provided by Jagiellonian Univeristy Repository

Annali di Matematica (2012) 191:395-430
DOI 10.1007/s10231-011-0188-z

Neumann problems resonant at zero and infinity

Leszek Gasinski - Nikolaos S. Papageorgiou

Received: 8 December 2010 / Accepted: 20 January 2011 / Published online: 16 February 2011
© The Author(s) 2011. This article is published with open access at Springerlink.com

Abstract We consider a semilinear Neumann problem with a reaction which is resonant
at both zero and £00. Using a combination of methods from critical point theory, together
with truncation techniques, the use of upper—lower solutions and of the Morse theory (critical
groups), we show that the problem has at least five nontrivial smooth solutions, four of which
have constant sign (two positive and two negative).
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1 Introduction

Let @ € RY be a bounded domain with a C2-boundary 3<2. In this paper, we study the
following semilinear Neumann problem:

—-A = in Q
[ u(z) = f (z,u(2)) in Q, (L1

=0 on 9.
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Here, f(z, ¢) is a measurable function which is C' in the ¢-variable. The aim of this work is
to prove a multiplicity theorem when resonance occurs at both zero and £00. Such problems
have been studied extensively in the context of Dirichlet equations. In this direction, we
mention the works of Costa and Silva [8], Hirano and Nishimura [14], Landesman et al. [20],
Liang and Su [22], Liu [24], Li and Su [25], Li and Zou [26], Su and Tang [34], Zou [37],
and Zou and Liu [38]. For the corresponding Neumann problem, the bibliography is not that
rich. There have been some existence and multiplicity results for resonant semilinear Neu-
mann problems. We mention the works of Filippakis and Papageorgiou [10], Iannacci and
Nkashama [15,16], Kuo [19], Li [21], Li and Li [23], Mawhin [27], Mawhin et al. [28], Qian
[33], and Tang and Wu [35]. Tannacci and Nkashama [15] and Kuo [19] use variants of the
well-known Landesman—Lazer condition. Iannacci and Nkashama [16] use a sign condition,
while Mawhin [27] and Mawhin et al. [28] use a monotonicity condition on the function
¢ +—> f(z, ¢). All the aforementioned works prove existence theorems, but do not address
the question of multiplicity of the nontrivial solutions. Multiplicity results can be found in
the works of Filippakis and Papageorgiou [10], Li [21], Li and Li [23], Qian [33], and Tang
and Wu [35]. In Li [21], Li and Li [23], and Qian [33], the authors deal with equations of the
form

[ —Au(z) +au(z) = f (z,u(z)) ing, (1.2)

3
=0 on 02.

In (1.2), the presence in the left-hand side of the term au (with a > 0) facilitates the anal-
ysis of the equation, since in this case the differential operator in (1.2) is coercive. When
a = 0, this is no longer true (recall that the Poincaré inequality fails in the Sobolev space
H'(Q)). Li [21] and Li and Li [23] produce an infinity of nodal (i.e., sign changing) solu-
tions, by assuming an oscillatory behavior for the reaction f(z,-). Their approach uses
critical point theory, Leray—Schauder degree on order intervals, and Morse theory. Qian
[33] deals with equations which are superlinear at 00, using the so-called Jeanjean condi-
tion. He produces a sequence of nodal solutions assuming a symmetry condition on f(z, -)
(namely that f(z,-) is odd). His arguments are based on the critical point theory. Finally,
Filippakis and Papageorgiou [10] and Tang and Wu [35] assume that a = 0. Filippakis
and Papageorgiou [10] permit the resonance at zero to be only with respect to the princi-
pal eigenvalue 19 = 0, impose a global sign condition on f(z, -), and produce only three
nontrivial smooth solutions. Tang and Wu [35] employ an anticoercivity condition on the
potential

¢
F(Z,E)Z/f(z,S)ds
0

and using the local linking theorem (see e.g., [12, p. 665]), they establish the existence of
two nontrivial solutions.

In this paper, using a combination of variational methods based on the critical point the-
ory, with Morse theory (critical groups), we establish the existence of at least five nontrivial
smooth solutions for problem (1.1), four of which have constant sign (two positive and two
negative).

In the next section, for the convenience of the reader, we recall some of the main mathe-
matical tools that we will use in the analysis of problem (1.1).
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Neumann problems resonant at zero and infinity 397

2 Mathematical background

Let X be a Banach space and let X* be its topological dual. By (-, -) we denote the duality
brackets for the pair (X*, X). Let ¢ € C!(X). We say that ¢ satisfies the Cerami condition
if the following is true:

“Every sequence {x,},>1 € X, such that
lo(x)l < My and (1 + [lx,[D)¢"(xs) —> 0 in X*,
for some M; > 0, admits a strongly convergent subsequence.”

Using this compactness type condition, we can have the following minimax characteriza-
tion of certain critical values of a C'-functional. The result is known in the literature as the
“mountain pass theorem”.

Theorem 2.1 If X is a Banach space, ¢ € C'(X) satisfies the Cerami condition, ug, uy € X
are such that |\lug — uy|| >r >0,

max {¢(uo), ¢(u1)} < inf{oQ): [lu—uoll =r}=n,

¢ = inf max 1),
yerogtgl(p(y())

where
C={yeC(0,1; X): y(0) =uo, y(1) =u1},

then ¢ > n, and c is a critical value of ¢.

Throughout this work, we will use the following notation. Let ¢ € C 1(X) and letc € R. We
set

- ={ueX: o) <cl,
Ky={ueX: ¢'u) =0},
K;:{MEK(/JZ <p(u)=c}.

Let (Y7, Y>2) be a topological pair and Y1 C Y» C X. For every k > 0, by Hy (Y2, Y1), we
denote the kth relative singular homology group with integer coefficients for the pair (Y7, Y>).
Recall that for all integers k < 0, we have Hy (Y2, Y1) = 0. The critical groups of ¢ at an
isolated critical point u € K¢ are defined by

Cr(p,u) = Hi (¢° N U, ¢ NU\{u}) Vk >0,
where U is a neighborhood of x, such that
KyNg“NU = {u)

(see [7,29]). The excision property of singular homology theory implies that the above defi-
nition of critical groups is independent of the particular choice of the neighborhood U.

Suppose that ¢ € C!(X) satisfies the Cerami condition and inf ¢(Ky) > —o0. Choose
¢ < inf ¢(Ky). The critical groups of ¢ at infinity are defined by

Ci(p, 00) = Hi (X, ¢°) Vk =0
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398 L. Gasinski, N. S. Papageorgiou

(see [S5]). The deformation theorem (see e.g., [12, p. 636]) implies that the above definition
is independent of the choice of the particular level ¢ < inf ¢ (K). If K, is finite, then we set

M(t.u) = Y rankCi(p, u)t* Vi € R, u € K,
k=0

P(t.00) = > rankCy(g, 00)t* Vi € R.
k>0

Using these quantities, we have the Morse relation

> M(t,u) = P(t,00) + (1+)Q(), 2.1
ueky,
where
o) = At
k=0

is a formal series in ¢ € R with nonnegative integer coefficients (see [7,29]).

Let X = H be a Hilbert space, u € H, U a neighborhood of u in H, and ¢ € CX(U).
If u € Ky, then the Morse index of u is defined to be the supremum of the dimensions
of the vector subspaces of H on which ¢”(u) is negative definite. We say that u € K, is
nondegenerate, if ¢” (1) is invertible. Suppose that u € K, is a nondegenerate critical point
with Morse index m. Then

Ci(p,u) =8,,7 Yk >0,

where

s _ |1 ifk=m,
kn =10 ifk £ m.

In the analysis of problem (1.1), we will use the following two “natural” spaces:
cl@ = [u eCcl@: %(z) =0on asz]
(where n(-) denotes the outward unit normal on 9€2) and
Hr: Q) = %IH\,
where || - || denotes the usual Sobolev norm of H!(€), i.e.,
leel® = Naell3 + Vull3 Vu € H' ().
The space C) () is an ordered Banach space, with positive cone
Cy={ueCy(Q):u) >0foralzeQ}.
This cone has a nonempty interior, given by
intCy ={ueCy:ui >0foralzeQ}.

