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ABSTRACT 
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Master’s thesis 

Tampere University 

Master in Civil Engineering 

May 2022 
 

Six samples are tested with bender element and eight samples are tested with resonant col-
umn, to respectively determine maximum shear modulus (Gmax) and shear modulus reduction 
curves (G/Gmax) for Viasvesi sand, which is a uniform sand. The stiffness is determined for in-
creasing cell pressure from 50, to 100 and 300 kPa. Afterwards, the cell pressure is decreased 
again to 100 and 50 kPa to see if overconsolidation has any influence on Viasvesi sand. It is 
noticed overconsolidation has an important influence on both maximum shear stiffness and the 
stiffness reduction. Consolidation causes a deformation of the particle structure. Therefore, when 
the tested soil is unloaded, a stiffer response occurs. This stiffer response can be attributed to 
better localized restraints, but can also be attributed to more contacts which occur between the 
sand particles.  

The values of the maximum shear modulus and shear modulus reduction curves during load-
ing can be important in static loadings in respectively the very small and small strain area. Addi-
tionally, during dynamic loadings, for example on- and off shore wind mills, in railway construction 
and during service, etc. these parameters can be useful too. Therefore it is important these pa-
rameters get determined. Additionally, the effect of overconsolidation can be useful when Viasvesi 
sand gets preloaded. In this case, after the preload is taken away, the soil will react stiffer and 
deform less. Additionally, it can be useful during excavations, where the soil body will react stiffer 
compared to the original soil body.  

The collected data with the bender elements is compared to equations of other authors during 
this study. During analysing the data it is noticed previously published equations are not suitable 
for Viasvesi sand. These equations underestimated the maximum shear stiffness. This safer es-
timation can be attributed to the wide range of uniformity coefficients wherefor these equations 
are proposed for. While the tested Viasvesi sand has a uniformity coefficient Cu of 2, the proposed 
equations by the other three authors are for much wider ranges of Cu, from 1.5 to 15. Therefore, 
a possibility exists these equations are not applicable for every type of sand. 

To predict the maximum shear modulus of Viasvesi sand, two equations are proposed. The 
reason of proposing two equations is because of some irregularities in the measurements, some 
data was not comparable with each other. Therefore a decision is made to propose two equations. 
Eventually, it is noticed both equations have an R² above 0.90 which is an acceptable accuracy. 
Additionally, both equations are more correct on Viasvesi sand, compared to previous noticed 
equations.  

After conducting tests, the maximum shear stiffness obtained via bender element and resonant 
column are plotted against each other. It is noticed the data differed not too much from each other, 
with R² above 0.98. Additionally, it is noticed bender element measurements estimate the maxi-
mum shear stiffness in most cases higher compared to resonant column tests. 
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1. INTRODUCTION 

The target of this study is to define very small and small strain shear stiffness param-

eters for Viasvesi sand. This is done using bender elements to determine the maximum 

shear modulus Gmax and a resonant column to determine the stiffness degradation as 

function of strain. When strains are smaller than approximately 10-5 to 10-6, strains can 

be seen as very small strains, while strains lower then 10-3 can be seen as small strains. 

Figure 1 [1] gives a clear view about the different types of strain and how the normalized 

shear modulus decreases with increasing strain.  As can be seen in Figure 1 [1], when 

shear strains occur in the very small strain area, the shear modulus can be seen as 

nearly constant, in a logaritmic scale. Additionally, Figure 1 [1] gives a view on which 

tests are suitable for certain strain levels. 

 
Figure 1. Types of shear strain and which test is suitable for the certain strain level 

[1] 

 

The very small strain shear stiffness Gmax and the small strain shear stiffness are used 

in soil mechanics to determine the behavior of soils to dynamic loadings, like earth-

quakes, railway vibrations, off-shore oil and gas industry, off- and on-shore windmills,… 

but can also be used for static loadings which occur in the (very) small strain area. There-

fore, the received data for Gmax, collected with bender elements, will be compared to 
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equations proposed by previous studies. Next, a proposal will be done at the end of the 

study to predict the very small strain shear stiffness Gmax for Viasvesi sand, which is 

determined by bender elements. Next to proposing an equation to determine Gmax, the 

small strain shear stiffness behavior will be studied. Via these data, reduction curves 

similar to Figure 1 [1] will be created. Following on creating the stiffness reduction curves, 

the data which are collected will be compared with previous studies. 

During the literature review, not much information was found about earlier research 

where the sample was unloaded. Therefore, during this research samples will first be 

loaded, whereafter the necessary measurements will be done after nearly-fully consoli-

dation in the certain pressure step. After this, the pressure will be decreased again, 

whereafter the necessary measurements will be done again. The effect of overconsoli-

dation will thus be studied.   

Before it is possible to start with the effective testing series, some additional data is 

collected. To conduct these bender element and resonant column tests, a few methods 

were tested to prepare the sample. These are two variants on wet pluviation, moist tamp-

ing and dry tamping. Therefore, to select the most suitable method, the reached densi-

ties, moist content and saturation degrees are studied. Before these methods to prepare 

samples were able to be tested, the particle density of the sand is determined. The im-

portance of the particle density is that in previous research it is noticed that void ratio has 

an influence on the small strain shear stiffness and maximum shear stiffness. Via the 

particle density, void ratio is easily determinable. Additionally, a proctor curve is derived 

from testing series. This curve is for example used in the moist tamping method to define 

at which water content, it is possible to get the highest density with the least effort. Be-

sides, to define the Viasvesi sand its sand type, the grain size distribution is derived. The 

target of determining the grain size distribution is to make it possible to compare the 

conducted research with previous researchers their findings.  

First, the literature review is ‘briefly’ discussed. During this literature review, the find-

ings of previous researchers will mainly be studied. Additionally, some of the results from 

previous conducted research is discussed in the literature review. Besides, during the 

literature review an introduction into the resonant column and bender elements is given. 

Following on the literature review, a description of materials and methodology is pre-

sented. In this section there is gone into detail in the standards and eventually used 

methods to define the sand its characteristics. Besides, bender element and the resonant 

column will be discussed furthermore. Thereafter, the results will be shown in the next 

section, with a brief description what can be seen in the curves. Following on the results, 

the meaning of these results will be discussed in the next section. Finally, a conclusion 

and possibilities for future research is given in the final sections. 
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2. LITERATURE REVIEW 

2.1 Maximum shear modulus Gmax 

The very small strain shear stiffness Gmax, or the maximum shear modulus, is the 

stiffness which soil has when very small shear strains are introduced. These very small 

strains are defined as strains of approximately 10-5 to 10-6. As the name ‘maximum shear 

modulus’ makes clear, the stiffness is maximal when these very small strains are intro-

duced. In other words, when a small change of the shear stress is introduced, the strains 

are minimal in comparison with greater stress changes.  

In this section a description will be given of parameters which affect Gmax and the 

damping. Additionally, a short explanation will be given about sample disturbance due to 

removal, transport and manipulation. Besides, a limited number of formulations will be 

given to predict the very small strain shear stiffness. Additionally, a few outcomes from 

other authors will be described. 

2.1.1 Affecting parameters on Gmax and the damping 

In this section parameters which affect the very small strain stiffness will be discussed. 

Table 1 [14] gives an overview what the importance is of different parameters on Gmax. It 

shows that the strain amplitude, confining stress, void ratio and diagenesis are respec-

tively the 4 most important parameters for clean sands. In addition, the grain size char-

acteristics and the effective material strength are seen as 2 lesser important parameters. 

Besides, the overconsolidation ratio, strain history, strain rate, saturation degree and the 

dilatancy are seen as relatively unimportant parameters, while the plasticity index is 

given to have no influence by clean sands. Next to the overview given by [14], the out-

come from other authors on non-cohesive soils is given in Table 1.  

Additionally, a brief summary will be given of the very small strain stiffness at the level 

of the soil particle. 

 

  



4 
 

Table 1. Parameters that effect the small strain stiffness and their importance [14] 

Parameter Clean sands 
[14] 

Cohesive soils 
[14] 

Other research, 
non-cohesive soils 

Strain level V V V [15] 
Confining stress V V V [4], [16] 
Void ratio V V V [17] 
Plasticity index - V  
Overconsolidation ratio R L  
Diagenesis V V V [18], [19] 
Strain history R R L  [20] 
Strain rate R R R [21] 
Effective material strength L L  
Size, shape, gradation L L V [5], [22] 
Degree of saturation R V R [23] 
Dilatancy R R  

*V is very important 
*L is less important 
*R is relative unimportant 
*- is no influence 

2.1.1.1 Gmax on soil particle level of sand 

In soil structures, different inter-particle forces occur. These inter-particle forces can 

be different for different soil types. Sand has a typical behavior where particles behave 

as single units, in contrast with cohesive soils such as clays. Besides, forces appear at 

the contact points to prevent penetration of other particles (born repulsion) and chemical 

bonding might appear between the particles (primary valence bonds). These primary 

valence bonds cause an increased stiffness together with other diagenesis processes. 

Additionally, soil structures have a specific composition, which is for every soil or sam-

ple different. Particles have different shapes, and thus pores are composed differently. 

Because of this, the stiffness of the soil can be influenced.  

To describe the effects of soil on particle level, it might be recommended to use nu-

merical models. It needs to be noted that this is an elaborate task, as shown in [14].  

2.1.1.2 Very affecting parameters on clean sands according to [14] 

Stiffness of soils decrease with increasing strain [14]. This change of shear modulus 

starts at very small strains. If the load is reversed, the soil will recover its initial stiffness 

and the accumulated strain will be the new reference point for the strain, as shown in 

Figure 24 [15]. An explanation for the recovering of small strain shear stiffness might be 

that the particle structure of the soil is changed. Therefore, the soil will react stiffer during 

a load reversal, because more particle contacts are available or the contact points are 

better localized. Further notice about load reversal will be given in section 2.2.3.  

Besides, for non-cohesive soils the effective confining stress has a dependency with 

the small strain stiffness which can be written as [14]:  

𝐺𝑚𝑎𝑥 ∝ 𝑝′𝑛  
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Where    

0.40 ≤ 𝑛 ≤ 0.55  

 

In addition [4] mentions another correlation for n as given in section 2.1.3 with equa-

tion (4). This correlation states 1.5 ≤ 𝐶𝑢 ≤ 15, which would mean with the given correla-

tion by equation (4), n can go up to 0.65 when 𝐶𝑢 = 15. Hereby it can be concluded n 

has no fixed limit.  

Given that the small strain stiffness is proportional with the effective confining pres-

sure, it can be considered the shear modulus decreases at higher strain levels with in-

creasing confining pressures [14]. A clear view about this is given by Figure 2 (a), where 

the shear modulus ratio G/Gmax decreases later at greater effective confining stresses 

[16]. 

 
(a)      (b) 

Figure 2.  Effect of PI and effective confining pressure on shear modulus ratio [16] 

 

Next to the effective confining pressure, it is well known the very small strain shear 

stiffness depends on the void ratio. Besides, it is stated in [14] the void ratio has few 

influence on the damping in non-cohesive soils. Due to this [14] gives 2 relations which 

are widely used to determine the very small strain shear stiffness, and are confirmed by 

[17]: 

 

For round sand:  𝐺𝑚𝑎𝑥 ∝
(2.17−𝑒)²

1+𝑒
  For angular sands: 𝐺𝑚𝑎𝑥 ∝

(2.97−𝑒)²

1+𝑒
  

 

Additionally, diagenesis, the process which influences the soil with metamorphism, 

can alter the stiffness of soils due to a change of the soil structure, as [14] mentions. Two 

processes are given to have a considerable effect: ‘aging’ and ‘cementation’. The effect 

of aging mainly occurs by sands, sandstones, clays and clayey sands due to secondary 
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compression, while cementation mainly occurs by sandy soils and is not necessarily 

linked to secondary compression. It should be mentioned diagenetic can be lost when 

stress-state changes are introduced. Due to this laboratory samples can give consider-

able different results than in-situ tests.  

An empirical expression (1), proposed by [18], [19] is given which describes the 

change of the small strain stiffness over time due to diagenesis: 

 
𝑮𝒎𝒂𝒙(𝒕)

𝑮𝒎𝒂𝒙(𝒕𝒑)
= 𝟏 + 𝑪𝜶

𝟎.𝟓 ∗ 𝒍𝒐𝒈 (
𝒕

𝒕𝒑
)       (1) 

Where  

𝑡𝑝 is the time to end the primary consolidation 

𝑡 > 𝑡𝑝 with t the past time 

𝐶𝛼  is the secondary consolidation coefficient 

2.1.1.3 Soil plasticity 

According to Table 1 [14], the plasticity index PI has no or a negligible influence on 

clean sands. This can be concluded because the plastic area is extremely small or non-

existent. It should be noted the plasticity will have an important influence in cohesive 

soils, thus if soil with an important amount of clays or silts are tested it will have an influ-

ence.  

2.1.1.4 Relatively unimportant affecting parameters on clean sands according to 

[14] 

[14] states the overconsolidation ratio of cohesive soils increases the small strain stiff-

ness. In addition it is mentioned non-plastic soils are negligible affected by the overcon-

solidation ratio. Due to this it can be stated sand is not affected because the plastic area 

of sand is small. This is something the tests will confirm or contradict because first the 

confining pressure will be increased and afterwards it will be decreased. 

Additionally, in cyclic loadings, the small strain, as function of the shear stress follows 

a hysteresis loop. During the first loading, the strain will be less than in unloading and 

reloading cycles, with a ratio of 𝛾𝑟𝑒𝑙𝑜𝑎𝑑𝑖𝑛𝑔 = 2 ∗ 𝛾𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑙𝑜𝑎𝑑𝑖𝑛𝑔, according to [20]. Further 

notice about hysteresis loops will be given in section 2.2.3.  

Besides, the strain rate, which is a deformation (strain) over time [21], is attributed to 

the plasticity of a soil. Thus it can be stated there is no or a negligible strain rate in sands. 

[14] 

Next, [14] mentions clean sands, dry or saturated, have the same Gmax at identical 

effective confining pressures. A consequence of this is that the saturation degree can be 

neglected while testing clean sands. It should be noted capillary effects might influence 
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the small strain shear modulus when higher ratios of fines content are present. In this 

case the degree of saturation cannot be neglected. In addition [23] mentions shear mod-

ulus should be the same, both in drained and undrained tests. This is due to the given 

that water cannot carry shear.  

2.1.1.5 Grain shape and grain size distribution 

According to [14] the grain shape has a small effect on the very small strain stiffness. 

In contradiction with this [22] mentions it has an effect which can reduce the deviation 

between predicted results. Notice will be taken on the research of [22] in section 2.1.4. 

In addition the grain size distribution has a considerable effect on the small strain 

stiffness. Further notice will be given on the effect of the grain size distribution curve on 

the small strain shear modulus in section 2.1.3 and 2.1.4, where formulas will be pro-

posed to predict Gmax. [22], [5] 

2.1.2 Sample disturbance 

Disturbance of the soil sample during removal from the ground, is affected by different 

factors. [23] explains different factors which affects the determination of the small strain 

stiffness on clay samples. A clear view of this is given in Figure 3 [23].  

 

 
Figure 3. Affecting processes from excavation to triaxial test [23] 

 

First of all, the effective stress is changed, which causes the soil to react different. In 

addition an effect exists of the speed with which a soil sample is removed. If strains of 

the centerline are minimized during removal and the sample is reconsolidated afterwards 

to conditions in field, behavior of the field can be approximately captured.  

Next to the effective stress change, a secondary disturbance often occurs, due to 

penetration, cutting and pressing, and extraction of the sample. These factors can cause 

damage to the particle structure, and thus reduce the small strain stiffness. In addition 

[23] mentions water redistribution, gas dissolution and chemical and biological processes 

during storage might affect the stiffness. Besides, Figure 4 [23] shows clearly that during 

transport of a sample, enormous accelerations, up to more than 20 m/s², occur. These 

are enormous accelerations and thus can have a big effect on the sample. Although 

effective stress change is the largest factor, these cumulated factors can be as big as 
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the effects of the effective stress change. It should be noted that the previous described 

effects can be soil dependent, due to for example cohesion. 

 

 
Figure 4. Accelaration of a sample measured during transport [23] 

 

Next to samples distracted from the field, it is also possible to build samples in the 

laboratory. In this case, disturbance from extraction, transport, storage and trimming will 

be excluded. Though, the behavior of the sample will be different, because no field cir-

cumstances will be simulated and the samples composition will be different. During this 

thesis, samples of sand will be built in the laboratory. 

2.1.3 Predicting Gmax 

According to [22], [5], the very small strain shear modulus Gmax is primarly dependent 

on the void ratio e and the mean effective confining pressure p’. In addition the small 

strain shear modulus is linked to the coefficient of uniformity. [22] gives expression (2) to 

(5) to determine Gmax. In addition [22] gives a new expression, which is discussed in 

section 2.1.4 with a comparison to formula (2) to (5) with Sydney sand, blue sand and 

bricky sand, which have properties given in Table 2. Additionally  [14], [24] mention similar 

formulations, with minor differences in the variables. These are not discussed because 

these formulations would deviate too far from the target of this study. 
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Table 2. Tested sands by [22] 

 
 

According to Menq (M) [25]: 

 𝑮𝒎𝒂𝒙 = 𝑨 ∗ 𝒆𝒙 ∗ (
𝒑′

𝒑𝒂
)𝒏         (2) 

Where   

 𝐴 = 67.1 ∗ 𝐶𝑢
−0.2 

 𝑥 = −1 − (
𝑑50

20
)

0.75

 

 𝑛 = 0.48 ∗ 𝐶𝑢
0.09 

 

According to Saxena and Reddy (SR) [24]:  

 𝑮𝒎𝒂𝒙 = 𝑨 ∗
𝟏

𝟎.𝟑+𝟎.𝟕∗𝒆𝟐 ∗ 𝒑𝒂
𝟏−𝒏 ∗ 𝒑′ 𝒏       (3) 

Where   

 𝐴 = 428.2 

 𝑛 = 0.574 

 

Equation (3) is proposed for Monterey No. 0 sand with a reference strain < 10-5 ac-

cording to [24]. This sand has a coefficient of curvature of 0.90, coefficient of uniformity 

of 1.50 and a mean grain size d50 of 0.36 mm.  

 

According to Wichtmann and Triantafyllidis (WT) [17]: 

 𝑮𝒎𝒂𝒙 = 𝑨 ∗
(𝒙−𝒆)𝟐

𝟏+𝒆
∗ 𝒑𝒂

𝟏−𝒏 ∗ 𝒑′ 𝒏       (4) 
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Where   

 𝐴 = 1563 + 3.13 ∗ 𝐶𝑢
2.98 

 𝑥 = 1.94 ∗ exp (−0.066 ∗ 𝐶𝑢) 

 𝑛 = 0.4 ∗ 𝐶𝑢
0.18 

 

Formula (4) is used in [17], [26] and [4] on quartz sand with a subangular grain shape 

with a mean grain size d50 between 0.082 and 6 mm, a coefficient of uniformity between 

1.5 and 8.  

It is mentioned in [17] formula (4) can have recommended values for 2 different types 

of sand. For round sand 𝐴 = 6.9, 𝑎 = 2.17 and 𝑛 = 0.5. On the other hand, for angular 

sands 𝐴 = 3.2, 𝑎 = 2.97 and 𝑛 = 0.5. In addition [4] mentions formula (4) needs to be 

used within the limits 1.5 ≤ 𝐶𝑢 ≤ 15, because the curve tends to follow an asymptote 

when higher uniformity coefficients are reached. Additionally [4] states that formula (4) 

is more appropriate for 0.1 𝑚𝑚 ≤ 𝑑50 ≤ 6 𝑚𝑚.  

 

According to Senetakis et al. (SAP) [27]: 

 𝑮𝒎𝒂𝒙 = 𝑨 ∗ 𝒆𝒙 ∗ (
𝒑′

𝒑𝒂
)𝒏        (5) 

Where   

 𝐴 = 57.01 − 5.88 ∗ 𝐶𝑢 

 𝑥 = −0.28 ∗ 𝐶𝑢 − 0.98 

 𝑛 = 0.47 

 

Pa in (2) to (5) is the atmospheric pressure, which has a value of 100 kPa [22]. Fur-

thermore [14] proposes relations for different types of sand, using the propositions similar 

to ‘Menq (2)’ and ‘Wichtman and Triantafyllidis (4)’, with a coefficient of uniformity be-

tween 1.10 and 4.40.  

According to [17], the very small strain shear modulus degradation is larger for higher 

values of Cu. In addition the very small strain shear modulus degradation is rather inde-

pendent of d50.  

An estimating formula (6) for the very small strain shear stiffness of sand is derived 

by [28] and taken from [17]: 

 𝑮𝒎𝒂𝒙 = 𝟐𝟏𝟖. 𝟖 ∗ 𝑲𝟐,𝒎𝒂𝒙 ∗ 𝒑𝟎.𝟓       (6) 
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Where  

 𝑝 is the mean effective confining pressure in kPa 

 𝐾2,𝑚𝑎𝑥 is 30 for loose sand and 75 for dense sand 

 𝐾2,𝑚𝑎𝑥 = 𝐴𝑘 ∗
(𝑎𝑘−𝑒)²

1+𝑒
 

 

Where 

 𝐴𝑘 = 69.9 + 0.81 ∗ 𝐶𝑢
2.84 

  𝑎𝑘 = 1.94 ∗ exp (−0.066 ∗ 𝐶𝑢) 

  

Formula (6) underestimates Gmax for low pressures and overestimates Gmax for high 

pressures when Cu is small [17]. A possible explanation for this might be that Cu values 

are small, which would mean 𝑛 < 0.5 in formula (4). In addition formula (6) overestimates 

Gmax for low pressures and underestimates Gmax for high pressures when Cu is high [17]. 

An explanation for this might be that Cu values are big, which would mean 𝑛 > 0.5 in 

formula (4).  

[17] also mentions 2 formulas (7) and (8), derived from [28], which determine the small 

strain shear stiffness by means of the relative density Dr. Caution should be taken with 

these 2 formulations, because they are less accurate than the formulas which are based 

on the uniformity coefficient:  

 𝑮𝒎𝒂𝒙 = 𝟏𝟕𝟕𝟎𝟎𝟎 ∗
𝟏+

𝑫𝒓
𝟏𝟎𝟎

(𝟏𝟕.𝟑−
𝑫𝒓

𝟏𝟎𝟎
)

𝟐 ∗ 𝒑𝒂
𝟎.𝟓𝟐 ∗ 𝒑𝟎.𝟒𝟖      (7) 

 𝑲𝟐,𝒎𝒂𝒙 = 𝟔𝟗𝟎𝟎 ∗
𝟏+

𝑫𝒓
𝟏𝟎𝟎

(𝟏𝟔.𝟏−
𝑫𝒓

𝟏𝟎𝟎
)

𝟐        (8) 

2.1.4 Influence of grain shape and fines content on Gmax 

[22] has tested formula (2) to (5) on different sands, given in Table 2. In addition it is 

mentioned that particle shapes do not have a negligible effect on the determination of 

the very small strain shear stiffness. Therefore, a new expression, (9),  was derived, 

which takes the shape of particles in account. Besides, it is concluded that the roughness 

does not have a considerable effect on Gmax. An explanation for this might be that very 

small strain is a elastic deformation, and deformations are recoverable due to this elastic 

response. Additionally, d50 has few influence on the very small strain stiffness. 

To determine formula (9), Tests are executed on blue sand, Sydney sand and bricky 

sand, on a specimen of diameter 50 mm and height 100 mm, with dry samples and at 

different void ratios and mean effective confining pressures. 
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The newly proposed formulation (9) for Gmax by [22] is: 

 𝑮𝒎𝒂𝒙 = 𝑨𝟏(𝑪𝒖) ∗ 𝑨𝟐(𝒔𝒉𝒂𝒑𝒆) ∗ 𝒆𝒙(𝑪𝒖) ∗ (
𝒑′

𝒑𝒂
)𝒏𝟏(𝑪𝒖)∗𝒏𝟐(𝒔𝒉𝒂𝒑𝒆)   (9) 

Where  

 𝑥(𝐶𝑢) = −1.29 

 𝐴1(𝐶𝑢) = 43.45 ∗ 𝐶𝑢
−0.14 

 𝑛1(𝐶𝑢) = 0.5 ∗ 𝐶𝑢
0.12 

 𝐴2(𝑠ℎ𝑎𝑝𝑒) = 1.93 ∗ 𝜌0.68 

 𝑛2(𝑠ℎ𝑎𝑝𝑒) = −0.46 ∗ 𝜌 + 1.18 

 

Where 𝜌 the regularity 

 𝜌 =
𝑅+𝑆

2
   [30] 

 

Where   

 𝑅 is the roundness 

 𝑆 is the sphericity 

 
Figure 5. Characterization chart of particle shapes (according to Krumbein and 

Sloss) [22] 

 

A numerical value is given to the particle shape of grains in Figure 5 [22]. By use of 

this figure the roundness R (average radius to the largest inscribed sphere), the spheric-

ity S (ratio between radius of the largest inscribed sphere to the smallest circumscribed 

sphere) and the regularity r can be determined.  
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Two ways exist to determine the sphericity and roundness according to [30]. It is pos-

sible to do this manually, by means of a characterization chart like given in Figure 5 [22], 

or with the use of an automated scanning electron micrograph. This last method is more 

precise.  

As can be seen, the small strain shear modulus Gmax is described by the coefficient 

of uniformity, the regularity, the void ratio and the mean effective confining pressure. 

Figure 6 shows the effect of the proposed formulation (9) and the proposed formulations 

(2) to (5) on blue sand. As can be seen, this new formulation is much more accurate. A 

reason for this might be that in this study the effect of sand particle shape is taken into 

account, which was not done in previous studies. A similar effect can be seen by Sydney 

sand and bricky sand, respectively Figure 7 and Figure 8. Because of this, the earlier 

mentioned expressions (2), (3), (4) and (5) are only valid for a specific range of particle 

shapes of sands, while the new formulated expression (9) is more general. 

 

 
Figure 6. Effect of the proposed formulation (9) compared to (2), (3), (4) and (5) on 

blue sand [22] 
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Figure 7. Effect of the proposed formulation (9) compared to (2), (3), (4) and (5) on 

Sydney sand [22] 

 
Figure 8. Effect of the proposed formulation (9) compared to (2), (3), (4) and (5) on 

bricky sand [22] 
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Additionally, [4] has extended the use of formula (4) by quartz sands. Next to the 

uniformity coefficient, a proposal is done to integrate the fines content into this formula. 

The formulation is given by: 

  𝐴 = (1563 + 3.13 ∗ 𝐶𝑢
2.98) ∗

1

2
∗ (exp(−0.3𝐹𝐶1.1) + exp(−0.28 ∗ 𝐹𝐶0.85)) 

 𝑥 = 1.94 ∗ exp(−0.066 ∗ 𝐶𝑢) ∗ exp (0.065 ∗ 𝐹𝐶) 

  𝑛 = 0.4 ∗ 𝐶𝑢
0.18 ∗ (1 + 0.116 ∗ ln(1 + 𝐹𝐶)) 

 

[4] mentions this extension of formula (4) should be used by lower uniformity coeffi-

cients (1.5 ≤ 𝐶𝑢 ≤ 16), because the effect of the increase of the FC is less pronounced 

at higher uniformity coefficients. 

