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Abstract

The polarization tomography problem consists of recovering a matrix function
f from the fundamental matrix of the equation Dn/dt = m fn known for every
geodesic 7 of a given Riemannian metric. Here 75 is the orthogonal projection
onto the hyperplane 4. The problem arises in optical tomography of slightly
anisotropic media. The local uniqueness theorem is proved: a C'-small function
f can be recovered from the data uniquely up to a natural obstruction. A partial

global result is obtained in the case of the Euclidean metric on R3.

1 Introduction

First of all we shortly recall the physical motivation of the problem. See Section 5.1 of [{]
for a detailed discussion.

We consider propagation of time-harmonic electromagnetic waves of frequency w in a
medium with the zero conductivity, unit magnetic permeability, and the dielectric per-

meability tensor of the form
1

gij = n*dy; + X (1.1)
where k = w/c is the wave number, ¢ being the light velocity. Here n > 0 is a function
of a point € R? and the tensor y;; = x;j(z) determines a small anisotropy of the
medium. The smallness is emphasized by the factor 1/k. Equation (1.1) was suggested
by Yu. Kravtsov [J]. By some physical arguments [J], the tensor x must be Hermitian,
Xij = Xji-
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In the scope of the zero approximation of geometric optics, propagation of electromag-
netic waves in such media is described as follows. Exactly as in the background isotropic
medium, light rays are geodesics of the Riemannian metric

dt* = n*(x)|dz|?; (1.2)

the electric vector F(z) and magnetic vector H(z) are orthogonal to each other as well
as to the ray; and the amplitude A% = |E|? = |H|? satisfies A = C/v/nJ along a ray,
where J is the geometric divergence and the constant C' depends on the ray. The only
difference between a slightly anisotropic medium and the background isotropic one consists
of the wave polarization. The polarization vector n = n~'A~'E satisfies the equation

(generalized Rytov’s law)
Dn 1
PR T RAAY (1.3)
along a geodesic ray «y(t). Here t is the arc length of v in metric (1.2), ¥ = d~y/dt is the
speed vector of 7, 7 is the orthogonal projection onto the plane 4+, and D/dt = ¥V} is
the covariant derivative along v in metric (1.2). The right-hand side of (1.3) is understood

as follows: m; and x are considered as linear operators on 7 ,;C(t) = C?, and m;xn is the

result of action of the operator m;x on the complex vector n € 4. Here 4+ is the two-
dimensional complex vector space consisting of complex vectors orthogonal to the real
vector 4 € R? =T, C T‘c(t) = C3. Introducing the notation

y
1
f= 2—ana (1.4)
we rewrite (1.3) in the form
% = fn. (1.5)
Observe that f is a skew-Hermitian operator, f;; = — f;;.

Let us now consider the inverse problem. Assume a medium under investigation to
be contained in a bounded domain D C R3 with a smooth boundary. The background
isotropic medium is assumed to be known, i.e., metric (1.2) is given. The domain D
is assumed to be convex with respect to the metric, i.e., for any two boundary points
T, ¥1 € 0D, there exists a unique geodesic v : [0, 1] — D such that v(0) = xq, y(1) = .
We consider the inverse problem of determining the anisotropic part x;; of the dielectric
permeability tensor or, equivalently, of determining the tensor f on (1.5). To this end we
can fulfill tomographic measurements of the following type. For any unit speed geodesic
v :10,1] — D between boundary points, we can choose an initial value ny = 7(0) € 4+(0)
of the polarization vector and measure the final value n; = n(l) € (1) of the solution to
equation (1.5). In other words, we assume the linear operator 4-(0) — 4-(1), ny — m1 to
be known for every unit speed geodesic v : [0,1] — D between boundary points. Instead
of (1.5), we will consider the corresponding operator equation

P20 — fal ), (16)

where fi) 1 4-(t) — §(¢) is the restriction of the operator ms) f(7(t)) to the plane
4% (t), and the solution is considered as a linear operator U(t) : 41 (t) — 4+(t). Equation
(1.6) has a unique solution satisfying the initial condition

U(0) = E, (1.7)
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where E' is the identity operator. Since f;) is a skew-Hermitian operator, the solution
U(t) is a unitary operator. The final value of the solution

®[f](v) =U() € GL(T~(1))

is the data for the inverse problem. Given the function (f[ f] on the set of unit speed
geodesics between boundary points, we have to determine the tensor field f = (f;;(x)) on
the domain D.

We consider the inverse problem in a more general setting. Instead of a domain D C R3
with metric (1.2), we will consider a compact Riemannian manifold (M, g) of an arbitrary
dimension n > 3, and an arbitrary complex tensor field f = (f;;) on M. In such a setting,
equation (1.6) makes sense along a geodesic . We will subordinate the manifold (M, g)
to some conditions that guarantee smoothness of the data (f[ f] in the case of a smooth f.

The two-dimensional case of n = 2 is not interesting since f; and U become scalar
functions and the solution to the scalar equation (1.6) is given by an explicit formula in
this case. Therefore the inverse problem is reduced to the inversion of the ray transform
I on second rank tensor fields, see the remark before Theorem 5.2.1 of [{].

Equation (1.6) can be slightly simplified. For a point x € M, let TM be the com-
plexification of the tangent space T, M. Instead of considering the operator U(t) on 4L (t),
we define the linear operator

U(t) : TyyM — Ty M
by .
Ut)lyry = U(t),  UR)¥(t) =(t).
If U(t) satisfies (1.6)—(1.7), then U(t) solves the initial value problem

D

d—i] = (m5 fms)U, U(0) =E. (1.8)
Equation (1.8) is more handy than (1.6) since all operators participating in (1.8) are
defined on the whole of T ﬁt)M . The inverse problem consists of recovering the tensor
field f from the data ®[f](y) = U(l) known for every unit speed geodesic v : [0,1] — M
between boundary points. Let us emphasize that the inverse problem is strongly nonlinear,
i.e., the data ®[f] depends on f in a nonlinear manner.

The three-dimensional case, n = dim M = 3, is of the most importance for applications
as we have shown above. On the other hand, the three-dimensional case is mathematically
the exceptional one because, for a skew-symmetric f, the solution to the inverse problem
is not unique. The non-uniqueness is discussed in Section 4.

The main result of the present article is the local uniqueness theorem: the solution to
the inverse problem is unique (up to a natural obstruction in the three-dimensional case)
if the tensor field f is C'-small. See Theorem 5.1 below for the precise statement.

Our method of investigating the inverse problem is a combination of approaches used
in [f] and in Chapter 5 of [f]. First of all, following [d], we reduce our nonlinear problem to
a linear one as follows. Let f; (i = 1,2) be two tensor fields and U;(t) be the corresponding
solutions to (1.8) with f = f;. Then u = U, 'U, — F satisfies

Du

o = pms(f2 — fi)msq,  u(0) =0, (1.9)



where p = U; ' and ¢ = U,. We consider p and ¢ as operator-valued weights which are

close to the unit operator if f; are C''-small. Assuming the weights p and ¢ to be fixed,
the solution u(t) to the initial value problem (1.9) depends linearly on f = fo — f;. We
study the linear inverse problem of recovering the tensor field f = fo — f; from the data
F[f](v) = u(l) given for all geodesics v : [0,]] — M between boundary points. In the
case of a symmetric tensor field f and of unit weights, this linear problem was considered
in Chapter 5 of [f]. We will demonstrate that the same approach works in the case of an
arbitrary f and of weights close to the unit one.

There is one more opportunity to extract a linear inverse problem from equation (1.8).
Indeed, if W (t) = det U(t) is the Wronskian, then the function ¢(t) = In W (t) satisfies

de(t)
= (i fm).
Therefore, for every unit speed geodesic v : [0,1]] — M between boundary points, the
integral
!
U100 = [t (maao 2 0)m (1.10)

0

is expressed through the data ®[f] by the formula

S[f1(7) = Indet [f] (7).

The data S[f] depends linearly on f. Of course, some information is lost while the data
®[f] is replaced with S[f]. In particular, S[f] is independent of the skew-symmetric part
of f.

We finally note that main results of the article are new and nontrivial in the case of
M C R, n > 3, with the standard Euclidean metric. If a reader is not familiar with the
tensor analysis machinery on the tangent bundle of a Riemannian manifold, he/she can
first read the article for the latter simplest case.

