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This thesis studies stabilization of discrete time-delay systems based on
Lyapunov-Krasovskii functional. Time-delays frequently occur in various
practical systems, such as networked control systems, chemical processes,
neural networks, and long transmission lines in pneumatic systems.

The different phenomena that cause time-delay are: (a) Time needed to
transport mass, energy or information; (b) Time lags get accumulated in great
number of low-order systems connected in series; and (c) Sensors, such as
analyzers; controllers need some time to implement a complicated control
algorithm or process. The presence of delay causes in general performance
degradation and may lead to instability within the system

First, stability of networked control systems has been studied. Two available
stability criteria for linear discrete time systems with interval like time varying
delay have been considered. Also a numerical example has been solved and
the results of both the stability criteria have been compared.

Static output-feedback stabilization of discrete-time system with time-varying
delay is studied next. Two stabilization approaches based on the above
discussed stability criteria are studied. A numerical example has been solved
and simulation results have been obtained for both the approaches.

Simulation output indicates that the given stabilization approaches effectively
stabilize the system and their performance in terms of achievable delay margin
is compared.
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Chapter 1

INTRODUCTION

1.1 Time-delay Systems

1.2 Stability and stabilization

1.3 Some standard results involving LMlIs
1.4 Outline of the thesis
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1 Introduction

In this chapter, we define stability of different operational systems. Some
examples of time-delay system are discussed. Standard results involving LMIs
are also analyzed.

1.1 Time-Delay System

Time delays appear in many industrial processes, economical and biological
systems as indicated below:

Examples of time-delay systems

a. Regenerative chatter in metal cutting [1]: In regenerative chatter, the

surface generated by the previous pass becomes the upper surface of the
chip on the subsequent pass. Any imprecision in machining the desired chip
thickness results in an additional force to be encountered by the tooth in
the subsequent pass. This instability ultimately leads to increased tool wear,
undesirable surface quality, and reduced productivity.

b. Internal combustion engine[1]: In this system, the crankshaft rotation is

modeled as
Jo(t) = Ta(t —h) — T((t) — T,(t)

where T, is the developed torque, which is delayed by h seconds due to
engine cycle delay. This delay is caused by time taken in fuel-air mixing,
ignition delay, etc. T; represents the load, Tf the friction, J the moment of
inertia and w the angular velocity of the crankshaft.

Oy
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c. Feedback control system [2]: Feedback control systems as shown in Fig. 1.1

often function in presence of delays, primarily due to the time it takes to
acquire the information required for decision-making, to create the control
decisions, and to execute these decisions.

Input Output
Actuator Plant Sensor
A

Fig. 1.1 Feedback Control System

d. Networked control system [3-5]: Network Control Systems (NCSs) as shown

in Fig. 1.2 are spatially distributed systems in which the communication
between sensors, actuators and controllers occurs through a shared digital
communication network. Networks enable remote data transfers and data
exchanges among users, reduce the complexity in wiring connections and
provide ease in maintenance.

The presence of a communication network in a control loop induces many
imperfections such as varying transmission delays, varying
sampling/transmission intervals, packet loss, which can degrade the control
performance significantly and even lead to instability.

A 4

[ Network ]
2

Controller

Fig. 1.2 Networked Control Systems
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e. Traffic-flow _models [6]: In traffic-flow models finite reaction times and

estimation capabilities which impair the human driving performance and
stability must be considered. The delay due to finite reaction times and
estimation capabilities are critical in analyzing traffic-flow stability.

f. Material distribution and supply-chain systems [7-9]: Supply networks are

an ensemble of interconnections of customers, suppliers, manufacturing
units, companies, and sources that share products and information to
regulate inventories and respond to customer demands. Material deliveries,
information flow and decision-making result in delays which lead to poor
performance, synchronization problems and fluctuations in inventory levels
resulting in major economical losses.

1.2 Stability and stabilization

Time-delays frequently occurs in various practical systems, such as networked
control systems, chemical processes, neural networks, and long transmission
lines in pneumatic systems. Since time-delay is an important source of
instability and poor performance, considerable attention has been paid to the
problem of stability analysis for continuous time-delay system [10]—-[14].

Stability Definition: [15]
A time-delay system:

X(t) = AX(t) + A, x(t —d)
Necessary condition for stability

At d=0, A + A,is Hurwitz
With d

Delay-independent stability: System never becomes unstable i.e. system is
stable till d—=>infinity. A must be Hurwitz.

Oy
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Delay-dependent stability: System becomes unstable after a certain value of
dsayd .

Delay-dependent stability:

When a particular stability condition is derived which depends on the size of
the delay factor, the obtained result is delay dependent stability.

Delay-independent stability:

When derived stability condition does not depend upon delay size, we
eventually get delay independent stability condition.

Delay dependent stabilization provides an upper bound of the delay such that
the closed loop system is stable for any delay less than the upper bound.

For a linear discrete-time system with a constant delay, by using state
augmentation method and introducing some new variables, one can transform
the system to an equivalent one without a time-delay, for which to be
asymptotically stable the existence of a quadratic Lyapunov function is a
sufficient and necessary condition. This augmentation of the system is,
however, inappropriate for systems with unknown delays and for systems with
time-varying delay which are the subject analysis in this work.

Interest in understanding the effects of delays and designing stabilizing
controllers that account for delays is also increasing with the complexity of
control systems. In particular, the effect of delays becomes more pronounced
in interconnected and distributed systems, where multiple sensors, actuators,
and controllers introduce multiple deterministic and stochastic delays. In
interconnected systems, delays may arise from the availability of shared
communication networks, such as the internet and wireless networks
illustrated in Fig. 1.2.
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1.3 Some Standard Results Involving LMlIs

Linear Matrix Inequalities (LMIs) and LMI techniques have emerged as
powerful design tools in areas ranging from control engineering to system
identification and structural design.

