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We discuss a hydrodynamical description of the eigenvalues of the Dirac spectrum in even dimensions
in the vacuum and in the large N (volume) limit. The linearized hydrodynamics supports sound waves.
The hydrodynamical relaxation of the eigenvalues is captured by a hydrodynamical (tunneling) minimum
configuration which follows from a pertinent form of Euler equation. The relaxation from a phase of
unbroken chiral symmetry to a phase of broken chiral symmetry occurs over a time set by the speed of
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1. Introduction

QCD with light quarks breaks spontaneously chiral symmetry.
As a result, the light quarks transmute to massive constituents
which make up for most of the visible mass in our universe. Em-
pirical evidence for the spontaneous breaking of chiral symmetry
is in the form of light pions and kaons in nature [1]. Dedicated
first principle QCD lattice simulations with light quarks have estab-
lished that chiral symmetry is spontaneously broken with a finite
chiral condensate and an octet of light mesons [2].

The spontaneous breaking of chiral symmetry is characterized
by a large accumulation of eigenvalues of the Euclidean Dirac op-
erator near zero virtuality [3]. This phenomenon signals the onset
of an ergodic regime in the chiral Dirac spectrum. Other regimes
where the light quarks diffuse or undergo ballistic motion can also
be identified [4]. In some ways light quarks interacting via col-
ored Yang-Mills fields behave like disordered electrons in metallic
grains.

The essentials of the ergodic regime are captured by a chiral
random matrix model [5]. In short, the QCD Dirac spectrum near
zero virtuality only retains that the QCD Dirac operator is chiral
or block off-diagonal, with random entries that are sampled from
the three universal Dyson ensembles [6] with a Gaussian weight.
The spectrum corrections are also generic and follow from the
neighboring diffusive regime with the light quark return probabil-
ity falling like a power law for large proper times [4]. Both regimes
are separated by the Thouless energy [4,7].
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In this letter we develop a hydrodynamical description of the
eigenvalues of the QCD Dirac operator in the ergodic regime [4],
much along the lines of our recent studies of the eigenvalues
of the Polyakov line at large number of colors [8]. We will use
this derivation to obtain the following new results: 1/ a hydrody-
namical (tunneling) minimum that captures the relaxation of the
eigenvalues of the Dirac operator for low virtuality; 2/ a dynamical
relaxation time for restoring and/or breaking spontaneously chiral
symmetry directly from the Dirac spectrum.

2. Dirac spectrum

The original chiral random matrix model partition function for
the eigenvalues of the Dirac spectrum was initially suggested as a
null dynamical assumption for the generic analysis of the powers
of the chiral condensate in the instanton liquid model [9]. How-
ever and more importantly, it was noted later that this assumption
provides a universal description of these powers in the microscopic
limit [5,10] as detailed in [11]. For QCD in even dimensions with
Ny quarks of equal masses m in the complex representation, and
the topological charge zero sector [9,5]

Ny
Zym] =de [ det (m2+TTT) e ENTHT'T) (1)
f=1

Here T is a symmetric random CN*N complex matrix capturing
the random hopping between N-left and N-right zero modes. (1)
was generalized to all Dyson ensembles with 8 =1,2,4 corre-
sponding to quarks in different representations and asymmetric
ensembles in [6],
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with now T a rectangular random CN*N+V complex matrix with v
exact and unpaired zero modes. Here @ = (v + 1) — 1 and Aiz
is the eigenvalue of the squared Wishart matrix W = TTT. The
number of Dirac eigenvalues is 2N + v. The overall normalizations
in (1)-(2) are omitted.

The Gaussian measure is generic at large N, with the param-
eter a fixed by the chiral condensate. In the microscopic limit
whereby the Dirac spectrum near zero-virtuality is magnified so
that NAX =1, the interactions between the eigenvalues as medi-
ated by the gauge-fields appear overall as random. As a result only
the chiral structure of the Dirac Hamiltonian and the symmetry of
the matrix entries under anti-unitary symmetries are relevant [12].
This is the universal regime of ergodicity shared by most disor-
dered electronic systems in the mesoscopic limit [13].

