
Appl Categor Struct (2012) 20:303–322
DOI 10.1007/s10485-010-9239-7

Normed Topological Pseudovector Groups

Piotr Niemiec

Received: 25 January 2010 / Accepted: 8 November 2010 / Published online: 20 November 2010
© The Author(s) 2010. This article is published with open access at Springerlink.com

Abstract A normed topological pseudovector group (NTPVG for short) is a valued
topological group (V,+, ‖ · ‖) (not necessarily Abelian) endowed with a continuous
scalar multiplication R+ × V � (t, x) �→ t · x ∈ V such that 0 · x = e (e denotes the
neutral element of V), 1 · x = x, (st) · x = s · (t · x), t · (x + y) = (t · x) + (t · y) and
‖t · x‖ = t‖x‖ for each t, s ∈ R+ and x, y ∈ V. It is shown that every valued topological
group can be isometrically and group-homomorphically embedded in a NTPVG
as a closed subset by means of a functor. Locally compact NTPV groups are fully
classified. It is shown that the (unbounded) Urysohn universal metric space can be
endowed with a structure of a NTPV group of exponent 2.

Keywords Normed vector spaces · Topological groups · Locally compact groups ·
Valued groups · Dynamical systems · Urysohn universal metric space
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Normed vector spaces are metrizable topological groups of a very special kind. One
may say that these are groups ‘modelled’ on the additive group of real numbers.
The possibility of multiplying elements of a group by reals in a homomorphic
way and the convex structure of a group facilitate investigations of such groups
and has many deep topological and geometric consequences. For example, every
normed vector space is an absolute extensor for metric spaces ([5]; see also [2,
Theorem II.3.1]), locally compact normed vector spaces are finite dimensional and
are uniquely determined (up to topological group isomorphism) by their dimen-
sion, non-locally compact completely metrizable normed spaces (that is, infinite-
dimensional Banach spaces [9]) as topological spaces are also uniquely determined
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(up to homeomorphism) by their topological weight [15, 16]. The specificity of the
algebraic structure of such groups leads to unrepeatable (in case of other groups)
results such as the Hahn-Banach theorem and causes that the class of metrizable
topological groups which are (topologically and algebraically) embeddable into
normed spaces is very poor. Thus, it seems to be useful for studying topological
groups to mark out topological groups which ‘look like’ normed spaces but form
a huge enough class so that every metrizable topological group can be embedded in
one of them. The aim of the paper is to give an example of such topological groups,
namely normed topological pseudovector groups, briefly NTPVG, (see Abstract,
Definition 1.1 or Remark 1.2). We shall show that there is a functor which links every
valued topological group (G, p) with a NTPVG (L[G], L[p]) in such a way that G is
naturally embedded (as a valued topological group) in L[G] as a closed total subset
(i.e. L[G] is the smallest closed pseudovector subgroup of L[G] containing G) and
every Lipschitz homomorphism f : G → H of (G, p) into a valued topological group
(H, q) extends (uniquely) to a continuous linear homomorphism L[ f ] : L[G] →
L[H] with the same Lipschitz constant. In addition, the functor L built by us
preserves monomorphicity and density of images. By means of this operator we
define an L-regular subgroup of a valued topological group (G, p) (a closed normal
subgroup H of G is L-regular iff the canonical embedding L[G]/L[H] → L[G/H]
is onto) and prove that every closed normal subgroup of G is L-regular provided
(G, p) is complete. Several fundamental theorems of the classical functional analysis
can easily be adapted for NTPV groups (with almost the same proof). However, one
should be careful with this—even elementary facts on vector spaces can fail to hold
for PV groups (for example, for a convex subset K of a NTPV Abelian group (G, +)

and x ∈ G the set K + x may not be convex). This raises new problems which are
trivially solved in normed vector spaces and causes that the classification of locally
compact NTPV groups is more complicated than in case of normed vector spaces.
Although every locally compact NTPV group is isomorphic, as a topological group,
to R

n, there are uncountably many pairwise non-isomorphic structures of NTPV
groups on R

n and for some of them the norm is given inexplicitly. Fortunately, the
full classification of all locally compact topological pseudovector groups is possible
and this is done in Section 2.

The last issue discussed here concerns the so-called Urysohn universal metric
space U [17]. It is well known for mathematicians investigating this space that there is
no Banach space isometric to U (which easily follows e.g. from Holmes’ theorem [7],
see also [11]). In the opposite, we have shown in [12] that U can be endowed with a
unique (up to isometric group-isomorphism) structure of a valued group of exponent
2. Here we improve this result by showing that the Boolean Urysohn group admits a
structure of a NTPVG.

We believe that NTPV groups will be a useful tool in theory of metrizable
topological groups. For well understanding of the paper it is enough to know basic
facts on metrizable and valued groups, e.g. the material of Chapter 1 of [1].

1 Foundations

In this paper R+ denotes the set of all nonnegative reals. For a function f : X → Y
between topological spaces X and Y, im f and im f stand for, respectively, the image
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of f and its closure (in Y). Whenever we use the term ‘group’ with no adjectives, we
think of a group with no topology (or with the discrete one). All topological groups
are assumed to be Hausdorff and vector spaces are over the field of real numbers.
If (G, +) is a (not necessarily Abelian) group with the neutral element e, a function
p : G → R+ is said to be a value iff for each x, y ∈ G:

(V1) p(x) = 0 ⇐⇒ x = e,
(V2) p(−x) = p(x),
(V3) p(x + y) � p(x) + p(y).

Every value p on G induces left- and right-invariant metrics (respectively) dL and
dR on G, namely dL(x, y) = p(−x + y) and dR(x, y) = p(x − y). If the space (G, dL)

(or, equivalently, if the space (G, dR)) is a topological group, we call the value p
topological and G a valued topological group. This is equivalent to:

(V4) limn→∞ p(xn) = 0 =⇒ limn→∞ p(v + xn − v) = 0

for each v ∈ G. Note that every value on an Abelian group is automatically topo-
logical. If (G, p) and (H, q) are two valued topological groups, so is (G ⊕ H, p ⊕ q)

where (p ⊕ q)(x ⊕ y) = p(x) + q(y) for each x ∈ G and y ∈ H.
In what follows, we assume that p is a topological value on a group (G, +).

The metrics dL and dR induce the same topology, which we shall denote by τp.
Moreover, dL is complete iff so is dR and in that case we say that (G, p) is a complete
valued topological group. A sequence (xn)

∞
n=1 of elements of G converges to x ∈ G

iff limn→∞ p(xn − x) = 0, iff limn→∞ p(−xn + x) = 0. A homomorphism f : G →
H between (G, p) and a valued topological group (H, q) is said to be Lipschitz
[isometric] if there is a constant λ � 0 such that q( f (x)) � λp(x) [if q( f (x)) = p(x)]
for each x ∈ G. The least such a constant λ is denoted by Lip( f ). Additionally we put

Lip−1( f ) = sup

{
distp(x, ker f )

q( f (x))
: x ∈ G \ ker f

}
∈ [0, +∞]

provided f is nonzero and Lip−1( f ) = 0 otherwise. In the above formula
distp(x, ker f ) is the number inf{p(x − y) : y ∈ ker f } = inf{p(−x + y) : y ∈ ker f }
and it is the distance of a point x from the set ker f with respect to the metric dL

or, equivalently, with respect to dR. Lipschitz homomorphisms are continuous but
not conversely.

By a theorem of Birkhoff [3] and Kakutani [8], every metrizable topological group
admits a topological value p for which τp coincides with the given topology of the
group.

A special kind of valued topological groups are normed topological pseudovector
groups.

Definition 1.1 A pseudovector group (in short: a PVG or a PV group) is a triple
(G, +, ·) such that

(PVG1) (G, +) is a group (not necessarily Abelian) and ‘·’ is an action (multiplica-
tion) R+ × G → G such that for each t, s ∈ R+ and x, y ∈ G:

(PVG2) (ts) · x = t · (s · x),
(PVG3) t · (x + y) = (t · x) + (t · y),
(PVG4) 0 · x = e and 1 · x = x where e is the neutral element of G.