For well-graded sands (𝐶𝑢 > 15 𝑎𝑛𝑑 1 ≤ 𝐶𝑐 ≤ 3), a proposal is made for another for-

mula by [4], which gives a more reliable result, according to them: 

  𝑓𝑟(𝐹𝐶) = {
1 − 0.043 ∗ 𝐹𝐶    𝑤ℎ𝑒𝑛 𝐹𝐶 ≤ 10%
0.57                        𝑤ℎ𝑒𝑛 𝐹𝐶 > 10%

 

  𝐺𝑚𝑎𝑥(𝐹𝐶) = 𝐺𝑚𝑎𝑥(𝐹𝐶 = 0) ∗ 𝑓𝑟(𝐹𝐶) 

 

As mentioned earlier, the research in [4] was done with FC(d < 0.063 mm) and litera-

ture often refers to FC(d < 0.075 mm). According to [4] this is not a problem and the 

results are still reliable.  

2.1.5 Comparing measured and predicted results 

Figure 9 gives predicted values of Gmax for Ham River sand, compared to measured 

values. This is done for formula (2) to formula (5). As can be seen, the predicted and the 

measured values match very well. It can be concluded that formula (5) underestimates 

the measured small strain shear modulus, while (2) to (4) over- and underestimate the 

small strain shear modulus at different times. It can be concluded that these formulas 

give a more correct result, while formula (5) gives a safer result. [22] 
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Figure 9. Predicted Gmax with M (equation (2)), SR (equation (3)), WT (equation (4)), 

SAP (equation (5)) (abscissa) and measured Gmax (ordinate) by a resonant column [22] 

 

Additionally, Figure 10, Figure 11 and Figure 12 [17] shows measurements of Gmax at 

different pressures, executed for different mean grain sizes d50 and uniformity 

coefficients Cu on quartz sands. It can be stated that d50 has a small influence on the very 

small strain shear modulus, while Cu has a much greater influence. In addition the curves 

obtained by formula (4) are plotted which matches good with the results. 

As Figure 10 shows, the small strain shear stiffness decreases with increasing Cu at 

a constant void ratio e. This might be explained by the relative density, which is much 

higher at constant void ratios when Cu is lower. A consequence for this is that smaller 

grains have much more possibility to move between the greater grains at a bigger ratio 

of Cu. Because of the possibility to move between the great grains easier, the shear 

strains would be greater, and thus cause reduced very small strain shear modulus’s. [26] 

concludes the same as Figure 10. 
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Figure 10. Gmax by equal void ratio e=0.55, as function of Cu, mean effective 

confining pressure and d50 [17] 

 

In addition it can be seen Gmax increases with increasing mean effective confining 

pressure and decreases with an increasing void ratio e as shown in Figure 11 and Figure 

12. An explanation might be that the granulates get more support and a more compact 

packing when the void ratio decreases and the mean effective confining pressure in-

creases. This will cause the specimen to deform lesser, and thus to have a higher Gmax. 

This conclusion can also be linked to the relative density, which increases with decreas-

ing void ratio and thus has a higher small strain stiffness. 

 

Figure 11. Gmax(e) for different Cu and d50 [17] 
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Figure 12. Gmax(e) for different uniformity coefficients Cu at different pressures [17]  

 

[26] mentions higher uniformity coefficients mean very small strain shear stiffness is 

lower and a more pronounced degradation of Gmax for clean quartz sands. Both of these 

2 statements can be seen in Figure 14 by effective confining pressures of 100 kPa and 
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400kPa. It must be stated that this can only be seen by comparing the same void ratio’s. 

The continuous line is obtained by equation (4). As shown, equation (4) approaches most 

of the small strain shear modulus’, except for PL7, GG6 and S5, which are well graded 

granular materials with a greater uniformity coefficient and they contain gravel or are 

composed by 2 materials with significantly different grain sizes as can be seen in Figure 

13. Besides, [26] states that Gmax is rather independent of d50. 

 
Figure 13. Step-wise linear (a), gap-graded (b) and smoothly shaped (c) tested ma-

terials [26] 

 

 
Figure 14. Gmax for different void ratios e at different uniformity coefficients [26] 

 

Besides, it is mentioned in [26] uniformity coefficients should be limited between 1.5 ≤

𝐶𝑢 ≤ 16. This means S5 in Figure 14 needs to be neglected, although PL7 and GG6 

should be looked at with great caution. 

As mentioned earlier, according to [4], formula (4) needs to be used within the limits 

1.5 ≤ 𝐶𝑢 ≤ 15, which would mean in Figure 14 sand PL7, GG5 and S5 should be ne-

glected. 
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2.1.6 Effect of fines content and p’ on the small strain stiffness 

Figure 15 and Figure 16 show the correlation between respectively Gmax(FC) and 

Gmax(p’), at different relative densities and FC. Figure 15 (a) shows clearly that the small 

strain stiffness for every mean effective confining pressure decreases until a FC of ap-

proximately 30%. At this FC-rate the very small strain stiffness starts to increase again, 

although this increase is less pronounced than the earlier mentioned decrease. In Figure 

15 (b) it is clearly shown that Gmax decreases, but the FC where Gmax starts to increase 

again is less pronounced. Figure 15 (c) shows clearly that at a higher relative densities, 

Gmax only decreases by increasing FC. In Figure 16 an increase of Gmax with an increas-

ing effective confining pressure is observed, independent of the relative density. [31]  

A relation for Gmax is shown in Figure 17 for different void ratios, FC and effective 

confining pressures. As can been seen, Gmax increases with increasing effective confin-

ing pressure, increases with decreasing void ratio and decreases with an increase of FC. 

[31] 

The values of Gmax given in [31] should be taken with caution, because it is stated that 

x is 2.17 for angular sands and 2.97 for rounded sands, where [17] and [32] states that 

x is 2.17 for round sands and 2.97 for angular sands. This might be a fault from the 

author, which is overseen. 

 

 
Figure 15. Gmax(FC) for different p' and different Dr [31] 

 

 
Figure 16. Gmax(p’) for different FC and different Dr [31] 
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Figure 17. Gmax(e) for different FC for sandy soils [31] 

2.2 Stiffness degradation 

2.2.1 Effect of void ratio e and effective confining pressure 

[15] explains the different effects of a few parameters on G and G/Gmax without exper-

imental data. First of all the void ratio is discussed. An increase of the void ratio leads to 

a decrease of Gmax. In addition, the shear modulus ratio G/Gmax increases by increasing 

void ratio. A possible explanation for this is that Gmax and G, change differently. This is 

caused by the assumption that the strength is constant. This constant strength causes 

when higher void ratios are analyzed, G starts to change later to reach the same failure 

point, which might give a stiffer view in the shear modulus ratio. This could lead to a 

wrong conclusion, and therefore caution needs to be taken which curve is used. The 

effect is shown in Figure 18, where soil 1 has the lowest void ratio up to soil 5 with the 

highest void ratio.  

Shortly summarized the effect of Figure 18 can be attributed to the effect that higher 

void ratios act relatively stiffer until higher strains, according to the shear modulus ratio, 

but not according to the shear modulus to reach the same failure point. As Figure 18 (a) 

shows, the effect of changing secant shear modulus is less pronounced at higher void 

ratios, which causes the shear modulus ratio (Figure 18 (b)) to be higher. This is caused 

by the assumption that the strength is assumed to be constant in Figure 18. If the stiff-

ness is higher, it needs to start decreasing sooner to reach the same failure point. 
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(a)        (b) 

Figure 18. Effect of void ratio on the shear modulus (a) and shear modulus ratio (b) 
[15] 

 

In addition, [15] shows the relation between different consolidation states. When the 

effective confining pressure increases Gmax and G/Gmax increases. Figure 19 shows the 

relation for sand, where soil 1 has the lowest effective confining pressure, which in-

creases to soil 5 with the highest effective confining pressure.  

Shortly explained, when the effective confining pressure increases an increase of both 

G and Gmax is noticed at the same strain level. This is caused because the strength of 

the soil increases due to this pressure increase. The sample has a higher support which 

causes a stiffer response, and thus to have a higher G/Gmax ratio. To reach the failure 

point, which is not fixed, both curves have to start decreasing at higher strains.  

 
(a)             (b) 

Figure 19. Effect of effective confining stress on the shear modulus (a) and shear 
modulus ratio (b) of sand [15] 
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2.2.2 Effect of plasticity index PI 

Figure 2 [16] shows the connection between the shear modulus ratio G/Gmax for dif-

ferent pressures and the cyclic shear strain amplitude. It is shown for two different plas-

ticity indexes. According to [16] the effect of the plasticity index is great on the shear 

modulus ratio by small plasticity indexes, while the effect decreases for higher plasticity 

indexes. Therefore it is possible that by lower plastic soils, the shear modulus ratio in-

creases more with the effective confining pressure. [33] concludes the effect of the ef-

fective confining pressure on the shape of the normalized shear modulus reduction curve 

is negligible by plasticity indexes exceeding 25. 

As shown in Figure 2 [16], the dynamic shear modulus ratio starts to change at lower 

amplitudes for the cyclic shear strain, when the effective confining pressure is lower. In 

addition the damping will start to change earlier too. Another parameter which deter-

mines when the degradation of the stiffness begins to occur is the number of cycles 

which have occurred. [34] 

[34] mentions that the plasticity index is one of the primary affecting parameters during 

dynamic loadings. When this index increases, the G/Gmax-ratio starts to decrease at 

higher strains. In addition, when the plasticity increases, the damping ratio D which is 

obtained starts to change at higher strains. Both mechanisms are shown in Figure 20 

[34]. During earlier investigations it is well recognized that loss of strength and stiffness, 

which is permanent, might be caused by cyclic loadings because of certain amplitudes. 

This is shown in Figure 21 [34], where the dynamic shear modulus ratio decreases with 

increasing cyclic strain amplitude. Additionally, the damping increases with increasing 

cyclic strain amplitude. A possible explanation for the damping increase and the loss of 

stiffness is that pore water pressure is accumulated, which can cause liquefication. In 

addition a particle structure breakdown might find place.  

The very small strain stiffness modulus, Gmax is a parameter which is primarily de-

pendent on the void ratio e and especially for soils with low plasticity the effective con-

fining pressure as shown in Figure 2. It is stated in comparison with Gmax, the void ratio 

has fewer influence than the plasticity index on the damping and the dynamic shear 

modulus ratio, as shown in  Figure 20 and Figure 21. [34] 

When strains are applied under the elastic threshold, no energy dissipation will take 

place theoretically. Some studies mention that a small amount of energy will always get 

lost when small strains are applied as shown in Figure 21 (b), although a lower limit will 

exist where the cyclic degradation will be negligible. This lower limit depends on different 

parameters, like the value of the plasticity index and the change of pore water pressure. 

In addition when the linear strain threshold is exceeded, the damping will increase. [34] 
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(a)       (b) 

Figure 20. Dynamic shear modulus ratio (a) and damping (b) as function of the cy-
clic strain amplitude with different plasticity indexes [34] 

 

 
(a)       (b) 

Figure 21. Dynamic shear modulus ratio (a) and damping (b) as function of the cy-
clic strain with different void ratios [34] 

 

An empirical relation between the cyclic strain and the dynamic shear modulus ratio 

is mentioned in [34], [35], based on Kondner [36] for fine grained soils. This relation is 

given by: 

 
𝑮

𝑮𝒎𝒂𝒙
=

𝟏

𝟏+
𝜸𝒂
𝜸𝒓

          (10) 

Where   

𝛾𝑎 is the cyclic shear strain amplitude   

𝛾𝑟 =
1

21∗(1−exp(−106∗𝑃𝐼−1.585))
 is the reference strain, as function of the plasticity  index,   

which is determined in [34] with a regression for fine grained soils 

  

It can be seen by formula (10), with an increasing plasticity index, 𝛾𝑟 will become 

greater and G/Gmax will thus become greater. Following on this relation, [34] proposes 

formula (11) to determine the damping: 

 𝑫 = −𝟏𝟖. 𝟏𝟏𝟒 ∗ (
𝑮

𝑮𝒎𝒂𝒙
) + 𝟐𝟎. 𝟎𝟑𝟑       (11) 

 

In addition [26] gives another correlation, (12), proposed for clean quartz sands, to 

determine G/Gmax: 
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𝑮

𝑮𝒎𝒂𝒙
=

𝟏

𝟏+
𝜸

𝜸𝒓
∗(𝟏+𝒂∗𝒆𝒙𝒑(−

𝜸

𝜸𝒓
))

        (12) 

Where   

 𝑎 = 1.070 ∗ 𝑙𝑛(𝐶𝑢) 

 𝛾𝑟 =
𝜏𝑚𝑎𝑥

𝐺𝑚𝑎𝑥
 𝑤𝑖𝑡ℎ 𝜏𝑚𝑎𝑥 = 𝑝 ∗ sin(𝜑𝑝) 

 Where the friction angle 𝜑𝑝 = 34° ∗ exp (0.27 ∗ 𝐷𝑟
1.8) 

  

When the coefficient of uniformity becomes greater G/Gmax will become smaller. In 

addition when the effective confining pressure p’ is increased G/Gmax will become 

greater. 

Next to [14], [35] mentions a similar equation to formula (12) proposed by [37], which 

is a modification of Kondner [36]. This is given by (13): 

 
𝑮

𝑮𝒎𝒂𝒙
=

𝟏

𝟏+𝒂∗(
𝜸

𝜸𝒓𝒆𝒇
)
         (13) 

Where   

 𝑎 = 0.385 

𝛾𝑟𝑒𝑓  is the strain where 𝐺 = 0.7 ∗ 𝐺𝑚𝑎𝑥, determined with Mohr-Coulomb: 

 𝛾𝑟𝑒𝑓 =
0.385

4∗𝐺𝑚𝑎𝑥
∗ (2 ∗ 𝑐 ∗ (1 + 𝑐𝑜𝑠(2 ∗ 𝜑′)) + 𝜎′

1 ∗ (1 + 𝐾0) ∗ 𝑠𝑖𝑛(2 ∗ 𝜑′)) 

 

Where 

𝑐 is the cohesion of the soil 

𝐾0 is the neutral ground pressure  

 

As previous equations in this section ((10) to (13)) have no clear or a complex physical 

meaning, another equation is proposed by [38] to define the hyperbolical relation. The 

shear stress can be given by (14): 

  𝝉 =
𝜸

𝒂+𝒃∗𝜸
          (14) 

 

Next, the maximum shear stress increase can be found by taking the limit of the shear 

stress to infinite strain. This results in (15):   

 𝝉𝒎𝒂𝒙 =
𝟏

𝒃
           (15) 
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It is well known the secant shear modulus Gs can be found by the shear stress and 

strain:  

 𝑮𝒔 =
∆𝝉

∆𝜸
=

𝟏

𝒂+𝒃∗𝜸
         (16) 

Where   

∆𝜏 is the change in shear stress 

∆𝛾 is the change in shear strain 

 

Additionally, the tangent shear modulus Gt can be given by differentiating Gs: 

  𝑮𝒕 =
𝒅𝝉

𝒅𝜸
=

𝒂

(𝒂+𝒃∗𝜸)²
         (17) 

 

When the shear strain 𝛾 is zero, it can be noted that 𝐺𝑡 = 𝐺𝑠 = 𝐺𝑚𝑎𝑥 =
1

𝑎
. In other 

words:  

 
𝟏

𝑮
=

𝜸

𝝉
= 𝒂 + 𝒃 ∗ 𝜸         (18) 

 

The parameters a and b thus have a clear physical meaning, as shown in Figure 22. 

 

Figure 22. Physical meaning of parameters in stress strain relation [15]  

2.2.3 Effect of cyclic shear strain amplitudes 

A threshold exists where the nonlinear elastic curve starts to follow an elasto-plastic 

curve in a logarithmic scale, as shown in Figure 23 [34]. The limit of this transition is 

approximately G/Gmax = 0.9 according to [34], although no exact transition point exists 

and it is hard to define the threshold. When the stress is reduced, before it exceeds point 

B, the shear modulus will go back to its initial value. In this zone, no deformation of the 

particle structure finds place. If the stress exceeds point B, a part of the stiffness will be 

lost because the particle structure will start to deform. In this case the curve will tend 
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back to point C. When the curve exceeds point F and the load is reduced again, a great 

loss of stiffness will occur because the yield surface is exceeded at this point. The curve 

will tend to point H.  

 
Figure 23. Shear strain degradation curve at different cyclic shear strain amplitudes 

[34] 

 

Next, hysteresis loops will be looked at, and which path they will follow to declare 

different stress-strain relations. A short description of the different parameters which form 

this loop will be discussed now, with Figure 24 [15], according to Masing’s rules [20]. 

First of all, when the soil is loaded for the first time the curve will follow the loop from the 

origin to point ‘a’ and the shear modulus will vary from Gmax in the origin to G in point ‘a’. 

When the loading is now reversed and a decrease of the shear stress occurs the curve 

will tend to follow a hysteresis loop from ‘a’ to ‘d’, starting with a shear stress Gmax in ‘a’, 

which varies to G in ‘d’. The proposed hysteresis loop during the unloading has the same 

form as the original loop, although it is multiplied by a factor 2. When the load is reversed 

again, the loop which will be followed will follow the same principle as the unloading 

curve. If a maximum shear strain from an earlier loop is exceeded, the unloading or re-

loading curve will start to follow the initial loading curve. [15]  

Additionally, the area inside the hysteresis loop is a proportion for the damping factor. 

This damping in the small strain range is less during unloading and reloading compared 

to primary loading, according to [14]. 
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Figure 24. Hysteresis loop of first loading, unloading and reloading [15] 

 

Measuring of a cyclic maximum shear modulus often happens after a load reversal. 

Due to this, Gmax is often found to be independent of initial shear stresses. [15] 

In Figure 25 [34] the cyclic stress is increased every five cycles. It can be seen the 

shear modulus ratio starts to decrease and the damping starts to increase after a number 

of cycles. Figure 26 shows the hysteresis loops which match with Figure 25 [34]. Figure 

26 (a) shows that the hysteresis loops have the same areas and loops. It can be con-

cluded a nonlinear elastic response is indicated by this curve. The elastic response starts 

to change after a certain amount of cycles, as shown in Figure 26 (b). A transition of an 

elastic response to an elasto-plastic response occurs, although no clear transition point 

can be indicated. In Figure 26 (c) the area of the loops start to increase more. It can be 

stated at this shear strain amplitude plastic alteration starts in the sample. Lastly, it can 

be seen in Figure 26 (d) a great exceeding of the deformation finds place. It can be 

concluded that the flow threshold is exceeded here, and the sample starts to behave 

visco-plastically.  

To determine the transition value of the strain from an elastic to an elasto-plastic re-

sponse, [34] has determined 2 empirical equations. Both formulations have a depend-

ency on the plasticity index and as stated earlier G/Gmax-ratio decreases at higher strains 

for higher PI. 

Given by (19), is the limit from elastic to elasto-plastic response: 

 𝜸𝑬 =
𝟎.𝟎𝟑𝟓

𝟏+𝟏𝟏.𝟗𝟐∗𝒆𝒙𝒑 (−𝟎.𝟏∗𝑷𝑰)
         (19) 

(20) gives the limit from an elasto-plastic to plastic response: 

 𝜸𝑷 =
𝟏

𝟏.𝟑𝟗−𝟎.𝟑𝟑∗𝑷𝑰𝟎.𝟐𝟖          (20) 
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Figure 25. Shear modulus ratio and damping as function of the cyclic shear strain 

amplitude for a number of cycles [34] 

 

 
Figure 26. Hysteresis curves for different loading stages [34] 

2.2.4 Effect of cyclic loading 

Stiffness of soils often change during cyclic loading. Stiffness of sands can increase, 

both in undrained and drained conditions. In addition for clays, the stiffness often de-

creases when influenced by cyclic loadings. Figure 27 [15] shows the effect of a cyclic 

shear strain on clay in undrained condition. A cyclic and an average pore pressure is 

accumulated, due to respectively a cyclic shear strain 𝛾𝑐𝑦 which is introduced to keep a 

constant cyclic shear stress amplitude and an average accumulated shear strain 𝛾𝑎. [15] 
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In general cyclic shear strains will dominate the failure mechanism and the behavior 

when the cycle goes both in the extension as in the compression phase close to failure. 

No or little average strains are accumulated in this situation, as shown in Figure 28 (a), 

although the stiffness decreases. In addition if the cycle goes only on one side close to 

failure, as shown in Figure 28 (b) and Figure 28 (c), average shear strains will have a 

greater influence than cyclic shear strains on the failure mechanism and behavior of the 

soil, due to cumulating pore water pressures. Besides, the stiffness also decreases in 

this situation. [15] 

It is mentioned in [15] a possibility exists that shear modulus decreases in undrained 

cyclic loading, due to excess pore pressures which are initiated. These are generated in 

resonant columns, but it can be stated these are negligible in some cases due to limited 

strains. Additionally, this mechanism is highly dependent on the stress state in which the 

sample is loaded and the amplitude of this load. 

 

 
Figure 27. Cyclic undrained shear strain on clay [15] 
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Figure 28. Different cyclic shear strain cycles on clay [15] 

2.2.5 Effect of overconsolidation 

Figure 29 ([39], taken from [15]) shows the effect of a loading and unloading cycle on 

the small strain shear modulus. The values are received by testing Drammen clay with 

different testing methods, like resonant column tests and oedometer tests with bender 

elements. Figure 29 shows during an increase of the effective confining pressure, Gmax 

increases. In addition, when the sample is kept at a constant effective confining stress, 

Gmax still increases due to aging. After consolidation, the cell pressure is decreased. The 

decrease of the cell pressure causes a decrease of the small strain shear modulus, alt-

hough the value is higher than the original Gmax.  

A possible explanation for the increased small strain shear modulus after unloading 

might be a deformation of the granular structure due to the increased pressure. This 

might have caused a decrease of void ratio and a denser structure, which increased the 

number of particle contacts and the number of restraints, and thus causes a higher re-

sistance. ([39], taken from [15]) 
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Figure 29. Effect of loading and unloading on the small strain shear modulus of 

Drammen clay [39], taken from [15] 

 

The overconsolidation ratio might have an influence, because the OCR (aging) affects 

the small strain shear modulus as explained by Figure 29. The effect of OCR is more 

pronounced by sand compared to clay. [15] 

Additionally [15] explains the effect of the overconsolidation ratio (OCR) at Gmax and 

G/Gmax. A consolidation pressure is proposed of 𝑝′ = 100𝑘𝑃𝑎 and 𝜎𝑚
′  is the effective 

confining pressure, while 𝑂𝐶𝑅 =
𝑝′

𝜎𝑚
′ . At low plastic clays the effect is that soils with a high 

overconsolidation ratio will have a higher G/Gmax until higher strains, although Gmax will 

be lower because p’ is constant, while the effective confining pressure decreases. Figure 

30 shows the relation for low plastic clays conducted on analyzing calculation methods, 

where soil 1 has the highest OCR to soil 5 with the lowest OCR. Additionally, the strength 

and maximum stiffness of the soils is edited to the effective confining pressure and OCR. 

An explanation for the effect on low plastic clays might be, due to consolidation, the 

soil gets compacted and thus will react stiffer because of a higher strength compared to 

an underconsolidated soil. When soil 1 which is overconsolidated, gets loaded, the stiff-

ness thus reduces at a higher strain level compared to a virgin loading. Therefore, the 

normalized shear modulus will be higher at higher strains. In addition soil 5 has a low 

OCR which would mean the small strain shear stiffness will be less influenced by over-

consolidation, because the strength is closer to this of a soil which is loaded for the first 

time. Therefore, the stiffness degradation starts earlier, which causes higher defor-

mations and thus the normalized stiffness will decrease at lower strain levels compared 

to overconsolidated soils.  
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Figure 30. Effect of the overconsolidation ratio for low plastic clays [15] 

2.3 Resonant column test 

Figure 31 shows a setup of a resonant column device. At the top, a mass is placed 

with 2 electrodynamic exciters. These exciters accelerate a mass and the acceleration 

is measured with 2 transducers. With these data, a torsional moment and a twisting angle 

can be calculated around the vertical axis. [17], [4]  

[40] mentions the frequency of the resonant column is varied and with an accelerom-

eter, the displacements are measured. By means of resonance frequencies, it is possible 

to determine the dynamic properties like Gmax and the shear stiffness degradation. The 

resonance frequency is reached when the initiated torsional moment and the twisting 

angle have a phase shift of 90°, as discussed in [17], [4], [23]. 

In addition a cell pressure is initiated in [17], [4]. This cell pressure is considered iso-

tropic mostly, although a small anisotropy is initiated by means of the top-mass, which is 

neglected. In the used resonant column set-up, a possibility exists to initiate anisotropic 

stress state. Besides, it is possible, and part of the principle to vary the cell pressure. At 

each pressure the small strain shear modulus is determined after a resting period of 

approximately 5 minutes for sand, but for less permeable soils, like clays, this consolida-

tion period can increase. [23] mentions the consideration of an isotropic loading might 

give a wrong result of the small strain stiffness. This is due to the given that small strain 

behavior in field seldom is isotropic.  

 



34 
 

 
Figure 31.  Resonant column device [17] 

 

[4] discusses a free-free resonant column device, which means that the top, as well 

as the base, have the possibility to freely rotate. In addition [40], [23] mentions that a 

fixed-free resonant column is used. In this set-up, the top-plate has the possibility to 

rotate, while the pedestal is fixed. Figure 32 shows the working principle of a fixed-free 

resonant column. More information about the resonant column will be given in section 

3.3.12. 

 

 
Figure 32. Fixed-free principle [40] 

2.4 Bender element test 

The bender element test is a non-destructive way to determine the shear wave veloc-

ity, which can be used to determine the very small strain shear modulus Gmax. The test 

is made for testing the response of a soil to determine the behavior to vehicles, vibra-

tions, etc. but can also be used for static loadings, which occur in the very small strain 

area. Figure 33 shows the working area for bender elements, according to [41]. As shown 

in Figure 33, this test is used to determine very small shear strain (0.0001%) stiffness, 

where the shear stiffness is maximal. It is possible to perform this test multiple times on 

the same sample, because the bender element test works as a non-destructive test.  
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[14] confirms the shear strain range which is mentioned in [41], while [9], [23] states 

that bender elements are useable in another shear strain range. It is mentioned bender 

elements work for stiffness determination in a shear strain range of 0.001% in [9], [23]. 

It can be concluded that the strain range for bender elements are minimal both by [14], 

[9], [23] and [41].  

 
Figure 33. Working area for bender element tests [41] 

2.4.1 Determining Gmax with bender elements 

The theory behind bender elements is simple. When the transmitter introduces a 

shear wave, the travel time to the receiver is measured. By means of this it is possible 

to calculate the velocity, because the travel distance is known. The velocity of the S-

wave is calculated like mentioned in [41], [9], [31], [42]:  

 𝒗𝒔 =
𝑳𝒕𝒕

𝒕
          (21) 

Where    

𝐿𝑡𝑡 is the tip-to-tip distance between the 2 bender elements (m) 

𝑡 is the travel time (s) 

 

Following on equation (21) it is possible to determine Gmax. This is done by means of 

the dry density 𝜌 [41], [9], [31], [14], [23], [42], via the elastic theory as given by equation 

(22): 

 𝑮𝒎𝒂𝒙 = 𝝆 ∗ 𝒗𝒔
𝟐          (22) 

 

It can be seen in formula (22) that shear wave velocity has a direct influence on Gmax. 