For a large class of C !_functionals, we can identify the C,i () and Hn1 (R2) local minimizers.
More precisely, let gg: 2 x R — R be a Carathéodory function, such that

1g0(z, )| < ao(z) +col¢|”™" foralmostallz € Q,all ¢ € R,
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Neumann problems resonant at zero and infinity 399

with ag € L®(22)4, co > 0 and

2N :

2N N >3
1 = N2 T
== [+oo if N =1,2

(subcritical growth for go(z, -)). We set

¢
Go(z,¢) =/go(Z,S)dS
0

and consider the C'-functional v : Hnl (2) — R, defined by

Vo(u) = %nwn% —/Go (z,u(z)) dz Vu € H ().
Q

Proposition 2.2 Ifug € Hn1 () is a local Cn1 (Q)-minimizer of Vo, i.e., there exists ry > 0,
such that

Yo(uo) < Yoo +h) Vh e Cu(Q), Ihllcig < ro.
then ugy € C,], (Q) and it is a local Hnl (2)-minimizer of Yy, i.e., there exists r1 > 0, such that
Yo(uo) < Yoluo +h) Vh € Hy(Q), k] < ri.

Remark 2.3 For the “Dirichlet” space HOl (R2), this result was first proved by Brezis and
Nirenberg [6] and was extended to the spaces WO1 Q) (with 1 < p < +o0) by Garcia

Azorero et al. [11] (see also [13]). For the “Neumann” spaces W,}"D(Q) (1 < p < 400), the
result can be found in Motreanu et al. [30] (for smooth functionals 1) and in lannizzotto
and Papageorgiou [17] (for nonsmooth functionals ). A simplified proof of the result for
more general operators than the p-Laplacian can be found in the recent work of Motreanu
and Papageorgiou [31].

Next, we recall some basic facts about the spectrum of the negative Neumann Laplacian.
So,letm € L*°(2)4+, m # 0 (a weight function), and consider the following weighted linear
eigenvalue problem:

l —Au(z) = am(z)u(z) in Q, 2.2)

4 =0 on 9.
Evidently a necessary condition for A € Rtobean eigenvalue is that A > 0. Moreover,
’):0 = ’):0 (m) = 0 is an eigenvalue of (2.2) with corresponding eigenspace R (the space of
constant functions). Using the spectral theorem for compact operators, we can show that
problem (2.2) has a sequence {/):k (m)} k>0 of distinct eigenvalues, such that/):k (m) — +o00
ask — +oo. It m =1, we Writexk(l) :Xk forall k > 0.

For every integer k > 0, by E @k (m)), we denote the eigenspace corresponding to the
eigenvalue 1\/{ (m). The regularity theory (see e.g., [12]) implies that £ ak (m)) c clQ).
Moreover, we know that each E @k (m)) has the “unique continuation property”, namely if
uekE @k (m)) vanishes on a set of positive measure, then u(z) = 0 for all z € Q. We set

H =@E(wm) and B =H; = @ E (uim).
k=0

k=i+1
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400 L. Gasinski, N. S. Papageorgiou

We have the following variational characterization for the eigenvalues Xk (m):

0—% ) Va3 1
= }\o(m) = min m L ue Hn (Q), u ?é 0 (23)
Q
and for k > 1, we have

~ Ival3 _ —

M (m) = max m.uer,u#O
Q

| ovanz 4

Q 4

In (2.3), the minimum is attained on E @k (m)) = R, while in (2.4) the maximum and
minimum are realized on E @k (m)) Jk>1.

As a consequence of these variational characterizations and of the unique continuation
property, we have the following useful facts (see e.g., [10]).

Proposition 2.4 Ifm,m € L®(2):\{0}, m(z) < m(z) for almost all 7z € Q and m # m,
then

A (M) < Ap(m) Yk > 0.

Proposition 2.5 (a) Ifk > —1 is an integer, n € L™ ()4, n(z) < ’):k+1 for almost all
7 € Qand n # Ag+1, then there exists & > 0, such that

IIVﬁllg—/nﬁzdz > Ellul® Va e Hy.
Q

(b) Ifk > Oisaninteger, n € L®°(Q)+, n(z) > M for almost all z € Q and n # M, then
there exists &1 > 0, such that

Iva|3 — / natdz < —& |@l|*> Va e Hy.
Q

From the eigenvalues {'Xk (m)} k>0 only the first one '):0 (m) = 0 has constant sign
eigenfunction. All the other eigenvalues have nodal (i.e., sign changing) eigenfunctions. In
what follows 7o denotes the L2-normalized, positive principal eigenfunction, i.e., g = L%

121y
(hereafter, by | - |y we denote the Lebesgue measure on RM).

The next result, due to Liang and Su [22] (see also [18] for an extension to Banach spaces),
is helpful in computing critical groups. It is a generalization of an earlier result of Perera and
Schechter [32].

Proposition 2.6 If H is a Hilbert space, {h:}:c[0,1] € C'(H) is afamily of functionals, such
that (h;)" and 9;h; are both locally Lipschitz, hy and hy satisfy the Cerami condition and
there exist a € R and § > 0, such that

hi)<a = ((L+lul) |hj@)|, =8 forallt €[0,1]), (2.5)
then

Ci(ho, 00) = Cy(h1,00) Vk = 0.
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Remark 2.7 Note that, if there exists R > 0, such that

inf {(1+ [lul) ;)] : ¢ €[0,1], [lu] > R} >0

and
inf {h;(u) : t €[0,1], |lul| < R} > —o0,
then (2.5) holds.
In the sequel, we will use the notation r* = max{r, 0} for all r € R. Also, by || - || we

denote the norm of the Sobolev space H!($2) and by | - |y the Lebesgue measure on RV .
Finally by || - [, (1 < p < 00), we denote the norm of L”(Q2) of LP(2; R) and p’ > 11is
the conjugate exponent of p > 1, i.e., % + % =1.

3 The Cerami condition

The hypotheses on the reaction term f are the following:
Hy: f: Q x R — Ris a measurable function, such that for almost all z € €2, we have

f(z,00=0, f(z,-) € C'(R) and

@) |f;’(z, 0)| < a(z)+cl¢| 72 foralmost all z € @, all ¢ € R witha € L¥(Q)4,¢ > 0
and 2 < r < 2%

(ii) there existintegeri > 1, o € (0, 1), and n € L°(2) with 7 (z) < 0 for almost all
7 € Q, Neo # 0, such that

f(z,0)

m :/)\\i
[gl>+o0 &

uniformly for almost all z € Q and, if fo(z,¢) = f(z,¢) —X,-g, then

fOO(Z! {) — 0 and llm Sup fOO(Zs {);

< Neo(2)
[g]—>+o0 |§-|a |g|—+o0 |§-|20¢

uniformly for almost all z € ;
(iii) there exist integerm > 1,m # i, 8 > 1, and n9 € L°°(2) with no(z) < 0 for almost
all z € 2, no # 0, such that

/ — 1
/i, 0) = limy

uniformly for almost all z € Q and if fo(z,¢) = f(z, ¢) —Xm;, then

fo@ 8 o nd limsup% < m0(2)

i
¢—0 |§|ﬂ =0

uniformly for almost all z € Q;
(iv) there exist numbers a_ < 0 < ay, such that

f(z,ay) < 0 < f(z,a-) foralmostall z € Q

and f('7a*) 7& 0’ f(a a+) # 0.

@ Springer



402 L. Gasinski, N. S. Papageorgiou

Remark 3.1 Hypothesis H r(ii) implies that the problem is resonant at infinity, while hypoth-
esis H(iii) implies that the problem is resonant at zero. So, we have a kind of “double
resonance”.

Example 3.2 The following function f satisfies hypotheses H (for the sake of simplicity
we drop the z-dependence):

Im€ —ElCI 20 i lE <,
rE—EC1972 0 if ] > 1,

withl <g <2 <r < +400,& >/}:m and?:é—i-/):i —Xm > (. For this example, we take
aec(q—1,%).Be(5.r—1),a- =—1,anda; = 1.

o= |

Letg: H,: (2) —> R be the energy functional for problem (1.1), defined by
0w = 5190l - [ F Gt @z vue i@,
Q
We know that ¢ € C? (H,} (). Moreover
¢'(u) = A(u) — Ny(u) Yu € H,)(Q),
where A € £ (Hn1 (), Hn1 (Q)*) is defined by

(A(w), y) = /(w, Vy)py dz Vu,y € H/(Q)
Q

and Ny (y)() = f (-, y()) forall y € H(Q). Also
(" )y, v)= /(Vy, Vu)gy dz — / f{ (z,u(@) yvdz Yu,y,ve H(Q).
Q Q

Note that ¢ (u) € £ (H,}(Q), H}(Q)*) is a Fredholm operator.
Using the eigenvalue A; > 0, we can have the following orthogonal direct sum decompo-
sition of the Sobolev space H”1 (2):

HY Q) =H;_1 ® EG) @ Hiy,

where
i—1

Hioi=@EG) and Hy = P EGo).

k=0 k>i+1
Then for every u € Hn1 (€2), we have
u=u+u’+7,
withw e Hi_1,u® € E(/):,-), ue ﬁ,-+1. This decomposition is unique.
Proposition 3.3 If {u,},>1 € Hn1 () is a sequence, such that

Up + Uy

ll2en ||

lup| — 400 and — 0 in H/(Q),
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Neumann problems resonant at zero and infinity 403

then

lv fOO(Zs u,,)u,,
1m sup —_—

n—+00 ||”n||2a
Q

dz < 0.

