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Abstract —Recently, it has been established that the bestase-
time trellis codes (STTCs) belong to a specific da of codes.
These codes are called “balanced STTCs” because yhase the
points of the MIMO constellation with the same profability.
Therefore, the search of the best codes can be rexda to this
class. This paper presents a new and general methtmdesign 2-
PSK balanced STTCs for any number of transmit antenas. This
method is simpler than the first method, which wasdescribed
only for 4-PSK modulation and can be generalized foany
configuration of the space-time trellis encoder. $iulation results
of new 4-PSK and 8-PSK balanced codes prove the impance of
this class.

Keywords—space-time trellis codes, balanced codes,
systems, design method.

1. INTRODUCTION

The concept of space-time trellis codes (STTCs) was

proposed in 1998 by Tarokh et al. [1] by combintimge-
convolution coding with multiple transmit antentasmprove
the data rate and the reliability of wireless comioation. In
[1], the rank and the determinant criteria wereppsed to
design STTC in the case of slow fading channetias$ shown
in [2] that, for a great product of the number i@ntsmit and
receive antennas, the performance for a slow fadiagnel is
determined by the trace criterion.

Based on the above criteria, many codes for 2, @ 4n

transmit antennas have been proposed [3-7] afsgst@matic
search to decrease the bit and frame error ratg8]Jnt has
been remarked that the codes achieving the bekirpemce
have the same property: the used points of multippaut
multiple output (MIMO) constellation are generatsih the
same probability. Therefore, these codes are exfeto as
“Balanced space-time trellis codes: B-STTCs” [8:10]

The aim of this paper is to present a general noetioo

MIMO

design balanced codes for specific configuratiores given.
Finally, some new balanced codes which outperfdreniiest
known codes are proposed for 4-PSK and 8-PSK mtdota

2. SPACETIME TRELLIS CODING
We consider the general case of tHeP3K space-time
trellis encoder. Fig. 1 shows the encodemke?.
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Fig. 1.4-PSK space time trellis encoder withtransmit antennas

This encoder has one input block robits andv memory
blocks of n bits. At each time[1Z , then bits of a block are
replaced by the bits of the previous blockJsually, the state
of the encoder is defined by the binary values wfemory blocks

of n bits. The i™ bit X *, i = 1. . .n, of thej™ block,
j=1...(+1), is associated to ny multiplier
coefficientsgi'fj UZ ., k = 1.. .ny, whereny is the number of

transmit antennas. A space-time trellis encodé¢hus usually

design the class of balancetPSK STTCs which offers the defined by its generator mati& of ny x n(v + 1) coefficients

best performance. Therefore, the systematic sefarcigood
codes can be reduced to this class. The rest sfpdyper is
organised as follows. In section 2, the encodebrigfly
described. The performance criteria of STTCs aesgmted in
section 3. Section 4 presents the main propertieshe
balanced codes. In section 5, the general methadesign

balanced codes is described for any number of rr&ns
antennas and for "PSK modulations. Some examples to Lopt o Sl S oSl
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The encoder outputs for th® antenna are computed as

ivz “*g mod 2
i=L

Each encoder outpuytk is mapped onto a"PSK signal

@)

given by: 3" = exp[ j r{ ytkj . Each output signa:l;[k is send

n-1

4. BALANCED CODES
4.1. What is a “balanced code"?

The concept of “balanced codes” has been proposed i
[8-10]. It is based on the observation that thet I8ETCs
proposed in the literature present the same prapéhe
generated symbols of the MIMO constellation are afigu
probable.

The binary input data are supposed to be geneiatea

to the K" transmit antenna. The modulated streams of athemory less binary source S {0, 1} with equally probable

antennas are then transmitted simultaneously.