This becomes clear in Figure 34 [9], where the uniformity coefficient is shown to have an 

influence on the shear wave velocity, while the curvature coefficient has no pronounced 

influence.  
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(a)       (b) 

Figure 34. Effect of Cu (a) and Cc (b) on mean shear wave velocity [9] 

 

According to literature Gmax depends on different factors. It depends on the void ratio 

and on the mean effective confining pressure (𝑝’ =  𝜎3𝑐
′ ). In addition Gmax also depends 

on the relative density and the over-consolidation ratio. Besides, the fines content (FC), 

which is the mass percentage of particles smaller than 0.075 mm have an influence. [31] 

2.4.2 Interpreting results of bender elements 

A lack of agreement remains when it comes on interpreting the shear wave travel time 

by bender element tests. No standards are available about the research methods. [9] 

and [23] discuss a few different approaches when it comes on interpreting the results. 

All the discussed approaches depend on different factors such as soil- and signal type, 

test set-up and bender element system, which result in a possible different damping. 

Manually interpreting of results is conducted in [9] by the first-time-of-arrival method 

(MFTOA) (MFTOA is the same as the start-to-start method) and the peak-to-peak 

method (MPTP). It should be stated that these two methods require a user intervention, 

which might make the result unreliable. [9] states that sine waves are used, because this 

gives a more reliable result in time-measuring methods. An example of the PTP- and 

FTOA-method is shown in Figure 35 [43]. 

By the PTP method, the time is measured between the peak of the transmitted and 

the first received peak. Caution should be taken because the signal can deform, which 

can cause more than one peak to arrive. It is possible to see in Figure 35 [43] that differ-

ent interpretations are possible, not only for the PTP-, but also for the FTOA-method. 
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Figure 35. Difference between PTP (Pi) and FTOA (Si) [43] 

 

Figure 36 shows the differences measured in shear wave velocity between the 

MFTOA and the MPTP method. As can be seen, the MPTP method gives higher shear 

wave velocities than the MFTOA method when the shear wave velocity is higher. By 

lower shear wave velocities the difference between the two methods is more limited. [9] 

 

 
Figure 36. Difference in shear wave velocity between MFTOA (x) and MPTP (y) [9] 

 

In addition, a few automated tools of analysis are discussed in [9]. These are the 

peak-to-peak method (APTP),  the zero-crossing method (AZC), the cross-correlation 

method (ACC) and the cross-spectrum method. This last method works in the frequency-

domain, while ACC can both work in time- and frequency domain according to [23]. The 

2 other methods work in the time-domain. An example for the interpretation of the cross-

correlation method is shown in Figure 37 [43]. A benefit of these automated tools is that 

the subjectivity of the picked point is taken away. 
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Figure 37. Cross-correlation method [43] 

 

As can be seen in Figure 38, the shear wave velocity decreases by an increase of the 

frequency at low frequencies. This curve flattens when a frequency of around 10 kHz is 

reached. A possible reason for the decrease of the shear wave velocity might be when 

lower frequencies are applied, the near-field effect might be more pronounced. [9] 

 

 
Figure 38. Shear wave velocity as function of the source frequency by manual inter-

pretation [9] 
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Figure 39 shows the shear wave velocity at different frequencies, pressures and con-

solidation states. Table 3 gives the different tested materials. It can be concluded that 

the cross-spectrum analyzing method gives higher shear wave velocities at higher fre-

quencies.  In addition the AZC-method gives higher shear wave velocities in some cases. 

It can be concluded that those two methods give unreliable data while the MPTP, 

MFTOA, ACC and the APTP are the most reliable methods. [9] 

According to [23] it is preferable to take the first arrived shear wave when using the 

FTOA-method. A possibility exists to take the second arrived wave, but caution needs to 

be taken that due to damping, the signal can be strongly reduced and thus unclear. In 

addition according to [23] the PTP method is more reliable, although due to dispersion 

and distortion it is recommended to compare results from both FTOA and PTP. Next, 

[23] states more complex analyzing methods do not give better results than simple meth-

ods in the time domain, like FTOA and PTP, given that a sine wave is used with a fre-

quency which is high enough.  

To receive a less subjective result [23] also uses ACC method, although it is neces-

sary to post-process the result because the ACC uses the greatest received peak. This 

would mean if no post-processing is done, the shear wave velocity would be too small. 

Next, [23] repeats measurements with FTOA and PTP method when the results differ 

significantly. Additionally, to improve the obtained results from the ACC [23] has used a 

spectral analysis. 

 

Table 3. Tested wave periods and tested mean effective stresses [9] 
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Figure 39. The difference in shear wave velocity between different analyzing meth-

ods [9] 

2.5 Comparison of results from bender elements and resonant 

columns 

According to [5] test results from resonant columns and bender elements compared, 

give a consistent result on sands from 0-2 and 0-4 mm up to 200 kPa effective confining 

pressure. Above 200 kPa bender elements begin to give higher values, although the 

difference is limited. At sands with grain size 0-8 mm this tendency is not seen, while at 
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greater maximum grain sizes considerable higher results are found by bender elements 

in comparison with resonant columns. Thus according to [5] when grain sizes are above 

8 mm resonant columns are more reliable. 

A more extensive explanation of this is given in [43], which is briefly summarized in 

this section by means of the shear wave velocity as function of the effective confining 

pressure. In addition the shear velocity is described as function of the excitation fre-

quency.  

First, the effect of the frequency and effective confining pressure will be discussed in 

dry sands (Figure 40 (a)) and saturated clean sand (Figure 41 (a)). Figure 40 (a) and 

Figure 41 (a) shows the difference received on results between different excitation fre-

quencies and analyzing methods explained in Figure 35 and Figure 37 by bender ele-

ments. An increase of the excitation frequency causes an increase of the shear wave 

velocity. In addition results under 5 kHz are scattered between the different analyzing 

methods. The spreading of the results between the different analyzing methods stays 

approximately the same at frequencies higher than 20 kHz, which concludes that the 

near-field effect stays because of a rebound from S-waves. Besides, the effect of the 

resonant column is shown in Figure 40 (a), which proves to be a more reliable method. 

[43] 

Additionally, Figure 40 (b) and Figure 41 (b) shows the effect of the effective confining 

pressure on the shear wave velocity, by different analyzing methods, on dry sands re-

spectively saturated clean sand. It can be seen that bender elements and resonant col-

umns are both a reliable source to determine the small strain shear modulus, although 

the results from bender elements are approximately 5 – 10 % higher than those received 

from resonant column tests by saturated clean sands. A possible reason might be that 

dispersion of S-waves has an influence on the shear wave velocity, because clean sands 

contain fewer FC than natural sands. [43] 
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(a)       (b) 

Figure 40. Effect of frequency (a) and effective confining pressure (b) at the shear 
wave velocity by dry Fuijian sands [43] 

 

 
(a)       (b) 

Figure 41. Effect of frequency (a) and effective confining pressure (b) at the shear 
wave velocity by saturated clean Fuijian sands [43] 

 

Figure 42 (a) shows that the shear wave velocity by saturated natural sands in bender 

element tests is 5 – 10 % higher than the results contained with resonant columns, inde-

pendent of the effective confining pressure. In addition Figure 42 (b) shows that the shear 

wave velocity by saturated natural sands is approximately the same between bender 

element – and resonant column tests. The results in Figure 42 (b) are explainable by the 

fines content, which this sand contains more compared to Figure 42 (a), which might 

change the soil properties. [43] 
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(a)      (b) 

Figure 42. Effect of effective confining pressure at the shear wave velocity by satu-
rated natural Hangzhou and Nanjing sands [43] 

 

Finally, the effect of moisture content in unsaturated sands will be discussed. 

According to [44], the shear modulus’ obtained by poorly graded soils in moist condition 

is lower than these of a moist well graded sample. In dry conditions the effect is the 

opposite and poorly graded soils have a higher shear modulus compared to well graded 

samples. A possible explanation is that capillary effects have more influence in moist 

well graded samples compared to moist poorly graded samples. Additionally, in dry 

conditions the effect can be explained by the given that the smaller grains have more 

chance to move between the greater grains, and thus causes a lower stiffness in well 

graded samples. 



44 
 

3. MATERIALS AND METHODOLOGY 

3.1 Localisation of Viasvesi 

During the testing series, Viasvesi sand will be used to perform resonant column and 

bender element tests on. Viasvesi is located at the western/south-western coast of 

Finland, near Pori. Figure 43 shows where Viasvesi is located. 

 

Figure 43. Localisation of Viasvesi 

3.2 Soil classification according to EN ISO 14 688-1 

Table 4 give the classifications, used in EN ISO 14688-1 [2], [3] to define different 

grain sizes. According to [4] the fines content FC of soils is defined as soils with a particle 

size smaller than 0.063 mm, by means of DIN 18196, which matches with silt. Although, 

most literature mentions FC contains all soils, which have a fall-through on a sieve of 

0.075 mm. In [5] grain size distribution curves stop at 0.074 mm. Due to this it can be 

stated fines content is seen as particles smaller than 0.074 mm, although silt is seen as 

particles smaller than 0.06 mm. Additionally, an alternative soil classification is given by 

[6], which matches with the old classification in Europe. 
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Table 4. Particle size fractions [2] 

Soil group Particle size frac-
tions 

Range of particle 

sizes (mm) [2], [3] 
Range of particle 

sizes (mm) [6] 
Very coarse soil Large boulder (lBo) > 630 - 
Very coarse soil Boulder (Bo) > 200 𝑡𝑜 ≤ 630 > 200 
Very coarse soil Cobble (Co > 63 𝑡𝑜 ≤ 200 > 60 𝑡𝑜 ≤ 200 
    
Coarse soil Coarse gravel (cGr) > 20 𝑡𝑜 ≤ 63 > 20 𝑡𝑜 ≤ 60 
Coarse soil Medium gravel (mGr) > 6.3 𝑡𝑜 ≤ 20 > 6 𝑡𝑜 ≤ 20 
Coarse soil Fine gravel (fGr) > 2 𝑡𝑜 ≤ 6.3 > 2 𝑡𝑜 ≤ 6 
    
Coarse soil Coarse sand (cSa) > 0.63 𝑡𝑜 ≤ 2 > 0.6 𝑡𝑜 ≤ 2 
Coarse soil Medium sand (mSa) > 0.2 𝑡𝑜 ≤ 0.63 > 0.2 𝑡𝑜 ≤ 0.6 
Coarse soil Fine sand (fSa) > 0.063 𝑡𝑜 ≤ 0.2 > 0.06 𝑡𝑜 ≤ 0.2 
    
Fine soil Coarse silt (cSi) > 0.02 𝑡𝑜 ≤ 0.063 > 0.02 𝑡𝑜 ≤ 0.06 
Fine soil Medium silt (mSi) > 0.0063 𝑡𝑜 ≤ 0.02 > 0.006 𝑡𝑜 ≤ 0.02 
Fine soil Fine silt (fSi) > 0.002 𝑡𝑜 ≤ 0.0063 > 0.002 𝑡𝑜 ≤ 0.006 
Fine soil Clay (Cl) ≤ 0.002 ≤ 0.002 

 

3.3 Materials and methodology 

A short description will be given about the used equipment to determine the sand its 

specific characteristics, while next to this the followed procedure will be mentioned. 

These characteristics are the grain size distribution, particle density and the proctor 

curve. Next, a brief description is given about moist tamping, dry tamping, wet pluviation 

and air pluviation. Besides, Skempton’s-B value is briefly discussed, together with a link 

to the saturation degree. Additionally, a description will be given about the methods and 

materials used to prepare the sand samples for testing, the triaxial cell and on how to 

use the resonant column and bender elements.   

3.3.1 Sieving column – grain size distribution 

Table 5 gives classifications, used in EN ISO 14688-2 [7], [8] to define different grain 

size distribution curves, by means of uniformity coefficient 𝐶𝑢 and coefficient of curvature 

𝐶𝑐. In addition it is stated in [9] that medium graded soils have 6 ≤ 𝐶𝑢 ≤ 15 and well 

graded soils have a 𝐶𝑢 > 15.  

 

Table 5. Grading curves for different shapes [7], [8] 

Term Cu Cc 
Uniformly graded < 3 < 1 
Poorly graded 3 𝑡𝑜 6 < 1 
Medium graded 6 𝑡𝑜 15 < 1 
Well graded > 15 1 𝑡𝑜 3 
Gap graded > 15 < 0.5 
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In addition, ASTM D 2487-06 [10] mentions clean sands have a uniformity coefficient 

greater than 6 and a curvature coefficient between 1 and 3. In contrast with EN ISO 

14688-2 [7], [8], ASTM D 2487-06 [10] mentions a well-graded sand is identified by a 

coefficient of curvature greater than 6.  

[9] mentions which soils will compact well. This depends on the coefficient of curvature 

Cc, which is given by: 

 𝑪𝒄 =
𝒅𝟑𝟎²

𝒅𝟏𝟎∗𝒅𝟔𝟎
           (23) 

Where    

𝑑𝑖 is the grain size with a fall-through on the sieve of i % 

          

If Cc is between 1 and 3, a soil will compact well, while at other Cc-values, the soil will 

not compact well.  

Besides, the earlier mentioned coefficient of uniformity Cu is given by: 

 𝑪𝒖 =
𝒅𝟔𝟎

𝒅𝟏𝟎
           (24) 

 

Determining the grain size distribution and fines content FC of the Viasvesi sand is 

done according to (NBN) EN 933-1 [11], [12], with a small modification.  

According to (NBN) EN 933-1 [11], [12], it is necessary to sieve at least 200 g of soil, 

because it is expected the maximum grain size is smaller than 4 mm, as mentioned in 

Table 6. The eventually followed procedure is: approximately 800 grams of dry Viasvesi 

sand is weighed. The weight of this sample is noted (M1). To remove as much as fines 

content as possible, the sample is washed until clear water flows out of a 0.063 mm 

sieve, as shown in Figure 44 (a). This is done by filling a bucket with the sand and 

repeatedly filling this bucket with water and removing the water out of the bucket by 

flowing it over the sieve. Afterwards, the sand is placed in a scale, and dried in an oven. 

When the sand is dry the mass is noted again (M2).  

Thereafter, the sand is placed in a sieving column (Figure 44 (b)) and shaken for 

approximately 15 minutes. Table 7 shows the sieving configuration, according to NBN 

EN 933-2 [13], which is used in the sieving column. In addition a pan is placed at the 

bottom to have no loss of fines content.  

To prevent overloading, the mass of soil on each sieve should be limited. The maxi-

mum mass on each sieve is given by [11], [12]: 

 𝒎 =
𝑨∗√𝒅

𝟐𝟎𝟎
           (25) 
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Where   

𝐴 is the area of the sieve (mm²) 

𝑑 is the aperture size of the sieve (mm) 

 

After the sieving procedure, the retaining mass on each sieve is measured (Ri with i 

= 1 for the coarsest sieve and n for the smallest sieve). In addition the retaining mass on 

the pan can be measured (P). After this, the fines content can be determined. This is 

done by equation (26):  

 𝑭𝑪(%) =
𝑴𝟏−𝑴𝟐+𝑷

𝑴𝟏
∗ 𝟏𝟎𝟎         (26) 

Table 6. Mass of aggregates which needs to be sieved [11], [12] 

Aggregate size D (mm) Mass of aggregates (kg) 
90 80 
32 10 
16 2.6 
8 0.6 

<4 0.2 
*Note: aggregates of other sizes, below 90 mm, the minimum test mass may be interpolated 

by M = (D/10)² 

 

 

(a)     (b) 

Figure 44. Sieving configuration 

Table 7. Used sieve sizes 

Sieve size (mm) 
2.0 
1.0 
0.50 
0.25 

0.125 
0.063 
Pan 



48 
 

 

3.3.2 Particle density – pycnometer 

It is possible to use 2 methods, based on the same principle, to determine the particle 

density [50]. Two pycnometers are filled via a funnel with approximately 1 kg of dry sand. 

Afterwards, these pycnometers are filled with water and the air is removed by slightly 

shaking it and turning it around. The sand is soaked in the water for at least 1 day to 

remove all enclosed air. A second type of funnel is placed on the pycnometer and filled 

with water until a marked level. The mass of the pycnometer, together with the soil, water 

and funnel is measured (Wsw). Afterwards the pycnometer is emptied and cleaned. In 

addition, the sand is placed in a drying oven for 24 hours. The pycnometer and the funnel 

are filled with water again until the marked level and the mass is measured (Ww). When 

the soil is dry, the mass of the dry aggregate is measured (Ws-Wa). 

After these measurements the particle density can be determined via equation (27) 

by [50]: 

 𝝆𝒑 =
𝝆𝒘∗(𝑾𝒔−𝑾𝒂)

(𝑾𝒔−𝑾𝒂)−(𝑾𝒔𝒘−𝑾𝒘)
        (27) 

Where   

𝜌𝑤 is the density of water 

 

According to both NBN and SFS EN 1097-6 [51], [52] the test portion needs to be 

sieved on a 0.063 mm sieve to remove finer particles, before determining the particle 

density. The fines content is removed with the same procedure as mentioned in section 

3.3.1. In addition, the mass which is tested should be at least 300 g. More information 

about determining the particle density can be found in NBN and SFS EN 1097-6 [51], 

[52]. The pycnometers and funnel to add sand in the pycnometer are shown in Figure 

45. 
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Figure 45. Pycnometer test 

3.3.3 Proctor compaction and dry density 

Figure 46 (a) shows the materials which are used to prepare the sample for the proctor 

test. A mold (diameter 100 mm and height 120 mm [45]) with a protection against bumps 

(the left cylinder in Figure 46 (a)) is placed on a pedestal (right in Figure 46 (a)). After 

the mold is filled, the protection is taken away and a ruler is used to flatten the surface. 

A brush is used to clean the materials in different stages. To compact the sample, a 

proctor hammer is used, as shown in Figure 46 (b).  

 

 

    (a)    (b) 

Figure 46. Proctor compaction set-up 

To start the proctor test, 3 samples of approximately 2 kg are weighed. In addition, 

the mass of the mold and scales is weighed. Next, a specific amount of water is added 

to every sample. The buckets (Figure 47) are closed and shaken to get a uniform, moist 

sample. One hour is waited, to let the sand soak in the water. Afterwards, the proctor 

mold is filled in 5 layers for each sample and after each layer the moist sample is 
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compacted 25 times with a proctor hammer, as shown in Figure 48. When the sample is 

prepared, the protection at the top of the mold is removed and the top of the sample is 

flattened (Figure 49). The mold is placed on a cylinder (in the middle of Figure 46 (a)) 

and pushed out by slightly letting the proctor hammer fall on it. The sand is caught in a 

scale, all materials are cleaned above the scale (make sure no loss of sand occurs) and 

everything is weighed. Afterwards, all samples are placed in a drying oven to determine 

the dry weight. 

 

 

Figure 47. Moistening of the sample 

 

 

(a)    (b) 

Figure 48. Compacting the sample 
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Figure 49. Result after compaction and flattening 

 

To determine the dry density of the samples 𝜌𝑑, an excel file made available for the 

proctor curve is used. Because the wet weight Wn, the water content W and the volume 

V of the mold is known, it is possible to calculate the dry density. This is done as follows: 

 𝑽 =
𝝅∗𝑫𝟐∗𝑯

𝟒
           (28) 

𝝆𝒅 =
𝑾𝒏

(𝟏+
𝑾

𝟏𝟎𝟎
)∗𝑽

  

 

Additionally, a similar method can be used to determine the dry density during the 

resonant column and bender element tests. 

Both NBN and SFS EN 1097-3 [53], [54] give a slightly different method to determine 

the dry density. Despite that, this method is based on the same principle and thus can 

be used. Additionally, NBN and SFS EN 1097-3 [53], [54] gives the volumes which are 

necessary to determine the bulk density, in this case used to determine the dry density, 

as function of the upper grain size of the aggregate. 

 

Table 8. Necessary volume to determine the bulk density according to NBN and SFS 
EN 1097-3 [53], [54] 

Upper size of aggregate D (mm) Capacity (L) 
Up to 4 1 

Up to 16 5 
Up to 31.5 10 
Up to 63 20 
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3.3.4 Void ratio 

The void ratio e is the ratio between the volume of voids Vvoids in a sample plotted 

against the volume of solids Vsolids in a sample [55], [56]:  

 𝑒 =
𝑉𝑣𝑜𝑖𝑑𝑠

𝑉𝑠𝑜𝑙𝑖𝑑𝑠
 

 

Due to this definition the void ratio e is directly proportional with the change of volume 

of the voids. The consequence of this is that a sample, tested in a drained condition, the 

void ratio will be able to change. In addition when saturated samples are tested in un-

drained condition, the void ratio will be constant because water is neglectable or not 

deformable and will not have the chance to flow out of the sample. Due to short consol-

idation times during bender element and resonant column tests, when a saturated sam-

ple is tested in drained condition, the change of void ratio will be minimal and it can be 

stated that the void ratio is constant. [56] 

It is not always easy to determine the volume of voids. To solve this problem, a slightly 

different formulation for the void ratio is used. It is well known that 𝑉𝑣𝑜𝑖𝑑𝑠 = 𝑉 − 𝑉𝑠𝑜𝑙𝑖𝑑𝑠 

with V the actual volume of the sample and as mentioned in section 3.3.2 and 3.3.3 the 

particle density respectively the dry density can be determined. The consequence is that 

the void ratio can be written as (29): 

 𝒆 =
𝑽−𝑽𝒔𝒐𝒍𝒊𝒅𝒔

𝑽𝒔𝒐𝒍𝒊𝒅𝒔
=

𝑴𝒅
𝝆

−
𝑴𝒅
𝝆𝒑

𝑴𝒅
𝝆𝒑

        (29) 

 

When the void ratio is known, a possibility exists to determine the relative density Dr. 

This density can be calculated as mentioned in [4], [29] by: 

 𝑫𝒓 =
𝒆𝒎𝒂𝒙−𝒆

𝒆𝒎𝒂𝒙−𝒆𝒎𝒊𝒏
         (30) 

Where   

𝑒𝑚𝑎𝑥 is the void ratio which is maximum reachable 

𝑒𝑚𝑖𝑛 is the minimum void ratio which is reachable 

 

It should be noted emax and emin needs to be determined with specific procedures, 

which are shortly noticed in [6]. To determine the maximum density, and thus the mini-

mum void ratio, a one liter mold is filled with water and sand is brought in it. This soil is 

then compacted with a tamper, connected to a vibrating hammer. Afterwards, the sample 

is dried in an oven. Additionally, the minimum density, and thus the maximum void ratio, 
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can be determined by bringing 1 kg of dry soil into a cylinder. This cylinder is closed with 

a cork and the sample is shaken. Afterwards, the volume is determined. 

3.3.5 Moist – and dry tamping and undercompaction method 

Figure 50 shows the used set-up during tamping. A stative is used to accurately place 

all equipment. First of all, a disk is used to prevent the mold from moving (Figure 50: long 

dashed line). In addition, a ring is placed in this disk to prevent too much loss of soil after 

removing the disk. Besides, a second disk (Figure 50: short dashed line) is used to 

support the tamper (Figure 50: long-short dashed line), and thus tamp the layers, 

accurately. In addition, a funnel is used to fill the mold without loss of soil. 

 

 

Figure 50. Moist - and dry tamping 
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(a)      (b) 

Figure 51. Preparing the sample and triaxial cell 

 

In the moist tamping method, a mold with a membrane in it is filled in different layers 

with a moist soil which has uniform water content. This is done in a homogenous, iso-

tropic structure. After placing a layer, the soil is tamped. [57] 

The benefit of this method is that it is possible to provide a wide range of void ratios 

[58]. The soil is used in a moist condition to lubricate the grains, which makes the tamping 

easier. A possible way to moisten it is to use a syringe, to moisten it in small amounts 

accurately with the correct amount of water. [59] suggests 10 mass% is ideal to moisten 

the soil, but the exact amount needs to be determined with the proctor test.  

Some data is necessary to know the amount of soil which needs to be prepared. [59] 

mentions the necessary amount of soil for each layer can be calculated by: 

 𝑾𝒅 =
𝝅∗𝑫𝟐∗𝑯

𝟒
∗

𝜸𝒅

𝒏
         (31) 

 𝑾𝒏 = 𝑾𝒅 ∗ (𝟏 +
𝑾

𝟏𝟎𝟎
)        (32) 
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Where   

𝑊𝑑 is the dry mass of the sand 

𝑊𝑛 is the wet mass of the sand 

𝑊 is the necessary mass% of water 

𝐷 is the diameter of the tested sample 

𝐻 the height of the tested sample 

𝛾𝑑  is the dry weight per m³ of the sand 

𝑛 is the total amount of layers 

 

In addition it is suggested the height of a layer should not be greater than 12 mm as [21] 

mentions, although in this study a layer is taken of approximately 20 mm for each layer. 

The dry tamping method follows the same principle as the moist tamping method, 

although the soil is oven-dry.  

Additionally, it is possible to use under compaction, a more complex technique to 

prepare samples. A mold is filled in different layers of moist soil of approximately 5 – 10 

mass% water (depends on the results from the proctor test). The water is added to pro-

vide an extra stiffness, when the mold is taken away, due to capillary forces. After insert-

ing a layer, the soil is compacted with a tamper. During the tamping, layers under the 

new one are also tamped. Because of this, it is important to anticipate how hard lower 

layers are tamped, to provide a uniform structure at the end. [60] 

In literature, a few formulas are given to determine the thickness of each layer. [59] 

mentions that the under-compaction degree can be calculated by equation (33): 

 𝑼𝒊 = 𝑼𝟏 ∗
𝑼𝟏−𝑼𝒏

𝒏−𝟏
∗ (𝒊 − 𝟏)        (33) 

 

Following on equation (33), the thickness of the sample after tamping a certain amount 

of 𝑖 layers can be calculated by: 

 𝒉𝒊 =
𝑯

𝒏
∗ ((𝒏 − 𝟏) + (𝟏 +

𝑼𝒊

𝟏𝟎𝟎
))       (34) 

Where   

𝑈 is the under-compaction degree 

𝐻 is the height of the sample 

ℎ𝑖 is the height of the sample after tamping layer i 

𝑛 is the total amount of layers 

 

It needs to be mentioned that U1 needs to be calculated by empirical equations or esti-

mated. Due to this, under compaction can be complex.  
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3.3.6 Air pluviation method 

By the air pluviation method, soil falls from a height. The benefit of this method is that 

it is possible to get homogenous samples. Caution needs to be taken that the elevating 

air does not influence the soil too hard. An ideal height to drop the soil from is around 20 

to 30 cm, although small differences can exist on this height due to grain size distribution. 

[59]  

The flow rate at the air pluviation method depends on different factors. Therefore, it is 

important to choose the correct sieve/perforations pattern, density and size. [59] 

3.3.7 Wet pluviation 

Different authors mention slightly different methods of preparing sand samples with 

wet pluviation. To start, 2 authors their method will be discussed, whereafter the eventu-

ally used method will be discussed.  

According to [46], a membrane is filled with water. Additionally, a flask is filled with a 

prepared water-sand mixture and closed with a cork. This flask with the mixture is placed 

mounted on a clamp, with the opening slightly under water. Next, the cork is removed 

and the flask is vibrated until all sand is deposited in the mold. During this process, water 

present in the mold, dislocates to the flask and replaces the volume of sand in the flask. 

Figure 52 shows the set-up used to perform the wet pluviation method with a flask.  

 

Figure 52. Wet pluviation set-up with flask 
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In addition, another method is proposed by [47], where water is also brought into a 

membrane. First, the measurements of the mold are measured whereafter it is possible 

to determine the necessary mass with the preferred density. 