The article is organized as follows. Section 2 contains some preliminaries concerning
Riemannian geometry and tensor analysis. In particular, we define some class of Rieman-
nian manifolds for which the problem can be posed in the most natural way. Instead of
considering the ordinary differential equation (1.8) along individual geodesics, we intro-
duce a partial differential equation on the unit tangent bundle and pose an equivalent
version of the problem in terms of the latter equation. In Section 3, we consider the
corresponding linear problem and prove the uniqueness for weights sufficiently close to
the unit in the case of n > 4. Section 4 discusses the three-dimensional case. In Section
5, we check that the weights p and ¢ are sufficiently close to the unit for a C'-small f and
prove our main result, Theorem 5.1, on the local uniqueness in the nonlinear problem.
In the final Section 6, we investigate the question: to which extent is a symmetric tensor
field f determined by data (1.10). We give a complete answer to the question in the case
of M = R? with the Euclidean metric.



2 Posing the problem and introducing
some notations

A smooth compact Riemannian manifold (M, g) with boundary is said to be a convex
non-trapping manifold (CNTM briefly) if it satisfies two conditions: (1) the boundary
OM is strictly convex, i.e., the second fundamental form

I(E,€) = (Ver,€) for € € T,(9M)

is positive definite for every boundary point z € M, where v is the outward unit normal
vector to the boundary and Vg is the covariant derivative in the direction &; and (2) for
every x € M and 0 # £ € T, M, the maximal geodesic 7, ¢(¢) determined by the initial
conditions 7, ¢(0) = = and ,¢(0) = £ is defined on a finite segment [7_(z, &), 74 (, )]
In what follows, we use the notations 7, ¢ and 7. (z,§) many times. They are always
understood in the sense of this definition.

Remark. In [[f], the term CDRM (compact dissipative Riemannian manifold) is used
instead of CNTM. In the case of M C R"™ with the standard Euclidean metric, this
definition means that M is strictly convex.

By TM = {(z,§) | x € M,& € T, M} we denote the tangent bundle and by

OM = {(z,€) € TM | [¢]* = (€, €) = gj(2)§'¢’ = 1},

the unit sphere bundle. Its boundary can be represented as the union 0QM = 0, QM U
O0_Q M, where
0LOM = {(x,&) € QM | x € OM, (£, v(x)) > 0}

is the manifold of outward (inward) unit vectors. If v : [0,1] — M is a unit speed geodesic
between boundary points, then (7(0),4(0)) € 0-QM and (y(1),5(1)) € 0LQM.

By TEM we denote the complexification of the tangent space T, M. The metric g
determines the Hermitian scalar product on T.- M

(n,¢) = gin'C. (2.1)

For 0 # & € T,M, by T M = {n € TyM | (n,§) = 0} we denote the orthogonal
complement of ¢ and by 7 : TXM — TFM, the orthogonal projection onto T, M.

Let 77 M be the bundle of complex tensors that are r times contravariant an s times
covariant. Elements of the section space C*°(77M) are smooth tensor fields of rank
(r,s) on M. In the domain of a local coordinate system, such a field v € C*(77 M)
can be represented by the family of smooth functions, u = (uﬁzfs (x)), the coordinates
of u, where each index takes values from 1 to n = dim M. The metric g determines
canonical isomorphisms 77 M = 75" M = 70 M. We will consider the isomorphisms as
identifications. So, we do not distinct contra- and covariant tensors but use contra- and
covariant coordinates of the same tensor. For example, for u € C®(19M) = C°(1} M) =
C(72)M),

Ujj = gzkukj = gjkuf = gikgjlukl-

In particular, such a tensor field determines the linear operator

u(e) : TEM —TEM,  (un)’ = iy



at any point x € M. The product of two such operators is written in coordinates as
(uv);; = ulkv’? The dual operator has the coordinates uy = U The operator is
Hermitian (symmetric) if and only if w;; = u;; (uw;; = wj;). The scalar product (2.1)
is extended to tensors by the formula (u,v) = u*m; , and determines the norm
lul* = (u,u). For u,v € C°°(r} M), the norm of the product satisfies |uv| < /n|u||v],
where n = dim M.

We will also widely use semibasic tensor fields introduced in [[]], see either Section
3.4 of [[] or Section 2.5 of [[f] for a detailed presentation. Let S7M be the bundle of
complex semibasic tensor fields of rank (r, s). It is a subbundle of 77 (7'M isomorphic to
the induced bundle 7*(77 M), where m : TM — M is the projection of the tangent bundle.
A tensor u € T7  (T'M) at (z,§) € T'M is semibasic if it is “pure contravariant in the
&-variable and pure covariant in 27, i.e.,

it pen g 24" @@ dat.

For U C TM, by C®(5:M;U) we denote the space of smooth sections over U. The
notation C*°(5LM; T M) is abbreviated to C* (5L M). In the domain of a local coordinate
system, such a field u € C*°(8; M) can be represented by the family of its coordinates, u =
(ult" (2,€)), which are smooth functions of 2n variables (z,£) = (a',..., 2", &',..., &)
All the content of the previous paragraph is extended to semibasic tensor fields, where
g remains the metric on M in the identification of contra- and covariant tensors. In
particular, u € C*(81 M) determines the linear operator u(z, &) : TCM — TS M for every

(z,€) € TM. There are two important first order differential operators

v h
V,V: C®(BiM) — C=(6, M)

which are called the vertical and horizontal covariant derivatives. The operators are
defined in local coordinates by the formulas

v . .

i1y _ Z‘1...Z?~
Vkuﬁ ]s 8£ku]1...]57

210 7/‘1 Z?" q_— Zl Zr-
Vk‘ujl...js T Ok d1ds f aé‘p Ujy.. ]s+

2 : 11...8q—1DPla+1---br E : zl g
+ Fk‘p J1---Js Fk‘]a Ji---Ja—1PJa+1---Js’

where I', are Christoffel symbols. See Sections 3.4-3.6 of [{] for properties of these

v h
operators. Note that V= 0/0¢ and V= 0/0z in the case of M C R™ with the standard
Euclidean metric and of Cartesian coordinates.
The operator

H = €% : O (37 M) — C=(87 M)

is of the most importance in the present article. It is called the differentiation with respect
to the geodesic flow.



Given a tensor field f € C*°(r{ M) on a CNTM (M, g), let us consider the boundary
value problem

HU(z,&) = mef(2)meU(z,§) on QM, Ulo_am = F, (2.2)

where F is the identity operator. A solution U = U(z, &) is assumed to be a section of the
bundle 3i M over QM ie., U € C(BiM;QM). In the case of M C R™ with the standard
Euclidean metric, f and U can be considered as n X n-matrix valued functions of x € M
and of (z,£) € M x S"~! respectively. Problem (2.2) has a unique solution. Indeed, if we
restrict (2.2) to an orbit of the geodesic flow, i.e., if we set x = (¢) and £ = 4(t) for a unit
speed geodesic v : [0,l] — M with «(0) € OM, then we immediately arrive to the initial
value problem (1.8). The boundary value problem (2.2) is thus equivalent to the family
of initial value problems (1.8) considered for all unit speed geodesics simultaneously. The
inverse problem is now formulated as follows: one has to recover the tensor field f given
the trace

O[f] = Ulo,om (2.3)

of the solution to (2.2).
In order to abbreviate further formulas, let us introduce the operator P on tensors
which maps f(x) to m¢ f(x)me for (z,£) € QM, and write (2.2) in the shorter form

HU = (Pf)U,  Ulypou = E. (2.4)

Because of the factor P; and of the boundary condition on 0_QM, the solution U to (2.4)
satisfies

Ulx,£)§ = U™ (x, )¢ = €. (2.5)
Therefore the non-trivial part of the data (2.3) consists of the restrictions ®[f](x, ¢ )|TL§ M

for (z,£) € 0.QM. This agrees with the above discussion of the relationship between
(1.6) and (1.8). The solution U is continuous on QM and C'*-smooth on QM \ Q(OM)
as one can easily prove using the strict convexity of the boundary.

Concluding the section, let us mention one more inverse problem that is not considered
in the present article. Let gl(TM) be the space of all linear operators on T-M. The
operator P: participating in (2.4) is the orthogonal projection of the space gl(T'=M) onto
the subspace

{f € gl(T; M) | f€ = fr& =0},

Let us introduce the smaller subspace

{feg(TyM)| fE=f¢=0, trf=f =0}

and denote by ()¢ the orthogonal projection onto the latter subspace. The corresponding
inverse problem for the equation

HU = (Qe/)U,  Ulp.ou = E (2.6)

is also of a great applied interest. To explain the physical meaning of (2.6), let us return
to equation (1.5) considered in the three-dimensional case for a skew-Hermitian tensor
f. The polarization vector n on (1.5) is a complex two-dimensional vector subordinate to
one real condition |n| = 1. Therefore i can be described by three real parameters. Two of
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these parameters can be chosen to determine the shape and position of the polarization
ellipse on the plane 4+, while the last parameter is the phase of the electromagnetic
wave. See section 6.1 of [{] for a detailed discussion of the subject. Only the first two
of these parameters are measured in practice. Deleting the wave phase from the data is
mathematically equivalent to replacing the operator Pr with ()¢. The authors intend to
consider the corresponding inverse problem for (2.6) in a subsequent paper.