3. DESIGNCRITERIA

Several design criteria have been proposed in [1to2
exploit the spatial diversity and to offer optinwding gain.
The case of slow Rayleigh fading propagation chinie
mainly considered in this paper. Thedimension transmitted

,
symbols s :[5152 ﬁ} , where[-]T denotes the transpose

operator, are assumed to be grouped in a framengthL;.
Traditionally, criteria are derived from the miniration of the
pairwise error probability (PEP), i.e. the probeil of
transmitting the ny x L; dimension coded frame

symbols and 2PSK modulation are considered. From a given
extended-stat¥=[x%...x | 02} of theL = n(v + 1) length

shift register realized by the input block af bits
followed by thev blocks of n bits, the MIMO symbol

T

Y =[y1y2...ynrJ DZZL generated by the space time trellis

encoder shown in Fig. 1 is
Y=GX (5)

where G is the generator matrix (1). This is a determiaist
relation. Therefore, the STTC is defined by a map

©:Z5 - LT (6)

S = [ § $1 8L -1} and deciding erroneously in favour ofwhich associates to the extended-s¥teunique codeword.

another ng X L; dimension coded frame

E; :[et Qi1 QL _1} . Theny x ny product matrixA = BB#*

is introduced, wher®* denotes the hermitian of thmg x L;
difference matrixB = E; - S.

911 Sl 911+q §+q E'11+Lf—1 $1+Lf-1
3)

§er é‘rq §*Tq 91+|_f—1 §+|.f

Let us defined ng the number of receive antennas.

In order to achieve the minimum error probabiliti,

min(rank@))ng < 3 and for slow fading channels, we shouldvhereG; is thej"

maximize the minimum rank and the minimum determiret
the matrixA computedfor all pairs of coded frameg( S)
[1].

In [2], Chen proposed a new criterion which is ddafor
slow and fast Rayleigh fading channelsniih(rank@))ng > 3.
Under this assumption, the PEP is minimized ifshe of all
the eigenvalues of the product matixs maximized. Because
A is a square matrix, the sum of all the eigenvaldjess equal

to the trace of the matrik
L -1 2

tr(A) = ZAk =3 Tfeta-se

k=1| o=0

(4)

For each pair of coded frames, the ma&iand thertr(A)
can be computed. The minimum trace is the minimdirallo
these valuesr(A). When the produanin(rank®))ng > 3, the
minimization of the PEP amounts to use a code whiashthe
maximum value of the minimum trace.

Note that ®(Z; )DZ”T

codewordsy.
By definition, a STTC is balanced if and only ifcka

generated codeword(DtD(ZE) has the same number of

represents the set of generated

occurrencesy, ON'.

The number of different codewords generated byticgla
(5) is given by card(dJ(Z )) which is a power of 2.

The code is fully balanced if

j=L

{Z(xj G;) mod 2 /x 0 {0,134 =2, 7
j=1
column of the generator matr3. In this
case ®(Z5) = Z

Due to the random memory less sourge=50, 1}, with
p(0)=p(1)=1/2, from a given extended-stAte¢he encoder has

only 2" equally probable next states. The maffixof the
transition probabilities between these states spoeds to a
Markov chain. Due to the symmetry of the matfix the
steady-state probabilities of the extended-stafesre all
equal. For a balanced code, by using (5), the géedr
codewordsY are also equally-probable. In other words, the
generated symbols of the MIMO constellation are adlgu
probable.

4.2 Properties of balanced STTC

Theorem 1 If a STTC is fully balanced theh = L;;, =
One can observe thf,, =dim(Z},).

n.n.



Theorem 2:Let us consider a fully balanced MIMO code with then the columiG., of G must belong toZ"T \H, and must

a n x L generator matrixz. Then, for any additional column

matrix G, 4 DZZ; the resulting generator matiX=[G G.1]
corresponds to a new fully balanced code.

be selected in the cosatdative tothe vectors which belong
to H; or in the cosetc[o]. This method ensures that

Hi. =H;, U(H; +G,,) is a subgroup oZrz‘Tn .

Theorem 3 If G is the matrix of a balanced code, each

permutation of its columns or/and lines generdiesnatrix of
a new balanced code.