Lemmal.1 [16]: For any positive definite matrixlW, two positive integers r and

rpsatisfyingr > r, =1 , vector functionx (i), we have

.
[Zr‘, X(i)J W [_Zr x(i)]s F__Zr x(1)TWx(i)

wherer =t —r, +1
Proof:
x(i)] w[i x(i)} =%Zr Y 2xT (Wx(j)

i=rg i=rg

_<
o

Il

—

=1 -1y +1) X7 (Wx()

i=rg

XTY +YTX < XTZX +YTZly
1 1
X =W 2x(i)Y =W 2x(j)Z = |

z[wixa)J (wix(nj:[wime [wix(j)Hwéxm] (wix(i)}
S[W%x(i)J (Wéx(i)]+[wéx(j)] {W;x(j)]
= X (OWX(i) + x()Wx( )

This completes the proof. u
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Elimination of matrix variables in LMIs [1]

Proposition 1.1: There exists a matrix X such that

P
P Q X ( . gj>o (1.2)
Q" R V |[>0 (1.1) ifandonlyif 5 v
X" vl s ( ; j>o (1.3)
V' S
I 0 0
Proof: Left multiply 1.1 by | 0 I 0| and right multiply by its transpose,
0 -VIR" |
P Q X-QRWV
to show that (1.1) is equivalent to Q' R 0 > 0. But the

XT-VIR'Q" 0 S-V'RWV
above is clearly satisfied for X =QR™V if 1.2 and 1.3 are satisfied in view of

Schur complement.

A B
Schur Complement [1]: For matrices A4, B, C the inequality (BT Cj>0 is

equivalent to the following two inequalities

A>0
C-B'A'B>0
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1.4 Outline of Thesis

The Thesis is organized into 4 different chapters as indicated below:

Chapterl
This chapter includes a literature survey of time-delay system. Stability and

stabilization of time-delay system has been discussed. Some preliminaries of
LMIs have been explained.

Chapter2
In this chapter two stability criteria for discrete-time system with time-varying

delay has been studied. A numerical example has been solved and the results
of both the criteria have been compared. Stability of uncertain time-delay
system is studied using this stability criterion.

Chapter3
In this chapter stability of networked control system is studied. Delay-

independent stability analysis is done and a numerical example is solved.

Chapterd
In this chapter stabilization of discrete-time system with time-varying delay is

done by static output-feedback controller. A numerical example is solved and
the controller gain is found out. Simulation results are obtained both for fixed
delay and variable delay.

Page | 13



Chapter 2

STABILITY ANALYSIS OF DISCRETE TIME-DELAY
SYSTEMS

2.1 Choice of Lyapunov-Krasovskii Functional
2.2 Stability Criteria 1

2.3 Stability Criteria 2

2.4 Stability Criteria 3

2.5 Numerical Example

2.6 Uncertain Time-Delay System
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2 Stability of time-delay system

The stability of discrete-time system with time-varying delay is studied. Two
stability criteria have been studied. A numerical example is solved and the
results of both the stability criteria are compared. Stability of uncertain time-
delay system is studied.

2.1 Choice of Lyapunov-Krasovskii functional

An appropriate Lyapunov—Krasovskii functional (LKF) is used for deriving delay-
dependent stability criterion. It is known that the existence of a Complete
Quadratic LKF (CQLKF) is a necessary and sufficient condition for asymptotic
stability of the time-delay system [17-18]. Using the CQLKF, one can obtain the
Maximum Allowable Upper Bound (MAUB) of delay which is very close to the
analytical delay limit for stability [19]. However; the CQLKF requires solution of
partial differential equations, yielding infinite dimensional LMIs for numerical
synthesis.

By defining new Lyapunov functions and by making use of novel techniques to
achieve delay dependence, several results have been obtained for the stability
analysis of discrete-time systems with a time-varying delay in the state [16, 20-
22]. The merit of the condition in [20] lies in their less conservativeness, which
is achieved by avoiding the utilization of bounding inequalities for cross
products. A sum inequality has been established in [16] to derive a less-
conservative criterion which are dependent on the lower and upper bounds of
the time-varying delay. The summation limits in the Lyapunov functional in
[20] have been taken to the upper and lower bound of the delay as compared
to [16] where average of the upper and lower bound of the delay have been
taken. The number of variables in the LMI derived in [20] is greater than that of
[16]. New delay-range-dependent stability criteria are developed by using a
finite sum inequality approach [21] which has fewer matrix variables and can
provide less conservative results.

Special forms of Lyapunov—Krasovskii functional lead to simpler delay-
independent and less conservative delay-dependent conditions. In the past
few years, there have been various approaches to reduce the conservatism of
delay-dependent conditions by choosing new Lyapunov—Krasovskii functionals.

Oy
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In order to obtain some less conservative stability conditions, interval delay-
dependent LKFs (IDDLKF) have been considered [23]. By checking the variation
of the IDDLKF defined on the subintervals, some new delay-dependent stability
criteria are derived [23].

Problem Formulation:

Consider the system with a time varying delay described by

x(k +1) = Ax(K) + Ax(k - d(K)) o1
x(k) = d(k),~h, <k < 0 .

where x(k) is the state; Aand Al are known real constant matrices; cD(k)is
the initial condition; d (k) is the time varying delay satisfying h, < d(k) < h,with

hand h, nonnegative integers.

We will study the asymptotical stability of this discrete-time system with time-
varying delay. We will first define a Lyapunov-Krasovskii functionalV (k), and
then calculateAV (k). IfAV (k) < 0, then V (k) is the Lyapunov function and the
system is asymptotically stable. Then we will solve the LMIs to find the upper
bound of delay for which the system is stable.
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2.2 Stability Criteria 1 [23]

In this section, we will study two stability criteria for system (2.1). We now
state the first delay-dependent stability criterion.