3 Linear problem

Let (M, g) be a CNTM. Choose two semibasic tensor fields p, ¢ € C™(8f M; QM) satisfy-
ing

Pz =¢ qlz,E =& (3.1)
For a tensor field f € C*(r} M), consider the boundary value problem on QM

Hu = p(P:f)q, ulo_an = 0. (3.2)

The problem has a unique solution u € C(3f M; QM) and, in virtue of (3.1), the solution
satisfies

u(z,§)€ = u'(z, )¢ = 0. (3.3)

In this section, we consider the inverse problem of recovering the tensor field f from the
data

Flf] = ula,om- (3.4)

The factors p and g on (3.2) are considered as weights. We will assume the weights to
be close to the unit weight E in the following sense: the inequalities

p—FE|<e, |¢g—FE|<e, |Vpl<e |Vgl<e (3.5)

hold uniformly on QM with the norm |- | defined in Section 2. The value of £ will be
specified later.

Equation (3.2) is initially considered on QM. To get some freedom in treating the
equation, we extend it to the manifold T°M = {(x,£) € TM | £ # 0} of nonzero vectors.
The weights are assumed to be positively homogeneous of zero degree in &

p(x,t€) = p(x,§), q(x,t8) = q(x,§) for ¢>0.

Then the right-hand side of (3.2) is positively homogeneous in £ of zero degree because f
is independent of £. The solution u must be extended to T°M as a homogeneous function
of degree —1

u(z,t€) =t 'U(x,&) for t>0

because the operator H increase the degree of homogeneity by 1.
Let us discuss smoothness properties of the solution u. It can be expresses by the
explicit formula

uw €)= [ O[O0 50) P SO0 0]
(2,¢



where v = 7, ¢ and Tf;o is the parallel transport of tensors along the geodesic v from
the point y(¢) to v(0) = =. The integrand is a smooth function. Therefore smoothness
properties of u are determined by that of the integration limit 7_(x, ). The latter function
is C*°-smooth on T°M \ T(OM) but has singularities on T°(9M). Therefore some of
integrals considered below are improper and we have to verify their convergence. The
verification is performed in the same way as in Section 4.6 of [ff]. So, in order to simplify
the presentation, we will pay no attention to these singularities.

Besides (3.5), we will impose some smallness condition on the curvature of (M, g). For
(,&) € QM, let K(x,&) be the supremum of the absolute values of sectional curvatures
at the point x over all two-dimensional subspaces of T, M containing £. Define

T+ (:L',ﬁ)

k(M,g) =  sup tK (Ya,e(t), Yae(t))d. (3.6)
(z,£)€0_QM

Theorem 3.1 For any n > 4, there exist positive numbers 6 = §(n) and ¢ = €(n) such
that, for any n-dimensional CNTM (M, g) satisfying

k(M,g) <6 (3.7)

and for any weights p,q € C>®(B{ M; QM) satisfying (3.1) and (3.5), every tensor field f €
C° (1t M) can be uniquely recovered from the trace (5.4) of the solution to the boundary
value problem (3.2) and the stability estimate

1Fllzz < CHET e (3.8)

holds with a constant C' independent of f. In the case of n = 3, the same statement is
true for a symmetric tensor field f.

In the case of a real symmetric f and unit weights, this theorem is a partial case of
Theorem 5.2.2 of [H]. We will show that the same proof works with some modifications
for Theorem 3.1.

Proof of Theorem 3.1. We rewrite equation (3.2) in the form

Hu=Pf+r, (3.9)

where
r=(p—E)Pf+pPflqg— E). (3.10)
The remainder 7 is small by (3.5). Because of (3.3), the function v = (u;(x,§)) is
orthogonal to £ in both indices A A
§'uyy = Euy; = 0. (3.11)
We write down the Pestov identity for the semibasic tensor field u (see Lemma 4.4.1
of [{] for the case of a real u and Lemma 5.1 of [fi] for the general case)

h v h h . v .
2Re(Vu, VHu) = |Vul* + Vo' + Viw' — Ry [u], (3.12)
where (-,-) and | - | are the scalar product and norm on semibasic tensors defined in
Section 2,
. . ho.o. v LU h
o' = Re (flvjunm Vi, — &V Vjai1i2)7 (3.13)
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w' = Re <§]VZ e %jﬁilig)a (3.14)

R [ ] Rkplqufqvk 1112 %lﬂ/ilig + Re ((R“ upzz +Rw up)gq%jﬂi”é)’ (3_15)

g
and (R;jx) is the curvature tensor. Identity (3.12) holds on any open D C T'M for every
u € C*B{M; D). In our case, D = T°M \ T(OM) and u € C>®(B{M; D) as is shown
above.

The most part of the proof deals with the left-hand side of (3.12). We will first

transform it by distinguishing some divergent terms and then will estimate it.
From (3.9)

(Vu, VH) = (Vu, V(Pef)) + (Vu, Vr). (3.16)

We will first investigate the first term on the right-hand side of (3.16). To this end we
represent f as

fij( ) fw(x €)+€]al($ §)+§z ("E €)+€Z§j (ZL‘ g) (3'17)
where ( fzj) is a semibasic tensor field orthogonal to £ in both indices
fis€ = fy€ =0, (3.18)

semibasic covector fields a and b are orthogonal to £
;" = big' =0, (3.19)

and c(x, &) is a scalar function. One can easily check the existence and uniqueness of the
representation. The (vector versions of the) fields a and b are expressed through f by the
formulas

a= ‘é“Q €f§ b= |£|2 £f g (3'2())
As follows from (3.17)—(3.19), .
Pf=f
or in coordinates -
(Péf)m fzg fzg aiéj - bjgl - Céi&j' (321>

Differentiating the last equality with respect to £ and using the fact that f is independent
of &, we obtain

Vi(Pef)ij = —&Vhai — &by — &&Vie — giwai — ginb; — (ginés + gin&i)c.
Therefore

h v h v _
(Vu, V(Pef)) = V' - Vi(Pef)i; =
h .. v v v
= Vku”( — & Vka; — & Vb — &&VikC — gk — gikb; — (9 + gjkfi)é)-

hooo
The tensor V¥u¥ is orthogonal to € in the indices i and j as follows from (3.11). Therefore
the last formula is simplified to the following one:

h v h . h .
(Vu, V(Fef)) = =VPuy - @ — VPupi - V.

10



h h
Introducing the semibasic covector fields §;u and §ou by the equalities

h h h h
(01u)i = VP, (d2u)i = VP, (3.22)

we write the result in the form
R w h oo
(Vu, V(Pef)) = —(d1u, a) = (52u, D). (3.23)
This implies the estimate
2Re<Vu V(PS)) < §(|51UI + |52U| ) + (Ial2+ %), (3.24)

where (3 is an arbitrary positive number.

h
Next, we transform the expression |§;u|* by distinguishing a divergent term
) ho hooo b
|51U| (51U) (510); = Vpu™ - Vit =
ho b sho b ho b ol b
= Vp(u"VUiq) — uPVpVUiq = Vp(u?Vitig) — u’VpVau'?. (3.25)
By the commutator formula for horizontal derivatives (see Theorem 3.5.2 of [f]),
h b h b bl ; ¢
VpVgu™ = VgVt — Ry, £V u" + ijqujq + I, atl,
Substituting this value into the previous formula, we obtain
hoo plo bbb
5rul® = Re (= u! VWi + Vp(uP Vi) ) + Ralul, (3.26)

where

R2 [U] = Re (u ( ]pq§JVkﬂlq R;Pqu]q R?pq_i))

We now transform the first summand on the right-hand side of (3.26) in the order
reverse to that used in (3.25)

h h h h
10 = Re (= Vy(u? @) + Gyl - G + Gy (u Vi) ) + R
Introducing the semibasic vector field ©; by the formula
-’ bk i
(01)" = Re (u] Vit — upy V' ), (3.27)
we write the result in the form
hoo ho oo b hoo
In the same way, we obtain
hoo ho o b hoo

11



with
()" = Re ( T — gy Vi U) (3.30)
and

Rslu] = Re (u ( Jpqgﬂv u” — R w'' — R uqi)>.

