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Abstract—We analyze the performance of a single-input single-
output wireless link that is aided by multiple reconfigurable
intelligent surfaces (RISs) — in terms of outage probability,
average symbol error probability and ergodic capacity, for which
we derive analytical expressions in closed form. In particular, we
consider a realistic system model, where the direct path may not
be blocked and for which channels corresponding to different
RISs are assumed to be independent but not identical and follow
the generic «-; fading distribution, which can be reduced to a
number of fading scenarios (namely Rayleigh, Rice, Nakagami-m,
and one-sided Gaussian). This enables the evaluation of the
system performance when adopting any combination of these
special cases or the generic x-u distribution for both hops of
the multiple distributed RISs. The direct path is modeled by
Rayleigh fading assuming no line-of-sight between the source and
the destination. We verify the accuracy of the adopted approach
by means of Monte Carlo simulations and conduct a performance
analysis that demonstrates the significant improvement in the
system performance due to the usage of the RISs. Especially, we
show that increasing the number of reflecting elements equipped
on the RISs and placing the RISs closer to either communication
endpoints improve the performance considerably.

I. INTRODUCTION

The reconfigurable intelligent surface (RIS) is a promis-
ing emerging technology for future wireless communication
networks since it gives more control over the wireless envi-
ronment for the aim of improving the quality-of-service and
spectrum efficiency. It consists of a large surface that has low-
cost passive reflecting elements (REs) that can be adapted
by a microcontroller to collaboratively reflect the incident
electromagnetic signals into the desired direction.

Most of the research work conducted on this topic focuses
on the design [1], [2], optimization [3]-[5] and potential
applications [6]-[8] of RIS-aided systems. Specifically, in
[1], a digitally controlled metasurface, whose units can be
adapted independently, is designed to dynamically manipulate
the electromagnetic waves and, thus, achieve more versatility;
whereas in [2], a tunable metasurface is designed to work as
a spatial microwave modulator with energy feedback.

Prior works have also investigated optimizing the perfor-
mance of RIS-aided wireless systems: In [3], the authors solve
a non-convex optimization problem to maximize their system’s
energy efficiency; and in [4], the discrete phase shifts together
with the transmit beamforming of a multiantenna base station
are optimized to minimize transmission power. In addition,

the authors in [5], who adopt RISs at the edge of cells to
enhance the downlink transmission for cell-edge users, aim
toward maximizing the weighted sum rate of all users by
optimizing the transmitter’s active precoding matrices together
with the REs’ phase shifts.

The applications of RISs span the different areas of wireless
communications, where it is adopted in [6] to support the
communication in unmanned aerial vehicle-assisted wireless
systems and in [7] to assist the data transmission from a
base station to a single-antenna receiver in an RIS-assisted
millimeter wave system. The RIS technology can also be
adopted in wireless networks to enhance the physical layer
security as explained in [8]. On the other hand, the theoretical
study of RIS-aided wireless networks still in its early stage,
where limited number of research works have been estab-
lished to analyze the performance of these systems due to
the difficulty in evaluating the statistical characterization of
the end-to-end signal-to-noise ratio (SNR). Therefore, several
approximations, bounds or asymptotic analysis have been
developed to analyze the RIS-aided systems [9], [10].

Noticeable efforts have been made on studying the generic
single-input single-output (SISO) system model without direct
path, where the central limit theorem (CLT) is used to de-
rive bounds or approximations for the different performance
measures for Rayleigh distribution in [11], [12]. A different
approximating approach is used in [13], [14] to achieve high
accuracy regardless of the number of REs at the RIS. The
SISO system with Rician fading and direct path between the
source (S) and destination (D) is studied in [15], for which
the statistical characterization of the end-to-end SNR is not
evaluated and thus the symbol error rate is not derived either.

A more generic SISO system with multiple RISs is in-
vestigated in [16], [17] and different approaches are used to
approximate the channel statistics. All the fading channels
associated with different RISs are assumed to be independent
and identically distributed (i.i.d.). However, this does not rep-
resent a realistic assumption since the RISs may be distributed
over a wide geographical area. Therefore, different RISs are
expected to experience non-identical channels of the same or
different fading distribution. On the other hand, for each RIS,
the channels encountered by REs can be assumed to be i.i.d.
since they are placed on the same surface, i.e., the REs of a
single RIS are located very close to each other.