Proposition2.1: Given two nonnegative integers h and h,satisfying0<h <h,,
the system (2.1) is asymptotically stable if there exist matricesP > 0, Q; >

0(=123),Z >0(G=12),Y=[¥f ¥J 0 0 0 0 and

w=[wW w 000 0

—22 Y’ X
suchthat | Y @ W |<0 (2.2)
X" W' —22
with
hlZ = h2 - h1
Y11 = ATPA - P+Q1+Q2+(1+ hlZ)Q3_Zl
Yis = hl(A - I)T Z,Y 6= hlZ(A - |)T Z,
Y., ATF’A1 Z, 0 Y s Y 16
* AlTF’Al—Q3 0 0 hlAlTZ1 hleIZ2
@ _ * * -Q, - Z, 0 0 0
* * * _Q2 O O
* * * * _Zl O
i * * * * * _Z2 |

+[0 -Y+W Y -W o0 0]+[0 -Y+W Y -W o o0
Proof: Define a Lyapunov functional as
V (K) =V, (k) +V, (K) +Vy(K) +V,(K) +Vg(K) +V(K) (2.3)

where

Oy
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V, (k) = X (K)Px(K)
\mainQO

J=1li=k- h
k-1

V()= > X ([)Qyx()

i=k—-d(k)
dok
V()= D D X ()Qx()

j=—hy+li=k+]j

-1 k-1 ) )
VoK)= D > hAX (i) Z,Ax(i)

EENERY

“h-1 k1

Vi) = Y > oK ()Z,A()

j=hy i%K |
For system (2.1), one can write the following:
AV, (K) =V, (k +1) -V, (K)
=X (k+1)Px(k +1)— x" (k)Px(k)
=[ Ax(k) + Ax(k - d(k))]T P[ Ax(k) + Ax(k —d(k)) ] - x" (k) Px(k)
Similarly, the following can be written corresponding to V, (k) :
k k

AV, (K) =V, (k+1)-V,(K) = >, X ()Qu+QIx()+ > X ()(Q.+Q)x()

i=k+1-hy i=k+1-h,

"‘ I

- kj X (I)(Qu+Q)x(i) + S X' (1)(Q+Q)x(i)

i=k—hy i=k—h,

= 2 X (9QX() = 2 x (k= M)Qx(k=h) =X (K)Qux(k)

Further,
ALK =V,k+D V()= Y K IRXD)- Y X ()Qx()
i=k+1-d (k+1) i=K—d (k)
k-1
= T X HQX0)+ X (K)QxX(K)
i=k+1-d (k+1)
k-1

= D, X(HQX() = X (k= d(k)Qyx(k — d(K))..

£
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—h k - k1

AV, (K) =V,(k+D) -V, (k)= > > X (QxH)~ >, > x ()Qx()

j=—hp+li=k+1+] j=—hp+li=k+]j
k=t
= X' (K)Qyx(k) — kzl‘,hz X" (1)Qax(i),
AV (K) =V, (k +1) ~V (k) = i zk: hOX (1)Z,0%() - j kzl hAX (1)Z,A%()
j==hy i=k+1+ | j=—hyi=k+j
= RRAX (K)Z,A%(K) = kj hAXT (1) Z,AX(),
i=k—h
-h-1 & —h-1 k41
AV (K) = Ve (k+1) =V, (k) = _Z@_ Y, AT ()Z Ax() - Zrb 2, i H)Z Ax()
j=—hp i=k+1+]j j=—hy i=k+]
k=h
= hSAX (K)Z,Ax(K) - erb AXT (K)Z AX(K).

Combining the above, one gets
AV (k) = AV, (K) + AV, (K) + AV,(K) + AV, (K) + AV, (K) + AV (k)
= [Ax(k) + Ax(k - d(k))]T P[Ax(k) +Ax(k - d(k))] - X" (K)Px(Kk)

+§1:XT (k)Q| X(K) —ixT (k—h)le(k _h) - (k_d(k))Q3X(k—d(k))

k-1 k-1

+'—k Zd:(k )XT (Qex(1) - -—kZ;j(k)XT (1Qax(1) +hyx" (K)QaX(K)
- kz_r:h X" (1))Qyx(i) + AX" (K) (hfZ1 +hZ,Z 2) Ax(k)
i=k+1-h,
k-1 k—h-1
‘__;hl hAX () Z,AX(i) = __kZ:hz h AXT (1) Z (). (2.4)
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Now, using Lemma1l.1 one obtains

_ ki hAX ())Z,Ax() < —( kf AX(i)J Zl[ kzl AX(i)J

i=k-h i=k—h, i=k—hy

S (i) = x(K) - x(k~h)

i=k=h,
_'—kgm hAX (1)Z,Ax(i) < —(x(k) - X(k - hl))T Zl(x(k) - X(k - h])) (2.5)
Note that
k-1 k-1 k-h
X (1)QuX(1) - XT(HQX(M) < > X (1)QuX(i) (2.6)
i=k+1-d (k+1) i=k+1-d k) i=k++h,
207 (K)Y| x(k —h) - x(k —d (k))- k_zhlfl AX(i )} =0 (2.7)
i=k—d (k)
k—d(k)-1
20" (k)W[x(k ~d(k))-x(k-h,)- AX( )} =0 (2.8)
i=k=h,

where Y=[Y VY, 0 OT andw =W W, 0 0]T are constant matrices of

appropriate dimensions and {(k) =[ X" (k) X" (k-d(k)) X' (k-h) xT(k—hz)]T

The first two elements of (2.7) and (2.8) can be written as

207 ()Y [x(k—h)-x(k-d(K))]= Z" ®)¥{[0 0 | 011 (01 0 Qg

0 0 Y O J[0Y 00 Y, Y,
0 0Y O |Y Y, 00 —YT -Y,
=77 (k 2 " 2 T (k 2
Z()YJY;oo ooooZZ() ;o
0O 0 0O |0 00O 0
207 (kW[ x(k —d(k)) = x(k —h,)]=2C" (kW{[0 I © o]a [o 0 017
O W 00 [0 0 OW 0 W, 0 -W,
W W, 00 0 -W
— 7T 1 2 _ 2
=¢h g 0 0o 0o 0
0 0 00 0 0
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From (2.1), we have
Ax(K) = x(k +1) = x(K) = (A= 1)x(K) + Ax(k —d (K))

Let

{ATPA—P+Q1+Q2

+(1+ hlZ)Q3 - Zl } A PAL Zl °

v= * APA-Q, 0 0
* * Q-z, 0
* * * _Qz_

+[A:| A 0 0 0z, +hizZ,)A-1 A, 0 ¢
+[0 -Y+w Y -W]+[0 -Y+w Y -w]

Then it is derived from (2.4)-(2.8) that

AV (K) < [ Ax(k) + Ax(k—d(K)) | P[ Ax(k) + Ax(k - d(K)) ] - X" (K)Px(K)
+i X ()QX(K) = 2T (k=)@ x(k =) =X (k- d(k)Qx(k -~ d(i9)

+YI;1XT (K)Qsx(k) = (X&) = x(k=h))" Z,(x(k) = x(k = hy))

k-h-1
+AXT (k)(f‘fZ1 + hfZZ HOX(K) — '=kz—:hz h AXT (1) Z,Ax()