Jprq Jprq

Taking the sum of (3.28) and (3.29), we have
N ho oo b hoo oo ho ho
|61u|” + |62ul® = Re (V W -Vt + V" - Vkuj,) + V0" + Rylul, (3.31)

where

QN):l~)1+’52, R4[U] :RQ[U]+R3[U]

Introduce the semibasic tensor field z = (z;) by the formula

h
Viujk: (Hu)jk + zl]k (332>

|€|2

The idea of this new notation is that the tensor z is orthogonal to £ in all its indices
fizz’jk = szz‘jk = szz‘jk =0, (3-33)

h h
while the tensor Vu = (Viu;i) has the mentioned property only in the last two indices.
The summands on the right-hand side of (3.32) are orthogonal to each other, so

\VU\Q \Hu|2—|— Eli$ (3.34)

(35

The first two terms on the right-hand side of (3.31) can be expressed through z. Indeed,
one easily see with the help of (3.32) and (3.33) that

ik & hioik & ik 5 ik 5 2
Re (V WVt + V' - Vkuﬁ) = Re (27" Zip + 27" Z51) < 2|2]°.
With the help of the last inequality, (3.31) implies the estimate
hoo R 2, &
|§1u]” + [doul” < 2[2]° + Vit" + Ralu] (3.35)

which, together with (3.24), gives

2Re(V V(P) < 012+ 5 (laf? + BP2) + 5 + SRl

Substitute values (3.20) for a and b into the last formula

(ImefEl + Iref"€P) + 5wt + DRl (330

QRG(%U,%(PHC)) §5|2|2 ﬁ|§|4

Next, we estimate the second term on the right-hand side of (3.16). We differentiate
equality (3.10) with respect to ¢ taking the independence f of £ into account

Vr =V ((p— E)P) f +V(pPe) fg — E) + pPe fVq.

12



In what follows in the proof, we denote different constants depending only on n = dim M
by the same letter C. On using (3.5), we obtain from the last formula

[vr| < |€|\fl
From this . \
2 Re(Vu, Vr) < Ce(|Vul® + W|f| ). (3.37)
Combining (3.36) and (3.37), we obtain from (3.16)
2 Re(Vu, V Hu) Sﬁ\z|2+5|£|4(\ﬂgf§\ +lme 7] )+5Vﬂ7@+08(|VU\ +‘£‘2\f| )+ﬁ734[ J
(3.38)

Estimating the left-hand side of the Pestov identity (3.12) by (3.38), we obtain for
€l =1

g )+ Ru], (3.39)

Ul Vi — B2 — 2 (e fE[+ e £ P)— (Va4 £12) < Wil
i 5l ¢ € VU

where

We multiply inequality (3.39) by the volume form d¥ = |d,w(§) A dV™(x)|, integrate over
QM , and transform the integrals of divergent terms by Gauss-Ostrogradskii formulas (see

Theorem 3.6.3 of [[])

[ (19l + (0= 20 = 812 = S + mes€f?) = C(Vul? + |f12)] 5 <

QM

ﬁ ~ 2n—2
< (=0 —v,v)d% + | Rlul]dX. (3.40)
4 !

The second term on the left-hand side has appeared because w is positively homogeneous
of degree —1 in £ and satisfies (¢, w) = |Hu|? as is seen from (3.14). Substituting the

value |Vu|2 |2|? 4+ |Hu|?* from (3.34), we write the result in the form

[ [0=8-CoNs + (a =1 = CoNEUP = S(lme P + Imef6F?) — Cel 7] <

QM

ﬁ~ 2n—2
< (=0 —v,v)dE + [ Rlu]dX. (3.41)
1 4

Assuming (§ < 1, integrals on the right-hand side of (3.41) can be estimated exactly
as in Section 5.5 of [f]

/ Rlulds| < Ck(M, g) / Tul2ds < € / 2, (3.42)

13



[ (5o =v)ds 2| < Dlula,aul. (3.43)
QM

where k(M,g) is defined by (3.6). The second inequality on (3.42) is valid because of
(3.7). The constant D on (3.43) depends on (M, g), unlike the constant C' on (3.42)
which depends only on n.

Combining (3.41)—(3.43) and using again the equality |Vu\2 |22 + |Hul|?, we obtain

[ (1= Ce ol +(n =1~ C ~ COHUP — S (Ime el +Imes"€[) ~ Cel ] ax <

QM

< Dllulp.nln (3.44)

with some new constant C' depending only on n.
Let us compare |Hu| and |Pgf|. The estimate |r| < Ce|f| follows from (3.5) and
(3.10). The latter, together with (3.9), implies

|Hul* > |Pef? — Ce| fI. (3.45)
Using the last inequality, we transform (3.44) to the final form

// [<1_ﬁ_05_05)|z|2+(n—1—05_05)|P£f|2_

M QM

e el + e f€1) = Cel ] don()dV" () < Dlfulosanlf. (3.46)

Let us remind that 3 is an arbitrary number satisfying 0 < 5 < 1.

Lemma 3.2 For every Riemannian manifold (M, g) of dimension n > 4 and every point
x € M, the Hermitian form

BN = [ 0= DIPSP = 2lmesf? + e € don(©)
Qe M

1s positive definite on the space of second rank tensors at x. Moreover, the estimate

B(f, [) = c|f)?

holds with a positive constant ¢ depending only on n. In the case of n = 3, the same
statement is valid for symmetric tensors.

The proof of the lemma will be given later, and now we finish the proof of Theorem

3.1 by making use of the lemma.
By the lemma, the inequality

el I3 = c / v < |
M

14
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(0= 1= Ce = CO)|RS = S(Ime e+ [me€F7) = Cel ] dan()aV™ (@) (3.47)

holds for f = 1, ¢ = § = 0. By continuity and by estimates |Pef| < |f], |mefE| <
\fl, |mef €] < |f] for [€] = 1, the same inequality holds for some positive ¢, ¢,d, and
independent of f and satisfying 1 — § — Ce — C'§ > 0. Combining (3.46) and (3.47), we
obtain

11172 < Cllulo,oullz = CIF 0
with C'= D/c. This finishes the proof of Theorem 3.1.

Proof of Lemma 3.2. One easily checks the equality B(f, f) = B(u,u)+ B(v,v) for
a complex tensor f represented as f = u + v with real v and v. Therefore it suffices to
prove the statement for a real tensor f.

The corresponding symmetric bilinear form is

B = [ [t DIRLR) = 2(mef€ 1) + (e )| ).
Q.M
Obviously, B(f,h) = 0 for a symmetric f and skew-symmetric h. Therefore, it suffices to
prove the positiveness of B on the spaces of real symmetric and skew-symmetric tensors

separately.

The positiveness of B on the space of real symmetric tensors is proved in Lemma 5.6.1
of [H], where m¢ f¢ is denoted by Pejef.

Thus, we have to consider the quadratic form B on the space of real skew-symmetric
tensors. On making use of an orthonormal basis, we identify T, M with R" endowed with
the standard scalar product and identify 2, M with the unit sphere 2 C R™. So

BN = [ [0 VIR~ almese] doto) (3.48)

Q

where w is the volume of 2 and dw is the standard volume form on 2.
For a skew-symmetric f

TefE = f¢ (3.49)

since f¢ is orthogonal to £. Therefore formulas (3.20) and (3.21) are simplified to the
following ones:

a=—b=f& (Pef)y=fiy — ()& + &([E);
for [£] = 1. Using the last equality and (f¢, &) = 0, we easily calculate

|PefI” = IfI? =2l f]* for [¢]=1. (3.50)
Substitute (3.49) and (3.50) into (3.48)

~B0.0) = -0l - 2D fepa (351)

On using the obvious relation
1 [0 for i#y,
;/&gjdw_{ 1/n for i=j,
Q
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we find

1 1
- [1sepao=2irp
Q

Inserting this value into (3.51), we see that

2

SB(f ) = g

This implies the positiveness of B on skew-symmetric tensors for n > 4.

4 Three-dimensional case

We will first show that both our problems, linear and nonlinear, possess some non-
uniqueness in the three-dimensional case.

Let (M, g) be a three-dimensional CNTM which is assumed to be oriented. Every tan-
gent space T, M is a three-dimensional oriented Euclidean space. So, the vector product

T.M xT,M — T,M, (v,w)r—vXuw
is well defined. It is extended to the C-bilinear operation
TEM x TSM — TEM,  (v,w) — v X w

on complex vectors. For a complex vector field v € C*(r} M), we denote by L, €
C> (7L M) the operator of vector multiplication by v,

Ly(z)n=wv(z) xn for ne&TEM.

