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We discuss a hydrodynamical description of the eigenvalues of the Dirac spectrum in even dimensions 
in the vacuum and in the large N (volume) limit. The linearized hydrodynamics supports sound waves. 
The hydrodynamical relaxation of the eigenvalues is captured by a hydrodynamical (tunneling) minimum 
configuration which follows from a pertinent form of Euler equation. The relaxation from a phase of 
unbroken chiral symmetry to a phase of broken chiral symmetry occurs over a time set by the speed of 
sound.
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1. Introduction

QCD with light quarks breaks spontaneously chiral symmetry. 
As a result, the light quarks transmute to massive constituents 
which make up for most of the visible mass in our universe. Em-
pirical evidence for the spontaneous breaking of chiral symmetry 
is in the form of light pions and kaons in nature [1]. Dedicated 
first principle QCD lattice simulations with light quarks have estab-
lished that chiral symmetry is spontaneously broken with a finite 
chiral condensate and an octet of light mesons [2].

The spontaneous breaking of chiral symmetry is characterized 
by a large accumulation of eigenvalues of the Euclidean Dirac op-
erator near zero virtuality [3]. This phenomenon signals the onset 
of an ergodic regime in the chiral Dirac spectrum. Other regimes 
where the light quarks diffuse or undergo ballistic motion can also 
be identified [4]. In some ways light quarks interacting via col-
ored Yang–Mills fields behave like disordered electrons in metallic 
grains.

The essentials of the ergodic regime are captured by a chiral 
random matrix model [5]. In short, the QCD Dirac spectrum near 
zero virtuality only retains that the QCD Dirac operator is chiral 
or block off-diagonal, with random entries that are sampled from 
the three universal Dyson ensembles [6] with a Gaussian weight. 
The spectrum corrections are also generic and follow from the 
neighboring diffusive regime with the light quark return probabil-
ity falling like a power law for large proper times [4]. Both regimes 
are separated by the Thouless energy [4,7].

* Corresponding author.
E-mail addresses: yizhuang.liu@stonybrook.edu (Y. Liu), piotr.warchol@uj.edu.pl

(P. Warchoł), ismail.zahed@stonybrook.edu (I. Zahed).
http://dx.doi.org/10.1016/j.physletb.2015.12.032
0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.
In this letter we develop a hydrodynamical description of the 
eigenvalues of the QCD Dirac operator in the ergodic regime [4], 
much along the lines of our recent studies of the eigenvalues 
of the Polyakov line at large number of colors [8]. We will use 
this derivation to obtain the following new results: 1/ a hydrody-
namical (tunneling) minimum that captures the relaxation of the 
eigenvalues of the Dirac operator for low virtuality; 2/ a dynamical 
relaxation time for restoring and/or breaking spontaneously chiral 
symmetry directly from the Dirac spectrum.

2. Dirac spectrum

The original chiral random matrix model partition function for 
the eigenvalues of the Dirac spectrum was initially suggested as a 
null dynamical assumption for the generic analysis of the powers 
of the chiral condensate in the instanton liquid model [9]. How-
ever and more importantly, it was noted later that this assumption 
provides a universal description of these powers in the microscopic 
limit [5,10] as detailed in [11]. For QCD in even dimensions with 
N f quarks of equal masses m in the complex representation, and 
the topological charge zero sector [9,5]

Z2[m] =
∫

dT

N f∏
f =1

det
(

m2 + T †T
)

e− a
2 N Tr(T † T ) (1)

Here T is a symmetric random C N×N complex matrix capturing 
the random hopping between N-left and N-right zero modes. (1)
was generalized to all Dyson ensembles with β = 1, 2, 4 corre-
sponding to quarks in different representations and asymmetric 
ensembles in [6],
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Zβ [m] =
∫ N∏

i< j

|λ2
i − λ2

j |β
N∏
i

λα
i (λ2

i + m2)N f e− aβN
2 λ2

i dλi (2)

with now T a rectangular random C N×N+ν complex matrix with ν
exact and unpaired zero modes. Here α = β(ν + 1) − 1 and λ2

i
is the eigenvalue of the squared Wishart matrix W = T †T . The 
number of Dirac eigenvalues is 2N + ν . The overall normalizations 
in (1)–(2) are omitted.