+207 (k)Y[x(k ~hy) - x(k-d(K)) - k_fl AXG)]

i=k=d (k)
k—d(k)-1
+207 (k)W{X(k —d(k))-x(k-h,)- Z AX(1)
i=k—h,
kh-1 k—d (k)L k-h-1
d i d

=0 (WK -2TK)Y D AX()-ZT KW M=

i=K—d (k) i=k—h, i=K—d (k)

(2.9)

A (,Z Ax()

k—d (k)1

- 2, X Oh2 )
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k-h-1
ni >, [2T00%200 =l (Y20 =X (Y1209 -y X (2 450
i kz 2 (W2(K) - (W) ~ AT (W) - AT ()Z AX0)]

R NI N INRY N

hy, 1200 | ~NX0) | YT =Z, | ~hAX(0)
L1 k=d(0-1T 7 (k) Ty W 2K
hlz Ikzhz [ thx(i)} {WT —Zz}[—hqu(i)} (2.10)
_—zz v
Y v ow <0 (2.2)
X7 WT -7,

By propositionl.1, there exists X of appropriate dimensions such that (2.2)
holds if and only if

Y oy YW
_ <0, - <0
Y7 -Z, w' -Z,

which are equivalent to
v Y v W

{ }<Q{ }<o (2.11)
2

Therefore if condition (2.2) is satisfied, the condition (2.11) is satisfied.
By(2.10), AV (k) < Ofrom which it is concluded that the system described by
(2.1) is asymptotically stable. This completes the proof. |

Oy
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Numerical Example:

08 O -01 O
Consider the system (2.1) with A= A =

0.05 0.9 -0.2-0.
-z, Y X
Y W W |<0 (2.2)
XT W' -z,

Substitute Win (2.2) we get

-Z, Y/ Y, 0 0 0 0 X
RPA-P+Q+Q|  [APA-Y, - _
{+(1+h2)Q;—Zl } {M } 2+ W {hAz-hz} {hAZ-hz} W,

A!PA-QS—YZ} . .
* * T hl'AiZl h12A122 Wz
{W_Yz +V\4T <0

* * * _Q_Zl 0 O

* * * * _Q 0 0

* * * * * _Zl O O

* * * * * * _% O

_* * * * * * * _%_

This LMl is solved, and for different value ofh,, the admissible upper bound
h,of the delay is found out.
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2.3 Stability Criteria 2 [23]

Proposition2.2: For given two nonnegative integers hl and h, satisfying
0<hl<h2, the system (2.1) is asymptotically stable if there exist matrices
P>0,Q >(Q(i=1, 2, 3) and Z, >0(j =1,2) such that

o-[o 1 0 -1 0 dz[o1l 0- 0 d<o0O (2.12
o-[o -1 1 00 d2z[o-11 00 d<o0 (2.1¢
where
[(ATPA-P+Q, |
+Q, + (1+h,)Q, ATPA, Z, 0 h(A-1)Z, h(A-1)Z,
_Zl
P
* {_A&Q élzz } ZZ ZZ hlA-erl hlZA-g.Z 2
o= 3 2
- % {_Ql_zl} 0 0 0
_Z2
* * * -Q, - Z, 0 0
* * * * _Zl 0
L * * * * * _Z2 ]

Proof: Use the same Lyapunov functional as (2.3) to calculate AV (k) like (2.4).
We have that

k-h-1 k-d(k)-1 k-h-1

= > h T DZAX[) == Y X OZAXE) - > hy AXT()Z Ax(i)
i=k=h, i=k=h, k=d (k)
k—d(k)-1
=- %2 (h, —d(K)AXT (1) Z,Ax()
k=d(k)-1 k—-h-1
= Y (d(k) = h)AXT (1) Z,Ax(i) - (d(k) — h)AXT (i) Z,0x()
i=k=h, i=k-d(k)
k—h-1
= > (= d(K)AX (i) Z,Ax()
i=k—d (k)

Letting B—(d(k)-h)/h,, one obtains

Oy

Page | 24



k-d (k)-1 k-d(k)-1

=Y (@R - HZAX0) =B > AT ()ZAXG)

i=k—h, i=k—h,
k—d (k)-1 _ _
<B 3 (h~d()AX ()ZA0)
and
k—h -1 k—h -1
= > (hy=d(k)AXT (I)Z,Ax(1)) =-(1-B) D, h,AXT ()ZAx()
i=k—d (k) i=k—d (k)

k-h -1
S-0-B)- 3 (@0)=h)AX ()2:8%0)

Applying Lemma 1.1, we have

k—h~1

—.:kZ_hz hAXT (1)Z A(0) < =(x(k = d(K)) = x(k = h,))T Z,(x(k —d(k)) = x(k —h,))

~(x(k=hy) = x(k=d(K)))" Z,(x(k ~ hy) = x(k = d(k)))
—B(x(k =d(k)) = x(k = h,))" Z,(x(k = d(k)) = x(k - h,))
~(1-B)(x(k =h)=x(k=d(K)))" Z, (x(k =) = x(k = d(K)))

Let

o =0-[0 -1 I 0 z[o-1 1 (
o,=0-[0 I 0 -1]'Z[0 I 0 -I]

where

(2.14)
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(ATPA-P
tQ +Q; T
ATP Z, 0
HL+ N, A
_Zl
CD: * A.I—PAJ._QS Z Z
_222 2 2
% % _cﬁ"zl
{_Zz } °
i * * * _QQ_ZZ_
+[A-1 A 0 0] (RzZ,+h2Z,)[A-1 A, 0 O] (2.15

Then from (2.4)-(2.6) and (2.14) we have

AV (k) < X" (K[ATPA-P+Q +Q, +(1+h,)Q,=Z,+

(A=1)"(h?Z, +h3Z (A= 1]X(K) +2xT (K)[APA

+HA-1)T(KZ, +h%Z ) AIx(k —d(K)) + 2xT (K)Zx(k —h,)

+X' (k=d(K)[ A PA -Q;=2Z,+ Al (h{Z +hiZ JA]x(k - d(K)

+2X" (k = d (K))Z,x(k = h) +2x" (k =d (k))Z,x(k = h,)

