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Abstract

The present thesis consisting of three chapters is devoted to the study of Intuitionistic
fuzzy topological spaces. After giving the fundamental definitions we have discussed the
concepts of intuitionistic fuzzy continuity, intuitionistic fuzzy compactness, and separation
axioms, that is, intuitionistic fuzzy Hausdorff space, intuitionistic fuzzy regular space,

intuitionistic fuzzy normal space etc.
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Chapter 1

Preliminaries and Introduction

1.1. Intuitionistic Fuzzy Set

Fuzzy sets were introduced by Zadeh [11] in 1965 as follows: a fuzzy set A in a nonempty
set X is a mapping from X to the unit interval [0, 1], and A(z) is interpreted as the degree
of membership of x in A. Intuitionistic fuzzy sets [1] can be viewed as a generalization of
fuzzy sets that may better model imperfect information which is in any conscious decision
making. Intuitionistic fuzzy sets take into account both the degrees of membership and
of nonmembership subject to the condition that their sum does not exceed 1. Let E
be the set of all countries with elective governments. Assume that we know for every
country x € FE the percentage of the electorate that have voted for the corresponding
government. Denote it by M (z) and let p(x) = M(2)/100 (degree of membership, validity,
etc.). Let v(x) = 1 — pu(z). This number corresponds to the part of electorate who
have not voted for the government. By fuzzy set theory alone we cannot consider this
value in more detail. However, if we define v(x) (degree of non-membership, non-validity,
etc.) as the number of votes given to parties or persons outside the government, then
we can show the part of electorate who have not voted at all or who have given bad
voting-paper and the corresponding number will be w(z) = 1 — u(x) — v(x) (degree of
indeterminacy, uncertainty, etc.). Thus we can construct the set {(x, u(x),v(x)) : x € E}.

Intuitionistic fuzzy sets (IFS) are applied in different areas. The IF-approach to artificial



intelligence includes treatment of decision making and machine learning, neural networks
and pattern recognition, expert systems database, machine reasoning, logic programming
etc. IFSs are used in medical diagnosis and in decision making in medicine. There are
also IF generalized nets models of the gravitational field, in astronomy, sociology, biology,
musicology, controllers, and others. Along with these IFS are also studied extensively in
the topological framework introduced by D. Coker which is the basis of our work.
Definition 1.1.1 [1]: Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS for
short) A is an object having the form A = {(z, pa(z),va(z)) : © € X} where the functions
pa X — I and vy : X — I denote the degree of membership (namely p4(z)) and the
degree of non-membership (namely v4(z)) of each element = € X to the set A, respectively,
and 0 < pa(x) + va(x) <1, for each z € X.

Example 1.1.2: Every fuzzy set A on a non-empty set X is obviously an IFS having the

form A = {{x, ua(z),1 — pa(x)) : x € X}
1.2. Basic Operations on IF'S

Definition 1.2.1 [1]: Let X be a non empty set, and the IF'Ss A and B be in the form

A= {(r, pa(),va(2)) s v € X} and B = {(z, pup(r), yp()) : v € X}
1. AC Biff pa(x) < pp(z) and va(x) > yp(x) for all z € X.

2. A=Biff AC Band B C A.

3. A= {{z,va(x),pa(x)) v € X}.

4. ANB = {{w, pa(e) A (), 74(0) V 75(2)) : 2 € X}



5. AUB = {(z, pa() V pp(2), va(2) Nyp(2)) 2 € X}

6. [ JA={(z, palx),1 = pa(x)) - v € X}

7. (A ={(z,1 =7a(2),74(7)) : x € X}

Example 1.2.2 [4]: Let X = {a,b,c}

0.570.67 0.4 0.27 0.3’ 0.3 0.4’ 0.57 0.2 0.5704’ 04
_ a b c a b c
E={z (3506 05) (01 03 02)

Here A = (z, (%, 24, 65), (&, 5. 25)), A C E because pa(z) < pp(x) and va(z) > vp(z),
for every x € X. Further, A|J B = {{(z, pa(z) \/ p5(x),v4(x) Ava(2)) : 2 € X} = C and
ANB = {{z, pa(z) A ps(x),74(x) V y8(2)) : 2 € X} = D.

Definition 1.2.3 [4]: Let {4, : i € J} be an arbitrary family of IFS in X .Then

() M As = {(& A (2), Vv () < 2 € X}

(b) Ui = {(z,V pa; (2), Ayay(2)) : @ € X}

Definition 1.2.4 [4]: The IFS 0. and 1. in X are defined as

0.~ ={(x,0,1) : z € X}

1. ={{(z,1,0) : z € X},

where 1 and 0 represent the constant maps sending every element of X to 1 and 0, respec-
tively.

Corollary 1.2.5 [4]: Let A ,B ,C be IFSs in X . Then

(a) ACBand CC D= AJC CBJDand ANC C BND,

(b ACBand ACC=AC BNC,



Cand BCC= AUBCC,
Band BCC=ACC(,

B,

1.3 Images And Preimages of IFS

Definition 1.3.1 [4]: Let X and Y be two nonempty sets and f: X — Y be a function.

(a) If B={{y, up(v),v8(y)) : y € Y} is an IFS in Y ,then the preimage of B under f

denoted by f~!(B) is the IFS in X defined by
fHB) = {(a, fH (up) (@), T (vp) (@) s @ € X},

whete f~(sip)(z) = pp(£(2)) and £~ (v5)(x) = 15(f(2)).
(b) If A = {(x,\a(z),va(x)) : x € X} is an IFS in X ,then the image of A under f

,denoted by f(A) is the IFS in Y defined by

fA) = {{y, fAA) (W), (1 = f(1 —wva))(y)) :y €Y}

Do 1y Aa(x) i FI(y) £ 0
FO)=q e !

