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ABSTRACT. We consider the identification problem of three operators having different
properties for the systems governed by monlinear second order evolution inclusions with
the Volterra integral term. For the abstract identification problem, we show the existence
of optimal solutions. We provide applications to evolution hemivariational inequalities
and to viscoelastic frictional contact problem of mechanics.
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1. Introduction. In this paper, we study the problem of estimation of parameters in
an abstract evolution inclusion of second order. We consider a nonlinear inclusion with
the Volterra memory operator. Such inclusion serves as a mathematical model for several
important problems arising in mechanics, physics and engineering science. For this reason
the mathematical literature dedicated to identification problems is extensive, see, e.g., [1,
3,9, 14, 15, 16, 17, 18, 19, 28]. The direct problem under consideration is formulated as
the following Cauchy problem for evolution inclusion in the framework of evolution triple
of spaces

u"(t) + A(p, t,u'(t)) + B(p, t,ul(t / C(p,t — s)u(s)ds+
LR u(t), d(1) 3 f() ae. te(0,T), (+)
u(0) = ug, u'(0) = vy,

where A, B: (0,T) x V — V* are nonlinear operators, C(t) is a bounded linear operator
from V to its dual V*, for t € (0,T), F: (0,T) x V x V — 27" stands for a multivalued
mapping, f € L2(0,T;V*), ug € V, vy € H, V and Z are reflexive Banach spaces with
V C Z compactly, H is a Hilbert space such that Z C H and 0 < T < oo. The operators
A, B and C depend on some unknown (i.e., to be estimated) parameters p with values in
an admissible family P of parameters.

The aim of this paper is to prove a new existence result for the identification problem for
(x) and to apply this result in the analysis of integrodifferential hemivariational inequality
and in the study of parameters in a viscoelastic frictional contact problem. The trait of
novelty of our paper arises in the special structure of the abstract problem (%) which is
governed by an operator depending on the history of the solution and which contains a
special form of the multivalued term. The direct problem (%) without the Volterra memory
term and time independent operator B has been studied in [6] with F': (0,7) x H x H —
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2 124] in the case B is linear, continuous, symmetric and coercive operator, and in
[20] in the case B is linear, continuous, symmetric and monotone. None of the results
on nonlinear evolution inclusions in [6, 11, 12, 20, 24] can be applied in the study of
hemivariational inequalities because of their restrictive assumption on the multivalued
term which was supposed to have values in H. For the hemivariational inequalities and
the contact problems under consideration, the multivalued term has values in the space
dual to Z which is larger than H.

The identification problem for the model (x) is a new one and has not been considered
in the literature. This problem is studied in the first part of the paper and it consists in
finding parameters which appear in the operators A, B and C' which give the best fit of
the solutions to (x) to the observation data. The problem is formulated as an optimal
control one. This is a widely used approach to the identification problems which cov-
ers the estimation of the unknown parameters appearing in the system by minimizing a
quadratic cost functional of the difference between observed value and desired value, the
so-called output least-square identification problem. The well-posedness of the identifica-
tion problem for systems governed by (x) is established by using the direct method of the
calculus of variations. To this end, we obtain a new result on the continuous dependence
of the solution to (x) on the parameters. It is assumed that the parameter-dependent
operators A, B and C' satisfy suitable continuity hypotheses uniformly in p € P.

In the second part of the paper we present applications of our result to the dynamic
hemivariational inequalities describing the frictional contact problems for viscoelastic ma-
terials with long memory. We mention that the notion of hemivariational inequality was
introduced and investigated in the early 1980s by Panagiotopoulos [26, 27]. These in-
equalities are a natural generalization of variational inequality and they are derived from
nonsmooth and nonconvex superpotentials by using the generalized gradient of Clarke, cf.
[4]. In the mechanical problem under consideration the operators A, B and C' correspond
to the viscosity, elasticity and relaxation operators, respectively. The integrodifferential
hemivariational inequality is derived from the evolution inclusion () where the multi-
valued term is of the form of the Clarke subdifferential of a locally Lipschitz superpo-
tential. By means of hemivariational inequality, many problems in nonsmooth contact
mechanics involving multivalued and nonmonotone constitutive laws and boundary con-
ditions can be treated mathematically. The real-world applications of hemivariational
inequalities include models of tectonic plate movement, construction and exploitation of
machines, metal forming, artificial limbs and joints, teeth implants, bone remodeling mod-
els, semipermeable membranes, ultrasonic transducers, etc. that can ultimately be used
for the improvement of industrial applications of economic benefits.

The optimization, control and identification of systems described by evolution equa-
tions on Banach spaces have been studied in [1, 2]. The inverse problems for damped
second order evolution systems can be found in [19, 28] while the applications to smart
materials technology and control are investigated in [3]. On the other hand, the theory of
hemivariational inequalities and their applications to mechanical problems are extensively
studied in recent years, cf. [11, 12, 13, 16, 20, 21, 22, 23, 24, 25]. The identification and
control problems for various classes of hemivariational inequalities have been considered
in [14, 15, 17, 18].

The paper is organized as follows. The prelimary material is recalled in Section 2 and
a result on the unique solvability of (k) is given in Section 3. Section 4 is devoted to
the existence of solutions to the identification problem for the evolution inclusion. The
applications are given in Sections 5 and 6 where we provide results for hemivariational
inequality and the frictional contact problem for viscoelastic materials with memory.
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2. Preliminaries. In this section we recall the basic notation and definitions needed in
the sequel.

