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1. Introduction and statement of result
The paper is motivated by results obtained in [2]. The main result is as follows.

Theorem 1.1. Let m; and m, be Minkowski functionals of bounded balanced domains in C™ and let U be a domain in C¥, k > m.
Let f,g : U — C™ be holomorphic mappings such that f (a) = g(a) = 0 and f and g are open in a neighborhood of a for some
a € U. Let q € R. Assume additionally that m;(f (x)) = (my(g(x)))4 for x in some neighborhood V C U of a.

Then q is a positive rational number and

(1) myof(x) = (myog(x)?forallxeU,
(2) f and g are related in the following sense: there is a p € N and there are homogeneous polynomials &, of degree kq, k =
1,...,p (if kq € N, then &, = 0) such that

FRP +fEPEEX) +--- +5EX) =0, xeU. (1)

Let us explain the notation occurring above. First of all recall that a mapping f is said to be open in a neighborhood
of a if there is a neighborhood of a such that the restriction of f to this neighborhood is open. For z, w € C" put
z-w = (zywy, ..., Zywy); ZX, k € Z, is understood analogously (ie.zX =z -....z,z71 = (2{1, .. .,zn‘l)).

Moreover, the unit disk in the complex plane is denoted by D and 9,2 stands for the Shilov boundary of a bounded
domain £2 in C".

Theorem 1.1, interesting in its own, has some important applications. For example, it is the main tool which allows us to
generalize and simplify the proof of the main theorem of [2]. The proof presented here is quite elementary and does not use
advanced tools of pluripotential theory — the key point relies upon the investigation of the Shilov boundaries of bounded
balanced domains.

The paper is organized as follows. We start with the proof of Theorem 1.1 (it is divided into few steps). Next we present
some examples and applications. Moreover, we show how the results for circular domains may be easily extended to quasi-
circular ones.
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2. Proof of the main theorem, remarks and examples

Proof of Theorem 1.1. Losing no generality we may assume thata = 0 and m > 2. Moreover, it is clear that g € Q... Take
D1, P2 € Nsuch thatq = %_

Step 1’ First we focus our attention on the case when k = m. It follows from Remmert’s theorem (see [7]) that 0 is an iso-
lated point of g~ (0) and f ~1(0). Therefore, shrinking V if necessary we may assume that f |y is proper onto image. Moreover,
there is a domain V’ such that 0 € V' C V, g|y- is also proper onto image and g~'(0) NV’ = {0}.PutV = g({x € V' :
detg’(x) = 0}) and fix § > Osuchthat 2, = {x € C™ : my(x) < 6} and 2; = {x € C™" : m;(x) < 87} are relatively
compact in g(V’) and f (V), respectively. Since V' N g~1(0) = {0}, one can see that g~!(£2,) is a domain.

Take xo € 062, \ V and let G;,j = 1,...,p, be local inverses to g|ys defined in a neighborhood of xy, i.e. g7 =
{G1, ..., Gp). It follows from the invariance of the Shilov boundary under proper holomorphic mappings (see [5, Theorem
3]) that there is an index i (fixed from now on) such that G;(xy) € 9,8~ (§22). Putyo = f(Gi(x)). Since g 71(£2,) = f~1(£2)
we may apply the argument from [5] again to state that y, € 9;52;.

We aim at showing that the map

f o Gi(txo)
(NG Sl i
ta

(defined in a neighborhood of 1) is constant. Put ¥, (t) = ﬁi’#,t e D(1,r) == {A € C: |A—1] < r}, whereris
sufficiently small. This would simply follow from the fact that ¥, maps D(r, 1) into £ and Y (1) € 05821

Assume the contrary, i.e. 1y, is non-constant. Then there is 0 < r’ < r such that yg & ¥, (3D(1, r')). Using the uniform
convergence argument one can easily see that there is an € > 0 and there is a neighborhood U (xo) C g(V’) \ 'V of Xy such
that v, is well defined in a neighborhood of D(1, r’) (decrease r’ if necessary) and dist(yg, ¥ (dD(1,1"))) > € whenever
x € U(xo).