Theorem 4 C[O] =2"'Z% is a subgroup on’;n such as
v=-v, OV Gy

elementv C[O] can be written ay =2p, with pOZY . The

coset C[p] =p+ qO] is called felative to v”. So, it is

possible to write:Z :C[O] UE, whereE, is the set of the
cosets G # G- In the case of 8-PSK modulatiorach

element v Go = 475 can be written asv=2p, with

pO2Z7 .For 8-PSK, we note b the set of cosets which

can be written a€; ; = p+ Gy With pO2zZY \{[0 qT} . So
each coseC[p] = p+ qO] 0 E is called telative to v”, with
v=2pQO qo] . Each elementq E can be written ag=2r,

with r 0Zg \2Z3 and a new sef, of cosetsC) =1 +Cy

can be created. Thus, each coseEpis also “relativeto an
element of E;". Therefore, it is possible to write:

2§ =GqUEBUE.

5. A NEwWMETHOD TODESIGN2™-PSKSTTCWITH
SEVERAL TRANSMIT ANTENNAS

In [8-9], a first method to design fully balanceddes has
been presented for several transmit antennas aR&K4-
STTC. In [10], a simpler method to design balandedSK
STTC was presented. The general method describehlisn
paper which is based on the method of [10] allowsasier
design of balanced codes for any number of trarsmb&nnas
and for any 2PSK modulation. Due to Property 2, it is
enough to design fully balanced codes with= L, This
general method respects two rules:

Rule 1: The first no null colum@; must belong t(ﬁm.

Due to the theorem 4G, = -Gy, so H, ={0, G} is a
subgroup on';Tn .

Rule 2: Each new chosen column®imust create a new
subgroupH;,, of Z';Tn with card(H.,) = 2card(H).

Thus, in order to obtain a fully balanced STTC,sthi
general algorithm is as follows:

if i<L min columns ofG have been already chosenZﬁi*n and

ZXJGJ' mod 2' /x 0{ o,

}: H is a subgroup oZzn,
j=1

In the case of 4-PSK modulation, each

The algorithm ends whei+1=L,,,. The obtained matrixz
corresponds to a fully balanced code wigk 1. If necessary,
more columns can be added @to create a fully balanced
code withng>1.

In order to obtain balanced codes (not necessally fu
balanced) the algorithm can be ended wHgris created with
ioc £ Lmi2 columns. One can add a new column

G,..0Z3 \H, . Once again, the obtained code is balanced

but not fully balanced. If necessary, several el@seof
H, can also be added as columns of the maBixThe

resulting code is also balanced but not fully bedah
Remark The main idea of this new method is to generaite a

each step several new eIementsZﬁ;ﬁ and their opposites.

Therefore, there are not discarded eIement%%ﬁf (elements

that must not be further selected). Thus, this nesthod to
design the B-STTC is simpler than the method deedrin [8-
9.

5.1 Design of fully balanced 4-PSK STTC with 2 transmit
antennas

In this case, each generated element beIon@ﬁto It is
possible to make the partition in coseq:p] =p+ ({o] with
Crp = 275 and pOZ3. Thanks to this partition, to generate a

balanced code with_ ;=4 columns, we can proceed as
follows:

In agreement with rule 1, the first colur® of G must

0
be selected irC[O] (but G, # {0} ), becausé[o] contains

the vectors with the property G, =-G. Therefore, a
subgroup ofZ3 is generatedH; ={0, G} .
The second elemer®, has to create a new subgroup
H, ={0, G, G,, G+ G}, where -G, -G, and
—-(G,+G,) are included inH,. There are two solutions
to choosés; :
If C;2 O C[O] \ Hl’ then _GZ = GZ’ _(Gl+Gz) = Gl+Gz
and H, ={0, G,, G,, G+ G} = Gy is a subgroup of
7%. This type of code is called [8, 1T}pe I} i.e.G
has 2 columns irC[O] and thusc[o] is totally generated

by G; andG.,. It remains to select two different cosets
and in each coset, one vector must be selectefdcin

becauseG, 075\ Gq» Ha=CU(Gy + G) is anew



subgroup of Z3. Finally, if G,0Z%\H,, then
H4:H3U(H3+G4):Zz4.

