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Abstract. Pairs (V, V') of commuting, completely non doubly commut-
ing isometries are studied. We show, that the space of the minimal
unitary extension of V' (denoted by U) is a closed linear span of sub-
spaces reducing U to bilateral shifts. Moreover, the restriction of V' to
the maximal subspace reducing V' to a unitary operator is a unilateral
shift. We also get a new hyperreducing decomposition of a single isom-
etry with respect to its wandering vectors which strongly corresponds
with Lebesgue decomposition.
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1. Introduction and Preliminaries

Let L(H) denote the algebra of all bounded linear operators acting on a
complex Hilbert space H. For an operator T' € L(H) by its negative power
T™ we understand T*/"I. Recall that a subspace L C H reduces T € L(H)
if and only if 7" commutes with the orthogonal projection P onto L. By
the span of E C H, we always mean the minimal closed linear subspace
containing F.

Recall the classical result of von Neumann-Wold [18]:

Theorem 1.1. Let V € L(H) be an isometry. There is a unique decomposition
of H into a sum of two orthogonal, reducing for V subspaces H,, Hg, such
that Vg, is a unitary operator and Vg, is a unilateral shift. Moreover,
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H,=(V"H, H,=EPV"(kerV"). (1.1)
n>0 n>0

For a given isometry V € L(H) by H,, Hs; we always mean the sub-
spaces in the decomposition (1.1). The restrictions Vg, , V|, are referred
as the unitary part and the shift part of the considered isometry. A nat-
ural question arises about generalizations for pairs or families of operators.
The most natural generalization, which following [7] is proposed to be called
a multiple canonical von Neumann-Wold decomposition, has been achieved
only in some special cases ([4,16]). In the general case various von Neumann-
Wold type decompositions or models were established ([1-3,5,9,10,14,17]).
Recall that operators Ty, Ty € L(H) doubly commute if they commute and
TyTy = ToTy. Consider a pair of isometries (V4,V2) on H. One can find a
unique maximal subspace reducing it to a doubly commuting pair. In [16] a
multiple von Neumann-Wold decomposition in the case of doubly commuting
pairs is constructed along with a model for pairs of doubly commuting uni-
lateral shifts. Therefore, we consider only completely non doubly commuting
pairs (i.e. such that the only subspace of H reducing (V1, V) to a doubly
commuting pair is {0}). Examples of such pairs are: non doubly commuting
unilateral shifts or the so called modified bi-shifts (see [14]). Note that if
operators commute and one of them is unitary, then they doubly commute.
Thus, in completely non doubly commuting pairs both of the isometries have
nontrivial unilateral shift parts and restrictions to any nontrivial subspace
reducing both operators also have a nontrivial unilateral shift part. However,
the unitary part may be, but need not to be trivial.

The property of being bilateral shift is not hereditary (i.e. the restric-
tion of a bilateral shift to some reducing subspace may be not a bilateral
shift). Therefore, usually there cannot be found the largest subspace reduc-
ing a given isometry to a bilateral shift or a span of bilateral shifts (see
Definition 4.8). This means that usually it cannot be constructed a canon-
ical decomposition of an isometry into a bilateral shift (or a span of bilat-
eral shifts) and a completely non bilateral shift operator. However, in Theo-
rem 3.10 we are able to construct a decomposition of a single isometry with
respect to its wandering vectors. One of the summands of the constructed
decomposition contains all the bilateral shifts.

There are known examples of undecomposable pairs where the unitary
part of any isometry is a bilateral shift (the aforementioned modified bi-
shift). We describe the unitary part and the minimal unitary extension of
an isometry which commutes but completely non doubly commutes with
some other isometry. One of our main results contained in Theorem 4.5 and
Corollary 4.9 says that the unitary extension of any member of a completely
non doubly commuting pair is a span of bilateral shifts. Since being a span of
bilateral shifts is not a hereditary property, it does not mean that the unitary
part of a considered isometry is a span of bilateral shifts. In Sect. 5 we show
that the unitary part of an isometry may not contain any subspace reducing
it to a bilateral shift but its unitary extension can be a span of bilateral shifts
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or even a bilateral shift. Denote by H,; the maximal subspace reducing the
isometry V; to the unitary operator and by V. an isometry commuting with
V1. It is known that H,; is a hyperinvariant subspace for V;. Theorem 4.11,
says that Va|m,, is a unilateral shift. Moreover it shifts between subspaces
reducing V7. Such a description seems to be useful for building models for
commuting pairs of isometries.