The Gaussian measure is generic at large N , with the param-
eter a fixed by the chiral condensate. In the microscopic limit 
whereby the Dirac spectrum near zero-virtuality is magnified so 
that N�λ = 1, the interactions between the eigenvalues as medi-
ated by the gauge-fields appear overall as random. As a result only 
the chiral structure of the Dirac Hamiltonian and the symmetry of 
the matrix entries under anti-unitary symmetries are relevant [12]. 
This is the universal regime of ergodicity shared by most disor-
dered electronic systems in the mesoscopic limit [13].

Alternatively, (2) can be regarded as the normalization of the 
squared and real many-body wave-function

Zβ [m] =
∫ N∏

i=1

dλi |�0[λi]|2 (3)

which is the zero-mode solution to the Schrödinger equation 
H0�0 = 0 with the self-adjoint squared Hamiltonian [14]

H0 ≡
N∑

i=1

(−∂i + ai) (∂i + ai) (4)

with ∂i ≡ ∂/∂λi and the potential ai ≡ −∂i ln |�0|2. The mass pa-
rameter is 1/2. The Vandermonde contribution � = ∏

i< j |λ2
i j|β

induces a diverging 2-body part. It is convenient to re-absorb it 
using a similarity transformation by defining � = �0/

√
� and the 

new Hamiltonian

H = (1/
√

�)H0
√

� (5)

3. Hydrodynamics

We can use the collective coordinate method in [14] to re-write 
(5) in terms of the density of paired eigenvalues as a collective 
variable ρ(λ) = ∑N

i=1 δ(λ − λi). The result is a hydrodynamical de-
scription of the Dirac spectrum much along the idea pioneered by 
Dyson [15] and others [16]. After some algebra we obtain

H =
∫

dλ(∂λπρ ∂λπ + ρu[ρ]) (6)

with the potential-like contribution u[ρ] ≡ A2

A = aβN

2
λ − βπ

2
[ρH (λ) − ρH (−λ)]

+ ∂λ ln
√

ρ − α

2λ
− N f λ

λ2 + m2
(7)

Here ρH is the Hilbert transform of ρ

[ρ]H ≡ ρH (λ) = 1

π
P
∫

dλ′ ρ(λ′)
λ − λ′ (8)

The canonical pair π(λ) and ρ(λ) satisfies the standard com-
mutation rules. Here we will limit our analysis to a classical 
hydrodynamical description and will use the Poisson bracket 
{π(λ), ρ(λ′)} = δ(λ − λ′). We identify the collective fluid velocity 
with v = ∂λπ and re-write (6) in the more familiar hydrodynami-
cal form
H ≈
∫

dλρ(λ)
(

v2 + u[ρ]
)

≈
∫

dλρ(λ) |v + iA|2 (9)

ignoring ultra-local terms. The equation of motion for ρ yields 
the current conservation law ∂tρ = −2∂λ (ρv), and the equation 
of motion for v gives the Euler equation

∂t v = {H, v} = −∂λ

[
v2 + A2 − ∂λA − A∂λ lnρ + πβ[Aρ]H (λ)

+ πβ[Aρ]H (−λ)
]

(10)

All the relations hold for large but finite N , to allow for a 
smoothening of the density. The smoothening is over a scale that 
is larger than the eigenvalue spacing but much smaller than the 
range of the spectrum.

The dimensionality of the time t is the inverse of the dimen-
sionality of H , both of which are arbitrary. Throughout, the dimen-
sion of t is set to the dimension of the squared eigenvalue. When 
needed, the canonical dimension follows through a pertinent re-
scaling using the constant a in (1).

4. Hydrostatic solution

The hydrostatic solution corresponds to the minimum of (9)
with v = 0 and thus A(λ) = 0. In terms of the chirally symmet-
ric combination ρχ (λ) ≡ ρ(λ) + ρ(−λ) we have

0 = aβN

2
λ − βπ

2
ρ

χ
H (λ) + 1

2
∂λ lnρχ − α

2λ
− N f λ

λ2 + m2
(11)

In the large N limit only the terms in the first line survive with

ρ
χ
0 (λ) = Na

π

√
4

a
− λ2 (12)

which is the Wigner semi-circular distribution within the support 
|λ| ≤ 2/

√
a.

The hydrostatic equation (11) is classical and resums a large 
class of 1/N effects. The leading 1/N correction can be sought in 
the form ρχ ≈ ρ

χ
0 + ρ1 subject to the condition 

∫
ρ1dλ = 0, so 

that

−βπρ1 H (λ) = 1

λ
(α + 2N f ) − λa

4 − aλ2
(13)

The closed form solution is

ρ1(λ) = −α + 2N f

β
δ(λ) + |λ|

β
δ(λ2 − 4/a)

+ α + 2N f − 1

βπ
√

4/a − λ2
(14)

with the support unchanged. We note that (14) shows a delta-
function at zero virtuality with the negative strength (α + 2N f )/β .