If G,0G,, with 2p =G, then G +G,=-G, and
H, ={0, G,, G,, G,+ G,} is a subgroup ofZ3. If no

‘B’ are balanced, those by ‘FB’ are fully balancadd those
noted by ‘NB’ are not balanced. Each new code larzsd
and its trace is greater than the trace of Chesrsesponding
code.
TABLE 1: 4-PSK Balanced STTCs
with 3 and 4 transmit antennas

more vector is selected i@[o]v this type of code is

called [8, 9] Type | To create a new group
H,=H,U(H,+G,) without using a new vector of

C[O] (else the generator mati&would correspond to a

balanced code dfype I), the third column of5 must
be selected i C[pl] among the two elements that are ng

generated by the combinations@fandG,. So, thanks
to the combinations betweddy, G, and Gs, the group
Hsis equal ta C[O] U C[m] . The last vecto6, is selected

among the two non generated cosets. Tf@n, ...G;}
is a base 01’Zfl and thus a fully balanced space-tim

trellis code for 4-PSK modulation and 2 transm
antennas is obtained.

5.2 Design of fully balanced 8-PSK STTC with tnansmit
antennas

For 8-PSK STTC with 2 transmit antennas, each geeér
element belongs t&g" . In agreement with theorem 4, it is
possible to make the partition of the set of thesets
Zg = C[O] UE U E, where each coset & is relative toone

element ofE; and each coset &; is relative toone element
of C[O]. Thanks to this partition, in order to generate

balanced code, we can proceed as follows:

In agreement with rule 1, the first colur® of G must
be selected irCg (but G, # [0 q). becauseC

contains the vectors with the property G =-G.

Therefore, a subgroup &3 is generatedH, ={0, G}} .

nr | States Code G Trace
[0 2 21120
3| 32 Chen 2232230 B | 24
[7, 11]
2 032210
) 2123230
New 1 2302210 FB 26
2121000
[0 2 3230 3
64 Chen 22123002 B | 28
[7,11]
2 002231
3} -
2323212
t New2 | [0 2 02230 B | 32
2102232
[0 2 21120
Chen 2232230
4 8 [7,11] 2032210 NB | 36
2120100
2 321 210
New 3 0221230 5 36
ew 2323000
2102210
a (02 3230 3
Chen 2212302
o4 [7,11] 2002231 NB | 38
1220213
1 2 20321
New 4 3232203 s | a0
ew 201232 3
1220202

Thei" columnG; (i>1) can be selected either :

- in Gy \H,_;.

— or in the cos.etC[p]DEl\Hi_l if and only if
2p0H,.

— or in the coset C[q]DEz\Hi_l if and only if
200H,.

Thus, each new selected column creates a new@ygr
with twice more elements than the previous subgroup

6. PERFORMANCE OFNEW CODES

In Table 2, 8-PSK Chen’s codes and new correspgndin
codes are shown for 3 transmit antennas/16 statds 4a
transmit antennas/8 states. The two new codes hmer
values of the minimum trace than the traces of Ghen
equivalent codes.

The performance of each code is evaluated by stionla
in a slow Rayleigh fading channel. The channel rfgdi
coefficients are independent samples of a complaus&ian
process with zero mean and variance 0.5 per dimenshese
channel coefficients are assumed to be known atiticeder.
Each frame consists of 130 4-PSK symbols or 198PSK

In Table 1, the minimum trace of some new balancesimbols. For the simulation, there are 2 receiveraras. The

codes are compared to the minimum trace of Cheodex
with 3 and 4 transmit antennas. These codes hawn824
states. The new codes have higher values of thienonin trace
than the traces of Chen’s equivalent codes. Thesadted by

decoding is performed by the Viterbi's algorithmigidte 2
shows the performance of the 4-PSK 32 states anstdids
codes for 3 transmit antennas given in Table lthtnsame
way, the performance of 4-PSK STTC with 32 stated &4



states for 4 transmit antennas is shown in figur€igure 4
shows the performance of the new 8-PSK and
corresponding Chen’s codes of Table 2.