Let V and Z be separable and reflexive Banach spaces with their topological duals V*
and Z*, respectively. Let H denote a separable Hilbert space and we identify H with its
dual. We assume that V' C H C V* and Z C H C Z* are evolution triples of spaces
where all embedings are continuous, dense and compact (see, e.g., Chapter 23.4 of [29],
Chapter 3.4 of [6]). We also suppose that V' is compactly embedded in Z. Let ||-||, || and
| - ||y~ denote the norms in V', H and V*, respectively, and let (-, -) be the duality pairing
between V* and V. Given a finite interval (0,7, we also introduce the following spaces
V=L%0,T;V), Z=L*0,T;2), H = L*(0,T;H), Z* = L*(0,T; Z*), V* = L*(0,T;V*)
and W = {v € V | v/ € V*}, where the time derivative is understood in the sense of
vector-valued distributions. The duality pairing between V* and V is denoted by

(2, w)) :/0 (), w(t))dt for =€ V', we V.

It is well known (cf. [6]) that the space W is embedded continuously in C(0,7; H) (the
space of continuous functions on [0, 7] with values in H), i.e., every element of W, after
a possible modification on a set of measure zero, has a unique continuous representative
in C(0,T; H). Moreover, since V' is embedded compactly in H, then so does W into
L*(0,T; H) (cf. [6]).

Let (€, ¥) be a measure space, X be a separable Banach space and let 2% be a family
of all subsets of X. A multifunction F: Q — 2% is called graph measurable if GrF =
{(w,2) € QXY |z € F(w)} € ¥ x B(X) with B(X) being the Borel o-field of X. Tt is
said to be measurable if for each closed set C' C X, the set '~ (C) = {w € Q| F(w)NC #
P} € X (cf. Section 4.2 of [5]).

Let X and Y be Banach spaces. A multifunction F: X — 2¥ \ {()} is lower semicon-
tinuous (upper semicontinuous, respectively) if for C' C Y closed, the set F*(C) = {z €
X | F(x) cC} (F(C)={z € X | F(x) N C # (}, respectively) is closed in X. F is
bounded on bounded sets if F'(B) = UzepF'(z) is a bounded subset of Y for all bounded
sets B in X.

Let Y be a reflexive Banach space and (-, -) denotes the duality pairing between Y and its
dual. An operator T: Y — Y* is called to be monotone if (T'y—T2z,y—=z) > O forally, z €
Y. It is said to be pseudomonotone if y,, — yo weakly in Y and lim sup(T'y,,, ¥ — yo) < 0
imply that (Tyo, yo—y) < iminf(Ty,,y,—y) for all y € Y. It is said to be demicontinuous
if y, — yo in Y implies Ty, — Ty weakly in Y*. It is hemicontinuous if the real-valued
function t — (T'(y + tv), w) is continuous on [0, 1] for all y, v, w € Y.

A multivalued mapping 7: Y — 2¥ is said to be pseudomonotone, if it satisfies

(a) for every y € Y, T'y is a nonempty, convex, and weakly compact set in Y*;

(b) T is upper semicontinuous from every finite dimensional subspace of Y into Y*
endowed with the weak topology;

(c) if y, — y weakly in Y, y* € Ty,, and limsup(y},y, — y) < 0, then for each z € Y
there exists y*(z) € Ty such that (y*(2),y — 2z) < liminf(y}, y, — 2).

Let L: D(L) C Y — Y™ be a linear densely defined maximal monotone operator. A
mapping 7: Y — 2¥" is said to be L-pseudomonotone (pseudomonotone with respect to
D(L)) if and only if (a), (b) and the following hold:

(d) if {y,} € D(L) is such that y, — y weakly in Y, y € D(L), Ly, — Ly weakly in
Y* yr € Ty, yr — y* weakly in Y* and limsup(y, y, — y) < 0, then y* € Ty and
(Y yn) = (Y",9)-
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Given a Banach space (X, | - ||x), the symbol w—X is always used to denote the space
X endowed with the weak topology. By L(X,X*) we denote the class of linear and
bounded operators from X to X*. If U C X, then we write ||U||x = sup{||z||x | z € U}.
Furthermore, we will use the following notation

Prey(X) = {A C X | A is nonempty, closed, (convex)};
Py (X) = {A € X | A is nonempty, (weakly) compact, (convex)}.

3. Evolution Inclusion. In this section we formulate the second order evolution inclu-
sion which is a direct problem in the identification problem under consideration. We recall
the existence and uniqueness result obtained recently in [21].

Problem P: find u € V such that v’ € W and

u"(t) + A(t, W' (t)) + B(t, u(t)) + /0 C(t — s)u(s)ds+
+F(t,u(t),u'(t) 2 f(t) ae te(0,T)
u(0) = ug, u'(0) = vp.

Definition 3.1. A function u € V is a solution to Problem P, if u' € W and there exists
z € Z* such that

u"(t) + At/ () + B(t,u(t)) +/0 C(t — s)u(s)ds + z(t) = f(t) a.e. t € (0,T)
2(t) € F(t,u(t),u'(t)) a.e. te€(0,T)
u(0) = ug, ' (0) = vy.

Remark 3.1. We observe that the statement “u € V is such that v € W7 is equivalent
to “u e C(0,T;V) is such that u' € W”.

We need the following hypotheses on the data of Problem P.
H(A): A:(0,T) xV — V*is such that
(i) A(-,v) is measurable on (0,7) for every v € V;
(ii) A(t,-) is hemicontinuous for a.e. ¢t € (0,7);
(iii) A(t,-) is strongly monotone for a.e. ¢t € (0,7, i.e., there exists m; > 0 such that
A(t,v) — A(t,u),v —u) > my|v — ul|* for a.e. tE(OT) all v, u e V;
(iv) ]A( V)|lve < ao(t) + aq||v|| for a.e. t € (0,T), all v € V with ap € LQ(O T), a0 >0
and a; > 0;
v) (A(t,v),v) > a|jv|?® for a.e. t € (0,T), all v € V with a > 0.
) :

B: (0,T) x V. — V™ is such that

(i) B(-,v) is measurable on (0,7) for all v € V;
(ii) B(t,-) is Lipschitz continuous for a.e. t € (0,7), i.e., || B(t,u) — B(t,v)]
v|| for all u, v € V, ae. t € (0,7) with Lg > 0;
(iii) || B(t,v)||v+ < bo(t) + by||v]| for all v € V| a.e. t € (0,T) with by € L*(0,7T) and by,
by > 0.