0, otherwise,



inf 10 va(z) if [ y) #¢
(- fa-wyy =4 ’

1, otherwise,

For the sake of simplicity, let us use the symbol f_v(A) for 1 — f(1 —v4).
Proposition 1.3.2 [4]: Let A, A;(i € J) be IFSs in X, B, B;(j € K) IFSs in Y and
f:X =Y a function. Then
(a) Ai € Ay = f(A) C f(A),
(b) B1 € By = f~1(B1) C f71(B),
() AC f1(f(A)) and if f is injective, then A = f(f~(A)),
(d) f(fY(B)) C B and if f is surjective, then f(f~'(B)) = B,
(e) fHHUB) =U (B,
() 71N By =N f(By),
(g) F(UA) =Uf(4),
(h) f(NA:) €N f(A) [if f is injective, then f() A;) = f(A:)],
i) ) =1 () f7(0.) =0,
(k) f(1.) =1, if f is surjective (1) f(0~) =0,
(m) f(A) C f(A), if f is surjective,
(n) f7(B) = f~1(B).
Proof. Let Bj = {(y, 15, 78,) 1y € Y}, Ai = {(z,A4;,04,) : v € X}, where (i € J,j €
K) and B = {(y, i, v5) 1y € Y}, A= {{x,A1,04) 1z € X}
(a) Let Ay C Ay . Since Ag, < Ag, and 04, > ¥4,, we obtain f(A4,) < f(Aa,) and

1—04, <1—=94,= f(1=04,) < f(l=94,)=1—f(1-04)>1—f(1—14,) from



which it follows that f(A;) C f(As) .

(©) F7HAA) = FHF @ A 9a)) = FH, FO) - (0))) = o (),
FAFW) 2 (e Aada) = A [ Notice that f71(f(Aa)) = Ax and f7(f-(0a)) =
S A= 90) = 1= Q= 00) < 1= (1= a) = b4,

() FNA) = Fa Adas V0 = 0 FAN) SV 9)) € (0 AT,
V/-(94)) = NF(A). [ Notice that f(AA) < AF(A) and f-(V0a) = 1 f(1 -
Via) = 1= FAL=04)) > 1= AL =0a) = V(L= F1=9)) =V [-(04)]



Chapter 2

Intuitionistic Fuzzy Topological Space

2.1. Intuitionistic fuzzy topological space

Definition 2.1.1 [4]: An intuitionistic fuzzy topology (IFT) on a nonempty set X is a
family 7 of IFS in X satisfying the following axioms

(Ty) 0, 1o €T

(T3) G1( G2 € T, for any G1,Gs € T

(T3) UG; € 7, for any arbitrary family {G, : G; € 7, i € I'}.

In this case the pair (X, 7) is called an intuitionistic fuzzy topological space and any IFS
in 7 is known as intuitionistic fuzzy open set in X .

Example 2.1.2 [4]: Let X = {a,b,c}

A= <337 <ﬁ’%’0_?4>’ (%2’&’ 0_C4)>’ B = <I, (0147%67 0_02)7 (&7 %7 %)%
C =, (5% i 50) (6 50 53) D = (0 (&5 05 02) (85 00 03))-

Then the family 7 = {0.,1., A, B,C, D} of IFSs in X is an IFT on X .

Proposition 2.1.3 [4]: Let (X, 7) be an IFTS on X . Then we can also construct several
IFT on X in the following way

(a) o0 ={[ 1G: G e}

(b) o2 ={( )G:Ger}.

Proof: (a) (11) 0.,1. € 79, is obvious.

(TQ) Let [ ]Gl,[ ]GQ € To,1-



Since G1, Gy € T, therefore G1 Gy = (x, 1 \ 12,71\ 72) € 7. This implies that

([ ]Gl) ﬂ([ ]GQ) = <'T7MG1 /\MGzﬁ (1 - H’Gl) \/(1 - “G2)>
= <ZE,/LG1 /\:LLGQ’ 1- (/I’Gl /\MGz)> € To,1-

(T3) Let {[ |Gi,i € J.G; € T} C 194. Since |JG; = (z,\ e, Nva,) € 7, we have

U 16) = @, \ e, N1 = pe)

= <x,\/uci, 1— \/MG) € Toi-
(b) (T1) It is obvious that 0. and 1. € 195 .
(T3) Let ( )Gy, ( )G € T 2.
Since G1, Gy € T, therefore Gy (G2 = (x, 1 \ 2,71 \V 72) € 7.
Thus, (( )G) N )G2) = (@, (1=7) A(01=72), 71 V72) = (2,1 = (1 V72), 11V 72) € 702
(T3) Let {( )Gii € J,G; € 7} C 192. Since YG; = (x,V e, Nve;) € 7, we have
U )G = (@ V(1 =60 Ave) = (1 = (Ave), A € oz
Definition 2.1.4 [4]: Let (X,7) ,(X,7) be two IFTSs on X. Then 7 is said to be
contained in 7, if G € 1 for each G € 11 . In this case, we also say that 77 is coarser than
.
Proposition 2.1.5 [4]: Let {r; : i € J} be a family of IFTS on X . Then N7; is also an
IFT on X. Furthermore, N7; is the coarsest IFT on X containing all 7/s.
Proof: Let {7 :i € J} be a family of IFTS on X. We have to show that N7;,7 € J is an

IFT on X .

(i) 0~ € 7, for every ¢ € J. From this it follows that 0. € N7;. Similarly, 1. € N7;



(ii) Let G1,G3 € N7;. Then Gy, Gy € 7, for every i € J and hence, Gy NGy € 14, Vi € J.
Thus, G1 NGy € N;.

(iii) Let {G;:j€ K} € N7. Then {G,:j€ K} C 7, for every ¢ € J and hence,
UjEK Gj € T, Vi e J. ThUS, UjeK Gj € N7;.

Clearly, it is the coarsest topology on X containing all 7/s. Since if 7 is any other IFT on

X which contains every 7;, then obviously it will also contain N7;.

