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SEVERAL KINDS OF STABILITY OF EFFICIENT SOLUTIONS IN
VECTOR TRAJECTORIAL DISCRETE OPTIMIZATION PROBLEM!

V.A.Emelichev, E.Girlich, D.P.Podkopaev

Belarus State University Minsk, Mechanical-Mathematical Department
OvG-University Magdeburg, Faculty of Mathematics

Let E = {ei,...,em}, m > 1, be a given set, 28 DT = {t}, | T |> 1, be
a set of trajectories, i.e. non-empty subsets of the set E.
The vector weight function is ascribed to the elements of E:

e; — (ai(€j), az(€j), ..., an(e;)), 7 € Ny ={1,2,...,m}.
It can be represented as a matrix
A=A{a;j}nxm € R"™, a;j = ai(ej), n > 2.
The vector criterion
F(t,A) = (Fi(t,A), F5(t, A), ..., F,(t, A)), Fi(t,A) — mTin, 1€ N,
consists of arbitrary combination of partial criteria of the kinds

MINSUM Fi(t,A):Zai(e) — mjin, i € Ispu,

ect
MINMAX F(t,A) = mgtxa,-(e) — rnTin, i € Injax,
MINMIN Fi(t,A) = mei{lai(e) — mTin, i € Inrn,
where ISUM U IMAX U IMIN = Nn
We consider

theset T'(A)={teT: V' e T\ {t} Ji e N,, 7i(t,t',A) <0}
of the strongly efficient trajectories (Smale set),
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the set Th(A) ={te T :At' e TVie N, (ri(t,t',A) >0& 7(¢t,t',A) #0)}
of the efficient trajectories (Pareto set),
the set T3(A) ={te T :A' € TVie N, 7(t,t',A) > 0}
of the weakly efficient trajectories (Slater set), where
T(t, ', A) = (11, T2, oy Tn),
i =T7i(t, 1, A) = Fi(t, A) — Fi(t', A),
0= (0,0,...,0) € R".
The following is evident

VA € R"™ Ti(A) C Ty(A) C Ty(A) C T.

Different types of stability of the sets T7(A), T5(A) and T5(A) have been
investigated in the [1-4].

1. Stability of efficient trajectories
to perturbations of the whole matrix A

Let B(e) denote the set {B € R : ||B|| < ¢},
where B = {b;;}nxm, € > 0, ||B|| = ||Blloc = max{|b;;| : i € Ny, j € Ny} is
the Chebyshev norm in R™™.

A trajectory t € T(A), k € Nj is said to be stable, if

de>0VBeB(e) teT(A+ B).

Theorem 1. Any trajectory ¢t € T}(A) is stable.

Theorem 2. Let t € Ty(A). If t € T1(A) then t is stable. The converse
is true under assumption gy # 0.

Theorem 3. Let t € T5(A). If t € T1(A) then t is stable. The converse
is true under assumption Igyy = N,,.

Corollary 1. If Isyy = N, and T1(A) = ) then every weakly efficient
trajectory isn’t stable.



Remark. Since all the norms in R™ are equivalent theorems 1-3 are
valid for any norm defined in R™™.
If t € T;,(A), k € N3, then

_[sup{e >0: VBeB(e) teTy(A+B)} iftisstable,
0 otherwise

is called stability radius of the trajectory t.
The inequalities

vt € Ti(A) pi(t, A) < pa(t, A) < ps(t, A),

Vi€ To(A) palt, A) < pa(t, A)

are evident. (L)
TR if G € Tnpax U Invrw,
Let ;(t,t', A) = Ti(t,%’,A) e
NG if7 € ISUM;

where A(t,#) =| ((UF)\ (tN 1) | .

Theorem 4. For any trajectory t € Tx(A), k& € Nj, and any sets
Isumr, Inax, Iuiy, Isum U lvax Ulyin = Ny, we have

> = mi (t,t
pr(t, A) = p(t, A) ,in maxy;(t, ', 4),

moreover

vt € Ti(A) pi(t, A) = o(t, A),
Zf ISUM 7£ @ then Vt € TQ(A) pQ(t, A) = gO(t,A),
if Isuar = Ny then Vt € Ty(A) ps(t, A) = o(t, A).

2. Stability of efficient trajectories to perturbations
of the s-th string of the matrix A (s-stability)

Let s € N, € > 0,
BS(S) = {B = {bij}nxm : \V/] e N, | bsj |< g, W) 7£ S bij = 0}
It is evident that B*(¢) C B(e).