2. Multiple von Neumann-Wold Decomposition for Pairs
of Isometries

Let us recall the notion of multiple canonical von Neumann-Wold decompo-
sitions introduced in [7] in the general case, here taking a simplified form in
the case of a pair of commuting isometries:

Definition 2.1. Suppose (V;, V3) is a pair of isometries on H. The multiple
canonical von Neumann-Wold decomposition is given by a decomposition of
the Hilbert space

H = Huu 2 Hus > Hsu S2) Hssa
where H.,.,, Hys, Hsy, Hss are reducing subspaces for V7 and V5 such that

Vilm,.,, V2|m,, are unitary operators,

Vi|m,. is a unitary operator, Va|p, . is a unilateral shift,
Vi|m., is a unilateral shift, Va|g,, is a unitary operator,
Vilm.., Valm., are unilateral shifts.

ss)

By [4,16] there are multiple canonical von Neumann-Wold decomposi-
tions in either of the two cases: for doubly commuting pairs of isometries
and for pairs satisfying the conditions dim(ker V;*) < oo and dim(ker V") <
00. Moreover, in the case of doubly commuting isometries, the subspace
ker Vi* N ker V5 is wandering for the semigroup generated by Vi, Ve. How-
ever in the general case we have only a weaker result. Recall a definition
from [14].

Definition 2.2. A pair (V1, V2) of isometries is called a weak bi-shift if all the
isometries V1|ﬂ>0 ker Vi V> V2|ﬂ<>o Ker vyvy and V1Va are shifts.

The following general decomposition of pairs of commuting isometries
obtained in [14] is not necessarily a canonical one.

Theorem 2.3. For any pair of commuting isometries (V1,Va) on H there is a
unique decomposition

H:Huu@Hus ®Hau®sta (21)
such that Hyy, Hys, Hgy, Hys reduce Vi and Vo and

Vi Huu,V2| H,. are unitary operators,

Vilm,. is a unitary operator, Va|p,. is a unilateral shift,

Vilm,, is a unilateral shift, Va|g., is a unitary operator,

Mluy.s Volu,.) is a weak bi-shift. O
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We are going to focus on the weak bi-shift part. Precisely, we consider a
pair of isometries whose decomposition (2.1), trivializes to the weak bi-shift
subspace. In such a case the subspace reducing our isometries to a doubly
commuting pair is either trivial or reduces the isometries to a pair of unilat-
eral shifts. Indeed, in the other case the decomposition of the restriction to a
doubly commuting pair of isometries would give a non trivial subspace orthog-
onal to H,s. By [14] there can be found a maximal subspace of H,s which
reduces these isometries to a doubly commuting pair of unilateral shifts. Their
model can be found in [16]. Therefore we reduce our attention to completely
non doubly commuting pairs of isometries. Such pairs are a special case of
a weak bi-shift class whose finer, but not fully satisfying decomposition has
been described in [5].

3. Decomposition for Single Isometries

A unitary part of an isometry in a modified bi-shift is a bilateral shift. Our
alm in the present section is to construct a decomposition with respect to
a property which is close to the property of being a span of all the shifts
(bilateral or unilateral). The following example shows that “being a bilateral
shift” is not a hereditary property.

Ezample 3.1. Let H = L?(m), where m denotes the normalized Lebesgue
measure on the unit circle T. Let V be the operator of multiplication by
the independent variable, (V f)(z) = zf(z) for f € L?(m). Then its spectral
measure F satisfies F(a)f = o f for f € L?(m) and all Borel subsets a of T.
Let « be a proper subarc of T. Let V,, be the restriction of V to its reducing
subspace F'(a)H. Since « is not of total measure in the circle, the operator
V, is not a bilateral shift.

Note that a canonical decomposition of an operator T' € L(H) with
respect to some property is in fact a construction of a unique maximal reduc-
ing subspace H, C H such that the restriction T'|g, has the considered
property. Since being a bilateral shift is not a hereditary property, there is
a problem with construction of a maximal subspace reducing operator to a
bilateral shift. Example 5.2 in the last section will show that such a maximal
subspace is not unique. The construction of any maximal bilateral shift sub-
space can be done by considering a maximal wandering subspace. We follow
the idea of wandering vectors from [5]. Let G be a semigroup and {7} },eca
be a semigroup of isometries on H. The vector x € H is called a wander-
ing vector (for a given semigroup of isometries) if for any g1 # go we have
(Ty,x, Tg,z) = 0. For a semigroup generated by a single isometry we obtain
the following definition of a wandering vector.

Definition 3.2. A vector x € H is a wandering vector of isometry V € L(H)
if V"x L z for every positive n.