2.2. Basis and Subbasis for IFTS

Definition 2.2.1 [9]: Let o, 5 € (0,1) and ao+ < 1. An intuitionistic fuzzy point (IFP

for short) Plag Of X is an IFS of X defined by pf,, 5 = (@, pp, vp), where for y € X

a ify==x
1p(y) =
0 ify#ux,
\
(
g ify==x
YY) = <
1 ify #x,

\

In this case, x is called the support of Plap)- An IFP Plap) 18 said to belong to an IFS
A = (z,pa,7a) of X, denoted by p, 5 € A, if a < pa(z) and 8 = ya(z).
Proposition 2.2.2 [9]: An IFS A in X is the union of all IFP belonging to A.
Definition 2.2.3: A collection B of IF'S on a set X is said to be basis (or base) for an

IFT on X, if

i) For every p? . in X, there exists B € B such that p? ., € B.
Y Pla,8) (@.8)



(ii) prﬂ(”aﬁ) € B1N By, where By, By, € B, then 93B3 € B such that P&B) € B3 C BiNBs.

Proposition 2.2.4: Let B be a basis for an IFT on X. Let 7 contains those IFS G of X
for which corresponding to each pfaﬂ) € G, 3B € B such that pg(caﬁ) € BCG. Then 7 is
an I[IFT on X.

Proof:

(i) Since 0. does not contain any IFP, therefore for it the condition is vacuously true.
Further, 1. contains every IFP and for it the condition follows from the definition of

the basis.

(ii) Let G; = (z, pg,, Vg,), where @ € I, be a family of members of 7. We have to prove

that (J,.; G € 7. That is |J,.; Gi = {{z,Vug,(x), A\vg,(x)) - v € X} € 7. Let
Plap) € Uic; Gi- Then, Plag) € G; for some j € I. Therefore 3B; € B such that

Ping € B € G CUi, Gier

(iii) Let G1,Go € 7. If G;1 NG9 = 0. then obviously G; N Gy € 7. Now, suppose that
pg(”aﬂ) € G1 N Gy. Then there exist By, By € B such that p“("aﬂ) € By € GG and
pg(”a75) € By C (G5. That is, pg("awg) € B; N By C Gy NGy. By the definition of the basis
there exists Bs € B such that pﬂ(”aﬁ) € B; C By N By. Thus p(maﬁ) € B; C G; NGs.

Hence G1 NGy € 7.

Proposition 2.2.5: Let 7 be an IFT on a set X, generated by a basis B. Then members

of 7 are precisely the union of members of B, that is, G € 7 iff G = |J,c 4 Ba, where

B, € B,Va € A.

10



Proof: Clearly B C 7. Since 7 is a topology on X, therefore any arbitrary union of
members of B belongs to 7. That is, J,c4Ba € 7 as B, € B. Conversely suppose
that G € 7. Then for each Plap) € G, 4 B, € B such that Plag) € B, € G. Thus
¢= Up(a 5€

Definition 2.2.6 [9]: Let (X, 7) be an IFTS. Then a subfamily S C 7 is called a subbasis
for 7 if the family of finite intersections of members of S forms a base for 7.

Definition 2.2.7 [4]: The complement A of an IFOS A in an IFTS (X, 7) is called an

intuitionstic fuzzy closed set (IFCS) in X.
2.3. Closure and Interior of IFS

Definition 2.3.1 [4]: Let (X, 7) be an IFTS and A = (x, ta,v4) be an IFS in X. Then
the fuzzy interior and fuzzy closure of A are defined by
cd(A)={K:Kisan IFCSin X and A C K},
int(A) = J{G : G is an IFOS in X and G C A}.
Note that cl(A) is an IFCS and int(A) is an IFOS in X. Further,
(a) Ais an IFCS in X iff cl(A) = A;
(b) A is an IFOS in X iff int(A) = A.

Example 2.3.2 [4]: Let X = {a,b,c}

N
I
—~

8

—~
|=
|®‘
Sle

~—

C = (2 (¢% 05 03) (3% 05 03D = (& (35 55 03) (05 09 53))-

Then the family 7 = {0.,1., A, B,C, D} of IFSs in X is an IFT on X .

11



int(F)=J{G:Gisan IFOS in X and G C F'} = D, and
A(F)=(|{K:KisanIFCSin X and FC K} = 1..

Proposition 2.3.3 [4]: For any IFS A in (X, 7) we have

(a) cl(A) = int(A)

(b) int(A) = cl(A

~—

Proof: (a) Let A = (x, ua,va) and suppose that the IFOS’s contained in A are indexed

by the family {(z, pc,,vq,) : @ € J}. Then, int(A) = (x,Vug,, \NYe,) and hence

Znt(A) = <LE, AYGy s \/:U’Gi>' """"" (1)

Since A = (x, 74, ta) and pg, < fia,va, = 74, for every i € J we obtain that {(z, vq,, pe,) :

i € J} is the family of IFCS’s containing A, that is,

CZ(A) = <.1', NGy s \//J’Gi>' """"" (2)

Hence from equation (1) and (2) we get cl(A) = int(A).
(b) Let A = (x, ua,v4) and suppose that the family of IFCS’s containing A is given by

{{z,pe;,v¢,) : i € J}. Then we have that cl(A) = (z, Aug,, V7e,) and hence,

M = <Z‘, VG, ANG¢>' """"" (3)

Since A = (x,va, ua) and pa < pa,,v4 > Yq,, for each i € J, we obtain that {(z, vq,, pua,) :

i € J} is the family of IFOS’s contained in A, that is,

Znt(A) = <33, Ve, /\MGi>' """"" (4)

12



Hence, from equation (3) and (4) we get int(A) = cl(A

~—

Proposition 2.3.4 [4]: Let (X, 7) be an IFTS and A, B be IFSs in X. Then the following
properties holds

(a) int(A) C A

(b) A C cl(A)

(¢c) AC B = int(A) Cint(B)

(d) AC B=cl(A) Cd(B)

(e) int(int(A)) = int(A)

(f) cl(cl(A)) = cl(A)

(g) int(AN B) =int(A) Nint(B)

(h) cl(AU B) = cl(A) U cl(B)

(i) int(1.) = 1.