306 P. Niemiec

Elements of a PV group are called pseudovectors.
A topological pseudovector group (briefly, a TPVG or a TPV group) is a quadru-

ple (G, +, ·, τ ) where (G, +, ·) is a PVG and τ is a topology on G such that G is a
topological group with respect to τ and the action ‘·’ is continuous.

A normed pseudovector group (in short: a NPVG or a NPV group) is a quadruple
(G, +, ·, ‖ · ‖) where (G, +, ·) is a PVG and ‖ · ‖ : G → R+ is a topological value on
G such that for any t ∈ R+ and x ∈ G,

(N1) ‖t · x‖ = t‖x‖.

In the above case the value ‖ · ‖ is called a norm.
A normed topological pseudovector group (in short: a NTPVG or a NTPV group)

is a NPV group (G, +, ·, ‖ · ‖) such that

(N2) (G, +, ·, τ‖·‖) is a TPVG.

We shall abbreviate the above notation writing that G or (G, ‖ · ‖) is a NTPVG
(similarly for TPV and PV groups). For simplicity, we shall always denote the neutral
element of any group by 0.

Remark 1.2 Usually for non-Abelian groups the multiplicative notation is more
reasonable. In such a case one should write (t, x) �→ xt instead of (t, x) �→ t · x for
the action of a PVG.

If G is a (N)(T)PV group as in Definition 1.1, it suffices to put t · x = −((−t) · x)

for t < 0 and x ∈ G in order to obtain an action R × G → G with the same properties
as the original ones.

Note also that there is a difference between topological PV groups and PV topo-
logical groups (the latter are just topological groups with an additional multiplication
by nonnegative reals satisfying the axioms (PVG2)–(PVG4)). However, each TPV
group is a topological group, by its definition.

Notice that there is a one-to-one correspondence between PV groups and pairs
(G, T) where G is a group and T = {Tt}t∈R is a one-parameter group of algebraic
automorphisms of G (that is, T0 is the identity map on G and Tt+s = Tt ◦ Ts for each
t, s ∈ R). Indeed, if ‘·’ is the action of a PV group, then Tt(x) = exp(t) · x defines a
one-parameter group of automorphisms; and conversely, given {Tt}t∈R, it suffices to
put 0 · x = 0 and t · x = Tlog(t)(x) for t > 0 to obtain an action of a PV group. More
interesting is the case of TPV groups: in that case the group T is continuous, i.e.
limt→s Tt(x) = Ts(x) for each s ∈ R and x ∈ G, and limt→−∞ Tt(x) = 0 for all x ∈ G.
This leads to a dynamical system � : R × G → G given by �(t, x) = T−t(x) in which
0 is asymptotically stable. We shall use this observation in Section 2 to classify locally
compact TPV groups.

In the same way as it is done in vector spaces one defines a PV subgroup and a
convex subset of a PV group. If K is a subset of a PV group G, the linear span and the
convex hull of K in G are denoted by lin K and conv K, respectively. One may show
that lin K = {∑n

j=1 t j · a j : t1, . . . , tn ∈ R+, a1, . . . , an ∈ K ∪ (−K), n � 1} (provided
K is nonempty) and conv K = {∑n

j=1 t j · a j : t1, . . . , tn � 0,
∑n

j=1 t j = 1, a1, . . . , an ∈
K, n � 1}. If, in addition, G is a TPV, the closures of lin K and conv K are denoted
by lin K and conv K (respectively). The reader will easily check that {0} is a convex
subset of any PV group G while {x} = {0} + x may not be convex for some x ∈ G.
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Let us make a general convention that all undefined notions and notations which
are clear for vector spaces have an analogous meaning as in case of vector spaces.
Additionally, we define a monothetic TPV group as a TPV group G for which
G = lin {a} for some a. If the latter equality holds, a is said to be a generator of G.
If we change order in adjectives, we obtain a stronger property: a TPV monothetic
group is a TPV group which is monothetic as a topological group. Clearly, the only
monothetic TPV groups among topological vector spaces (up to isomorphism) are
the real line and the trivial space.

Example 1.3 It is very easy to check (and well known) that each norm on a vector
space is topological. It turns out that a counterpart of this for norms on pseudovector
groups is false. For example, let B be the set of all finite subsets of (0,+∞). B is
a standard Boolean ring with the symmetric difference ‘⊕’ as an addition and the
intersection ‘∩’ as a multiplication. What is more, (B,⊕, ·) is a PV group with an
action ‘·’ defined as follows: 0 · A = ∅ and t · A = {ta : a ∈ A} for t > 0 and A ∈
B. There are many ‘classical’ norms on B which are not topological. For example,
‖A‖∞ = max A (for A �= ∅) or ‖A‖p = (

∑
a∈A ap)1/p with p ∈ [1, +∞).

The following simple result facilitates checking that a NPV group is a NTPVG (we
underline here that norms on PV groups have to be topological values).

Proposition 1.4 Let (G, ‖ · ‖) be a NPV group and

C(G) =
{

x ∈ G : lim
t→1−

‖x − t · x‖ = 0

}
. (1.1)

Then C(G) is a closed PV subgroup of G and C(G) is a NTPV group.

Proof Clearly, 0 ∈ C(G) and t · x ∈ C(G) provided x ∈ C(G) and t � 0. What is more,
if x, y ∈ C(G), then, by (V4) and (V2), ‖ − x − t · (−x)‖ = ‖ − (t · x) + x‖ = ‖ −
x + (x − t · x) + x‖ → 0 (t → 1−) and similarly ‖(x + y) − t · (x + y)‖ � ‖x + (y − t ·
y) − x‖ + ‖x − t · x‖ → 0 (t → 1−), which shows that C(G) is a group. Now we
shall check that C(G) is closed in G. Let xn ∈ C(G) be such that xn → x ∈ G.
Take ε > 0. There is m such that ‖xm − x‖ � ε

3 . Since xm ∈ C(G), there is δ ∈
(0, 1) such that ‖xm − λ · xm‖ � ε

3 provided 1 − δ < λ < 1. But then, for such a
λ, one has ‖x − λ · x‖ � ‖x − xm‖ + ‖xm − λ · xm‖ + ‖λ · (xm − x)‖ � 2‖xm − x‖ +
‖xm − λ · xm‖ � ε, which gives x ∈ C(G). The verification that the function R+ ×
C(G) � (t, x) �→ t · x ∈ C(G) is continuous is left as an exercise. ��

The elements of the PV subgroup C(G) of a NPV group G given by Eq. 1.1 are
said to be continuous pseudovectors. The above result implies that a NPV group G
is a NTPVG iff G coincides with the closed PV subgroup of G generated by all its
continuous pseudovectors. Another important consequence of Proposition 1.4 and
the fact that the completion of an Abelian group is an Abelian group as well is stated
in the following

Corollary 1.5 If (G, ‖ · ‖) is an Abelian NTPV group, so is its completion.
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It is also easily seen by the result of Klee [9] that if (G, ‖ · ‖) is an Abelian NTPV
group which is completely metrizable as a topological space, then the norm ‖ · ‖ is
complete.

Example 1.6 Let m be the Lebesgue measure on R and let B(R+) be the set of the
equivalence classes of all Borel subsets of R+ of finite Lebesgue measure under the
equivalence relation of almost equality (that is, two Borel subsets A and B of R+ are
almost equal if m(A \ B) = m(B \ A) = 0). For A ∈ B(R+) and t > 0 put 0 · A =
∅ (= {0 · a : a ∈ A}), t · A = {t · a : a ∈ A} and ‖A‖ = m(A). It is easily seen that
(B(R+),⊕, ·, ‖ · ‖) where ‘⊕’ denotes the symmetric difference is a NPV group. We
claim that B(R+) is a NTPVG. First note that

(t1 · I) ⊕ . . . ⊕ (t2n · I) =
n⋃

j=1

[t2 j−1, t2 j) (1.2)

for 0 � t1 < . . . < t2n and I = [0, 1) which yields that B(R+) = lin {I}. So, thanks to
Proposition 1.4, it suffices to show that I ∈ C(B(R+)). But for t ∈ [0, 1) we have
‖I ⊕ t · I‖ = ‖[t, 1)‖ = 1 − t, which finishes the proof. Thus B(R+) is a monothetic
complete NTPVG which is infinite-dimensional as a topological space.