Note that for any wandering vector = the vector 4V z is not wandering.
Indeed, since z is wandering, so is Vz. Therefore (z + Vz,V(zx + Vz)) =
(Va, V). Thus the only linear V' — invariant subspace of wandering vectors is
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the trivial one. Since we are interested in reducing subspaces, there is no point
in considering subspaces of wandering vectors. Instead we consider subspaces
generated by wandering vectors. Note that for a wandering vector x we have
V7x L V™ for any pair of distinct positive indices n,m. Let H = H, ® Hy
be von Neumann-Wold decomposition of a given isometry V € L(H). If a
wandering vector x € H,, is chosen, then V"x 1L V™x for n,m € Z,n # m.
However for © € Hg this is not so clear. On the other hand, every vector
in the set |J,,~o V" (ker V*) is wandering, fulfills the orthogonality condition
also for the negative powers and generates the whole H,. Therefore, despite
Definition 3.2 is "weaker” it seems to be sufficient.

Theorem 3.3. For any isometry V € L(H) there is a unique decomposition:
H=H,® Hy,
reducing operator V' such, that

e H, is a span of all wandering vectors,
L] HO C Hu

Proof. Since H, C H,, we need to show only that H,, is V-reducing. Obvi-
ously, H,, is V-invariant. Note that for w wandering we have w, Py w € H,,
and consequently also Py, w = w — Py w € H,,. Note also that Py H, =
Py, (H,© Hs) = H, © H,. Thus « € H,, if and only if Py, x € H,,. Let us
show that Py, V*w € H,, for an arbitrary wandering vector w. For any vector
w € H let wy, = Py, w, ws = Py w. By (V™w,w) = (V™wy, wy,) +{(V"™ws, ws)
the vector w is wandering if and only if (V™w,,w,) = —(V"ws, ws) for
every positive m. On the other hand (V"V*w,, V*w,) = (V'w,,w,) =
—(V™ws, ws). Thus if w = w, & ws is wandering, then @ = (V*w,) & ws
is wandering as well. Moreover, Py, V*w = V*Py,w = Pg,w. On the
other hand, since w is wandering, by the previous argumentation we have
Py, w € Hy. Consequently, Py, V*w € H,,. Since w was an arbitrary wander-
ing vector and H,, is spanned by wandering vectors, we get V* Py, H,, C H,,.
By the just showed inclusion and inclusion H;, C H,, we get V*H,, C H,,.
Consequently, H,, reduces V. O

Remark 3.4. Note, that if L C H reduces V to a shift (unilateral or bilateral),
then L C Hy,.

Remark 3.5. Every invariant subspace of Hy is reducing.

Proof. Let L be an invariant subspace of Hy, then the set L © VL consists
of wandering vectors. Thus L & VL = {0}. O

For H?, the Hardy space on the unit circle, the following result is well
known (see [11] p. 53).

Proposition 3.6. Let h be a non-negative Lebesgue integrable function on the
circle. A necessary and sufficient condition that h be of the form h = |f|?,
with f a non-zero function in H?, is that log h is integrable.

Corollary 3.7. Let u be a non-negative absolutely continuous measure (with
respect to Lebesgue measure m on the unit circle). Let us denote o := supp p.
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Assume that the logarithm of the Radon-Nikodym derivative jT‘:L is integrable
on o.

Then the operator M, of the multiplication by independent variable
on the space L?(o, 1), is unitary equivalent to M, - the operator of multipli-
cation by independent variable " 2" on the space L*(o,m).

1" 1
z

Proof. Put h := :liTl; + XT\o- Obviously, h is positive almost everywhere on
the unite circle T. Since logh(z) = 0 for z € T\o and log C%LL is Lebesgue
integrable on ¢ then log h is Lebesgue integrable on T.

Consequently, by Proposition 3.6 we have h = |f|? for some f € H?.
Consider the following operator:

U : L*(o, 1) 2 u — uf € L*(T,m),

where u is extended to the whole T as usual by taking its value 0 on T\o. Since
|fI> = 9 on o and uf = 0 on T\o then operator U preserves the scalar
product (it is an isometry). It follows also that uf belongs to L?(T,m) if and
only if u € L?(o, u). The range space of Uy can be understand as a subspace
of L*(T,m). We will show that R(Uy) = L?(o,m) and consequently that Uy
is a unitary mapping onto its range. Since 5—;2 is positive almost everywhere
on o then f is not equal 0 almost everywhere on o. Thus for u € L?(o,m)
we can define %. Since u € L?(o,m) then [ |u[?dm exists and is finite. On

the other hand,

[ f[fon [ ffron-

and integers exists simultaneously. Thus u € L?(o,m) implies 7€ L?(o, p).