(C): Cissuch that C € L*(0,T; L(V,V*)).

H(F): F:(0,T)xV xV — Ps(Z") is such that
(i) F(-,u,v) is measurable on (0,7) for all u, v € V;
(ii) F(t,-,-) is upper semicontinuous from V' x V into w-Z* for a.e. t € (0,7T), where
V x V is endowed with (Z x Z)-topology;

p—

v+ < Lp|lu—

=
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(iil) ||F(t,u,v)||z« < do(t) + di||u|| + dafjv]| for all u, v € V, ae. t € (0,T) with dy €
LQ(O,T) and do, dl, dg Z O;

(iv) (F(t,ur,v1) — F(t, ug, v9),v1 — Vo) zexz > —ma|lvy — va||* — m3|lvy — va||||ug — usl| for
all uj, v; €V, i=1,2 ae te€(0,T)
with Mo, T3 > 0.

(H())Z feviueV, ve H.

(H): a>2V3c.(d,T + dy), where ¢, > 0 is the embedding constant of V into Z, i.e.,

I llz < cell - I

1
(Hg) : mi > Mg + EmgT.

We shortly comment on the above hypotheses.

Remark 3.2. i) The hypothesis H(A)(ii) and (i) imply that A(t,-) is pseudomonotone
for a.e. t € (0,T), cf. Proposition 27.6(a) of [29] and Remark 1.1.13 of [6].

ii) If the condition H(B)(ii) holds and B(-,0) € L*(0,T;V*), then || B(t,v)||v+ < b(t) +
Lg|lv|| for allv € V, a.e. t € (0,T), where b(t) = ||B(t,0)|v+, b € L*(0,T), b > 0.
Moreover, it is clear that if B € L>*(0,T; L(V,V*)), then H(B)(ii) holds.

iii) The conditions (Hy) and (Hs) provide a restriction on the length of time interval T
unless dy = m3 = 0. This means that under (Hy) and (Hz), the existence and uniqueness
result of Theorem 3.1 below is local and holds for a sufficiently small time interval. On
the other hand, if the data satisfy (Hy) and (Hs) with dy = ms = 0, then this result is
global in time. For example, we observe that if the multifunction F(t,u,-) is monotone
forallu € V, a.e. t € (0,7T), i.e., (F(t,u,v1) — F(t,u,v9),v1 — v2)zxz > 0 for all u,
v, €V,i=1,2 ae t€(0,T), then the hypothesis (Hy) clearly holds with ms = m3 = 0
and every my > 0.

iv) It follows from Lemma 5 of [21] that under the hypothesis H(F'), the multifunction
G: WY2(0,T; V) — 22" defined by

G(u) ={z € Z*| 2(t) € F(t,u(t),u'(t)) a.e. on (0,T)}

for u € WH2(0,T;V) is Pure(Z*)-valued. Hence, the multifunction t — F(t,u(t),u/(t))
has a measurable Z* selection and Definition 3.1 makes sense.

The following is the main result on Problem P.

Theorem 3.1. Under hypotheses H(A), H(B), H(C), H(F), (Hy), (H1) and (Hs), Prob-
lem P admits a unique solution.

We shortly comment on the proof of Theorem 3.1. In the first step we consider the
evolution inclusion without the Volterra term and the operator B, i.e.,

{u”(t) F ALY ®) + Ftu®),d (1) > f(t) ae te(0,T) O
u(0) = ug, u'(0) = vo.
We formulate it as follows
{z’(t) A=)+ F(t, Kz(t), 2(t) 3 f(t) ae. te(0,T) )
2(0) = vy,

where (Kv)(t) = fot v(s)ds + ug. Then, z solves (2) if and only if u = Kz is a solution to
(1). Next, we rewrite (2) as an operator inclusion (L + F)z > f, where Lz = 2’ denotes
the generalized time derivative, F = A; + Fy with (A;2)(t) = A(t, 2(t) + vo) and

Filz={z"e€Z" | 2°(t) € F(t, K(2(t) + vo), 2(t) + vp) a.e. t € (0,T)}.
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We are able to prove that F is bounded, coercive and pseudomonotone with respect to
the graph norm topology of the domain of L. By exploting the fact that L is closed,
densely defined and maximal monotone operator, from Theorem 1.3.73 of [6], we obtain
that L + F is surjective which implies that (1) is solvable. Subsequently, we show that
the solution to (1) is unique. In the second step we consider the operator A defined by

t
(An)(t) = Blt,un(0) + [ Clt = suy(s)ds,
0
where u,, is the unique solution to the following inclusion

W"() + A(L ol (1) + F(t,ult), (1) 3 f() = n(t) ae. t€(0,T)
_ 10 — (3)
u(0) = ug, u'(0) = vp.
Applying the Banach Contraction Principle, we show that A has a unique fixed point n*.
The solution of (3) corresponding to n* is the unique solution to Problem P. For the
detailed proof we refer to [10, 21].

4. Identification Problem. The goal of this section is to provide the main result of the
paper on the existence of solutions to the identification.

The identification problem consists in finding parameters which give the best fit of
the solutions to Problem P to the observation data. Let P denote the set of admissible
parameters. For p € P we consider the following

Problem P,: find u € V such that u’ € W and

0)+ Al bl (0) + Blpnta) + [ Clpt = spuls)ds
+F(t,u(t),u'(t) > f(t) ae. te(0,T)
u(0) = ug, u'(0) = vp.
Let F: P — R be the functional defined by

F(p) = Uu(T),u'(T)) +/0 L(t,u(t), v (t))dt for pe€ P, (4)

where u = u(t) = u(t; p) denotes the solution of Problem P, corresponding to p € P.