Proof From Bartolo et al. [3], we know that for a given ¢ > 0, we can find m(g) > 0 small
enough and mj(¢) > 0 large enough, such that

{ze@: |u°@| <milul}]y <& Yu®e EG) 3.1)
and

{z € Q: [uz) +u(zx)| > mollw+ull}ly
2o 1 —~ _
<m[“eTe <e VieHy,ueHi . (32)

For every n > 1, we introduce the following sets

Dy ={ze: [u’@| = mi|u’ll},
Dy ={z € Q: [u(z) +u(z)| < mallu+ull}.

From (3.1) and (3.2), it follows that
[S2\Dinly <&, [$2\Daly <€
and
[Din N Donly = Q18 — [S2\D2nly > 1|8 — 2e. (3.3)
Choosing ¢ € (0, %|Q|N), we see that
[Din N Day| > 0

and so Dy, N Dy, # @. Let z € Dy, N Dy,. Then

un @ _ Jup(@) + 80 (@) +n @]y @] (@ (@) + 8 (2)]
lluen l[een T i lluan
Ol malli + Tl o
lluen lluan
Next let z € Dy, \D1,,. Then
lun ()] (@) + 0 (2) + 8 (2)] - lug @] [l (2) + 1 (2)]
lleen l llaen l T Juall lleen l
il mali, + il s
lleen lleen

By virtue of hypotheses H (i) and (ii), we can find ¢; = cy(¢) > 0, such that

foo(2.0)¢ < (Moo(2) + m%“s) 12]%* +¢; foralmostallz € , all e R.  (3.6)
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404 L. Gasinski, N. S. Papageorgiou

Then, using (3.6), we have

Soo(z, up)uy
(7[R
DlanZn
2a
[tn] cl
< / (noo(z)+e)( . dz + ——-|Qn
llee, llee |l
DlanZn
0 2a
u
<m%°‘(” "”) / Moo (2) dz
llee |l
DlnﬂDZn
sa (N + 1,11\
—-my | —— Noo(2) dz
(17
DlanZH
2a
|”n|) C1l
e / ( G+ 1ol (3.7)
llzen | lluan 12
Dlan2n

(since oo < 0; see Hy(ii)). Also, hypotheses H (i) and (i7), imply that
| foo(z, )¢] < 2 (Ig** +1) foralmostall z € Q,all ¢ € R, (3.8)
with ¢ > 0. Hence, using (3.8), we have

Joo(z, up)uy

lla 112
DZn\Dln
lual \** e
<e dz+ ———|Qly
e | lle,
DZn\Dln
2u ~ — 2a
] s + | 2
<czm%“( 1) etem () Qv+ —5 12y (39)
e, e, luan |

(see (3.5) and (3.3)). Moreover, we have

20
foo(z,un)undZ<C2 / (Iunl) 4z 4 2 2l

llun |2 [l llatn 12
Q\Dyy, Q\Dap

2
(see (3.8)). Note that (miﬁ ) ¢ c Lé (K2). So, by virtue of Holder inequality and (3.3), we

/ (|un|)2“ dz_/x (|un|)2“ i@
leen | RN

Q\Dyy,

have

2a

u

< (””u””lf) 2\D2 |5 < mie. (3.10)
n
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therefore, finally we have
/ foo @ un)ttn |
llun 12

/ foo(Z un)un + / Soo(z, un)uy, dz

N [l )12
D1,NDy, Doy \Din
n Soo(@, un)uy
[l )12
Q\DZn
0 2 ~ — 2a
20 (11 20 [ Nttn + uy||
<m1“( = Noo(2) dz +my* | ————] Inl
llunll llunl
DlnnD2n
2a
1y 1
+mi%e / ( . dz + —— 2y
llun | lleen I
DlnﬂDZn
0 2a ~ — 2u
u U, +u
+c2m%"(” nll) s+c2m§"‘(” n n”) 2y
llun | lleen |l
2
+———|Q|y + mi%e (3.11)
llunll

(see (3.7), (3.9) and (3.10)). Note that
X by, (z) — xq(z) =1 almost everywhere on Q2 ase \ 0
(see (3.3)). So, if in (3.11) we pass to the limit as n — 400, we have

Joo(z, up)uy
[l |2

Q
20 — ~ 2a
[l % + T
<m%“( n Noo(2)dz +m3* [ ———"2 ) lInsol
lwal ) llitn |

~ — 2a
1 2a [0, + Uyl c2
+——|Qly + cam (7 120y + ——— |2,
ot 112 2 llt s (12
SO
. Z, Up)lU o~
lim sup 71000( 2”) "4z < m%"‘ /r}oo(z)dz—i—s(c—i—l)
ntos ) P J

for some ¢ > 0. (recall that ”T;’T‘" — 0in H)(Q)). Let us choose ¢ < _E% Jo 00(2) dz

to finish the proof. O

For R > 0and ¢ € (0, 1), we introduce the set
Coo(R, W, 0) = {u € HY(Q) : |lull > R, |7+l < olul}.

Pr0p0s1t10n 3.4 If hypotheses Hy (i) and (ii) hold, then there exist R > 0,9 € (0, 1) and
8 > 0, such that

(¢' (o), u®) =& Vu € Co(R, 9, ).
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406 L. Gasinski, N. S. Papageorgiou

Proof We argue indirectly. So, suppose that the proposition is not true. Then for any ¥ =
=1 ,n>1,wecanfind u, € H (€2), such that

. _ 1 1
nMn>m|m+wn<;wm’deWMw%<;vmn.<mm

From (3.12), we see that

lunll —> oo, W — 0 (3.13)
Un
and
((p (ttn), u /foo(z un)u dz < ; (3.14)

(since Va9 = %i[lu®)3 for all n > 1). From (3.14), it follows that

n>=+00

lim inf/ fol2, ”;)” 220, (3.15)
lloan |17
On the other hand, by virtue of hypotheses H (i) and (i7), for a given ¢ > 0, we can find
c3 = c¢3(e) > 0, such that
| foo(z, O)| < €|¢]* +¢3 foralmostall z € Q, all ¢ € R. (3.16)

Then, using (3.16), we have

Jfoo(z, ) (U +Up)
ll2ey ||2a

g/(8|l4n|0t'i'c3)|it\n 'i'ﬁn|dZ

dz

i 22
‘- L
+ +
<s/(|””|) ]G et il g, sy (3.17)
lunll ] Mlunll® lJuen [

for some ¢4 > 0. Note that

N 2\ 2 2N
(un()) c L%(Q) and (7) — < 2% — Ni if N > 3.
o

llaen

Hence, u, + u, € L= (£2) and we can apply Holder inequality and obtain

¢~ — —_
/(|M”|) Mdz < CSM Yo > 1, (3.18)
J llee, |l [l2en 1% [leen 1%

for some ¢5 > 0. Using (3.18) in (3.17), we have

I N TR

/ Joo(z, un) (Uy + 1) it + 1 ||
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Neumann problems resonant at zero and infinity 407

for some ng > 1 and ¢g > 0, so

/foo(z un)(”n"’“n)
n~>+oo

lloen |12

dz=0 (3.19)

(see (3.13)). Therefore

i foo(z, un)ul
imsup [ ———"

n—+00 floa,0 |12
Q
= lim sup Joo(z, un)un / fool(z, Mn)(ﬁn + up) dz
n——+00 e lluan |2
< lim sup f o0&ttt 4, (3.20)
n—>+oo | n||2a

(see (3.19) and Proposition 3.3). Comparing (3.15) and (3.26), we reach a contradiction. This
proves the proposition. O

Using this proposition, we can now establish the Cerami condition for the energy func-
tional .