Moreover, M, = U, MU ¢. Consequently, Uy gives the unitary equivalence
between M, and M. O

Any isometry V acting on a Hilbert space H has Lebesgue decompo-
sition which combined with von Neumann-Wold decomposition gives us the
equality:

H:HS@HQC®HSing7 (31)

where the subspaces Hy, Hoe, Hging reduce V, the operator Vg, is a unilat-
eral shift, the operator Vg,  is unitary singular, i.e. its spectral measure
is singular to the Lebesgue measure on the unit circle and V|, is unitary
absolutely continuous, i.e. its spectral measure is absolutely continuous with
respect to the Lebesgue measure on the unit circle.

Consider unitary extension U € L(K) of V. Then Kging = Hging. Every
wandering vector of a unitary operator generates a bilateral shift. Thus such
a vector is contained in Kg.. Consequently K, is orthogonal to Kine. On
the other hand a wandering vector of V is wandering for U which means
H, C K. Summing up Hy C Ky L Kging = Hging-

Theorem 3.8. Let V € L(H) be a non unitary isometry. Then using the
notation of (3.1) we get
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Hy = Hqe ® Hs;
where Hy, is a linear subspace generated by all wandering vectors of V.

Proof. Since the singular part subspace Hy;yq is orthogonal to H,, and reduc-
ing for V' we can assume that H = H,.® H,. Consider a vector x orthogonal
to H, and assume x # 0. Define a subspace H, := Span{V"z : n > 0}.
Since H, C Hy is an invariant subspace, then by Remark 3.5, it is reducing.
Moreover, z is a cyclic vector for the restriction Vg, .

Therefore, by Theorem IX.3.4 of [8] the operator V|p, can be repre-
sented as multiplication by ”2” on the space L?(suppu,p), where p is a
measure absolutely continuous with respect to the Lebesgue measure on the
unit circle T. Since the measure p is different from 0, we can find ¢ > 0

such that the set 0 := {2z € T : %(z) > ¢} has positive measure. Then
log j—’nfb is integrable on o. By Corollary 3.7 the operator V|2(,,,) is unitarily
equivalent to multiplication by the independent variable on L?(o,m). Since
L?(o,m) C H, is orthogonal to H,, it can not be a bilateral shift. Therefore
T\o has positive Lebesgue measure. Take h(z) = % for z € o and h(z) = 1
for z € T\o. By Proposition 3.6 there is f € H? such that |f|?> = h. Since we
assumed isometry V to be non unitary, there is a subspace of H, reducing V'
which is identified with multiplication by 2" on H?. In other words we can

assume that f € H;. Take g = % Note that |f|? + |g|*> = 1. (To be precise

function g € L?(o,m) C L?(T,m) can be understand as defined on the unit
circle). Since f € Hy, C H,, it is orthogonal to g. One can check that

1 1 1
1F +al? = £ + lgl? = —/ fPdm + —/ lgf2dm = / Ldm = 1.
27T T 27T T 27T T
Similarly,

(z"(f+9), f+9)

(Z"f, f) +(z"g,9)

1 , 1 ) 1
— ™ fl°d — "glfdm = — "dm =0
27r/1-z|f| m+27r/Tz|g|m 27T/sz ,

for positive n. It follows that f + g is a non trivial wandering vector. Since
g was orthogonal to H,, we have %”) =|lgl*=(f+g,9) =0. Thus o is a
set of measure 0 which contradicts the hypothesis & # 0. Consequently, the
orthogonal complement of H,, is trivial. 0

Corollary 3.9. Let V € L(H) be a unitary operator, such that H,, # {0}.
Then

H'w = Ilgc,

where Hy, is a linear subspace generated by wandering vectors and V|, is
the whole absolutely continuous part of V' in decomposition (3.1).

Proof. Let v € Hy, be a nonzero wandering vector. Denote

L := Span{v, Vo, V?v,---}, M :={--- ,V*v,0,Vu,V?v,---}*+,
K =L& M.
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The operator V|, is a unilateral shift and V| is a non unitary isometry. Thus
by Theorem 3.8 we get K,, = L ® K,., where the subspaces are denoted as in
Theorem 3.8. Similarly, for any K" := V*" L& M we have K} = V*" L& K,..
Since every wandering vector is wandering for operator extended to some
superspace then K7, C H, for every n > 0. Finally, Hoe C \/ oy V"L @
Kac C Hw C HGC' D

Lebesgue decomposition is hyperreducing (see Thm. 2.1 [13] or Thm.
2.2 [12]). It means that the subspaces Hy @ H,. and Hgpg in (3.1) are hyper-
reducing. Summing up Theorems 3.3, 3.8, Corollary 3.9 and Remark 3.5, we
get

Theorem 3.10. For any isometry V € L(H) there is a unique decomposition:
H=Hy® Hy,

where Hy, is a span of all wandering vectors. Moreover:

o the subspaces Hy, H,, are hyperreducing for V,
e Hy C H,, and every V invariant subspace of Hy is V reducing.