Now let B be as in Example 1.3. For 0 < t1 < . . . < t2n put ‖{t1, . . . , t2n}‖0 =∑n
j=1(t2 j − t2 j−1) and ‖{t1, . . . , t2n−1}‖0 = t1 + ∑n−1

j=1 (t2 j+1 − t2 j). It can be simply
verified that the function B � {t1, . . . , tp} �→ (t1 · I) ⊕ . . . ⊕ (tp · I) ∈ B(R+) is a well
defined monomorphism such that ‖{t1, . . . , tp}‖0 = ‖(t1 · I) ⊕ . . . ⊕ (tp · I)‖ (thanks
to Eq. 1.2). We infer from this that ‖ · ‖0 is a norm on B and the completion
of (B, ‖ · ‖0) coincides with (B(R+), ‖ · ‖). This fact shall be applied in the last
section.

The proofs of the following results (for topological vector spaces) may be repeated
for TPV groups:

(TH1) A linear homomorphism between two NTPV groups is continuous iff it is
Lipschitz.

(TH2) If (G, ‖ · ‖) is a NTPV group and H is a closed PV normal subgroup of G,
then ‖[u]‖π = inf{‖v‖: v − u ∈ H} is a norm on the quotient group G/H,
G/H is a NTPVG and the canonical projection π : G → G/H sends the
open unit ball of G onto the open unit ball of G/H. If, in addition, the norm
‖ · ‖ is complete, so is ‖ · ‖π .

(TH3) If U is an open, convex and symmetric neighbourhood of 0 in a TPV group
G, its Minkowski functional pU : G � x �→ inf{t > 0 : 1

t · x ∈ U} ∈ R+ is a
continuous seminorm on G. If the TPV group G has a bounded and convex
neighbourhood of 0, it is normable.

(TH4) (Closed Graph Theorem) A linear homomorphism between two complete
NTPV groups is continuous iff its graph is closed in the product space.

(TH5) (Open Mapping Theorem) A continuous linear epimorhism between two
complete NTPV groups is an open mapping.

(TH6) (Inverse Mapping Theorem) If a continuous linear homomorphism between
two complete NTPV groups is bijective, then its inverse is continuous as
well.
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Example 1.7 As it is done in functional analysis, for a continuous linear homomor-
phism ϕ between two NTPV groups one may define the norm of ϕ as Lip(ϕ) (see
(TH1)). However, the PV group B(G) of all continuous linear endomorphisms of
an Abelian complete PV group G equipped with such a norm may not be TPV.
For example, let (B(R+), ‖ · ‖) be as in Example 1.6. One shows that if 0 � t1 <

. . . < tn and ϕ : B(R+) → B(R+) is given by ϕ(A) = (t1 A) ⊕ . . . ⊕ (tn A), then ϕ is
a continuous linear homomorphism and

‖ϕ‖ =
n∑

j=1

t j, (1.3)

which simply implies that B(B(R+)) is not a TPV group. Indeed, just note that if ϕ

is the identity homomorphism on B(R+), then, thanks to Eq. 1.3, ‖ϕ − t · ϕ‖ = 1 + t
for 0 < t < 1 and therefore the multiplication in discontinuous in B(B(R+)).

The following problem might be interesting:

Is every normed topological pseudovector group an absolute retract for metric
spaces?

2 Locally Compact TPV Groups

This section is devoted to the full classification (up to topological linear isomorphism)
of locally compact TPV and NTPV groups. We begin with four examples of such PV
groups. In all of them the defined groups are equipped with the natural topology of
R

n or C
n and thus they are locally compact. Since the multiplication by 0 is trivial in

PV groups, we shall only define a multiplication by positive reals.

(I) Let λ be a complex number such that Re λ > 0 and Im λ � 0. If λ is real
(i.e. if Im λ = 0), put G(λ, 1) = (R,+); otherwise let G(λ, 1) = (C, +). For
a positive real number t and x ∈ G(λ, 1), let t ∗ x = tλx (recall that tλ =
exp(λ log t)). It is easy to check that G(λ, 1) is a TPV group.

(IA) Now assume in (I) that Re λ � 1 and put ‖x‖ = |x| 1
Re λ for x ∈ G(λ, 1). We

leave this as an exercise that ‖ · ‖ is a norm on G(λ, 1) which induces the
topology of this group.

(II) Let λ be as in (I) and n � 2. Put G(λ, n) = G(λ, 1)n and for t >

0 and x1, . . . , xn ∈ G(λ, 1) let t ∗ (x1, . . . , xn) = (y1, . . . , yn) where yk =
tλ

∑k
j=1

(log t)k− j

(k− j)! x j. A straightforward calculation shows that G(λ, n) is a PV
group. What is more, it is a TPVG (because Re λ > 0).

(IIA) Now assume in (II) that Re λ > 1. We claim that G(λ, n) is normable. To
see this, we shall make use of (TH3). Note that—since this group is locally
compact—a subset of G(λ, n) is bounded (in the sense of the PV structure)
iff its closure is compact. So, thanks to (TH3), it is enough to check that the
convex hull (in the PV structure) of the Euclidean unit ball B is ‘naturally’
bounded. To do that, observe that

lim
t→0+

tRe λ−1(− log t)p = 0
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for p=0, . . . , n and thus there is a constant M>0 such that tRe λ−1(− log t)p �
M for p = 0, . . . , n and t ∈ (0, 1]. Now if t1, . . . , tp > 0,

∑p
j=1 t j = 1, (x(1)

1 ,

. . . , x(1)
n ), . . . , (x(p)

1 , . . . , x(p)
n ) ∈ B and (y1, . . . , yn)=∑p

q=1 tq ∗ (x(q)

1 , . . . , x(q)
n ),

then

|yk| �
p∑

q=1

tRe λ
q

k∑
j=1

(− log tq)k− j

(k − j)! |x(q)

j |

�
p∑

q=1

tq
k∑

j=1

tRe λ−1
q (− log tq)k− j � nM,

which finishes the proof.

The proof of the next lemma is left as a simple exercise.

Lemma 2.1 Let A, B and P be three real n × n-matrices and let P be invertible. Then
PeA log tx = eB log t Px for each x ∈ R

n and t > 0 if f B = PAP−1.

Now we are ready to classify locally compact (N)TPV groups.

Theorem 2.2 Every nontrivial locally compact TPV group G is isomorphic (as
a TPV group) to G(λ1, n1) × . . . × G(λp, np) (for some p � 1, λ1, . . . , λp and
n1, . . . , np) where each G(λ j, n j) is of type (I) or (II). The number p and the pairs
(λ1, n1), . . . , (λp, np) are uniquely (up to permutation) determined by G. The PV
group G is normable if f each G(λ j, n j) is of type (IA) or (IIA).

Proof By [6], every nontrivial locally compact contractible topological group is
isomorphic (as a topological group) to R

n for some (unique) n � 1. Therefore we
may assume that G = R

n. For t ∈ R let Tt : R
n � x �→ et ∗ x ∈ R

n (where ‘∗’ is the
action of the PV group G). Tt, as a continuous group-homomorphism, is linear in the
natural sense. Thus {Tt}t∈R is a continuous one-parameter group of n × n-matrices.
Now e.g. by [13, Theorem 1.2], there is an n × n-matrix B such that Tt = etB. This
means that

t ∗ x = eB log tx (2.1)

for each t > 0 and x ∈ R
n. By the Jordan matrix decomposition theorem, there are

fields K1, . . . , Kp each of which is either R or C, scalars λ j ∈ K j with Im λ j > 0
provided K j = C ( j = 1, . . . , p), natural numbers n1, . . . , np � 1 and an invertible
R-linear (in the natural sense) operator U : R

n → K
n1
1 ⊕ . . . ⊕ K

np
p such that B′ =

U ◦ B ◦ U−1 is an R-linear operator such that

B′(x) =

⎛
⎜⎜⎜⎜⎜⎝

λ j 0 0 . . . 0
1 λ j 0 . . . 0
...