For any trajectory t € T(A), k € N3, the number

s ~ (supAj(t,A) it Aj(t, A) £ 0,
il 4) _{ 0 if AS (1 A) = 0,

where Aj(t,A) ={e >0:VB € B°(c) t e Ty(A+ B)}, is called s-stability

radius of the trajectory t.
The inequalities

Vt € T1(A) Vs € N, pi(t, A) < pi(t, A) < pi(t, A),

Vt € To(A) Vs € N, pi(t, A) < pi(t, A)

are evident.

Let P*(t, A) = {' € T\ {t}:¥i e N,\ {s} (¢, A) >0},

s ~ (min{ys(t, ¢, A) ¢ e PE(t, A)}  if PE(t, A) £ 0,
@t 4) = { +o0, if P3(t, A) = 0.

Theorem 5. For any A S an, tE Tl(A), S € ISUM UIMAX UIM[N we
have

pi(t, A) = ¢°(t, A).
Theorem 6. For any A € R"™, t € T5(A), s € Isyp U lyax Uy we
have

p;(t7 A) Z Sos(t) A)7
moreover if s € Igyy then pi(t, A) = ¢*(t, A).
Let R°(t,A) ={t' € T : Vi € N, \ {s} =(t,t',A) >0},
G, A) = {min{*ys(t, t'A): t € R5(t,A)} if R5(t, A) # 0,
Y +00 if R°(t, A) = 0.

Theorem 7. For any A S an, t e Tg(A), S € ISUM UIMAX UIM[N we
have

pa(t, A) = 9°(t, A),
moreover if s € Igyys then p3(t, A) = ¥°(t, A).

3. Stability of efficient trajectories to perturbations
of one element of the matrix A ((s,p)-stability)
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Let (s,p) € N, X Ny, € >0,

B (g) = {B = {bij}nxm : V(i,5) # (s,p) (bij =0, | by [<2)}.
It is evident that B*?(¢) C B(e).
For any trajectory t € Ty(A), k € N3, the number

sp | sup APt A) i AP(EA) #£
pi (1 4) _{ 0 if AY(t, A) =

where AP (t,A) = {e > 0:VB € B%(¢) t € T,(A+ B)}, is called (s,p)-
stability radius of the trajectory t.
The inequalities

Vt € Ti(A) pi°(t, A) < py (¢ A) < p3(t, A),

Vt € To(A) pf(t, A) < pi (¢, A)

are evident.

Let t #¢t, (s,p) € N, X Ny,

IP(t, ¢/, A) ={e >0:VB € B%(e) 7(t,t',A+ B) <0},

(s 44\ [ SUP DsP(t, ¢ A) it DP(¢, ', A) # 0,
A (t,t A) { 0 if FSP(t, t,, A) — @7
: sp ! Y s : s

SP(t, A) = {mln{)\ (t,t,A): t' e P°(t,A)} }fP (t, A) # 0,
+o00, if Ps(t, A) =10,

Q(t, A) ={t' € P*(t,A) : Ji € N, \ {s} m(t,t', A) > 0},

Pt t',A)={e>0:VB € B"(s) 74t t',A+ B) <0},
pis oy JsupXP(t ', A) i QP(t, ', A) # 0,

5 (t,tA) - { 0 lf QSP(t, tl,A) — @)

NPt ' A) b e Q5(t, A),

wsp(t’t )A) = { 55P(t’ '[;IJA) lf tl ¢ Qs(tJA))

. ~ (min{wP(t,t', A): t' € P5(t,A)} if P5(t, A) # 0,
Pt A) = { +o00, if Ps(t, A) =0,
s ~ (min{o*?(¢,¢', A) : t' € R¥(t, A)} if R(t, A) # 0,
e (t A) = { +o0, if R(t, A) = 0.

Theorem 8. For any A € R", p € Ny, s € Isyy U Iyax Ulyn we
have

Vi e Ti(A) ot A) = (1, A),



Vi€ To(A) p(t,A) = (2, A),
Vt € Ty(A) pP(t, A) = (¢, A).

Simple procedures for values A*P(¢, ¢, A) and §°P(¢,t', A) calculation have
been developed.
For example: if s € I};4x then

F(t',A) —ay, ife, €t
)\sp(ta tla A) = { Asp — Fs(ta A) if €p € t, \ ta 7_S(ta t, \ {ep}7 A) Z 07
+0o0 otherwise.
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