Motivated by the fact that the literature only considers the
case where the same fading model is assumed for both hops
(S-RIS and RIS-D) among all the distributed RISs and with
i.i.d. channels, we present herein a more realistic performance
study of a generic SISO system model with multiple RISs and
direct path with independently but non-identically distributed
(i.n.i.d.) fading channels across the distributed RISs which are
geographically far apart from each other, and thus each RIS
may also experience different fading distribution. Therefore,
we choose to evaluate the system’s performance over the
generic k-p distribution which can be reduced to a number
of the most used fading scenarios, namely, Rayleigh, Rice,
Nakagami-m and one-sided Gaussian distribution. This allows
us not only to consider the same double fading channels
for all the distributed RISs, but also to consider different
combinations of the special cases or the generic distribution
for the S-RIS and RIS-D links of the different RISs.

In particular, we implement the Laguerre series method
[18] to approximate the statistical characterization of the end-
to-end equivalent channel of the SISO system with multiple
RISs and direct path. Closed-form expressions for the outage
probability and ergodic capacity are presented as well as a
novel expression for the average symbol error probability
(ASEP) is derived. Our work presents generalized results that
are valid for any number of RISs equipped with arbitrary
numbers of REs. It is also valid for any combination of the
fading distributions covered by the k- distribution and with
or without direct path, where the latter represents a special
case of the former when the direct channel gain is set to zero.

II. SYSTEM AND CHANNEL MODELS

The system under study is illustrated in Fig. 1 and it
consists of a single-antenna source (S), N RISs, where the nth
one (RIS,,) is equipped with M,, REs, and a single-antenna
destination (D). The destination can overhear the signal from
all the distributed RISs as well as through the direct path. It is
worth mentioning that the considered system model includes
the special case of an obstructed direct path between S and D,
for which the channel coefficient u below in (2) equals zero.

A. Signal Models

The received signal at the destination can be written as
y=As+w, (1)

for which the combined channel response is
N
A=A, +u, 2)
n=1
where the channel response of the nth RIS is
M,
A, = Z Pni Onyi T 3
i=1

and s is the transmitted signal, h,, ;, g ; and u are the fading
coefficients of S-RIS,,, RIS,,—D and S-D links, respectively,
while the additive white Gaussian noise is denoted by w in (1)

Fig. 1. A SISO wireless system with N RISs. Each S-RIS,, and RIS,,—D path
consists of multiple propagation paths through the M, REs. For simplicity,
we illustrate the multipath components via two RISs only.

with zero mean and variance Ny = E[|w|?]. The instantaneous
end-to-end SNR is defined as p = E; |A|? /Ny = po | A|?* with
E, = E[|s|?] being the transmitted power and pg = E4/Ny
denoting the transmit SNR. In addition, r,; = exp(jb, ;)
is the response of the ith RE in the nth RIS for which its
magnitude is assumed to be equal to one and its phase shift is
optimized to maximize the SNR at the receiver by choosing
Oni = Zu — (Lhn,i + Zgn,i), assuming ideal global channel
state information and centralized coordination.

B. Fading Models

The flat fading coefficients h,, ;, gn,; and v are assumed
to be statistically independent, identical per RIS, and slowly
varying. On the other hand, they are not identical for the
different RISs, which are geographically separated far apart
from each other. The average gains of their envelopes are

defined respectively as o7 = E [|hnil?] = 10 ()7,
ag, = Ellgnil’] = w(G)" and of = Efjul’] =

Lo (3—2)"“, where ¢ is the reference path loss at the reference
distance dy, and d; and n;, j € {hp, gn, u} denote respectively
the distance and path loss exponent of the corresponding
link. We let |h, ;| and |g, ;| follow generalized s-u fading
distribution, for which & is the ratio between the total power
of the dominant components and the total power of the
scattered waves, and p is the number of multipath clusters
[19]. Assuming there is no line-of-sight (LoS) in the direct
path, the S-D link can be modeled by Rayleigh fading.

The k-p distribution encloses most of common small-scale
fading models as special cases that are obtained by controlling
the values of its fading parameters. In particular, for Rayleigh
(k = 0, = 1), Nakagami-m (x = 0,u = m), Rice (x =
K, = 1) and one-sided Gaussian (v = 0, = 0.5), where
m and K refer respectively to the shape parameter of the



Nakagami-m distribution and to the Rician factor. Therefore,
in addition to the generic k-u distribution, we can consider the
same or combination of the special-case distributions for both
links of the N distributed RISs by assigning the corresponding
values to xp, and pp, of the S-RIS,, hop and to x4, and
fg,n Of the RIS, —D hop.