 𝑴 = 𝝆 ∗ 𝑽          (35) 

Where   

𝑉 is the volume of the mold 

𝜌 is the preferred density 

 

Next, the mass of sand can be weighed and water is added, according to [47]. Addi-

tionally, a funnel is mounted on a clamp, as shown in Figure 54 (a),  and placed just 

below the water surface. Wet sand is gradually added in the funnel with a spoon, to be 

able to control the amount of added sand. Besides, when adding sand to the funnel, 

water is gradually drained from the mold. The water level needs to stay approximately 

the same when draining water and adding sand at the same time.  

During this research, samples were eventually prepared using the method noticed in 

[47], with some minor modification. To receive different densities, the sample is prepared 

in 5 layers. After preparing each layer, a constant static loading, as shown in Figure 54 

(b), is introduced. This is done by a designed helping piece, which is placed on the sam-

ple in combination with a filter paper for approximately 10 to 15 minutes, consolidates 

the sample in combination with the static loading and makes it possible that water can 

flow away. The filter paper prevents sand to come in the pipes of the designed helping 

piece. The 3D-printed helping piece is shown in Figure 53.  

Once the last layer is deposited, the static load is kept constant on the sample over-

night. When the sample is ready, a small vacuum is introduced in the sample to make 

the sample more steady.  

It needs to be noted that the static load did not have much influence on the density. 

This can be explained by the membrane that was not in complete vacuum, which caused 

the membrane to provide a resistance to the helping piece. Therefore, a movement 

downwards was prevented or resisted. When higher loads were applied, the load be-

came unstable and therefore it was not possible to use the full potential of the technique. 
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Figure 53. Draining and loading piece 

 

 

(a)      (b) 

Figure 54. Preparing the sample with wet pluviatioin method; (a): adding sand; (b): 
static loading 

3.3.8 Preparing of the sample 

3.3.8.1 Preparing method of the sample 

To prepare the triaxial cell, a porous stone, with a bender element, is placed at the 

bottom of the testing device. Next, a mold of 2 shells, with in it a membrane in vacuum 

and two O-rings at the bottom and top, is placed over the pedestal. The pedestal is 

greased before, to prevent confining fluid penetrating the membrane at the contact point. 

Afterwards, the bottom part of the membrane is brought in touch with the pedestal. 
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Once the preparation of the mold is ready, it is possible to prepare the sample. This 

is eventually done by moist tamping (section 3.3.5).  

It is clear different specimen diameters and heights can be used during testing. This 

possibly depends on the grain sizes which are tested and the equipment which is avail-

able. This becomes clear by analyzing different authors, like [22], [17], [31]. Tests will 

thus be executed on samples with diameter 50 mm and height 100 mm, with equipment 

used by [5], [44]. 

After preparing the sample, it is possible to remove the mold. Before removal of the 

mold a saturated porous stone and a greased pressure cap with bender element is 

placed at the top. Besides, the membrane is brought in contact with the top cap and two 

O-rings are placed around the contact point. Next, before effectively removing the mold, 

a vacuum of approximately 5 to 10 kPa is applied on the sample for approximately 5 

minutes. This vacuum serves as an extra support of the sample and to keep the sample 

intact. [5], [44]  

While preparing the sample, it is from utmost importance the tips from the bender 

element make good contact with the soil. If this is not the case, the signals might not 

transmit while performing the test. By inserting the specimen on the pedestal, it is im-

portant that the specimen is not rotated. This might cause loss of good contact. Addition-

ally, when inserting the top (receiver) on the specimen, it is important to push good, to 

let the bender element penetrate the sample well. [41] 

The result of a prepared sample can be seen in Figure 55. In this case 2 membranes 

are used because the first membrane was broken. 
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Figure 55. Result of a prepared sample 

3.3.8.2 Method to repair bender elements 

While preparing the sample it is important the bender element does not come in con-

tact with water. This might shorten the electrical circuit. A solution to prevent shortening 

the circuit, is to put the element in a waterproof case. [42] 

Next, the bender element is placed in a slot and surrounded by an epoxy in the slot. 

Thereafter a porous stone is placed and glued around the elements. While doing this, 

the bender element is not allowed to touch the porous stone, because this might prevent 

movement of the bender element. The gap between the porous stone and the bender 

elementis filled with a rubber. [42] 

3.3.9 Preparing the triaxial cell 

After preparing the sample, it is possible to place the pressure cell around the sample, 

as shown in Figure 56. Oil is brought in the cell, with an open vent valve. When the oil is 

at height in the cell, the vent valve is closed and the enclosed air is brought under pres-

sure. This enclosed air is used as pressure source, which makes a triaxial test under 

constant confining pressure possible.  

When the cell is enclosed and the oil is at level, it is possible to saturate the sample, 

if the saturation degree is not high enough because of the preparing method, which was 

the case with moist tamping. Therefore a can with water is placed above the soil sample 
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and connected with a valve at the bottom of the cell. In addition an (nearly) empty can is 

placed under the soil sample and connected with a valve which is connected with the top 

of the sample. (Nearly-)Full saturation is reached when the value of the Skempton-B 

factor is high enough, as section 3.3.10 explains.  

It is possible to vent the soil before saturating it. This can be done in triaxial devices 

by venting the specimen with CO2. Afterwards deaired-water is flowed through the spec-

imen. It is important the confining pressure is higher than the pressure of the CO2 and 

water which flows through the sample. Alternatively it is possible to vent the soil by put-

ting it into a vacuum, although this method loads the soil if the cell is not brought under 

a lower pressure. In this case it might cause the soil to consolidate. [60] 

Figure 60 [5] shows an intersection of the used triaxial device. As can be seen, 2 

porous stones are used. In addition at the top porous stone a pressure cap is placed. 

Additionally, taps are provided to saturate the specimen, to vent the cell and to change 

the cell pressure. Besides, the pressure cell placed around the sample can be seen. 

 

 

(a)      (b) 

Figure 56. Triaxial cell: (a) open; (b) closed 

3.3.10 Skempton-B factor 

According to [61], when a confining pressure is applied in triaxial devices, a porewater 

pressure is developed. It is possible to calculate when a soil is saturated:  

 𝑩 =
∆𝑼𝒄

∆𝝈𝒄
           (36) 

Where   

∆𝑈𝑐 is the difference in pore water pressure 

∆𝜎𝑐 is the difference in confining pressure 
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Skempton’s pore pressure parameter B characterizes when a soil is saturated. When 

the porewater pressure does not increase enough with an increasing confining pressure, 

the sample is not saturated and 𝐵 < 1. In addition when the soil is fully saturated 𝐵 = 1, 

although a fully saturated soil is hard to accomplish. [61] 

[59], [9] and [43] mention it can be concluded that a B-value of 0.95 to 0.98 can be 

seen as a fully saturated soil, although this is hard to accomplish. [59] shows the relation 

between the degree of saturation and the pore pressure coefficient of Skempton-B. By 

example, it can be seen in Table 9 that a B-value of 0.85 corresponds with a saturation 

degree of approximately 99.5% by loose sands. 

 

Table 9. Degree of saturation (S) for loose, medium-dense and dense sands and 
different B-values [59]  

Saturation de-
gree (%) 

Loose sand Medium dense 
sand 

Dense sand 

98.0 B=0.53 B=0.45 B=0.38 

98.5 B=0.60 B=0.53 B=0.47 

99.0 B=0.69 B=0.62 B=0.56 

99.5 B=0.85 B=0.80 B=0.75 

100.0 B=1.00 B=1.00 B=1.00 

    

Additionally, [62] gives a relation between the B-value and the degree of saturation 

(Figure 57). It can be seen the change of the B-value with the saturation degree is not 

linear. This author discusses 2 methods, one without suction taken into account  (curve 

from equation 19 in Figure 57) and one with suction taken into account (curves with se). 

Suction will not be taken into account during this research, because it is a complex cal-

culation, for little more accuracy, as Figure 57 shows.  

To receive the saturation degree, the isotropic compressibility is determined by (37): 

 −
𝒅𝑽𝒂

𝑽𝟎
=

𝜿

𝒑𝟎
′ ∗(𝟏+𝒆𝟎)

∗ 𝒅𝒑′         (37) 

Where   

𝑑𝑉𝑎 is the change in the pore air volume 

𝑉0 is the initial volume 

𝜅 is the isotropic compressibility of soil in elastic conditions 

𝑝0
′  is the initial effective stress 

𝑒0 is the initial void ratio 

𝑑𝑝′ is the change in pressure 
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Next, it is possible to determine the saturation degree out of the B-value. This is done 

as follows with equation (38): 

 𝑩 =
𝟏

𝟏+𝒑𝟎
′ ∗𝒆𝟎∗(𝟏−𝑺𝒓𝟎)/(𝜿∗𝒑𝒂𝟎)

         (38) 

Where   

𝑆𝑟0 is the saturation degree 

𝑝𝑎0 is the initial air pressure 

    

 
Figure 57. Evolution of Skempton-B factor with the saturation degree [62] 

 

To determine the Skempton-B factor, two pressure meters are used. One pressure 

meter is connected to the air pressure channel, while the other one is connected to one 

of the valves to saturate the sample. When both pressure meters are connected, the 

cans with water are disconnected from the cell and draining is blocked. A computer pro-

gram shows what the increase of air – and water pressure is. When the measurements 

are started, the software sets all values to zero. Afterwards, it is allowed to increase the 

pressure. An increase of approximately 10 kPa air pressure is sufficient. When the water 

pressure approaches the air pressure enough, it can be concluded that the saturation 

degree is high enough. After measuring the B-factor, the air pressure is set back to the 

initial value. Figure 59 shows the set-up to determine the Skempton-B factor, while 

Figure 58 shows the output of a measurement of the Skempton-B value. In Figure 58, 

the red line is the increase in cell pressure, while the blue line is the increase in pore 

water pressure. 
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Figure 58. Output measurement of Skempton-B 

 

Figure 59 shows the setup to saturate the sample and to determine the Skempton-B 

factor. First of all a connection can be seen where the pressure meter is connected with 

the air pressure (short-dashed line). Additionaly, a water pressure meter is connected to 

the cell (short-long dashed line). Both pressure meters are connected with a computer, 

with a program to give the output of the measurements. The two cans used to saturate 

the sample are also shown (long-dashed line) 

 

 
Figure 59. Set-up to determine the Skempton-B factor 
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3.3.11 Resonant column and bender element test 

Resonant column and bender element tests are conducted simultaneously at every 

pressure step. The main equipment which is present in both tests will be described here. 

The main principle of the testing series will additionally be explained briefly in this section. 

3.3.11.1 Test equipment 

 A triaxial cell is the main part in both tests, as shown in Figure 60 [5], with oil as 

confining fluid. To execute resonant column tests, different set-ups exist. In this case a 

fixed-free set-up is used with a Hardin-type oscillator. This Hardin oscillator is a device 

to provide a torque on the sample [48], and is placed on the upper part with a reaction 

mass. In addition both top cap and pedestal are equipped with piezoelectric crystals to 

perform bender element tests. Besides, a counterbalance is provided, to balance the 

reaction mass and the top cap. [5] 

Additionally, a burette is used to measure the change in volume of the sample. Be-

sides, a displacement gauge is used to analyze the change in height from the sample. 

This displacement gauge is connected with the loading piston, while the other part is 

supporting on the cell.  

 

  
Figure 60. Triaxial cell with bender elements and resonant column [5] 



66 
 

3.3.11.2 Main principle of the testing series 

13 tests are conducted. The first 5 tests failed and are therefore not further discussed. 

During the last 8 tests (test 6 to 13), data is eventually collected. During the tests, 

measurements are done on five pressure steps. First, the pressure is increased from 50, 

to 100, to 300 kPa. Thereafter, the pressure is decreased again to 100 and 50 kPa. 

Between every pressure step, a consolidation time of at least 10 minutes is respected, 

as mentioned in [43]. Additionally, test 12 and 13 are conducted with a consolidation time 

of 50 minutes, to see if any difference in results can be noticed. The mentioned 

consolidation time should be taken with caution, due to the given that this time is soil 

dependant and can be longer for less permeable soils.  

After consolidation, the change in height and volume is measured. This is done to 

correct the density and travel distance. The reason why this is measured, is due to the 

given that if the change is big enough, this might have a not neglectible effect on the 

shear modulus and shear modulus reduction. 

3.3.12 Resonant column test 

In resonant columns, cyclic torsional loadings are produced on a soil sample. The 

frequency is changed until resonance is established and the (very) small strain stiffness 

can be determined out of this resonance frequency. In this section a brief description will 

be given about resonant column tests.  

3.3.12.1 Resonant column 

The used resonant column device in this test series is a fixed-free, device type 1 (DT1) 

according to [49], resonant column. At the top, a mass is placed on the resonant column. 

Here, an accelerometer is connected to, to measure the acceleration of the top mass. 

This data is used to determine the torsional moment and the twisting angle.  

The working principle of a resonant column is that the frequency, is changed, until 

resonance is reached. With this frequency, it is possible to determine dynamic properties 

of the soil. Resonance is reached when a phase shift of 90° is reached between the 

torsional moment and twisting angle. As mentioned in [63], when the elliptical curve is 

symmetric around the displacement (u) - and excitation force (Q) – axis, resonance is 

reached. In other cases, the system is not in resonance. Figure 61 [63] shows when the 

system is or is not in resonance. When the frequency is below the resonance frequency, 

the stiffness of the system will be dominant, while at a higher frequency the mass of the 

system will be dominant. Additionally, when the system is in resonance, a 90° phase shift 

can be noticed between displacement (u) - and excitation force (Q) – axis. Additionaly, 
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a cell pressure is initiated in the resonant column. This cell pressure is considered 

isotropic, although in the used testing device a possibility exists to initiate an anisotropic 

stress-state. After consolidation is considered ended, and the necessary measurements 

(height change, volume change and bender element measurement) are conducted, the 

resonance frequency is determined.   

With a function generator, a sinusoidal signal is generated. This signal is varied in 

frequency and amplitude until the earlier mentioned resonance frequency has been 

found.  The received signal is measured with a computerscope, which is connected with 

a device where a volt - and frequency meter are introduced into one device.  

During the tests, it is necessary to change the frequency to determine the 

acceleration. By try and error, it was noticed the frequency needs to be decreased 

together with an increase of the amplitude to get a decreasing stiffness reduction 

according to ASTM D4015-15 [49]. Figure 62 gives an image of a sample loaded with 

the resonance frequency, while Figure 63 gives an image of 2 possible graphs of a 

sample loaded below resonance frequency. 

 

 

Figure 61. Symmetrical ellipse around origin (resonance) and unsymmetrical ellipse 
(no resonance) around u (displacement) - and Q (excitation force) - axis [63] 
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(a)      (b) 

Figure 62. Sample in resonance: (a) Phase shift; (b) elliptical curve of displacement 
and excitation force 

 

 
(a)       (b) 

Figure 63. Sample loaded below resonance frequency 

 

[49] discribes the method to determine the very small strain shear stiffness by means 

of the resonance frequency. [40] and [23] mention an alternative method to determine 

the inertia I of the sample and vibration source, which might be difficult, and therefore 

ASTM D4015-15 [49], is used to determine the small strain stiffness reduction. The 

method, described in [49], will be discussed in section 3.3.12.2.  

3.3.12.2 Determining Gmax via resonant columns with ASTM D4015-15 

The passive end platen is directly connected to the fixed base, which means 

according to [49], a resonant column device type 1 (DT1) is used during the testing 

series. On this type of resonant column a torque is applied to the active end, while the 

passive end is fixed. In addition the rotation on this type of resonant column is measured 

at the active end. The frequency is varied until resonance is reached. Because the 

geometry, mass and system parameters are known, it is possible to determine the shear 

modulus (reduction) - and the damping. By varying the amplitude (increase) and 

frequency (decrease), it is possible to vary the damping and the shear modulus, as 

function of the shear strain. 
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Requirements of the test set-up and test specimen 

 According to [49], a few requirements are necessary. First, it is required the active 

and the passive end of the resonant column are at least ten times stiffer than the tested 

material. In addition, the porous stones also need to be ten times stiffer. Next, the porous 

stones are required to have a diameter which is at least the diameter of the sample. 

Besides, the excitation frequency on the torque motor needs to be at least 10 Hz to 1 

kHz. In addition the torque needs to be measured with an accuracy of 5 % at least. 

Besides, the readout instruments need to be able to measure the acceleration, velocity 

or deformation with an accuracy of 5 %, while the frequency needs to be measured with 

a resolution of 0.1 Hz. 

 [49] mentions it might be necessary to support the vibrating device. This might be 

necessary to prevent excessive axial stress. Besides, the mass of the balances need to 

be measured with an accuracy of 0.1 %. 

To get a representative resonant column test, the diameter of the sample needs to be 

at least 33 mm. In addition the specimen needs to have a diameter of at least six times 

the maximum grain size. Besides, 2 ≤
𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛

𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛
≤ 7. [49] 

 

Rotational motion transducer [49] 

According to [49], the sensitivity of the accelerometer can be calculated by: 

 𝑺𝜽 = 𝑺𝒂 ∗ 𝒓𝒕 ∗
(𝟐∗𝝅∗𝒇)²

𝟗.𝟖𝟏
  [mV/rad]      (39) 

 Where   

   𝑟𝑡 is the radial distance of the transducer to the center axis 

   𝑓 is the measured frequency 

 

Following on the sensitivity it is possible to determine the rotation of the specimen: 

 𝜽 =
𝑹∗𝑻∗𝒓∗𝒅∗𝒈

𝑺𝝑
   [rad]       (40) 

 Where    

   𝑅 ∗ 𝑇 ∗ 𝑟 ∗ 𝑑 ∗ 𝑔 is the output of the rotation transducer 

 

Active-end rotational inertia [49] 

 𝑱𝒂 = 𝑱𝟏 − 𝑱𝟐 + 𝑱𝟑         (41) 

 Where  𝐽1 =
𝑘𝑟𝑜𝑑

(2∗𝜋)2∗(𝑓𝑟𝑜𝑑
2 −𝑓𝑎

2)
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   Where   

     𝑘𝑟𝑜𝑑  is the spring constant with calibration rod [Nm] 

      𝑘𝑟𝑜𝑑 =
𝜋∗𝑑4

32
∗𝐺𝑟𝑜𝑑

𝐿
 

      Where   

        𝐺𝑟𝑜𝑑 : stiffness rod 

        𝐿: Length rod 

        𝑑: diameter rod 

     𝑓𝑟𝑜𝑑  is the resonance frequency during calibration [Hz] 

     𝑓𝑎 is the resonance frequency without sample or  

     calibration rod 

 

   𝐽𝑖 =
1

8
∗ 𝑀𝑖 ∗ 𝑑𝑖

2 

   Where  

     𝑀𝑖 is the mass of the solid cilindrical component [kg] 

     𝑑𝑖 is the diameter of the solid cilindrical component  

     [m] 

     𝐼𝑛𝑑𝑒𝑥 2: active end platen used to calibrate the system 

     𝐼𝑛𝑑𝑒𝑥 3: active end platen used to test the soil 

Apparatus damping [49] 

 𝒄𝒂 =
𝝉𝒂𝒑𝒑𝒍

𝜽∗𝝎
           (42) 

 Where   

   𝜏𝑎𝑝𝑝𝑙 is the torque 

   𝜃 is the amplitude of the rotation of the specimen 

   𝜔 = 2 ∗ 𝜋 ∗ 𝑓 with 𝑓 the resonance frequency during calibration 

 

𝜏𝑎𝑝𝑝𝑙 is determined through doing a test on the resonant column device, with all parts, 

except the soil sample, but by use of a calibration rod. First, the resonant frequency is 

determined. Thereafter both by 0.707 ∗ 𝑓𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒  and 1.414 ∗ 𝑓𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒  a torque is 

introduced, which has an amplitude of 10 times the noise of the surrounding area. 

Afterwards it is possible to determine 𝜏𝑎𝑝𝑝𝑙 through: 

 𝝉𝒂𝒑𝒑𝒍 = 𝑻𝑴𝑹 ∗ 𝑻𝒓 ∗ 𝒅 ∗ 𝒈        (43) 

  



71 
 

 Where   

   𝑇𝑟 ∗ 𝑑 ∗ 𝑔 is the input current through the motor, determined with the 

   input voltage during the resonant column measurements 

    

   𝑇𝑀𝑅 = 0.5 ∗ 𝑘𝑎 ∗ (𝐶1 + 𝐶2) is the torque motor ratio 

   Where    

      𝑘𝑎 = (2 ∗ 𝜋 ∗ 𝑓𝑎)2 ∗ 𝐽𝑎 

      𝐶1 =
𝜃1

2∗𝐶𝑅1
 

      𝐶2 =
𝜃2

𝐶𝑅2
 

     Where   

       𝜃𝑖 is the rotation by 0.707 (index 1)  

       respectively 1.414 (index 2) ∗ 𝑓𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒  

 

       𝐶𝑅𝑖 is the torque motor input by 0.707  

       (index 1) respectively 1.414 (index 2)  

       ∗ 𝑓𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒  in ampère  

 

Procedure determining the shear modulus and damping 

As earlier mentioned, the resonance frequency is reached when the torque and the 

rotational acceleration are 90° out of phase. According to [49], the received graph will be 

ellipsoidal, while the axes will be horizontal and vertical. The resonance frequency is 

determined through starting measurements at a low frequency and increasing this 

frequency until resonance is reached. Additionally it is possibly necessary to change the 

amplitude to get a signal without too much noise. 

The calculation of the shear modulus and damping is be summarized short: 

The soil mass density is determined via equation (35). Besides, it is possible to 

determine the specimen rotational inertia:  

 𝑱 =
𝑴∗𝒅𝒊²

𝟖
          (44) 

 Where   

   𝑑 is the diameter of the specimen 

 

As the total inertia of the active end platen Ja and the rotational inertia J is known, it 

is possible to determine the active-end inertia factor Ta and the apparatus damping factor 

ADFa: 
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 𝑻𝒂 =
𝑱𝒂

𝑱
∗ (𝟏 − (

𝒇𝒂

𝒇𝒓
)

𝟐

)        (45) 

 Where   

   𝑓𝑎 is the apparatus resonance frequency without specimen 

   𝑓𝑟 is the resonance frequency of the apparatus and the specimen 

 

 𝑨𝑫𝑭𝒂 =
𝒄𝒂

𝟐∗𝝅∗𝒇𝒓∗𝑱
         (46) 

 Where   

   𝐴𝐷𝐹𝑎 is the apparatus damping factor     

   𝑓𝑟 is the resonance frequency of the apparatus and the specimen 

 

Because the applied torque 𝜏𝑎𝑝𝑝𝑙 and the rotational motion 𝜃𝑎 at the active end are 

known, it is possible to determine the measured modified magnification factor MMFmeas: 

 𝑴𝑴𝑭𝒎𝒆𝒂𝒔 = 𝑱 ∗ 𝝎𝟐 ∗ [𝑹𝒆 (
𝜽𝒂

𝝉𝒂𝒑𝒑𝒍
) + 𝒊 ∗ 𝑰𝒎 (

𝜽𝒂

𝝉𝒂𝒑𝒑𝒍
)]    (47) 

 Where   

   𝜔 = 2 ∗ 𝜋 ∗ 𝑓 with 𝑓 the resonance frequenecy 

   𝜃𝑎 is the rotational motion at the active end 

 

As MMFmeas is known it is possible to determine the dimensionless frequency factor 

𝜆∗ by comparing it with MMFcalc: 

 𝑴𝑴𝑭𝒎𝒆𝒂𝒔 = 𝑴𝑴𝑭𝒄𝒂𝒍𝒄 =
𝟏

−𝑻𝒂+𝒊∗𝑨𝑫𝑭𝒂+
𝟏

𝝀∗∗𝒕𝒂𝒏(𝝀∗)

     (48) 

 

Following on these calculations it is possible to determine the shear modulus G and 

the damping D: 

 𝑮 = 𝝆 ∗ (𝝎 ∗ 𝑳)𝟐 ∗ 𝑭𝒂        (49) 

Where   

𝐹𝑎 =
𝜆𝑅𝑒

2 −𝜆𝐼𝑚
2

(𝜆𝑅𝑒
2 +𝜆𝐼𝑚

2 )²
  

  

 𝑫 =
−𝝀𝑹𝒆∗𝝀𝑰𝒎

𝝀𝑹𝒆
𝟐 −𝝀𝑰𝒎

𝟐           (50) 
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Average strain 

The average strain is determined according to [49] for device type 1 by: 

 𝜸𝒂𝒗𝒈(%) =
𝒓𝒂𝒗𝒈

𝑳
∗ 𝜽𝒂 ∗ 𝟏𝟎𝟎        (51) 

Where   

𝜃𝑎 is the rotation motion at the active end 

𝑟𝑎𝑣𝑔 = 0.4 ∗ 𝑑  

 

Where   

𝑑 is the diameter of the specimen  

3.3.12.3 Difference in testing method compared to ASTM D4015-15 

ASTM D4015-15 [49] mentions to determine shear strains at different amplitudes, the 

same procedure needs to be followed to determine the resonance frequency. Thus, the 

ellipse needs to be received as Figure 61 shows and explained in 3.3.12.1. It is noticed 

that at constant frequencies, no pronounced change in shear stiffness occurred. Besides, 

when the frequency increased, the small strain shear stiffness increased. Therefore, 

during measurements the frequency is decreased during an increase of the amplitude. 

The used method eventually gave curves similar to Figure 62 and Figure 63. 

3.3.13 Bender element test 

3.3.13.1 Test equipment 

The testing series are done with a modernized test set-up which is described in [5].  

Figure 64 (a) shows a test setup of bender elements and Figure 64 (b) shows the 

principle of the deformation of the bender element [41]. As can be seen it is possible to 

have horizontal and vertical bender elements. In this study vertical bender elements are 

used.  

Additionally, as  Figure 64 (b) shows when a voltage is applied to one of the bender 

elements, one of the plates becomes longer, while the other shortens. The result is a 

small displacement and thus a shear wave. At the other side of the specimen the same 

principle is used, although a displacement provides a voltage. [42] 

A bender element device contains 2 transducers which can convert electrical in me-

chanical energy and vice versa. The transmitter introduces a deformation, which pro-

duces S(hear)- and P(ressure)-waves, which are specified by the applied (DC) voltage. 

In addition, a (smaller) (DC) voltage is introduced when the receiver deforms through a 

received wave. Bender elements examine the propagation of the ground waves and 
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measure their velocity. This velocity depends on the elastic properties of the soil. [41], 

[23] 

[40] mentions it is recommended the length of both bender elements is equal. In ad-

dition [40] notices it is recommended that 3 𝑚𝑚 ≤ 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑒𝑛𝑑𝑒𝑟 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ≤

9 𝑚𝑚. To prevent shortening of the electrical circuit, both bender elements are sur-

rounded by an epoxy coating. 

Two extra devices are necessary to perform a bender element test [41], [5]. First of 

all, a function generator is needed to create the preferred sinusoidal wave. To select an 

amplitude, it needs to be checked if the received signal is clear enough to determine the 

travel time. In most cases a voltage between 1 and 12 V and a frequency of 1 to 50 kHz 

is enough. The used function generator in this study was only able to send 1 frequency. 

Additionally, the send voltage provided by the function generator was 20 V. In addition, 

an oscilloscope or computerscope is necessary to measure the captured signals and 

synchronize the received signal with the transmitted signal. Due to the reduction of volt-

age, it might be necessary to amplify the received signal, which can also be done with 

an oscilloscope [23].  

