View metadata, citation and similar papers at core.ac.uk

-

P
brought to you by .. CORE

provided by HAL-Univ-Nantes

archives-ouvertes

Consistency of the posterior distribution and MLE for
piecewise linear regression

Tristan Launay, Anne Philippe, Sophie Lamarche

» To cite this version:

Tristan Launay, Anne Philippe, Sophie Lamarche. Consistency of the posterior distribution
and MLE for piecewise linear regression. 2012. <hal-00681274v2>

HAL Id: hal-00681274
https://hal.archives-ouvertes.fr /hal-00681274v2

Submitted on 20 Jun 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://core.ac.uk/display/53008591?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr
https://hal.archives-ouvertes.fr/hal-00681274v2

Consistency of the posterior distribution and MLE for
piecewise linear regression

Tristan Launay!? Anne Philippe! Sophie Lamarche?

! Laboratoire de Mathématiques Jean Leray,
2 Rue de la Houssiniere — BP 92208, 44322 Nantes Cedex 3, France
2 Electricité de France R&D, 1 Avenue du Général de Gaulle,
92141 Clamart Cedex, France

Abstract

We prove the weak consistency of the posterior distribution and that of the Bayes estimator
for a two-phase piecewise linear regression mdoel where the break-point is unknown. The
non-differentiability of the likelihood of the model with regard to the break-point parameter
induces technical difficulties that we overcome by creating a regularised version of the problem
at hand. We first recover the strong consistency of the quantities of interest for the regularised
version, using results about the MLE, and we then prove that the regularised version and the
original version of the problem share the same asymptotic properties.
keywords : consistency ; asymptotic distribution ; posterior distribution ; MLE ; piecewise
regression.

1 Introduction

We consider a continuous segmented regression model with 2 phases, one of them (the rightmost)
being zero. Let u be the unknown breakpoint and v € R be the unknown regression coefficient of

the non zero phase. The observations Xi.,, = (X1, ..., X,,) depend on an exogenous variable that
we denote t1., = (t1,...,t,) via the model given for i = 1,...,n by
Xi=p(n,ti) + & =7 (ti —u)lp,, oo (u) + &, (1.1)

where (&;)ien is a sequence of independent and identically distributed (i.i.d.) random variables
with a common centered Gaussian distribution of unknown variance o2, A’(0,0?), and where 1 4
denotes the indicator function of a set A.

Such a model is for instance used in practice to estimate and predict the heating part of the
electricity demand in France. See Bruhns et al. (2005) for the definition of the complete model
and Launay et al. (2012) for a Bayesian approach. In this particular case, u corresponds to the
heating threshold above which the temperatures ¢1., do not have any effect over the electricity
load, and  corresponds to the heating gradient i.e. the strength of the described heating effect.

The work presented in this paper is most notably inspired by the results developed in Ghosh et al.
(2006) and Feder (1975).

Feder proved the weak consistency of the least squares estimator in segmented regression
problems with a known finite number of phases under the hypotheses of his Theorem 3.10 and
some additional assumptions disseminated throughout his paper, amongst which we find that the
empirical cumulative distribution functions of the temperatures at the n-th step t,1,...,t,, are
required to converge to a cumulative distribution function, say F,, converges to F', which is of course
to be compared to our own Assumption (Al). Feder also derived the asymptotic distribution of
the least squares estimator under the same set of assumptions. Unfortunately there are a few
typographical errors in his paper (most notably resulting in the disappearance of o2 from the



asymptotic variance matrix in his main theorems), and he also did not include 2 in his study of
the asymptotic distribution.

The asymptotic behaviour of the posterior distribution is a central question that has already
been raised in the past. For example, Ghosh et al. worked out the limit of the posterior dis-
tribution in a general and regular enough i.i.d. setup. In particular they manage to derive the
asymptotic normality of the posterior distribution under third-order differentiability conditions.
There are also a number of works dealing with some kind of non regularity, like these of Sareen
(2003) which consider data the support of which depends on the parameters to be estimated, or
those of Ibragimov and Has'minskii (1981) which offer the limiting behaviour of the likelihood
ratio for a wide range of i.i.d. models whose likelihood may present different types of singular-
ity. Unfortunately, the heating part model presented here does not fall into any of these already
studied categories.

In this paper, we show that the results of Ghosh et al. can be extended to a non i.i.d. two-
phase regression model. We do so by using the original idea found in Sylwester (1965): we
introduce a new, regularised version of the problem called pseudo-problem, later reprised by Feder.
The pseudo-problem consists in removing a fraction of the observations in the neighbourhood of
the true parameter to obtain a differentiable likelihood function. We first recover the results
of Ghosh et al. for this pseudo-problem and then extend these results to the (full) problem by
showing that the estimates for the problem and the pseudo-problem have the same asymptotic
behaviour.

From this point on, we shall denote the parameters 6 = (v, u,0?) = (n,0%) and 6y will denote
the true value of . We may also occasionally refer to the intercept of the model as f = —yu. The
log-likelihood of the n first observations Xj.,, of the model will be denoted

i=1

1
= —g log (27r02) - Z 352 (X — - (t; — u)]l[ti7+oo[(u))2 , (1.3)
i=1

where [;(X;|0) designates the log-likelihood of the i-th observation X, i.e.

L= (= )L o) (1.4)

1
Li(X1.0|0) = —5 log (2m0?) — 5

Notice that we do not mention explicitly the link between the likelihood [ and the sequence of
temperatures (¢,)nen in these notations; so as to keep them as minimal as possible. The least
square estimator @\n of 6 being also the maximum likelihood estimator of the model, we refer to it
as the MLE.

Throughout the rest of this paper we work under the following assumptions
AssUMPTION (A1l). The sequence of temperatures (exogenous variable) (t,)nen belongs to a

compact set [u, @] and the sequence of the empirical cumulative distribution functions (F},)nen of
(t1,...,tn), defined by

1 n
Fn(u) = ﬁ Z ﬂ[ti, +OO[(’U,),
i=1

converges pointwise to a function F' where F' is a cumulative distribution function itself, which is
continuously differentiable over [u, T].

REMARK 1. Due to a counterpart to Dini’s Theorem (see Theorem 7.1 taken from Polya and Szego,
2004, (p81)), F), converges to F' uniformly over [u, u).

1Sylwester indeed considers the same model as we do here, however his asymptotic results are false due to an
incorrect reparametrisation of the problem and an error in the proof of his Theorem 3.5.