The identification problem under consideration is formulated as an optimal control one.
It consists in finding p* € P that imparts a minimum to the functional F given by (4)
subject to the dynamics Pp:

F(p7) = min F(p). (5)

Our goal is to show that the identification problem (5) is solvable. The existence of
solutions to problem (5) is obtained by applying the direct method of the calculus of
variations. To this end, we establish a result on the continuous dependence, in suitable
topologies, of solution to Problem P, on the parameter.

We admit the following hypotheses.

H(P): P isa compact subset of a metric spaces of parameters P.

H(A); : The family of operators {A(p,-,-),p € P} satisfy H(A) uniformly in p € P and
the mapping p — A(p,t,v) is continuous in the sense that

A(pTU 7w()) — A(p7 7w()) in V* for all w € W

whenever p, — p in P.
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H(B); : The family of operators {B(p,-,-),p € P} satisfy H(B) uniformly in p € P and
the mapping p — B(p,t,v) is continuous in the sense that

B(pn,-,v(:)) = B(p,-,v(:)) inV* forallveW

whenever p, — p in P.
H(C); : The family of operators {C(p,-),p € P} is such that C(p,-) € L*(0,T; L(V,V*))
for all p € P and the mapping p — C(p,t) is continuous in the sense that
C(pn,-) = C(p,-) in L*(0,T; L(V,V*))

whenever p, — p in P.

H(l): 1: V x H— R is sequentially lower semicontinuous on V' x H.

H(L): L:(0,T)xV x H— RU{+oo} is such that
(i) L(-,u,v) is measurable on (0,7") for every u € V, v € H,
(i) L(t,u,v) > —oc for a.e. t € (0,7) and all u € V, v € H;
(iii) L(t,-,-) is sequentially lower semicontinuous on V' x H for a.e. t € (0,7).

Theorem 4.1. Under hypotheses H(A),, H(B)1, H(C)., H(F), (Ho), (H1), (Hs2), H(I)
and H(L), the functional F: P — R defined by (4) is sequentially lower semicontionuous
on P.

Proof: Let p,, p € P, p, — pin P. Let u,, = u(t; pn), u = u(t; p) denote the solutions
of Problem P, corresponding to the parameters p,, and p, respectively. From Theorem 3.1
we know that u,, and u are uniquely determined. Everywhere in the proof, we denote by ¢
a positive generic constant which may depend on A, B, C, u and T but is independent of
n, and whose value may change from place to place. We have w,, u € V with v/, v" € W
and

ul(t) + A(pn, t,ul, (1) + 0 (t) + 20(t) = f(t) ae. t€(0,7), (6)
u’(t) + A(p, t,u/(t)) + n(t) + z(t) = f(¢) a.e. t € (0,7), (7)
where
Nn(t) = B(pn, t,u,(t)) +/0 C(pn,t — S)uy(s)ds ae. t € (0,T),
n(t) = B(p,t,u(t)) +/0 C(p,t — s)u(s)ds a.e. t € (0,7)
and

2n(t) € F(t,u,(t),u,(t)), =2(t) € F(t,u(t),u'(t)) ae. te(0,T)

with u,(0) = u(0) = ug and u,(0) = v/(0) = vg. We will show that {u,} converges to u
in the following sense

tim (|lun = ullcora) + lu, = @lloerm + lu, = v'llv) = 0. (8)

From (6) and (7), we get
/0 (! (5) — u"(s), 1 (s) — o/ (s)}ds + / (A(pa, 5,10,(5)) — Alp, 5,0(5)),10,(s) — ol (s))ds
+/0 (Ma(8) —n(s),ul (s) —u'(s))ds +/0 (zn(s) — 2(8),up,(s) —u'(8)) zexzds = 0
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for all ¢ € [0,T]. Since u,, v € W2(0,T;V) and V is reflexive, by Theorem 3.4.11 and
Remark 3.4.9 of [5], we know that wu,, and v may be identified with absolutely continuous
functions with values in V' and

un(t) = u,(0) —1—/0 u,(s)ds, u(t) =u(0) —l—/o u'(s)ds for all t € [0,T].
Hence,

[[un(t) = u (@) S/O [ (s) = u'(s)lds (9)

and by the Jensen inequality, we obtain

/ lltn(s) — u(s)]] ds</ </ ul () — o )||d7'> ds
< / s (/ |ul,(7) — u'(r)||2d7'> ds
0 0
! 2 T2 2
! !
< /0 s|uy, — u,||L2(0,t;V)dS < 7”% —u ||L2(o,t;V)
for all t € [0, T]. Exploiting H(F')(iv) and Hélder’s inequality, we have
t
/ (20(5) = 2(5),t (5) = /() s
/Hu /(s)] ds—ms/ el (s) — () fn(s) — u(s) |ds
1/2
> — mallul, — By — Ml — o 20wy ( / ln(s) - u<s>||2ds)
0

T
> —ma|luy, — (|70 1) — msllur, — U'HL?(o,t;V)EHUZ — || 20,

mgT
= - <m2 + /5 ) [y, U/H%Q(O,t;v)

for all t € [0, T]. Hence, and from the integration by parts formula, we have

S0 =W OF + [ (Al 0(5)) = Al (9).(5) = ()

[ €A 5160) = Al 20069 5) = ) = (om0 ) ot =

< —/0 (n(s) = n(s),ul(s) —u'(s))ds for all t € [0,T].