X (K= )(Q+Z,+Z)x(k—h) = X" (k=h,)(Q,+Z )x(k—h)

—B(x(k = d(k)) = x(k =h,))" Z,(x(k = d(k)) = x(k —h,))
~(@-B)(x(k—h)=x(k=d(K)))" Z,(x(k —h)-x(k —d (k)))

=" (KA -B)D, +BD,]L(K) (2.16)

On the other hand, from (2.12) and (2.13) it follows ® <0Oand®, <0. This
implies 1-B)®, +BP, <0. By (2.16)AV (k) <0, hence the system (2.1) is

asymptotically stable. This completes the proof. ]
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2.4 Stability Criteria 3 [28]

Proposition 2.3: The system (2.1) with time-varying delay is asymptotically
stable if there exists nxn matrices P > 0,Q > 0,R, S and T satisfying the
following LMI

G -R+S" -R+T" (A+A)
* —-Q-S-S' -S-§ 0
* * -T-T" -AP

* * * _P

<0 (2.17)

where G=-P+(h,-h +1)Q+R+R".

k-1
Proof: Let y(k) = x(k + 1) — x(k)andn(k) = y(m) . Choose a Lyapunov

m=k—d (k)

functional candidate V(k) =V, (k) +V,(k) +V,(k) where

Vi (k) = X" (k)Px(k)

V()= > xT()Qx(i)
i=k—d (k)
-htl k-1

Vi) = D > XT()Qx()
j=—hp+2i=k+j-1
DefineAV (k) =V (k +1) -V (k).
For system (2.1), one can write the following:
AV, (K) = X" (K +1)Px(k +1)— X" K)Px(K)
=X ([ (A+A) P(A+A) =P |x(K)+

k-1

—2x" (k)(A+A)" PAy(m)

m=k-d (k)

{Ang(k) y(m)} P{Ang(k) y(m)}

=X (KI(A+A)" P(A+A) =PI =2x" (K)(A+ A)" An(k) +n"(K) AL PAn(K)  (2.18)

Similarly, the following can be written corresponding toV, (K):
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Kk k-1

AV,(K)= > X)) - Y, X (HQx()

- (0K X (KKK~ (K)
+(Z)x (1)Qx() - Z()x ()Qx()
As
(Z)x ()Qx() = qx ()Qx() + h‘y X ()
5 Z(:)x ()ox() + zix ()Qx()
we have
AV, (k) < X" (K)Qx(k) — x" (k = d(K))Qx(k —d(K)) + _::: 1XT (1Qx(i)
Note that
AV, (K) = ,-:_iz[xT (K)QH(K) ~ X' (k+ j ~1)Qx(k + j ~1)]

k_

= (h, =h)X" (K)Qx(k) - X" (1)Qx(i)

hy
i=k—h, +1

Also we have x(k) - x(k - d(k)) -n(k) = 0

(2.19)

(2.20)

For any appropriately dimensioned matrices R, S and T, we have the following

equation

Z[XT KR+ X" (k-d(k))S+ r](k)TT] X[x(k) -x(k—-d(k))- r](k)] =0.

It follows by adding (2.18), (2.19), (2.20) and (2.21) that

Oy
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AV (K) = AV, (K) + AV, (K) + AV, (k)
<X ()] (A+A)" P(A+A)~P|x(K) ~2x ()(A+A)" PAN(K)

+n(k)" AT PAN(K) + X" (k)Qx(k) = x (k = d(k))Qx(k — d(k)) + (h, —h))x" (k)Qx(k)
+2x7 (K)Rx(K) + X" (K)[-2R+ 25" Ix(k — d (k)) + X (K)[-2R+ 2T Jn(k)
=2x" (k = d(k))Sx(k —d(k)) + x" (k =d(k))[-2S - 2T" In(k) - 2n (k)" Tn(k)

=X (K)[(A+A)"P(A+A) = P+(h, —h, +1)Q + 2RIx(K) + X' (K)[-2R+2S" |x(k —d(k))
+X" (K)[-2(A+ A)"PA —2R+ 2T (k) + X" (k —d (k))[-Q - 2S]x(k — d(K))
+X' (k=d(k))[-2S-2T" In(k) +n(k)" [A"PA - 2T]n(k)

=&(k)" Q&(k)
where we define £(k)" =[x"(k) x"(k-d(k)) n(k)" ] and
Q, -R+ST  —(A+A)PA-R+T’
=l * -Q-S-9 -S-T' where
* * APA-T-T
Q,=(A+A) P(A+A)-P+(h,-h,+1)Q+R+R".

From this it follows that the inequality 0 < 0 guarantees that AV (k) < 0 for
all non-zeroé (k). Hence, 0 < 0 guarantees that the system given in (2.1) is
asymptotically stable. By schur complement, Q) < 0 is equivalent to LMI (2.17).
This completes the proof of Proposition 2.3. |

2.5 Numerical Example

Consider the system (2.1) with A= { 0-8 O} A= {_0'1 0 1

0.05 0.9 -0.2 - 0.
o-[o 1 0 -1 0 dz[ol 0-1 0 d<o0 (2.12
o-fo -1 1 00 dz[o-11 00 d<o0 (2.12

Substitute® in(2.12) and (2.13) we have
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A"PA Z
AlT PAi - Q3 Z
-3z, ?

* Q-4
_Z2

AT PA Z,
A.r PAJ. - Q3 2 Z
-37, ?

_hlzl _hlZZ 2
2 Z, h1AI Z, hleT12
0 0 0
-Q,22, O 0
* -7, 0
* * _22

o [E] oz

_hlzl _hlZZ 2

z,  hAZ

-Q-2, 0 0
* -, 0
* *

hi AL Z

2<0

|

The above 2 LMIs are solved and for different value of h,, the admissible upper

bound h, of the delay is found out and compared with proposition 2.1.

hy 6 7 10 |15 |20 |25 |30
Proposition2.1 | 18 18 20 23 27 31 35
Proposition2.2 | 16 16 18 21 25 30 34

Table2.1: Admissible upper bound h, for various h;

The stability problem has been investigated for linear discrete-time systems

with interval-like time-varying delays. Two delay-dependent stability criteria

Oy
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have been studied by utilizing novel techniques to estimate the forward
difference of a new Lyapunov functional. Proposition 2.1 can lead a slightly

upper bound of the delay than proposition2.2.