...
. . .

...
...

0 . . . 1 λ j 0
0 . . . 0 1 λ j

⎞
⎟⎟⎟⎟⎟⎠

· x (2.2)
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for x ∈ K
n j

j ( j = 1, . . . , p). Thanks to Lemma 2.1, we may assume that B′ = B. Now
since limt→0+ t ∗ x = 0, we infer from Eq. 2.1 and the well known facts on dynamical
systems that Re λ j > 0 for each j. Now Eq. 2.2 combined with Eq. 2.1 yields that each
of the summands K

n j

j is a PV subgroup of G isomorphic to G(λ j, n j) and thus G is
isomorphic to G(λ1, n1) × . . . × G(λp, np). The uniqueness of such a decomposition
follows from Lemma 2.1 (note that continuous homomorphisms of the additive group
R

n are linear) and the uniqueness of the Jordan matrix decomposition.
It remains to prove that if G(λ, n) is normable, then Re λ � 1 and that Re λ �=

1 provided n > 1. Suppose that ‖ · ‖ is a norm on the PV group G(λ, n) which
induces its topology. For simplicity put K = G(λ, 1) and q = Re λ. Observe that
t ∗ (we) = tλwe for any t > 0 and w ∈ K, and e = (0, . . . , 0, 1) ∈ G(λ, n). Since ‖ · ‖ is
continuous, there is M > 0 such that ‖we‖ � M for all w ∈ K with |w| = 1. Further,
for each natural number k � 1 take γk ∈ K with |γk| = 1 such that kλ/qγk = k. Then
(by the triangle inequality and (N1)) we obtain: k‖e‖ � ‖ke‖ = ‖(k1/q) ∗ (γke)‖ =
k1/q‖γke‖ � k1/q M. This yields that the sequence (k1/q−1)∞k=1 is upper bounded and
therefore q � 1.

Now assume, in addition, that n > 1. Put y(k) = (y(k)
1 , . . . , y(k)

n ) = 1
k ∗ (kv) with

v = (1, 0, . . . , 0) ∈ G(λ, n) and k � 1. We infer from the fact that ‖ · ‖ induces the
topology of G(λ, n) that the set {x ∈ G(λ, n) : ‖x‖ � r} is compact for each r > 0.
What is more, it is convex in the sense of the PV structure. So, the sequence (y(k)

2 )∞k=1

is bounded. But |y(k)
2 | = k1−q log k and therefore q > 1. ��

The uniqueness of p in the above result implies that the TPV groups G(λ, n) of
type (I) or (II) are irreducible (or simple); that is, there are no two closed nontrivial
PV subgroups G1 and G2 of G(λ, n) such that G(λ, n) = G1 ⊕ G2.

3 Enlarging a Valued Topological Group to a NTPV Group

In this section we shall show that to every valued topological group (G, p) there
corresponds a NTPV group (L[G], L[p]) which contains G as a closed subgroup
(and L[p] extends p) such that any Lipschitz group-homomorphism f : G → H
of (G, p) into a valued topological group (H, q) is uniquely extendable to a
Lipschitz linear homomorphism L[ f ] : L[G] → L[H]. (By (TH1), only Lipschitz
group-homomorphisms may be extended to continuous linear ones. However, every
continuous homomorphism may be made Lipschitz by a simple change of the value of
its domain G without changing the topology of G, but then L[G] will change even as
a set.) It can be easily seen that the presented below functor L[·] may be built in the
category of pointed metric spaces and Lipschitz maps between them. It is however
not of our interest.

From now to the end of the section, all values on groups are assumed to be topo-
logical. Let m be the Lebesgue measure on R. For a valued topological group (G, p)

let L[G] be the set of (equivalence classes under the relation of m-almost everywhere
equality of) all Borel functions u : R+ → G whose image is separable and L[p](u) =∫ ∞

0 p(u(t)) dt is finite. (It follows e.g. from theory of separable Souslin spaces that a
Borel image of a separable complete metric space is always separable and thus our
assumption of separability of the image of u is superfluous. However, this property
of u is of great importance for us and we want to make the presentation of a functor
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as elementary as it is possible.) Additionally, let L0[G] consists of all members u of
L[G] for which there are numbers n � 1 and 0 = t0 < t1 < . . . < tn < +∞ such that
u is constant on each of the intervals [t j−1, t j), j = 1, . . . , n, and u

∣∣[tn,+∞)
≡ 0. It is

clear that L[G] is a group with the pointwise addition, i.e. (u + v)(t) = u(t) + v(t),
that L0[G] is a subgroup of L[G] and that L[p] is a value on L[G]. We claim that
L[p] is topological. To see this, fix u ∈ L[G] and take a sequence (vn)

∞
n=1 of members

of L[G] such that limn→∞ L[p](vn) = 0. We may assume that L[p](vn) � 2−n. Put
g : R+ � t �→ ∑

n=1 p(vn(t)) ∈ [0, +∞]. By the Lebesgue monotone convergence the-
orem,

∫ ∞
0 g(t) dt � 1, which implies that g(t) < +∞ for almost all t ∈ R+. This com-

bined with the fact that p is topological yields that limn→∞ p(u(t) + vn(t) − u(t)) = 0
for almost all t ∈ R+. But p(u(t) + vn(t) − u(t)) � 2p(u(t)) + g(t) and the function
2p ◦ u + g is Lebesgue integrable. Therefore limn→∞

∫ ∞
0 p(u(t) + vn(t) − u(t)) dt = 0

(by the Lebesgue dominated convergence theorem) and hence L[p] is topological.
For positive s > 0 let κs : R+ � t �→ t/s ∈ R+. We define an action of the multi-

plicative semigroup R+ on L[G] by 0 ∗ u = 0 and s ∗ u = u ◦ κs for s > 0. Basicly,

L[p](s ∗ u) = sL[p](u) (3.1)

for each s ∈ R+ and u ∈ L[G]. Equation 3.1 says that L[p] is a norm on L[G]. Later
we shall show that (L[G], L[p]) is a NTPVG.

For each x ∈ G let δx be a member of L0[G] defined as follows: δx
∣∣[0,1)

≡ x

and δx
∣∣[1,+∞)

≡ 0. One checks that the map δG : (G, p) � x �→ δx ∈ (L[G], L[p]) is
isometric (with respect to the left-invariant metrics and the right-invariant ones as
well) and its image is closed. We shall not distinguish between x and δx. Under such
an identification we see that G is a closed subgroup of L[G] such that

(L1) lin G = L0[G]
(and that L[p] extends p). Similarly, we shall naturally identify L[G0] with a PV
subgroup of L[G] for any subgroup G0 of G. This means that u ∈ L[G] belongs to
L[G0] iff there is a Borel subset B of R+ such that u(B) ⊂ G0 and m(R+ \ B) = 0.

Further, for a Lipschitz homomorphism f : (G, p) → (H, q) define L[ f ] :
L[G] → L[H] by L[ f ](u) = f ◦ u. It is easy to check that L[ f ] is a well defined
homomorphism which extends f and that Lip(L[ f ]) = Lip( f ).

The following properties of the operator L[·] are left as exercises:

(L2) L is a functor, i.e. L[idG] = idL[G] and L[g ◦ f ] = L[g] ◦ L[ f ] for any Lip-
schitz homomorphisms f : G → H and g : H → K.

(L3) L0[G] is dense in L[G].
(L4) L[Ḡ0] = L[G0] for each subgroup G0 of G (Ḡ0 is the closure of G0 in (G, τp)

and L[G0] is the closure of L[G0] taken in (L[G], τL[p])); G0 is a normal
subgroup of G iff L[G0] is a normal subgroup of L[G].