(3) €l(0~) = 0~ .

Proposition 2.3.5 [4]: Let (X, 7) be an IFTS. If A = (x, 14, v4) is an IFS in X then we

have
(i) int(A) C (x,int,, (pa),cl,(y4)) C A
(i) A C (z,clry(pa), inty, (74)) € cl(A),
where 7y and 7y are fuzzy topological spaces on X defined by
n={pg:GET} n={1-v:Gert}.

Proof: (i) Let A = (x,pa,v4) and suppose that the family of IFOSs contained in A
are indexed by the family {(z, ug,,vs,) : @ € J}. Then int(A) = (x,Vug,, \vg,). Each

13



member of the family of fuzzy open sets {uq, : i € J} € 7 is contained in p4 and
hence \/{ug, : i € J} < int,; (pa). Again each member of the family of fuzzy closed
sets {1, : © € J} € 1 contains 4 and hence A{yg, : i € J} > cl,(v4). Thus we get
int(A) C (x,int,, (pna),cly,(v4)) C A.

(ii) Let B = (x, up,vg). Then from (i), we get int(B) C (x,int,, (ug),cl,,(v5)) C B, or

B C (x,cl,(vB), int,, (up)) Cint(B) =cl(B). -+ (1)

Now suppose that A = B, i.e. (x,pua,v4) = (x,v5, u). Then, from (1) we get A C
(@, clry(pa), intz, (va)) C cl(A).

Corollary 2.3.6 [4]: Let A = (x, ua,v4) be an IFS in (X, 7).

(a) If A is an IFCS, then p4 is fuzzy closed in (X, 72) and v, is fuzzy open in (X, 7).

(b) If A is an IFOS, then p4 is fuzzy open in (X, ) and ~4 is fuzzy closed in (X, 7).
Proof: (a) Let A = (z,p4,74) be an IFS in (X, 7). If A is an IFCS, then it means
that cl(A) = A, and hence from part (ii) of the previous result, we get (x,pa,v4) =
(x,cl,(pa),intr (v4)). This implies that ps = ¢l (pa) and y4 = int, (v4). Hence, p4 is
fuzzy closed in (X, 73) and 74 is fuzzy open in (X, 71).

(b) Let A = (x, ua,v4) be an IFS in (X, 7). If A is an IFOS, then A = int(A). From part
(i) of the previous result, we get (z, pa, va) = (x,int (p1a), clry(y4)). Thus, pa = int,, (pra)
and y4 = cl.,(74) and hence p4 is fuzzy open in (X, 77) and 74 is fuzzy closed in (X, 73).

Example 2.3.7 [4]: Consider the IFTS (X, 1), where X = {a,b, c},

A= <$, <0f’0%b’0_?4>’ (0%27%’ %))’B - <I7 (0%4)0%670%2)7 (&7 %7 0_83)>u

[S8
ot
o
o

|

C=(2,(35 55 53) (32 93 53 D = (. (g5 05 02)- (05> 04 03))» and

(=]
ot
(=]
=]
w

7={0.,1, A4, B,C,D}. Let F = (z, (5%, 5%, 55 ). (3%, o4+ 53))» then



int;,(up) =sup{O : O < F,0 € 11} = ( =) and cl,(yr) = inf{K : F < K,K° €

a b

0.57 0.5 0.4
__(.a b c

7—2} - (ﬁv 0.4 0_4)

2.4. Intuitionistic Fuzzy Neighbourhood

Definition 2.4.1 [6]: Let pf, 5 be an IFP of an IFTS (X, 7). An IFS A of X is called an
intuitionistic fuzzy neighborhood (IFN for short) of Dlap) if there is an IFOS B in X such
that pfaﬁ) € B C A.

Theorem 2.4.2 [6]: Let (X, 7) be an IFTS. Then an IFS A of X is an IFOS if and only
if A is an IFN of Plap) for every IFP Plap) € A.

Proof: Let A be an IFOS of X. Clearly, A is an IFN of every Plap) € A. Conversely,

suppose that A is an [FN of every IFP belonging to A. Let Plag) € A. Since A is an IFN

of p(, 5, there is an IFOS Bye  in X such that pf, 5 € By C A. So we have A =

U{pfaﬁ) :p%aﬁ) € A} C U{Bp&ﬁ) :p:(’“"aﬂ) € A} C A and hence A = U{Bpfa,g) :pfaﬁ) € A}.

Since each Bpfa 5 is an IFOS, A is also an IFOS in X.
2.5. Intuitionistic Fuzzy Continuity

Definition 2.5.1 [4]: Let (X, 7) and (Y, ¢) be two IFTSs and let f : X — Y be a function.
Then f is said to be fuzzy continuous iff the preimage of each IF'S in ¢ is an IFS in 7.
Definition 2.5.2 [4]: Let (X, 7) and (Y, ¢) be two I[FTSs and let f : X — Y be a function.
Then f is said to be fuzzy open iff the image of each IFS in 7 is an IFS in ¢.

Example 2.5.3 [4]: Let (X, 79) and (Y, ¢g) be two fuzzy topological space in the sense of
Chang.