Note that L, is a skew-symmetric tensor field. Quite similarly, for a semibasic vector field
v € C®(BIM), the operator L, € C=(8{ M) is defined. Let us prove the formula

(v,€)
PgLU == 7T£LU7T£ = ‘£‘2 Lg (41)
We remind that (-,-) and |- | are defined in Section 2. This is a pure algebraic local

formula. So, we can use a positive orthonormal basis (ey, s, e5 = &/|€|) in T, M. In such
a basis

100 0 —v3 0 —[¢ 0
=010 |, L= vs 0 —v |,Le=|1§ 0 0], (v, =uvs¢,
00 0 vy v 0 0 0 0

and the formula follows immediately.
Next, we prove the formula

h

h
The formula is quite expectable since V¢ = 0. Nevertheless, it needs a proof. Here, we

h
have to use a general coordinate system since V is a differential operator. The vector
product is expressed by the formula

i 1
(U X w) = ﬁ(%ﬂwwz - Ui+2wi+1)
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in general coordinates, where g = det(g;;) and indices are reduced modulo 3. Therefore

(Lo)iiyr = —\/EUZJr2 (4.3)
and (4.2) is proved by straightforward calculations with making use of V;g;; = 0 and
ho
Vvig? =0.

We derive from (4.1)-(4.2) and the formula H(1/|¢[*) = 0 that

A H)\

Migpte) = fgpte = o

for a complex function A € C*°(M). Thus

A
H(@Lg) = PeLya. (4.4)

This gives us the following non-uniqueness in the linear problem. If the function \ vanishes
on the boundary, A|gy = 0, then u(x, &) = AL¢/|¢]* solves the boundary value problem

Hu = ng, Uyg_ QM — 0 (45)

with f = Ly, and satisfies
F[f] = ulo,om = 0. (4.6)

The boundary value problem (4.5) coincides with (3.2) for the unit weights p = ¢ = E,
and (4.6) means that f cannot be recovered from F[f].
The same arguments give us some non-uniqueness in the nonlinear problem. Fix
a function A € C*°(M) vanishing on the boundary, A|sps = 0, and, for (z,£) € QM,
define the linear operator U(x, &) on T°M whose matrix in a positive orthonormal basis
(e1,€9,e3 = &) is
cosA(xz) —sinA(z) 0
sin A(z) cosA(x) O
0 0 1

For a real function A\, U(z,¢) is the rotation of T, M around the axis £ by the angle A(z).
In the case of a complex A, the operator is also well defined although its geometric sense is
more complicated. The semibasic tensor field U € C*(8i M; QM) satisfies the equation

HU = (PeLyg))U (4.7)

and boundary condition
Ulgon = F. (4.8)

Indeed, (4.8) is obvious. Let us prove (4.7). In virtue of (4.1), equation (4.7) is equivalent
to the following one:

HU(x,€) = (VA(x), §) LeU (2, €). (4.9)

Let v be a unit speed geodesic. Setting x = ~(t), £ = 4(¢) in (4.9), we arrive to the
equation
DU(t)  dA(t)
dt - dt

Ly U (), (4.10)
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where A(t) = A(y(t)) and U(t) = U(y(t),7(t)). Conversely, if (4.10) holds for any unit
speed geodesic 7, then (4.9) is true. To prove (4.10), we choose an orthonormal basis
(e1(t), ea(t), es(t) = (t)) of Ty M which is parallel along . In such a basis, (4.10) is
equivalent to the matrix equation

g ([ cos A(t) —sinA(t) 0 o [0 —10 cos A(t) —sinA(f) 0
p sin A(t) cosA(t) 0 | = p 1 0 0 sin A(f) cosA(t) O
0 0 1 0 0 0 0 0 1

which is obviously true.

Comparing (4.7)—(4.8) with (2.3)—(2.4), we see that a field f = Ly) with Mgy = 0
cannot be recovered from data (2.3).

Let us introduce the definition: f € C°°(r{ M) is said to be a potential field if it can
be represented as f = Ly, for some function A € C'°(M) vanishing on the boundary,
AMonr = 0. Potential fields constitute the natural obstruction for the uniqueness in the
both, linear and nonlinear, problems. We are going to prove that a solution to the linear
problem is unique up to the obstruction. The corresponding local result for the nonlinear
problem will be obtained in the next section. First of all we prove

Lemma 4.1 (on decomposition). Let (M,qg) be a compact oriented three-dimensional
Riemannian manifold with boundary. Every tensor field f € C®(ti M) can be uniquely
represented as

f=Lux+f (4.11)

with some A € C*(M) satisfying
Moy =0 (4.12)

and some tensor field f € C°° (1t M) satisfying the condition: the 2-form fijdx" A da? s
closed, o .

The summands of decomposition (4.11) are called the potential and closed parts of f
respectively. Note that (4.13) involves only the skew-symmetric part of f , l.e., a symmetric
tensor field is closed. Lemma 4.1 can be derived from the Hodge-Morrey decomposition
[§] but we give a shorter independent proof.

Proof of Lemma 4.1. We first prove the uniqueness statement. Assume (4.11)-
(4.13) to be valid. Applying the exterior derivative d to the form f;;da’ A da? and using
(4.11) and (4.13), we obtain

d<(Lw)ijdxi A dxj> = d(fy;dz’ A da?).
On using (4.3), one can check by a straightforward calculation in coordinates that
A((Ler)yda’ A da?) = —280/gda’ A da? A do,
where A is the Laplace-Beltrami operator. Thus, the function A solves the Dirichlet

problem

AA:—L<

V9

Ofys  Ofs1  Ofpa
oxl 0x? ox3

), Monr = 0, (4.14)
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where [~ is the skew-symmetric part of f, i.e.,
Dirichlet problem is unique.

The existence statement is proved by reverse arguments. Given f, let A be the solution
to the Dirichlet problem (4.14) and f = f — Lyx. Then (4.11)-(4.13) holds. The lemma
is proved.

We restrict ourselves to considering the inverse problem for closed fields only.

- = 3(fi; — fji)- The solution to the

ij

Theorem 4.2 There exist such positive numbers 0 and ¢ that, for any oriented 3-dimen-
sional CNTM (M, g) satisfying (3.7) and for any weights p,q € C®(BLM; QM) satisfying
(3.1) and (3.5), every closed tensor field f € C°°(1{ M) can be uniquely recovered from the
trace (3.4) of the solution to the boundary value problem (3.2) and the stability estimate

IF1IZ2 < C (NELNE + 1 floarllzz - [1F[f]Ilz2) (4.15)

holds with a constant C' independent of f.

Proof follows the same line as the proof of Theorem 3.1 with the following difference:
the left-hand side of the Pestov identity (3.12) will be estimated in a different way by
making use of the closeness of f.

We represent f as the sum of symmetric and skew-symmetric fields

F=1"+1 =1 fij=-1fi

Taking the symmetry of Christoffel symbols into account, the closeness condition for f
can be written as

Vi + Vil + VS = (4.16)

The vector f~¢ is orthogonal to & and therefore 7 f~¢ = f~¢. Formulas (3.20) take now

the form
1

a= |§|2 §f+€‘|‘ |€|2f 57 |§|2 §f+€_ |§|2f f (417)

We write equation (3.2) in the form (3.9) with the remainder r defined by (3.10). Then
we write the Pestov identity (3.12) for v with terms defined by (3.13)-(3.15). The left
hand-side of the identity can be written as in (3.16).

h v
The main problem is estimating the first term (Vu, V(P f)) on the right-hand side of
(3.16). To this end we represent f in form (3.17) with a and b defined by (4.17). Then
(3.23) holds. In view of (4.17), equation (3.23) can be written as

(Vuu, V(Pef)) = (B1u + o, e f1E) — —— (10 — Gau, ). (4.18)

|€ ? IS ?
We transform the second term on the right-hand side of (4.18) by distinguishing di-

h h
vergent terms. Using definition (3.22) of §1u and §ou, we write

h

(S — Gy, fE) = (Vyul? — V) fr =

h ki e k. pi F— ki &
= Vp(§ufiy, + & uP fi) — Eu p(vpfik+vl'fkp)'
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Now, we use the closeness condition (4.16) to transform this formula to the following one:

<glu - 32% f7§> = fkuip%kf;z‘ + %p(gkuipfﬁc + fkumf};@')-

Finally, we distinguish a divergent term from the first summand on the right-hand side

(Bt — Sau, FE) = Vi€ F) — € - [y + V(€90 iy + EFuli ).