In comparison with decomposition (3.1), we have
o Zwa = {0} th@n H = H() = Hac @ Hsing7
b ifH’w 7é {0} then Hy = Hsing; Hy, = Hu ® Hs.

Corollary 3.11. Let V € L(H) be an isometry, H = Hy & H, a decom-
position like in Theorem 3.10 and L C H, a reducing subspace. Then the
decomposition of Theorem 3.10 for V|1, is trivial (i.e. L = Lo or L = Ly,.)

Proof. Note that H,, is orthogonal to Hgipng. It follows Lg;n, = {0}. Thus,
by Theorem 3.10 either L,, = {0} or Ly, = Lo © Ls = L. O

4. Decomposition for Pairs of Isometries

In this section we take the advantage of the decomposition obtained in Theo-
rem 3.3 and construct a decomposition for pairs of isometries. Despite being
spanned by wandering vectors is not a hereditary property it has a multiple
canonical decomposition.

Theorem 4.1. Let (V1,V2) be a pair of commuting isometries on the Hilbert
space H. There is a decomposition

H = HO() @ HOw @ HwO @ wa»

where the subspaces Hoog, Hypo, How, Huww are such, that:

1. Hoyg is of type Hy for both operators,

2. Hyy is of type Hy for operator Vi and spanned by wandering vectors for
operator Vo,

3. Hyo is spanned by wandering vectors for operator Vi and of type Hy for
operator Vs,

4. there are sets W1, Ws of vectors wandering for Vi, Vs respectively, each
spanning Hyy.
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Proof. Let H = Hy & H,, be a decomposition for V3. By Theorem 3.10 the
subspaces Hy and H,, are reducing for V5. Let us decompose Hy and H,,
with respect to V; into Hy = H{,, ® H{,, and H,, = H, ,® H},,. If H, = {0}
then H{, and H}, are of type Hy with respect to V4. If H,, # {0} then the
operator Vi|g, is singular. Consequently Vi|g; and Vi|g; —are singular. In
both cases V1| and Vi|y, —are of type Ho.

By corollary 3.11 either V;| m,, is of type Hq or H ! o is linearly spanned
by vectors wandering for V3. In the first case we take Hog := Hy, @ H,,, and
H,o0 = {0}. In the second case we take Hog := H{, and Hy,o = H,.

Similarly if Vi|g, s of type Ho we take Hoy, := Hg,, ® H,,, and Hy =
{0}. If H},, is spanned by vectors wandering for V; we take Hy,, := H|,, and
Heypw = H',. O

Remark 4.2. The above decomposition is not unique.
Indeed, we have the following example.
Example 4.3. Denote by T the unit circle and
Ty :={2€T:imz>0}, T_:={z€T:imz <0}

Let us consider the space K = L*(T,m)® @, | K, where K,, = L*(T4,m).
We can decompose K = L*(T_,m) & L*(T4,m) & @,~, K,,. Let V; be the
multiplication by independent variable on K. Let V5 be the multiplication by
independent variable on L?(T,m) and be a unilateral shift on @, | K,, such
that the wandering space is K. The isometry V; is unitary absolutely con-
tinuous and contains a bilateral shift, hence, by Corollary 3.9, its wandering
vectors span K. The isometry V5 is an orthogonal sum of a unilateral shift
and unitary absolutely continuous operator, hence its wandering vectors also
span K (see Theorem 3.10). Thus we have Hy,,, = K.

Unfortunately the decomposition is not unique. For example take Hyy =
L*(T_,m) and Ho,, := L*(T+,m) & @, K,.