Alternatively, (2) can be regarded as the normalization of the
squared and real many-body wave-function

N
2gtmi = [ T]an 1wolsal? 3)
i=1
which is the zero-mode solution to the Schrédinger equation
HoWo = 0 with the self-adjoint squared Hamiltonian [14]

N

Ho=) (=0 +a) (3 +a) (4)

i=1

with ; = 3/dA; and the potential a; = —d; In|Wo|2. The mass pa-
rameter is 1/2. The Vandermonde contribution A = [T;_; I35
induces a diverging 2-body part. It is convenient to re-absorb it
using a similarity transformation by defining ¥ = Wy/+/A and the
new Hamiltonian

H=(1/vA)HovA (5)
3. Hydrodynamics

We can use the collective coordinate method in [14] to re-write
(5) in terms of the density of paired eigenvalues as a collective
variable p(A) = Zf’:] 8(A — Aj). The result is a hydrodynamical de-
scription of the Dirac spectrum much along the idea pioneered by
Dyson [15] and others [16]. After some algebra we obtain

= / dx (7w 7T + pulp]) (6)
with the potential-like contribution u[p] = A2
aBN
A= %)\ - 'B—[,OH()») PH(—=2)]
Nf)\.
ol _—— 7
+ ’y l'l\/_ )\.2 ¥ m2 ( )
Here py is the Hilbert transform of p
1 P
= A =—P [ d\ 8
[oln = pu () - / Y (8)

The canonical pair w(A) and p(A) satisfies the standard com-
mutation rules. Here we will limit our analysis to a classical
hydrodynamical description and will use the Poisson bracket
{r(), p()} = 8(A — A'). We identify the collective fluid velocity
with v =9, and re-write (6) in the more familiar hydrodynami-
cal form

H=~ / dxpG) (V2 +ulp]) ~ / di p(0) v + AP 9)

ignoring ultra-local terms. The equation of motion for p yields
the current conservation law d;p = —20, (pv), and the equation
of motion for v gives the Euler equation

v ={H,v}=—0,[v’ + A’ — A — A9, In p + 7 B[AL]H (})
+ 7 BIAP]H ()] (10)

All the relations hold for large but finite N, to allow for a
smoothening of the density. The smoothening is over a scale that
is larger than the eigenvalue spacing but much smaller than the
range of the spectrum.

The dimensionality of the time t is the inverse of the dimen-
sionality of H, both of which are arbitrary. Throughout, the dimen-
sion of t is set to the dimension of the squared eigenvalue. When
needed, the canonical dimension follows through a pertinent re-
scaling using the constant a in (1).

4. Hydrostatic solution

The hydrostatic solution corresponds to the minimum of (9)
with v =0 and thus A(A) = 0. In terms of the chirally symmet-
ric combination pX (L) = p(1) + p(—1) we have

aBN B o Ny¢a
Oz—k—— A alnX———i
2 p[-[( ) + A ,0 2)\' )Lz + m2

In the large N limit only the terms in the first line survive with

Na [4
pry ="\ =2 (12)

which is the Wigner semi-circular distribution within the support
Il <2/a.

The hydrostatic equation (11) is classical and resums a large
class of 1/N effects. The leading 1/N correction can be sought in
the form pX ~ pg + p1 subject to the condition [ pidi =0, so
that

(11)

1 Aa
— A)=— 2Nf) — ——— 13
Prepip() = (@ +2Np) = — 5 (13)
The closed form solution is
o+ 2
20 =-2F2N 56y + B2 — a0
B B
a+2Nr—1
2 (14)

* Brr/4/a — A2

with the support unchanged. We note that (14) shows a delta-
function at zero virtuality with the negative strength (o 4-2Ny)/B.

The general solution to (11) for large but finite N can be sought
in the massless case or m = 0, by multiplying (11) by 2pXA(A2 +
m?) and taking the Hilbert transform. The result is

2N
aﬁN <)\2p1)§ _}"7) _ ﬂ_n)\ (/0[-1 _ pX2>
+ 00 — (@+2Np)pfi =0 (15)
To solve it consider the extension of the resolvent
X (A
G(z):/dkp—() (16)
zZ—A

to the upper and lower complex plane,

GE(z— 2 =mpfi(M) Fimp*X () (17)
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so that (15) now reads
1
aBNZ*G — E,3zG2 +28,G — (@ +2N;)G —2apN?z=0  (18)

Taking the large N and small z limits sequentially in (18), yields
G(z— 0) ~ —(a 4 2Ny)/(Bz) in agreement with the first contri-
bution in (14). However, the limits do not commute since by re-
versing them we obtain instead G(z — 0) ~ —2(1+a +2Ny)/(B2).
We note that this small z-behavior is distinct from the exact result
v/z that can be derived from the random matrix model (1). The
reason is that this contribution is not part of the hydrodynamical
analysis.

A general solution to (18) follows from the mapping G(z) =
—(2/B)3;In f(z) and z> = —w and f(/—w) = g(w). Thus

1
2wiwwg + (—aBNw +1— o —2Nf) 0w g — EaﬂzNzg =0
(19)

(19) is Laguerre-like except for the wrong sign in the last contri-
bution. The general solution is a confluent hyper-geometric func-
tion U,

_ ﬂ 1—o—2Ny aBNw
gw) =U(=-, > )

The large z-behavior of (20) is G(z — oo0) ~ 2N/z. For fixed N, the
small z-behavior of (20) corresponds to G(z — 0) ~ —2(1 + « +
2N¢)/(Bz) which is the result we observed earlier in the small z
and large N limits taken sequentially. To reverse the limits is more
subtle in this case.