This can be written as

(51— 8o, 7€) = (Hu, ) + V(€ Fi, + €0 5, + €l 7). (4.19)

Next, we calculate the first term on the right-hand side of (4.19) by making use of
(3.9) and (3.21)

(Hu, f7) = (Hu)" fi; = (Pef)? + 1) fi5 = (f7 —a'¢ =V —c€’¢? +17)f ;. (4.20)

Since f~ is a skew-symmetric tensor, cflfffi_j = (0. This means that the term c£'¢7 on
the right-hand side of (4.20) can be omitted. By the same reason, the term f% can be
replaced with (f7)%, the vector a = #ﬂ'g f& can be replaced with # f&, and the vector

b can be replaced with #f*f In such the way, (4.20) takes the form

(Hu, f7) = |f7] - (f”“é“ &+ fGEN fi;+(r f).

e

The second term on the right-hand side is independent of f*, and the formula can be
written as

(Hu, f7) = f 71" = 5l €P + (n ). (4.21)

Substitute (4.21) into (4.19)

|§|2

(51— 8o, [7€) = | 72— —= | €2+ {r, 1) + V(€ i, + €0 5, + €l ).

|€|2

Inserting this expression into (4.18) and estimating the first term on the right-hand side
of (4.18) in a similar way as in deriving (3.24), we arrive to the inequality

2 Re(Vu, V(Pef)) < (|51u|2+ Gaul?) + ﬁ|£|4l7rgf+$|2
—12 2 2 4
where
(B3)" = —@ Re("w!™ 1, + €5l [, + "V fi) (4.23)

and [ is an arbitrary positive number. The last term on the right-hand side of (4.22) can
be estimated by Ce|f]?/|£|* as follows from (3.5) and (3.10). Estimating the first term
on the right-hand side of (4.22) by (3.35), we obtain

9 Re(Vu, V(P.f)) < B>+

e e gl P Tl e o FP i+ DRy )

(4.24)

ﬁ\&\‘* |€|2 45 €17
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with the same curvature dependent term R4[u] as in (3.36) and

where 0; (i = 1,2, 3) are defined by (3.27), (3.30), and (4.23) respectively.
The second term on the right-hand side of (3.16) is estimated by (3.37) as before.
Combining (3.37) and (4.24), we obtain from (3.16)

h v 4 _ h h .
2Re(Vu, VHu) < 5|2|2+B|7T§f+§|2_2|f_|2+4|f_§|2+05(|f|2+|VU|2)+VﬂN’Z+§R4[U]

(4.25)
for [¢] = 1.

We estimate the left-hand side of the Pestov identity (3.12) by (4.25) and write the
result in the form

(1= CE) SVl Vi = Blaf - e €[+ 217 =1 € - el < Vo' ~0')+ G Ralul

Integrating this inequality and transforming the integrals of divergent terms in the same
way as in (3.40), we obtain

[ (0= CoNVA + | = Bl = Slmef el + 207~ 4l - el P d <

QM

< /(ﬁ—v,u)d22"2+/724[u]d2.
oM

OOQM

h
Substituting the value |Vu|? = |z|> + |Hul|? from (3.34), we write the result in the form

[ [(1=8-CoNs + 2= CopEUP = Slmef el +207 7 = 4l - CelF] d <

QM

< /(ﬁ—v,u)d22"2+/7€4[u]d2. (4.26)
o0M oM

The curvature dependent integral on (4.26) is estimated as before in (3.42)

/ Riulds| < €5 / T2, (4.27)
M QM

while the boundary integral is estimated in a little bit different way. Namely, instead of
(3.43), we have the estimate

[ = vd=?) < D(lelosalfs + W flonelze koo lzz).— (428)
QM
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The second term on the right-hand side of (4.28) appears because of the dependence of
0 on f as is seen from (4.23). Inequality (4.28) is proved in the same way as estimate

(4.7.2) of [H].
h
Combining (4.26)—(4.28) and using again the equality |Vu|? = |z|? + |Hul|?, we obtain

[ [(1=8-Co-Ce)lf+(2-Co-CoHuP~Slme e+ 2T Pl ¢P~Cel 1P| a5 <

QM

< D(lfula,ant i + oz - Nulo, a2 (4.29)

The tensors f* and f~ are orthogonal to each other as well as P:f* and Pef~ are
orthogonal to each other. Therefore

FE=1 P+ RSP = P P+ [ Pef P
With the help of these equalities, (3.45) gives
[Hul* > |Pef* — Ce| {17 = Celf . (4.30)

We use (4.30) to transform the estimate (4.29) to the final form

4
(1—8—C6— Cs)ﬂé |2%dS + / [<2 — 85— Ce)|Peft]? - B\w§f+£|2 - Cs\f+|2] dS+

QM

42 [ (1P = 2177€P = Cels Pz < Dot s + ol o, aalin) (431
QM

with some new constant C'.
For § =1 and € = § = 0, the left-hand side of (4.31) is the integral over M of the
Hermitian form

A(f, f)=B(f" f1) +2Q(f. ),

where B is the same as in Lemma 3.2 and

QU f) = / (1712 = 21f€[2)dun (©). (4.32)

QM

By Lemma 3.2, the form B is positively definite on symmetric tensors in the 3-dimensional
case. The form () is positively definite on skew-symmetric tensors. Indeed, repeating the
arguments of the proof of Lemma 3.2, we derive in the 3-dimensional case

1

w

[ U = 2As€P)ante) = 5117

Qe M

for a skew-symmetric tensor f. Now, the proof is finished in the same way as in Theorem
3.1.
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5 Nonlinear problem

We return to considering the inverse problem of recovering a tensor field f € C*(7{ M)
on a CNTM (M, g) from the data

®[f] = Ulo,am, (5.1)
where U € C(3{M; QM) is the solution to the boundary value problem on QM
HU = (P:f)U, Ulo_am = E. (5.2)

We will prove the uniqueness under the following smallness assumptions on f:

|f(z)| <e for ze€dM, (5.3)
0 0
/ |f(yee(t))]dt < &, / IV f(Vae(t))|dt <e for (z,€) € 0,QM. (5.4)
7 (2,€) T (2,6)

We remind that we use notations introduced in Section 2. In particular, V is the covariant
derivative. Note that these smallness conditions are quite similar to that of Theorem 2 of

)

Theorem 5.1 [t is possible to choose a positive number 6 = §(n) for n > 4 such that,
for an n-dimensional CNTM (M, g) satisfying the curvature condition (3.7), there exists
a positive number € = (M, g) such that the following statement is true. Let two tensor
fields f; € C®(r{ M) (i = 1,2) satisfy (5.3)-(5.4) and ®; = ®[f;] be the corresponding
data. Then the estimate

If2 = fillze < C|| @1 0y — Bl (5.5)

holds with a constant C' independent of f;. In particular, fi = fo if &1 = ®o. In the case
of n = 3, the same statement is true under the additional assumption that fo — f1 is a
closed tensor field.

Proof. Let U; € C(B{M;QM) (i = 1,2) be the solution to the boundary value
problem

According to (5.2), the solution satisfies
Uig = U = €. (5.7)

Set u = U;'U, — E. Using the equalities HE = 0, H(U;'Uy) = HU{' - Uy + U HU,,
and HU;' = —U;'HU, - U;", one easily derive from (5.6) that u solves the boundary
value problem

Hu = U (P:(fo — f1))Us, ulo_anm =0 (5.8)

and
u|a+QM = (I)Ilq)Q — F. (59)
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Setting f = fo — f1, p=U; ", q¢ = Uy, we write (5.8)-(5.9) in the form
Hu=p(Pef)q,  ulo_am =0, (5.10)
Flf] = ulp.om = &7 0y — E. (5.11)
We have arrived to the linear problem considered in Sections 3 and 4. If we will prove
that the weights p = U, and ¢ = U, satisfy conditions (3.1) and (3.5), we would be able

to apply Theorems 3.1 and 4.2 to obtain the statement of Theorem 5.1. Condition (3.1)
is satisfied by (5.7). The weight p = U; ! solves the boundary value problem

Hp=—p(Fcf1),  plooou=FE
which is very similar to (5.2). Theorem 5.1 is thus reduced to the following

Lemma 5.2 Let (M, g) be a CNTM and a tensor field f € C®(ri M) satisfy (5.3)-(5.4).
Then the solution U to the boundary value problem (5.2) satisfies the estimates

U—-E|<Ce, |VUl<Ce on QM (5.12)
with some constant C' depending on (M, g) but not on f.