Proposition 3.5 If hypotheses H (i) and (ii) hold, then ¢ satisfies the Cerami condition.
Proof Let {uy}n>1 C H,} (€2) be a sequence, such that {¢(u)},>; € R is bounded and
A+ lunl)g' () — 0 in H,(Q)". (3.21)

We show that the sequence {u,},>1 € H! () is bounded. We argue indirectly. So, suppose
that by passing to a suitable subsequence if necessary, we have |u,|| — +oc. Note that
(3.21) implies

; enllhll I
(@' (un), h)| < T [, Vh € H, (), (3.22)

with g, \ 0. In (3.22), we choose h =u,, € Hn1 (£2) and exploiting the orthogonality of the
component spaces, we have

(¢ @n), W) = 1V& I3 = AillEn I3 —/foo(z, Un)itn dz < &y,

SO

EollEnlP < en + / Foo 2 )i dz

< &n +/ (8|”n|a + C3) [dnldz Vn > 1 (3.23)
Q
(see Proposition 2.5(a) and (3.16)). Since

2 ’
lun|® € L#(Q) and (7) = < 2%
o
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then from (3.23) and Holder inequality, we have
Eollinl® < en+c7 (llunll® +1) @l V> 1,

for some ¢7 > 0, so

—~ 2 —~ —~
[z |l En [z |l ll2s |l
& ( < +crle + vn > 1. (3.24)
flun (|1 l[uen |12 Nl lunl?*

[l

We claim that the sequence {Mn = e } . is bounded. Indeed, if u,, — +oo (at least
n n>

for a subsequence), then dividing (3.24) with ,u%, we obtain

c7 1
& < &, +&e— +c7—,
"

n Mn

with 8; N\ 0. Passing to the limit as n — 4-00, we obtain &y < 0, a contradiction. Hence,
the sequence {it,},>1 is bounded and we may assume that , —> p > 0. Passing to the
limit as n — +00 in (3.24), we obtain

2
o < ecrp
SO
o < ecy.

Since ¢ > 0 was arbitrary, we let ¢ \{ 0, to conclude that & = 0. Therefore,

o~

Un . 1
— 0 in H, (). (3.25)
llun |
Next in (3.22), we choose h = —ui,, € H;_;. Then reasoning as above, we obtain
{0/, o) = <NV B+ Rl + [ o)z <
Q

so using Proposition 2.5(b), we have

ST < o0t [ |l Tl d Vo> 1
Q
Using also (3.16) and (3.24), we have

_ 2 _ _
llunl &n [zl llun I

& ( < +c7le + Vn >1
lunll® [l )12 Nl a1

Un
llotn Il

and so

— 0 in H(Q) (3.26)
(as before). Let R > 0,19 € (0, 1) and > 0 be as postulated in Proposition 3.4. Then from

(3.25), (3.26) and since ||u, || —> +00, we have that u,, € Coo (R, ¥, ) for all n > ngy and
S0

(¢ n), ul) > § Vn>ng (3.27)
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(see Proposition 3.4). If in (3.22), we choose h = ug € E(x,'), then
(@' un), ud) < e, (3.28)

with &, N\ 0. Comparing (3.27) and (3.28), we reach a contradiction. This proves that the
sequence {u,},>1 € Hn1 (2) is bounded. So, we may assume that

Uy —> u in HY(Q) (3.29)
Uy, —> u in L*(Q). (3.30)
In (3.22), we choose h = u, —u € Hn1 (€2). We have

enllun — ull

(An). u,,—u>‘ﬂ/f<z’“n><”n—W‘Z S Tl

SO

lim (A(un), up —u) =0

r——+00

(see (3.29)), so

2 2
IVunlly —> [IVullz

(since A(uy) LN A(u) in Hn1 (2)*; see (3.29)). From the Kadec—Klee property of Hilbert
spaces, we have

Vu, — Vu inL2(Q;RN),
SO
u, —> u in H(Q)

(see (3.29)). Therefore, ¢ satisfies the Cerami condition. ]

4 Critical groups

Using the eigenvaluexm > 0 from hypothesis H (iii), we can have the following orthogonal
direct sum decomposition of H,} (2):

HY(2) = Hp1 ® EGun) © Hp 1.

where
m—1
Hu1 =@ EGY and Hyp= P EG).
k=0 k>m+1

Then for every u € Hn1 (£2), we have
u=u+u’+7,

with € Hy_1,u® € E(\y), @ € Hyyq and the decomposition is unique. Using hypothesis
Hy(iii), we can have a result analogous to Proposition 3.3.
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Proposition 4.1 If {u,},>1 € Hnl () is a sequence, such that

v
lunl —> 0 and "2 s 0 in HY(S),
fle |l
then
lim sup Lu;)u"dz < 0.
n—+00 A llun||2P

Proof 1t is clear from hypothesis Hy(iii) that we can take 8 > 1 small, such that 2* > 2.
As in the proof of Proposition 3.3, from Bartolo et al. [3], we know that for a given ¢ > 0,
we can find m () > 0 small enough and mj(¢) > 0 large enough, such that

{ze@: [u’@| <milu®I}|, <& Vu® e EGw) 4.1
and
Hz e Q: [u(z) +u@| > mallu +ull}ly
mf*zﬁzﬁe <& VA€ Hpy1,1 € Hpi. 4.2)
For every n > 1, we introduce the following sets:
Qup={zeQ: ud@] = miull},
Qop = {z € Q: [U,(2) + Un(2)] < mality + Unll} .
From (4.1) and (4.2), we have
[\Qiuly <& [Q2Q\Quly <¢ (4.3)
and
(21, NQunly 2 [Qinlv — [Q\Q2n|v = QN — 2e. 4.4

Choosing ¢ € (0, %|Q|N), we see that |21, N Q,] > 0, hence Q1, N Ly, # 0. Let
z € 21, N Qy,. Then

un @ _ 3@ + 0 (@) + @] Jup(@)] [ (@) = Tn(2)]
llun llun |l “ fuall llunl
. lugl Nt T “5)
llunl llun
Next, let z € €22,\21,. Then
un @) _ 3@ + 80 @) + @] _ |y | [ (@) + T (2)]
llun llun |l S fuall llunl
O o~ —
1IIM,,II i ||un+unI|. 4.6)
llun l llun I
Hypothesis H(iii) implies that we can find § = §(¢) > 0, such that
fo(z, )¢ < (Uo(z) +m%’38) 1£1%# for almost all z € , all [¢] < 8. 4.7
On the other hand, by virtue of hypothesis H (i), we have
fo(z, )¢ < cgl¢|* foralmostallz € , all || > § (4.8)
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and some cg > 0, © > 28. Combining (4.7) and (4.8), we infer that
folz, )¢ < (no(z) +m%) 1128 4 colc|* foralmostallz € Q, all £ € R, (4.9)

for some c9 > 0. It is clear from hypothesis H(iii) that we can take 8 > 1 small enough,
so that 28 < 2*. Then, we can choose i € (max{2p, r}, 2%).
Using (4.9) and recalling that 9 < 0, we have

fO(Z, Up)iy
T, 28 dz
llun
Q1 N2y

(10(2) + &) |un|*# TG )
< + ¢y dz
/ ( 4 |12 4 |12

Q1,N22,

~ 28
[[ul] e, + unll) /
< \my —my no(z) dz
( llun llun |l

anmQZH
28

te / ( uan] ) dz

llun

Q1,N20p

17 2 —28
+c9 |y |* 7P dz. (4.10)

ll2tn ||

Q1,NQ2y

Note that

2
('”"') CL¥(Q) and |un|" 2P € L7 (Q).