(L5) L[p] is complete iff so is p.
(To prove the ‘if’ part, it suffices to check that a sequence (un)

∞
n=1 of members

of L[G] with L[p](un − un+1) � 1
2n for all n � 1 is convergent. But for such

a sequence the function f : R+ � t �→ ∑∞
n=1 p(un(t) − un+1(t)) ∈ [0,+∞] is

Lebesgue integrable and thus f (t) < +∞ for almost all t. Let A be the set
of all t ∈ R+ for which f (t) is finite. For each t ∈ A the sequence (un(t))∞n=1
is fundamental and hence converges to some u(t) ∈ G. Put u(t) = 0 for t ∈
R+ \ A. Then u ∈ L[G] and (un)

∞
n=1 converges to u.)
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(L6) L[G] is Abelian iff so is G.
(L7) L[p](u + v) = L[p](v + u) for each u, v ∈ L[G] iff p(x + y) = p(y + x) for

any x, y ∈ G.
(L8) L[ f ] is injective iff f is injective. If q( f (x)) = ap(x) for each x ∈ G and some

a > 0, then 1
a ∗ L[ f ] is isometric.

(L9) L[ f ](L0[G]) = L0[im f ] ⊂ im L[ f ] ⊂ L[im f ] and H ∩ im L[ f ] = im f for a
Lipschitz homomorphism f : G → H. In particular, the image of L[ f ] is
dense in L[H] iff the image of f is dense in H.

(L10) ker L[ f ] = L[ker f ] and Lip−1(L[ f ]) = Lip−1( f ).
(L11) (L[G ⊕ H], L[p ⊕ q]) is naturally isometrically PV-isomorphic to (L[G] ⊕

L[H], L[p] ⊕ L[q]).
Now we are able to give a simple proof that (L[G], L[p]) is a NTPVG for each
valued topological group (G, p). By (L1), (L3) and Proposition 1.4, it suffices to
show that every element of G is a continuous pseudovector. The verification of this
is elementary and is left to the reader.

Notice that the point (L7) is related to the bi-uniformity of G and L[G] and the bi-
invariance of the corresponding left-invariant (or right-invariant) metrics on G and
L[G]. The point (L6) may be strengthened as follows:

Proposition 3.1 Let (G, p) be a valued topological group. For a subset X of L[G] the
following conditions are equivalent:

(i) x + t ∗ y = t ∗ y + x for each x, y ∈ X and t > 0,
(ii) lin X is Abelian,

(iii) there is a closed Abelian subgroup H of G such that X ⊂ L[H].

In the proof of Proposition 3.1 we shall apply Corollary 3.3 (whose proof is left as
an exercise) which simply follows from the following theorem of real analysis known
as the Lebesgue density theorem (see e.g. [4, Theorem 7.33]):

Lemma 3.2 If A is a measurable subset of the real line, then the set Ã consisting of
all t ∈ A such that the limit limδ→0+ m(A∩(t−δ,t+δ))

2δ
exists and is equal to 1 and of all

t ∈ R \ A for which the latter limit exists and is equal to 0 is Lebesgue measurable and
m(R \ Ã) = 0.

Corollary 3.3 If A0, . . . , An (n � 1) are measurable subsets of R+ of positive measure
m, there are positive numbers t1, . . . , tn such that m(A0 ∩ (t1 A1) ∩ . . . ∩ (tn An)) > 0.

Proof of Proposition 3.1 We only need to show that (iii) is implied by (i). Suppose
that (i) holds and for any u ∈ X let R(u) be the so-called essential image of u. That is,
y ∈ R(u) iff m(u−1(V)) > 0 for each open neighbourhood V of y in G (R(u) coincides
with the support of the pushforward measure of m under u). Note that R(u) is a
closed subset of G such that m(R+ \ u−1(R(u))) = 0 (by the separability of the image
of u). It is enough to check that for every two elements u1 and u2 of X the set R(u1) ∪
R(u2) consists of pairwise commuting elements of G. (Indeed, having this we may
define H as the closed subgroup of G generated by the set

⋃
u∈X R(u).) We argue by

contradiction. Suppose there are a and b in R(u1) ∪ R(u2) (for some u1, u2 ∈ X) with
a + b �= b + a. This yields that there exist open neighbourhoods Ua and Ub of a and
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b , respectively, such that x + y �= y + x for any x ∈ Ua and y ∈ Ub . Let j, k ∈ {1, 2} be
such that a ∈ R(u j) and b ∈ R(uk). Put A = u−1

j (Ua) and B = u−1
k (Ub ). Observe that

the sets A and B are measurable and of positive measure m. So, by Corollary 3.3,
there is s > 0 such that m(A ∩ (sB)) > 0. Now if t ∈ A ∩ (sB), then u j(t) ∈ Ua and
(s ∗ uk)(t) ∈ Ub . Hence u j + s ∗ uk �= s ∗ uk + u j, contradictory to (i). ��

Our next aim is to characterize all Lipschitz homomorphisms f : G → H for which
im L[ f ] = L[im f ]. We shall do this with aid of the so-called L-regular subgroups. In
order to define them, we need to make some notes.

Assume that H is a closed normal subgroup of a valued topological group (G, p).
Let pπ be the (topological) value on G/H induced by p and π : (G, p) → (G/H, pπ )

the canonical mapping (that is, pπ (π(x)) = inf{p(y) : y ∈ G, π(y) = π(x)}). Since π

is Lipschitz, L[π ] : L[G] → L[G/H] is well defined and ker L[π ] = L[H] (by (L10)).
The latter relation (together with (L4)) implies that there is a unique homomorphism
jH : L[G]/L[H] → L[G/H] such that jH(u + L[H]) = L[π ](u) for any u ∈ L[G]. It
is easy to check that jH is linear. What is more, it is isometric, that is,

L[pπ ]( jH(u + L[H])) = ‖u + L[H]‖ (3.2)

where ‖u + L[H]‖ = inf{L[p](v) : v ∈ L[G], v − u ∈ L[H]} (compare with (TH2)).
(To prove Eq. 3.2, simply check that Lip( jH) � 1 and that Eq. 3.2 holds for u ∈
L0(G).) We call jH the canonical embedding. Its image is always dense, jH however
may not be onto. This leads us to the following

Definition 3.4 A closed normal subgroup H of a valued topological group G is L-
regular iff the canonical embedding jH : L[G]/L[H] → L[G/H] is onto.

Observe that H is L-regular iff jH has closed image, iff L[π ] is an epimorphism.
Since jH is isometric and isometries preserve completeness, (TH2) and (L5) yield

(L12) Every closed normal subgroup of a complete valued topological group is L-
regular.

Utility of L-regularity is explained in the following

Proposition 3.5 For a Lipschitz homomorphism f : G → K between two valued
topological groups (G, p) and (K, q) the following conditions are equivalent:

(i) im L[ f ] = L[im f ],
(ii) Lip−1( f ) < +∞ and ker f is L-regular.

In particular, L[ f ] is an epimorphism if f so is f and (ii) holds.

Proof Put H = ker f and let π : G → G/H and pπ be as in the note preceding
Definition 3.4. There is a unique group-isomorphism f̃ : G/H → im f such that

f = f̃ ◦ π. (3.3)

It can be easily verified that Lip( f̃ ) = Lip( f ) and Lip( f̃ −1) = Lip−1( f ). Thus, if (ii)
holds, f̃ is a bi-Lipschitz isomorphism from G/H onto im f and therefore L[ f̃ ] is
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a linear isomorphism of L[G/H] onto L[im f ]. But L[ f ] = L[ f̃ ] ◦ L[π ] and L[π ]
is an epimorphism because of the L-regularity of H. This shows that (i) is implied
by (ii).