Let V(xo) be an open neighborhood of the point x, such that V(xy) C U(xq) and dist(yg, V(yp)) <
F(Gi(V (x0))). o o

Since yy lies in the Shilov boundary of §21, thereisan F € @(£§21) N C(§2;) such that max{|F(x)| : x € V(yo) N £21} >
max{|F(x)| : x € 221\V (o)} (otherwise the Shilov boundary of £2; would be contained in £2;\V (yo)). Choose y € V (yo)N2;
at which the maximum on the left side is attained and note that taking y’ € §2; N V(yo) sufficiently close to y we get the
following inequality:

IFO)| > max{|[F(y)| : x € 21\ V(¥o)}. (2)
Let X' € V(xo) be such thaty’ = f(G;(x')).
First, observe that m(y") = m(f(Gi(x'))) = my(g(G;i(x')))? = my(x')?, so x' € £2,. Note also that m; (¥, (t)) = my(x')9,
hence ¥, (D(1, 1)) C £2,. Moreover, ¥y (1) = y" and ¥ (3D(1, 1)) NV (y9) = @.
But a function F o v attains its maximum on dD(1, r’). This contradicts (2).

5. where V(yo) =

Step 1" Itis clear that V C {x € g(V') : ®(x) = 0} for some holomorphic function @ on g(V’), @ # 0 (the function @ may
be given explicitly — for example one may take @ (x) = ]’-’:1 det g’ (G;(x)) where G; are local inverses to g).

Define ¥ (t, x, y) = ]_[,-J(f(Gi(x)) — t"f(H;j(¥))),x,y € g(V'), t € D, where G;, H; are local inverses to G defined in a
neighborhood of x and y, respectively. Put ¥ (t, x) = ¥ (t, tP2x, x), x € g(V'), t € D. It follows easily from Step 1’ that for
every x € 9562, \ 'V the mapping ¥ (-, x) vanishes in a neighborhood of 1. Hence ¥ (t, x) = Oforany t € Dand x € 9,82, \ V.

Therefore, for a fixed t € D the mapping @ - ¥ (t, -) vanishes on 9d;2,, so by the properties of the Shilov boundary @ - ¥ = 0.
Whence ¥ = 0.

Fixx' € £2,\ V,l € {1,..., m}and observe that there is an i such that f;(G;(tP2x)) = tP1f;(G;(x)) for t in a neighborhood
of 1 and x in a neighborhood of x". We aim at showing that
filGi(t"x)) = t"fi(G;(X)) 3)

forj = 1,...,pand ¢ sufficiently close to 1. To prove it put y; = G;(x’) and y; = G;(x). Note that y; and y; may be joined
byapathy : [0, 1] — g~ '(£21) \ U, where U = g~!(V).Put I" = g o y. A standard compactness argument allows us to
find a partition of the interval 0 = ty < t; < --- < t, = 1 and open balls (Bk)ﬁ’:1 covering I'*, By CC £2, \ 'V, such that
I ([ti—1, te]) C By and preimage g ~!(By) has exactly p connected components, k = 1, ..., N.

There is a unique holomorphic mapping H; on By such that g o H; = id and H{(I"(t)) = y(t) for t € [to, t1]. Note that
H; = G, so by the identity principle fi(H;(tP2x)) = tP1fi(H,(x)) for x € B; and t sufficiently close to 1. Similarly, there is
a holomorphic mapping H, on B, such that g o H, = id, Hy(I"(t)) = y(t) fort € [t1, tz] and H; = H; on By N B,. Using
the identity principle again we get the relation f;(H, (t2x)) = tP1f{(H,(x)) for x € B, and t sufficiently close to 1. Proceeding
inductively one may construct a mapping Hy holomorphic on By such that Hy = Hy_1 on By_1 N By, g o Hy = id, and
Gn(¥) = Hy(I'(ty)) = y (1) = y;. Moreover fi(Hy (tP2x)) = tP1fi(Hy (x)), for x € By and t close to 1. Note that Hy = G;j in
a neighborhood of x” and this finishes the proof of (3).
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Thus, we have shown that for any x € £2, \ 'V the equality f (G;j(t"2x)) = tP1f(G;j(x)) remains valid forallj = 1,...,p,
and t sufficiently close to 1.

,,,,,

yeees

P
Y100 = rewi) =0, Groeendp} CHLcom) i < oo <, ()
o€Xp k=1

with unknowns y = (y1, ..., ym) € C™, where X, denotes the set of p-permutations. Note that for a given (A;; Jl:z}::::;" the

system (1) has p solutions given by formulasy = (Ai 1, ..., Aim), i = 1, ..., p.Toshow it observe that (A; 1, ..., A;m) solves

(t),i=1, ..., p.On the other hand any root of the equations in () withj; = --- = jp isof the form (A;, 1, ..., Aj,,m). What

remains to do is to show that it is of the form (%; 1, ..., Ai ). Since these computations are quite elementary and tedious,

we omit them here.
Multiplying out we get mappings S(i, where |¢| < pandI = I(jy, ..., jp), such that
P

DT 10 = Aotoi) =PWir -y + D ELOIY.

oceXp k=1 || <p
Observe that Sti are homogeneous of order p — || and note that they are quasi-symmetric in the following sense:

ELO Ty o Mmoo Ap s oo Apm) = E4a(u1s - - - Aams -« s Ao@)1s -+ ha(pym)  fOrany o € 3. (4)
Therefore it is clear that ) ==&l of og™ ' == &L (fi0Gy, ..., fnoG1,...,fioGp, ..., fmoGp) is a well defined holomorphic
mapping on g(V’).