2.6 Uncertain Time-Delay Systems

Due to the fact that almost all existing physical and engineering systems are
subjected to uncertainties, due to component aging; parameter variations or
modeling errors, the concepts of robustness, robust performance and robust
design have recently become common phrases in engineering literature and
constitute an integral part of control systems research. By incorporating the
uncertainties in the modeling of time-delay systems, we naturally obtain
uncertain time-delay system (UTDS).

The system contains some elements that are uncertain. In the following
system, the uncertain element is the sampler. Suppose the sampling time T=1
sec. But instead of being sampled at T=1 seg, it is being sampled at T=0.9 sec.

Consider the process model . :{O ! H)&}{ O]Ju
X 0 -0.1 x, 0.
2

with the state feedback gainK =-[3.75 11.5.

u=Kx(k-dikl) o 7oH PROCESS

b J
¥

Sampler

/

State Feedback

&

Controller Gain

Fig. 2.1: Uncertain time-delay system
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Using standard techniques from digital control, the maximum constant
sampling interval for which the closed loop system remains stable is 1.7394sec.

Discretizing the above system for T=1sec, we have

1 0.95 0.04
x(k+1) = {O 0 g}x(k){o 09gu(k)

Due to delay because of uncertainty in sampling, we have
u(k) = Kx(k — d(k))

The system can now be written as

1 0.95 -0.18 - 0.55
x(k) +
~0.356 — 1.09

x(k +1) :{O 0.9 ix(k—d(k))

which is similar to system (2.1)

Process

Qutput

Y

.
L

Sampler

|
d
Signal | 4‘
]
.

Process 4||—ITL
Input |
|

.
T Ll

elay

Y

Timing of Signals in the Control System

Fig. 2.2 Timing Diagram of signals of the system given in Fig. 2.1

Finding the delay dependent stability using proposition 2.1 for various values

of sampling time T, we have

Page | 32



T(sec) 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7
h, 10.5717 | 0.4756 | 0.3781 | 0.3031 | 0.2352 | 0.1721 | 0.1061 | 0.0228
T+h, |1.5717 | 1.5756 | 1.5781 | 1.6031 | 1.6352 | 1.6721 | 1.7061 | 1.7228
Table2.2: Upper bound h, of delay for various sampling time T.
Plot of T vs T+h2
1.75 ‘ ‘
1.7+ .
AN
< 1.65- 1
l_
1.6- 1
1.55 | | | | | |
1 1.1 1.2 1.3 1.4 15 1.6
Sampling Time (sec)
Fig2.3: Plot of T vs T+h,
Plot of T vs h2
0.7 T T
AN
< 0.6- .
S
© 0.5¢ i
©
T 0.4 i
©
S 0.3- |
o
2 o2 ]
]
o
S 0.1r i
D
% 11 12 13 14 15 16
Sampling Time (sec)
Fig2.4: Plot of Tvs h,
Conclusion:

Stability of uncertain time-delay system is studied using proposition 2.1.
T+h,increases with sampling time T. The upper bound of delay h, decreases
with sampling time T. The tolerable range of delay decreases with sampling

time T.

Oy

Page | 33



Chapter 3

STABILITY ANALYSIS OF NETWORKED CONTROL
SYSTEM

3.1 Networked Control System
3.2 Stability Analysis
3.3 Delay-independent Stability
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3 Stability of Networked Control System
This chapter focuses on stability analysis of networked control systems.

3.1 Networked Control System

A Networked Control System (NCS) is a control system wherein the control
loops are closed through a real-time network. A key feature of NCS is that
control and feedback signals are exchanged among the system's components
in the form of information packages through a network.

The functionality of a typical NCS consists of four basic elements

i. Sensors, to acquire information,
ii. Controllers, to provide decision and commands,
iii.  Actuators, to perform the control commands and
iv. Communication network, to enable exchange of information.

The use of a communication network in the feedback path has several
advantages, such as re-configurability, low installation cost, and easy
maintenance. Because of the use of communication networks in control
systems, network-induced delay occurs which is a potential source of
instability and poor performance of NCSs.

Problem formulation:

Plant transfer function=1/s. Due to delay input to plantu = Kx(k — h)
Discretizing the above system, we have

x(k +1) = Ax(k) + A, x(k - h)

A 4

A

Fig. 3.1: Networked Control System
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3.2 Stability Analysis

Now we will study the asymptotical stability of the above system.
Define a Lyapunov functional V (k) =V, (K) +V, (k) +V,(k)
V, (k) = X" (K)Px(K)

V, (k) = ZXT(k- DNQx(k - 1)

Vi(k) =D > hax (i) Z,Ax(i)

j=—hi=k+j

Calculation of AV (k)

To CalculateAV; (k)
AV, (K) =V, (k +1) =V, (k) = [Ax(K) + A;x(k = h)]" PLAXK) + A x(k = )] = x"(K) PX(K)
To Calculate AV, (k)
AV, (k) =V,(k+1) -V, (k)
= 300 (k1 QUK +1- 1) =D (k= )Xk )
= )J(_Tl(k)le(k) -x" (k= h)Qx(k —J_fll)
To Calculate AV; (k)

AV, (K) =V,(k +1) =V (k)

= le _ Zkl hAXT()Z,8x() = le ka hAXT (i) Z,A%(i)

= W?AX" (K)Z,A%(K) — i hAXT (1) Z,A%(1)

i=k—h
Then it is derived that

AV (K) = AV, (K) + AV, (k) + AV, (K)
=[AX(K) + Ajx(k —=h)]" H A(K) + Ak =hH] = x"(R PXK
+x" (K)QX(K) = X" (k = h)Qux(k = h) + W?AXT (K) Z,Ax(K) — i hAXT (1) Z,AX(i)

£
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By using Lemmal.1l, we have

AV (k) < [Ax(k) + Axx(k=h)]"F A(K + A k=] =x" (K PXK
+x" (K)QX(K) - X' (k — )Qx(k — h) + h?AX (K)Z,Ax(K)
~[x(k) = x(k = W)]" Z,[x(k) = x(k = )]

=" (KW(k)
(k) =[x(k)  x(k—h)]

IfW <0, the system is asymptotically stable.