 

 
(a)        (b) 

Figure 64. Test setup of a bender element (a) and working principle (b) [41] 

 

3.3.13.2 Test procedure 

As noticed in section 2.4.2, different methods exist to interpret bender element 

measurements. It was mentioned that the cross-spectrum analyzing method gives higher 

shear wave velocities at higher frequencies. In addition the AZC-method gives higher 

shear wave velocities in some cases. It can be concluded that those two methods give 
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unreliable data while the MPTP, MFTOA, ACC and the APTP are the most reliable 

methods.  

Therefore, during the test series, MFTOA will mainly be used. Due to noise on the 

received signal, MPTP is not used, because it was too hard to determine an exact point 

on the received signal to do the measurement. 

The pedestal-bender element provides a sinusoidal wave in the specimen. When the 

top-bender element does not receive a clear signal, it might be recommended to increase 

the voltage. The transmitter and receiver should work in the same frequency-area. When 

working on the resonance frequency, the amplitude received at the top-bender element 

is maximal. [41] 

It is possible impurities are present. By example: because of the near-field effect, 

which is discussed in section 3.3.13.3, or noise which is present due to poor insulation 

of the bender elements, damage on the test device, etc. [41] 

When the consolidation-time is ended and the volume- and height-change are meas-

ured, the travel time is measured under the only possible frequency. By means of this, it 

is possible to calculate the velocity, because the travel distance is known. Next, the very 

small strain stiffness Gmax is calculated as mentioned in section 2.4.1. 

3.3.13.3 Near-field effect 

When a bender element test is performed, a possibility exists that P-waves and S-

waves interfere [14]. This problem is caused by the different travelling speeds of both 

wave-types where:  

𝒗𝒔 ≈
𝟏

𝟐
∗ 𝒗𝒑           (52) 

Where   

  𝑣𝑠 is the shear wave velocity 

  𝑣𝑝 is the pressure wave velocity 

 

At short distances from the source, P-waves and S-waves are still coupled, which 

causes the wave to have an irregular form. Though, in the far field P-waves arrive much 

earlier than S-waves. This causes the waves to not interfere with each other. The field is 

supposed to be a near-field when: 

𝒅

𝝀
≤ 𝟐            (53) 

Where    

   𝑑 is the distance between the transmitter and the receiver 

   𝜆 is the wave length 



76 
 

 

It is mentioned in [64] that the ratio between the distance of the transmitter and the 

receiver and the wavelength is around 2 or greater. In this case, the near-field effect will 

be excluded or neglectable. In addition [9], [23] mention that due to the near-field effect, 

𝐿𝑡𝑡

𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ
 should be bigger than 2. Besides, the ratio should not exceed a value of 9 [9] 

or 10 [23].  

Figure 65 shows the near-field effect by different frequencies. When the frequency 

reaches 15 kHz, the near-field effect stabilizes. When higher frequencies are used, there 

is no remarkable decrease of the near-field effect, which might be caused by the rebound 

of S-waves. [43] 

 
Figure 65. Near-field effect [43] 

3.3.14 Evaluation of Gmax 

Evaluation of Gmax will be done according to section 2.1.3. The received data will be 

compared with formulations (2), (3), (4) and (5) in these sections, while equation (6), (7) 

and (8) will not be studied because they are less accurate. Additionally, equation (9) and 

the alternative version for equation (4) with FC discussed in section 2.1.4 will not be 

studied because lesser influence was noticed for Viasvesi sand. Afterwards, a relation 

for Viasvesi sand will be proposed.  
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4. RESULTS 

4.1 Grain size distribution 

Table 10 shows the results of the sieving procedure. In addition, Figure 66 shows the 

grain size distribution curve received from the sieving procedure. As it is possible to see 

in Figure 66, a uniform sand is used to perform resonant column and bender element 

tests. Table 11 confirms the uniformity of the sand, which can be determined by the 

coefficient of uniformity and coefficient of curvature, which are both 2. Because of these 

values, according to Table 5, a uniform sand is used in the testing series in case the 

coefficient of curvature is neglected. In addition, Table 11 shows grain size distribution 

characteristics like the different grain sizes with a fall-through of a specific percentage of 

mass d10, d30, d50 and d60. 

Additionally, the calculation of the uniformity coefficient, given by equation (24), 

coefficient of curvature, given by equation (23) and fines content, given by equation (26) 

is given:  

 𝐹𝐶 =
733.4−727.0+0.1

733.4
∗ 100 = 0.82 % 

 𝐶𝑢 =
0.5

0.25
= 2 

 𝐶𝑐 =
0.5²

0.25∗0.5
= 2  

 

Table 10. Grain size distribution Viasvesi sand 

Weight before sieving (g) 733,4 date: 21,1,2022     

sieve (mm) left on sieve (g) 
left on sieve 

(%) 
Fall-through 

(%) 

2 0,0 0 100 

1 0,5 0 100 

0,5 218,6 30 70 

0,25 371,4 51 19 

0,125 132,3 18 1 

0,063 4,2 0,6 0,0 

Base 0,1 0,0   

Total 727,1     
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Table 11. Grain size distribution characteristics Viasvesi sand 

FC (%) 0,82 

d10 (mm) 0,25 

d30 (mm) 0,5 

d50 (mm) 0,5 

d60 (mm) 0,5 

Cc 2 

Cu 2 

 

 

Figure 66. Grain size distribution Viasvesi sand 

4.2 Particle density 

Table 15 shows the particle densities received with the pycnometer. The average 

value of the particle density is 2628 kg/m³. Two tests are performed to determine the 

average particle density, with the data given in Table 12, Table 13 and Table 14. The 

calculation of the particle density for pycnometer 5, with equation (27), is given by: 

 𝜌𝑝 = 997.8 ∗
934.98

934.98−(2587.54−2008.11)
= 2624 𝑘𝑔/𝑚³ 

 

Table 12. Water density during pycnometer tests 

w (kg/m³) 997.8 

 

Table 13. Mass of water and soil during test with pycnometer 5 

 M (g) 

𝑾𝒔𝒘  2587.54 

𝑾𝒘  2008.11 

𝑾𝒔 − 𝑾𝒂 934.98 
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Table 14. Mass of water and soil during test with pycnometer 9 

 M (g) 

𝑾𝒔𝒘  2568.25 

𝑾𝒘  2006.93 

𝑾𝒔 − 𝑾𝒂 904.06 

 

Table 15. Particle density Viasvesi sand 

Pycnometer rparticle (kg/m³) 

5 2624 

9 2632 

Average 2628 

 

4.3 Proctor compaction 

Figure 67 shows the curve received from the proctor tests on Viasvesi sand. The 

calculation of the dry densities is similar to the calculation given in section 4.5. Three 

tests are conducted to determine the optimal water content for the sample. No 

pronounced differences between the density and the water content are found, as shown 

in Figure 67. Due to this, it might be concluded that water content does not play a 

significant role to receive higher densities by Viasvesi sand. Therefore a water content 

of approximately 6 % is used during the testing series to prepare the sand samples, as  

Table 17 shows. 

 

Figure 67. Proctor curve 
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4.4 Saturation degree of test specimens 

Table 16 shows the values used for the calculation of the saturation degree and the 

eventual saturation degree. The used values are the Skempton-B, the initial cell pressure 

p, the void ratio e, the initial effective stress 𝜎′ and the change in effective stress ∆𝜎′. 

The saturation degrees are calculated by an estimated change of air volume of 10-³. The 

chosen change of air volume is not measured because of the complexity, but is estimated 

by back calculating values of 𝜅 given in [62].  

The Skempton-B value is determined for each measurement with equation (36). This 

gives for the first measurement during test 6 (values given in appendix A): 

 𝐵 =
1.06

12.65
= 0.08 

 

From all these calculations, an average is taken which gives the effective Skempton-

B, as given in Table 16. When the Skempton-B value is determined, it is possible to 

determine the saturation degree with equation (37) and (38). This gives: 

 10−3 =
𝜅

100∗(1+0.69)
∗ 13 →  𝜅 = 0.013 

 0.09 =
1

1+100∗0.69∗(1−𝑆𝑟0)/(−0.013∗100)
→ 𝑆𝑟0 = 81.48 %  

 

As can be noticed in Table 16, the saturation degree varies between 79.63 % and 

96.43 %. Therefore, it can be concluded all samples were nearly saturated with caution 

taken into account because the change in air volume is back calculated with a certain 

value of 𝜅, which causes the saturation degree to be not fully correct.  

 

Table 16. Saturation degree of the tested samples 
 

B-value (-) 𝒑 (kPa) e (-) 𝝈′ (kPa) ∆𝝈′ (kPa) 𝑺𝒓𝟎 (%) 

TEST 6 0.09 100 0.69 100 13.00 81.48 

TEST 7 0.14 100 0.57 100 11.60 85.81 

TEST 8 0.20 100 0.53 100 10.57 88.90 

TEST 9 0.38 110 0.64 110 12.81 96.43 

TEST 10 0.11 110 0.66 110 13.89 84.13 

TEST 11 0.12 110 0.60 110 13.45 84.02 

TEST 12 0.09 116 0.70 116 13.30 79.63 

TEST 13 0.12 118 0.67 118 12.83 82.46 
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4.5 Void ratio, height, diameter, water content and dry densities 

Table 17 gives an overview of the void ratios e and dry densities, which are used while 

testing the samples. As can be seen, a wide range of void ratios is tested (from 0.53 to 

0.70). The densities and heights are corrected during the testing series using values of 

the change in volume, respectively the height, given in appendix C. Additionally, an over-

view is given of the height, diameter and water content W during preparing the samples. 

The dry density is determined by equation (28), as follows for test 13:  

   𝑽 = 𝟎. 𝟏𝟎𝟔𝟕𝟒 ∗
𝝅∗𝟎.𝟎𝟓𝟏𝟔𝟐

𝟒
= 𝟎. 𝟐𝟐 ∗ 𝟏𝟎−𝟑 𝒎³  

 𝜌𝑑 =

373.58∗10−3

(1+
6.13
100

)

𝟎.𝟐𝟐∗𝟏𝟎−𝟑 = 1577 𝑘𝑔/𝑚³  

 

The void ratio is determined by equation (29). This is done as follows for test 13: 

  𝑒 =
1577−1−2628−1

2628−1 = 0.67 

.  

The values in appendix C are the changes recorded during consolidation of the certain 

pressure step. Therefore, a sum needs to be taken with the change in volume and height 

in previous pressure steps to correct the density, respectively the height of the sample.  

  
Table 17. Void ratio e, height H, diameter D, water content W and dry densities of the 

tested samples 
 

e (-) 𝝆𝒅𝒓𝒚 (kg/m³) H (mm) D (mm) W (%) 

TEST 6 0.69 1560 114.36 50.00 6.17 

TEST 7 0.57 1671 110.04 50.25 6.30 

TEST 8 0.53 1713 108.27 51.00 6.15 

TEST 9 0.64 1606 117.00 50.75 5.90 

TEST 10 0.66 1581 113.73 50.50 6.29 

TEST 11 0.60 1647 111.48 51.00 6.09 

TEST 12 0.70 1548 114.61 50.90 6.09 

TEST 13 0.67 1577 106.74 51.60 6.13 
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4.6 Resonant column tests 

4.6.1 Calibrating parameters testing device 

Table 18 gives an overview of the inertias used to calculate the shear modulus 

reduction curves, using the resonant column. The inertia of the resonant column device 

is calculated by equation (41), as follows: 

 𝐽1 =
858.64

(2∗𝜋)2∗(143.32−84.32)
= 1.620 ∗ 10−3𝑘𝑔 ∗ 𝑚² 

 Where   

 𝑘𝑟𝑜𝑑 =
𝜋∗(14 𝑚𝑚)4

32
∗25000 𝑁/𝑚𝑚²

109.81 𝑚𝑚
= 858.6 𝑁 ∗ 𝑚  

 

  

 𝐽2 =
0.33203 𝑘𝑔∗(0.05008 𝑚)²

8
= 0.104 ∗ 10−3 𝑘𝑔 ∗ 𝑚²  

 

  

 𝐽3 =
0.34063 𝑘𝑔∗(0.04999 𝑚)²

8
= 0.106 ∗ 10−3 𝑘𝑔 ∗ 𝑚² 

  

After determining the separate inertias, it is possible to determine the inertia of the 

active end. This gives: 

 𝐽𝑎 = (1.620 − 0.104 + 0.106) ∗ 10−3 = 1.622 ∗ 10−3 𝑘𝑔 ∗ 𝑚² 

 

Table 18. Inertia resonant column 

Mass of the solid cilindrical component M1a1 -0.332 kg 

diameter of the solid cilindrical component d1a1 0.050 m 

        

Mass of the solid cilindrical component M2a1 0.34063 kg 

diameter of the solid cilindrical component d2a1 0.04999 m 

        

Inertia J1a2  0.001620 kg*m² 

        

Total inertia of the active end Ja  0.001622 kg*m² 

 

Table 19 gives an overview of the resonance frequency of the calibration rod and the 

apparatus resonance frequency, without any device, used to calculate the shear modulus 

reduction curves. 
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Table 19. Calibration frequencies resonant column 

Resonance frequency of the apparatus only fa 84.3 Hz 

Resonance frequency of the apparatus with calibration rod fr 143.3 Hz 

 

Table 20 gives an overview of the input and output in the electrical circuit, and the 

output from the accelerometer during these measurements, used to calibrate the 

resonant column. These measurements are conducted at 0.707 ∗ 𝑓𝑟  , 𝑓𝑟   and 1.414 ∗ 𝑓𝑟. 

  

Table 20. Input and output in the electrical circuit during calibration 

Electrical resistance motor R 0.60 Ohm 

Torque motor input by resonance frequency (calibration rod) Ufr 0.49 V 

Torque motor input by 101.3 Hz (calibration rod) U0.707fr 0.68 V 

Torque motor input by 202.6 Hz (calibration rod) U1.414fr 0.43 V 

    

Output of the rotation transducer at 101.3 Hz (calibration rod) Acceleration (Z) 0.168 g 

Output of the rotation transducer at 101.3 Hz (calibration rod) R*T*r*d*g 30.35 mV 

Torque motor input by 101.3 Hz (calibration rod) CR1 1.13 Ampère 

    

Output of the rotation transducer at 202.6 Hz (calibration rod) Acceleration (Z) 0.231 g 

Output of the rotation transducer at 202.6 Hz (calibration rod) R*T*r*d*g 40.48 mV 

Torque motor input by 202.6 Hz (calibration rod) CR2 0.72 Ampère 

4.6.2 Results 

To start, a calculation according to ASTM-D 4015 – 15 [49] will be written out, followed 

by the results of all measurements in the next sections. These results will be the shear 

modulus reduction curves and the normalized shear modulus reduction curves, both with 

Gmax from the resonant column and Gmax from the bender elements. 

4.6.2.1 Calculation of a measurement 

Under this section, a calculation of test 13 during the loading 100 kPa cycle will be 

written out. This will be done for the resonance frequency. First of all, the rotational 

motion of the accelerometer will be determined by equation (39). This happens as 

follows:  

 𝑆𝜃 = 178.61 ∗ 0.029 ∗
(2∗𝜋∗139.4)2

9.81
= 405069.5 𝑚𝑉/𝑟𝑎𝑑   

 Where   

 𝑆𝑎 = 178.61 𝑚𝑉/𝑔, determined via linear interpolation of the calibration data of 

 the accelerometer 

 𝑟𝑡 = 0.029 𝑚 

 𝑓 = 139.4 𝐻𝑧 
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Following on the rotational sensitivity, it is posible to determine the rotation: 

 𝜃 =
34.0 𝑚𝑉

405069.5
𝑚𝑉

𝑟𝑎𝑑

= 8.38 ∗ 10−5 𝑟𝑎𝑑 

 Where   

 𝑅 ∗ 𝑇 ∗ 𝑟 ∗ 𝑑 ∗ 𝑔 = 34.0 𝑚𝑉   

 

Besides, it is possible to determine the apparatus damping. This is done by equation 

(43) to determine the applied torque, whereafter the apparatus damping is determined 

by equation (42): 

 𝐶1 =
140.2∗10−6 𝑟𝑎𝑑

2∗1.133 𝑎𝑚𝑝è𝑟𝑒
= 6.19 ∗ 10−5 𝑟𝑎𝑑/𝑎𝑚𝑝è𝑟𝑒 

 Where   

 𝜃1 = 140.2 ∗ 10−6 𝑟𝑎𝑑 is determined similar to 𝜃, with 0.707 ∗ 𝑓𝑟𝑜𝑑 = 101.3 𝐻𝑧 

 𝐶𝑅1 = 1.133 𝑎𝑚𝑝è𝑟𝑒 is determined by measuring the input of the motor during 

 applying 0.707 ∗ 𝑓𝑟𝑜𝑑 = 101.3 𝐻𝑧 

  

 𝐶2 =
48.2∗10−6 𝑟𝑎𝑑

0.717 𝑎𝑚𝑝è𝑟𝑒
= 6.73 ∗ 10−5 𝑟𝑎𝑑/𝑎𝑚𝑝è𝑟𝑒 

 Where   

 𝜃2 = 48.2 ∗ 10−6 𝑟𝑎𝑑 is determined similar to 𝜃, with 1.414 ∗ 𝑓𝑟𝑜𝑑 = 202.6 𝐻𝑧 

 𝐶𝑅1 = 0.717 𝑎𝑚𝑝è𝑟𝑒 is determined by measuring the input of the motor during 

 applying 1.414 ∗ 𝑓𝑟𝑜𝑑 = 202.6 𝐻𝑧 

 

 𝑘𝑎 = (2 ∗ 𝜋 ∗ 84.3 𝐻𝑧)2 ∗ 0.001622 𝑘𝑔 ∗ 𝑚2 = 455.1 𝑁 ∗ 𝑚 

 

With these data, the torque motor ratio becomes: 

 𝑇𝑀𝑅 = 0.5 ∗ 455.1 ∗ (6.19 + 6.73) ∗ 10−5 = 0.0294 (𝑁 ∗ 𝑚)/𝑎𝑚𝑝è𝑟𝑒 

 

With the torque motor ratio and the input current through the motor during the 

measurement with the resonant column known, it is possible to determine the applied 

torque on the sample. The applied torque becomes with equation (43): 

 𝜏𝑎𝑝𝑝𝑙 = 0.0294 
𝑁∗𝑚

𝑎𝑚𝑝è𝑟𝑒
∗ 1.867 𝑎𝑚𝑝è𝑟𝑒 = 0.0548 𝑁 ∗ 𝑚 

 

Next, it is possible to determine the apparatus damping. This is done by equation (42), 

which gives: 

 𝑐𝑎 =
0.0548 𝑁∗𝑚

8.38∗10−5 𝑟𝑎𝑑∗(2∗𝜋∗143.3 𝐻𝑧)
= 0.7271 (𝑁 ∗ 𝑚 ∗ 𝑠)/𝑟𝑎𝑑 
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Following on previous calculations, it is possible to determine the shear modulus of 

the sample. This is done as follows: first, the rotational inertia of the sand sample is 

determined by equation (44): 

 𝐽 =
0.345 𝑘𝑔∗(0.0516 𝑚)²

8
= 114.82 ∗ 10−6 𝑘𝑔 ∗ 𝑚² 

 

Besides, it is possible to determine the density of the soil. This is done by equation 

(35), together with the change of volume ∆𝑉 as follows: 

 𝑉 = (0.10674 ∗
𝜋∗0.051602

4
) 𝑚3 = 0.22321 ∗ 10−3 𝑚³ 

 ∆𝑉 = 1.6 𝑚𝑙 = 1.6 ∗ 10−6 𝑚3 

 𝜌 =
0.345 𝑘𝑔

𝑉−∆𝑉
= 1557 𝑘𝑔/𝑚³ 

 

The total inertia of the active end platen Ja and the rotational inertia J of the sample 

are known. Therefore it is possible to determine the active-end inertia factor Ta with 

equation (45) and the apparatus damping factor ADFa with equation (46). This gives: 

 𝑻𝒂 =
𝟏.𝟔𝟐𝟐∗𝟏𝟎−𝟑 𝒌𝒈∗𝒎²

𝟏𝟏𝟒.𝟖𝟐∗𝟏𝟎−𝟔 𝒌𝒈∗𝒎²
∗ (𝟏 − (

𝟖𝟒.𝟑

𝟏𝟑𝟗.𝟒
)

𝟐

) = 𝟖. 𝟗𝟔𝟎  

 

 𝑨𝑫𝑭𝒂 =
𝟎.𝟕𝟐𝟕𝟏 (𝑵∗𝒎∗𝒔)/𝒓𝒂𝒅

𝟐∗𝝅∗𝟏𝟒𝟑.𝟑 𝑯𝒛∗𝟏𝟏𝟒.𝟖𝟐∗𝟏𝟎−𝟔 𝒌𝒈∗𝒎²
= 𝟕. 𝟐𝟑𝟎 

 

Because the applied torque 𝜏𝑎𝑝𝑝𝑙 and the rotational motion 𝜃𝑎 =  𝜃 at the active end 

are known, it is possible to to determine the measured modified magnification factor 

MMFmeas by equation (47): 

 𝑀𝑀𝐹𝑚𝑒𝑎𝑠 = 114.82 ∗ 10−6 𝑘𝑔 ∗ 𝑚² ∗ (2 ∗ 𝜋 ∗ 139.4 𝐻𝑧)2 ∗ [𝑅𝑒 (
8.38∗10−5 𝑟𝑎𝑑

0.0548 𝑁∗𝑚
) + 𝑖 ∗ 𝐼𝑚 (

8.38∗10−5 𝑟𝑎𝑑

0.0548 𝑁∗𝑚
)]  

 𝑀𝑀𝐹𝑚𝑒𝑎𝑠 = 0.13455 + 𝑖 ∗ 0.13455 

 

MMFmeas is now known, and therefore it is possible to determine the dimensionless 

frequency factor 𝜆∗ by comparing it with MMFcalc. This dimensionless frequency factor is 

determined by iterating equation (48) in excel, until a value is reached where the 

difference between the equations is small enough: 

 𝟎. 𝟏𝟑𝟒𝟓𝟓 + 𝒊 ∗ 𝟎. 𝟏𝟑𝟒𝟓𝟓 =
𝟏

−𝟖.𝟗𝟔𝟎+𝒊∗𝟕.𝟐𝟑𝟎+
𝟏

𝝀∗∗𝒕𝒂𝒏(𝝀∗)

 

 𝝀∗ = −𝟎. 𝟎𝟖𝟕𝟑𝟓 + 𝒊 ∗ 𝟎. 𝟐𝟑𝟎𝟏𝟗  
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Finally, it is possible to determine the shear modulus, by equation (49). This gives: 

 𝑮 = 𝟏𝟓𝟓𝟕 𝒌𝒈/𝒎³ ∗ (𝟐 ∗ 𝝅 ∗ (𝟎. 𝟏𝟎𝟔𝟕𝟒 𝒎 − 𝟎. 𝟎𝟕 𝒎)𝟐 ∗ 𝑭𝒂 

 Where  

 𝐹𝑎 = 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒[
(−0.08735)2−(0.23019)2

((−0.08735)2+(0.23019)2)2] 

 An absolute value is taken because the dimensionless frequency factor can have 

 more solutions and excel only gives one solution 

  

 𝐺 = 165.8 𝑀𝑃𝑎 

  

Additionally, it is also possible to determine the average strain. This is done by 

equation (51).  

 𝛾𝑎𝑣𝑔(%) =
0.4∗0.0516 𝑚

0.10674−0.07 𝑚
∗ 8.38 ∗ 10−5 𝑟𝑎𝑑 ∗ 100 = 0.00163 %   

 

4.6.2.2 Shear modulus reduction for Viasvesi sand 

8 succesful tests were done on Viasvesi sand. The results on the shear modulus 

reduction curves are shown in Figure 68 to Figure 72. Figure 68 shows the result of every 

test seperately, from 50, to 100, to 300 kPa and back to 100 and 50 kPa. Figure 69 and 

Figure 70 shows the results of Figure 68 more in detail, respectively for both 50 kPa 

steps and both 100 kPa steps. Next, Figure 71 and Figure 72 compare the effect of 

different void ratios at the same effective confining pressure with each other. Test ’6, 7 

and 8 (Figure 71)’ and ’9, 10, 11, 12 and 13 (Figure 72)’ are taken seperately because, 

due to the improving skill of preparing the sample, the results of these 2 testing series 

do not stroke with each other. Additionally, the average strain and shear modulus used 

to create these curves, is given in appendix B. 

 

Figure 68 shows the curves received by different tests on different pressures. Tests 

are conducted on 50, 100 and 300 kPa increasing the effective confining pressure and 

back to 100 and 50 kPa. For every test the outcome is that an effective confining pres-

sure of 300 kPa has the highest stiffness. In addition, all tests in the loading cycle on 50 

kPa have the lowest stiffness. During test 8, 9, 12 and 13, respectively Figure 68 (C), 

(D), (G) and (H) the unloading cycle on 50 kPa has the second lowest stiffness, where-

after respectively the loading cycle on 100 kPa and the second cycle on 100 kPa, the 

unloading cycle, follows.  
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During test 6 (Figure 68 (A)) the loading cycle of 100 kPa follows on the loading cycle 

of 50 kPa, whereafter the unloading cycle of 50 kPa and then the unloading cycle of 100 

kPa have respectively the third - and second highest stiffness. 

Additionally, in test 7 and 10, respectively Figure 68 (B) and (E), the unloading cycle 

of 100 kPa has a lower stiffness than the loading 100 kPa. Though, the unloading cycle 

of 50 kPa has a higher stiffness than the first, loading cycle. Besides, in test 11 (Figure 

68 (F)) the unloading cycle of 100 kPa has a higher stiffness than the loading 100 kPa, 

but the unloading cycle of 50 kPa has a higher stiffness than both 100 kPa’s.  
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Figure 68. Shear modulus reduction curve for increasing and decreasing pressure (continue) 
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Figure 68. Shear modulus reduction curve for increasing and decreasing pressure 
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Figure 69 shows the effect of loading and unloading during the pressure steps of 50 

kPa, while Figure 70 shows the same effect between the 100 kPa pressure steps.  

In Figure 69 all unloading cycles of 50 kPa react stiffer than the first cycle, although 

the behavior is not the same for every tested sample. During test 6 and 11, respectively 

Figure 69 (A) and (F), no parallel behavior and no relation between the curves is found. 

Additionally, in all other tests the curves of the loading and unloading cycle are parallel 

to each other. During test 7, 9, 10 and 13, respectively Figure 69 (B), (D), (E) and (H) 

the unloading cycle starts to decrease later, at a higher strain level. Next to this, during 

test 8 (Figure 69 (C)) and 12 (Figure 69 (G)), both cycles start to decrease approximately 

at the same strain level. 

In Figure 70, with the relation between both 100 kPa cycles, the behavior is more 

complicated. During test 6, 8, 11 and 13, respectively Figure 70 (A), (C), (F) and (H), no 

clear relation is found between the loading and unloading curve. Additionally, during test 

9 (Figure 70 (D)), 10 (Figure 70 (E)) and 12 (Figure 70 (G)) the curves have a parallel 

behavior, while the unloading curve decreases at a higher strain level than the loading 

curves. Next to this, in test 7 (Figure 70 (B)) both unloading and loading curve start to 

decrease at approximately the same strain level. 
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Figure 69. Effect of loading and unloading on shear modulus reduction at 50 kPa (continue) 
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Figure 69. Effect of loading and unloading on shear modulus reduction at 50 kPa 
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Figure 70. Effect of loading and unloading on shear modulus reduction at 100 kPa (continue) 
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Figure 70. Effect of loading and unloading on shear modulus reduction at 100 kPa 
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Figure 71 shows the effect of the void ratio in the same pressure steps for test 6, 7 

and 8. Additionally, Figure 72 shows the influence of the void ratio in test 9, 10, 11, 12 

and 13 in the same pressure steps. These curves are shown separately because due to 

improving skills in preparing samples, these results are not comparable.  