(a) If f : X — Y is fuzzy continuous in the usual sense, then in this case, f is fuzzy

15



continuous iff the preimage of each IFS in ¢, is an IFS in 7y. Consider the IFTs on X and

Y, respectively, as follows:

T ={{z, e, 1 — pe) : g € 7o} and ¢ = {(y, A\w, 1 — Au) : Aw € do}-

In this case we have for each (y,Ag,1 — Ag) € &, ug € do. [ ({y, g, 1 — Agg)) =
(@, [T m) fTH L= Am)) = (2, [ (), L= 71 (Am)) € 7

(b) Let f : X — Y be a fuzzy open function in the usual sense. Then f is fuzzy open
according to definition (2.5.2). In this case we have, for each (z, ug,1 — ug) € 7, ug € 7
and hence, f((z, ue, 1 — pa)) = (. f(ue), [-(1 — pue)) = (v, f(re). 1 = f(ue) € ¢.
Proposition 2.5.4 [4]: f: (X,7) — (Y, ¢) is fuzzy continuous iff the preimage of each
IFCS in ¢ is an IFCS in 7.

Proof: Let f : (X,7) — (Y, ¢) is fuzzy continuous. Let B = (y,up,vp) is an IFS in

¢, B = (y,7p,up) is IFCS in ¢. f~1(B) = (x, [ (v), [ (np)) = f7L(B). since f is
continuous, so by definition of continuous f~'B = fT(B) ET.

conversely given f: (X,7) — (Y, ¢) and the preimage of each IFCS in ¢ is an IFCS in 7.
We have to show f is fuzzy continuous. Let B = (y, ug,vg) is IFS in ¢, B = (y, Vs, i)
is IFCS in ¢. f~(B) = (z, f'(vg), f*(us)) = f~1(B). Since f is a function from X, 7
to Y, ¢.So f~' is a function from Y, ¢ to (X, 7).B is IFCS in ¢,So f~'(B) = f~(B) is an
IFCS in X. = f~1(B) € 7. Hence f is fuzzy continuous.

Proposition 2.5.5 [4]: The following are equivalent to each other.

(a) f:(X,7) = (Y, ¢) is fuzzy continuous.

(b) f~1(int(B)) Cint(f~*(B)) for each IFS B in Y.
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(c) c(f~1(B)) C f~Y(cl(B)) for each IFS B in Y.

Proof: (a) = (b) Given [ : (X,7) — (Y, ¢) is fuzzy continuous. Then we have to show

that f~!'(int(B)) C int(f~1(B)), for each IFS B in Y. Let B = (y,up,vyp) be an IFS

in Y. Let int(B) = {{y,Vuu,, A\yn,) : i € I}, where uy, < pp and vy, > ~p for each

i € I. By the definition of continuity f~!(int(B)) is an IFS in 7. Now, f~!(int(B)) =
s Vi M) = (@ f7 Vi), f (M) = (VT ), A vm))) € int(f7H(B)),
since f~(um,) < f~H(up) and [~ (y,) > f7H (vp), for every i € I.

(b) = (a) Given f~'(int(B)) C int(f~*(B)), for each IFS B in Y. To show that f is

fuzzy continuous. Let B = (y, up,v5) be an IFS in ¢. We have to show that f~!(B) is an

IFS in 7. We know that B is open in Y iff int(B) = B and hence, f~!(int(B)) = f~'(B).

But according to our assumption f~!(int(B)) C int(f~!(B)), therefore we get f~1(B) C
int(f~Y(B)). Hence, f~Y(B) = int(f~'(B)), i.e., f~'(B) is an IFS in 7 and this proves
that f is fuzzy continuous.

(a) = (c) Given f : (X,7) — (Y,¢) is fuzzy continuous. We have to show that
cd(f~Y(B)) € f(cl(B)), for each IFS B in Y. Let B = (y,up,7ys) be an IFS in
Y. Let cl(B) = {{y, A\iur,, VyE,) : i € I}, where pup, > up and vg < vp, for each i €
I. Since f is fuzzy continuous iff the inverse image of each IFCS in YV is an IFCS in
X, therefore f~'(cl(B)) is an IFCS in X. Now, f~'cl(B)) = f~'({y, Ap,, VyE)) =
(s 1A £ (vm)) = o A (), VO () 2 el (B)), since £ (ur) 2
fHup) and f~Y(vg) < f~Y(yB), for every i € I.

(c) = (a) Given that cl(f~'(B)) C f~'(cl(B)), for each IFS B in Y. We have to prove

that f is fuzzy continuous, that is, we have to show that the inverse image of each IFCS
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in Y is an IFCS in X. Let B = (y,up,vs) be an IFCS in Y. We have to show that
f7YB) is an IFCS in X. Since B = cl(B), therefore f~!'(B) = f~!(cl(B)) but it is given
that cl(f~1(B)) € f~'(cl(B)), hence cl(f~*(B)) C f~4B) = f~(cl(B)). So from this
we conclude that f~!(B) = cl(f~'(B)), i.e., f~'(B) an IFCS in X. This proves that f is

fuzzy continuous.
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Chapter 3

Compactness and Separation Axioms

3.1. Intuitionistic Fuzzy Compactness

Definition 3.1.1 [4]: Let (X, 7) be an IFTS.

(a) If a family {(z, ug,,vq,) : ¢ € J} of IFOS in X satisfy the condition J{(x, ug,,vq,) :
i € J} = 1. then it is called a fuzzy open cover of X. A finite subfamily of fuzzy open
cover {(z, ug,,vg,) : ¢ € J} of X, which is also a fuzzy open cover of X is called a finite
subcover of {(x, ug,,vq,;) : 1 € J}.

(b) A family {(x, uk,,vk,) : ¢ € J} of IFCSs in X satisfies the finite intersection property
iff every finite subfamily {(z, ux,,vk,) : @ = 1,2,--- ,n} of the family satisfies the condition
N (7, oy, V) b # O

Definition 3.1.2 [4]: An IFTS (X, ) is called fuzzy compact iff every fuzzy open cover

of X has a finite subcover.