To prove Lemma 5.2, we need the following estimate for solutions to linear ordinary
differential equations (see Lemma 4.1 of Chapter IV of [}):

Lemma 5.3 Let y = (y1(t),...,yn(t)) be the solution to the initial value problem
dy
- = Ay +£(1), y(0) =y,

where f(t) is an N-dimensional vector and A(t) is an N x N-matriz. Then

vl < (wl + [ 17@ldr) e [ 141ar

where |A(T)| is the operator norm of the matriz A(t) defined with the help of the standard
norm | - | on CV.

Let us adjust this statement to our geometric setting.

Lemma 5.4 Let (M,g) be a CNTM and f € C(B8°M;QM), A € C(BmM;QM) be
two semibasic tensor fields. Let y € C(B°M;QM) be the solution to the boundary value
problem

Hy = Ay + [, Ylo_anm = yo
with some yo € C(B° M;0_QM). Then

0

@9 < (I @ O) A O+ [ 10,50l
T (2,8)
<exp[C [ 140050
T (2,€)

for (z,§) € QM, where v = v,¢. Here the norm | - | is defined in Section 2, and the
constant C' depends on m and (M, g).
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The constant C' appears in Lemma 5.4 since different norms are used in this Lemma
and Lemma 5.3. In what follows in this section, we denote different constants depending
on (M, g) by the same letter C.

Proof of Lemma 5.2. Let U be the solution to (5.2). Then U — E solves the

boundary value problem
HU - E) = (Pf)U - E)+ FPef, (U= E)o_au = 0.

Applying Lemma 5.4, we obtain the estimate

=Bl <C [ P fG)dt exp / Py (2 (8))1at] <

T (2,8) T (2.,8)

<C/\f Dt exp [0 /\f )]

T (x,€)
Together with (5.4), this implies the first of 1nequaht1es (5.12).

v h
The proof of the second of estimates (5.12) is more troublesome because VU and VU
h
must be estimated together but VU is unbounded near Q(0M).

We start with estimating %U on 0_-QM. To this end we consider equation (5.2) at

a boundary point (z,£) € 0_QM. Because of the boundary condition Ulsg_qy = F,
equation (5.2) gives

(HU)|o_am = Pef. (5.13)

Let us choose boundary normal coordinates (z',...,z") in a neighborhood V of the

boundary point such that the boundary is determined by the equation 2" =0, 2™ > 0 in
V, and g¢;, = d;,. Because of the boundary condition U ;‘xn:(] = 5;, the equalities

hoo
VaUjlaznzo =0 (0<a<n—1)

hold, and equation (5.13) becomes

Since &, = —(&, v), where v = v(x) is the unit outward normal to the boundary, this gives
with the help of (5.3)

Ce
1€, )]

%U vanishes on 0_QM as follows from the condition Ulg_qn = FE,

VU2, €)] <

for (z,&) € 0_QM, (v,&) #0. (5.14)

VUlo_an = 0. (5.15)
v h
Applying the operators V and V to equation (5.2), we obtain
v v v h h
VHU = (Pef)VU + (VP fU, VHU = (Pf)VU + (PV f)U. (5.16)
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v h
We have used that Vf =0 and Vf = Vf since f is independent of &.

Operators % and H satisfy the commutator formula
v v h
VH=HV+V (5.17)

. h v h
as follows immediately from the definition H = £'V; and from the fact that ¥V and V

h
commute. The commutator formula for V and H is a little bit more complicated. Indeed,
using the commutator formula for horizontal derivatives (Theorem 3.5.2 of [H]), we see
that

h i h hoo hho
Vi(HU);, = Vi(§PV,U}) = EPVivpUy =
hoho . v . ,
— ngvaU]g + gp( - quipngZUlg + R]lszli - leZpUl]> :
This can be written as

h h v
VHU = HVU + R, [VU] + Rs[U] (5.18)

with some algebraic operators Ry and Ry on semibasic tensors which are determined by
the curvature tensor. The operator R, satisfies Ro[E] = 0. Therefore the first of estimates
(5.12), which is already proved, implies the inequality

with some constant C' depending on the curvature bound.
Using commutator formulas (5.17) and (5.18), we write (5.16) as

H(VU) = (Pef)VU — VU + F, (5.20)
LM%U):—Rﬂ%UL+U%ﬂ%U+(L (5.21)

where
F = (VP)fU, G=(PVfU-TRsU. (5.22)

We first consider (5.20)—(5.21) as a linear system of ordinary differential equations in

v h
coordinates of VU and VU with free terms F' and G. Applying Lemma 5.4 to the system,
we obtain the estimate

VU, )] < CLVU (- (2,€), 3 (2, )| + VU (47— (2, €)), A (7, )] +

+ [UFOOAOHGGO.5@) e exp [€ [ (RO AP0 GO HEDd]
7 (2,) 7 (2,)

(5.23)
The first summand of the expression in braces is equal to zero by (5.15). In virtue of
(5.14), the second summand of this expression is estimated as

Ce
(Y(7-(2,6)), v(v(7—(z, )]

VUG (,6), 4(r(2,6))| < |
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By Lemma 4.1.2 of [f], the estimate

(. &)
B @ ) @O ~

holds. Combining two last estimates, we obtain

h Ce
VU (7 (2, €)), Y(7- (2, )] < ——F7

|7—(z, &)
As is seen from (5.22), (5.19), and (5.4), the integral inside the braces in (5.23) can be
estimated by Ce. Finally, the integral under the exponent on (5.23) is estimated by some
constant. Therefore (5.23) implies the estimate

h Ce

Now, we consider (5.20) as a linear system of ordinary differential equations in coordi-

v h
nates of VU with the free term —VU + F. Applying Lemma 5.4 to the system and using
the homogeneous initial condition (5.15), we obtain the estimate

0

0
v h
U@l <0 [ (VU605 + FOw o)) dexs (€ [ 1Py o))
T (2.8) T (2,8)
(5.25)

In virtue of (5.24), the first integral on the right-hand side of (5.25) can be estimated by
Ce. Estimating then the second integral by (5.4), we obtain the second of inequalities
(5.12). The lemma is proved.

6 Kernel of the operator S

In this section, we restrict ourselves to considering symmetric matrix functions on the
whole of R* endowed with the standard scalar product (-, ).

Let M (3) be the space of complex-valued symmetric 3 x 3-matrices. Such a matrix
f € M(3) is considered as the linear operator f : C> — C3. By S? we denote the unit
sphere in R? and by T'S* = {(z,¢) | £ € $*,2 € R? (2,§) = 0}, the tangent bundle of
the sphere. Given ¢ € S%, let £+ = {n € C? | (n,£) = 0} be the complex two-dimensional
space of vectors orthogonal to € and 7 : C* — C3, the orthogonal projection onto &*.

Let S(R3; M (3)) be the Schwartz space of M (3)-valued functions on R3. The linear
operator

S: SR M(3)) — C™(TS?)

is defined by

[e.e]

Sf](x, €) = / tr (mef (e +t€)m)dt for (v,€) € TS?, (6.1)

— 00

compare with (1.10). We are going to answer the question: to which extent is a symmetric
matrix function f € S(R?; M(3)) determined by the data S[f]? Since S[f] depends
linearly on f, the question is equivalent to studying the kernel of the operator S.

27



Let us recall the definition of the ray transform

[:8(R?* M(3)) — C=(TS?),

f[f](ffaé“):/(f(l“+t€)€,€>dt= /fij(x+t§)§i€jdt for (2,6) €TS*.  (6.2)

See Chapter 2 of [[J] for the theory of the ray transform on the Euclidean space. Our
approach to studying the kernel of S is based on the following observation: S[f] = —I[f]
for a symmetric matrix function f with zero trace, see equation (6.7) below.

Theorem 6.1 A symmetric matriz function f = (fi;(z)) € S(R*; M(3)) belongs to the
kernel of the operator S if and only if it satisfies the system of partial differential equations

Ri[f] == fitn + 2f12:12 + fazoo + faza1 + fag0 =0
Rolf] == fian + 2f1313 + fazn + fazzs + faz33 =0 (6.3)
R3[f] := fir.22 + fi1;33 + 2fa3.03 + fozioo + f33.33 =0

where the tensor notations for partial derivatives f;j., = 0% fi;/0x0x; are used for brevity.

The theorem gives the full system {R;[f] | i« = 1,2,3} of local linear functionals that
can be recovered from the data S[f].
Proof. Represent the matrix f as

f=Ff+XE,  trf=0, (6.4)
where F is the unit matrix and A\ € S(R?) is a scalar function. Then

S[f1 = Sf1+ SIAE]. (6.5)

As follows from definition (6.1) of the operator S,

SI\E] = 2I[\E], (6.6)
where .
II\E](z,€) = / Mz +t&)dt for (x,&) € TS?

is the ray transform of the matrix function \F.
If (£,7,¢) is an orthonormal basis of R3, then

0=trf=(f(2)&&) + (f@)n,n) + (f(x)¢.C)

and
tr (me f(2)me) = (f(x)n,m) + (f(2)¢, €).
This implies
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Integrating the last equality with respect to ¢ and recalling definitions (6.1) and (6.2) of
S and I, we see that

S[f] = ~1[f]. (6.7)
Substituting (6.6)—(6.7) into (6.5), we obtain

S[f] = —I[f = 2\E].