Moreover, we have

2 -2

£ + u

5 g
So, applying Holder inequality, we have

=1.

lual \# )
/ (Ilun|| junl "2 dz < c10llxay, g, tallli P Vn =1 @1D)
Q]nﬁQZn "

for some cy¢ > 0. In addition, we have

—~ — 2 2 2 ~ _
(Il M+l N7 m® OINT ol + )2
mi —my > 5 —my — o —. (4.12)
(A (A 48\ Jlun | (A
We return to (4.10) and use (4.11), (4.12), to obtain
Sfolz, up)uy, dz
llun 12
QInﬁQZn
28 0 28 ~ — 28
m” (lu ||) / 2p (Nin + 0yl
<—1( 2 no(z) dz +m5" [ ——"=) lnolh
48\ Jlun | 2 (A
1;'1m 2n
2 _
+mi ect + clollxg, nay unlli T V0 > 1, (4.13)
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for some c¢q; > 0 (recall that lenQan no dz < 0). Hypotheses H (i) and (iii) imply that

fo(z, ¢ < e (121 +1¢1*) foralmostall z € 2, all ¢ € R (4.14)
and some cq2 > 0. Hence, we have
fO(Z» Up)Up
lln |28
QZn\an
|utn | o —28
<2 / (14 [un*=F) dz
llun |l
QZrz\an
0 ~ L \28
u U, +u _
<cn (ml“ ol +m2” n n||) / (1+|un|“ Zﬁ) dz
flen I flun I
QZn\an
o~ 28 ~ = \28B
<#en(m? (Ilu,,ll) +m¥ (Ilun +un) / (1+ lun#2F) dz
flen I llunll
QZn 1n
oy 28 ~ — \28 28
28 ||M,,||) 2ﬁ(||”n+”n) w
<enm ( w2 (L YT o\l
( b 2\ Junl R
2p ~ — 28
28 0
<eneps(m? (”“"”) +m2 (7””" + ”””) Vi > 1. (4.15)
flen I flen I
for some c¢j3 > 0 (see (4.6) and (4.3)). Similarly, we have
fO(Z7 Up)Up
llunll
Q\an
28 28
u u
<cn2 / (l n') dz+ci2 / (I ”') |, |2 dz
llunl llunll
Q\ Q0 Q\Qy
2¥_28 25
< gl Q\Qo > < cismie, (4.16)
for some ¢4, c15 > 0 (see and (4.2) (4.14)). From (4.13), (4.15), and (4.16), we have
Solz, un)uy, dz
lln |28
28 o 28 ~ — 28
mj IIM,,II) / 26 [ un + unll
< — no(z)dz +m5" | ————) lInolh
4f (nunn : llan I
anmQZn

-2
+c10llxa, oy tnlll P

28 ~ = \2B
" 0
1o 2 s m?,s (llunll) _’_m%ﬁ (llun+unll)
[lun |l [luen |l
+m%ﬁ8 (c11 +c15) . 4.17)

Note that for all n > 1, we have

Xay, 2, (z) — xq() =1 almost everywhereon Q2 ase \(0
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(see (4.3)). So, if in (4.17) we pass to the limit as n — 400, then

. Up)U 1
hmsup/ foz, un)un 7 < mfﬁ /rzo(z)dz+8(c11 +c15 +c13)

n—+00 ||Mn||2ﬂ 4’3
Q
Choosing ¢ € (0, 1) small enough, we have
lim sup Lu;)un dz <O0.
n—-+00 A llee, p

[m}

This proposition leads to the introduction of a certain set similar to the set Coo (R, ¥, o).
So, for o > 0 and ¥ € (0, 1), we introduce the set Co (o, ¥, B), defined by

Colo, 9 ) ={u e Hy(Q): |lull <o, [a+ul| <lul’}.
For this set, we prove a result analogous to Proposition 3.4.

Proposition 4.2 If hypotheses H (i) and (iii) hold, then there exist ¢ > 0 and ¥ € (0, 1)
such that

('), u®) = 0 Vu e Colo, 0, B).

Proof We proceed by contradiction. So, suppose that for every o = ¥ = E’ n > 1, we can
find u, € Hn (£2), such that

1 ~ — 1 B 1 0
lunll < . lun + 1yl < ;””n” and (@' (un), uy) <0 Vn>1 (4.18)
From (4.18), we have
lunl —> 0 and 1nt Ul (4.19)
”un”'B
From the last inequality in (4.18), we have
(@' un), ul) = (ACun), ul) —/ (omttn + £z, un)) u dz
= | Vugll3 = Al 13 —/fo(z, ) dz
Q
= —/fo(z, u)uddz <0 Vn > 1 (4.20)
(recall that ug e E (Xm)), SO
lim inf oz, un)u dz > 0.
n—+00 llun ]|
Hypotheses H (i) and (iii) imply that we can find c16 = c16(¢) > 0, such that
| fo(z. O)| < &lZ|P + ci6/C|F foralmostall z € 2, all¢ € R, 4.21)

with T € (1,2* —1). As before (see the proof of Proposition 4.1), we may assume that 8 > 1
is small enough, so that 28 < 2* and 8 < t. Then
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So(z, un)(ﬁn + uy)

dz
lluan |28
8|un|ﬂ|ﬁn + Uyl 14| [0 + U |
| ————dztc6 | ——5—4dz (4.22)
/ l[n 2P J llun (128

(see (4.21)). Note that

2% 2% 4 %
B 2x—p
2*

hence [, + u| € L7 (). So, using Holder inequality, we have

/ |un|ﬁ|ﬁn +u,|dz < / |un|2* dz / |un + un|2* fdz
Q Q
<CUWMWWh+WHVn/L (4.23)
for some c17 > 0. Also
2* 2%\ 2%
luy|* € L= (RQ) and (— ) = <2
T 2% — 1
(since T =r — 1 < 2* — 1). Hence,
/|un|r|ﬁn +upldz < cigllun||* iy +unll V> 1, (4.24)
for some c13 > 0. Returning to (4.22) and using (4.23) and (4.24), we obtain
fo(z, un)(i[n +Up)
llun 2P
< oo Mol g Tl . (4.25)
llun l llun |l

Passing to the limit as n — +o00 in (4.25) and recalling that T > § and that ¢ > O is arbitrary,
we conclude that

fo(z, un)(ﬁn +uy)

lim dz =0. 4.26
n= oo IS ‘ (420
Q
Therefore, finally we have
L. fO (z, up)uy
liminf [ ————
n—ioe ) g2
Q
P fo(z, un)u / fo(z, Mn)(ﬁn +Up)
= lim inf dz]| > 0
n—>+00 Clual? [t [P
Q
(see (4.20)) and (4.26). But this contradicts Proposition 4.1. O
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Using this proposition, we can compute the critical groups of ¢ at the origin.
Proposition 4.3 If hypotheses H (i) and (iii) hold, then
Cr(9,0) =8k, Z Yk >0 and dy =dim H,,_;.
Proof Let A € (0, Xm — Xm_l) (recall that m > 1) and consider the homotopy

A
he(u) = o(u) + r5||u°||2 vt € [0, 1].

Claim 1 There exists oo > 0 small enough, such that # = 0 is the only critical point of 4,
in By, ={u e H(Q): |ull <oo}forallz € [0,1].

Suppose that the Claim is not true. Then, we can find two sequences {#,},>1 € [0, 1] and
{untn>1 € Hn1 (£2), such that

th — t€[0,1], |luyll — 0 and (h;) (uy) =0 Vn > 1. (4.27)
From the equation in (4.27), we have
@' (uy) = —tyru, (4.28)
SO
(¢ @), up) = =tk 13- (4.29)
Suppose that ug = 0 for all n > ng. Then from (4.28), we have

@' (un) =0 Vn > no,

SO
A(un) = Nf(un) Vn = no. (4.30)
Lety, = ﬁ forn > 1. Then ||y,|| = 1 forall » > 1 and so we may assume that
Yo =y in H, (), 431)
Yo —> y inL*(Q). (4.32)
From (4.30), we have
N
Al = 28y s . (4.33)
llanl
Nf(un)

lluen |

Evidently the sequence { } - L’,(Q) is bounded and so we may assume that

N ,
”f (“'T) 2 h inL7(Q). (4.34)
Un

Moreover, using hypothesis H(iii), as in Aizicovici et al. [1] (see the proof of Proposi-
tion 31), we can show that

h=Any. (4.35)
So, if in (4.33) we pass to the limit as n — +o0, then from (4.31), (4.34), (4.35), we have

AQY) = Aomy,
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SO

’—Au(z) =0my(2) inQ,

g—,"l:O on 92

and thus y € E('):m). Also, if on (4.33) we act with y,, — y € Hn1 (£2) and pass to the limit as
n — 400, then

lim (A(yn), yn —y) =0,
n——+o0o
o)
Yo —> y inH,(Q)
(see the end of the proof of Proposition 3.5). Thus, y € E(/):m)\{O} since ||y|| = 1 and so

y=y"#£0.
Then
MO
T =y, — YW=y # 0 inH}(Q),
n

contradicting our standing hypothesis that u? = 0 for all n > ny. So, by passing to a suitable
subsequence if necessary, we may assume that ug #O0foralln > 1.