It follows from the above considerations that
¢l(tP2x) = eP1 P10l (x) forallx € £2; and t € D. (5)

Now one may write down the Taylor expansion of ;; around 0 in order to verify that ;‘(f, are homogeneous polynomials
of degree q(p — |«|) (obviously, if g(p — |«|) € N, then C(i =0).
Consider the following system of equations:

O1(%,y) =Dlyj, Yy + Y L@y =0, T=1G1,....Jp), (6)
lee|<p
U1, ... dp} € {1,...,m}, 1 <j; <--- <j, < m.First observe that
O, (tPx, thy) =t O, (x,y), teC. (7)

Note also that for x lying sufficiently close to 0 the following property holds:
my(x)? = my(y) for any root y the system of equations @;(x, -) = 0. (8)

To prove it take x € g(V’). It follows from the definition of the mappings ¢, that all roots of the Eq. (6) are given by formulas
y = f(x;), where g(x;)) = x,i = 1,..., p (precisely x; = g~'(x) if x & V). The assumptions of the theorem imply that for
such a solution y

my(¥) = mi(f (%)) = ma(g(x;))? = my(x)Y,

which proves (8) for x sufficiently close to 0. Making use of (7) we find that the relation (8) holds for all x.
The equality ©;(g(x), f (x)) = 0 holds in the neighborhood of 0, so by the identity principle ®@;(g(x), f(x)) = O0forx € U.
This means that f (x) is the root of the equations ®;(g(x), -) = 0 for any x € U. It follows from (8) that m; o f = (m; o g)4.

In order to prove the second assertion it suffices to repeat the above reasoning to the mappings &! withI = I(j, ..., j),j =
1..., m.To be more precise let us define
E(x) = Z Xip oo Xip, X=(X1,...,%) € CP, (9)
iy <--<ig=p
&0 = &), EOm), A= (., hn) € (@M (10)

Put & ;== &, of og~!and
O y) =y — @y + -+ (= DPL ).

As before we prove that @ (f, g) = 0.

Step 2 Now we shall show the theorem for k > m. It follows from Remmert’s theorem that dimg f~'(0) = k — m. Us-
ing the basic properties of analytic sets one can find an m-dimensional vector space L in the Grassmannian G(m, k) such
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that 0 is an isolated point of L N f~'(0) and L N g~1(0). We lose no generality assuming that the space L is of the form
L= {(xl,...,xm,ZaJ-’"“xj,...,Zaij) DX € (C}forsomea} €eC,j=1,...,ml=m+1,... kFixr > 0such that
the polydisc (rD)* is relatively compact in V. Let Bbean arbitrary infinite Blaschke product not vanishing on %]D) and define
B(A) = B(ar™1), A € rD.

Put f := (F, ¥P) = (f, P (Xm1 — 2o X)P1, . P19 (0 — Y afx)P) and § == (g, YP2) = (g, 29 (Xpy1 —
> oc]m“xj)m, oo, ePl(x — Za}‘xj)pz), where ¢(x1, ..., X) = Wlw + e + B(>1<k)' Observe that the mappings f and g are
locally open in a neighborhood of 0 (as 0 is an isolated point of the fibers f ~1(0) and g~1(0)).

Put |y| == [y1| + - + [Yieml|, ¥ € C“"™ and

1 1\Pi
vi(x,y) = (mf(X)”i + Iylpf) , ky)eC=C"xc™ i=1,2.

Itis clear that the equality v, (f ) = v,(g)? holds in a neighborhood of 0. Applying the previous step we get a natural num-
ber p, homogeneous polynomials ;:(i and corresponding maps @ such that &, (g, f) = 0. Moreover, the system of equalities
@(x,y) = 0,x,y € CX implies that v, ()7 = v, (y).

Expanding we infer that

61, f) = Bi(g, "), (F, ¥") = 0,(g, f) + e’hy + - - + *¥hy

for some s € N, holomorphic maps h; on U and a 6; given by the formula 6;(x,y) = @,(()5, 0), (y, 0)). Making use of the
construction of ¢ we immediately state that 6,(g,f) = h; = --- = h, = 0. Therefore ®;((g, 0), (f, 0)) = 0. Whence
mq(f (x)) = my(g(x))? for all x € U, as claimed.