The general solution to (11) for large but finite N can be sought 
in the massless case or m = 0, by multiplying (11) by 2ρχλ(λ2 +
m2) and taking the Hilbert transform. The result is

aβN

(
λ2ρ

χ
H − λ

2N

π

)
− βπ

2
λ

(
ρ

χ
H

2 − ρχ 2
)

+ λ∂λρ
χ
H − (α + 2N f )ρ

χ
H = 0 (15)

To solve it consider the extension of the resolvent

G(z) =
∫

dλ
ρχ (λ)

z − λ
(16)

to the upper and lower complex plane,

G±(z → λ) = πρ
χ
(λ) ∓ iπρχ(λ) (17)
H
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so that (15) now reads

aβNz2G − 1

2
βzG2 + z∂zG − (α + 2N f )G − 2aβN2z = 0 (18)

Taking the large N and small z limits sequentially in (18), yields 
G(z → 0) ≈ −(α + 2N f )/(βz) in agreement with the first contri-
bution in (14). However, the limits do not commute since by re-
versing them we obtain instead G(z → 0) ≈ −2(1 +α+2N f )/(βz). 
We note that this small z-behavior is distinct from the exact result 
ν/z that can be derived from the random matrix model (1). The 
reason is that this contribution is not part of the hydrodynamical 
analysis.

A general solution to (18) follows from the mapping G(z) ≡
−(2/β)∂z ln f (z) and z2 = −w and f (

√−w) = g(w). Thus

2w∂w w g + (−aβN w + 1 − α − 2N f
)
∂w g − 1

2
aβ2N2 g = 0

(19)

(19) is Laguerre-like except for the wrong sign in the last contri-
bution. The general solution is a confluent hyper-geometric func-
tion U ,

g(w) = U (
βN

2
,

1 − α − 2N f

2
,

aβN w

2
) (20)

The large z-behavior of (20) is G(z → ∞) ≈ 2N/z. For fixed N , the 
small z-behavior of (20) corresponds to G(z → 0) ≈ −2(1 + α +
2N f )/(βz) which is the result we observed earlier in the small z
and large N limits taken sequentially. To reverse the limits is more 
subtle in this case.

In general, the 1/N corrections form a trans-series with oscil-
lating contributions that are not accessible by the present method. 
In particular, the spurious 1/N delta-singularities at the edge of 
the spectrum are likely cancelled by contributions emerging from 
non-hydrodynamical saddle points [18].

5. Dyson Coulomb gas

We note that (2) can be re-written in terms of 1-dimensional 
Dyson Coulomb gas [17]. At large N the ensemble described by (1)
is sufficiently dense to allow the change in the measure,

N∏
i=1

dλi ≈ eS[ρ]Dρ (21)

with S[ρ] = ∫
dλρ(λ) ln(ρ0/ρ(λ)) the Boltzmann entropy [17]. 

Thus

Zβ [m] →
∫

Dρ e−[β,m;ρ] (22)

with the effective action

[β,m;ρ] =
+

∫
dλρ(λ)

(
aβN

2
λ2 − α ln(λ) − N f ln(λ2 + m2)

)

− β

2

∫
dλdλ′ρ(λ)ρ(λ′) ln(λ2 − λ′ 2)

−
(

β

2
− 1

)∫
dλρ lnρ (23)

The β contribution is the self Coulomb subtraction and is consis-
tent with the subtraction in the Hilbert transform. The saddle point 
equation δ/δρ = 0 yields the hydro-static equation (11) using the 
symmetric density ρχ .
6. Hydrodynamical minimum

Following the initial observation in [8], we note that the fixed 
time zero energy solution to (9) is a minimum with imaginary ve-
locity v = −iA (tunneling). The conserved current j ≡ ρv satisfies 
(τ = it)

∂τ ρ(λ) = ∂λ

[
aβNλρ(λ) − βπρ(λ)[ρH (λ) − ρH (−λ)]

+ ∂λρ(λ) − α

λ
ρ(λ) − 2N f λ

λ2 + m2
ρ(λ)

]
(24)