Since A(p,t,-) is strongly monotone, uniformly in p € P, for ¢t € [0,T], we deduce

m3T

1
3100 = O + (1= ma = ) i, = Wl

< (WA @ () = A, 4 (Dl o) + I = 2o

luy, — /|| 20v)  (10)
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for all t € [0,7]. On the other hand, using the fact that B(p,t,-) is uniformly in p € P
Lipschitz continuous, for t € [0, 7], we have

17 (5) = 1 (s)[lv-
S HB(pna S, un(s)) - B<pn7 S,U(S))|

ve +[[B(pn, 5,u(s)) = B(p, s, u(s))]lv-

+ /05 C(pnys — 7)(up(7) — u(r))dr|| + /OS(C'(pn, s—1)—C(p,s —7))u(t)dr
% %
< Lp|lun(s) — u(s)|| + [ B(pn, s,u(s)) — B(p, s, u(s))]|v-
+1C (0, M 20pcvivoplltn = ull2@evy + 1CPn, -) = Cos )20 se0vvop lull L20ev)
for a.e. s € (0,t). Hence, we obtain
110 = 1l 20 4174y < C(H“n — ullZ20.0v) + 1B®ns - ul-)) = B, -, u(- )220 v+
+ |C(pn, ')H%Q(O,t;L(V,V*)) | — UH%Q(O,t;V)
+1CGn, ) = ) syl
< C(Hun — ullZ20uvy + 1 B(Pns - ul) = Bp, -, u(-))z200.41+)
1O ) = Co 2o evarn)
which implies
I = 20y < e(lun = 2wy + 1B, - u() = B, ul D20z
€)= O, ey
for all ¢ € [0, T]. Substituting this inequality into (10), it follows
310 = O + (1 = ma = ) 1, = g (1)
< (| A@n () = AW, o Dl + ln =l
+1B(pn, -5 ul-)) = Blp, - ul)) 204+
+1C G, ) = C,Mzzoascevvy ) s = |2y
for all ¢ € [0, 7). Omitting the first term on the left hand side, by (H2), we deduce
[, = 'l 20,6) < € ([[un = ullzzv) + 70) (12)

where

'n = ||A(pn7 K u/(>) - A(p, 7ul())| v+ + ”B(pnv 7u()) - B(pa 7“())|
+C(Pn, ) = C(p, )lL20.1500v,+)) -

V*

Using (9), we have

t
[un(t) —u(®)]| < / lu,(s) = /()| ds < VT, = o' | 20,0
0

for all ¢ € [0, 7] which together with (12) implies
Jun(t) — w(®)|| < ¢ (|lun — ullr20pv) + ) forallt € [0,7]
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and
|n (t) —u(t)||* < c (/0 l|ln(s) — u(s)||*ds + ri) for all ¢t € [0, T7.

Applying now the Gronwall inequality, we have ||u, () —u(t)|| < c¢r? which, by hypotheses,
entails

lim |lu, — ullcorvy = 0.
n—oo

Next, from (12), we have ||[u], — || r206v) < ¢ (|un — ullco:v) + 1) which implies
lim |lu), — /||y = 0.
n—oo
Finally, from (11), after omitting the second term on the left hand side, we obtain
1
2
Hence, we deduce

[, (8) — W' () < ¢ (lun — ull oy + 1) s, — o[l

lim [, = @/|lcor:m) = 0.
This completes the proof of (8).
From (8) and the hypothesis H(L), we have

L(t,u(t),u/'(t)) < lim inf L(t, un(t), . (t)) for a.e. t € (0,7T)

n

and consequently, by Fatou’s lemma

/T L(t,u(t),u (t))dt < liminf /T L(t, un(t),u, (t))dt. (13)

n—o0
Also from H(l), we obtain
Lw(T),u(T)) < liminf [(u,(T), u, (T)). (14)
n—oo

»'n

Clearly (13) and (14) imply F(p) < liminf F(p,). This completes the proof of the theo-
n—oo
remn.
Applying the direct method of the calculus of variations, from H(P) and Theorem 4.1,
we have the following.

Theorem 4.2. Let the hypotheses H(P), H(A),, H(B),, H(C),, H(F), (Hy), (Hy),
(Hy), H(l) and H(L) hold. Then the identification problem (5) admits at least one solu-
tion.

5. Integrodifferential Hemivariational Inequalities. In this section we apply The-
orems 3.1 and 4.2 in the study of a class of second order hemivariational inequalities.

Let Q@ C R? be a bounded domain with a Lipschitz boundary I' and let I'c be a
measurable part of I', I'c C I'. The direct problem we are interested in is the following
problem called a hemivariational inequality.

Problem (HVI): find u € V such that «' € W and

<u"(t) + A(t, ' (t)) + B(t, u(t)) + /o C(t— 3)u(s)ds,’u>

—i—/ 3Oz, t, v (t); yv)dl > (f(t),v) forallv € V and a.e. t € (0,T),
e

u(0) = ug, u'(0) = vy.

In the study of Problem (HVI) we consider the following additional hypothesis.

H(j): j:T¢x(0,T) x R — R is such that
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(i) 4(-, ,{) is measurable for all £ € R and j(-,-,0) € L'(T¢ x (0,7));
(ii) j(z,t,-) is locally Lipschitz for a.e. (x,t) € I'c x (0,7);
(iii) \8](33 t,8)] < (1+ ||€]|ga) for all £ € R, ace. (z,t) € T x (0,T) with ¢ > 0;
(1iv) (m —m2,& — &)ra = —ma||&1 — SQH]%W for all n; € 0j(x,t,&), & € RY i =1, 2, ae.

(x,t) € T'e x (0, T) with mg > 0,
where j° and 0j denote the directional derivative and the Clarke generalized gradient of
j(z,t,-), respectively.
We consider the functional J: (0,T) x L*(T'¢; R?) — R defined by

J(t,v) = /F j(z,t,v(x))dl ae. t € (0,T) and v € L*(To; RY). (15)

We recall the following result, cf. Lemma 3.1 of [25].