REMARK 2. Let h be a continuous, bounded function on [u, u]. As an immediate consequence of
this assumption, for any interval I C [u, @], we have, as n — 400

n

1
=3 Wt Li (1) _/h(t) dF, (%) —>/Ih(t) dF(t) = /h(t)f(t) dt,

i=1 y I

the convergence holding true by definition of the convergence of probability measures (see Billingsley,
1999, pages 14-16). In particular, for I = [u, u] and I =] — oo, u] we get, as n — +00

HSOE NICTOE A SISty RO HOEY

=1

REMARK 3. It is a general enough assumption which encompasses both the common cases of
ii.d. continuous random variables and periodic (non random) variables under a continous (e.g.
Gaussian) noise.

ASSUMPTION (A2). 6y € ©, where the parameter space © is defined (for identifiability) as
© = R*x]u, u[xR},

where R* = {z € R,z #0} and R* ={z € R,z > 0}.

ASSUMPTION (A3). f = F’ does not vanish (i.e. is positive) on Ju, u].

AsSUMPTION (A4). There exists K C © a compact subset of the parameter space © such that
@\n € K for any n large enough.

The paper is organised as follows. In Section 2, we present the Bayesian consistency (the
proofs involved there rely on the asymptotic distribution of the MLE) and introduce the concept
of pseudo-problem. In Section 3, we prove that the MLE for the full problem is strongly consistent.
In Section 4 we derive the asymptotic distribution of the MLE using the results of Section 3: to do
so, we first derive the asymptotic distribution of the MLE for the pseudo-problem and then show
that the MLEs for the pseudo-problem and the problem share the same asymptotic distribution.
We discuss these results in Section 5. The extensive proofs of the main results are found in Section
6 while the most technical results are pushed back into Section 7 at the end of this paper.

NOTATIONS. Whenever mentioned, the O and o notations will be used to designate a.s. O and a.s.
o respectively, unless there are indexed with P as in Op and op, in which case they will designate
O and o in probability respectively.

Hereafter we will use the notation A€ for the complement of the set A and B(x,r) for the open
ball of radius r centred at x i.e. B(x,r) = {2/, |2’ — z| < r}.

2 Bayesian consistency

In this Section, we show that the posterior distribution of 0 given (Xi,...,X,) asymptotically
favours any neighbourhood of 6 as long as the prior distribution itself charges a (possibly different)
neighbourhood of y (see Theorem 2.1). We then present in Theorem 2.2 the main result of this
paper i.e. the convergence of posterior distribution with suitable normalisation to a Gaussian
distribution.

2.1 Consistency and asymptotic normality of the posterior distribution

Theorem 2.1. Let w(-) be a prior distribution on 6, continuous and positive on a neighbourhood
of Oy and let U be a neighbourhood of 6y, then under Assumptions (A1)-(A4), as n — +0o0,

/Uw(epcl;n)de LENY (2.1)



Proof for Theorem 2.1. The proof is very similar to the one given in Ghosh and Ramamoorthi
(2003) for a model with i.i.d. observations. Let § > 0 small enough so that B(6y,d) C U. Since

1
(0| X1.,)do =
/U ( | b ) fUC eXP ll n(Xl n|9) ll:n(Xlzn|90)] dé
fU GXp ll n(Xl n|9) ll:n(Xl:n|90)] d9
1

<
1 + fBC(9075) 7T(9) exp[llzn(X1:n|9) - ll:n(X1:n|90)] do
fB(goyg) 7T(9) exp[llzn(Xlznle) - ll:n(XlznleO)] dé

it will suffice to show that

fBC(90,5) 77(9) eXp[ll:n(Xl:n|9) - ll:n(Xl:n|90)] d9 a.s.
fB(eg,é) 7T(9) eXp[llcn(X1:n|9) - ll:n(chn|90)] de

(2.2)

To prove (2.2) we adequately majorate its numerator and minorate its denominator. The
majoration mainly relies on Proposition 7.11 while the minoration is derived without any major
difficulties. The comprehensive proof of (2.2) can be found in Section 6.1 on page 11. O

Let 6 € ©, we now define I(), the asymptotic Fisher Information matrix I(f) of the model,
as the symmetric matrix given by

o2 /u(t —w)?dF(t) —o %y /u(t —u)dF(t) 0

1(0) = o722 [ 1dF(t) 0 |- (2.3)

It is obviously positive and definite since all its principal minor determinants are positive. The
proof of the fact that it is indeed the limiting matrix of the Fisher Information matrix of the model
is deferred to Lemma 7.10.

Theorem 2.2. Let m(-) be a prior distribution on 0, continuous and positive at 0y, and let kg € N
such that

/ 6] (6) df < +oo,
(C]
and denote
t=n2(0—0,), (2.4)

and 7, (+| X1.n) the posterior density of t given Xi.p, then under Assumptions (A1)-(A4), for any
0 <k < ko, asn — oo,

[ e
R3

where I1(0) is defined in (2.3) and Oy the true value of the parameter.

T (¢ X 1) — (27) 3 |T1(0g)|2e 2t 100 | ¢ 5 0, (2.5)

The proof Theorem 2.2 relies on the consistency of the pseudo-problem, first introduced in
Sylwester (1965), that we define in the next few paragraphs.



2.2 Pseudo-problem

The major challenge in proving Theorem 2.2 is that the typical arguments usually used to derive
the asymptotic behaviour of the posterior distribution (see Ghosh et al., 2006, for example) do
not directly apply here. The proof provided by Ghosh et al. requires a Taylor expansion of the
likelihood of the model up to the third order at the MLE, and the likelihood of the model we
consider here at the n-th step is very obviously not continuously differentiable w.r.t. « in each
observed temperature t;, ¢ = 1,...,n. Note that the problem only grows worse as the number of
observations increases.

To overcome this difficulty we follow the original idea first introduced in Sylwester (1965), and
later used again in Feder (1975): we introduce a pseudo-problem for which we are able to recover
the classical results and show that the differences between the estimates for the problem and the
pseudo-problem are, in a sense, negligeable. The pseudo-problem is obtained by deleting all the
observations within intervals D,, of respective sizes d,, centred around wug. The intervals D,, are
defined as

dp, dp,
Dn: u0_77u0+7 5
and their sizes d,, are chosen such that as n — +oo
d,, — 0, n=z(logn) - d;' — 0. (2.6)

This new problem is called pseudo-problem because the value of ug is unknown and we therefore
cannot in practice delete these observations. Note that the actual choice of the sequence (d,,)nen
does not influence the rest of the results in any way, as long as it satisfies to conditions (2.6). Tt
thus does not matter at all whether one chooses (for instance) d,, = n~1 or d, =log ' n.