We identify τ with the stochastic time, and (24) describes the 
stochastic relaxation of the chiral eigenvalue density of the chiral 
Dirac spectrum (out of equilibrium) to its asymptotic (in equilib-
rium) hydro-static solution. For m = 0, (24) can be rewritten as

∂τ ρ
χ = aβN∂λ

(
λρχ

) − βπ∂λ

(
ρχρ

χ
H

)
+ ∂λλρ

χ − (α + 2N f )∂λ

(
1

λ
ρχ

)
(25)

After multiplying this equation by λ2, we can take its Hilbert trans-
form. The result is

∂τ ρ
χ
H = aβN∂λ

(
λρ

χ
H

) − βπ

2
∂λ

(
ρ

χ
H

2 − ρχ 2
)

+ ∂λλρ
χ
H − (α + 2N f )∂λ

(
1

λ
ρ

χ
H

)
(26)

With the usual definition, this gives an equation for the time de-
pendent Green’s function

∂τ G = aβN∂z (zG) − β

2
∂z

(
G2

)
+ ∂zzG − (α + 2N f )∂z

(
1

z
G

)
(27)

which, after a proper rescaling of time τ and G , for a = 0, in the 
large N limit such that ν/N → 0, is an inviscid complex Burgers 
equation derived in [19] for diffusing chiral matrices.

We note that the stationary solution fulfills

aβNzG − β

2
G2 + ∂zG − (α + 2N f )

1

z
G + C = 0 (28)

The constant C is fixed by noting that for large N and large z, 
G/N ≈ 2/z so that C = 4aN2, in agreement with (18).

The general time-dependent solution can be analyzed by first 
re-scaling τ → τ/N . In the large N limit G solves

∂τ G + β

(
1

N
G − az

)
∂zG − aβG = 0 (29)

which is a Burgers like nonlinear PDE. We can solve it with the 
method of complex characteristics [20]. For that we introduce 
curves in the space of z and τ , parametrized by s and labeled by 
z0, along which the nonlinear PDE follows from ordinary ODE

dz

ds
= β

(
1

N
G − az

)
dG

ds
= aβG

dτ

ds
= 1 (30)

with the condition that z(τ = 0) = z0 and τ (s = 0) = 0 (which 
means τ = s). These ODE can be solved for a specific initial condi-
tion.
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7. Sound waves

To gain some insights to the general time-dependent solutions, 
we analyze first the hydrodynamical equations in the linearized 
density approximation. For that, it is convenient to identify the 
classical hydrodynamical action associated to (6). Using the stan-
dard canonical procedure we found

S =
∫

dtdλρ(λ)
(

v2 − u[ρ]
)

(31)

which is linearized by

ρ ≈ ρ0(λ) + 2∂λϕ and ρv ≈ −∂tϕ (32)

Inserting (32) into S yields in the quadratic approximation

S2 =
∫

dt
dλ

ρ0(λ)

(
(∂tϕ)2 − ρ2

0 (λ)W 2[ϕ]
)

(33)

with the potential

W [ϕ] = βπ∂λ [ϕH (λ) + ϕH (−λ)] − ∂λ

(
∂λϕ

ρ0(λ)

)
(34)

For ρ(λ) = ρ0(λ), after the rescaling Nt → t , (33) simplifies for 
large N

S2 ≈ N2
∫

dt
dλ

ρ0(λ)

×
(

(∂tϕ)2 − (πβρ0(λ))2

N2 (∂λϕH (λ) + ∂λϕH (−λ))2
)

(35)

The speed of sound is non-local in the chiral spectrum. At zero 
virtuality it follows from (35) as

vs(0) = 2πβρ0(0)

N
= 2β

√
a (36)

(36) characterizes the rate of change of the fluid of eigenvalues 
with the time t . As noted earlier, t is in units of the eigenvalue 
squared. We note that (35) is extensive with N for ρ0(λ)/N nor-
malized to 1.

8. Relaxation time

An interesting dynamical question regarding the Dirac spectrum 
is the typical relaxation time associated to the formation or dis-
appearance of the spontaneous breaking of chiral symmetry. We 
answer this question by focusing on the time it takes for the eigen-
values near zero-virtuality viewed as a hydrodynamical fluid to 
re-arrange.