Recall from [6], that a pair of commuting contractions (T3, T3) is called
strongly completely non unitary if there is no proper subspace reducing 77, T5
and at least one of them to a unitary operator. Moreover, there is a decom-
position theorem ([6], Thm. 2.1):

Theorem 4.4. Let (Ty,Ts) be a pair of commuting contractions on a Hilbert
space H. There is a unique decomposition

H = Huu S Hu—m @ H—mu @ Hﬁ(uu)7

where the subspaces Hyy, Hy—wy H-wus H-(uu) are mazimal such, that:

Ty, Telm,, are unitary operators,

Ti|m, ., is a unitary operator, To|m, ., is a completely non unitary oper-
ator,
T1|m_,, s a completely non unitary operator, To|g_,, is a unitary oper-
ator,

(T1 1y T2l (1)) B8 @ strongly completely non unitary pair of con-
tractions.
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The above theorem in the case of pairs of commuting isometries appears
also in [2] or more general in [9]. Can be found also in [14].

Theorem 4.5. Let (V1,Va) be a pair of commuting isometries on a Hilbert
space H. There is a decomposition

H:Huu@HusEBHsu@HS7
where

1. Hyy s a mazimal subspace reducing Vi, Vs to a pair of unitary operators,

2. Hys is a mazximal subspace reducing Vi to a unitary operator and Va to a
unilateral shift,

3. Hyy is a mazimal subspace reducing Vi to a unilateral shift and Vo to a
unitary operator,

4. Hg reduces V1,Va and there are sets Wi, Ws of vectors wandering for
Vi, Va respectively, each spanning Hg.

Proof. Since any completely non unitary isometry is just a unilateral shift,
Theorem 4.4 applied to isometries gives a decomposition Hy, B Hys @ Hgy &
H_ (). We need to show that Hs = H_(,) has suitable properties. We
prove it for the operator V. Let H-(,,) = Ho ©® H,, be the decomposition of
Vil (way &lven by Theorem 3.3. By Theorem 3.10 the subspace Hy reduces
V1 to a unitary operator and reduces V. Consequently Vi|p,, Va|m, doubly
commute and Hy C H-(y). On the other hand, (V1|Hﬂ(w),V2|H ) is a
strongly completely nonunitary pair. Thus Hy = {0}. Hence for V; we have
H_ () = H, which means that H_,,) is spanned by vectors wandering for
1. O

= (uu)

Note that by the decomposition in the last theorem the subspace Hg
reduces V7, V5 to such a pair, that there is no subspace reducing both isome-
tries and at least one of them to a unitary operator. As we recalled earlier such
a pair is called strongly completely non unitary. Using more general language
of [2] such a pair is {1} - pure and {2} - pure. An immediate consequence is
the following:

Proposition 4.6. Let (V1,V5) be a pair of commuting, strongly completely non
unitary pair of isometries on the Hilbert space H. There are sets W1, Wy of
vectors wandering for Vi, Vy respectively, each spanning H .

By the proof of Theorem 3.3, the projection of a wandering vector onto
the unitary part subspace of the isometry is in the span of wandering vectors
but may not be wandering.

Remark 4.7. Let V € L(H) be an isometry with a wandering vector w. Note
that for every wandering vector in H,, the equality (V"™w,V"™w) = 0 holds
true for every n,m € Z,n #* m. Thus the minimal V-reducing subspace
generated by w is @,,., V" (Cw). In other words, the minimal V-reducing
subspace generated by a wandering vector in H, reduces V to a bilateral
shift.

Let us introduce a definition of the following class of operators.
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Definition 4.8. We call an operator V' € L(H) a span of bilateral shifts if
there are subspaces {H,},cr such that H is spanned by |J,.; H, and Vg, is
a bilateral shift for every ¢ € I.

el

Note that a span of bilateral shifts is a unitary operator.

Corollary 4.9. Let V € L(H) be an isometry and U € L(K) its minimal
unitary extension. Space H is a span of V-wandering vectors if and only if
K is a span of bilateral shifts.

Proof. If V' is unitary the corollary is obvious. Thus we may assume that V'
is not unitary and consequently that H, # {0}. By Theorem 3.10 we get
Hw = g D Hs~

If U is a span of bilateral shifts then K;,, = {0}. On the other hand
Hging = Kging- Thus H = H,e ® Hy = Hy,.

For the reverse implication note that every V wandering vector w €
H is U wandering. On the other hand, U is unitary. According to Remark
4.7 the subspace Ly, := @, c; V" (Cw) is the minimal U-reducing subspace
generated by w. Since H is spanned by wandering vectors, H is contained in
the span of {L,, : w € W} taken over the set W of all V-wandering vectors.
Since L,, C K for w € W, by minimality of U as a unitary extension, K
equals to the latter span. On the other hand, Ul is a bilateral shift. This
finishes the proof. O

As a corollary of Proposition 4.6 and Corollary 4.9 we obtain the fol-
lowing result.