Let us denote n** the number of observations deleted from the original problem, and n* =
n — n™* the sample size of the pseudo-problem. Generally speaking, quantities annotated with a
single asterisk * will refer to the pseudo-problem. [f,,(X1.,|6) will thus designate the likelihood

of the pseudo-problem i.e. (reindexing observations whenever necessary)

1 (X1nl6) = = log (270?) Z s (X =7 (i~ W)l () (2.7)
i=1

On one hand, from an asymptotic point of view, the removal of those n** observations should
not have any kind of impact on the distribution theory. The intuitive idea is that deleting n**
observations takes away only a fraction n**/n of the information which asymptotically approaches
zero as will be shown below. The first condition (2.6) seems only a natural requirement if we ever
hope to prove that the MLE for the problem and the pseudo-problem behave asymptotically in a
similar manner (we will show they do in Theorem 4.2, see equation (4.1)).

On the other hand, assuming the MLE is consistent (we will show it is, in Theorem 3.3)
and assuming that the sizes d,, are carefully chosen so that the sequence (@,)nen falls into the
designed sequence of intervals (D,,)nen (see Proposition 4.1, whose proof the second condition
(2.6) is tailored for), these regions will provide open neighbourhoods of the MLE over which the
likelihood of the pseudo-problem will be differentiable. The pseudo-problem can therefore be
thought of as a locally regularised version of the problem (locally because we are only interested
in the differentiability of the likelihood over a neighbourhood of the MLE). We should thus be
able to retrieve the usual results for the pseudo-problem with a bit of work. It will be shown that
this is indeed the case (see Theorem 2.3).

If the sequence (dy,)nen satisfies to conditions (2.6), then as n — 400,

*kk *

_>0, — = 1.
n n




Using the uniform convergence of F, to F' over any compact subset (see Assumption (Al), and
its Remark 1), we indeed find via a Taylor-Lagrange approximation

n** dp, dp,
zF(uo—i—d?n) —F(uo—%) +o(1)

where u,, € D,,, so that in the end, since u,, — up and f is continuous and positive at ug, we have
a.s.

n**

=dp - (f(ug) +0(1)) +0o(1) = 0.

n

We now recover the asymptotic normality of the posterior distribution for the pseudo problem.

Theorem 2.3. Let m(-) be a prior distribution on 0, continuous and positive at 0y, and let kg € N
such that

/ 16]0(6) d6 < +oo.
(C]
and denote
t*=n2(0—07), (2.8)

and 7} (-| X1.n) the posterior density of t* given Xi.,, then under Assumptions (A1)-(A4) and
conditions (2.6), for any 0 < k < ko, as n — 400,

k
/ Il
]RS

where 1(0) is defined in (2.3).

T (H X 1on) — (2m) "3 [1(80)|2e™ 210 4y 225 0, (2.9)

Proof of Theorem 2.3. The extensive proof, to be found in Section 6.1, was inspired by that of
Theorem 4.2 in Ghosh et al. (2006) which deals with the case where the observations X7, ..., X,
are independent and identically distributed and where the (univariate) log-likelihood is differen-
tiable in a fixed small neighbourhood of 6. We tweaked the original proof of Ghosh et al. so that
we could deal with independent but not identically distributed observations and a (multivariate)
log-likelihood that is guaranteed differentiable only on a decreasing small neighbourhood of 6y. [

2.3 From the pseudo-problem to the original problem

We now give a short proof of Theorem 2.2. As we previously announced, it relies upon its coun-
terpart for the pseudo-problem, i.e. Theorem 2.3.

Proof of Theorem 2.2. Recalling the definition of ¢ and ¢* given in (2.4) and (2.8) we observe that

t=t"+n3(0° —0,).
Thus the posterior distribution of ¢* and that of ¢, given X;., are linked together via
%n(ﬂxln) - %:;(t - an|X1:n) (210)

where



Relationship ) allows us to write

(2.10

/ TG
RS

- / TG
RS

- / it + o
RS

< / it + o
RS
L @m) 2 1(0))* / e+
RS

T (X 1in) — (2m) 73| 1(80) |2 e 210 qt

%’Z(t - an|X1:n) - (271')7%|I(90)|%675tl1(90)t dt

T (X 1) — (2m) 73 [1(8p)|F e 2(tHan) 100 (tran)| gy

Tt X1m) — (27) 2 |T1(8p)|2e 2t 00| gt

67%(t+o‘n)/1(90)(t+an) _ e*%tlf(é’o)t dt

Theorem 2.3 ensures that the first integral on the right hand side of this last inequality goes to
zero in probability. It therefore suffices to show that the second integral goes to zero in probability
to end the proof, i.e. that as n — 400

[, e+ ol

But the proof of (2.11) is straightforward knowing that a, 5o (see (4.1)) and using dominated
convergence. |

e—Hrron) T an) _ =4 100] 4y B, g (2.11)

As an immediate consequence of Theorem 2.2 we want to mention the weak consistency of the
Bayes estimator.

Corollary 2.4. Let 7(-) a prior distribution on 0, continuous and positive at 6y, such that

/ 16](6) 0 < +o0,
(S}
and denote
0, = / 07, (0] X 1. ) A6,
©

the Bayes estimator of 6 in the problem. Then under Assumptions (A1)-(A4), as n — 400,

k@, —0,) = / 30— B (0] X1on) A6
©
:/ (o (£ X 1) dt 55 0,
]R3

the last convergence being a direct consequence of Theorem 2.2 with ky = 1. O

Observe that, under conditions (2.6), the same arguments naturally apply to the pseudo-
problem and lead to a strong consistency (a.s. convergence) of its associated Bayes estimator due
to Theorem 2.3, thus recovering the results of Ghosh et al. (2006) for the regularised version of
the problem.



3 Strong consistency of the MLE

In this Section we prove the strong consistency of the MLE over any compact set including the
true parameter (see Theorem 3.1). It is a prerequisite for a more accurate version of the strong
consistency (see Theorem 3.3) which lies at the heart of the proof of Theorem 2.3.

Theorem 3.1. Under Assumptions (A1)-(A4), we have a.s., as n — 400,
16n = 0ol = o(1).

Proof of Theorem 3.1. Recall that K is a compact subset of ©, such that 0, € K for any n large
enough. We denote

l1:n(X1:0|S) = sup 1., (X1.0,]0), for any S C K,
6esS

Kn(a) - {9 S @7 ll:n(Xl:n|9) 2 1Oga + ll:n(X1:n|K)}a for any a 6]05 1[
All we need to prove is that

Ja €]0, 1I[, P| lim sup [|@—6p]|=0] =1 (3.1)
N0 ge K, (a)

since for any n large enough we have b, € K, (a) for any a €]0, 1[. We control the likelihood
upon the complement of a small ball in K and prove the contrapositive of (3.1) using compacity
arguments. The extensive proof of (3.1) is to be found in Section 6.2 . O

We strengthen the result of Theorem 3.1 by giving a rate of convergence for the MLE (see
Theorem 3.3). This requires a rate of convergence for the image of the MLE through the regression
function of the model, that we give in the Proposition 3.2 below.