In general, the 1/N corrections form a trans-series with oscil-
lating contributions that are not accessible by the present method.
In particular, the spurious 1/N delta-singularities at the edge of
the spectrum are likely cancelled by contributions emerging from
non-hydrodynamical saddle points [18].

(20)

5. Dyson Coulomb gas

We note that (2) can be re-written in terms of 1-dimensional
Dyson Coulomb gas [17]. At large N the ensemble described by (1)
is sufficiently dense to allow the change in the measure,

N
]_[dki ~eSlPipp (21)
i=1

with S[p] = [drp(X)In(po/p(r)) the Boltzmann entropy [17].
Thus

Zﬁ[m]e/Dpe_r[ﬁ,m:P] (22)
with the effective action
LB, m; p]l=

aBN

+/dxp(x) (TA2 —aln(x) — N In(x? +m2)>

-5 dad) p(L)p (W) In(h2 — 1'?)

- (g - l)fdkp Inp (23)

The B contribution is the self Coulomb subtraction and is consis-
tent with the subtraction in the Hilbert transform. The saddle point
equation 8I"/8p = 0 yields the hydro-static equation (11) using the
symmetric density pX.

6. Hydrodynamical minimum

Following the initial observation in [8], we note that the fixed
time zero energy solution to (9) is a minimum with imaginary ve-
locity v = —iA (tunneling). The conserved current j = pv satisfies
(T =it)

0z p(A) =0 [aﬁNAp(A) = BroM)oy () — pu(=1)]

Nf)»

o
+ o) — xl)()\) T2 im?

pm] (24)

We identify t with the stochastic time, and (24) describes the
stochastic relaxation of the chiral eigenvalue density of the chiral
Dirac spectrum (out of equilibrium) to its asymptotic (in equilib-
rium) hydro-static solution. For m =0, (24) can be rewritten as

3 p* =aBNd,, (Ap*) — B ;. (p* pfi)
1
+ 9. 0% — (@ +2Ny)d;, (X,OX> (25)

After multiplying this equation by A%, we can take its Hilbert trans-
form. The result is

B 2
depjj = apNd, (1ofy) = -0, (0% = p2%)
X T x
+ a)L)uoH — (¢ + 2Nf)8k XpH (26)

With the usual definition, this gives an equation for the time de-
pendent Green’s function

9:G = aBNd, (zG) — gaz (GZ)

+02:G — (@ +2Nyf)o; (%G) (27)

which, after a proper rescaling of time t and G, for a =0, in the
large N limit such that v/N — 0, is an inviscid complex Burgers
equation derived in [19] for diffusing chiral matrices.

We note that the stationary solution fulfills

1
aﬂNzc—§GZ+azc—(a+2Nf);G+C=0 (28)

The constant C is fixed by noting that for large N and large z,
G/N ~2/z so that C = 4aN?, in agreement with (18).

The general time-dependent solution can be analyzed by first
re-scaling T — t/N. In the large N limit G solves

8,6+ﬂ<%6—az) 3,G —apG =0 (29)

which is a Burgers like nonlinear PDE. We can solve it with the
method of complex characteristics [20]. For that we introduce
curves in the space of z and t, parametrized by s and labeled by
zo, along which the nonlinear PDE follows from ordinary ODE

dz_ﬁ(lG az)
ds " \N

dG e

ds

dr

=1 30
s (30)

with the condition that z(t =0) = zg and 7(s = 0) = 0 (which
means 7 =s). These ODE can be solved for a specific initial condi-
tion.
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7. Sound waves

To gain some insights to the general time-dependent solutions,
we analyze first the hydrodynamical equations in the linearized
density approximation. For that, it is convenient to identify the
classical hydrodynamical action associated to (6). Using the stan-
dard canonical procedure we found

S= fdtdk P(%) (vz —u[p]) (31)
which is linearized by

o~ po(A) +28¢  and

Inserting (32) into S yields in the quadratic approximation

PV~ =0 (32)

di
Sy = [ dt—— ((39)? — p2()W? 33
1= [ a2 (@ = o wiel) (33)
with the potential

e
Wil = B7d; [on(A) + @u(—=1)] — 9 o) (34)
For p(A) = po(A), after the rescaling Nt — t, (33) simplifies for
large N
di
S, ~ N2 / dt
Po()

2
x ((3t<ﬂ)2— M(axwmwwﬂ 2) ) (35)

The speed of sound is non-local in the chiral spectrum. At zero
virtuality it follows from (35) as

vs(0) = w =2pva (36)

(36) characterizes the rate of change of the fluid of eigenvalues
with the time t. As noted earlier, t is in units of the eigenvalue
squared. We note that (35) is extensive with N for pg(1)/N nor-
malized to 1.