Theorem 4.10. Let (V1,V3) be a pair of commuting, completely non doubly
commuting isometries on the Hilbert space H. The unitary extension of each
isometry is a span of bilateral shifts.

The following result shows some geometry of completely non-doubly
commuting pairs of isometries.

Theorem 4.11. Let (V1,V32) be a completely non doubly commuting pair of
commuting isometries on a Hilbert space H. Denote by H = H,;®® Hg; the von
Neumann-Wold decomposition for the isometry V;. Then there are subspaces
W; C Hy; reducing V; fori=1,2, such that

Hy,y = @ ‘/én(Wl)a Hy = @ Vln(W2)

n>0 n>0

Proof. We make the proof for ¢ = 1. By (1.1) we conclude that the subspace
H,1 is hyperinvariant. Thus we can consider the operators

Uy :=Vilg,,, Vo :=Valn,, € L(Hu1).

ul?
Since the pair (Vi,Vs) is completely non doubly commuting, it is a weak
bi-shift. Consequently, the product V1V3 is a unilateral shift. It implies that
U1V5 is a unilateral shift and

Hyy = @ (U1Va)" (ker(Uy V2)").

n>0
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Since Uy is unitary, ker(U1V2) = kerff2 By a similar argument applied for
the operators U, Vi* we obtain ker(UI"V4")* = ker V3™ for any n. Note that

(Ulf/z)”(ker(Ulf/z)*) - ker(Ul‘A}Q)*(n+1) o ker(U11~/2)*”
= ker V; ") o ker V3™ = V3 (ker V).

Consequently

u =PV (ker 1V5) = P V' (ker 1),

n>0 n>0

Note also, that ker 172 is Uy — invariant. Since Uy commutes with V, and is
unitary, they doubly commute. Consequently, V2 (kerV2 ) is U — invariant.
Since H,y © Vi (ker Vi) = D0 rzn Vi (ker Vi) is also Uf — invariant then

the subspace V2 (kerV2 ) is Uy — reducing for every n. We have showed the
theorem with W; = ker V5. O

A similar result is known for a normal operator and a unilateral shift
(see [15] Proposition 9). Consequently we have:

Corollary 4.12. The conclusion of the Theorem 4.11 holds true also for com-
pletely non unitary pairs of isometries.

Proof. Any pair of commuting isometries can be decomposed into a doubly
commuting pair and a completely non doubly commuting pair. In the case of
doubly commuting pair we need to consider only pairs consisting of a unitary
operator and a unilateral shift for which the result is trivial. It can be deduced
from the mentioned result ([15] Proposition 9) or from the model in [16]. O

Theorem 4.11 can be deduced also from [2]. By von Neumann-Wold
decomposition for the operator Vi and by Theorem 4.11 we get

Corollary 4.13. Let (V1,V3) be a completely non doubly commuting pair of
commuting isometries on the Hilbert space H. Then there exist a subspace W
which is wandering for Vo such that

H =PV (ker V') & P V5" (W)

n>0 n>0

In the corollary above we get an orthogonal decomposition of H into
two orthogonal sums of subspaces wandering for V; and V5 respectively. In
Proposition 4.6 for each of the isometries V3, V5 we can find a collection of
wandering vectors spanning H.

Summing up, Corollary 4.13 is stronger with respect to the orthogonality
of wandering subspaces. On the other hand, Proposition 4.6 is stronger with
respect to the fact that the space H is spanned by wandering vectors of a
single arbitrarily chosen isometry.
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5. Examples

We are going to conclude by having a closer look at several examples. The
first is an example of an isometry V € L(H) such that Hy # {0} and H is
not spanned by wandering vectors. It is trivial example where the unitary
part is singular according to the Lebesgue decomposition. We give it for the
sake of completeness.

Ezample 5.1. Let us consider an orthonormal collection of the form {f} U
{e; : @ € Z;+} in some Hilbert space. Define a new Hilbert space H :=
Cfe @ieZ+ Ce; and the isometry V € L(H) by Vf = f,Ve; = e;41 for
1 € Z4. Assume that H is spanned by vectors wandering for V. Then there
is a wandering vector w, such that Pg, w # 0. Obviously, H,, = Cf. Assume
for the convenience that w = f 4+v where v € H; = @i€Z+ Ce;. By the proof
of Theorem 3.3, since w is wandering we have (V" f, f) = —(V"v,v). By the
definition of V' we obtain ||f||? = —(V"v,v) = —(v, V*"v). Since v € Hy, the
sequence V*"v converges to zero. Consequently we obtain a contradiction
1= |If]? = lim, o —(v, V*™0) = 0. Thus H can not be spanned by V —
wandering vectors.