The relation (1) may be shown analogously. O

Remark 2.1. The equality m;(f (x)) = my(x)? in a neighborhood of 0, where f is a proper holomorphic map and my, m,
are Minkowski functionals of pseudoconvex balanced bounded domains, is the key point of the proof of the main theorem
in [2]. The authors investigated this equality with the help of advanced tools of the projective dynamic.

Note that in Theorem 1.1 the more general equality was considered (we did not even need the plurisubharmonicity) and
the methods we were using were much simpler.

We would like to point out that the proof for the equality m;(f (x)) = m;(x)4 is even much less complicated (in this case
p = 1 and the other steps of the proof are not needed). More precisely, to prove the theorem in this case one may proceed
in the following way: using the invariance of the Shilov boundary from [5] and basic properties of Shilov boundaries we
get that f (tP2x) = tP1f(x) for x in a neighborhood of 0 and t in a neighborhood 1, where ¢ = p;/p,. From this equality we
deduce that f extends to the whole C™ and f (t"2x) = tP1f (x) forx € C", t € C.Thus f is a polynomial.

Note also, that the argument presented above does not require the theorem of Bell on proper holomorphic mappings
between balanced domains.

Remark 2.2. The statement of Theorem 1.1 is clear if m; and m, are the Euclidean norms and f, g are arbitrary holomorphic
mappings (as the Euclidean norm is R-analytic). One may check that in this case p = 1.

Similarly, the statement of Theorem 1.1 is clear in the case when my, m, are operator norms (as the operator norm is
R-analytic except for an analytic set).

Remark 2.3. Note that in the case when m = k and q = 1, the number p occurring in the statement of Theorem 1.1 is equal
to the multiplicity of the mapping f (restricted to some neighborhood of 0). Note also that for p = 1 the mappings f and g
are not necessary biholomorphic (but then f = ¢g for a linear mapping ¢;).

Assume that p occurring in Theorem 1.1 is equal to 2. Then we are able to solve the Eq. (1) and state that f(x) =
Qi1(g(x)) + +/Q2(g(x)), where Q; is linear mapping, Q, is a homogeneous polynomial of degree 2, and the branch of the
square is chosen so that \/Q; o g is holomorphic.

Generally, we cannot conjecture that Q, vanishes. Consider the following example: m;(x,y) = |(x, y)| = |x] + |yl i
1,2,f(xy) = 3 +2xy + y*, x* — 2xy + y*) and g(x,y) = (x*,y%). Then obviously | (x,y)| = 1g(x,y)], Qi (x,y)
1/2(x +y,x+y) and Q2 (x, y) = xy.

Remark 2.4. The assumptions of the openness of the mappings f and g in a neighborhood of a are important. This is
illustrated by the following example: f (x, y) = (xy, x>y), g(x, ¥) = (xy, y) and ||(x, y)|| = max{|x|, |y|}. Clearly |If (x, »)|| =
llg(x, y)|l if and only if |x| < 1ory = 0.

Note also that for any neighborhood U of 0 the images f (U) and g(U) are not analytic.

It is natural to ask whether the assumption of the openness may be weakened. We would like to point out that the
answer to this question is obvious in the case m = 2 — it is sufficient to consider the Weierstrass polynomials of f and g.
This reasoning however cannot be applied tom > 3.
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3. Quasi-circular domains

Let k1, ..., k, be natural numbers. A domain D of C" is said to be (kq, ..., k,)-circular if
(kk‘x1, c, kk"xn) € D whenever A € dD, x = (Xq,...,Xy) € D. (11)
If the formula (11) holds for any A € D, then D is said to be (k, . .., k;)-balanced (or (ki, ..., k,)-complete circular).

A domain 2 is called to be quasi-circular (respectively quasi-balanced) if it is k-circular (resp. k-balanced) for some
k= (kq,..., ky) € N,

Fork = (ki, ..., ky)-balanced domain D C C" one may define its k-Minkowski functional (a quasi-Minkowski functional)
by the following formula:

pp(®) = inf(A > 0: (A Mxy,..., A7"x,) € D}, (12)
x = (X1,...,Xn) € C". The introduced above function has similar properties as the standard Minkowski functional. Recall
them for the convenience of the reader:
o (@ 1xy, . %) = llup(®), x€C", a €C, (13)
D={xeC": upx(x) < 1}. (14)
Fork = (ky,...,k;) € Nandx € C" denote k - x := (x’;’, .. .,x’é”).
Let D be a k-balanced domain and up be the quasi-Minkowski functional associated with this domain. Put I~<j =
% k = (I~<1, AU l~<n) and define m(x) = ;LD,k(I}*1 - x)k1kn _One may check that m is radial. In particular, m is the

Minkowski functional of a bounded balanced domain and it satisfies the property m(k - x) = wup x()k1kn x e C". On the
other hand k - f is open provided that f is an open holomorphic mapping.
This simple observation leads us to the following.