For simplicity, consider that at τ = 0 all the eigenvalues are 
localized at zero virtuality. The relaxation of this phase is charac-
terized by the time it takes the sound wave to fill up the gap or the 
so-called zero-mode-zone (ZMZ) spanned by Wigner semi-circle. 
To show this we use the initial condition G(z = z0, τ = 0) = 2N/z0
in (30) to obtain the solution

G(τ ; z) = eaβτ 2N

z0
(37)

The remaining equation is now

dz

dτ
= β

(
2

z0
eaβτ − az

)
(38)

which yields

z = 1
eaβτ +

(
z0 − 1

)
e−aβτ (39)
az0 az0
Fig. 1. The spectral density (41) computed for β = 2, a = 1 and τ = {1/6, 1/3, 1/2,

2/3, 5/6, 1}.

Solving for z0 and inserting the answer in (37) yield

G(τ ; z)

N
√

a
=

(
1 − e−vs(0)τ

√
a
)−1

×
(

z
√

a −
√

(z
√

a)2 − 4
(

1 − e−vs(0)τ
√

a
))

(40)

The spectral density follows from the discontinuity of (12) (see 
Fig. 1)

ρ(τ ,λ) = aN

π

(
1 − e−vs(0)τ

√
a
)−1

×
(

4

a

(
1 − e−vs(0)τ

√
a
)

− λ2
) 1

2

(41)

which is seen to interpolate between a delta-function Nδ(λ) at 
τ = 0 and a Wigner semi-circle at asymptotic τ at a rate given 
by the speed of sound vs(0) at zero virtuality. (41) shows that the 
relaxation time of the spectral density is

τR = 1/
√

a

vs(0)
(42)

which is the time it takes the sound to fill up the ZMZ zone.
The time estimate (42) is a characteristic of the re-organization 

of the fluid of Dirac eigenvalues irrespective of the details of the 
initial condition. It is non-perturbative. In particular, it character-
izes the re-organization of the Dirac eigenvalues from a gapped 
phase at zero-virtuality with chiral symmetry restored, to an un-
gapped phase at zero virtuality with chiral symmetry sponta-
neously broken. For that, consider the initial condition for a gapped 
distribution of eigenvalues

ρ(0, λ) = Nδ(λ − b) + Nδ(λ + b) (43)

The pertinent initial condition is now

G(z = z0, τ = 0) = 2Nz0

z2
0 − b2

(44)

A re-run of the preceding arguments yields a cubic equation for 
G/N

G(τ ; z)

N
√

a
= 2

z
√

a − G(z,τ )

2N
√

a
(1 − e−2aβτ )

(z
√

a − G(z,τ )

2N
√

a
(1 − e−2aβτ ))2 − b2e−2aβτ

(45)

that is solvable exactly for any time. The large time behavior fol-
lows by taking the limits τ → ∞ and e−aβτ → 0 in (45). The result 
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is a static quadratic equation for G/N which yields Wigner semi-
circle for the eigenvalue distribution. For large τ but small e−aβτ , 
the explicit solution is

G(τ ; z)

N
√

a
≈ z

√
a −

√
(z

√
a)2 − 4(1 − e−2aβτ + ab2e−2aβτ )

1 − e−2aβτ + ab2e−2aβτ
(46)

The time evolution is still controlled by the factor e−2aβτ =
e−vs(0)τ

√
a , and therefore the relaxation time (42).

In so far, the description of the Dirac spectrum as a fluid of 
eigenvalues is mathematical, with (42) characterizing the rate at 
which the eigenvalues relax say from an initial distribution with 
restored chiral symmetry to a final distribution with spontaneous 
chiral symmetry breaking. We now suggest that this description in 
eigenvalue space is dual to the relaxation in physical space under 
the same conditions. The physical relaxation time for the break-
ing/restoration of chiral symmetry in canonical dimension is then

T R ≡ a
3
2 τR = πρ(0)

2βN
= | 〈q†q

〉 |
2βn

(47)

Recall that in the chiral random matrix model (1), the scale 
a is related to the chiral condensate by the Banks–Casher for-
mula V 4

〈
q†q

〉 = −πρ(0) = −N
√

a. Thus, the last equality with 
n = N/V 4.

9. Conclusions

The hydrodynamical description of the chiral Dirac spectrum 
captures some key aspects of the relaxation of the Dirac eigen-
values in the ergodic regime. The hydrodynamical set-up supports 
a (tunneling) minimum that describes the hydrodynamical relax-
ation of the Dirac eigenvalues as a fluid. The fluid exhibits sound 
waves that can be used to estimate the time it takes for a gapped 
eigenvalue density with chiral symmetry restored, to a Wigner 
semi-circle with chiral symmetry spontaneously broken. We have 
suggested that this time is dual to a physical relaxation time.
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