TABLE 2: 8-PSK Balanced STTCs
with 3 and 4 transmit antennas

the 10

10

nr | States Code G Trace
2 47 6 000
3| 16 | Chen 0276700 14
[11]
12 4 2 46 00
(4 2 00 4100
New 5 4 2346700 15.17
0 4242500
(2 4 0 3 2 4
4 Chen 16 4 40 0
8 [11] 3240 42 16.58
7 2 45 40
[0 4 2 4 2 5
New 6 46 100 4 1717
ew 423460 '
|4 6 5 0 4 §
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10°

Fig. 2. Performance of 4-PSK STTC with 3 Tx / 2&tennas
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Fig. 3. Performance of 4-PSK STTC with 4 Tx/ 2&xennas
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Fig. 2. Performance of 8-PSK STTC with 3 Tx & 4/TX Rx antennas

7. CONCLUSION

This paper presents a new and simpler method tmgrdes
balanced space-time trellis codes. It has been rshibat the
best codes belong to this class. The balanced apelesrate
the points of the MIMO constellation with the same
probability. This new and general method allowslégign the
balanced STTCs for "PSK modulations and transmit
antennas. The search for the best codes can beedkdu the
class of balanced codes. Furthermore, several aémdced 4-
PSK and 8-PSK codes for 3 and 4 transmit antenrashw
outperform the best previously published codes las@ been
proposed.

8. REFERENCES

[1] V. Tarokh, N. Seshadri, and A.R. Calderban8pé&ce-time codes for
high data rate wireless communication: Performandterion and code
construction,”|IEEE Trans. Inform. Theoryvol. 44, no. 2, pp. 744-765,
March 1998.

[2] Z. Chen, J. Yuan, and B. Vucetic, “Improved spdime trellis coded
modulation scheme on slow fading channel§gctron. Lett. vol. 37, no. 7,
pp. 440-441, March 2001.

[3] W. Firmanto, B. Vucetic, and J. Yuan, “Spaaadi TCM with improved
performance on fast fading channel §EE Commun. Lettvol. 5, no. 4, pp.
154-156, April 2001.

[4] S. Baro, G. Bauch, and A. Hansmann, “Improvedes for space-time
trellis-coded modulation,IEEE Commun. Lett.vol. 4, no. 1, pp. 20-22,
January 2000.

[5] Yi Hong and A. Guillen i Fabregas, “New Spacea€ Trellis Codes for
Slow Fading Channels,” iRroc. IEEE VTC 2006-Springvol. 3, pp. 1492—
1496, May 2006.

[6] Y.S. Jung and J.H. Lee, “Improved space-timelligr codes using
expanded signal set in slow Rayleigh fading chanyheh Proc. IEEE
ISIT’2002 p. 248, June 2002.

[7] Z. Chen, B. Vucetic, J. Yuan, and Ka Leong t®pace-time trellis codes
for 4-PSK with three and four transmit antennagjirasi-static flat fading
channels,1IEEE Commun. Lettvol. 6, no. 2, pp. 67-69, Feb. 2002.

[8] T. M. H. Ngo, G. Zaharia, S. Bougeard and HElard, “A new class of
balanced 4-PSK STTC for two and three transmitrarés,” inProc. IEEE
8th Workshop on Signal Processing Advances in ¥éseCommunications,
SPAWC 2007p. 1-5, June 2007.

[9] T. M. H. Ngo, P. Viland, G. Zaharia, and J.F. HeJar'Balanced QPSK
space-time trellis codesElectron. Lett, vol. 44, no. 16, July 2008.

[10] P. Viland, G. Zaharia, J.F. Helard, "An impea method to design
QPSK Balanced Space-Time Trellis Codes” Piroc. IEEE 14th European
Wireless Conference 2008 (EW2008p. 1-6, 22 — 25 June 2008.

[11] B. Vucetic, J. Yuan “Space-Time Coding,” Wi)e3003.