Corollary 3.1. Let 111, up be quasi-Minkowski functionals of quasi-balanced domains. Let f,g : U — C™ be a holomorphic
mapping such that f(a) = g(a) = 0, forsomea € U C CX, k > m. Assume that ¢ € R.If u1(f(x)) = (u2(g(x)))? in a
neighborhood V C U of a and the restrictions f |y, g|y are open, then ju1 o f(x) = (2 o g(x))? forallx € U and q € Q.

One can try to derive a counterpart of the second assertion of Theorem 1.1 in the case of quasi-Minkowski functionals.
Since the possible formula is a little complicated and self-evident, we omit it here.
For more information on quasi-circular domains we refer the reader to [6].

4. Some applications

It is well known by Bell’s result (see [1]) that any proper mapping f between complete circular domains such that f is
non-degenerate (i.e. f~1(0) = {0}) is a polynomial. So we may expand f in a series f = ]q:p Qj,p < q, where Q; are
homogeneous of degree j. Let us introduce the following notation: p(f) := Q,, 0(f) = Qq.

The following was essentially proved in [2].

Proposition 4.1. Let D, 2, 2, CC C" be pseudoconvex balanced domains. Let f; : D — £2; be proper holomorphic mappings
such thatfi_1(0) = {0}, i = 1, 2. Assume that there are m, M > 0 such that m||f(X)||? < [fi)] < M| f2(x)||% x € D. Then

ri(fi(x) = p2(L(x)?, x € C™ In particular, p1(o(f1) (%)) = u2(0(f2)(x)9 and 1 (p(f1) (%)) = pa(p(f2)(x))? for x € C",
where (11 and u, are Minkowski functionals of $21, §2-, respectively.

Thus, if f1 is a homogeneous polynomial, then f, is homogeneous, as well.

Proof. It is well known that go, (0, fi(x)) = qg¢,(0, f2(x)). Therefore w1(fi(x)) = w2(fL(x))? for x € £2. Applying
Corollary 3.1 we state that wq(f; (X)) = w2 (f2(x))? forx € C".

Considering the values of the equations t ™™ w1 (f1 (tx)) = t " o (f2(tx))9 and ™2 1 (f1(x/t)) = t"2 uy (H(x/t))datt =0
we easily get the second part of the assertion. O

Remark 4.2. Suppose that D is a k-circular domain and consider the mapping = : C" 5 z — k.z € C". Then D= n~'(D)
is a balanced domainand 7 : D — Dis proper.

Let G be a complete circular domain. A simple argument together with Bell’s theorem shows that any non-degenerate
proper holomorphic mapping f : D — G is a polynomial and that it may be written as f = ijpﬁ, where each term f; is a

k-homogeneous polynomial of order j (i.e. f;(t“1xy, . . ., tnx,) = tif (x), x € 21, t € D).

Recall also that (see e.g. [4]) any bounded complete circular domain D in C" has a schlicht envelope of holomorphy; what
is more, its envelope of holomorphy D may be realized as a bounded complete circular domain in C".
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Example 4.3 (See [3]). Let £2; be a bounded complete k-circular domain and £2, a bounded balanced domain. Suppose that
f : £21 — $£2, is a proper mapping such that f~1(0) = {0}. Letf = ijpfj, where f; is k-homogeneous of order j. Assume
that £,'(0) = 0. Then f = f,.

Proof. Repeating the argument used in Remark 4.2 we may assume that §2; is a complete circular domain. Moreover, the
mapping f may be extended to a proper holomorphic mapping between envelopes of holomorphy f : £2; — £, such that
f((h) = £ andf‘](Qz) = 21 (see e.g. [4, Theorem 2.12.5]). Therefore, we lose no generality assuming that £2; and £2,
are pseudoconvex.

Then one may easily check that A[lx||P < [If,(x)|l < Bl|x||P,x € C", for some positive A, B (use the fact that f,(x IxN~1,
..., XXl 71 is uniformly bounded for x # 0). This implies that m||x||> < |f(x)|| < M|x||P, x € £, for some constants
m, M > 0. Now it suffices to apply Proposition 4.1 to get that f is homogeneous. O
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