Proposition 3.2. Under Assumptions (A1)-(A4), as n — 400, a.s., for any open interval I C

[w, U],
. ~ _1
i [p(,ts) = po )| = O (™ logn)
Proof of Proposition 3.2. The proof is given in Section 6.2. O

Theorem 3.3. Under Assumptions (A1)-(A4), we have a.s., as n — +00,
16, — 6] = O (n*%mgn). (3.2)

Proof of Theorem 3.3. We show that a.s. (3.2) holds for each coordinate of 6, — 6. The calcu-
lations for the variance o2 are pushed back into Section 6.2. We now prove the result for the
parameters v and u. It is more convenient to use a reparametrisation of the model in terms of
slope v and intercept 8 where f = —vyu.

SLOPE v AND INTERCEPT . Let V; and Va2 be two non empty open intervals of Ju, uo[ such that
their closures Vi and V4 do not overlap. For any (t1,t2) € V1 X Vi, define M (tq,t2) the obviously
invertible matrix

1 ¢
M(t1,t2):{1 t;]’
and observe that for any 7 = (3,7),

w11



Observe that by some basic linear algebra tricks we are able to write for any (¢1,t2) € V3 x Va

170 = Tolloo = 1M (t1, t2) ™" M (t1,t2) (Tn — 70) [l o
<M (t1,t2) oo - (1M (1, 22)T0 — M (t1,t2) 70 0
[ta] + [t1] + 2
|ta —t1]

N

M (t1,t2)Tr — M (t1,t2) 70 oo-

Thus, using the equivalence of norms and a simple domination of the first term of the product in the
inequality above, we find that there exists a constant C' € R, such that for any (¢,t2) € V1 x V5

170 — 70l| < C - [|M(t1,t2)7T0 — M(t1,t2)70],

i.e.

170 = 7ol < C-

Z(M(ﬁn,ti) — p(no, ti))2‘| : (3.3)

i=1

Taking advantage of Proposition 3.2, we are able to exhibit two sequences of points (¢1 ,)nen in
V1 and (t2,n)nen in Vo such that a.s., for i = 1,2

N _1
1 tin) = (0, tin)] = O (0% log) (3.4)
Combining (3.3) and (3.4) together (using t; = ¢, ,, for every n), it is now trivial to see that a.s.
170 = 7oll = O (n~* 10gn),

which immediately implies the result for the v and S components of 6.

BREAK-POINT u. Recalling that u = —(y~! and thanks to the result we just proved, we find
that a.s.

Uy = —@ﬁ;l =— [BO +0 (nf% logn)} [70 +0 (nf% logn)}71

—ﬁOVJI +0 (n_% logn) =ug+ O (n_% logn) )

4 Asymptotic distribution of the MLE

In this Section we derive the asymptotic distribution of the MLE for the pseudo-problem (see
Proposition 4.1) and then show that the MLE of pseudo-problem and that of the problem share
the same asymptotic distribution (see Theorem 4.2).

Proposition 4.1. Under Assumptions (A1)-(A4) and conditions (2.6), as n — +00
n% (é\; — 90) i> N (O, 1(90)_1) 5
where the asymptotic Fisher Information Matriz 1(-) is defined in (2.3).

Proof of Theorem /.1. The proof is divided in two steps. We first show that the likelihood of the
pseudo-problem is a.s. differentiable in a neighbourhood of the MLE 6} for N large enough. We
then recover the asymptotic distribution of the MLE following the usual scheme of proof, with a
Taylor expansion of the likelihood of the pseudo-problem around the true parameter. The details
of these two steps are given in Section 6.3. O



Theorem 4.2. Under Assumptions (A1)-(A4) and conditions (2.6), as n — +oo,
n (én . 90) 2 N(0,1(00) 7Y,
where the asymptotic Fisher Information Matriz 1(-) is defined in (2.3).

Proof of Theorem 4.2. 1t is a direct consequence of Proposition 4.1 as soon as we show that as
n — +00

<>
3
I
>
*
Il
o
=
/
3
|
IS

). (4.1)

To prove (4.1), we study each coordinate separately. For v and u, we apply Lemmas 4.12 and 4.16
found in Feder (1975) with a slight modification: the rate of convergence d,, he uses may differ
1

from ours but it suffices to formally replace (loglogn)z by (logn) all throughout his paper and
the proofs he provides go through without any other change. We thus get

~ ~ —

e 1 s
”yn—ﬂyn:op(n 2), un—unzop(n

[V

) . (4.2)
It now remains to show that

52— 5% = op (n*%) . (4.3)

n n

To do so, we use (4.2) and the decomposition (6.40)

n n

R IR

i=1 i=1

1
o, = —
n

where v;(7,) = Yo (ti —u0) Ly, 4-00[(U0) = Fn - (ti —=Un) L[t 4-00[(Un). The details of this are available
in Section 6.3. O

5 Discussion

In this Section, we summarise the results presented in this paper. The consistency of the posterior
distribution for a piecewise linear regression model is derived as well as its asymptotic normality
with suitable normalisation. The proofs of these convergence results rely on the convergence of
the MLE which is also proved here. In order to obtain all the asymptotic results, a regularised
version of the problem at hand, called pseudo-problem, is first studied and the difference between
this pseudo-problem and the (full) problem is then shown to be asymptotically negligeable.

The trick of deleting observations in a diminishing neighbourhood of the true parameter, orig-
inally found in Sylwester (1965) allows the likelihood of the pseudo-problem to be differentiated
at the MLE, once the MLE is shown to asymptotically belong to that neighbourhood (this re-
quires at least a small control of the rate of convergence of the MLE). This is the key argument
needed to derive the asymptotic distribution of the MLE through the usual Taylor expansion of
the likelihood at the MLE. Extending the results of Ghosh et al. (2006) to a non i.i.d. setup, the
asymptotic normality of the posterior distribution for the pseudo-problem is then recovered from
that of the MLE, and passes on almost naturally to the (full) problem.

