be the same as before, and the two constants must be set
equal to zero to satisfy condition (6).

But, in the present scenario the investment rate is limited by the
upper bound It=Ktm, and this constraint influences both the value of
the firm and the corresponding desired capital stock. To get the values
of the two constants, recall that given θt the fundamental value of the

constrained firm is VC Kt ; θtð Þ ¼ θt f Ktð Þ
r . In addition, notice that as θt de-

creases the value of θtn2 rises because n2b0. This implies that as θt tends
to zero the term B(Kt)θtn2 increases, rising the value of the firm. To ensure
that VC(Kt, θt) goes to zero as θt goes to zero, we should set the coefficient
of the negative power of θt equal to zero; thus, B(Kt)=0. Therefore,
Eq. (10) becomes

VC
t ¼ A Ktð Þθn1

t þ θt f Ktð Þ
r

ð11Þ

The remaining constant A(Kt) depends on the constraint It=Ktm. At
this threshold, it is optimal for thefirm to acquire an assetwhosemargin-
al value is VKC=1, by incurring the constrained investment It. Therefore,
the optimal constrained policy must satisfy the condition

VC
K ¼ AK Ktð Þθn1t þ θt f K Ktð Þ

r
¼ 1 ð12Þ

But this expression alone is not sufficient to determine both AK(Kt)
and the trigger value of θt. We need a further condition. It requires that
when the constraint is binding, infinitesimal changes of θt do not alter
the firm investment decisions. Therefore, at the upper bound the condi-
tion VKθ

C =0 must be satisfied

VC
Kθ ¼ AK Ktð Þn1θ

n1−1ð Þ
t þ f K Ktð Þ

r
¼ 0 ð13Þ

Putting these two conditions together, we get

AK KC
t

� �
¼ − n1−1ð Þn1−1

n1rð Þn1 αn1 KC
t

� �n1 α−1ð Þ ð14Þ

KC
t ¼ n1−1

n1

α
r
θt

� � 1
1−α ð15Þ

Expression (14) is eloquent. Since AK(Kt
C) is negative, the term

AK(Kt
C)θn1 of Eq. (12) measures the marginal loss suffered by the

firm that cannot invest beyond the threshold Ktm. Intuition suggests
that if Kt(1+m) is the maximum capital stock available starting at Kt,
the firm is forced to give up the marginal profits which would derive
from a further expansion of the investment beyond the constraint Ktm.
Using the solution for AK(KtC), we find by integration

AK KC
t

� �
¼ ∫∞

Kt
− AK kð Þ½ �dk ¼ n1−1ð Þn1−1

n1rð Þn1 αn1
KC
t

� �n1 α−1ð Þþ1

n1 α−1ð Þ þ 1
ð16Þ

Thus, the constant AK(Kt
C) is negative.4

This result makes good economic sense: it states that, since the
firm anticipates the possibility to meet future constraints, latent fi-
nancing constraints reduce the present value of the firm and the de-
sired capital stock to Kt

CbK�
t .

3. Constraints and investment

Condition (15) describes the optimal relationship between θt and Kt

in the constrained scenario. Observe that since n1>1, the factor n1−1
n1

is
positive and lower than 1. Therefore, in the constrained scenario the
threshold value of the shock θt must exceed the threshold value of the
unconstrained one to get the same capital stock. The C curve in Fig. 1 is
drawn using Eq. (15), and it describes this property graphically. There-
fore, what is the net worth of the constrained capital KtC? The contribu-

tion of a marginal unit of capital to the cash flow is θtα Ktð Þα−1dKt . Its
user cost is rdKt. Hence, Eq. (15) says that in the constrained scenario
the marginal addition of a unit of capital is justified when its expected
present value exceeds the cost by the multiple n1

n1−1. This condition also
implies that the C curve must be traced on the left of the U curve.

The position of the C curve in the space (K, θ) depends on the positive
root n1, which is a function of r and σ2. When the interest rate r rises the
value of n1 rises as well, and correspondingly the critical value θt in-
creases. This means that the credit constraint loosens. On the other
hand, when the variance σ2 rises the value of the root n1 reduces, and,
hence, the trigger value θt reduces too.

Finally, let us focus on the investment policy, in the alternative
scenarios, when θt changes. To discuss this issue, a third curve la-
belled M is drawn in Fig. 1. It describes, for any initial capital stock
the corresponding trigger value θt that boosts the constrained firm
to make the maximum investment It=Ktm. Thus, given a value of θt
and the corresponding Kt

C=Kt(1+m) along the C curve, the initial
capital stock Kt

M along the M curve is given by the expression

KM
t ¼ n1−1

n1

α
r
θt

� � 1
1−α 1

1þm
ð17Þ

Note that theM curve is not a barrier–control, but just a ceiling help-
ful to compare the investment decisions under alternative scenarios. The
horizontal distance between theM and the C curves measures the max-
imum constrained investment Ktm, given the trigger value θt of the
shock. Therefore, from condition (17) we get that Kt

MbKt
Cb K�

t for any
value of θt.