As Figure 71 shows clearly, the stiffness is higher in every pressure step with lower 

void ratio. Additionally, Figure 72 shows the same as Figure 71, except that in the pres-

sure step of 0.64 void ratio (test 9) and 0.60 void ratio (test 11) a small deviation occurs. 

This deviation is that test 11 has a lower stiffness compared to test 9, while it is expected 

to be reversed.   
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Figure 71. Shear modulus reduction curve at constant pressure and different void ratios for test 
6, 7 and 8 (continue) 
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Figure 71. Shear modulus reduction curve at constant pressure and different void 
ratios for test 6, 7 and 8 
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Figure 72. Shear modulus reduction curve at constant pressure and different void ratios for test 
9, 10, 11, 12 and 13 (continue) 
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Figure 72. Shear modulus reduction curve at constant pressure and different void 
ratios for test 9, 10, 11, 12 and 13 
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that should have been noticed during the testing series, but what is not noticed. Addi-

tionally, Figure 30 [15] mentions the normalized curves from low plastic clays should 

decrease at higher strain levels when overconsolidated clays are studied. This would 

mean during the unloading steps, the normalized shear modulus decreases at higher 

strain levels compared to the virgin loadings. For Figure 30 [15] must be noted that this 

curve is made without laboratory data and some parameters are thus stated constant, 

although this is something that is not the case in effective laboratory tests. Therefore this 

might have an influence on the results in Figure 30.   
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Figure 73. Normalized shear modulus reduction curve for increasing and decreasing pressure 
(continue) 
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Figure 73. Normalized shear modulus reduction curve for increasing and 
decreasing pressure 
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Figure 74 and Figure 75 show the normalized shear modulus reduction curves for 

both 50, respectively 100 kPa steps. Most of the curves follow the same trend, although 

some deviate a little from the other curves.  

First of all, both unloading cycles of 50 and 100 kPa start to decrease later in test 6 

(Figure 74 (A) and Figure 75 (A)), compared to the loading cycles, but they decrease 

steeper wherefor they cross the first cycle at a certain strain level. Next to this, it is actu-

ally better to neglect both loading 50 and 100 kPa cycles because they are irregular. 

Additionally, in test 7 and 9, respectively Figure 74 (B) and (D), the unloading cycle of 

50 kPa starts to decrease at a higher strain level. Next to this, the loading cycle runs 

parallel to the unloading cycle. In test 7 (Figure 75 (B)), the loading cycle of 100 kPa 

starts to decrease later than the unloading cycle. Additionally, both loading and unload-

ing cycles run parallel to each other. In test 9 (Figure 75 (D)), the unloading cycle of 100 

kPa starts to decrease at a higher strain level than the loading cycle, while also here both 

loading and unloading cycles run parallel to each other.  

During test 8 and 12, respectively Figure 74 (C) and (G), the loading cycle of 50 kPa 

decreases at a higher strain level, compared to the unloading cycle, although also here 

approximately parallel curves are noticed. During test 12 (Figure 75 (G)), the unloading 

cycle of 100 kPa starts to decrease at higher strain level compared to the loading cycle. 

Additionally, during this test, both cycles follow a parallel curve. For test 8 (Figure 75 

(C)), a shortage of data occurs in the 100 kPa cycles, to pronounce the development of 

the curves compared to each other.  

In test 10 (Figure 74 (E)) both 50 kPa curves start to decrease at approximately the 

same strain level. Additionally, the path both 50 kPa cycles follow, is approximately the 

same. Figure 75 (E) is neglected, because the values received via these measurements 

do not stroke with the measurements at other pressure steps. 

Besides, in test 11, both loading 50 and 100 kPa, respectively Figure 74 (F) and 

Figure 75 (F),  decrease less pronounced, although they start to decrease at the same 

strain level.  

Finally, in test 13, the unloading cycle of the 50 kPa (Figure 74 (H)) curves decreases 

at a higher strain level. Next to this, both curves follow an approximately parallel path. In 

the 100 kPa curves in test 13 (Figure 75 (H)), the unloading and loading curve are re-

versed compared to the 50 kPa curves, and thus the unloading cycle starts to decrease 

at a lower strain level compared to the loading cycle.  
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Figure 74. Effect of loading and unloading on normalized shear modulus reduction at 50 kPa 
(continue) 
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Figure 74. Effect of loading and unloading on normalized shear modulus reduction 
at 50 kPa 
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Figure 75. Effect of loading and unloading on normalized shear modulus reduction at 100 kPa 
(continue) 
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Figure 75. Effect of loading and unloading on normalized shear modulus reduction 
at 100 kPa 
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Figure 76 and Figure 77 shows the normalized curves at the same pressure for dif-

ferent void ratios. Figure 76 shows these curves for test 6, 7 and 8, while Figure 77 

shows this for test 9, 10, 11, 12 and 13. The reason why these curves are split, is be-

cause the data is not comparable due to improving skills with preparing the samples 

during the testing series.  

As can be seen in Figure 76, most curves (A, C and D) starts to decrease at higher 

strain levels when a lower void ratio is tested. During the loading 100 kPa and unloading 

50 kPa in test 8, respectively Figure 76 (B) and (E), with the lowest void ratio, starts to 

decrease earlier than test 7, with the second lowest void ratio. A possible explanation 

might be that, due to the given that the void ratios of these 2 tests are so close to each 

other, a difference occurs compared to the other measurements. Therefore these 2 

curves are turned. In test 6, the loading 100 kPa (Figure 76 (B)) is unpronounced. 

In Figure 77, no clear correlation can be found between the data, which is possibly 

explainable by more parameters which affect the normalized reduction curves. 
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Figure 76. Normalized shear modulus reduction curve at constant pressure and different void 
ratios for test 6, 7 and 8 (continue) 
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Figure 76. Normalized shear modulus reduction curve at constant pressure and 
different void ratios for test 6, 7 and 8 
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Figure 77. Normalized shear modulus reduction curve at constant pressure and different void 
ratios for test 9, 10, 11, 12 and 13 (continue) 
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Figure 77. Normalized shear modulus reduction curve at constant pressure and 
different void ratios for test 9, 10, 11, 12 and 13 

4.6.2.4 Normalized shear modulus reduction normalized with bender elements 

for Viasvesi sand 

Figure 78, Figure 79, Figure 80 and Figure 81 show the normalized shear modulus 
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shows the curve per test, with increasing and decreasing cell pressure. Figure 79 shows 

the difference between the loading and unloading 50 kPa, while Figure 80 shows the 

difference between unloading and loading for the 100 kPa cycles. Figure 81 shows the 

difference between different tests, conducted with different void ratios.  
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During test 6 (Figure 78 (A)), the loading cycle of 50 and 100 kPa are neglected, 

because they are irregular. Between the 300 kPa cycle and the two unloading cycles, a 

certain correlation can be seen. The 300 kPa cycle starts to decrease at the lowest strain 

level, followed by the unloading 100 kPa and 50 kPa cycles. Caution needs to be taken 

by this relation, because the 50 kPa unloading cycle is only horizontal, which might be 

caused by a Gmax value which is determined too low during the bender element test. 

During test 9 (Figure 78 (B)), the last cycle of the test, the 50 kPa unloading cycle, is 

neglected because the value of Gmax, determined with the bender elements, is much 

higher compared to the other measurements. As can be noticed, the 300 kPa cycle starts 

to decrease at the lowest strain level, followed by the loading 50 kPa, unloading 100 kPa 

and the loading 100 kPa. 

In test 10 (Figure 78 (C)), the unloading 100 kPa becomes neglected, because the 

values of G, both by resonant column and bender elements, do not stroke with the other 

measurements. As can be seen in the other measurements during this test, the unload-

ing 50 kPa starts to decrease at the lowest strain level, followed by both loading 50 and 

100 kPa. The 300 kPa cycle starts to decrease at the highest strain level. Test 10 thus 

strokes with Figure 2 [16], where the loading cycles needs to start to decrease at higher 

strain levels when higher confining pressures are initiated. 

During test 11 (Figure 78 (D)), the 300 kPa cycle starts to decrease at the lowest 

strain level, followed by the unloading 50 kPa cycle. Following on this, both 100 kPa 

cycles decrease at approximately the same strain level. The loading 50 kPa decreases 

at the highest strain level. 

Additionally, test 12 (Figure 78 (E)), the loading cycle of 50 kPa gets neglected be-

cause the value differs from the other measurements. Next to this, the 300 kPa and 

loading 100 kPa cycle start to decrease at the lowest strain level. Following on this, the 

unloading cycle of 50 kPa decreases at the second lowest strain level, followed by the 

unloading 100 kPa cycle. 

Due to an irregularity, a horizontal progression, the loading 100 kPa and unloading 

50 kPa gets neglected in test 13 (Figure 78 (F)). Additionally, all other 3 curves decrease 

at approximately the same strain level.  
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Figure 78. Normalized shear modulus reduction curve for increasing and decreasing 

pressure (continue) 
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Figure 78. Normalized shear modulus reduction curve for increasing and 

decreasing pressure 
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Figure 79 compares the normalized shear stiffness of the loading step of 50 kPa with 

the unloading step of 50 kPa during different tests. Test 6 (Figure 79 (A)) is neglected, 

because no clear relation can be found between the 2 curves. Test 9 (Figure 79 (B)) is 

neglected because the shear stiffness determined via the bender elements is differing 

too hard from the resonant column values during the unloading step. 

As can be noticed in the Figure 79 (C) (test 10), the unloading cycle of 50 kPa starts 

to decrease a bit later than the loading cycle. Next to this, the unloading cycle its normal-

isation lies a bit lower than the loading cycle, which can be explained by a value of the 

bender elements which is too high compared to the value received by the resonant col-

umn. 

In the graph of test 11 (Figure 79 (D)), the normalized value of G decreases at a higher 

strain level for the loading curve. Caution should be taken to draw a conclusion of this 

graph, because the loading cycle has no horizontal part with a constant stiffness. There-

fore, it might be possible the unloading curve reacts stiffer and starts to decrease at a 

higher strain level. Additionally, a fault in the bender element value might have occurred 

during both tests, because the normalized value is not 1.  

During test 12 (Figure 79 (E)), both curves start to decrease at approximately the 

same strain level. It needs to be noticed that the measurements of the unloading cycle 

start at a lower strain level, while the loading cycle has a small increase in the beginning 

of the curve. Additionally, the unloading cycle has a horizontal part which equals to one, 

while the loading curve starts at a lower normalized shear stiffness. Therefore, caution 

should be taken with drawing conclusions out of this curve. 

Finally, during test 13 (Figure 79 (F)), the unloading curve starts to decrease at a 

much higher strain level than the loading curve. Next to this, the loading curve only de-

creases with increase of the strain level. Therefore, also by this curves caution should 

be taken drawing conclusions.  
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Figure 79. Effect of loading and unloading on normalized shear modulus reduction at 50 kPa 
(continue) 

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

1.05

0.0001 0.001 0.01 0.1

G
/G

m
ax

strain (%)

(A)

Test 6 - 1st 50 kPa - e=0.69 - 1560 kg/m³

Test 6 - 2nd 50 kPa - e=0.69 - 1560 kg/m³

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

1.05

0.0001 0.0010 0.0100 0.1000

G
/G

m
ax

strain (%)

(B)

Test 9 - 1st 50 kPa - e=0.64 - 1606 kg/m³

Test 9 - 2nd 50 kPa - e=0.64 - 1606 kg/m³

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

0.0010 0.0100 0.1000

G
/G

m
ax

strain (%)

(C)

Test 10 - 1st 50 kPa - e=0.66 - 1581 kg/m³

Test 10 - 2nd 50 kPa - e=0.66 - 1581 kg/m³

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

0.0010 0.0100 0.1000

G
/G

m
ax

strain (%)

(D)

Test 11 - 1st 50 kPa - e=0.60 - 1647 kg/m³

Test 11 - 2nd 50 kPa - e=0.60 - 1647 kg/m³



118 
 

  

Figure 79. Effect of loading and unloading on normalized shear modulus reduction 
at 50 kPa 

 

Figure 80 compares the normalized shear stiffness of the loading step of 100 kPa with 

the unloading step of 100 kPa during different tests. Test 6 (Figure 80 (A)) is neglected, 

because no clear correlation can be found between the 2 curves. Test 10 (Figure 80 (C)) 

is neglected because the results of the second cycle of 100 kPa do not stroke with the 

other measurements of this test. 

During test 9 (Figure 80 (B)), both loading and unloading 100 kPa start to decrease 

at approximately the same strain level. In test 11 (Figure 80 (D)), the same occurs as in 

Figure 80 (B), although caution should be taken by test 11 because no horizontal part 

with constant stiffness occurs by both curves.  

During test 12 (Figure 80 (E)), the unloading cycle decreases at a higher strain level, 

compared to the loading curve. Therefore it is possible to think, as by Figure 79 and 

Figure 30 [15], that the stiffness needs to start decrease at a higher strain level during 

unloading cycles. 

Finally, in Figure 80 (F) (test 13), the loading cycle starts to decrease at a higher strain 

level compared to the unloading cycle. 
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Figure 80. Effect of loading and unloading on normalized shear modulus reduction at 100 kPa 
(continue) 
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Figure 80. Effect of loading and unloading on normalized shear modulus reduction 
at 100 kPa 

 

In Figure 81, where all the conducted tests are drawn for each pressure step for dif-

ferent void ratios, no clear correlation can be found between the curves. Every curve 

seems to start to decrease at the lowest or highest strain level once. Therefore, no con-

clusion is drawn out of these curves.  A possible explanation why no clear correlation is 

found is that Gmax values obtained by bender elements are in most cases higher com-

pared to Gmax obtained via resonant column. Additionally, the ratio between the Gmax in 

different tests deviates from each other. Therefore a possibility exist a deviation exists, 

which causes the data in Figure 81, to have no correlation.  
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Figure 81. Normalized shear modulus reduction curve at constant pressure and different void 
ratios for test 6, 9, 10, 11, 12 and 13 (continue) 
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Figure 81. Normalized shear modulus reduction curve at constant pressure and 
different void ratios for test 6, 9, 10, 11, 12 and 13 

4.7 Bender element tests 

Figure 82 to Figure 86 give the curves for Gmax (a) and shear wave velocity (b) deter-

mined with bender elements as function of the confining pressure for respectively test 6, 

9, 11, 12 and 13. Additionally, Table 21 to Table 28 give numerical values for Gmax, deter-

mined both by resonant column and bender elements. Next,  

Table 21 to Table 28 give the numerical values of shear wave velocities measured with 

bender elements.  

Some tests give 2 values for the same pressure step. In these bender element meas-

urements, a measurement is done in the beginning and at the end of the pressure step. 

Additionally, the calculation of the first measurement of the loading 50 kPa of test 13 

will be written out. This calculation is done according to equation (21) to determine the 

shear wave velocity and (22) to determine the maximum shear stiffness. The shear wave 

velocity according to equation (21) becomes: 

 

Tip-to-tip travel distance: 

 𝑙𝑡𝑡 = 106.74 − 0.6 − 2 ∗ 5.55 = 95.04 𝑚𝑚 

 Where  𝑙𝑎𝑣𝑔,𝐵𝐸 = 5.55 𝑚𝑚 is the average length of each bender element 

   ∆𝑙ℎ𝑒𝑖𝑔ℎ𝑡 = 0.6 𝑚𝑚 is the change in height 
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Shear wave velocity: 

 𝑣𝑠 =
95.04 𝑚𝑚

0.0003112 𝑠
= 304.62 𝑚/𝑠 

 

According to equation (22), the maximum shear stiffness of the sample is determined. 

This gives: 

 𝐺𝑚𝑎𝑥 = 1551
𝑘𝑔

𝑚3 ∗ (304.62
𝑚

𝑠
)

2

= 144 𝑀𝑃𝑎 

 

Figure 82, Figure 85 and Figure 86 show the result of the measurements for respec-

tively test 6, 12 and 13. As can be seen in Figure 82 and Figure 86, the soil reacts stiffer 

in the very small strain area during the unloading 100 kPa cycle, compared to the loading 

cycle. Between the 50 kPa cycles, the effect of a stiffer reaction is lesser pronounced. A 

small decrease is noticed in test 6, while in test 13 a small increase is noticed. Addition-

ally, in Figure 85 both unloading 50 and 100 kPa cycles react stiffer than the virgin load-

ing.  

Besides, in Figure 82, Figure 85 and Figure 86 a second bender element measure-

ment, at the end of the pressure cycle, is shown. As can be noticed, the stiffness during 

this measurement is lower in all 3 cases, during the 100 kPa measurements, but the 

effect is less pronounced for the 50 kPa measurements. During test 12 and 13, respec-

tively Figure 85 and Figure 86, the 300 kPa measurement is lower compared to the 

measurements immediately after consolidation. Next to this, during the 50 kPa cycle, the 

effect can be explained by the given the sample is experiencing less support from the 

confining pressure, which can cause the effect that during the 50 kPa cycle a less pro-

nounced effect is noticed. Besides, the OCR might have a higher influence which causes 

the stiffness to be higher.  

During test 9 and 11, respectively Figure 83 and Figure 84 there is done no measure-

ment at the end of the cycle. Though, it can be noticed soil reacts stiffer in both testing 

series during the unloading cycle. As shown in Table 25, test 10 does not give clear data 

and is therefore not analysed in this section. Additionally, in test 7 (Table 22) and test 8 

(Table 23), no bender elements tests were conducted because one of the bender ele-

ments was broken.  
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Table 21. Gmax for resonant column and bender elements and the shear wave velocity 
at a certain pressure step for test 6 
 

p’ (kPa) Gmax, RC (MPa) Gmax, BE (MPa) vs (m/s) 

TEST 6 50 83 85 231.06    
- - 

 
100 87 100 248.23    

74 213.44  
300 172 167 319.38    

168 319.86  
100 127 132 284.00    

109 258.34  
50 95 77 217.79    

70 207.32 

 

 

(a)    (b) 

Figure 82. Evolution of Gmax (a) and shear wave velocity (b) measured with bender 
elements for test 6 

 

Table 22. Gmax for resonant column and bender elements and the shear wave velocity 
at a certain pressure step for test 7 
 

p’ (kPa) Gmax, RC (MPa) Gmax, BE (MPa) vs (m/s) 

TEST 7 50 107 - -  
100 156 - -  
300 234 - -  
100 149 - -  
50 127 - - 
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Table 23. Gmax for resonant column and bender elements and the shear wave velocity 
at a certain pressure step for test 8 
 

p’ (kPa) Gmax, RC (MPa) Gmax, BE (MPa) vs (m/s) 

TEST 8 50 115 - -  
100 209 - -  
300 253 - -  
100 204 - -  
50 156 - - 

 

Table 24. Gmax for resonant column and bender elements and the shear wave velocity 
at a certain pressure step for test 9 
 

p’ (kPa) Gmax, RC (MPa) Gmax, BE (MPa) vs (m/s) 

TEST 9 50 224 226 373.14  
100 275 261 398.86  
300 411 428 509.31  
100 297 317 439.17  
50 237 neglected neglected 

 

 

(a)    (b) 

Figure 83. Evolution of Gmax (a) and shear wave velocity (b) measured with bender 
elements for test 9 

 

Table 25. Gmax for resonant column and bender elements and the shear wave velocity 
at a certain pressure step for test 10 
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p’ (kPa) Gmax, RC (MPa) Gmax, BE (MPa) vs (m/s) 

TEST 10 50 180 193 376.04  
100 202 214 387.14  
300 228 231 399.31  
100 neglected neglected neglected  
50 205 229 378.36 
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Table 26. Gmax for resonant column and bender elements and the shear wave velocity 
at a certain pressure step for test 11 
 

p’ (kPa) Gmax, RC (MPa) Gmax, BE (MPa) vs (m/s) 

TEST 11 50 219 228 371.78  
100 252 258 395.20  
300 338 353 461.02  
100 306 307 430.68  
50 285 298 424.29 

 

 

(a)    (b) 

Figure 84. Evolution of Gmax (a) and shear wave velocity (b) measured with bender 
elements for test 11 

 

Table 27. Gmax for resonant column and bender elements and the shear wave velocity 
at a certain pressure step for test 12 
 

p’ (kPa) Gmax, RC (MPa) Gmax, BE (MPa) vs (m/s) 

TEST 12 50 110 125 283.55    
145 305.93  
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156 315.19  

300 193 196 353.37    
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100 167 169 328.27    
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(a)    (b) 

Figure 85. Evolution of Gmax (a) and shear wave velocity (b) measured with bender 
elements for test 12 

 

Table 28. Gmax for resonant column and bender elements and the shear wave velocity 
at a certain pressure step for test 13 
 

p’ (kPa) Gmax, RC (MPa) Gmax, BE (MPa) vs (m/s) 

TEST 13 50 139 144 304.62    
149 310.26  

100 166 158 318.59    
154 314.37  

300 215 224 377.76    
216 371.02  
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(a)    (b) 

Figure 86. Evolution of Gmax (a) and shear wave velocity (b) measured with bender 
elements for test 13 

4.8 Comparison of Gmax from bender elements, resonant col-

umn and predictions 

Figure 87 gives a view of Gmax determined via data obtained with bender elements 

and resonant column tests. Next to this, a comparison is given with 3 equations – ‘Menq 

(2)’, ‘Wichtmann and Triantafyllidis (4)’ and ‘Senetakis et al. (5)’ - discussed in section 

2.1.3. Additionally, the parameters used to gain these curves are shown in appendix D, 

while both equations (2), (4) and (5) will be written out once for test 13. As can be noticed 

in equations (2), (4) and (5), no OCR is included in these calculations. 

First, the calculation via ‘Menq’, according to equation (2) will be written out. This is 

done for an effective confining pressure of 50 kPa.  

 𝑮𝒎𝒂𝒙 = 𝑨 ∗ 𝟎. 𝟔𝟕𝒙 ∗ (
𝟓𝟎

𝟏𝟎𝟎
)

𝒏

= 𝟔𝟑 𝑴𝑷𝒂    

Where  𝐴 = 67.1 ∗ 2−0.2 = 58.41 

  𝑥 = −1 − (
0.5

20
)

0.75

= −1.06 

  𝑛 = 0.48 ∗ 20.09 = 0.51 
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Next, a calculation according to ‘Wichtmann and Triantafyllidis’ with equation (4) will 

be shown. This is done again for an effective confining pressure of 50 kPa. 

 𝑮𝒎𝒂𝒙 = 𝑨 ∗
(𝒙−𝟎.𝟔𝟕)𝟐

𝟏+𝟎.𝟔𝟕
∗ 𝟏𝟎𝟎𝟏−𝒏 ∗ 𝟓𝟎𝒏 = 𝟕𝟒 𝑴𝑷𝒂   

 Where  𝐴 = 1563 + 3.13 ∗ 22.98 = 1587.70 

    𝑥 = 1.94 ∗ exp(−0.066 ∗ 2) = 1.70 

   𝑛 = 0.4 ∗ 20.18 = 0.45 

 

Finally, ‘Senetakis et al.’s’ equation (5) will be calculated. Again, this is done for an 

effective confining pressure of 50 kPa.  

 𝑮𝒎𝒂𝒙 = 𝑨 ∗ 𝟎. 𝟔𝟕𝒙 ∗ (
𝟓𝟎

𝟏𝟎𝟎
)

𝒏

= 𝟔𝟎 𝑴𝑷𝒂 

 Where  𝐴 = 57.01 − 5.88 ∗ 2 = 45.25 

    𝑥 = −0.28 ∗ 2 − 0.98 = −1.54 

    𝑛 = 0.47 

  

As can be seen in appendix D, ‘Saxena and Reddy (3)’ is also calculated. No figures 

are made from these calculations, because the values differed to hard from the rest of 

the calculations. For some test series no figures are made. This is because equations 

(2), (4) and (5) their values underestimated the maximum stiffness too hard to make them 

comparable with the testing data. 

Next to this, the equations mentioned in section 2.1.4 for the grain shape and for the 

fines content are tested if they would have any influence. It is noticed the fines content 

did not have a big influence on the Viasvesi sand because of the small amount of FC. 

Additionally, the grain shape is hard to define accurately, and was noticed to have little 

influence while testing the equation with values. Therefore these equations are not com-

pared to the values of the very small strain stiffness, received with the testing series. The 

grain shape is in line with what [14] mentions, that it has a negligible influence, while the 

grain size distribution has an influence according to [4], [14] but is not tested because 

only one distribution is tested, with a small percentage of fines content. 

Additionally, Figure 88 shows data obtained via tests and equations (2), (4) and (5). 

Besides, Figure 89 shows the difference between results obtained with resonant column 

and bender elements. Both Figure 88 and Figure 89 give the R² values for these calcu-

lations. 
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During comparison of values obtained from bender elements, resonant column and 

predicting equations discussed in section 2.1.3 one general line is found. This line will 

now briefly be discussed. 

First, the differing tests will be discussed. In the data of test 6 (Figure 87 (A)), it is 

noticed all 3 predictions are comparable to the loading cycle, while the unloading cycle 

has much higher stiffness. Next to this, the equation by ‘Wichtmann and Triantafyllidis 

(4)’ is comparable with the maximum shear stiffness obtained by the bender elements, 

while this value is much higher than the value obtained by the resonant column. Addi-

tionally, the equation by ‘Senetakis et al. (5)’ gives both by bender elements and resonant 

column a maximum stiffness which is lower than the obtained value. Next to this, the 

value obtained by ‘Menq (2) ‘ gives a value which is lower than the bender elements and 

comparable to the value obtained by the resonant column.  

Additionally, the data obtained during test 9 and 11, as shown in appendix D, have a 

much higher stiffness compared to the equation by ‘Menq (2)‘, ‘Senetakis et al. (5)’ and 

‘Wichtmann and Triantafyllidis (4)’. 

Test 10 (Figure 87 (D)), where only the loading cycle is shown from, all predictions – 

‘Menq (2)’, ‘Wichtmann and Triantafyllidis (4)’ and ‘Senetakis et al. (5)’ – are below the 

obtained values of stiffness by this test 

In test 7 and 8, respectively Figure 87 (B) and (C), where only resonant column data 

is available from, and test 12 and 13, respectively Figure 87 (E) and (F), where both 

resonant column and bender element data is available from, all predictions are lower 

compared to the obtained data during the testing series, both by loading and unloading 

which makes them acceptable to use. Although, ‘Wichtmann and Triantafyllidis (4)’ is the 

most correct prediction.  
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Figure 87. Gmax from bender elements and resonant column compared with Menq, Wichtmann 
and Triantafyllidis and Senetakis et al. (continue) 
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Figure 87. Gmax from bender elements and resonant column compared with Menq, Wichtmann 
and Triantafyllidis and Senetakis et al. (continue) 
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Figure 87. Gmax from bender elements and resonant column compared with Menq, 
Wichtmann and Triantafyllidis and Senetakis et al. 
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Figure 88. Menq (2), Wichtmann and Triantafyllidis (4) and Senetakis et al. (5) compared to 
bender elements and resonant column (continue) 
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Figure 88. Menq (2), Wichtmann and Triantafyllidis (4) and Senetakis et al. (5) 

compared to bender elements and resonant column 

 

 

Figure 89. Comparison of maximum shear modulus between bender elements and 
resonant column 
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4.9 Proposing equations for determining very small strain 

shear stiffness of Viasvesi sand 

A proposition will be done to define the very small strain shear stiffness for Viasvesi 

sand. Earlier it is mentioned test 6, 7 and 8 are not comparable with test 9, 10, 11, 12 

and 13. Therefore, this line remains followed and two equations will be proposed. Test 

6, 7 and 8 will be compared to resonant column data because data from bender elements 

is missing in test 7 and 8. Additionally, test 9, 10, 11, 12 and 13 will be compared to data 

collected via bender elements.  