To prove the converse implication, first we shall check that

Lip−1( f ) < +∞ (3.4)

provided im L[ f ] = L[im f ]. Suppose, for the contrary, that Eq. 3.4 is false. This
means that there is a sequence (xn)

∞
n=1 of elements of G \ H such that distp(xn, H) �

2nq( f (xn)). Put t0 = 0, tn = tn−1 + 1
2nq( f (xn))

for n > 0 and t∞ = limn→∞ tn ∈ [0, +∞].
Define u : R+ → im f by u

∣∣[t j−1,t j)
≡ f (x j) for each j � 1, and u

∣∣[t∞,+∞)
≡ 0 provided

t∞ < +∞. It is easily checked that u ∈ L[im f ] and therefore there is v ∈ L[G]
with L[ f ](v) = u. We infer from this that f (v(t)) = f (x j) for almost all t ∈ [t j−1, t j)

and each j � 1. So, for these t we obtain v(t) − x j ∈ ker f = H and thus p(v(t)) �
distp(x j, H) � 2nq( f (xn)). But then

∫ ∞

0
p(v(t)) dt �

∞∑
n=1

∫ tn

tn−1

p(v(t)) dt �
∞∑

n=1

2nq( f (xn))(tn − tn−1) =

=
∞∑

n=1

1 = +∞,

which denies the fact that v ∈ L[G].
Now if Eq. 3.4 is fulfilled, the isomorphism f̃ , appearing in Eq. 3.3, is bi-Lipschitz

and therefore L[ f̃ ] is a linear isomorphism. We conclude from this, the relation
L[ f ] = L[ f̃ ] ◦ L[π ] and the epimorphicity of L[ f ] that L[π ] is an epimorphism as
well, which finishes the proof. ��

Now we shall give a few illustrative examples dealing with the functor L[·].

Example 3.6

(A) Let Z2 = {0, 1} = Z/2Z be the unique (up to isomorphism) group of cardinality
2 and let p : Z2 → R+ be a value on Z2 given by p(0) = 0 and p(1) = 1. It is
easily seen that (L[Z2], L[p]) is naturally isometrically PV group-isomorphic
to (B(R+), ‖ · ‖) where the latter PV group is described in Example 1.6.

(B) To avoid misunderstandings, let us underline that in this example the term
‘linear’ (used with functions) is reserved for linear functions between vector
spaces over the real field. Homomorphisms between PV groups will be called
PVG-homomorphisms.
It is clear that L[R] is the classical Banach space L1(0,+∞) of all real-valued
Lebesgue integrable functions on (0,+∞). However, the PV structure of L[R]
differs from the linear structure of L1(0,+∞). With use of harmonic analysis,
we are able to characterize all continuous PVG-endomorphisms of L[R]. For
this, let � : L[R] → L[R] be a continuous group-homomorphism such that

�(s ∗ u) = s ∗ �(u) (3.5)
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for each s > 0 and u ∈ L[R]. Since the group L[R] is a vector space, � is linear.
Let G be the topological multiplicative group of positive real numbers. It can
be simply verified that the measure λ given by the formula dλ(t) = 1

t dt is the
Haar measure of G. Let j denote the identity map on G. A straightforward
calculation shows that the function � : L[R] � u �→ uj ∈ L1(λ) is a well defined
(bijective) linear isometry. Now put � = � ◦ � ◦ �−1 : L1(λ) → L1(λ). � is a
continuous linear operator such that �( fs) = (� f )s for s ∈ G and f ∈ L1(λ)

where gs(t) = g(t/s) (this follows from Eq. 3.5). Now by [14, 3.8.4], there is
a unique signed (real-valued) Borel measure μ on G such that �( f ) = f ∗ μ

where ‘∗’ denotes the convolution (on G), i.e. ( f ∗ μ)(s) = ∫
G f (s/t) dμ(t).

Moreover, ‖�‖ = ‖μ‖ = |μ|(G) (|μ| is the variation of μ). We easily conclude
from this that (�u)(s) = ∫ ∞

0
u(s/t)

t dμ(t). We shall denote the unique measure μ

obtained in this way by μ�. Note that ‖μ�‖ = ‖�‖(= Lip(�)). It follows from
the associativity of the convolution (on the space of signed Borel measures)
that μ�1◦�2 = μ�1 ∗ μ�2 .
Now assume that � is bijective and isometric and put μ1 = μ� and μ2 = μ�−1 .
Then we have ‖μ1‖ = ‖μ2‖ = 1 and μ1 ∗ μ2 = μ2 ∗ μ1 = ε1 where for x ∈ G,
εx is Dirac’s measure on G concentrated at x (that is, εx(A) is 1 if x ∈ A and
0 otherwise). One may check that it follows from this that μ1 = ±εa for some
a ∈ G and thus �(u) = a ∗ (± 1

a u).
(C) Let (G, p) be a complete valued topological Abelian group. For each t > 0

put Gt = G and let G̃ be the direct sum of the collection {Gt}t>0. That is, G̃
is a subgroup of

∏
t>0 Gt consisting of all functions f : (0,+∞) → G such that

the set f −1(G \ {0}) is finite. Let p̃ : G̃ → R+ be defined as follows: p̃(0) = 0;
and for f ∈ G̃ \ {0} take the (unique) numbers n � 1 and 0 < t1 < . . . < tn
such that f (t j) �= 0 and f (t) = 0 for t ∈ (0,+∞) \ {t1, . . . , tn} and put p̃( f ) =∑n

j=1(t j − t j−1)p(
∑n

k= j f (t j)) (with t0 = 0). It is not so easy to show ‘intrinsicly’

that p̃ is a value on G̃. Much simpler is to check that the function � : G̃ � f �→∑
t>0 t ∗ δ f (t) ∈ L0[G] is a group-isomorphism such that p̃( f ) = L[p](�( f )).

This yields both that p̃ is a value on G̃ and that the completion (Ĝ, p̂) of (G̃, p̃)

is isometrically isomorphic to (L[G], L[p]) (by (L3) and (L5)). This gives a
more algebraic construction of (L[G], L[p]) for complete valued topological
Abelian groups (G, p). However, in this approach Lipschitz homomorphisms
extend in the way which hides interesting properties (such as (L10)) of the
functor because of completing the spaces ‘G̃’.

We infer from Example 3.6–(B) that every (bijective) linear (in the sense of the
PV structure) isometry of L[R] is of the form u �→ 1

a ∗ L[ϕ](u) where a > 0 and
ϕ : R → R is of the form ϕ(t) = εat with ε ∈ {−1, 1}. This suggests the following
general assertion:

Is every linear isometry of (L[G], L[p]) onto (L[H], L[q]) of the form u �→
1
a ∗ L[ϕ](u) where a > 0 and ϕ : G → H is a group-isomorphism such that
q(ϕ(x)) = ap(x) for each x ∈ G?

Affirmative answer for this yields that the correspondence (G, p) ↔ (L[G], L[p])
is one-to-one when two valued topological groups (G, p) and (H, q) are identified iff
(H, q) is isometrically isomorphic to (G, ap) for some positive number a.
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4 Urysohn Universal Space as a NTPV Boolean Group

We begin with

Definition 4.1 An Urysohn space is a separable complete metric space U such that
every separable metric space is isometrically embeddable in U and each isometry
between finite subsets of U is extendable to an isometry of U onto itself.

A theorem of Urysohn [17] says that there is a unique (up to isometry) Urysohn
space. He has also proved that the completion of the so-called rational Urysohn
space QU is an Urysohn space. To put the definition of QU we need two very
useful notions. Recall that a Katětov map on a metric space (X, d) is any function
f : X → R+ such that | f (x) − f (y)| � d(x, y) � f (x) + f (y) for all x, y ∈ X. A
Katětov map f : A → R+ where A is a subset of X is said to be trivial (in X) iff
f (a) = d(x, a) for each a ∈ A and some x ∈ X. Now we can recall the definition of
the rational Urysohn space. This space is uniquely determined (up to isometry) by
the following three conditions: it is countable, its metric is rational-valued and every
rational-valued Katětov map defined on a finite nonempty subset of it is trivial. We
may simply generalize this notion to any countable subfield of R. Namely, if F is
such a field, by an F-Urysohn space, denoted by FU, we mean any metric space
which is countable, has F-valued metric and the property that every F-valued Katětov
map defined on its finite nonempty subset is trivial. Adapting the original proof of
Urysohn, one easily shows that for every countable subfield F of R there exists a
unique (up to isometry) F-Urysohn space and its completion is an Urysohn space.
This fact shall be applied in the sequel. The reader interested in ‘Urysohn-like’ spaces
is referred to a survey article [10] where one can find more references dealing with
this topic.