Let o > 0 and ¥ € (0,1) be as postulated by Proposition 4.2 and suppose that
u, € Co(o, 9, B) for all n > ny > 1. Then by virtue of Proposition 4.2, we have

(¢ n), u0) = 0 Vn =T,

which contradicts (4.29) (recall that ug # Oforalln > 1). So, at least for a subsequence, we
have u,, & Co(o, 9, B) forall n > 1, hence

ity + Tl > Oluall® Yn > 1. (4.36)
Exploiting the orthogonality of the component spaces and (4.27), we have

0= ((ht,,)/(un)» Uy — ﬁn) = <(/)/(un)7 U _ﬁn)
= V@3 = A |Tall3 — VT 13 + 2o 7 113

—/fo(Z,un)lﬁn — up|dz. (4.37)
Q

As in the proof of Proposition 4.2, using (4.14), we obtain

_/fO(Zs“n)(ﬁn —uy)dz
Q

> —eciollun | 10 + Wnll — cr9llun | 1@ + @l ¥n > 1, (4.38)

for some cj9 > 0 and with T € [8, 2* — 1) (see the proof of Proposition 4.2) and in particular
(4.23) and (4.24) and note that by virtue of the orthogonality of the component spaces, we
have ||tt, — uy| = ||u,, + uy, | forall n > 1. Using (4.38) in (4.37), we obtain

~ — 2 P _ P _
0 > coolltin + wnll® — ecrollunllP 11, + wnll = cr9llunll* @ + |

B B
- _ 2 llee, c—p_ llunll
= |[uy + unll (Czo —ec197=——— —cpllup " T m———
22, + uy | [, + upnl

~ 1 a1
S T (Czo e~ crollun | ﬁg) vn > 1 (4.39)
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for some ¢p9 > 0 (see Proposition 2.5 and (4.36)). Recall that || u, || —> 0 (see (4.27)). So, for
n > ng, we will have ||u, ||’_/S < ¢&. Choosing ¢ > 0 small enough, we have ¢y9 > 28c195,
which in conjunction with (4.39) leads to a contradiction. This proves the Claim.

Since
((h) ), 7)) = (¢' (), @) Vu e HN(KQ), 1 €0, 1]
and
((h) ), a) = (¢' (), @) Vu e HNRQ), t €0, 1]

(a consequence of the orthogonality of the component spaces), as in the proof of Proposi-
tion 3.5, we check thatforall 7 € [0, 1], i, (-) satisfies the Cerami condition. This fact together
with the Claim permits the use of the homotopy invariance property of critical groups (see
e.g., [7, p- 332]). So, we have

Ci(ho, 0) = Ci(h1,0) Vk >0,
$O

Ci(9,0) = Cr(h1,0) Vk=0. (4.40)
Note that

A
hmwzww»+TWWZVueakm.

Evidently, u = 0 is a critical pointof 4} € C 2(H,} (£2)). We claim that # = 0 is a nondegen-
erate critical point of /. Indeed, let y € ker 2//(0). Then
1Oy =0,
o)
¢"(0)y +2y=0

and thus

A(Y) = Amy = (f0); (- 0)y + Ay = 0. (4.41)
Note that fy(z, 0) = 0 for almost all z € 2 and

fO(Z7§) — f(Z9 C) _’):
é_ é_ ms

SO

lim
¢—0

fO(? ¢) _ (fo)/; (z,0) =0 uniformly for almost all z € ©

(see hypothesis Hy(iii)). Hence (4.41) becomes
A = Oum = W)y,

SO

W — 0ondQ. (4.42)

an

Yﬁw&)z@g—x»@ﬁna
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Note that
Xm_l < Xm —A< Xm,
SO
et Gom = 2) < Am—1Gom—) =1 and Ap(Gop) =1 < ApCGom — A)

(see Proposition 2.4). Then from (4.42), it follows that y = 0 and so ker h’{(O) = {0}, which
implies that u = 0 is a nondegenerate critical point of /1;. Also the Morse index of u = 0 is
dy, = dim H,,_; (see Proposition 2.5). Therefore, it follows that

Cr(h1,0) = 8¢.4,Z Yk >0
SO
Cr(,0) = 8k,q,Z Yk 20
(see (4.40)). O

Next using Proposition 2.6, we will compute the critical groups of ¢ at infinity.
Proposition 4.4 If hypotheses H (i) and (ii) hold, then
Cr(p, 0) = bp.qZ Yk >0,
where d; = dim H;_,.
Proof We consider the homotopy #;, defined by
Lhooy2 1
hi(u) = ¢(u) + EIIM I© Yu e H, (), 1 €[0,1].
Evidently h; € C 2(Hn1 (2)) and (h;)" and 9,h; are both locally Lipschitz for all ¢ € [0, 1].

Claim 2 There exists a € R and § > 0, such that
hw) <a = A+ ul) | @], =8 vielo1].

Suppose that the Claim is not true. Since # maps bounded sets to bounded ones, we can find
two sequences {f,} < [0, 1] and {u,} C Hn1 (£2), such that

th — t€[0,1], lluxll — +oo, , hy,(uy) — —00 (4.43)
and
(1 llunl) || (rs,) )|, — 0 in H, (Q)* (4.44)
From (4.44), we have

he ) (1), v)| < v| Yve HY(SQ),
{(hs,) (un), v)| < 1+|| N — vl 1 (§2)
with &, \( 0, so
(A(u,,),v)—/f(z,un)vdz—l-ln/ugvdz < 1+” i ——|v]| Vn>=1. (4.45)
n
Q Q
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Let
Up

y =

T luall
Then ||y,|| = 1 forall n > 1 and so we may assume that

Yo —> y in H'(Q) (4.46)

o —> vy in LX(Q). (4.47)
From (4.45), we have

Sz, un)

&£
(A(yp), v) — vdz—i—tn/y,o,vdz < —2 vl Vex=1. (4.48)

llen L+ [lun

By virtue of hypothesis Hy(ii), we have

UAGLIQ)) ('”’ ”””(')) 3y in LX(Q). (4.49)
Un

(see e.g., the proof of Proposition 22 of [1]). So, if in (4.48) we pass to the limit as n — +o00
and due (4.46) and (4.49), we obtain

(A(y), v) =’):i/yv dz —t/yov dz Vv e Hn1 (2). (4.50)
Q Q

If in (4.48) we choose v =y, —y € Hnl (R2), pass to the limit as n — +o0o and use (4.46)
and (4.49), we have

lim (A(yn), yn —y) =0,
n——+00
SO
yo —> y in H/(SQ)
(see the proof of Proposition 3.5), hence
Iyl = 1. (4.51)
In (4.50) we choose v = 3 € H; . Then
VI3 = %1713,

o)
y=0 (4.52)
(since y € I?I,url). Similarly, if in (4.50) we choose v =y € H;_1, then
VI3 = %1713,
o)
y=0 (4.53)

(since y € H;_1). From (4.51), (4.52) and (4.53), it follows that y = yO € E(Xi)\{O}. From
(4.50), we have

Ay) = (ki — 1)y,
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SO
IVYI3 =2 ly13 — tlyl3.
SO
tlyl; =0

(since y = yO € E(xi)\{O}) and thus r = 0.
Reasoning as in the proof of Proposition 3.5, we show that

iy,
- — 0 an S
llen | lleen |l

(see (3.25) and (3.26)), so

— 0 in H(Q)

~ _
U, + uy,

— 0 in H(Q).
[zt 11¢ "

Hence,if R > 0,9 € (0, 1] and 3 > 0 are as postulated in Proposition 3.4, then
U, € Coo(R,V,a) Yn > nyg
(see (4.37)), so
((p’(un), ug) >8>0 Vn>=ng
(see Proposition 2.5) and so
§

> >0 Vn>n| >ng

((hy,) (un), ul) =

(recall that #, — 0 and so (h;,)’ — ¢’). Combining this estimate with (4.43), we reach a
contradiction. This proves the Claim.

From Proposition 3.5, we know that ¢ = hg satisfies the Cerami condition. In a similar
way, exploiting the orthogonality of the component spaces, we can check that /11 also satisfies
the Cerami condition. So, we can apply Proposition 2.6 and infer that

Ci(p, 00) = Cy(hy,00) Vk = 0. (4.54)
Invoking Theorem 2.3 of Li and Zou [26], we have
Ci(h1,00) = 8 a;Z Vk >0,
with d; = dim H;_;. O

Now we are ready to produce the nontrivial smooth solutions of problem (1.1). We start
with the solutions of constant sign.