The next is an example of a span of bilateral shifts which is not a bilat-
eral shift. We would like to thank Professor Laszlé Kérchy for this example.
Denote by T the unit circle in the complex plane.

Ezample 5.2. Denote a := {z € T : argz € [2m, 37]}. Then o U o = T. Let
H = L*(a) @ L?(o®) ® L*(a) and U € L(H) be multiplying by ”z”. Then
H, = {0}. If the operator would be unitarily equivalent to some bilateral
shift then their spectral multiplicities would be equal. However, the spectral
multiplicity of a bilateral shift is constant, while in our example it is not.

It is clear that wandering vectors of an isometry V € L(H) span the
whole subspace H. On the other hand by Remark 4.7 any wandering vector in
a subspace H,, fulfills the orthogonality V"w L V™w for every distinct integer
powers. The natural question is what will be changed if we make a definition
of wandering vectors stronger in the following sense. We call a wandering
vector w strongly wandering if it fulfills the condition V"w L V™ w for every
n,m € Z,n # m. Denote by H,s the minimal subspace spanned by strongly
wandering vectors and by H,, the subspace spanned by wandering vectors.
Obviously, H,,s C H,, and both subspaces are reducing for our isometry V.
As we know, the subspace H,, is invariant for every isometry commuting with
V', but H,s does not need to be. We have the following lemma:

Lemma 5.3. Let H = H,, ® H, be the von Neumann-Wold decomposition of

an isometry V € L(H). Then the following conditions hold:

1. for x a strongly wandering vector, also x, = Pg,x,xs = Pg x are
strongly wandering vectors,

2. W = H; & W, where W, W,, denote subspaces generated by strongly wan-
dering vectors for V and V |y, respectively.

Proof. Since H,,, Hs; reduce V and z is wandering we have (V"x,, V™x,) =
—(V"xs, V™ag) for every m,n € Z, m # n. On the other hand
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(V& Vma,) = (VR VRV ™e,) = lim (VP VT he,) = ..

- k—oo
for n # m as well as for n — k # m — k and consequently
o= lim —(V" Rz, VTR ) = 0.
k—o0

Thus z,, is a wandering vector and by (V"™x,,, V"z,) = —(V"xs, V™x,), also
x5 is wandering.

For the second part, note that V™ (ker V*) for every n > 0 is a set of
V' — strongly wandering vectors. Thus Hy C W. Since H, reduces V, every
vector wandering for Vg, is wandering for V. Thus W,, C W. By the first
part of the lemma, the reverse inclusion W c H, ® W, follows. O

We want to show that unitary extension can be a span of bilateral
shifts and Hilbert space H is not spanned by strongly wandering vectors.
This follows from the next example:

Ezample 5.4. Consider Example 5.2, put K = L?(a) ® L?(a?) @ L?*(a) and
denote by U the operator of multiplication by ”z”. Find a wandering subspace
W for the bilateral shift in L?*(a?) @ L?(a) such that L?*(a?) @ L*(a) =
@D, U"W. Then take H = L*(a) ® @,~, U™ (W). The restriction Uly
is an isometry with its unitary part acting on L%(a), and U is its minimal
unitary extension. Since (7|, ) does not contain the unit circle, there is no
subspace reducing it to a bilateral shift. Consequently, H, does not contain
any wandering vector and H,, = Hy = @, -, U"W. On the other hand, the
unitary extension U of Uy is a span of bilateral shifts.

We follow the same idea to show an example of an isometry having
unitary part of Hy type, but whose unitary extension is a bilateral shift.

Example 5.5. Denote
Ty :={2€T:imz>0}, T_:={2x€T:imz <0}.

Let L(T), L*(Ty), L?(T_) be the subspaces of functions on T, T, T_ respec-
tively, which moduli are square summable with respect to Lebesgue measure
and let H?(T) be the Hardy subspace of L?(T). Consider H = L*(T_) &
@D,,~o H*(T) and the isometric operator M, of multiplication by ”z”. Then
the unitary part of M, acts on L?(T_). Since the spectrum of M, restricted
to L?(T_) does not contain T it is not a span of bilateral shifts. On the
other hand M, extends to a unitary operator of multiplication by 2" on the
space K = L*(T_)&,~, L*(T). Since we have the decomposition L*(T) =
L*(T.) @ L*(T_) we obtain K = L2(T_) & L*(T4) & L2(T_) ® L2(T4) &
LA (T_)® - = ,5o L*(T). Thus the unitary extension is a bilateral shift.
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