Figure 29 [15] in section 2.2.5 shows OCR does not have a negligible effect on Dram-

men clay. This line is also found by the tested Viasvesi sand, which is in contradiction 

with what [14] mentions. [14] mentions OCR has a neglectable effect on Gmax by non-

plastic soils. Because OCR is noticed to not have a negligible effect in this research, it is 

introduced in equation (54) and (55). A possible explanation that OCR has an effect on 

the stiffness is that deformations of the grain structure occur, which might cause the 

grains to have more or better localized contacts and restraints, which is also noticed by 

[15]. Therefore OCR might have an increasing effect on the stiffness of the tested soil.  

The equation for test 6, 7 and 8 will have the form, as given in equation (54): 

 𝑮𝒎𝒂𝒙 = 𝑨 ∗
(𝒙−𝒆)𝟐

𝟏+𝒆
∗

𝒑′𝒏

𝒑′𝒂
𝒏 ∗ 𝑶𝑪𝑹𝒎       (54) 

For test 6, 7 and 8: 

  𝑨 = 𝟑𝟐𝟑. 𝟐𝟕𝟑𝟒 

  𝒙 = 𝟏. 𝟒𝟑𝟑𝟓 

  𝒎 = 𝟎. 𝟏𝟎𝟒𝟔 

  𝒏 = 𝟎. 𝟒𝟗𝟐𝟏 

 

The equation for test 9, 10, 11, 12 and 13 will have the form, as given in equation 

(55): 

 𝑮𝒎𝒂𝒙 = 𝑨 ∗
(𝒙−𝒆)𝟐

𝟏+𝒆
∗ 𝒑′𝒏

∗ 𝒑′𝒂
(𝟏−𝒏)

∗ 𝑶𝑪𝑹𝒎     (55)  

 For test 9, 10, 11, 12 and 13: 

  𝑨 = 𝟐𝟖. 𝟖𝟐𝟎𝟐 

  𝒙 = 𝟏. 𝟎𝟎𝟐𝟖 
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  𝒎 = 𝟎. 𝟏𝟐𝟖𝟔 

  𝒏 = 𝟎. 𝟑𝟖𝟓𝟎 

 

With the overconsolidation as mentioned in [65]: 

  𝑂𝐶𝑅 =
𝑝′

𝜎𝑚
′ .  

  Where    

     𝑝′ is the maximum occured pressure in the sample  

     𝜎𝑚
′  is the pressure step of the calculation 

 

Additionally, Table 29 gives an overview of the OCR used during the calculations. 

 

Table 29. OCR for different pressure steps 

Step P’ (kPa) OCR (-) 

First 50 2 

Second 100 1 

Third 300 0.33 

Fourth 100 3 

Fifth  50 6 

 

It can be noticed equation (54) looks similar to a combination of equation (2) and (4). 

Next, equation (55) looks similar to equation (4). Therefore it might be concluded that (2) 

and (4) are good equations to base on to define new equations for different sands.  

The result of equation (54) for test 6, 7 and 8 is plotted in Figure 90, compared to the 

values received via the resonant column. As can be seen in Figure 90, an R² value of 

0.9218 is received with equation (54). Additionally, equation (55) is plotted in Figure 91 

for test 9, 10, 11, 12 and 13 and it can be seen in Figure 91 the proposed equation 

matches with an R²-value of 0.9361.  

Additionally, Figure 92 and Figure 93 show the curves from equation (54) respectively 

equation (55) compared to different test data and different void ratios. As can be seen, 

the data in both Figure 92 and Figure 93 can be noticed a lower void ratio, means a 

higher stiffness is received. Besides, a higher effective confining pressure means a 

higher stiffness. This is noticed both by the conducted tests and the proposed equations. 

It needs to be noted the test data with void ratio 0.60 (test 11) and 0.64 (test 9) in 

Figure 93 deviate from the rest of the data. A possible explanation might be that, due to 

the problem that the used caliper sometimes changes incorrect, one of the diameters is 



138 
 

measured wrong. Therefore, the density and void ratio might have been determined 

incorrect. 

Compared to the R²-values from equation (2), (4) and (5) as shown in Figure 88, the 

proposed equations (54) and (55) have a higher reliability for Viasvesi sand, as shown 

in Figure 90 and Figure 91. 

 

Figure 90. Test 6, 7 and 8 compared to the proposed equation (54) 

 

 
Figure 91. Test 9, 10, 11, 12 and 13 compared to the proposed equation (54) 
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Figure 92. Loading and unloading cycle compared with equation (54) for test 6, 7 

and 8 
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Figure 93. Loading and unloading cycle compared with equation (55) for test 9, 10, 

11, 12 and 13 
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5. DISCUSSION 

5.1 Occurred difficulties 

During the testing series a lot of difficulties occurred. First of all, the difficulties regard-

ing the bender elements will be discussed. Additionally, the difficulties regarding the res-

onant column will be briefly discussed. Next to this, a few global problems will be dis-

cussed.  

Regarding the bender elements, it was noticed the piezoceramic elements are very 

vulnerable. First of all, the bender elements in the original set up had to be changed 

because they did not work anymore. Because of this, the elements came out of the top 

and pedestal for a longer distance, which made them more vulnerable. Due to this, an 

element was broken again. Additionally, after performing a resonant column measure-

ment, a bender element got also broken once. The problem which occurred when a 

bender element got broken is that it took up to 30 hours to repair it, because a waiting 

time had to be respected to repair it. 

Next to the vulnerability of the bender elements, the problem occurred that with the 

used function generator it is only possible to send one frequency. Due to this it was hard 

to define where the point had to be taken to define the first time of arrival and peak to 

peak method. The first time of arrival was still possible, but it seemed impossible to define 

the peak to peak and therefore this method is not used. Regarding the send amplitude 

no problems occurred. 

Performing the resonant column test was an elaborate task. First of all, the device 

had to be calibrated. This is done according to ASTM D 4015-15 [49]. The problem with 

this standard is that it is very complicated. It took a long time before it was fully under-

stood how to calibrate the device. Due to learning to work with this standard and because 

the stress in the springs in the resonant column had been changed because the device 

stopped working, the calibration of the resonant column had to be done over a few times, 

both with and without calibration rod.  

Next, it was hard to make a working program to calculate the actual shear stiffness 

according to ASTM D 4015-15 [49]. The problem hereby was that a lot of equations had 

to be used, and a complex number had to be calculated iterative.  

Once the actual resonant column tests started, it was hard to learn to know what to 

measure and which parameters had to be changed. Eventually this took a while before 

a first ‘good’ stiffness reduction curve was obtained from the measurements, because 

trial and error had to be done. 
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To keep the triaxial cell in balance a contra-weight is used. Nevertheless, this weight 

needed to be changed when the pressure cell was at its place, to bring the motor in 

balance with this contra-weight. A few samples got crushed because the correct weight 

to keep the motor in balance had to be searched, or because something went wrong 

during changing the contra-weight. 

Sometimes during saturating the sample, it occurred because of a damaged mem-

brane, the pore water pressure kept increasing in the Skempton-B measurements. In the 

beginning, it was not known the cause was a damaged membrane, which caused loss 

of time because after a while oil or air started to leak through the burette.   

Another problem which occurred in every test, was an oil leakage through the con-

nections between the different parts of the cell. When the pressure increased, more oil 

started to leak. This is caused by the rubber ring used to close the cell. Because it had 

too big dimensions, a band had to be cut off a roll. This caused the problem it did not 

fully conceal the bottom part from the top part of the cell. Due to this, at the locations 

where a leakage was noticed, a scale was placed to try to catch as much oil as possible 

to try to reuse it later. 

Additionally, it was told to try to prepare samples with the wet pluviation method. The 

problem with this method is that even when an increased static load is used, the samples 

do not get densified enough. Therefore, after a while the preparing method is changed 

to moist tamping, which is faster, less elaborate and easier to get a wider range of den-

sities.  

5.2 Resonant column tests 

5.2.1 Shear modulus reduction for Viasvesi sand 

It can be concluded via Figure 68 soil has a memory, as well known in soil mechanics, 

when neglecting the 100 kPa cycles in test 7 and 10 (respectively Figure 68 (B) and (E)). 

The unloading step on a same pressure has a higher stiffness then the first step on this 

pressure. This is interesting, because by loading and unloading a soil you can make it 

react stiffer, and thus resist higher loads in a later stage, during service. Additionally, this 

might also be useful during excavations. 

 

With caution taken into mind because the data in Figure 69 and Figure 70 is not sig-

nificant enough, it can be concluded soil reacts stiffer until higher strain levels during 

unloading cycles, compared to the loading cycles. A possible explanation for this might 
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be that relocation occurs during the consolidation in the grain structure. Therefore, the 

soil will deform less during unloading and thus reacts stiffer until higher strains. 

As Figure 71 shows clearly, the stiffness is higher in every pressure step with lower 

void ratio. Additionally, Figure 72 shows the same as Figure 71, except a small deviation 

with a reversed effect occurs in Figure 72 (test 9) and (test 11). An explanation for this 

deviating data is that the caliper sometimes changes incorrect. Therefore, the diameter 

might have been measured wrong by one of these two tests, and thus the density and 

void ratio might have been determined incorrect. Though, the rest of the data - test 6, 7, 

8, 10, 12 and 13 - follow the expectations. This effect can be explained by lower void 

ratios, more contact points are occurring in the sample, which lets the sample react 

stiffer. Additionally, the contact points might also be localized at better positions, which 

might also let the samples react stiffer. 

5.2.2 Normalized shear modulus reduction with normalisation 
with resonant column for Viasvesi sand 

From the data of Figure 74 and Figure 75 it is hard to draw a conclusion. It is both by 

50 and 100 kPa that the unloading cycle starts to decrease at a higher strain level ap-

proximately the same amount of times as the loading cycles starts to decrease at a higher 

strain level. Next to this, test 10 (Figure 74 (E) and Figure 75 (E)) starts to decrease by 

both 50 kPa curves at the same strain level. An explanation might be that more param-

eters play a role in determining the shear modulus reduction curves. By example OCR 

plays a role, but also p’, e and Cu might play a role. Therefore, when all these parameters 

their effect are cumulated, they might affect each other differently. Possibly due to this 

reason, no correlation is found between the curves.  

About the inclination of the curves it is actually possible to draw a conclusion. Most 

curves are parallel to each other, although they start to decrease at different strain levels. 

Therefore, it can be stated that the curves should have the same inclination during res-

onant column tests.  

 

According to Figure 18 [15], G/Gmax needs to start to decrease at higher strains, when 

tests are conducted with higher void ratios. Figure 76 shows the reversed effect, which 

might be caused because [15] only changes the void ratio, while other parameters (for 

example the strength and OCR) are kept constant. Therefore the effect of changing the 

void ratio is studied on a constant failure point. This constant failure point is not the case 

in laboratory tests, and therefore this curve is only comparable to see what the influence 
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is from the void ratio. Actually more parameters change during an actual test, which 

might cause Figure 76 to be the real behaviour that needs to be expected.  

Additionally, Figure 77 gives no more information about the correlation between the 

void ratio and the normalized shear modulus reduction. An explanation for this is that 

during the testing series some major problems occured, for example inaccurate reading 

the different graphs on the computer, which cause the data to have no correlation. 

5.2.3 Normalized shear modulus reduction with normalisation 
with bender elements for Viasvesi sand 

Figure 78 shows the difference between the normalized shear modulus reduction 

curves during different pressure steps for each test, normalized with Gmax determined 

with bender elements. As shown in Figure 2 [16] and Figure 30 [15], a relation should be 

noticed between the curves in Figure 78. In Figure 2 [16], at low plasticity indexes, as for 

sand is the case, the normalized curves start to decrease at higher strain levels when 

higher confining pressures are initiated. This is something that should have been noticed 

during the testing series. Additionally, Figure 30 [15] mentions the normalized curves 

from low plastic clays should decrease at higher strain levels when overconsolidated 

clays are studied. This would mean during the unloading steps, the normalized shear 

modulus decreases at higher strain levels compared to the virgin loadings. 

What can be noticed in this data is that in test 6, 9, 11 and 12, respectively Figure 78 

(A), (B), (D) and (E), the 300 kPa cycle starts to decrease at the lowest strain level. This 

is against expectations, where the normalisation of 300 kPa should come after the load-

ing 100 kPa, which should come after the loading 50 kPa, as earlier explained by Figure 

2 [16]. An explanation might be that measurements in the 300 kPa pressure step start at 

lower strains, which causes to give a higher resonant column value during this strain 

level. Additionally, other curves are only measured in the stiffness-decreasing part of the 

curve, which causes the normalisation to be not complete. A possible cause that these 

curves are only shown in the stiffness decreasing part is, as Figure 89 shows, the bender 

elements give slightly higher maximum shear moduli compared to the resonant column 

and therefore the normalized part is different. Next to this, some curves have a horizontal 

part, but the decrease of the stiffness starts at a higher strain level, but in an order which 

is not expected, according to Figure 2 [16]. Therefore, no conclusion can be drawn out 

of Figure 78.  
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If looked to test 10, 11 and 13, respectively Figure 79 (C), (D) and (F), a possibility 

exists the unloading curve needs to decrease at a higher strain level than the loading 

curve. Caution should be taken with this conclusion, because test 11 and 13 both have 

a curve without horizontal part, and thus have no part with ‘constant’ stiffness. Neverthe-

less, this theory is confirmed by analysing theoretical data in Figure 30 [15], where higher 

overconsolidation ratios decrease at higher strain levels.  

Confirming the conclusion of Figure 79 via Figure 80 is hard, because not much use-

able data is available. Therefore, to draw a conclusion is mainly looked at Figure 79.  

5.3 Bender element tests 

Figure 82, Figure 85 and Figure 86 show a stiffer reaction during unloading, which 

can be explained by consolidation. Due to deformation of the particle structure, more 

contact points are available. This causes more restraints or better localized, and thus a 

stiffer reaction. 

Additionally, a lower value of stiffness measured via the bender elements at the end 

of a cycle is noticed. This higher stiffness can be explained as follows: the resonant 

column loads the sample at different frequencies and amplitudes. Due to this, when a 

measurement is done at the end of the cycle, a certain disturbance might have occurred, 

for example less good contact between the soil and bender elements. Therefore, when 

a second measurement is done, it takes a longer time to receive a good signal.  

5.4 Comparison of Gmax from bender elements, resonant col-

umn and predictions 

As noticed in the section 4.8, a general line was found between the maximum stiffness 

obtained by the tests and the equation of ‘Wichtmann and Triantafyllidis (4)’, ‘Menq (2)’ 

and ‘Senetakis et al. (5)’. It can be concluded all three equations give acceptable accu-

racy, as Figure 88 shows clearly that most predicted values are lower compared to the 

testing series. Although, ‘Wichtmann and Triantafyllidis (4)’ – with the highest R²-value 

of 0.3701 - is in most cases the most correct equation, as Figure 88 shows. All three 

equations give a less stiff result compared to the reality, or in a single case a comparable 

value.  
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Additionally, Figure 89 gives a view about the difference between Gmax obtained with 

the resonant column and the bender elements. As can be seen, the results stroke with 

each other, which can indicate that the measurements are done correctly. Next, it is 

possible to see in Figure 89 the bender elements give slightly higher results compared 

to resonant column, which is also noticed in previous conducted research, such as [43]. 

This might be a possible reason why the normalization via Gmax from the bender elements 

is slightly deviating from the normalization via Gmax from the resonant column tests. 

5.5 Proposition of equation to determine very small strain 

shear stiffness of Viasvesi sand 

It can be concluded both equation (54) and (55) matches in both cases with the 

measurements. This can be stated because data shown in both Figure 90 and Figure 91 

have a R² above 0.90. Therefore both equations match with the testing data.  

Additionally, equation (54) and (55) are more reliable compared to equation (2), (4) 

and (5), which are not fully correct to use for Viasvesi sand. This can be explained 

because these equations are proposed for more general use. For example, equation (4) 

is proposed to be useable for uniformity coefficients of 1.5 to 15 and d50 of 0.1 to 6 mm. 

Due to these wide ranges of uniformity coefficients and d50, it is very hard to propose an 

equation which is correct for every type of sand. In comparison, the used Viasvesi sand 

during these testing series has a coefficient of uniformity of 2 and d50 is 0.5 mm. 

Therefore it can expected that due to the limited range of these 2 parameters, equation 

(54) and (55) are more reliable. In addition, equation (54) and (55) take the OCR in 

account, which makes them more correct. 

 



147 
 

6. CONCLUSIONS 

During the tests, loading and unloading resonant column and bender element 

measurements are done on Viasvesi sand, which is a uniform sand. The resonant 

column is mainly used to define the shear modulus reduction curve, while the bender 

elements are used to define the maximum shear stiffness Gmax. The tests are conducted 

on a wide range of void ratios. (𝑇𝑒𝑠𝑡 6, 7, 8: 𝑒 = 0.53 𝑡𝑜 0.69; 𝑇𝑒𝑠𝑡 9, 10, 11, 12, 13: 𝑒 =

0.60 𝑡𝑜 0.70).  

With the resonant column tests, in Figure 68 the 300 kPa has in all cases the highest 

stiffness. Additionally, the loading cycle of 50 kPa has the lowest stiffness in all cases. 

Besides, in most cases the unloading 50 kPa has the second lowest stiffness, followed 

by loading and unloading 100 kPa. The bender elements follows the same line as the 

resonant column, where is noticed the Gmax by the unloading cycles is higher compared 

to the loading cycles. Due to this, it can be concluded from the shear modulus reduction 

curves and the maximum shear modulus, soil has a ’memory’. Besides, Figure 69 and 

Figure 70 makes clear with a bit of caution due to some insignificance in the data, the 

sand reacts stiffer until higher strain levels during unloading cycles. An explanation is 

due to consolidation the grain structure deforms. Therefore the soil will become less 

deformable due to more or better localized restraints, which causes the sand to react 

stiffer during unloading. 

Additionally, in Figure 71 and Figure 72 the sand reacts stiffer at lower void ratios. An 

explanation might be that more contact points occur by lower void ratios. Therefore, a 

higher resistance occurs against deformation. 

When data received via the resonant column gets normalized, the results become 

less certain. First of all, no clear relation can be found between the measurements on 

different pressures at a constant void ratio, which is in contradiction with Figure 2 [16]. 

Besides, in Figure 74 and Figure 75 the data of the loading and unloading cycle at the 

same effective confining pressure is plotted next to each other. It is noticed both loading 

and unloading start to decrease approximately the same amount of times at a higher 

strain level. An explanation is that more parameters influence each other, which might 

make the results fluctuating. Therefore, a cumulation of effects can occur, which have a 

differing influence in different situations. 

Additionally, Figure 76 and Figure 77 show stiffness reduction curves at a constant 

p’, with different e. In Figure 77, for test 9 to 13, no correlation is found. Next to this, 

Figure 76 shows that with increasing void ratio, the strain level at which the decrease of 
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the curve becomes pronounced, is lower. This is in contradiction with Figure 18 [15], 

where the reversed effect occurs. An explanation for this is that [15] only changes the 

void ratio, with as few as possible other parameters. In reality more parameters change 

when something is changed in the set up. Therefore it is possible the outcome in this 

research is correct. Besides, the effect in Figure 77 is possibly explainable by some er-

rors conducted during conducting the measurements. 

In some cases a second measurement is done with the bender elements at the end 

of a pressure cycle. It is noticed at 100 kPa effective confining pressure the second 

measurement always had a lower stiffness compared to the measurement immediately 

after consolidation. It can be concluded that due to disturbance because of the resonant 

column, an irregularity occurs, which makes the sample react less stiff. This is for exam-

ple a loss of good contact between the sand sample and the bender elements. At the 50 

kPa cycles, this effect is less pronounced, which is possibly explainable by lesser support 

from the confining fluid and higher OCR. 

The data received via the bender elements and resonant column tests are compared 

to equations (2), (4) and (5). One general line was hereby found: all 3 equations under-

estimate the stiffness and are therefore acceptable to use, although equation (4) is the 

most correct equation with 𝑅² = 0.3701. Additionally, the values received with the reso-

nant column and bender elements are comparable with each other. Hereby, 𝑅² = 0.9847 

is received. Therefore, it is possible to conclude that Gmax is determined correct, although 

the bender elements give slightly higher stiffness values compared to the resonant col-

umn tests.  

Finally, 2 equations (54) and (55) are proposed for the certain Viasvesi sand. Equation 

(54) is proposed for test 6, 7 and 8 and gives 𝑅² = 0.9218 compared with the Gmax ob-

tained via the resonant column, while equation (55) is proposed for test 9 to 13 and gives 

𝑅² = 0.9361 compared with Gmax obtained via bender elements. Therefore both equa-

tions are acceptable to use, because stiffness parameters determined with resonant col-

umn tests and bender elements can have a deviation up to 20 %. Compared to equations 

(2), (4) and (5), equation (54) and (55) are much more reliable to use on Viasvesi sand, 

because of the limited range of the grain size distribution wherefor they are proposed. 
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7. FUTURE (RESEARCH) POSSIBILITIES 

During the research, it was first planned to do research both on isotropic and aniso-

tropic loadings. Due to some problems which occurred, measurements in anisotropic 

stress states are not conducted. Therefore this is something that can be done in future 

research. 

Next, it can be useful to determine the minimum and maximum void ratio of the used 

Viasvesi sand. When these two parameters are determined, it is possible to define the 

relative density, which makes it possible to define how wide the range of void ratios can 

be during the testing series. Additionally, it might be useful to do triaxial tests to define 

the friction angle of the certain sand.   

Next, as not all collected data during this research is consistent, it is useful to conduct 

more tests on Viasvesi sand. In this case it is possible to see if more consistent data can 

be found or that the irregularities are something that can be noticed by more measure-

ments. 

Besides, it was not always easy to declare if resonance was reached. Next, it was not 

always easy to read the graph with the phase shift, voltage input and acceleration accu-

rately enough. Therefore, it might be useful, if possible, to automate the computer pro-

gram to determine the data for the resonant column. In this case, the data will be less 

dependent on the user of the set-up. Additionally, it might be useful to make a program 

to define the traveling time of the shear wave by the bender elements (APTP, MPTP, 

MFTOA). With the oscilloscope, it is possible to define the travel time, but you have to 

keep your mind more at what you are doing, while with the device where I learned to 

work with the bender elements, it is much easier to define the point of FTOA and PTP, 

without deleting the data by pressing on a wrong button. 

To make it easier to work with the contra-weight, it can be useful to edit the set-up 

from the cell. Now, mass needs to be taken away or added manually, while it can be 

possible to make a set-up to lift the mass so it does not influence the contra-weight while 

doing tests. Additionally, this can make it possible to initiate anisotropic stress states 

easier.  

If the used set-up is used later, it might be useful to replace it to a place where it is 

possible to walk completely around the table. At the current location, it is hard to manip-

ulate some places of the cell. This was for example a problem while connecting the top- 

and bottom part of the cell with bolts. 
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APPENDIX A: SKEMPTON-B 

 
∆𝑼𝒄 (kPa) ∆𝝈𝒄 (kPa) B-value (-) 

TEST 6 1.06 12.65 0.08  
1.24 13.05 0.10  
1.24 13.01 0.10  
1.10 13.02 0.08  
1.18 13.08 0.09  
1.30 13.08 0.10  
1.15 13.05 0.09  
1.25 13.05 0.10  
1.15 13.12 0.09  
1.16 13.01 0.09  
1.24 13.07 0.09  
1.19 13.03 0.09  
1.22 12.99 0.09  
1.24 13.14 0.09  
1.29 13.05 0.10  
1.27 13.19 0.10     

TEST 7 1.13 10.24 0.11  
1.10 10.56 0.10  
1.12 10.65 0.11  
1.10 10.69 0.10  
1.18 10.63 0.11  
1.11 10.60 0.10  
1.20 10.62 0.11  
1.27 10.70 0.12  
1.15 10.66 0.11  
1.18 10.75 0.11  
1.19 10.65 0.11  
1.23 10.64 0.12  
1.09 10.62 0.10  
1.38 11.20 0.12  
1.62 11.69 0.14  
1.78 11.85 0.15  
1.68 11.82 0.14  
1.78 11.88 0.15  
1.79 11.96 0.15  
1.85 12.06 0.15  
1.72 11.98 0.14  
1.80 12.07 0.15  
1.83 11.77 0.16  
1.78 11.56 0.15  
1.76 11.94 0.15  
1.91 12.03 0.16  
1.84 11.96 0.15 
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1.66 11.49 0.14  
1.77 12.02 0.15  
1.87 12.00 0.16  
1.87 12.02 0.16  
1.75 11.80 0.15  
1.62 11.57 0.14  
1.68 11.55 0.15  
1.72 11.63 0.15  
1.78 11.61 0.15  
1.70 11.73 0.14  
1.83 11.84 0.15  
1.78 11.77 0.15  
1.76 11.66 0.15  
1.70 11.45 0.15  
1.74 11.74 0.15  
1.87 11.96 0.16  
1.92 12.07 0.16  
1.87 11.96 0.16  
1.90 12.03 0.16  
1.85 12.09 0.15  
1.79 11.97 0.15  
1.86 11.93 0.16  
1.88 11.95 0.16  
1.72 11.88 0.14  
1.81 11.87 0.15  
1.75 11.76 0.15  
1.88 11.64 0.16  
1.64 11.65 0.14  
1.74 11.65 0.15  
1.84 11.91 0.15  
1.92 11.98 0.16  
1.92 11.93 0.16  
1.79 11.71 0.15  
1.71 11.71 0.15  
1.72 11.85 0.14  
1.93 11.96 0.16  
1.93 11.98 0.16  
1.92 11.98 0.16  
1.92 11.98 0.16  
1.85 11.74 0.16  
1.82 11.56 0.16  
1.74 11.72 0.15     

TEST 8 1.54 9.25 0.17  
1.74 9.71 0.18  
1.82 9.75 0.19  
1.74 9.87 0.18  
1.81 9.84 0.18 
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1.74 9.87 0.18  
1.65 9.85 0.17  
1.78 9.78 0.18  
1.82 9.79 0.19  
1.92 10.20 0.19  
2.01 10.34 0.19  
2.30 10.77 0.21  
2.38 11.09 0.21  
2.31 11.19 0.21  
2.30 11.02 0.21  
2.22 10.85 0.20  
2.25 10.72 0.21  
2.16 10.82 0.20  
2.13 10.82 0.20  
2.21 10.69 0.21  
2.19 10.70 0.20  
2.25 10.80 0.21  
2.20 10.69 0.21  
2.17 10.79 0.20  
2.32 11.12 0.21  
2.27 11.30 0.20  
2.32 11.06 0.21  
2.29 11.19 0.20  
2.33 11.18 0.21  
2.31 11.18 0.21  
2.38 11.10 0.21  
2.21 10.94 0.20     