Lemma 5.1. Assume that H(j) holds. Then the functional J given by (15) satisfies the
following properties.
(i) J(-,v) is measurable for all v € L*(T¢; RY) and J(-,0) € LY(0,T);
(i) J(t,-) is locally Lipschitz for a.e. t € (0,T);
(iti) |0 (t,0) || 2romey < co (14 ||0]|z2@rpray) for allv € L*(Te;RY), ace. t € (0,T) with
co > 0;
(iv) (21 — 2o, W1 — W2) p2(reiray > —Mal|wy — wg||%2(FC;Rd) for all z; € 0J(t,w;), w; €
LQ(FC;Rd), 1= 1,2, a.e. t € (O,T) with 7712 > 0,’
(v) for all u, v € L*(T¢; RY), we have

JO(t,usv) < /1“ 7%z, t,u(x);v(x))dT, (16)
c
where JO(t,u;v) denotes the directional derivative of J(t,-) at a point u € L*(Tc; R?)
in the direction v € L*(T¢; RY).
We now use Theorem 3.1 and Lemma 5.1 to obtain the following existence result.
Corollary 5.1. (A) Assume that H(A), H(B), H(C), H(j), (Hoy) hold and
a > 2v3cc ||, (17)

my > mace||y*. (18)

Then Problem (HV'I) has at least one solution.
(B) If, in addition to the hypotheses in (A), either j(x,t,-) or —j(z,t,-) is reqular for
a.e. (x,t) € T'e x (0,T), then Problem (HVI) admits a unique solution.

Proof: (A) Define F': (0,7) x V x V — Ps.(Z*) by
F(t,u,v) =~*0J(t,yv) fort e (0,T),u,v €V,

where J is defined by (15), v: Z — L*(I'¢; R?) is the trace operator and v*: L?(I'¢; R%) —
Z* denotes its adjoint. Using the linearity and continuity of the trace operator, the proper-
ties of the Clarke subdifferential (cf. Propositions 5.6.9 and 5.6.10 of [5]) and Lemma 5.1,
we obtain that F' satisfies H(F'), cf. [10, 21] for details. Hence, by Theorem 3.1, we know
that there exists a unique solution u € V such that «' € W of the evolution inclusion

u"(t) + A(t,u/'(t)) + B(t, u(t)) + /0 C(t — s)u(s)ds+

+F(t,u(t),u'(t) 2 f(t) ae te(0,T)
u(0) = ug, u'(0) = vo.
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According to Definition 3.1, we have

u’(t) + A(t,u'(t)) + B(t,u(t)) + /O C(t — s)u(s)ds + ((t) = f(t), (19)

for a.e. t € (0,7) with ((t) = 7v*2(t) and z(t) € dJ(t,yu/(t)) for a.e. t € (0,T). The
latter is equivalent to (2(t), w)r2reray < JO(t, 70/ (t); w) for all w € L*(T'¢; RY) and a.e.
t € (0,7). Hence, using (19) and (16), we deduce

<f(t) (0 = A (0) - But) - [ e syuts)is > (), ) e =

= (2(1), 70) 2oy < JO(t, v (1);y0) S/ 7° (@, t, yad' (8); yv)dr,
NG}

for all v € V and a.e. t € (0,T). This means that u is a solution to Problem (HVI).

(B) Let u be a solution to Problem (HVI) obtained in (A). It follows from Theorem
5.6.38 of [5] that if either j(x,t,-) or —j(x,t,-) is regular for a.e. (z,t) € I'c x (0,T), then
either J(t,-) or —J(t,-) is regular for a.e. t € (0,7), respectively, and (16) holds with
equality. Using the equality in (16), it follows

<u”(t) + A(t,u/(t)) + B(t, u(t)) +/O C(t — s)u(s)ds — f(t),v> + JO(t, yu' (t);yv) > 0

for all v € V and a.e. t € (0,7"). From Proposition 2(i) of [22], we have

<f(t) (0 - Al (0) - Bleule) - [ - s)u(s)ds,v> < (J o)t (1):v)

for all v € V and a.e. t € (0,T). Hence, by Proposition 2(ii) of [22] and the definition of
the subdifferential, we obtain
¢

F(E) = u"(8) — At (£)— B(t, u(t)) — / Clt — s)u(s)ds €

0

€0(J oy)(t,u'(t)) =7 0 (t, () = F(t,u(t), /(1))

for a.e. t € (0,7). Thus u is a solution to the evolution inclusion in Problem P. The
uniqueness of solution to Problem (HVI) follows now from the uniqueness result of The-
orem 3.1. It completes the proof.

The identification problem for the hemivariational inequality (HV'I) reads as follows:
find the solution p* € P of the minimization problem

F(p7) = min F(p), (20)

where the cost functional is defined by (4) and the dynamics is described by the following
inequality.
Problem (HVI),: find v € V such that «' € W and

¢
(4 @) + A0 0) + By tult) + [ Ot = u(s)is )+
0
+/ 3%z, t,yu' (t); yv)dD > (f(t),v) for all v € V and a.e. t € (0,T),
Fe
u(0) = ug, u'(0) = wvo.
From Theorem 4.2, we obtain the following

Corollary 5.2. Let the hypotheses H(P), H(A)1, H(B)1, H(C)1, H(j), (Ho), (17), (18),
H(l) and H(L) hold. Then the identification problem (20) admits at least one solution.
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6. Viscoelastic Frictional Contact Problem. In this section, we study the problem
of identification of viscosity, elasticity and relaxation operators in a dynamic viscoelastic
frictional contact problem of mechanics. This contact problem leads to a hemivariational
inequality of the form (HVI) for the displacement field.

We shortly describe the mechanical frictional contact problem, for details we refer
to [25]. We suppose that a viscoelastic body occupies a subset Q of R, d = 2, 3 in
applications. The body is acted upon by volume forces and surface tractions and, as
a result, its state is evolving. We are interested in dynamic evolution process of the
mechanical state of the body on the time interval [0, 7] with 0 < T' < co. The boundary
I’ of Q is supposed to be Lipschitz continuous and therefore the unit outward normal
vector v exists a.e. on I'. It is assumed that I' is divided into three mutually disjoint
parts I'p, 'y and I'¢ such that the measure of I'p is positive. We suppose that the body
is clamped on I'p, so the displacement field vanishes there. Volume forces of density f;
act in ) and surface tractions of density f, are applied on I'y. The body may come in
contact with an obstacle over the potential contact surface I'¢.