The asymptotic normality of the MLE and the posterior distribution are proved in this paper
in a non i.i.d. setup with a non continuously differentiable likelihood. In both cases we obtain
the same asymptotic results as for an i.i.d. regular model: the rate of convergence is \/n and
the limiting distribution is Gaussian (see Ghosh et al., 2006; Lehmann, 2004). For the piece-
wise linear regression model, the exogenous variable ¢;., does not appear in the expression of
the rate of convergence as opposed to what is known for the usual linear regression model (see
Lehmann, 2004): this is due to our own Assumption (A1) which implies that t}.,t1., is equiv-
alent to n. Note that for a simple linear regression model, we also obtain the rate y/n under
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Assumption (Al). In the litterature, several papers already highlighted the fact that the rate of
convergence and the limiting distribution (when it exists) may be different for non regular models
in the sense that the likelihood is either non continuous, or non continuously differentiable, or
admits singularities (see Dacunha-Castelle, 1978; Ghosh et al., 1994; Ghosal and Samanta, 1995;
Ibragimov and Has'minskii, 1981). For the piecewise regression model, the likelihood is continuous
but non continuously differentiable on a countable set (but the left and right derivatives exist and
are finite): the rate of convergence \/n is not so surprising in our case, because this rate was al-
ready obtained for a univariate i.i.d. model the likelihood of has the same non regularity at a single
point. In that case, the rate of convergence of the MLE is shown to be n (see Dacunha-Castelle,
1978, for instance).

6 Extensive proofs

6.1 Proofs of Section 2

Proof of Theorem 2.1. To prove (2.2), we proceed as announced and deal with numerator and
denominator in turn.

MAJORATION. From Proposition 7.11 with p,, = 1, for any given ¢ > 0, we can choose § > 0
small enough so that a.s. for any n large enough

1
sup _[llzn(X1:n|9) - ll:n(X1:n|90)] g —€.

6 Be(6p,0) T

We thus obtain a.s. for any n large enough
O < / 7T(9) exp[llzn(Xl:n|9) - ll:n(X1:n|90)] do
BC(00,6)

< 67”5/ 7(6)dé. (6.1)
30(90,5)

MINORATION. Define 0,, € B(fp,d) such that

inf l[

1
0€B(60,6) N ll:n(Xl:n|9) - ll:n(Xl:nleO)] - E[lln(Xlnlen) - ll:n(Xl:n|90)]

It is possible to define such a 6,, because B(fy, d) is a compact subset of © for § > 0 small enough
and l1.,(X1.n]+) is continuous as a function of 6. Let now

b (0) = U_g_ —1 U_g iln t:) — t-2 6.2
n0) = (4 og 5 )+ =5~ > [ulno,ti) — p(n, 1))’ (6.2)
=1

Recalling the definition of the log-likehood given in (1.2) and replacing X; by its expression given

11



in (1.1) we find via straightforward algebra

=1
1 < , 21
— 3 > lulno.ti) — p(n,t:))* — =, > [ulnos ti) — p(n, ))&
i=1 =1
2 1 1 1 —
_ 0 2 2 2
_log—2+(§—a—g> <E;§Z_UO+UO>
IR , 21
] Z[M(UO, ti) — p(n, t)]” — . Z[M(ﬁoafi) — p(n, t:)]&;
=1 i=1
2 2 2 2 n
_ 0 0 0y — 0 1 2 2
= (1"%—2“——2) gy <g > &~ 0)
=1
1 < , 21
ey Z[M(noa ti) — p(n, t:)]* — o Z[M(Tmati) — p(n, t:)]& (6.3)
i=1 i=1
==b (9)+7U§_02 izn:f—ffz —ilzn:[ (10, t:) — (0, t:)|& (6.4)
- Un 0,20,8 n &= i 0 02711,:1#770’ i KA L0 )]G .
It is now easy to see that
inf 2 [110(X1016) — Lo (X1:0l00)] = = [ (X1n100) = L (X1, 100)]
111 - m m - m m - — m m|Yn) — m m
il 5 1: 1 1 1:n |00 ~lh 1 1 1:n|00
o2 —02 [1 < 2 1
= —bn(0n) + —5 " | =~ Rl I ti) = (0, 1i) 6
1 |o2—02 (1< 2 o
= —bu(0n) + — | " = R e ti) = (M, ti) |
U s el ;5 o | -~ ;[M(ﬁm ) = 11, )€
1
2 2 n
_ 90 9% L1 2 1
= <10gg +1- 0—%) T2 " ; [1(no, ti) — p(nn, t:)]” + U—%Rn

where R,, %23 0 because of the Law of Large Numbers and Lemma 7.6. Thanks to Lemma 7.3
we thus find that there exists C' € R’ such that

i i
[ll:n(Xl:n|9) - ll:n(Xl:n|90)] 2 <1Og ) + 1-— —2)
g g,

n n

. 2
inf —
0€B(09,6) T

1
-3 (Cl6, — 60]* — Ry)

n

We now choose £ > 0 and ¢ > 0 small enough so that

2 2
o2 (log % +1- Z—g) > —k, (6.5)
3(k+ C6?%) 1
> e 6.6
2(02 —9) 2° (6.:6)
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Thanks to (6.5) and the definition of 6,,, we can now write that

i 2l (X10l8) = Do (Xral60)) > = (5-+ Cl00 = 07 = F)
> _E (Ii'i‘C(Sz —Rn).
Since for any n large enough
R, < % (k+Cd%),

we find via (6.6) that for any n large enough
inf [l (X1 16) — Lion(X1nl60)] > — oo (s + C8)
0E B (80,5) 11 1in 1in 1in 1:n|Y0)] = 20_721
3k + C6?) 1

2002 —0) = 2°

We just proved that for any € > 0, we have a.s. for any n large enough

2 1
O> inf _lane_lane 2__7
96513?90,5)71[1' (X1:n0) = l1:n(X1:0/00)] 5€
which immediately implies

1

/ 7(0) expllion (X1on]8) — Lion(X1n00)] 6 > e~ 37 / (6) 0. (6.7)
B(60,9) B(60,9)

CONCLUSION. Let now € > 0 and § > 0 small enough so that a.s. for any n large enough (6.1)
and (6.7) both hold. We have a.s. for any n large enough

ch(9015) 77(9) exp[ll:n(Xl:n|9) - ll:n(Xl:nwO)] dg < IBC(90,5) 7T(9) dee—%ne -0
fB(Go,é) 7T(9) exp[ll:n(Xl:n|9) - ll:n(Xl:n|90)] dé h fB(Go,é) 7T(9) do ’

which ends the proof. O

Proof of Theorem 2.3. Because the posterior distribution of # in the pseudo-problem, 7 (-| X1.,,),
can be written as