Example 3.1.3 [4]: Consider the IFTS (X, 7), where X = {1,2}, G,, = (z, (=, +31), (-

ntl nt2 nt2

and 7 = {0~,1.} U{G, : n € N}. Note that |J,.y G, is an open cover for X, but this

cover has no finite subcover. Consider

1 2 1 2
G = @(ﬁ,@) (ﬁ @))
1 2 1 2
Gy = (r, (% ﬁ) (ﬁ ﬁ))
1 2 1 2
Gz = ( (m7@) (0—2 m))

Y

2

1

n+3

))



and observe that G; U Go U Gz = G3. So, for any finite subcollection {G,, : i €
I, where [ is a finite subset of N}, U, .; Gn, = G # 1., where m = max{n; : n; € I}.
Therefore the IFTS (X, 7) is not compact.
Proposition 3.1.4 [4]: Let (X,7) be an IFTS on X. Then (X, 7) is fuzzy compact iff
the IFTS (X, 701) is fuzzy compact.
Proof: Let (X, 7) be fuzzy compact and consider a fuzzy open cover {[ |G, : j € K} of
X in (X, 701). Since |J([ ]G;) = 1. we obtain \/ ug = 1, and hence, by 7o, <1 — pg, =
ANve;, <1 —-=Vpg, =1-1=0= Avg =0, we deduce JG; = 1.. Since (X,7) is
fuzzy compact there exist Gy, Gs,- -G, such that |J;_, G; = 1. from which we obtain
Vi e, =1and Al (1 — pg,) =0, that is, (X, 71) is fuzzy compact.

Suppose that (X, 7y1) is fuzzy compact and consider a fuzzy open cover G, : j € K of
X in (X, 7). Since |JG; = 1., we obtain \/ ug, = 1 and A\(1 — pg,) = 0. Since (X, 79,) is
fuzzy compact there exist Gy, Gy, - - - G,, such that |, ([ |G;) = 1., that is, /|, pe, = 1
and A\ (1—pg,) = 0. Hence ug, <1—vg, = 1=V, pe, <1-A,v¢, = Niei Ve = 0.
Hence (J;_, G; = 1. Therefore (X, 7) is fuzzy compact.
Corollary 3.1.5 [4]: Let (X,7), (Y,¢) be IFTSs and f : X — Y a fuzzy continuous
surjection. If (X, 7) is fuzzy compact, then so is (Y, ¢).
Proof: Given that f is continuous and onto and (X, 7) is fuzzy compact. To show that
f(X) =Y is also fuzzy compact. Let us consider an open cover {G, : j € K} of Y, then
Uje Gs = 12, Let G = (9, a7, Now, F Uy G3) = 17(12) = Uyeye £71(G) =
1X. Since G; is open in Y, for every j € K, therefore f~'(G;) is open in X, for ev-
ery j € K as the map f is fuzzy continuous. Thus the family {f~'(G;) : j € K}
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is an open cover for X and since X is compact this family has a finite subcover, say,
{f7HG), f7HGa), -+, f7HGR) Y Thus, UL, f71(Gy) = 12 Now, f(UL, f71(Gy)) =
fA5) = UL, F(FYGy))) = f1X) = Ui (G)) = 1Y, (as the map f is surjective). This
proves that Y is fuzzy compact.

Corollary 3.1.6 [4]: An IFTS (X, 7) is fuzzy compact iff every family {(z, ug,, vk,) : i €
J} of IFCSs in X having the FIP has a nonempty intersection.

Proof: Assume that X is fuzzy compact i.e every open cover of X has a finite subcover.
Let {K; = (z, uk,,7k,) : © € J} be a family of IFCS of X. Also assume that this family
has finite intersection property. We have to show that (,.; IK; = (e, {(2, tri» V) 10 €
J} # 0.. On the contrary suppose that

ﬂK—O :>ﬂK 0. = UE:U<$’7Ki7“Ki>:1N

ieJ ieJ ieJ ieJ

Since for every i € J, K; is an IFCS of X, therefore K; will be an IFOS of X. Thus,
{K; = (x,79k,, ix,) = i € J} is an open cover for X. Since X is fuzzy compact therefore

this cover has a finite subcover, say, Ui, K; = U, {{z, v, i) : i € J} = 1. Then,

CJK:K: ﬁK —
=1 =1

Thus, the above considered family does not satisfy the FIP which is a contradiction. There-

fore, (;c; K # O~.
Conversely, assume that the family of IFCS of X having FIP has nonempty intersection.
To show that X is compact let {G; = (x, ug,, Va,) : ¢ € J} be an open cover of X. Suppose

that this open cover has no finite subcover, i.e. for every finite subcollection of the given
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cover, say,

UGi#1.= (Je) #T= G #0..

i=1 i=1 i=1
As each G is an IFOS of X therefore, each G is an IFCS of X. Thus, {G; = (r,vq,, a,) :
i € J} is a family of IFCS of X having FIP. So by the hypothesis it has nonempty

intersection, i.e.,

NG #0.=((G) #0~ = | JGi # 1.

e icJ icJ

This shows that the family {G; = (x, ug,,vq,) : ¢ € J} is not a cover for X, which is a
contradiction. Therefore, the given family must have a finite subcover and this shows that
X is fuzzy compact.

Definition 3.1.7 [4]: (a) Let (X,7) be an IFTS and A an IFS in X. If a family
{{z,pe;,ve,) i € J} of IFOSs in X satisfies the condition A C | J{(x, ug,,vq,;) : @ € J},
then it is called a fuzzy open cover of A. A finite subfamily of the fuzzy open cover
{{z,pe;,ve,) i € J} of A, which is also a fuzzy open cover of A, is called a finite subcover
of {{z, ug,,v¢,) : i € J}.

(b) An IFS A = (x, p1a,v4) in an IFTS (X, 7) is called fuzzy compact iff every fuzzy open
cover of A has a finite subcover.