All groups in this section are Abelian We call a group (G, +) Boolean iff it is of
exponent 2, that is, if x + x = 0 for each x ∈ G. In [12] we have shown that there is
a unique (up to isometric isomorphism) valued Boolean group, called the Boolean
Urysohn group, which is Urysohn as a metric space. One may ask whether there is a
NTPV Boolean Urysohn group. In this section we shall do a little bit more than just
giving an affirmative answer for the latter problem (see Theorem 4.3 below).

For need of this section, we extend the notion of pseudovector groups (over R) to
PV groups over subfields of R. Namely, for a subfield F of R, denote by F+ the set
F ∩ R+ and call a triple (G, +, ·) an F-PV group if (G, +) is a group and ‘·’ is an action
F+ × G → G satisfying axioms (PVG2)–(PVG4) for each t, s ∈ F+ and x, y ∈ G. In
a similar way as it was done in Section 1 we define a topological F-PV group (briefly,
an F-TPVG), a normed F-PV group (an F-NPVG) and a normed topological F-PV
group (an F-NTPVG). (Note that the norm of an F-NPVG does not need to take
values in F+.) Everywhere below F denotes an arbitrary subfield of R.

Definition 4.2 A pseudovector v of an F-NPV Abelian group (G, ‖ · ‖) is said to be
Lipschitz if there is a positive constant C such that

‖t · v − s · v‖ � C|t − s| (4.1)
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for each t, s ∈ F+. The set of all Lipschitz pseudovectors in G is denoted by L(G).
The NPV group G is Lipschitz [almost Lipschitz] if L(G) = G [if L(G) is dense in G].
Additionally, G is uniformly Lipschitz provided there is a universal positive constant
C such that Eq. 4.1 is fulfilled for every v ∈ G with ‖v‖ � 1 and each t, s ∈ F+.

The reader will easily check that L(G) is always an F-PV subgroup of an F-NPV
group G. The NTPV group (L[G], L[p]) of a valued Abelian group (G, p) is almost
Lipschitz (indeed, L0[G] ⊂ L(L[G])). One may also show, using Baire’s theorem,
that a Lipschitz complete NPVG is uniformly Lipschitz. At this moment, observe
that—thanks to Proposition 1.4—every almost Lipschitz NPVG is a TPVG. The aim
of this section is to prove the following

Theorem 4.3 Every separable almost Lipschitz NPV Boolean group can be embed-
ded (by means of an isometric linear homomorphism) in some almost Lipschitz NPV
Boolean group which is Urysohn as a metric space.

The above result implies, of course, that there is an almost Lipschitz NPV Boolean
Urysohn group. This shows that the Urysohn universal space can be endowed with
a structure similar to the structures of Banach spaces (it is however nonisometric to
any Banach space).

The proof of Theorem 4.3 involves the next two lemmas. The proof of the first of
them is left as an exercise.

Lemma 4.4 The completion Ḡ of a Lipschitz F-NPV Abelian group Ḡ admits a
unique structure (i.e. the addition, the multiplication by nonnegative reals and the
norm) of an almost Lipschitz NPVG which extends the F-NPV structure of G.
Moreover, G ⊂ L(Ḡ).

Lemma 4.5 Suppose F is countable and (G, ‖ · ‖G) is a countable Lipschitz F-NPV
Boolean group. There is a countable subf ield K of R with K ⊃ F and a Lipschitz
K-NPV Boolean group (H, ‖ · ‖H) such that G admits an isometric F-linear homo-
morphic embedding into H and H is K-Urysohn as a metric space.

For showing Lemma 4.5, we need some auxiliary sublemmas.

Sublemma 4.6 Let (G, ‖ · ‖G) be a Lipschitz F-NPVG. For every Katětov map
f : A → R+ where A is a f inite nonempty subset of G there is a nonnegative constant
M( f ) such that for every t, s ∈ F+ and x, y ∈ A:

‖t · x − s · y‖G − t f (x) − sf (y) � M( f )|t − s|. (4.2)

Proof Replacing G by its completion and using Lemma 4.4, we may assume that F =
R and A is a subset of L(G). Fix x, y ∈ A and put ϕx,y : [0, 1) � t �→ ‖x−t·y‖− f (x)−t f (y)

1−t ∈
R. We shall show that ϕx,y is upper bounded. Since it is continuous, it suffices to check
that

lim sup
t→1−

ϕx,y(t) < +∞. (4.3)
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Remembering that ‖x − y‖ � f (x) + f (y), we obtain

ϕx,y(t) = f (y) + ‖x − y‖ − f (x) − f (y)

1 − t
+ ‖x − t · y‖ − ‖x − y‖

1 − t

� f (y) + ‖y − t · y‖
1 − t

� f (y) + C

where C is as in Eq. 4.1 with v = y. This gives Eq. 4.3. Now it is enough to put M( f ) =
max{sup ϕx,y([0, 1)) : x, y ∈ A} to end the proof. ��

Sublemma 4.7 Suppose F is countable, (G, ‖ · ‖G) is a countable Lipschitz F-NPV
Boolean group and f : A → R+ is a Katětov map def ined on a f inite nonempty subset
A of G. The F-NPVG (G, ‖ · ‖G) can be enlarged to a countable Lipschitz F-NPV
Boolean group (H, ‖ · ‖H) such that f is trivial in H.

Proof Let us agree that
∑0

j=1 = 0. Take a constant M( f ) appearing in Sublemma 4.6
and put M = max(M( f ), max f (A)). Let (B, ‖ · ‖0) be as in Example 1.6. Evidently,
B is an F-PV (after restricting the multiplication). Let e = {1}, E = linF{1} ⊂ B

(that is, E is the smallest F-PV subgroup of B containing {1}) and let ‖ · ‖E be the
restriction of ‖ · ‖0 to E. Put Ĥ = G ⊕ E and define a function ‖ · ‖ : Ĥ → R+ by

‖x ⊕ y‖ = inf

⎧⎨
⎩

∥∥x +
n∑

j=1

t j · a j
∥∥

G +
n∑

j=1

t j f (a j) + M
∥∥y +

n∑
j=1

t j · e
∥∥

E :

n � 0, t1, . . . , tn ∈ F+, t1 < . . . < tn, a1, . . . , an ∈ A

⎫⎬
⎭

for x ∈ G and y ∈ E. The group Ĥ is clearly Boolean and F-PV. We shall prove that:

(AUX1) ‖ · ‖ is a seminorm on Ĥ,
(AUX2) ‖x ⊕ 0‖ = ‖x‖G for any x ∈ G,
(AUX3) ‖a ⊕ e‖ = f (a) for each a ∈ A.

To establish (AUX1), it is enough to check the triangle inequality. So, let x′,
x′′ ∈ G, y′, y′′ ∈ E, and n, m � 0, t1, . . . , tn, s1, . . . , sm ∈ F+ be such that t1 < . . . < tn
and s1 < . . . < sm and let a1, . . . , an and b 1, . . . , b m belong to A. All elements
of the set {t1, . . . , tn, s1, . . . , sm} arrange in a sequence p1 < . . . < pr and let J
consists of all those j ∈ {1, . . . , r} that pj ∈ {t1, . . . , tn} ∩ {s1, . . . , sm}. For any j ∈ J
there are unique α( j) ∈ {1, . . . , n} and β( j) ∈ {1, . . . , m} with pj = tα( j) = sβ( j).
After erasing all pj’s with j ∈ J from the system p1, . . . , pr we obtain numbers
q1 < . . . < qd and corresponding to them points c1, . . . , cd of A by the rule: ck = ak

iff qk = tk and ck = b k iff qk = sk. Now we have ‖(x′ + x′′) ⊕ (y′ + y′′)‖ �
∥∥x′ + x′′ +∑d