73,(01X1:0) o m(0) expll7,, (X1:n |0)];
the posterior density of t* = nz (§ — 5;;) € R? can be written as
T (HX1n) = O (B + 07 38) expllf (Xam 0] + 17 30) = 1 (X1l 7))
where
Cp, = /R 3 (05 + =7 t) explll,, (Xim|0 +n=2t) — 15, (X1.0|07)] dt. (6.8)
Denoting

gn(t) = w0 +n"2t) expll],,, (X1 |0 + 0" 7 2t) — 15, (X1:0[0})]
— m(fo)e” 100 (6.9)
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to prove (2.9) it suffices to show that for any 0 < k < ko,

[ 1t lan(0]de “250, (6.10)

Indeed, if (6.10) holds, C, =% 7(6)(27)2|1(60)|~2 (k = 0) and therefore, the integral in (2.9)
which is dominated by

et [ 1el¥lan (o)

k
+ / Il
RS

also goes to zero a.s.
Let 0 < § to be chosen later, and let 0 < k < k. To show (6.10), we break R3 into two regions

Cyy m(B)e™ 2100 — (2m) = 2| 1(0p)|ze 2" (00N | ¢

Ty(8) = BS(0,6n2dy) = {t : ||t|| = on2d,}
T3 (8) = B(0,dn%dy) = {t: ||t] < on?d,}

and show that for i = 1,2

[ leitanolde =20, (6.11)

k3

PROOF FOR i = 1. Note that [, s I1t1%|gn (t)| is dominated by
/ [£]1F7 (85 + n=t) expllf.,, (X1nl0F +n72t) — 15, (X1.0]05)] dt
T1 ()

+/ e]/E (o) 310 at.
T1(6)

The second integral trivially goes to zero. For the first integral, we observe that it can be rewritten
as

wd [ b0 Bl R expl (Xunl6) 1 (X0 B3] 0.
Be(%,6dy)
The strong consistency of 5; (see Theorem 3.3) implies that a.s., for any n large enough
1% — 6| < 2od
n 0 2 mn-.
From this, we deduce that a.s., for any n large enough, BC(@*“ ddy) C B%(89, £6d,,) and thus that
the first integral is dominated by
kt+1 * Nk * * ¥
n:z He - enH 7T(9) exp[llzn(Xlinw) - lln(Xlnwn)] dé.
Be(6o,46d,)

Recalling that n* ~ n, Proposition 7.11 with p,, = d,, implies that there a.s. exists ¢ > 0 such
that for any n large enough and any 6 € B%(6y, 30d,,) we have

B (X1n]0) = 17, (X1.n|03) < —end?,
It follows, using (2.6) that, a.s. for any n large enough the first integral is dominated by

k+1
2

n exp(—endi)/ 6 — §;||k7r(9) dt =n's" exp(—endi) -0(1)
o

E+1
<n oz 8" 0(1) = 0,
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since by (2.6) we find that nd? > (logn)? for any n large enough. Hence (6.11) holds for i = 1.

PROOF FOR i = 2. We first recall the multivariate Taylor expansion for a function g (k+1)-times
continuously differentiable within a neighbourhood of y € R™. With the usual differential calculus
notations

6(1
D%(y) - b = Z ﬁ(y) chiy e h,
1<it, o yiq<n 't ta
we have
G|
g(x) =D —=D%(y) - (r = )@ + Rrya (@) (6.12)
a=0
where
1 1
Bini(@) = G0 / (1= s)"D" gy + s(x —y) - (z —y)*F ) ds. (6.13)
“Jo

Before expanding the log-likelihood over T5(9) in a such a way, we first have to make sure it

is differentiable over the correct domain. Indeed, the strong consistency of 5; (see Theorem 3.3)
implies that a.s., whatever g > 0, for n large enough,

107 — 6ol < dody-
For ¢ chosen small enough, since ¢ € T»(J) implies
16— 6y, < o,
it follows from the triangle inequality that a.s. for n large enough,
16— 6oll < (60 + 6)dn < di.

A.s. for any n large enough, ¢ € T5(d) hence implies § € B(6y, (6 + do)d,). We choose &y and
d small enough so that 6 + dyp < 1. This way, 0 — I7,,(X1.,]0) is guaranteed to be infinitely
continuously differentiable over B(fy, (6 + do)dy) C B(0o, dy,).

Now expanding the log-likelihood in a Taylor series for any n large enough, and taking advan-
tage of the fact that I7., (X1.,]0%) = 0, we define Bf.,(+) the symmetric matrix defined for v € D,,
by

a2liﬁn(X1n|9) 62 Tn(Xlnle) 62 Tn(Xlnle)

OyOy Oyou Oy0o?
' Oudu 821*811((}02 )
1:n lin
02002

and write that

* * Dk 1 ¥ * Dk ¥
ll:n(X1?n|9) - ll:n(Xlinwn) = _5(9 - en)l (Bln(en)) (9 - en)
+ R3.n(0) (6.15)

where

1 _ _ _
R0 = 35 [ (1= 8PP0 (X004 50 = 020) - (0= F) ¥ s (6.16)
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Lemma 7.12 allows us to write that a.s. there exists a constant C' € R’ such that for any n large
enough, for any t € T»(d)

~ 1 ~ 1 ~
lion(X1onl 0+ 07 30) = 1,0 (X 3) = =5t (07 B1, (B)) 4+ Su(t) (6.17)
where
[Su(B)] < Cn~ = - Je]. (6.18)

From (6.18), we obtain that for any ¢ € T»(0), S, (t) =25 0. Because of Lemma 7.10, we have
n~1B5,, (0%) L5 I(6)), and it follows immediately that for any ¢ € T»(6),

a.s.

gn(t) — 0,

and thus that
1% gn (t) == 0.
From (6.18) we also obtain
S ()] < Coda 2]

Lemma 7.10, combined with (2.6), (6.17) and the positivity of I(fy), ensures that a.s. for any n
large enough

1 ~
(0] < 7t (' BLLO2)) ¢
so that from (6.17), a.s. for any n large enough
exp[lf (X1l 0 + 17 H ) = 1, (X1l 0)] < e H (7 BRR O ¢ om0 (6.19)

Therefore, for n large enough, [|[|*|g.(t)| is dominated by an integrable function on the set T5(6)
and (6.11) holds for ¢ = 2 which completes the proof. O

6.2 Proofs of Section 3
Proof of Theorem 3.1. From (6.4), it is easy to see that

2
E[lln(Xan) - lln(Xlan)] <

S

[llzn(Xlzn|9) - ll:n(XlznleO)]

< —ba(0) + 02 2 ( Zg _UO>

_il 7707 7t)]§

U?’L_

For any 0" € © and r > 0, let B(¢',7) = {0,; |0’ — 0|1 < r}. It is now obvious that

%[ll:n(Xl:n|B(9/; T)) - lln(X1n|K)]

< sup {-b,(0)}+ sup
0eB(0',r) 0eB(0',r)

2
+ sup {—2} - sup
0cB(0',r) LO 0eB(0,r)

0-2

Zfz ~ a3

% > lulnosti) — p(n, ))&

i=1

} . (6.20)
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Lemma 7.6 now ensures that

sup
0cB(0,r

%Z o, | =2

1=1

2
and o2 being bounded away from 0 ensures the boundedness of  sup {—2} which implies
)

0eB(0',r g
sup — (¢ sup
0cB(o',r) LO 0eB(0,r

} 250,

Since o2 is bounded away from 0, taking advantage of the Strong Law of Large Numbers, we also
obtain

n

Z 7705 , )]51

sup 52 a.s.