Thus, f is in the kernel of S if and only if

I[f — 2)\E] = 0. (6.8)

Now, we apply Theorem 2.2.1 of [{] which states that (6.8) is equivalent to the existence
of a vector field v such that

F—2)\E = dv, (6.9)

where

d: C%(R%:R?) — C®(R?; M(3)), (dv)ij:%(a”" 8”]‘)

&xj + 8I‘Z
is the inner derivative. Theorem 2.2.1 of [{] is formulated and proved for compactly
supported tensor fields. Nevertheless, the same proof works for f — 2A\E € S(R?; M (3))
and gives the vector field v belonging to the Schwartz space S(R3; R?).

Let us express A and f through f. Applying the trace operator to the first of equations
(6.4) and taking the second one into account, we see that

1
A= gtr f. (6.10)

From (6.4) and (6.10),

1
fij = fij - gtl”f : 51] (611)
Substitute (6.10)—(6.11) into (6.9) to obtain
dv=f—trf-E. (6.12)

Equation (6.12) represents the overdetermined system of six first order partial differ-
ential equations in three unknowns (v, vo,v3). The solvability condition for the system
is presented by Theorem 2.2.2 of [{]: equation (6.12) is solvable if and only if the right-
hand side of (6.12) belongs to the kernel of the Saint-Venant operator. Here, we prefer to
use the version R of the Saint-Venant operator which is defined by the equation before
formula (2.4.6) of [{]. So, the solvability condition for (6.12) is

Rh =0, where h=f—trf-FE. (6.13)
The operator R is defined by the formula
4(Rh)ijer = hiksji — Pjizit — Pajie + Rtk
It possesses the following symmetries:
(Bh)ijrr = —(Bh)jir = —(Rh)ijir = (Bh)kaij-
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Because of the symmetries, the tensor Rh has six linearly independent components, and

equation (6.13) is equivalent to the system

—Ri[f]:

— Ry

~~

:U
—

3

:U
—

4

—R;

— o o o o

AN VR V. T . TV T

bo

6

Substitute the value h;; = fi; — (fi1 + fa2 + f33)d;; into the last system

=

1Lf

==y

[
[
f
f
[
[

3

oy

4

=

5Lf

]
]
]
]
]
6[/]

=

For a symmetric matrix function f = (fi;(z)) € S(R?

= (Rh)1212 = 1122 — 2h19,12 + hag1 = 0,

= (Rh)1313 = h11.33 — 2h13.13 + hazn =0,

= (Rh)2323 = hoa,33 — 2has.93 + has00 = 0,

= (Rh)1213 = h11;23 — h1g;13 — Rz + hogn = 0,
= (Rh)

= (Rh)

= fir2 — fizss + fiz.23 + fa2.12 + faz.13 = 0.

Rh)2193 = hos.ag — hi2.23 — has.ia + hisee = 0,
Rh)1323 = h33.12 — his.o3 — hos.ag + hioszs = 0.

= fira1 + 2f1212 + fazoo + f3301 + faz2 =0, )
ol f] = fii1 + 2f1313 + faz1 + Sozs + fazzs =0,
= fir2e + fi133 + 2f23,03 + fo200 + f3333 = 0,
= fi23 + fiz02 + fa203 — faz1 + faz23 =0,

= fiias + fizes — fiz.20 + faza2 + f33.13 = 0,

J

(6.14)

M(3)), system (6.14) contains

only three independent equations. More precisely: each of the last three equations of
(6.14) can be obtained from the first three equations by taking linear combinations, dif-
ferentiation, and integration. To prove this, let us rewrite system (6.14) in terms of the
Fourier transform ¢(§) = f. Applying the Fourier transform to each equation of (6.14),

we arrive to the system

R g §1g11 + 286162012 + E5 g2 + (§1 +€3)g33 = 0,

Ry g E1g11 + 26183013 + (6 + &5) g2 + &3 933 =

9] ==

9] ==

9] == (& +&3)g11 + 3922 + 26283923 + 3933 = 0,
Rylg] == &1&5012 + &162013 + Eo8agor — Elga3 + 28333 = 0,

9] ==

9] ==

£1&3911 + £283912 — E3913 + E182903 + 183933 = 0,
§1&2911 — 53912 + &283913 + §182022 + 163623 = 0.

(6.15)

One can easily see the following three relations between equations of system (6.15):

26,63 R4lg] = 3R [g] + 3R g] — E1Rsg),

— & Rolg) + & Ry[g),
26162 R5g] = —E2 R [g) + €2 Ro[g] + €1 R3g).

26,63 R5[g) = €211 [g

]

Therefore three last equations of (6.15) follow from three first equations at least if g(¢)

depends continuously on &.
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Deleting three last equations from system (6.15), we obtain the equivalent system

R lg] := E2g11 + 261€2912 + E5g20 + (€3 + £3)g33 = 0,
RZ l9] == 5%911 + 26183013 + (f% + 5%)922 + 55933 =0, (6.16)
R:s[g] = (&3 + &3)g11 + E5 922 + 26083923 + E5933 = 0.

The same is true for system (6.14): deleting three last equations from (6.14), we will
obtain the equivalent system (6.3). The theorem is proved.

System (6.16) enables us to answer the question: which integral moments of f can be
determined from S[f]? Indeed, the Tailor series of the function g(¢§) = f is

gik(€ ZZ M],m , (6.17)

m=0|a|=m

where

Wi = [ @ ol =
R3
are the integral moments of order m. Assuming f to be in the kernel of S, let us insert
series (6.17) into system (6.16). Since the coefficients of (6.16) are homogeneous functions
of &, the system does not mix moments of different orders. This means that we can take
g(&) in the form

" (m o
gir() = D Jﬁg-k,ll[f]f
lajJ=m
if we are looking for moments of order m.

Let us start with considering zero order moments. We substitute the expressions

Gij = uﬁ?) into (6.16). Equating coefficients at the same degrees of £ at the resulting

equatlons we easily find that ,ug ) = 0 for every (7,7). This means that the integral

Jgs f(x)dz can be determined from the data S[f].
Next we consider first order moments. We substitute the expressions

1 1 1
gi(§) = :uz(j,)lgl + ng,)QSZ + :uz(j7)3§3

into system (6.16). Equating coefficients at the same degrees of £ at the resulting equa-
tions, we arrive to the system

1 1 1 1 1 1
N§1)1 + N§2),1 =0, N§1)1 + Nz(ag),l =0, N§1)2 + Ng2),2 =0,

1 1 1
Mg2)2 + Ngs s =0, H§1)3 + Ngs 3 =0, Hg;s + Ngs 3 =0,

1 1 1 1 1 1 1
N§1)2 + 2#%2),1 + Ng:s)z =0, Ngl)?; + 2#& ) + Néz 3= =0, N§1)3 + Né ) + 2#53 2 =0,

1 1 1
2#%2),2 + Ng2),1 + Ng3),1 =0, 2#& ) + Né ) + :ué?;,l =0, N§1)2 + 2#%3),3 + N:(53,2 =0.
The general solution to the system looks as follows:

1 1 1 1 1 1
/~L§1),1 = ar, M§2)71 = a2, /igg),l = as, /~L§2),1 = —am, M§3)1 =0, /~Li(’,3),1 = —a,
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1 1 1 1 1 1
Ng1),2 = —a2, N§2),2 = Qy, Ngs),Q =0, MgQ),Q = Gy, Ng3),2 = as, Nz(as),Q = —az,

1 1 1 1 1 1
/~L51),3 = —as, M§2),3 =0, /igg),?, = ay, M§2),3 = —as, /igg),?, = a2, /i:(ag),?, = as,

where (a1, as,az) are arbitrary constants. Eliminating the constants, we obtain the fol-
lowing independent system of 15 linear combinations of first order moments of f which
can be recovered from the data S[f]:
1 1 1 1
(s + Dt = Okt — OiettiiDIF) (6.18)
where 6;; is the Kronecker tensor. System (6.18) is considered for such (7, j, k) that at
least two of these indices are different. A similar consideration is possible for integral

moments uy;:)a[ f] of an arbitrary order m.
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