k=1 qk · ck
∥∥

G + ∑d
k=1 qk f (ck) + M

∥∥y′ + y′′ + ∑d
k=1 qk · e

∥∥
E and the right hand side

expression in this inequality is equal to
∥∥(x′ + ∑n

j=1 t j · a j) + (x′′ + ∑m
j=1 s j · b j)+∑

j∈J p j · (aα( j) +bβ( j))
∥∥

G +∑d
k=1 qk f (ck)+ M

∥∥(y′ +∑n
j=1 t j · e)+ (y′′ + ∑m

j=1 s j · e)
∥∥

E

which—by the triangle inequality—is no greater than
∥∥x′ + ∑n

j=1 t j · a j
∥∥

G + ∥∥x′′+∑m
j=1 s j ·b j

∥∥
G+∑

j∈J p j‖aα( j)+bβ( j)‖G+∑d
k=1 qk f (ck)+M

∥∥y′+∑n
j=1 t j ·e

∥∥
E+M

∥∥y′′+∑m
j=1 s j · e

∥∥
E. These notices combined with the fact that ‖aα( j) + bβ( j)‖G � f (aα( j))+
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f (bβ( j)) for each j∈ J yield ‖(x′+x′′) ⊕ (y′+y′′)‖�
∥∥x′+∑n

j=1 t j·a j
∥∥

G+∑n
j=1 t j f (a j)+

M
∥∥y′ + ∑n

j=1 t j · e
∥∥

E + ∥∥x′′ + ∑m
j=1 s j · b j

∥∥
G + ∑m

j=1 s j f (b j) + M
∥∥y′′ + ∑m

j=1 s j · e
∥∥

E,
which is equivalent to the triangle inequality. To show (AUX2) and (AUX3), we
only need to prove the inequalities ‘�’.

To establish (AUX2), we have to show that

‖x‖G �
∥∥x +

n∑
j=1

t j · a j
∥∥

G +
n∑

j=1

t j f (a j) + M
∥∥ n∑

j=1

t j · e
∥∥

E (4.4)

for each n � 1, t1, . . . , tn ∈ F+ with t1 < . . . < tn and every a1, . . . , an ∈ A. Enlarging,
if needed, the system t1, . . . , tn to 0, t1, . . . , tn, we may assume that n is even, say
n = 2m. But then

∥∥∑n
j=1 t j · e

∥∥
E = ∑m

j=1(t2 j − t2 j−1). Therefore Eq. 4.4 is implied by

m∑
j=1

‖t2 j−1 · a2 j−1 + t2 j · a2 j‖G �

�
m∑

j=1

(t2 j−1 f (a2 j−1) + t2 j f (a2 j)) + M
m∑

j=1

|t2 j−1 − t2 j|

which is fulfilled because M � M( f ).
We pass to (AUX3). Fix a ∈ A. As before, take any n � 1, a1, . . . , an ∈ A and

t1, . . . , tn ∈ F+ with t1 < . . . < tn. We need to show that

f (a) �
∥∥a +

n∑
j=1

t j · a j
∥∥

G +
n∑

j=1

t j f (a j) + M
∥∥e +

n∑
j=1

t j · e
∥∥

E. (4.5)

First assume that there is p ∈ {1, . . . , n} with tp = 1. In that case Eq. 4.5 follows from
the inequality ‖a + ap‖G �

∥∥(a + ap) + ∑
j�=p t j · a j

∥∥
G + ∑

j�=p t j f (a j) + M
∥∥∑

j�=p t j ·
e‖E which is covered by (AUX2).

Now consider the case when t j �= 1 for each j. Enlarging, if needed, the system
t1, . . . , tn to 0, t1, . . . , tn, we may assume that n is odd. By the definition of the norm
on E, there is q ∈ {1, . . . , n} such that

∥∥e +
n∑

j=1

t j · e
∥∥

E = |tq − 1| + ∥∥∑
j�=q

t j · e
∥∥

E. (4.6)

Then we have f (a) � ‖a + aq‖G + f (aq) �
∥∥a + ∑n

j=1 t j · a j
∥∥

G + ∥∥∑
j�=q t j · a j

∥∥
G +∑n

j=1 t j f (a j) + (1 − tq) f (aq) − ∑
j�=q t j f (a j). Thus, thanks to Eq. 4.6 and the fact that

M � f (aq), to prove Eq. 4.5 it suffices to show that
∥∥∑

j�=q t j · a j
∥∥

G − ∑
j�=q t j f (a j) �

M‖ ∑
j�=q t j · e‖E. The latter inequality is fulfilled because of the form of the norm

‖ · ‖E and the following two facts: M � M( f ) and n is odd.
Having (AUX1)–(AUX3), define H as the quotient F-PV group Ĥ/N with

N = {h ∈ Ĥ : ‖h‖ = 0} and put ‖[h]‖H = ‖h‖ for every h ∈ Ĥ. It is easily seen that
(H, ‖ · ‖H) is a countable F-NPV Boolean group. What is more, (AUX2) implies that
the function G � x �→ [x ⊕ 0] ∈ H is an isometric linear homomorphism and thus
we may identify x with [x ⊕ 0] so that G is a F-PV subgroup of H. We infer from
(AUX3) that under such an identification f is trivial in H. It remains to check that
H is Lipschitz. This follows since L(H) is an F-PV subgroup of H and G ∪ {[0 ⊕ e]} ⊂
L(H) (note that ‖t · [0 ⊕ e] + s · [0 ⊕ e]‖H � ‖t · e + s · e‖E = |t − s|). ��
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Noticing that the family of all F-valued Katětov maps whose domains are finite
nonempty subsets of G is countable provided so are F and G, a simple use of
Sublemma 4.7 and inductive argument give

Sublemma 4.8 Suppose F is countable. Every countable Lipschitz F-NPV Boolean
group G can be enlarged to a countable Lipschitz F-NPV Boolean group H such that
each F-valued Katětov map whose domain is a f inite nonempty subset of G is trivial
in H.

Proof of Lemma 4.5 Start with F0 = F and (H0, ‖ · ‖0) = (G, ‖ · ‖G) and assume that
for some n � 1 we have defined a countable subfield Fn−1 of R and a countable
Lipschitz Fn−1-NPV Boolean group (Hn−1, ‖ · ‖n−1). By Lemma 4.4, we may assume
that Hn−1 ⊂ L(G′

n) for some NPV Boolean group (G′
n, ‖ · ‖′

n) (such that the NPV-
structure of G′

n extends the Fn−1-NPV structure of Hn−1). Let Fn be the smallest
subfield of R containing Fn−1 and the image of ‖ · ‖n−1 and put Gn = linFn Hn−1 ⊂ G′

n.
Now apply Sublemma 4.8 to obtain a countable Lipschitz Fn-NPV Boolean group
(Hn, ‖ · ‖n) such that Hn contains Gn and every Fn-valued Katětov map defined on a
finite nonempty subset of Gn is trivial in Hn.

The above construction ensures us that K = ⋃∞
n=0 Fn and

(H, ‖ · ‖H) =
∞⋃

n=0

(Hn, ‖ · ‖n)

are well defined and satisfy all requirements of the lemma. ��

Proof of Theorem 4.3 Let (G, ‖ · ‖G) be a separable almost Lipschitz NPV Boolean
group. By Corollary 1.5, we may assume that G is complete. Take a countable dense
subset A of L(G) and put H = linQ A. Thanks to Lemma 4.4, it suffices to show
that H may be embedded by means of an isometric Q-linear homomorphism in an
almost Lipschitz NPV Boolean Urysohn group. But this follows from Lemma 4.5,
Lemma 4.4 and the fact that the completion of FU is Urysohn for every countable
subfield F of R. ��

We end the paper with the following problems dealing with the subjects discussed
in this section.

Question 1. Are there (at least) two nonisomorphic almost Lipschitz NPV Boolean
Urysohn groups?

Question 2. Is there a Lipschitz NPV Boolean Urysohn group? If yes, is it unique?
Question 3. Is QU isometric to a Lipschitz Q-NPV Boolean group?

Open Access This article is distributed under the terms of the Creative Commons Attribution
Noncommercial License which permits any noncommercial use, distribution, and reproduction in
any medium, provided the original author(s) and source are credited.
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