0eB(0,r) 02 2 Z

We may thus rewrite (6.20) as
2
_[ll:n(Xl:n|B(9I; T)) - lln(X1n|K)] g sup {_bn(o)} + Rna (621)
n 0eB(0',r)

where R,, =5 0.

Assume now that 6’ # 6y, then we have

sup  [bn(0) = 0(0")] < sup  [bu(8) — ba(0)] + [bn(0') — b(E")- (6.22)

0eB(0',r) 0eB(0',r)

Lemma 7.5 (see (7.9)) ensures the existence of a r small enough, say r = r(6’), such that

sup  [ba(6) — ba(8)] <
0cB(0",r(0"))

b(0"), (6.23)

RNy

uniformly in n. For n large enough, that same Lemma 7.5 (see (7.10)) also guarantees that
1
b, (0") — b(6")] < wa/)' (6.24)

Adding inequalities (6.23) and (6.24) together and combining the result with (6.22), we deduce
that for any n large enough

sup — [bn(6) = b(6")] <

1
=b(0"),
9cB(6’,r(8)) 2

ie.

1
sup  {=bu(0)} < —5b(6),
0eB(07,(0")) 2

which finally gives together with (6.21)

Vo' £ 0o, P <1$IET£ [l (X1 | B0, (9’)))—llzn(X1m|K)]g—%b(@’)) -1 (6.25)

Since Lemma 7.5 ensures that b(0") > 0 for any ¢’ # 6, the previous statement implies

Vo' 75 90, P(Hn(ﬁ’) eN, Vn > TL(H/), ll;n(Xl;n|B(6",r(9’))) — ll:n(Xl:n|K) < —1) = 1. (626)
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For a given 6 > 0, let us now define K(0) = K \ B(6p,0). K(J) is obviously a compact set since
K itself is a compact set. By compacity, from the covering

U B@.r0)) > K@),

0/ €K (6)

there exists a finite subcovering, i.e.
m(4)
Im(5) €N, | B9}, 7(0))) > K(5).
j=1

In particular, (6.26) holds for 6’ = 67,7 =1,...,m(d). Let us define

no(d) = j_max n(65).

We may now write
V8§ >0, Ing(d) € N, Im(0) e N, Vj =1,...,m(d),
P (Vn > no(0), lin(X1n|B(0],7(05))) — lin(X1:n | K) < —1) =1,

which we turn into

V§ >0, Ing(d) € N, Im(d) € N,
P (Vn > no(6), Vj =1,...,m(8), lin(X1:n|B(0],7(0)))) — li:n(X1:n| K) < —1) =1,

thanks to the finiteness of m(d), and finally into
V8 >0, Ing(9) € N, P(Vn > no(9), lin(X1:n|K(0)) — lipn(X1n|K) < —1) =1,
because of the covering
m(9)
U B®;,7(8))) > K ().
j=1
Let us now sum up what we have obtained so far. We proved that
V6 >0, Ing(d) eN, P (if Vi > n0(6), 1 (X1:]0) = Lo (X 10| K) > loge™, then 0 ¢ K(é)) =1,
ie.
Ja =e"t €]0, 1], V8 > 0, Ing(6) € N, P (if ¥n > no(8), 6 € K, (a), then || — Oy <) =1,

that is to say

da €]0, 1|, P | lim su 0 —06hllt =0] =1.
10, 1] ("_>+°°9€Kf)(a)” ollx )

O

Proof of Proposition 3.2. In this proof || - || will refer to the usual Euclidean norm. Reindexing
whenever necessary, we also assume that the observations ¢; are ordered, and we denote
t:(tla"'7tn)7 X:(Xla"'7Xn)7 MOZ(/’L(n07t1)7-,_7u(n07tn))7
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No, = sup{z t; <up} = le[t“_,_oo[(uo) N, = sup{z by <Up} = le[t“_‘_oo[(un)

i<n i<n
= 11 = 11

(07'"70760+’70th+17'"760+70tN0,n707"'70)7 if Nn < NO,n
(O,...,O), 1an:NO,n )
(Oa'"705[30+FYOtN0,n+17"'7B0+70th705"'70)5 if Ny, > NO.,’n.

¢

Let G be the linear space spanned by the 2 linearly independent n-vectors
v = (1,...,1,0,...,0) Vo = (tl,...,th,O,...,O)

(both of which have their last n — NV, coordinates valued to zero), and denote @ the orthogonal
projection onto G.

Let G* denote the linear space spanned by vy, v and pg and denote Q+ the orthogonal
projection onto G*. Observe that GT is also spanned by vy, vo and (.

Finally, denote p* the orthogonal projection of X onto G and fi the closest point to X in G+
satisfying the continuity assumption of the model, i.e.

p=QvX, = (s t1)s -5 (7 ).
We have
12X = w12 + Il = Al = 11X = Al < 1X = poll?,
1 = pol® = llu* = poll® + ™ = Al1* < [1X = poll?,
% = poll® = 2 (u* — po, 8 — po) + |15 — poll* < Il — poll.
Thus

1 — poll2 < 2 (1 — pio, 7o — o) < 2" — paoll - 1 — ool
which leads to

17— poll < 21" — poll < 2/|QTE].

Our aim is to show that a.s.
Q€] = O (logn). (6.27)
If (6.27) held, then we would have a.s. ||z — po|| = O (logn) i.e. a.s.
Z nnu i 7707ti))2 =0 (10g2 n) .
i=1
Hence, a.s. for any open interval I C [u, u] we would have
Z nnu i 7707 )) ]ll( ) O (10g2 n) .
i=1

This would immediately imply the desired result, i.e. that a.s.

. ~ 1
tier?,l?gn |/’L(77n7tl) (7707 )| - (’I’L 2 10gn> )

since a.s.