Let S? be the linear space of second order symmetric tensors on R? (equivalently, the
space R4 of symmetric matrices of order d) and let Q = Q x (0,7T). For simplicity we
skip the dependence of various functions on the spatial variable x € QUT". The frictional
contact problem under consideration can be stated as follows:
find the displacement field u: @ — R and the stress tensor o: @ — S? such that

u'(t) —dive(t) = fi(t) in Q

o(t) = Alt, (o (£))) + B(t, (u(t))) + /O Clt — s)e(u(s))ds in Q
u(t) =0 on I'p x (0,7)

21
22

23

o(t)v = fo(t) on Ty x (0,T) 24

25

)
)
)
)
—0y(t) € 9ju(t,u, (1),  —o-(t) € Ojir(t, ur(t)) on T'c x (0,T) )
)

(
(
(
(
(
(

uw(0) = ug, u'(0)=wvg in . 26

Conditions (25) represent the frictional contact condition in which 7, and j, are given
functions and the subscripts v and 7 for ¢ and «’ indicate normal and tangential com-
ponents of tensors and vectors. The symbol 0j denotes the Clarke subdifferential of j
with respect to the last variable. Concrete examples of frictional conditions which lead
to subdifferential boundary conditions of the form (25) with the functions j, and j, sat-
isfying assumptions H(j,) and H(j,) below can be found in [23]. We only remark that
these examples include the viscous contact and the contact with nonmonotone normal
damped response, associated to a nonmonotone friction law, to Tresca’s friction law or to
a power-law friction.

Equation (22) describes the constitutive law, where A is a nonlinear operator describing
the purely viscous properties of the material, while B and C are the nonlinear elasticity and
the linear relaxation operators, respectively. Note that the the operators A and B may
depend explicitly on the time variable and this is the case when the viscosity properties
of the material depend on the temperature field which plays the role of a parameter
and which evolution in time is prescribed. In the inverse problem formulated below we
consider these three operators to depend on a parameter to be identified. One-dimensional
constitutive laws of the form (22) can be constructed by using rheological arguments, cf.
[7], Chapter 6 of [8, 25]. For a detailed description of the model (21)-(26), we refer to
[25].
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In order to give the variational formulation of the problem (21)-(26), we recall the
following notation. The inner products and the corresponding norms on R? and S? are
defined by

w-v=uw;, ||vllge = (v-v)Y?  for all u,v € RY,

1/2

o7 =04Tij, |Tllse = (7:7) for all o, 7 € S%.

Summation convention over repeated indices running from 1 to d is used and the index
that follows a comma indicates a partial derivative. We also introduce the spaces H =
LA(Q;RY), H = L2(8%), Hy = {u € H | e(u) € H}, H1 = {r € H | divr € H}, where
e: HYQ;RY) — L2(Q;S%) and div: H; — L*(;R?) denote the deformation and the
divergence operators, respectively, given by

() = {euw)}, epu) = 5 + i), divo = o).

Given v € HY?(I';R?) we denote by v, and v, the usual normal and the tangential
components of v on the boundary I', v, = v - v, v, = v — v,v. Similarily, for a smooth
tensor field o: Q — S we define its normal and tangential components by o, = (ov) - v
and o, = ov — o, V.

Let V be the closed subspace of H'(Q2;R?) given by

V={veH(LRY) |v=0 onlp}.
On the space V' we consider the inner product and the corresponding norm defined by
(w, )y = {e(w), e, vl = lle(v)[ls for w,ve V.
It follows from Korn’s inequality that || || g1 (qre) and || - || are the equivalent norms on V.
In the study of problem (21)-(26) we consider the following assumptions on the viscosity

operator A, on the elasticity operator B and on the relaxation operator C.
H(A): A:Q xS?— S?%is such that
(i) A(-, ,5) is measurable on @ for all € € S¢
(i) A(x,t,) is continuous on S? for a.e. (z,t) € Q;
(iii) HA(x t €)|lge < e1 (b(w,t) + ||gl|ge) for all € € S ae. (z,t) € Q with b € L*(Q),
b>0and ¢, > 0;
(iv) (A(z,t,e1) — A(;U,t,€2>> t(e1—€2) > my|ler —ea|3a for all g1, &2 € S, ace. (z,t) € Q
with my > 0;
(v) A(z,t,€) 1 € > calle||3q for all ¢ € S¢, ace. (z,t) € Q with ¢y > 0.
H(B): B:Q xS*— S%is such that
(i) B(-,, ) is measurable on @ for all € € S N N
(ii) |B(z,t,€)[lse < by(z,t) + bo|e|sa for all e € S, ace. (x,t) € Q with by € LX(Q), by,
by > 0;
(iii) ||B(:L‘,t,€1) — B(z,t,89)||se < Lgller — &3||sa for all g1, g5 € S, a.e. (z,t) € Q with
LB > 0.
H(C): C:Q xS*— S%is such that C(v,t,¢) = c(x,t)e and c(z,t) = {cm(z,t)} with
Cijki = Cjikl = Cikij € L2<OJ T; L>*(Q)).
The contact and frictional potentials 7, and j, satisfy the following hypotheses.
H@jy): Ju:Tex(0,T) x R — R satisfies
(i) ju(-,-, ) is measurable for all » € R and j,(-,-,0) € L'(T¢ x (0,T));
(ii) ju(z,t,-) is locally Lipschitz for a.e. (z,t) € I'c x (0,7);
(iii) |8j,,(:1:,t,7“)| < ¢, (1+|r]) for ae. (z,t) € T'c x (0,7), all r € R with ¢, > 0;
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(iv) (g1 — m2)(r1 — r9) = —my|ry — ro)? for all m; € g, (x,t,7), i € R, 1 =1, 2, ae.
(x,t) € I'c x (0,T) with m, > 0.