Corollary 3.1.8 [4]: An IFS A = (x,ua,v4) in an IFTS (X, 7) is fuzzy compact iff
for each family G = {G; : i € J}, where G; = (x, ug,,vq,)(i € J), of IFOSs in X with
properties g < \/,o,pa, and 1 —v4 < \,;(1 = 7g,) there exists a finite subfamily
{Gi:1=1,2,--- ,n} of G such that ps <\, pg, and 1 —v4 < V(1 —q,)-

Example 3.1.9 [4]: Let X = I and consider the IFSs (G}, )nez,, where G,, = (z, pa,, va.,)
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Then 7 = {0.,1.,G} U{G,, : n € Zy} is an IFT on X, and consider the IFSs C, 3 in
(X, 7) defined by C, 3 = {(z,a, ) : € X}, where o, € I are arbitrary and ao+ 5 < 1.

Then the IFSs 00.85,0.057 00.85,0.157 00.7570‘05 are all fuzzy compact, but the IFS 00.7570,15 is

pa, ()

VG, (T) =

pe()

gleltd

not fuzzy compact.

Corollary 3.1.10 [4]: Let (X,7),(Y,¢) be IFTSs and f : X — Y a fuzzy continuous
function. If A is fuzzy compact in (X, 7), then so is f(A) in (Y, ¢).

Proof: Let B = {G, :
f(A). Then, by the definition of fuzzy continuity A = {f~*(G;) : i € J} is a fuzzy open

cover of A, too. Since A is fuzzy compact, there exists a finite subcover of A, i.e., there

- and G = (z, pg, V) defined by

0.8, if x =0,
nx, if0<x§%,

1, ifl<z<l

\
0.1, if 2 =0,

l1—nz, f0<z<i
n

0, if L <a<1
(
0.8, ifx =0,
1,  otherwise.
\
(
0.1, ifx =0,
0, otherwise.

i € J}, where G; = (y, ug,;,va;) » ¢ € J be a fuzzy open cover of
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exists G;(i = 1,2,--- ,n) such that A C |J;", f~'(G;). Hence f(A) C f(U., fH(G:)) =
UL, f(f71(Gy) C UL, Gi. Therefore, f(A) is also fuzzy compact.

Lemma 3.1.11 (The Alexander subbase Lemma) [5]: Let § be a subbase of an
IFTS (X,7). Then (X,7) is fuzzy compact iff for each family of IFCSs chosen from
0¢ ={K : K € §} having the FIP there is a nonzero intersection.

Definition 3.1.12 [5]: The product set X equipped with the IFT generated on X by the
family S is called the product of the IFTSs {(X;,7;) : @ € J}. For each i € J and for
each S; € 7, we have 7; }(S;) € 7. So 7; is indeed a fuzzy continuous function from the
product IFTS onto (X, 7;), Vi € J. The product IFT 7 is the coarsest IFT on X having
this property.

Theorem 3.1.13 (Tychonoff Theorem) [5]: Let the IFTSs (X;,7) and (Xs,72) be
fuzzy compact. Then the product IFTS on X = X; x X is fuzzy compact.

Proof: Here we will make use of the Alexander subbase lemma. Suppose, on the contrary

that there exists a family

P:{ﬂ'l_l(f)i)Zi1€J1}U{7T2_1(Pi)Zi2€JQ} """"" (1)

consisting of some of the IFCSs obtained from the subbase

0= {71-1—1(T1),7T2_1(T2) T e, Ty €Empyevevenns (2)

of the product IFT on X such that P has FIP and NP = 0. Now, it can be shown easily

that the families

Pl:{PilZileJl},PQI{PiZ:iQGJ2} ......... (3)

24



have the FIP, and since (X;, 7;)’s are fuzzy compact we have NP, # 0 and NP, # 0 which

means that

(/\/”Lpil 7é Oor V Py, 7& 1)a (/\Iupiz 7é Oor Vv VP, 7é 1) """"" (4)

But from NP = 0, we obtain
(/\,LLP%'1 o 7Tl) A (/\/JJRL2 o 7TQ) = 0, (\/’)/pil (¢} 7'('1) V (\/’)/pz.2 o 7T2)) E T (5)

Hence there exist four cases.

Case-I If AW, # 0 and AWE;, # 0, then there exists 1 € Xj,z2 € X3 such that
App; (21) # 0 and App, (X2) # 0 from which we obtain a contradiction to equation (5), if
it is evaluated in (z1,x2)

Case-1I If Vyp, # 1 and Vyp, # 1, then we get a similar contradiction as in the first
case.

Case-III If AW, # 0 and VP, # 1, then there exist x; € Xj,29 € X, such that
App; (z1) # 0 and Vyp, (z2) # 1 from which we obtain Aup,_ (72) = 0 and Vup, (z1) =1

and then, since Yp, < 1-— P, for each P,
Vyp, SV —pp,) =1=App, = 1=Vyp, (21) <1 = Aup, (21) = App, (21) =0,

which is contradiction because Aup, (71) # 0.
Case-IV If Vyp, # 1 and App, # 0, then we obtain a similar contradiction as in the
third case.

Hence by the Alexander subbase lemma, (X, 7) is also fuzzy compact.
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3.2. Intuitionistic Fuzzy Regular Spaces

Definition 3.2.1 [7]: An IFTS (X, ) will be called regular if for each IFP pf, 5 and each

IFCS C such that Plag N C = 0. there exists IFOS M and N such that Plag) € M and

)
CCN.

Note: For the simplification of the notation we will write the IFP Plap) 38 T(a,8)-
Proposition 3.2.2: If a space X is a regular space then for any open set U and in-
tuitionistic fuzzy point (4 such that x4 NU = 0., 3 an open set V such that
Tap €V CV CU.

Proof: Suppose that X is a IFRS. Let U be an IFOS of X such that 2,5 NU = 0. and
U= (y,uu,yw). Then U = (y,vy, uy) is an IFCS in X. Since X is regular, therefore 3
two IFOSs V and W such that x5 € V, U € W and VAW = 0.. Now, W' is an IFCS
of X such that V. C W’ C U. Thus, x5 €V C VandV CW' CU,soV CU. Hence,
reVCVCU.

Proposition 3.2.3: Every subspace of regular space is also regular.