5 Solutions of constant sign

First using truncations and the direct method, we produce two constant sign smooth solutions
for problem (1.1) (one positive and the other negative).
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Proposition 5.1 If hypotheses H (i), (iii), and (iv) hold, then problem (1.1) has two non-
trivial smooth solutions of constant sign

upeintCy, vpe —intCy, a_ <wvo(z) <0 <up(z) <a_ VzeQ

and both ug, vg are local minimizers of ¢.

Proof We introduce the following truncation-perturbation of f(z, ¢):

0 if¢ <0,
8+ O =1/ +¢ if0<¢ <ay, (CRY)
f(z,a4)+ay ifay <¢.

Here, ay > 0is as in hypothesis Hy(iv). Let

¢
Gi(z,0) =/g+(z,s)ds
0

and let ¢ : Hn1 (Q) — R be the C!-functional, defined by

1 1
Y (u) = Enwné + 5||u||% - / Gy (z,u(2)) dz Yu € HY(Q).
Q

Itis clear from (5.1) that ¥ is coercive. Also, itis sequentially weakly lower semicontinuous.
Invoking the Weierstrass theorem, we can find ug € H,} (£2), such that

V(o) = inf Yy(u) =my. (5.2)
ueH) ()

Hypothesis H ¢ (iii) implies that for a given ¢ > 0, we can find § = 6(¢) € (0, a4 ), such that
f(z,¢) = (Xm —¢e)¢ foralmostall z € 2, ¢ € [0, 6],
sO
F(z,0) > %(Xm —¢&)¢? foralmostall z € Q, ¢ € [0, 5]. (5.3)
Let & € (0, §]. Then

1 ~
() = —/F(z, Ddz <~ 0w~ 8121y <0
Q

by choosing ¢ € (0,/):,”) (see (5.1), (5.3) and recall that m > 1). So
Yy (o) =my <0=14(0)
(see (5.2)) and thus ug # 0. From (5.2), we have
vl (uo) =0,
SO
Auo) +uo = Ng, (uo), 5.4
where

N, )(-) = g4 (u() Vu € H(Q)
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and thus

[ —Aup(z) +uo(z) = g+ (2, u(z)) inQ, 5.5)

Y0 =0 ondQ.

Regularity theory implies that ug € C,ll (2)\{0}. On (5.4), we act with (ug —a; )™ e H,: (2).
Then

(Amo), (o —ap))+ / uo(uo — a)dz = /g+(Z, uo)(uo —ay) " dz
Q Q

= / (f(z,ay) +ay) (uo +ay) " dz
Q

(see (5.1)), so

(A(uo) — Alay), (uo—ap) )+ /(140 —ap)(wo+ap)tdz <0
Q

(see hypothesis Hy(iv)) and thus
Huo > a+}|N =0,
i.e., ug < a. Also, on (5.4), we act with —u, € H,} (£2) and obtain
IVug 115 + llug 15 =0
(see (5.1)), so ug € C+\{0}. Then, (5.5) becomes

—Aup(z) = f(z,u0(z)) inQQ,

%0 =0 ondgQ.

By the mean value theorem, we can find ¢y > 0, such that for almost all z € €2, the function
¢ +—> f(z,¢) + no¢ is nondecreasing on [a_, a4 ]. Hence,

—Aup(z) + pnoup(z) > 0 almost everywhere in €2,
o)
Aup(z) < poup(z) almost everywhere in 2
and thus
up € intCy (5.6)

(see Vazquez [36]). Also, we have

—Aay + poa+ = poa+ = f(z,ay) + poa+ almost everywhere in
(see Hy(iv)) and

Aup(z) — pouo(z) = —f (z,u0(z)) — pouo(z) almost everywhere in 2.
Adding, we obtain

—A(ay — uo)(2) + nolayr —up)(z) = 0 almost everywhere in €2,

SO

A(as —uo)(z) < pola+ —up)(z) almost everywhere in €2,
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and thus
ay —uy € int C+ (57)

(see Vazquez [36]).
So, if

[0,a4+] = {u € Hn1 (2) : 0 < u(z) < ay almost everywhere in Q},

then from (5.6) and (5.7), it follows that ug € int - @ [0, a]. Since ¢[[0,a, ] = ¥ 1[0,a,] (SCE

(5.1)), it follows that u is a local C,ll (€2)-minimizer of ¢ and so Proposition 2.2 implies that
ug is a local Hn1 (2)-minimizer of ¢.

Similarly, truncating the function ¢ — f(z, ¢) + ¢ at {a—, 0} and working as above, we
obtain another constant sign smooth solution of (1.1):

vo € —intCy, a_ <vp(z) <0 VzeQ
(i.e., vo € int ¢ @ [a—, 0]), which is a local minimizer of ¢. ]
Let us recall the notions of upper and lower solutions for problem (1.1).

Definition 5.2 (a) We say thatu € H 1(Q)isan “upper solution” for (5.2), if

/(Vﬁ, Vh)gy dz > /f(z,ﬁ)h dz Vhe HY(Q), h > 0.
Q Q

(b) Wesaythatu € H 1(Q) is a “lower solution” for (5.2), if

/(Vﬁ, Vh)gy dz < /f(z,ﬁ)h dz Vhe H'(Q), h > 0.
Q Q

The next lemma is taken from Aizicovici et al. [2], where it was proved in the more general
context of equations driven by the Neumann p-Laplacian.

Lemma 53 (a) If u;,u, € HY(Q) are two lower solutions for problem (5.2), then
u = max{u,, u,} € H'(Q) is a lower solution too.

(b) Ifuy,up e HY(Q) are two upper solutions for problem (5.2), then u = min{u, us} €
HY(Q) is an upper solution too.

Using this lemma, we can produce the biggest solution of (1.1) in the order interval [0, a ]
and the smallest solution of (1.1) in the order interval [a_, O].

Proposition 5.4 If hypotheses Hj, (1), (iii), and (iv) hold, then problem rm (1.1) has a biggest
solution u*™ € int C4 in the order interval [0, ay] and a smallest solution v* € —int C. in
the order interval [a_, 0].

Proof We introduce the set
Dy = {u € H)(Q) : uis anontrivial solution of (1.1), u € [0, a41}.

From Proposition 5.1, we have that D # ¢ and D C int C4. We show that D, is upward
directed, i.e., if uy, u» € D, then we can find u € D, such that max{u;, ur} < u. To
this end, let u1, up € D4 and let us set u = max{uy, uz} € Hn1 (£2). Lemma 5.3(a) implies
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that u is a lower solution for problem (1.1). On the other hand, hypothesis H s (iv) implies
that # = a4 is an upper solution for problem (1.1). Truncation f(z,-) at {g(z), a+} and
reasoning as in Aizicovici et al. [2] (see the proof of Proposition 8), via the direct method,
we produce iy € [u,u = ay] Nint Cy, a solution of (1.1). Then, uy, uy < up, ug € D+,
and so we conclude that D is upward directed.

Next we show that D has a maximal element for the usual pointwise ordering. So, let
C C D, be a chain (i.e., a totally ordered subset of D). From Dunford and Schwartz [9,
p. 336], we know that we can find a sequence {u, },>1 € C, such that

sup C = sup uy.
n>l1
We have
A(up) = Ny(up) V¥n > 1, (5.8)
sO

IVuall3 < c21 V> 1,

for some c21 > 0 (recall that u, € [0, a]) and thus the sequence {u,},>1 < Hn1 (R2) is
bounded.
So, we may assume that

Uy —> u in H'(Q) (5.9)
Uy —> u in L*(Q). (5.10)
If in (5.8) we pass to the limit as n — 400 and we use (5.9), then
A(u) = N¢(u),

sou € Dy andu = sup C.

Hence invoking the Kuratowski-Zorn lemma, we infer that the set D has a maximal ele-
ment u* € D,. We show that this is the desired biggest solution of (1.1) in [0, a4 ]. Indeed,
let u € Dy, since D is upward directed, we can find u € Do, such that u, u* < u and
the maximality of u* implies that 7 = u*, hence u < u*. Since u € D4 was arbitrary, we
conclude that u™* is the biggest solution of (1.1) in [0, a4 ].

Similarly, if we introduce the set

D_ = {v € Hn1 (f2) : v is a nontrivial solution of (1.1), v € [a_, O]},

then working as above and using this time Lemma 5.3(b), we obtain v* € —int C, a smallest
solution of (1.1) in [a_, 0]. O

In the next section, using Proposition 5.4 together with truncation techniques, combined
with critical point theory and Morse theory (critical groups), we prove the complete multi-
plicity theorem for problem (1.1).