H(j;): jr:Te x(0,T) x R* — R satisfies

(i) j-(, ,f) is measurable for all £ € R? and j,(-,-,0) € L'(T¢ x (0,7T));

(i) jr(z,t,-) is locally Lipschitz for a.e. (x,t) € I'c x (0,7);
(iii) HajT(QI t,8)||lre < e (14 ||€]|ga) for ace. (x,t) € T x (0,T), all £ € R? with ¢, > 0;
(1V> ( ?72,&1 fQ)Rd Z —mTH& — ég”%d for all i c 8jT<I,t,€i), & < Rd, 1= 1, 2, a.e.

(x,t) € 'e x (0,T) with m, > 0.
The volume force and traction densities satisfy
H(f): heL?0,T;H), f,eL*0,T;L*Iy;RY)

and the initial data have the regularity
H(O) erv, ’erH.

For examples of superpotentials j, and j, which satisfty H(j,) and H(j,), we refer to
Example 5.1 of [25].

We introduce the operators A: (0,7) x V — V* B: (0,7) xV — V*and C: (0,T) x
V' — V* defined by

(A(t,u),v) = (A(t,e(u), e(v)n (27)
(B(t, u),v) = (B(t,e(u)), e(v))n (28)
(Ct)u,v) = (C(t,e(u)), e(v))n (29)

for u, v € Vand t € (0,T). We also consider the function f: (0,7) — V* given by
(f();v) = (i), ) + (fo(t),0)r2rymey  foru,v €V, ae t€(0,7).  (30)
The variational formulation of the problem (21)-(26) (cf. [25]) is the following:
( find w: (0,7) — V such that u € V,u/ € W and

<u”(t) + AL () + Bt ult)) + /0 C(t — s)u(s)ds, v> +

# [t )5 (@) + 22, s () A (31)
Te
> (f(t),v) forall veV anda.et € (0,7)
L w(0) = ug, u'(0) = vo.
The unique solvability of the problem (31) is given by the following result.

Theorem 6.1. Assume that H(A), H(B), H(C), H(j,), H(j.), H(f), H(0) hold, ¢y >
2v3coc?||y|? and my > (m, +m,)c2||v||2. Then problem (31) admits at least one solution.
If, in addition,

{either Ju(x,t,+) and j,(x,t,-) are reqular (32)

r —ju(x,t,-) and — j.(x,t,-) are reqular
for a.e. (x,t) € T'c x (0,T), then problem (31) has a unique solution.
Proof: The proof is based on arguments used in [23] and thus we skip the details. The
main steps of the proof are the following.
a) Under the assumptions H(A), H(B) and H(C), the operators A, B and C defined
by (27), (28) and (29) satisfy hypotheses H(A), H(B) and H(C), respectively.
b) Let j: T'c x (0,T) x R — R be the function defined by

jla,t,€) = ju(2,t,6) + j- (2,1, &) ae. (x,t) €T x (0,7), all € € R
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It can be shown that, under the hypotheses H(j,) and H(j.), the function j satisfies H(j)
with ¢ = max{c,, ¢, } and my = m, + m,.

¢) The assumptions H(f) and H(0) combined with (30) imply that (Hy) holds. It is
clear that (H;) also is satisfied.

The steps above allow us to apply Corollary 5.1 to obtain the existence of a solution
to the hemivariational inequality (31). It can be easily observed that the regularity
hypotheses on j,, j. or —j,, —j, imply the regularity of j or —j, respectively. In this case
by Corollary 5.1, we deduce the uniqueness of a solution to (31).

The result of Theorem 6.1 extends a result of Theorem 5.1 of [25].

Finally, we consider the identification problem for the hemivariational inequality (31).
We suppose that the operators H(A), H(B) and H(C) depend on a parameter p € P, P
being a subset of a metric space, and we consider the following direct problem:

(find u € V, v/ € W and
t
(40 + At )+ Blput.a) + [ Clot = ()i o) +
0

+ /F (U (@, t,wy (2, ) 0,(2)) + 57 (2, ¢ (2, )5 04 (2))) dT (33)

> (f(t),v) forall veV andae te(0,T)
L u(0) = ug, u'(0) = wo.

The identification problem for the mechanical problem (31) is formulated as follows:
find the solution p* € P of the problem

F(p*) = min F(p), (34)

peEP

where the cost functional is defined by (4) and the dynamics is described by (33).
We need the following hypotheses on the data of problem (33).

H(A); : The family of operators {A(p,-,-,-),p € P} satisty H(A) uniformly in p € P
and the mapping p — A(p, t, z,¢) is continuous in the sense that
A(pn, z,t,6) = Alp,z,t,e) in S for ae. (2,t) € Q, all ¢ € S*

whenever p, — p in P.
H(B); : The family of operators {B(p, -, -, -),p € P} satisfy H(B) uniformly in p € P and
the mapping p — B(p, t, z,¢) is continuous in the sense that

B(py,z,t,e) — B(p,xz,t,e) inS? for ae. (2,t) €Q, all ¢ € S*

whenever p, — p in P.
H(C); : The family of operators {C(p,-,-,-),p € P} satisfty H(C) uniformly in p € P, and
if ¢(pn,-,-), c(p,-,-) are the corresponding coefficients, then

C(pna K ) — C(p, K ) in LQ(O,T; LOO(Q))

whenever p, — p in P.
Directly from Corollary 5.2 and Theorem 6.1, we deduce the solvability of the prob-
lem (34).

Corollary 6.1. Let the hypotheses H(P), H(A), H(B)., H(C)1, H(j,), H(j,), H(f),
H(0), H(I) and H(L) hold, c; > 2v/3coc?||||> and my > (m, + m.)c2||y||>. Then the
identification problem (34) admits a solution.
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