Proof: Let X be a IFRS and Y is a subspace of X. To prove that Y is regular. We know
that 7v = {Gy = (z, . vay) @ € Y,G € 7}, where G = (x, ug, vg). Let 2, be an
IFP in Y and Fy is an IFCS of Y such that x (4,3 NFy = 0~. Since Y is a subspace of X, so
T(a,3) € X and there exists an IFCS F' in X such that the closed set generated by it for ¥
is Fy. Since X is regular space and x (4,3 N F' = 0., there exist two IFOSs M and N such
that x5 € M = (x, ua, var) and F C N = (@, un, vn). Thus My = (x, uay, Vmyy), and

Ny = (x, unjy, Vnjy) are open sets in Y such that x5 € My and Fy C Ny. Hence, Y is
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a regular subspace of X.
3.3. Intuitionistic Fuzzy Normal Spaces

Definition 3.3.1 [7]: An IFTS (X, 7) will be called normal if for each pair of IFCSs C}
and Cy such that C) N Cy = 0. there exists IFOSs M; and M, such that C; C M;(i = 1,2)
and M; N My = 0.

Proposition 3.3.2: If a space X is a normal space, then for each closed set F' of X
and any open set G of X such that FF' NG’ = 0. there exists an open set G such that
FCGrCGrCQG.

Proof: Let X be a normal space. Let F' be a closed set in X and G be an open set in X
such that FNG' = 0., then FF C G. Let G = (z, ug,vg) and F = (x,vp, ur). Since X is
normal and G’ is an IFCS in X, therefore there exist two disjoint IFOSs G and G, such
that F C Gp, G' C G and Gp N G = 0. This implies that Gi,, € G and Gp C G,

But G, is a closed set, therefore Gr C Gy Thus we have ' C Gp C Gr CG.
3.4. Other Separation Axioms in IFTS
Definition 3.4.1 [9]: An IFTS (X, 7) is called

(a) Ty if for all x,y € X, #y 3 U = (uv, ),V = (v, vy) € 7 such that (uy,vy)(z) =

(170)’ (:uUayU)(y) = (07 1) or (ﬂVaVV)(:E) = (O’ 1)7 (:UVvVV)(y) = (170)'

(b) Ty if for all z,y € X, o 4y 33U = (uy, ),V = (v, vv) € 7 such that (uy,vy)(x) =

(1v 0), (pw, VU)(y) = (0, 1)7 (v, VV)<x) = (0, 1)and(/~LV7 VV)(y) = (17 0).
(c) T> (or Hausdorff) if for all pair of distinct intuitionistic fuzzy points x(s gy, y(+,s) in

X,3U,V € 7 such that xap € U,yns €V and UNV = 0..
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Example 3.4.2 [9]: Let X = {a,b} andlet 7 = {0, A, B,1.} where A = (z, (%, 2),(4,%))
and B = (z,(%,2),(2,%)) then (X, 7) is an IFTS and it is Ty, Ty, To.

Proposition 3.4.3 [9]: The following statement are equivalent in an IFTS (X, 1)

(1) (X,7)is Ty

(2) {z},{«'}) s IFC in (X,7) V2 € X.

Proposition 3.4.4 [9]: Every subspace of 77 space is T}.

Proof: Let X be a Ty IFTS and Z be subspace of X. So 7z = {G; = (z, i)z, Ya1z) 1« €
Z,G € 1}, where G = (z, pg,v¢). Let z,y € Z such that x # y. Then, as Z C X, we have
x,y € X such that z # y. Since X is T}, therefore 3 U = (uy,vy),V = (uy,vy) € 7 such
that (e, 1) (2) = (1,0), (s 1) () = (0, 1), (v, o0)(2) = (0,1) andl () () = (1,0).
Thus, there exist 3 Uz = (v, vv,), Vz = (v, vi,) € 7z such that (uy,, vy, )(z) =
(1,0), (kw75 vu ) (y) = (0,1), (v v, ) (@) = (0,1) and (uv,, vy, )(y) = (1,0). This
proves that the subspace Z is also Tj.

Proposition 3.4.5 [9]: Every subspace of Ty space is T5.

Proof: Let (X,7) be a IF T, space and A be subspace of X, where 74 = {G4 =
(@, paasvaa) -z € A,G € 7} and G = (o, ug, vg). Let x4 and ye,s be two dis-
tinct IFP in A, i.e., they have distinct supports. Then, clearly x(, ) and y(,s) are also
distinct IFPs in X and as X is T3, therefore U,V € 7 such that x(, ) € U,y € V and
UNV =0.. Thus, Uy, V4 € 74 such that x g € Ua,y(y,5) € Vaand Us NV = 0.
Theorem 3.4.6: An IFP z(,4) and a compact set K such that x5 N K = 0., in a
Hausdorff (HDF) space can be separated by disjoint open sets.

Proof: Let (X, 7) be an IFTS. Let K be a IF compact set in (X, 7). Since, (4,5 NK = 0.,
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therefore x(,8) ¢ K and pg(z) = 0; yx(x) = 1. Let yu4) € K, then clearly x # y and
thus, z(, ) and y(,s) are distinct IFPs. Since X is HDF, therefore there exist two IFOSs

GY" and G such that GZ(”"S)ﬂGy(V’&) = 0~. Thus, corresponding to each IFP in K there

Y(v,9)

exist two disjoint open sets separating that point with z(, g). Clearly, K C J G

Y5y €K
Since K is compact, therefore there exist finitely many open sets such that K is contained
into there union. Suppose that the union of these finitely many open sets be represented
by H and the intersection of corresponding IFOS containing (4 g) be given by G. Now,
we want to show that GNH = 0.. On the contrary suppose that GNH # 0.. Then there
will exist an IFP, say, (o g which will belong to the intersection of G and H, but this will

contradict the existence of the IFOSs of the type Go"” NG O~. Hence, GNH = 0..

Yw,s) =
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