{ATPA+Q1—ZI—P } {ATPA,+Zl }

+h*(A-1)"Z,(A-1 +h*(A-1)"Z
ey | AT ZA-D] sRa- T zA S|

% AJ PA -Q -2,
AT Z A,

By schur complement, above LMI can be written as

TDA + ]
{_APP_AZ Ql} A' PAH + Zl (A= )T h221
1
T —
. {/x PA Ql} awz |<o
-Z,
* * -hZ,

The above LMl is solved and the delay for different gain K is calculated.

Gain(K) 0.1 0.2 0.3 0.4 0.5

Delay(h) 14 7 4 3 2

Table 3.1: Value of delay (h) for different values of gain (K)
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3.3 Delay- independent stability [26]
X(k +1) = Ax(k) + A, x(k — h)

Lemma3.1: The above discrete time-delay system is asymptotically stable if
there exist matrices P > 0and Q > Osuch that the following linear matrix
inequality (LMI) holds

Q-P 0 AP

*  -Q AP|<O0
* * _P

Proof: Define the Lyapunov functional as

V() =X (k)Px(k) + ZXT (k= )Qx(k = j)

x(K) HATPA—P+Q ATPA, }[ x(K) }

AV(k) :|:X(k_h) * T -
A PA - Q[ x(k=h)

i {ATPA—P+Q ATPA,

<0, then the system is asymptotically stable.
7 o

Using Schur complement, the above LMI can be written as

Q-P 0 AP

*  -Q AP|<O0
* * _P
Examole: A= 0.2 0.3 A =d 03 0
pie: 01 al 0.2 0.

where d is the adjustable parameter and system scalar parameter a takes the
following values: -0.15 and 0.5.

The delay-independent asymptotic stability conditions are characterized by
means of range of parameter d and are summarized as

Oy
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Parameter a -0.15 +0.50
Stability boundary | d=2.11 d=1.51
Table 3.2: Delay-independent stability

Conclusion:

Both delay-dependent and delay-independent stability analysis of networked
control system is done. When a particular stability condition is derived which
depends on the size of the delay factor, the obtained result is delay dependent
stability. When derived stability condition does not depend upon delay size, we
eventually get delay independent stability condition. Delay-dependent stability
criteria are usually less conservative than the delay-independent ones
especially for small time-delays.

Page | 39



Chapter 4

STABILIZATION OF TIME-DELAY SYSTEMS

4.1 Stabilization Approach 1

4.2 Static Output-Feedback Stabilization (SOFS) Algorithm
4.3 Numerical Example

4.4 Stabilization Approach 2
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4 Stabilization of time-delay systems

We consider the static output-feedback stabilization of discrete time system
with time-varying delay. A static output-feedback controller only uses the
current output as input.

x(k +1) = Ax(k) + Ax(k - d (K))
X(k) = ¢(k)h, <d(k) < h, (4.1)

The above system is considered as, in general, open loop unstable.

4.1 Stabilization Approach 1 [28]

The static output-feedback stabilization problem is to design a controller
u(k) = Ky(k) where K is an appropriately dimensioned matrix to be
determinedy(k) is the measured output, u(k) the controlled input.

Taking this controller and the time-varying delay system given below

x(k+1) = Ax(k) + Ax(k - d(k)) + Bu(k)
y(k) = Cx(k) + Cx(k —d(k))
x(k) = (k)

the following closed-loop system is obtained

(4.2)

{x(k +1) = Ax(k) + Ax(k —d (k))}
x(K) = (k)

where A= A+BKC, A =A +BKC,

Theorem 4.1: For the system given in (4.2), a stabilizing output-feedback
controller u(k) = Ky(k) exists if there exists nxn matrices P > 0,Q > 0,L >
0,R, S and T satisfying the following matrix inequality

G -R+S' -R+T' (A+BKC+A +BKC)"

* -Q-S-S' -S-TT 0 <0
* * -T-T7 (A +BKC)"
* * * _L
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with the side condition PL = I
where G=-P+(h,-h +1)Q+R+R".

Proof: From Proposition 2.3, the closed-loop system given in (4.2) is
asymptotically stable if there exists nxn matrices P, Q, R, S and T satisfying the
following matrix inequality

G -R+S"  -R+T" (A+A)
* -Q-S-S -S-¢ 0
* * -T-T" -A'P

* * * _P

<0

where G=-P+(h,-h +1)Q+R+R".
Pre multiply and post multiply the above inequality by diag(1, 1, I, P

together with the substitution of the matrices defined in (4.2) leads to

G -R+S" -R+T' (A+BKC+A +BKC)'

* —-Q-S-8" -s-TT 0 <0
* * T-T7 A +BKC)T
* * * _p—l
Defining L = P~ this completes the proof of Theorem 4.1. u

It should be noted that the condition obtained in Theorem 4.1 is not a strict
LMI condition because of the side conditionPL = I. However, we can solve this
problem by formulating it as a sequential optimization problem subject to LMI
constraints.
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Problem Statement 1 (Static output-feedback stabilization): Find matrices

P>0,0>0L>0,R,S,T,K such that the following nonlinear minimization
problem can be solved

Minimize |tr(PL) — n|
subject to

G -R+S' -R+T' (A+BKC+A +BKC)'

* . _ _ T _c_T7T
Q-s-§ -5-T 0o <0 4.3)
* * T-T < A +BKC)
* * * _L
P |
and L IJzo (4.4) where G=-P+(h,-h +1)Q+R+R".

Trying to minimize |[tr(PL) —n| is easier than trying to directly solve the
original problem. This is done using Algorithm 1 as indicated in the below
section.

4.2 Algorithm 1 (Static output-feedback stabilization)

Step 1: Compute an initial feasible set (P°, Q°, L% R, S T?) satisfying (4.3)
and (4.4).Set k = 0.

Step 2: Solve the following LMI problem: find (P, Qs, Ls, R, S5, Ts, K) which
minimize tr(PL* + P¥L) subject to (4.3) and (4.4).

Step 3: If

G -R+S' -R+T,] (A+BKC+A +BKC)'
* _QS - SS - SST _SS _TST O
* * -T, -1, A +BKC)"

* * * _P-l

<0

whereG =-P, +(h, -h +1)Q, + R + R .Then K is the solution and stop.

Step 4: If the above condition is not satisfied, then go to Step 2.