8. Relaxation time

An interesting dynamical question regarding the Dirac spectrum
is the typical relaxation time associated to the formation or dis-
appearance of the spontaneous breaking of chiral symmetry. We
answer this question by focusing on the time it takes for the eigen-
values near zero-virtuality viewed as a hydrodynamical fluid to
re-arrange.

For simplicity, consider that at T = 0 all the eigenvalues are
localized at zero virtuality. The relaxation of this phase is charac-
terized by the time it takes the sound wave to fill up the gap or the
so-called zero-mode-zone (ZMZ) spanned by Wigner semi-circle.
To show this we use the initial condition G(z =zp, 7 =0) =2N/zg
in (30) to obtain the solution

2N

G(t;2)=e% (37)
Z0

The remaining equation is now

E =8 < — az) (38)

which yields

1.0
) 0.8
I 7 06
b 0.4
0.4j 0.2
0.2
ALt T I ey
-2 -1 1 2

Fig. 1. The spectral density (41) computed for 8 =2, a=1 and 7 ={1/6, 1/3, 1/2,
2/3,5/6, 1}.

Solving for zo and inserting the answer in (37) yield

G(t;2) _
Nya (1

_ e—n(O)rﬁ)*l

x (zﬁ — \/(zﬁ)Z —4 (1 — e—Vs<0>fﬁ)> (40)

The spectral density follows from the discontinuity of (12) (see
Fig. 1)

_aN —vs@rya) !
p(z,x)_?(l—e )

1
« (‘_‘ (1-er0rve) _Az)z (a1)
a

which is seen to interpolate between a delta-function N§(A) at
T =0 and a Wigner semi-circle at asymptotic T at a rate given
by the speed of sound v4(0) at zero virtuality. (41) shows that the
relaxation time of the spectral density is

1/a
vs(0)

which is the time it takes the sound to fill up the ZMZ zone.

The time estimate (42) is a characteristic of the re-organization
of the fluid of Dirac eigenvalues irrespective of the details of the
initial condition. It is non-perturbative. In particular, it character-
izes the re-organization of the Dirac eigenvalues from a gapped
phase at zero-virtuality with chiral symmetry restored, to an un-
gapped phase at zero virtuality with chiral symmetry sponta-
neously broken. For that, consider the initial condition for a gapped
distribution of eigenvalues

TR = (42)

p(0,1) =N§(A —b) + NS(A +b) (43)
The pertinent initial condition is now
2Nzg

G(z=20,T=0)=— (44)
z

—p2

A re-run of the preceding arguments yields a cubic equation for
G/N

G _
G(r:2) _ z/a— 21(\12}) — e 2T) (45)
N.Ja (z/Ja — gl(\f\}) e—2apT))2 _ p2e—2apT

that is solvable exactly for any time. The large time behavior fol-
lows by taking the limits T — oo and e=%f7 — 0 in (45). The result
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is a static quadratic equation for G/N which yields Wigner semi-
circle for the eigenvalue distribution. For large T but small e~9#7,
the explicit solution is

G(t:2) _ z/a—/(z/a)? — A(1 — e~20PT 4 qb2e—20PT)
NVa 1 —e~20BT 4 gh2e—2aPT

The time evolution is still controlled by the factor e~
e~ Vs@TVa and therefore the relaxation time (42).

In so far, the description of the Dirac spectrum as a fluid of
eigenvalues is mathematical, with (42) characterizing the rate at
which the eigenvalues relax say from an initial distribution with
restored chiral symmetry to a final distribution with spontaneous
chiral symmetry breaking. We now suggest that this description in
eigenvalue space is dual to the relaxation in physical space under
the same conditions. The physical relaxation time for the break-
ing/restoration of chiral symmetry in canonical dimension is then

(46)

20t _

T

Teair, = ™P© _ lla'd)l (47)
28N 26n

Recall that in the chiral random matrix model (1), the scale

a is related to the chiral condensate by the Banks-Casher for-

mula V4(q'q) = —7p(0) = —N+/a. Thus, the last equality with

n=N/Vs.

9. Conclusions

The hydrodynamical description of the chiral Dirac spectrum
captures some key aspects of the relaxation of the Dirac eigen-
values in the ergodic regime. The hydrodynamical set-up supports
a (tunneling) minimum that describes the hydrodynamical relax-
ation of the Dirac eigenvalues as a fluid. The fluid exhibits sound
waves that can be used to estimate the time it takes for a gapped
eigenvalue density with chiral symmetry restored, to a Wigner
semi-circle with chiral symmetry spontaneously broken. We have
suggested that this time is dual to a physical relaxation time.
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