TEST 9 1.98 12.03 0.16  
2.13 11.95 0.18  
2.14 11.99 0.18  
2.27 12.02 0.19  
2.41 12.04 0.20  
2.36 12.03 0.20  
2.55 11.97 0.21  
2.73 11.96 0.23  
2.73 11.95 0.23  
2.86 11.95 0.24  
2.85 11.92 0.24  
2.96 11.92 0.25  
3.08 11.88 0.26  
3.39 12.15 0.28  
3.50 12.74 0.27  
3.75 12.87 0.29  
3.89 13.06 0.30  
4.12 13.26 0.31  
4.09 13.24 0.31  
4.31 13.37 0.32 
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4.31 13.27 0.32  
4.27 13.17 0.32  
4.29 12.94 0.33  
4.46 13.04 0.34  
4.67 12.97 0.36  
4.72 13.11 0.36  
4.88 13.35 0.37  
4.91 13.23 0.37  
5.06 13.22 0.38  
5.10 13.24 0.38  
5.27 13.25 0.40  
5.35 13.24 0.40  
5.25 12.87 0.41  
5.36 13.05 0.41  
5.52 13.14 0.42  
5.62 13.12 0.43  
5.62 13.18 0.43  
5.71 12.99 0.44  
5.68 12.85 0.44  
5.95 13.23 0.45  
6.03 13.17 0.46  
6.15 13.14 0.47  
6.08 12.95 0.47  
6.08 12.81 0.47  
6.36 13.28 0.48  
6.43 13.23 0.49  
6.46 13.18 0.49  
6.51 12.84 0.51  
6.51 12.82 0.51  
6.58 12.91 0.51  
6.82 13.16 0.52  
6.79 13.24 0.51  
6.89 12.96 0.53  
6.92 12.75 0.54  
6.91 12.77 0.54  
6.91 12.82 0.54  
6.98 12.75 0.55  
7.24 12.86 0.56  
7.38 13.09 0.56  
7.52 13.15 0.57     

TEST 10 1.14 12.82 0.09  
1.10 13.14 0.08  
1.39 13.35 0.10  
1.39 13.45 0.10  
1.28 13.50 0.10  
1.45 13.49 0.11  
1.36 13.54 0.10 
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1.42 13.61 0.10  
1.39 13.48 0.10  
1.38 13.49 0.10  
1.41 13.58 0.10  
1.30 13.50 0.10  
1.42 13.55 0.10  
1.43 13.51 0.11  
1.55 13.81 0.11  
1.59 14.06 0.11  
1.74 14.35 0.12  
1.89 14.61 0.13  
1.94 14.68 0.13  
1.88 14.80 0.13  
2.02 14.86 0.14  
1.97 14.78 0.13  
1.99 14.77 0.13  
1.98 14.77 0.13     

TEST 11 1.15 12.37 0.09  
1.16 12.31 0.09  
1.19 12.38 0.10  
1.33 12.93 0.10  
1.55 13.40 0.12  
1.71 13.64 0.13  
1.66 13.69 0.12  
1.68 13.67 0.12  
1.56 13.46 0.12  
1.46 13.28 0.11  
1.58 13.30 0.12  
1.46 13.33 0.11  
1.56 13.47 0.12  
1.68 13.60 0.12  
1.63 13.62 0.12  
1.67 13.73 0.12  
1.55 13.35 0.12  
1.51 13.27 0.11  
1.42 13.35 0.11  
1.59 13.25 0.12  
1.54 13.26 0.12  
1.72 13.44 0.13  
1.68 13.72 0.12  
1.70 13.72 0.12  
1.71 13.78 0.12  
1.61 13.55 0.12  
1.60 13.24 0.12  
1.47 13.27 0.11  
1.51 13.42 0.11  
1.55 13.44 0.12 
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1.59 13.39 0.12  
1.62 13.46 0.12  
1.69 13.66 0.12  
1.70 13.70 0.12  
1.67 13.53 0.12  
1.66 13.59 0.12  
1.65 13.64 0.12  
1.67 13.73 0.12  
1.78 13.73 0.13  
1.75 13.70 0.13  
1.59 13.61 0.12  
1.56 13.24 0.12  
1.64 13.49 0.12  
1.60 13.70 0.12  
1.69 13.69 0.12  
1.68 13.58 0.12  
1.70 13.45 0.13  
1.62 13.27 0.12  
1.78 13.69 0.13  
1.71 13.77 0.12  
1.66 13.65 0.12  
1.80 13.65 0.13  
1.77 13.66 0.13  
1.74 13.61 0.13  
1.70 13.56 0.13  
1.62 13.30 0.12  
1.63 13.46 0.12  
1.75 13.74 0.13  
1.68 13.72 0.12  
1.55 13.28 0.12  
1.66 13.54 0.12  
1.72 13.72 0.13  
1.73 13.67 0.13  
1.70 13.51 0.13  
1.53 13.36 0.11  
1.47 13.36 0.11  
1.62 13.23 0.12  
1.57 13.24 0.12  
1.64 13.24 0.12  
1.64 13.26 0.12  
1.69 13.40 0.13  
1.73 13.67 0.13  
1.73 13.56 0.13  
1.69 13.67 0.12  
1.65 13.61 0.12  
1.58 13.26 0.12  
1.50 13.39 0.11  
1.79 13.61 0.13 
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1.81 13.63 0.13  
1.68 13.53 0.12  
1.70 13.43 0.13  
1.45 13.22 0.11  
1.59 13.19 0.12  
1.58 13.36 0.12  
1.53 13.25 0.12  
1.57 13.45 0.12  
1.66 13.44 0.12     

TEST 12 0.98 12.21 0.08  
0.64 12.24 0.05  
0.86 12.19 0.07  
0.97 12.67 0.08  
1.23 13.10 0.09  
1.33 13.61 0.10  
1.42 13.55 0.10  
1.37 13.62 0.10  
1.42 13.52 0.10  
1.27 13.59 0.09  
1.25 13.56 0.09  
1.34 13.61 0.10  
1.30 13.59 0.10  
1.35 13.57 0.10  
1.35 13.57 0.10  
1.43 13.46 0.11  
1.21 13.43 0.09  
1.21 13.39 0.09  
1.31 13.53 0.10  
1.38 13.48 0.10  
1.42 13.51 0.11  
1.37 13.53 0.10  
1.41 13.55 0.10  
1.34 13.37 0.10  
1.31 13.11 0.10  
1.22 13.13 0.09     

TEST 13 0.96 11.56 0.08  
0.94 11.73 0.08  
1.00 11.88 0.08  
1.10 12.06 0.09  
1.06 12.06 0.09  
1.09 12.04 0.09  
0.99 12.02 0.08  
1.10 12.22 0.09  
1.11 12.02 0.09  
1.07 12.06 0.09  
1.22 12.07 0.10 
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1.19 12.11 0.10  
1.13 11.94 0.09  
1.09 12.09 0.09  
1.23 12.14 0.10  
1.35 12.54 0.11  
1.59 13.09 0.12  
1.59 13.33 0.12  
1.58 12.93 0.12  
1.51 12.91 0.12  
1.58 13.01 0.12  
1.64 13.36 0.12  
1.75 13.43 0.13  
1.66 13.38 0.12  
1.65 13.14 0.13  
1.58 12.89 0.12  
1.57 13.00 0.12  
1.79 13.30 0.13  
1.74 13.30 0.13  
1.71 13.33 0.13  
1.61 13.20 0.12  
1.56 13.09 0.12  
1.56 13.03 0.12  
1.74 13.31 0.13  
1.86 13.39 0.14  
1.76 13.37 0.13  
1.64 13.04 0.13  
1.76 13.11 0.13  
1.83 13.44 0.14  
1.75 13.44 0.13  
1.81 13.37 0.14  
1.82 13.52 0.13  
1.83 13.47 0.14  
1.72 13.45 0.13  
1.85 13.36 0.14  
1.81 13.41 0.14  
1.72 13.30 0.13 
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APPENDIX B: OUTPUT CALCULATION 
RESONANT COLUMN 

TEST 6 

TEST 6 p’  
(kPa) 

G 
(MPa) 

Average strain 
(%) 

G/Gmax, RC (-) G/Gmax, BE (-) 

first step 50 83 0.0008 1.00 0.98   
85 0.0009 1.00 1.00   
79 0.0009 0.95 0.93   
81 0.0040 0.97 0.94   
78 0.0076 0.94 0.92   
76 0.0164 0.91 0.89   
76 0.0274 0.91 0.89       

second 
step 

100 87 0.0006 1.00 0.87 

  
84 0.0016 0.97 0.84   
87 0.0021 1.00 0.87   
80 0.0084 0.91 0.80   
80 0.0129 0.92 0.80   
82 0.0156 0.95 0.83   
80 0.0308 0.92 0.81   
80 0.0392 0.92 0.80       

third step 300 172 0.0009 1.00 1.00   
173 0.0011 1.00 1.00   
166 0.0015 0.96 0.99   
154 0.0027 0.89 0.92   
137 0.0119 0.80 0.82   
137 0.0144 0.80 0.82   
139 0.0159 0.81 0.83   
141 0.0160 0.82 0.84   
147 0.0168 0.85 0.88       

fourth 
step 

100 127 0.0011 1.00 0.96 

  
133 0.0017 1.00 1.00   
135 0.0019 1.00 1.00   
131 0.0026 1.00 0.99   
109 0.0131 0.86 0.83   
107 0.0242 0.84 0.81       

fifth step 50 95 0.0015 1.00 1.00   
95 0.0020 1.00 1.00   
91 0.0034 0.96 1.00 
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81 0.0088 0.85 1.00   
81 0.0122 0.86 1.00   
80 0.0212 0.84 1.00   
80 0.0257 0.84 1.00   
82 0.0261 0.87 1.00 

 

TEST 7 

TEST 7 p’  
(kPa) 

G 
(MPa) 

Average strain 
(%) 

G/Gmax, RC (-) 

first step 50 107 0.0037 1.00   
105 0.0044 0.98   
103 0.0052 0.97   
99 0.0071 0.93   
89 0.0158 0.84   
87 0.0250 0.81   
86 0.0332 0.80   
85 0.0405 0.80   
87 0.0381 0.82      

second 
step 

100 156 0.0025 1.00 

  
160 0.0027 1.00   
152 0.0040 0.98   
151 0.0053 0.97   
139 0.0127 0.89   
137 0.0199 0.88   
135 0.0293 0.87   
136 0.0328 0.87      

third step 300 234 0.0011 1.00   
230 0.0014 0.98   
228 0.0017 0.98   
226 0.0023 0.97   
225 0.0027 0.96   
215 0.0049 0.92   
203 0.0142 0.87   
201 0.0204 0.86   
200 0.0298 0.85      

fourth 
step 

100 149 0.0027 1.00 

  
148 0.0035 0.99   
147 0.0043 0.98   
137 0.0076 0.92   
127 0.0155 0.85   
123 0.0258 0.83 
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122 0.0362 0.82      

fifth step 50 127 0.0032 1.00   
130 0.0036 1.00   
130 0.0042 1.00   
128 0.0055 1.00   
112 0.0163 0.88   
110 0.0239 0.87   
110 0.0290 0.87 

 

TEST 8 

TEST 8 p’  
(kPa) 

G 
(MPa) 

Average strain 
(%) 

G/Gmax, RC (-) 

first step 50 115 0.0020 1.00   
118 0.0022 1.00   
119 0.0027 1.00   
116 0.0038 1.00   
117 0.0047 1.00   
117 0.0057 1.00   
114 0.0079 0.99   
108 0.0137 0.94   
111 0.0141 0.96   
115 0.0164 0.99      

second 
step 

100 209 0.0017 1.00 

  
207 0.0026 0.99   
206 0.0032 0.98   
197 0.0042 0.94   
194 0.0050 0.93   
189 0.0081 0.90   
187 0.0094 0.89   
186 0.0106 0.89      

third step 300 253 0.0012 1.00   
259 0.0014 1.00   
261 0.0016 1.00   
260 0.0020 1.00   
261 0.0024 1.00   
262 0.0029 1.00   
253 0.0037 1.00   
245 0.0055 0.97   
238 0.0080 0.94   
230 0.0110 0.91   
231 0.0120 0.91      
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fourth 
step  

100 204 0.0016 1.00 

  
203 0.0020 0.99   
204 0.0025 1.00   
203 0.0031 1.00   
205 0.0036 1.00   
209 0.0037 1.00   
204 0.0046 1.00   
205 0.0057 1.00   
205 0.0072 1.00   
198 0.0109 0.97      

fifth step 50 156 0.0016 1.00   
160 0.0018 1.00   
164 0.0020 1.00   
164 0.0025 1.00   
158 0.0033 1.00   
156 0.0037 1.00   
150 0.0054 0.96   
137 0.0109 0.88   
131 0.0187 0.84   
113 0.0211 0.72 

 

TEST 9 

TEST 9 p’ 
(kPa) 

G 
(MPa) 

Average strain 
(%) 

G/Gmax, RC (-) G/Gmax, BE (-) 

first step 50 224 0.0009 1.00 0.99   
218 0.0013 0.97 0.96   
217 0.0015 0.97 0.96   
197 0.0041 0.88 0.87   
203 0.0048 0.91 0.90   
188 0.0084 0.84 0.83   
182 0.0129 0.81 0.80   
178 0.0176 0.80 0.79      

 
second 
step 

100 275 0.0010 1.00 
1.00   

269 0.0012 0.98 1.00   
260 0.0015 0.95 1.00   
250 0.0024 0.91 0.96   
251 0.0030 0.91 0.96   
245 0.0043 0.89 0.94   
240 0.0059 0.87 0.92   
230 0.0093 0.84 0.88   
213 0.0192 0.78 0.82      
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third step 300 411 0.0005 1.00 0.96   
412 0.0007 1.00 0.96   
406 0.0008 0.99 0.95   
395 0.0011 0.96 0.92   
379 0.0015 0.92 0.89   
341 0.0025 0.83 0.80   
299 0.0049 0.73 0.70   
281 0.0079 0.68 0.66   
274 0.0109 0.67 0.64      

 
fourth 
step 

100 297 0.0007 1.00 
0.94   

310 0.0008 1.00 0.98   
307 0.0010 1.00 0.97   
305 0.0011 1.00 0.96   
312 0.0015 1.00 0.98   
309 0.0020 1.00 0.97   
306 0.0026 1.00 0.96   
303 0.0036 1.00 0.96   
277 0.0070 0.93 0.87   
272 0.0095 0.91 0.86   
259 0.0140 0.87 0.82      

 
fifth step 50 237 0.0011 1.00 0.89   

244 0.0014 1.00 0.91   
236 0.0021 1.00 0.88   
237 0.0027 1.00 0.89   
234 0.0033 0.99 0.88   
234 0.0038 0.99 0.88   
235 0.0050 0.99 0.88   
235 0.0066 0.99 0.88   
224 0.0102 0.95 0.84   
212 0.0161 0.89 0.79 

 

TEST 10 

TEST 10 p’  
(kPa) 

G 
(MPa) 

Average strain 
(%) 

G/Gmax, RC (-) G/Gmax, BE (-) 

first step 50 180 0.0018 1.00 0.93   
187 0.0020 1.00 0.97   
181 0.0028 1.00 0.94   
159 0.0053 0.88 0.82   
150 0.0083 0.83 0.78   
149 0.0111 0.83 0.77   
154 0.0109 0.85 0.80   
156 0.0123 0.87 0.81      
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second 
step 

100 202 0.0011 1.00 
0.95   

202 0.0014 1.00 0.95   
204 0.0016 1.00 0.96   
203 0.0018 1.00 0.95   
198 0.0022 0.98 0.93   
188 0.0035 0.93 0.88   
167 0.0080 0.83 0.78   
162 0.0132 0.80 0.76   
162 0.0164 0.80 0.76   
161 0.0221 0.80 0.76      

 
third step 300 228 0.0014 1.00 0.99   

227 0.0016 0.99 0.98   
225 0.0019 0.99 0.97   
228 0.0022 1.00 0.99   
219 0.0027 0.96 0.95   
218 0.0032 0.95 0.94   
192 0.0092 0.84 0.83   
191 0.0118 0.84 0.83   
194 0.0129 0.85 0.84      

 
fourth 
step 

100 197 0.0011 1.00 
0.77   

198 0.0013 1.00 0.77   
199 0.0016 1.00 0.78   
192 0.0019 0.98 0.75   
189 0.0021 0.96 0.74   
180 0.0029 0.92 0.70   
170 0.0049 0.86 0.67   
158 0.0100 0.81 0.62   
156 0.0149 0.79 0.61      

 
fifth step 50 205 0.0013 1.00 0.90   

209 0.0018 1.00 0.92   
212 0.0022 1.00 0.93   
202 0.0029 0.99 0.88   
194 0.0038 0.95 0.85   
156 0.0162 0.76 0.68   
157 0.0164 0.77 0.69 

 

TEST 11 

TEST 11 p’  
(kPa) 

G 
(MPa) 

Average strain 
(%) 

G/Gmax, RC (-) G/Gmax, BE (-) 

first step 50 219 0.0017 1.00 0.96   
217 0.0019 0.99 0.95 
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214 0.0021 0.98 0.94   
213 0.0024 0.97 0.93   
212 0.0027 0.97 0.93   
210 0.0035 0.96 0.92   
206 0.0048 0.94 0.91   
200 0.0069 0.91 0.88   
184 0.0152 0.84 0.81   
187 0.0160 0.85 0.82      

 
second 
step 

100 252 0.0008 1.00 
0.98   

255 0.0010 1.00 0.99   
253 0.0012 1.00 0.98   
242 0.0016 0.96 0.94   
241 0.0018 0.96 0.93   
233 0.0026 0.93 0.90   
202 0.0071 0.80 0.78   
203 0.0086 0.81 0.79   
200 0.0118 0.80 0.78   
205 0.0123 0.81 0.79      

 
third step 300 338 0.0007 1.00 0.96   

334 0.0009 0.99 0.95   
321 0.0011 0.95 0.91   
317 0.0013 0.94 0.90   
286 0.0022 0.84 0.81   
270 0.0034 0.80 0.77   
248 0.0060 0.73 0.70   
234 0.0109 0.69 0.66      

 
fourth 
step 

100 306 0.0006 1.00 
1.00   

308 0.0007 1.00 1.00   
304 0.0009 0.99 0.99   
293 0.0013 0.96 0.95   
298 0.0015 0.97 0.97   
281 0.0021 0.92 0.91   
283 0.0027 0.92 0.92   
241 0.0060 0.79 0.78      

 
fifth step 50 285 0.0010 1.00 0.96   

285 0.0014 1.00 0.96   
278 0.0019 0.98 0.93   
258 0.0028 0.91 0.87   
233 0.0048 0.82 0.78   
214 0.0083 0.75 0.72   
203 0.0127 0.71 0.68 
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TEST 12 

TEST 12 p’  
(kPa) 

G 
(MPa) 

Average strain 
(%) 

G/Gmax, RC (-) G/Gmax, BE (-) 

first step 50 110 0.0017 1.00 0.88   
112 0.0021 1.00 0.90   
109 0.0029 1.00 0.88   
108 0.0038 0.99 0.87   
107 0.0050 0.97 0.85   
104 0.0071 0.95 0.84   
99 0.0119 0.90 0.80   
92 0.0261 0.84 0.74      

 
second 
step 

100 169 0.0009 1.00 
1.00   

161 0.0013 0.95 1.00   
159 0.0017 0.94 0.99   
161 0.0020 0.95 1.00   
150 0.0038 0.89 0.93   
141 0.0074 0.83 0.87   
139 0.0104 0.82 0.86   
139 0.0136 0.82 0.86   
139 0.0170 0.82 0.86      

 
third step 300 193 0.0013 1.00 0.98   

191 0.0017 0.99 0.97   
193 0.0020 1.00 0.98   
185 0.0026 0.96 0.94   
186 0.0027 0.96 0.95   
180 0.0041 0.93 0.92   
177 0.0057 0.91 0.90   
177 0.0071 0.92 0.90   
178 0.0091 0.92 0.90      

 
fourth 
step 

100 167 0.0009 1.00 
0.99   

173 0.0011 1.00 1.00   
170 0.0014 1.00 1.00   
172 0.0017 1.00 1.00   
175 0.0021 1.00 1.00   
174 0.0027 1.00 1.00   
171 0.0038 1.00 1.00   
161 0.0062 0.96 0.95   
155 0.0095 0.92 0.91   
155 0.0131 0.92 0.92      

 
fifth step 50 149 0.0011 1.00 1.00 



170 
 

  
151 0.0012 1.00 1.00   
149 0.0021 1.00 1.00   
142 0.0031 0.95 0.95   
141 0.0041 0.95 0.95   
137 0.0061 0.92 0.91   
132 0.0091 0.89 0.88   
133 0.0112 0.90 0.89   
133 0.0149 0.89 0.89 

 

TEST 13 

TEST 13 p’  
(kPa) 

G 
(MPa) 

Average strain 
(%) 

G/Gmax, RC (-) G/Gmax, BE (-) 

first step 50 139 0.0010 1.00 0.96   
131 0.0015 0.95 0.91   
131 0.0018 0.94 0.91   
125 0.0028 0.90 0.87   
126 0.0034 0.91 0.88   
119 0.0055 0.86 0.83   
113 0.0090 0.82 0.79   
107 0.0160 0.77 0.75      

 
second 
step 

100 166 0.0016 1.00 
1.00   

165 0.0021 1.00 1.00   
162 0.0025 0.98 1.00   
161 0.0029 0.97 1.00   
157 0.0040 0.95 1.00   
152 0.0060 0.92 0.96   
148 0.0087 0.89 0.94   
151 0.0101 0.91 0.96   
152 0.0127 0.92 0.96      

 
third step 300 215 0.0009 1.00 0.96   

215 0.0011 1.00 0.96   
209 0.0015 0.97 0.93   
204 0.0020 0.95 0.91   
200 0.0026 0.93 0.90   
190 0.0039 0.88 0.85   
188 0.0051 0.87 0.84   
181 0.0075 0.84 0.81   
178 0.0101 0.83 0.79   
177 0.0131 0.82 0.79      

 
fourth 
step 

100 182 0.0011 1.00 
0.93   

186 0.0014 1.00 0.95 
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177 0.0020 0.97 0.90   
176 0.0026 0.96 0.90   
156 0.0050 0.85 0.80   
155 0.0061 0.85 0.79   
155 0.0074 0.85 0.79   
159 0.0081 0.87 0.81      

 
fifth step 50 162 0.0013 1.00 1.00   

159 0.0017 0.98 1.00   
163 0.0019 1.00 1.00   
157 0.0027 0.97 1.00   
154 0.0036 0.95 1.00   
150 0.0049 0.92 1.00   
149 0.0062 0.92 1.00   
146 0.0085 0.90 1.00   
141 0.0127 0.87 0.98   
141 0.0162 0.87 0.98 
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APPENDIX C: CHANGE IN VOLUME AND HEIGHT 

 
p’  

(kPa) 
Measurement Change in volume (ml) Change in height  

(0.1 mm) 
TEST 6 50 Start 0.6 14 

  
End 2.6 58 

 
100 Start 2.4 59 

  
End 4.4 62 

 
300 Start 3.2 27 

  
End 3.2 28 

 
100 Start -0.8 -11 

  
End -1 -15 

 
50 Start -0.6 -8 

  
End -0.6 -8 

     

TEST 7 50 Start 0.8 2 
  

End - - 
 

100 Start 2.6 14 
  

End - - 
 

300 Start 1.4 1 
  

End - - 
 

100 Start -1.6 1 
  

End - - 
 

50 Start -0.6 -8 
  

End - - 
     

TEST 8 50 Start 2 2 
  

End - - 
 

100 Start 1 3 
  

End - - 
 

300 Start 1.8 5 
  

End - - 
 

100 Start -0.8 -8 
  

End - - 
 

50 Start -0.6 -3 
  

End - - 
     

TEST 9 50 Start 2.6 3 
  

End 4 3 
 

100 Start 2.2 3 
  

End 2.2 3 
 

300 Start 1.6 14 
  

End 1.8 14 
 

100 Start -0.8 -15 
  

End -0.8 -15 
 

50 Start -0.6 -3 
  

End -0.6 -3 
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TEST 10 50 Start 0.8 11 
  

End 1.2 11 
 

100 Start 1 1 
  

End 1.2 1 
 

300 Start 1.8 21 
  

End 2 24 
 

100 Start -1 2 
  

End -1 2 
 

50 Start -0.4 0 
  

End -0.4 0 
     

TEST 11 50 Start 0.2 0 
  

End 0.2 -1 
 

100 Start 0.6 0 
  

End 0.6 0 
 

300 Start 1.2 8 
  

End 1.4 8 
 

100 Start -0.6 -12 
  

End -0.6 -12 
 

50 Start -0.2 -2 
  

End -0.2 -2 
     

TEST 12 50 Start 0.6 37 
  

End 1.8 50 
 

100 Start 2 21 
  

End 2 21 
 

300 Start 1 23 
  

End 1 27 
 

100 Start -0.4 -11 
  

End -0.4 -6 
 

50 Start 0 2 
  

End 0 2 
     

TEST 13 50 Start 0.8 6 
  

End 0.8 7 
 

100 Start 0.8 1 
  

End 0.8 0 
 

300 Start 1.6 5 
  

End 1.6 7 
 

100 Start -0.8 -5 
  

End -0.8 -6 
 

50 Start -0.4 1 
  

End -0.4 1 
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APPENDIX D: VALUES OF GMAX GAINED WITH 
PREDICTING EQUATIONS  

 

‘M’ is Menq (2) 

‘SR’ is Saxena and Reddy (3) 

‘WT’ is Wichtmann and Triantafyllidis (4) 

‘S’ is Senetakis et al. (5) 
 

  p’ 
(kPa) 

Gmax, RC 
(MPa) 

Gmax, BE 
(MPa) 

M - Gmax 
(MPa) 

SR - Gmax 
(MPa) 

WT - Gmax 
(MPa) 

S - Gmax 
(MPa) 

TEST 6 50 83 85 61 46 71 58 
 

100 87 100 87 68 97 81 
 

300 172 167 153 128 160 136 
 

100 127 132 87 68 97 81 
 

50 95 77 61 46 71 58 
        

TEST 7 50 107 - 74 54 94 77 
 

100 156 - 106 81 128 107 
 

300 234 - 185 152 211 179 
 

100 149 - 106 81 128 107 
 

50 127 - 74 54 94 77 
        

TEST 8 50 115 - 80 58 103 86 
 

100 209 - 114 86 141 119 
 

300 253 - 199 161 232 199 
 

100 204 - 114 86 141 119 
 

50 156 - 80 58 103 86 
        

TEST 9 50 224 226 66 49 80 65 
 

100 275 261 94 73 110 91 
 

300 411 428 165 138 180 152 
 

100 297 317 94 73 110 91 
 

50 237 neglected 66 49 80 65 
        

TEST 10 50 180 193 64 47 75 62 
 

100 202 214 91 71 103 85 
 

300 228 231 159 133 169 143 
 

100 neglected neglected 91 71 103 85 
 

50 205 229 64 47 75 62 
        

TEST 11 50 219 228 71 52 89 73 
 

100 252 258 101 78 121 100 
 

300 338 353 178 147 200 168 
 

100 306 307 101 78 121 100 
 

50 285 298 71 52 89 73 
        

TEST 12 50 110 125 60 45 69 57 
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100 169 162 86 67 94 79 

 
300 193 196 150 126 155 132 

 
100 167 169 86 67 94 79 

 
50 149 150 60 45 69 57 

        

TEST 13 50 139 144 63 47 74 61 
 

100 166 158 90 70 102 85 
 

300 215 224 158 132 167 142 
 

100 182 196 90 70 102 85 
 

50 162 144 63 47 74 61 

 