Toward evaluating the performance measures of the consid-
ered system, we need to derive the probability density function
(PDF) of the end-to-end SNR for the system under study.
We achieve that by first deriving the PDF and the cumulative
distribution function (CDF) of the combined channel response
defined in (2). It is obvious that the channel response of the nth
RIS defined in (3) is a sum of M, identical double - random
variables, which all are continuous, independent and defined
over the positive real axis. Therefore, their sum converges
toward a normal random variable according to the central
limit theorem. As a result, the combined channel response,
which is a sum of the N resulted normal variables plus a
single Rayleigh random variable will also be nearly normally
distributed and its PDF will look similar to the Gaussian PDF
with a single maximum, and its tails extend to infinity from
the right side but is truncated to zero from the left side.

The PDF of the combined nearly-Gaussian channel response
can be further tightly approximated by the first term of a
Laguerre series expansion as stated in [18] as

z® z
~ —= 4
flAl(x) ﬁa—{-l F(Oé + 1) exp ( ,8) ) ( )
where
(EfAD?
=——=-1 5
Var[| Al] ’ )
Var([|Al]
f=—rrm- (6)
E[|A]
The corresponding CDF can be derived [13, Appendix A] as
v (a+1,2/p)
F ~—
a1(®) = =y ™)
where (-, -) denotes the lower incomplete Gamma function.

The mean of |A] is calculated using its linearity property
together with the independency assumption as E[|A[]
Sy B[ An[+E[[ul] = X0 My Ellhn o] Bl|gn.i |+ E[Jul]
for which the expectation of a x-u distributed fading coeffi-
cient is given in [20, Eq. 3] and the cth moment of a Rayleigh-
distributed fading coefficient is E[|u|¢] = o¢ " (1 + £ ). There-
fore,
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where 1 F(+;+;-) is the confluent hypergeometric function of
the first kind [21, Eq. 9.210.1].

Likewise, the variance of |A| is calculated as Var[|A|] =
SN, Var[|4,[] + Var[ul], where

Var[|A,|] = M, Var[|hy; gn,il] 9
= My (El|hn,il*] Ellgn.il*] = Ellhnill* Ellgn,il]*)
and Var||u|] = E[|u|?]—(E[|u|])?, which leads us to evaluating

it as shown in (10) at the top of the next page.
Finally, we can derive the PDF of the end-to-end SNR by
taking the derivative of the CDF of p that is defined as

Fy(x) =Pr(p < z) = Flu <1/x>. (11
Po
Therefore,
1 R et B x
G T I ( Z ,)0) |
(12)

III. PERFORMANCE ANALYSIS

The performance of the considered system is studied in this
section in terms of three central performance metrics, namely
outage probability, ASEP and ergodic capacity.

The outage probability that is defined as the probability that
the end-to-end instantaneous SNR falls below a predefined
threshold value, p;p, is given directly [13, Eq. 31] by

1 Pth
7(a+1’ﬁ m§>
INa+1) '

The average symbol error probability (ASEP) under fading
for coherent detection is obtained in most cases by evaluating

Pe= [ 0(e(VEr)) s

where € (-) is some polynomial of the Q-function that corre-
sponds to the conditional error probability, e.g.,

2(o(v)) =1 () e (ve

4 (%) Q*(Vie) a3

for square M-quadrature amplitude modulation (M-QAM)
[22], whereas the constant ( = % We can derive a
closed-form expression for (14) by substituting the exponential
approximation proposed in [23] into the above integral as

Po = F,(pwn) ~ (13)

(14)

R )
Pe=Ya, / exp(—b, C2) (@) dz,  (16)
r=1 0
where {(a,,b,)}2_, is some set of coefficients from [24]. The
above expression is presented with an equality because there
is practically no approximation error in the present application
despite its being an approximation in the strict sense.
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By substituting (12) in (16) and using [21, Eq. 3.462.1], we
obtain

1 R
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for which « and § are defined respectively in (5) and (6).
The ergodic capacity of the considered system has the same
analytical form as [14, Eq. 11] that is rewritten in (18) with
substituting novel expressions of « and (3, which are calculated
herein using the mean and variance of the combined channel
response in (8) and (10), respectively. The /() (-) in (18) is the
Oth polygamma function and csc(-) is the cosecant function.