Oy
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Find initial values
using (4.3} and
{4.4).5etk=0

Solve (4.3) and {4.4)
with minimize
tr(PL* + P*L)

P, L

Checkwhether
actual one with
P~ Y{without L) is
satisfied. Find K

Mo
h J
Kis the P.L
solution

Fig 4.1: Flowchart Representation of SOFS Algorithm
4.3 Numerical Example

Consider the following discrete-time system with a time-varying delay

08 O -01 O 1
x(k +1)—{0.05 O.g}x(k){_ 02 - le(k_d(k)){ O.}Su(k)

k—1 1 k+10 k-d(k
y()—O 1X() 11X( (k)

Assume that the minimum delay bound is h;=2.
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Using Theorem 4.1 and SOFS algorithm (Section 4.2), a stabilizing controller
gain is obtained as K = —[0.1224 0.0447]for h, = 10.

Simulation of the above system:

.._

I

]

To Workspace?2

Fig 4.2 Simulation Diagram of the above system

The system given in 4.3 is simulated both for fixed delay and variable delay and

simulation results were obtained.

Simulation Results:

y1l1l and y12

Output y1 vs time

1
A —vyll
yl2 |
_1 I | |
0 50 10 15 20
Time (sec)
(4.3a)
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Output y2 vs time

2 |
—vy21
y22
N I
N
>
©
= -
@
—
AN
> 11 i
_2 | | |
0 50 100 150 200
Time (sec)
(4.3b)
Fig 4.3: Simulation results of the above system for fixed delay
Output y1 vs time
1 T T T T T T T
—vy11

yll andyl2

1 | | | |

| 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
Time (sec)
(4.4a)
Output y2 vs time
2 T T T L
—vy21
ﬁ 1+ |5 y22 |
> | [ "
e]
c
IS
—
S
AF 4
_2 1 1 1 1 1 | 1 1 1
0 20 40 60 80 100 120 140 160 180 200
Time (sec)
(4.4b)

Fig 4.4: Simulation results of the above system for variable delay

Conclusion: System is stabilized by the output-feedback controller K.

Oy

Page | 46



4.4 Stabilization Approach 2

Proposition2.2: For given two nonnegative integers hl and h, satisfying
0<hl<h2, the system (2.1) is asymptotically stable if there exist matrices
P>0,Q >(Q(i=1, 2, 3) and Z, > 0(j =1,2)such that

o-[o 1 0 -1 0 dz[ol 0-1 0 0<o0O (2.1z
©-[o -1 1 00 dz[o-1 1 00 0<o0 (2.12
where
[(ATPA-P+Q, |
+Q, + (1+h,)Q, ATPA, Z, 0 h(A-1)Z, h(A-1)Z,
_Zl
.
* Al PAl ZZ ZZ hlAIZl hlZA-g.Z 2
o= _QS - 222
- % {_Ql - Zl} 0 0 0
_22
* * * -Q, - Z, 0 0
* * * * _Zl 0
L * * * * * _Z2 ]

Theorem 4.2: Applying Schur complement and pre-multiply and post multiply
the above two inequalities by diag(l, 1, I, I, Z{*, Z;1,P™1) together with
the substitution of the matrices defined in (4.2) leads to

([Q+Q _ _ T
A’ A’ —
+(1+h,)Q 0 Z 0 n h, AT
2 3 1 _h_ll _hl |
-Z,-P ?
* _Qa _322 222 Zz hlz‘-{ hlzz‘Tl 'E‘Tl
W = * * { A Zl} 0 0 0 0 <O
-2Z,
* * * -Q,-Z, 0 0 0
* * * * _N 0 0
* * * * * _M 0
| * * * * * 0 _L—
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([Q+Q,
+(1+ I«!1.2 )Q3 O Zl
-Z2,-P
* {-Q,-3z)} Z,
WY, = * * {_Ql
_22
* * *
* * *
* * *
* * *

0 {hﬁ} {hlﬁ} .
—hl —hﬂ
2Z, hAl  hAl Al
- Zl} 0 0 0 0 [<0

-Q,22, O 0 0

* ~N 0 0

* * M 0

* * * _L_

with the side condition PL=I, Z,M = I,Z;N = I.

It should be noted that the condition obtained in Theorem 4.2 is not a strict
LMI condition because of the side conditionsPL =1, Z,M =1,Z;N = 1.
However, we can solve this problem by formulating it as a sequential

optimization problem subject to LMI constraints.

Problem Statement 2 (Static output-feedback stabilization): Find matrices
P>0, Q;(i =1,2,3) > O,Zj(]' = 1,2),K such that the following nonlinear

minimization problem can be solved

Minimize |tr(PL) — n|,|tr(Z,M) — n|, |tr(Z;N) — n|

subject toW; < 0

Y, <0

a7 il ol e
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Numerical Example: Consider the following discrete-time system with a time-

varying delay

08 O -01 O 1
x(k +1)—{O.05 O.Q}X(k){— 02 - le(k_d(k)){ O:Lu(k)

=17 o+t Clxk-dk
y(k) = X(k) 11X( (k))

0 1

Assume that the minimum delay bound is h; = 2.

Using Theorem 4.2 and SOFS algorithm (Section 4.2), a stabilizing controller
gain is obtained asK = [0.1177 0.0583].

Simulation Results:

Output y1 vs time

1‘ T T T
—vyll
y12
o
> 0.5 i
©
c
@
i
< o -
_05 1 I I I
0 200 400 600 800 1000
Time (sec)
(4.5a)
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Output y2 vs time

2 » ‘
—vy21
22
~ 1.5 Yoo
N
>
©
S 1 l
—
N \
>
0.5} ,
O | 1 1
0 200 400 600 800 1000
Time (sec)
(4.5b)

Fig 4.5: Simulation results of the above system

Conclusion:

System is stabilized by the output-feedback controller K. Two stabilization
approaches have been studied. In earlier case we are getting negative value of
gain K and the system stabilizes faster. But by proposition2.2 we are getting
positive value of gain K and the system takes longer time to stabilize.
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5 Contribution & Future Work

5.1 Contribution

Existing stability criteria has been studied and one stability criteria has been
extended to stabilize the system.

5.2 Future Work

Stability criteria may also be used to enhance the performance of the system.
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