For concreteness, let us look at Fig. 1 and assume that Kt is the current
stock of capital. Then, θ0 is the value of the shock which stimulates the
unconstrained firm to invest until the desired capital stock K�

t along
theU curve. But, the constraint (16) prevents the potentially constrained
firm to get this same capital stock. Thus, the difference K�−Kt(1+m)
provides a measure of the financing constraint tightness. This effect is
shown in Fig. 1: when the shock reaches the trigger value θ0 along the
ceiling M, the constraint binds and the investment rate is at most equal
to Ktm.

It is interesting to study what happens when the shock is lower
than θ0. For instance, this happens when the shock is θ1. We know
that above the C curve VK

C>1 so that the investment rate is positive
but less than Ktm. Although the constraint is slack the firm cannot in-
vest to get the optimal capital stock as defined by the U curve. Intui-
tively, this happens because the firm anticipates the possibility to
meet the future constraint even when it is slack at the current time.
This result confirms our earlier intuition: the latent financing con-
straint leads to a reduction in overall demand for capital.

4 Calculating the integral, we get− n−1ð Þn−1

nrð Þn αn kn α−1ð Þþ1

n α−1ð Þ þ 1

����
∞

Kt 1þmð Þ
For convergence

of the integral, α must be sufficiently less than one so that n(α−1)+1b0.
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Now consider a shock θ2 smaller than the one required to stay along
the C curve. In this case VK

Cb1, and the constrained firm finds optimal to
reduce its current capital stock to go back along the C curvewhere VKC=1.
But, the main implication of this “optimizing” behavior is to enforce the
credit constraint over time. In fact, since the capital stock is the collateral,
the smaller is the current capital stock the smaller will be the amount of
external resources thefirmwill obtain to finance new investmentswhen
eventually θ>θ2. This result also implies that in the constrained scenario
it is not just current capital, but its entire path over time that affects both
investment and constraints over time.

In addition, it is remarkable that the optimizing behavior of the con-
strained firm tends to feed a vicious circle. During recessions firms can
find optimal to decrease their capital stock. But, as time passes this initial
choice tends to reinforce the financing constraints. The inertial impact of
the change in capital stock on the tightness of the financing constraints
can be thought as a form of financial accelerator mechanism (Bernanke
et al., 1999; Nolan and Thoenissen, 2009).

4. Conclusions

In this paper we have studied the relationship between investment
decisions and optimal capital stock under financing constraints. In our
model constraints affect investment decisions in all periods, even when
they are currently slack. To derive our analytical solution we have as-
sumed that the firm employs a single input Ktwhich is used as collateral.

We get threemain results. Firstly, the logic of themodel is that poten-
tially constrained firms, free from constraints at the current time, find
optimal to make decisions in order to achieve an optimal investment
plan at the outset, anticipating the effects of latent constraints. Secondly,
we find that when the investment rate is constrained, the limited finan-
cial resources act as an upper bound on the optimal capital stock. There-
fore, financing constraints produce an overall decrease of the present
value of the potentially constrained firm, capturing the expected loss of
profits. Hence, the potentially constrained firm is always worth less
than its fundamental value. Finally, we have shown that in the presence
of latent financing constraint the firm does not limit itself to reducing its
investment rate when the upper limit is reached.What it actually does is
to lower its desired capital stock, amplifying the effects of financing con-
straints in the long run.

Appendix

Using Ito's lemma and the stochastic process (1), we obtain the
expected capital gain

Et dVð Þ ¼ VKdK þ 1
2
σ2θ2t Vθθdt ðA:1Þ

Substituting this expression into the Bellman Eq. (4)

rVtdt ¼ max
It

θt f Ktð Þ−It½ �dt þ Et dVð Þf g ðA:2Þ

we can write

rVt ¼ max
It

θt f Ktð Þ−It þ VKIt þ
1
2
σ2θ2t Vθθ

� �
ðA:3Þ

The first-order condition is

VK ¼ 1 ðA:4Þ

Substituting for VK in the previous equation we have the differen-
tial equation

rVt ¼ θt f Ktð Þ þ 1
2
σ2θ2t Vθθ ðA:5Þ

whose characteristic equation is

r ¼ 1
2
σ2n n−1ð Þ ðA:6Þ

The values of the two roots are respectivelyn1 ¼ 1
2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4 þ 2 r

σ2

q
> 1

and n2 ¼ 1
2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4 þ 2 r

σ2

q
b 0. The general solution of (A.5) is

V Kt ; θtð Þ ¼ A Ktð Þθn1t þ B Ktð Þθn2t þ θt f Ktð Þ
r

ðA:7Þ

Ruling out speculative bubbles, i.e. setting to zero the two con-
stants A(Kt) and B(Kt), we get

VU θt ;Ktð Þ ¼ θt f K�
tð Þ

r
ðA:8Þ

which is Eq. (6).
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