IV. NUMERICAL RESULTS AND DISCUSSIONS

This section gives insight into the performance of the
considered system in terms of the outage probability, ASEP
and ergodic capacity. In addition, it verifies the accuracy
of the adopted Laguerre series approximation by means of
Monte Carlo simulations. We assume five different RISs
(N = 5) whose number of REs is given as {M,})_, =
{14,26,16,24,20} or {M, }_, = {28,52,32,48,40}. Also,
M refers to the total number of REs in all the N distributed
RISs, ie., M = SN | M, Thus, M = 100 and M = 200
for the two considered cases. For calculating the average
gains o} 02 ,on, we set do 1 m, ¢ —30 dB,
Mh, = 2.4,mg, = 23 forall n = 1,2,...,5 and 7, = 3.
The RISs are assumed to be distributed between S and D
which are located in the z-axis and separated by a distance
dy 100 m. The location of each RIS is given in the
Cartesian coordinate system as (d,,,,d,, ) and the total dis-

tances of the links are calculated as dp,, = ,/d2 +d2 and
dy, = \/(du = o, )? + &,

Unless otherwise stated, we consider the location setting
D = [(25,50), (40, 30), (55, 10), (82, —20), (95, —40)] m and
S—RIS,,-D paths’ distributions with
Khy = 0, pun, = 1,Kg, = 0, ug, = 1 (double Rayleigh),

Khy = 0, thy, = 3, Kg, = 0, tig, = 2 (double Nakagami),
Khy = 2, fihy = 1, kg, = 2, lig, = 1 (double Rician),

Kh, = 1, pin, = 2, kg, = 1, ptg, = 2 (double x — 1), and
Khy = 2.5, by = 1, kg, = 0, g, = 3.3 (Rician—Nakagami).

The accuracy of the first-term Laguerre approximation (4)
for the end-to-end channel’s PDF of the considered system
model with and without direct path between S and D is
tested and illustrated in Fig. 2. It can be noted that the used
approximation is very tight for both communication scenarios
(with or without direct path) and for any combination of the
fading distributions, where we verified its accuracy over two
fading scenarios; all links experience Rician fading or each
RIS experiences different fading distribution using the setting
specified above. The high accuracy is maintained for low and
high numbers of the RISs’ REs. The communication scenario,
where only a S-D link exist, is also presented for comparison
and it shows that imposing the RISs in the system increases
its power gain which increases even further by increasing M
as can be depicted from the right-shifting of the PDF.

Figure 3 depicts the impact of using RISs to assist the com-
munication between S and D and enhance the different per-
formance metrics. In particular, the outage probability, ASEP
and the ergodic capacity, whose analytical values coincide well
with the true measures, show much better performance when
compared to the scenario where communication is achieved
only through the direct path. In addition, the impact of in-
creasing the number of REs equipped on the distributed RISs is
clearly noted where as M increases, the outage probability and
ASEP decrease and the ergodic capacity increases, indicating
improved performance, i.e., less transmitted power is required
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Fig. 2. The PDF of the end-to-end channel with and without S-D link for
N =5 of two different RISs systems.

to achieve a certain level of the considered measure.

The effect of increasing M on the different orders of the
considered M-QAM scheme in Fig. 3(b) is nearly the same,
e.g., for ASEP of 10%, an increment by 100 REs will decrease
the required transmitted power by approximately 2.2 dB for
both schemes. Moreover, it can be noted from Fig. 3(a) and
(b), that as M increases, the rate of change in the slope of the
outage probability and the ASEP increases which indicates
higher diversity gain.

Finally, we demonstrate the impact of the locations of the N
distributed RISs to the system’s performance. To give a better
insight into it, we test the x-position and the y-position sepa-
rately, while keeping the other dimension’s position constant.
In particular, in Fig. 4(a), we choose three different location
settings for the five distributed RISs as indicated by the three
different marker symbols in the smaller subfigure to represent
the different possibilities of movements along the x-axis. The
corresponding ASEP is calculated and plotted. We conclude
from the figure that as the z-position of the RISs is nearer to
either S or D, better performance is achieved. On the other
hand, placing the RISs near the half-way between S and D
results in worse performance since the path losses for both
hops are maximized. Similarly, the y-placement of the RISs
is also tested in Fig. 4(b) and shows better performance when
the RISs are placed vertically closer to S and D, where the
path losses are less and thus they contribute more efficiently
to the communication process.

V. CONCLUSION

This paper studied the performance of a generalized system
setup, namely, a SISO communication system with multiple
RISs and direct path between the source and the destination
over the generic x-p fading channels. Specifically, it presented
tight expressions for the corresponding outage probability,
average symbol error probability and ergodic capacity. The
considered fading distribution includes most of the widely
used fading models. This validates the use of all the derived
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Fig. 3. The outage probability, average symbol error probability and ergodic
capacity for different values of M, i.e., the total number of REs.
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expressions for these special cases. The numerical results
verified the performed statistical analysis and confirmed the
high accuracy of the derived performance measures. Moreover,
we showed that increasing the number of reflecting elements
equipped on the RISs and placing them closer either to
the source or destination, improve the system’s performance
significantly and increase its diversity gain.
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