6 Multiplicity theorem

For the complete multiplicity theorem, we use the full set of hypotheses H .
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Theorem 6.1 If hypotheses Hy hold, then problem (1.1) has at least five nontrivial smooth
solutions:

up,weintCy, #—ug cintCy, up(z) <ay Vze Q,
vo,DeintCy, vo—veintCq, a_ <wvo(z) VzeQ

and
Yo € ChHE)\{0}

Proof From Proposition 5.1 we already have two nontrivial smooth solutions of constant
sign

up€intCy, vpe—intCy, a_ <vg(z) <0<up(z) <a_ VzeQ.  (6.1)

By virtue of Proposition 5.4, we may assume that ug € int C is the biggest solution of
(1.1) in the interval [0, a1 ] and vy € —int C is the smallest solution of (1.1) in the interval
[a—, 0]. We consider the following truncation-perturbation of f(z, -):

[ (@ uo(2) +uoz) if & <up(z),

h+(Z,C)=[

We set
¢
Hi(z,¢) = /h+(z, s)ds
0

and consider the C!-functional 1;+ : H,: (2) — R, defined by

- 1 1
Vi(u) = EIIWII§ + Euun% — / Hi (z,u(z)) dz Yu € HY(Q).
Q

Reasoning as in the proof of Proposition 3.5, we show that ¥ satisfies the Cerami condition.

Claim 3 uq € int C is a local minimizer of ¥
To show the Claim, we consider the following truncation of Hy (z, -):

hi(z,8) if ¢ <ay,

hy(z,ay) ifay <¢. (6.3)

74 (2, ©) :[

We set
¢
Hi(z,0) = /E(z, 5)ds
0

and consider the C!-functional 1'ﬁ+ : H,: (2) — R, defined by

e 1 1 ~
V() = Enwnﬁ + Enun% —/H+ (z,u(2)) dz Yu € HN(RQ).
Q

By virtue of (6.3), 1://\+ is coercive, and of course, it is sequentially weakly lower semicontin-
uous. So, we can find 7y € H(} (£2), such that

Vi) = inf Yo (u) =y,
H} ()

ue f,
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) 1///\jr (#p) = 0 and thus
A(ug) + o = Ny, (uo),
where
Np, () =hy (u() Yu € HI(Q).

On (6.4), we act with (ug — )™ € H}(Q). Then

/ (Vitg, Vug — Vig)gy dz + / 1o (uo — o) dz

{uo>1to) {uo>1o}
= / f(z, uo)(uo — o) dz + / uo(uog — up) dz
{uo>1o} {uo>1o}
- / (Vuo, Vug — Vitg) dz + / oo — Tip) dz,
{uo>1o} {uo>1o}
SO
~ 42
o — )™ =0
and thus

uy < Ug.
Also, acting on (6.4) with (zp — ay)*" € Hn1 (£2), we obtain

| Viio||* dz + / to(ilp — a) dz

{o>a4} {io>a4}

= / (f(z,aq) +ay) (o — ay) dz

{wo>a+}

(see (6.2) and (6.3)), so
w0 —a)*|* =0
and thus
Uy < a4.
From (6.5) and (6.6), it follows that 7y € [ug, a+] and (6.4) becomes
A(tip) = N (o)
(see (6.2) and (6.3)), so

—Auig(z) = f (z,uo(2)) in Q,
% =0on o2

and thus % € int Cy (regularity theory) solves (1.1) and ug € [ug, a+].

(6.4)

(6.5)

(6.6)

But re@ll that ug eAint C. is the biggest solution of (1.1) in [0, a]. Hence, g = ug.
Since ¥4 [[0,a,] = V410,447 (see (6.2) and (6.3)) and ug € int @ [0, a4+] (see (6.1)), it

follows that ug = up is a local C 1(Q)-minimizer of ¥4 hence by Proposition 2.2, it is also

alocal Hn1 (2)-minimizer of v . This proves the Claim.
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We may assume that ug is an isolated critical point of ¥/ . To see this, suppose that we
can find {u, },>1 € Hn1 (£2), such that

Uy — uo in HN(Q) and ¥, () =0 Vn>1.

Then as above, we show that u,, > ug foralln > 1and {u,},>1 C int C4 (regularity theory).
From (6.2), it follows that {u, },>1 is a whole sequence of distinct positive smooth solutions
of (1.1) and so we are done. So, assuming that u¢ is an isolated critical point of ¥ and
reasoning as in Aizicovici et al. [1] (see the proof of Proposition 29), we can find ¢ > 0
small, such that

Vi (o) < inf {§y () : llu —uoll = 8} = . 6.7)
Let& > |uglloo. Then

Vi (E) <em —/F(Z, £€)dz, (6.8)

Q

for some 27 > 0 (see (6.2)). By virtue of hypothesis H(ii), fora given ¢ € (0,3;), we can
find M > 0, such that

T—
F(z,¢) > ITSCZ for almost all z € 2, all [¢| > M,

SO
F(z,¢) —> 400 uniformly for almostall z € Q as { — +o0o
and thus
Vi(§) — —00 asé — +o0 (6.9)

(see (6.8)). From (6.7), (6.9) and since \Z+ satisfies the Cerami condition, we see that we can
apply the mountain pass theorem (see Theorem 2.1) and produce # € H, (2), such that

Vi (o) < iy < Yy @) (6.10)
(see (6.7)) and so
V' (ug) = 0. (6.11)
From (6.10), we have @ # uq. From (6.11), we have
A@W) +u = Ny, (), (6.12)
where

N, () = hy Gou(-)) Vu € HH(S).

Acting on (6.12) with (1o — @)™ € H) () and reasoning as before, we show that ug < @
and u € int C4 solves (1.1) (see (6.2)). Let £ > 0 be such that for almost all z € €, the
function ¢ — f(z, ¢) + ¢ is nondecreasing on [—||#]lco, |[%]l0o] (it exists by the mean
value theorem and hypothesis Hz(i)). Then

— AW — uo)(z) + 2@ — uo)(z) = 0 almost everywhere on €2,
SO

AW —up)(z) < @ —up)(z) almost everywhere on 2,
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and thus 7 — ug € int C4 (see Vazquez [36]).
Similarly, if we use the negative smooth solution vgp € —int C and by considering the
truncation-perturbation of f(z, -), defined by

[ feo e if £ < w00,
h-z.0) = [ (2 00@) + v0() if 1) < g,

then working as above, we produce a second negative smooth solution v € —int C4, such
that vg — v € int C.
Since ug, vo are local minimizers of ¢, then

Ci(p, up) = Cr(@, vo) = 8k,0Z Yk > 0. (6.13)

From the previous considerations, we know that € int C is a critical point of mountain
pass type for the functional v. Note that

~ 1 .
V() = EHVMH% - / F(z,u)dz +/(F(Z7 up) — f(z, uo)uo) dz
Q Q
(see (6.2)), so
V(@ = @) + 23,
with c23 = [ (F(z, u0) — f(z, uo)uo) dz. Thus

Ce(Yy, ) = Crlp, @) Vk=0. (6.14)

Since u is a critical point of mountain pass type for V4, it follows that

Ci(frs, @) #0
(see e.g., [7, p. 69]). So

Ci(p,u) #0 (6.15)

(see (6.14)).

Recall that ¢ € C?(H,'(Q)) and ¢” (%) is a Fredholm operator. Moreover, if o (¢ (i1)) €
[0, +00), then ker ¢ () = {0} if 0 & o (¢” (w)) and dim ker ¢” () = 1if 0 € o (¢” (W) (see
Sect. 2). This fact together with (6.15) permits the use of Proposition 2.5 of Bartsch [4] and
so we have

Ci(p,u) =81 Z Yk > 0. (6.16)
Similarly, we show that
Cr(p,v) = &1Z Yk = 0. (6.17)

From Proposition 4.3, we know that

Ci(¢,0) = 6kq,Z Yk > 0. (6.18)
From Proposition 4.4, we know that

Ci(p, 00) = 6, q;Z Yk > 0.

This implies that there exists yo € K, such that Cy, (¢, yo) # 0 (see (2.1)). Since i > 1
(see hypothesis Hp(ii)), it follows that d; > 2 and d; # d,, since i # m (see Hy(ii)).
So, from this fact and (6.13), (6.16)—(6.18), we conclude that yy ¢ {0, ug, vo, u, v}. Hence,
Yo € C,{ (2)\{0} (regularity theory) is a fifth nontrivial smooth solution of (1.1). O
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