O (log”n :Z (s ti = p(no, ) Ar(t:) > n- min |u(@n, ti) — p(no, t Z]ll

- tiel, i<n
=1
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where (see Assumption (Al))

%zn:]ll(ti):/lan(t)%/IdF(t):/If(t)dt>0.

Let us now prove that (6.27) indeed holds. We consider the two following mutually exclusive
situations.

SITUATION A: ¢ = (0,...,0). In this situation

le*ell = @l (6.28)
and Cochran’s theorem guarantees that ||Q¢||? ~ x?(2) for n > 2. Hence, via Corollary 7.7, a.s.
Q€] = O (logn) , (6.29)

and (6.27) follows from (6.28) and (6.29).
SITUATION B: ¢ # (0,...,0). Since

|<<7§>| NN(O,U%),

19|
we also have, via Lemma 7.7, a.s.
i(S59]] =0 (logn). (6.30)
19|
Notice that (6.27) follows from (6.29) and (6.30) if we manage to show that a.s.
I@*¢ll < o) (Jlogl + (1), (6:31)

It thus now suffices to prove that a.s., for any g € G

(S ) = [ICIF gl - o), (6.32)

where the o(1) mentioned in (6.32) is uniform in g over G (i.e. a.s. ¢ is asymptotically uniformly
orthogonal to G), for (6.31) is a direct consequence of (6.32) and Lemma 6.1 whose proof is found
in Feder (1975).

Lemma 6.1. Let X and Y be two linear subspaces of an inner product space . If there exists
a < 1 such that

V(z,y) € X x Y, [(z,y)| < aflz]| |yl
then
2 +yll < (1 =)~ (l=* 1+ ly*]),

where x* (resp. y*) is the orthogonal projection of x +y onto X (resp. V).

Observe that, as a consequence of Assumption (A1) and Theorem 7.1, the three following
convergences are uniform in u over [u, u] for k =0, 1,2,

%Zn:tf]l[ti,m[(u):/ut’den(t)a/utde(t):/ut’ff(t)dt. (6.33)
i=1 u u u
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We have a.s., for any g(¢) = (cos ¢)v1 + (sin¢p)ve € G, with ¢ € [0, 27]

N, No,n
(¢ 9(8))| = D (Bo +v0ti)(cosd + tising) — Y (Bo + Yoti)(cos ¢ + i sin ¢)
=1 1=1
N, No,n

< (max(|ul, [@]) + 1) Z|ﬂo+~mt|— Z |Bo + 7ot

< (max(|ul, [a]) + 1) - [I¢[lx
< (max([ul, [7]) + 1) - [[[| - 22 [Ny, = Noa|? 1
< o, )+ 1016023 B, ) = 5 3= T
i.e. we have a.s. for any ¢ € [0, 27] 7
(¢, g(0))] = n2[¢]| - o(1), (6.34)

thanks to the strong consistency 4, —>% ug (see Theorem 3.1) and the uniform convergence
mentioned in (6.33) with (k = 0). Observe that the o(1) mentioned in (6.34) is uniform in ¢ over
[0, 27]. We also have a.s. for any ¢ € [0, 27]

g@)? = — S (eos 6+ 1 sin ), ()

n :
1=1

= —Z [t:, +o0] (U,) cos® ¢ + 2— Zt 1, +00[(Un) cos ¢ sin ¢

1=1

+ - thﬂ[ti, +oo[(Un) sin’ ¢

i=1

&cos%ﬁ/uo f(t)dH—cosqﬁsingb/mJ 2tf(t)dt+sin2¢/uo t2f(t) dt,

once again making use of the strong consistency ,, —= ug (see Theorem 3.1) and taking advantage
of all three uniform convergences mentioned in (6.33). We thus obviously have a.s., uniformly in
¢ over [0, 27]

o) = /u (cos + tsin ¢)2f(t) dt. (6.35)

The limit in (6.35) is a positive and continuous function of ¢, and is hence bounded, i.e. there
exists m > 0 such that we have a.s.

L) = m+o(1), (6.36)
ie.
L _om (6.37)
Too ") |

where the o(1) mentioned in (6.36) and the O(n~2) mentioned in (6.37) are uniform in ¢ over
[0, 27].
Combining (6.34) and (6.37) together, we have a.s. for any ¢ € [0, 27|

(S 9(@N] = lI<I lg(@) - o(1), (6.38)
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where the o(1) mentioned in (6.38) is uniform in ¢ over [0, 27].
Hence, we have a.s, for any r € R, and any ¢ € [0, 27|, now denoting g(¢) = (rcos¢)v; +
(rsin ¢)vy and applying (6.38) to 7~ 1g(¢)

[(CgoNl =7 [{¢.r 7 g(@)] =7 Il 7 ()] - o(1) = lI]l llg (@)l - o(1),

where the o(1) mentioned is uniform in ¢ over [0, 27| and does not depend on 7.
We immediately deduce that a.s. (6.32) holds i.e. a.s. ¢ is asymptotically uniformly orthogonal
to G, which completes the proof. O

6.3 Proofs of Section 4

Proof of Proposition 4.1. We proceed as announced.
STEP 1. We first prove that a.s.

dN e N, Vn > N, u,, € D,.

Let us notice that anything proven for the problem remains valid for the pseudo-problem. Because
n* ~ n, we have a.s., thanks to Theorem 3.3 and conditions (2.6), as n — +00

n(log™" ) - (@, — up) = O(1),

nz(log™' n) - dn — +00,

and thus deduce from the ratio of these two quantities that

.

*
U Uy a.s.
LU N

0
dr, ’

and this directly implies the desired result.
STEP 2. Let Aj.,(-) be the column vector defined for u € D,, by

. At (X1.m|0
Al:n(e) _< L ((9’71 | )

Step 1 allows us to expand a.s. A;n(é;;) around 6y using a Taylor-Lagrange approximation

alT:n()(lin |0)
0 002

8ZTH(X177«|9)
0 ou

0) . (6.39)

0= A1.0(03) = A7,,(00) = B1,,(6) (8 — o)

where 6, is a point between 5:; and 6 (see (6.14) for the definitions of Bj.,,), and rewrite it as a.s.

1

n*

B (@) - (8, = 00) = n* AL, (60).

Since 9\; — By, we also have gn — 6y and using both Lemmas 7.9 and 7.10 we immediately find
that as n — +o00

1(6y) - n** (5;; . 90) 4 N0, 1(60)),

which means, remembering both that n* ~ n and that I(6y) is positive definite and thus invertible
that as n = +o00

n’ (5;; - 90) 4 N (0,1(60)7Y).
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Proof of Theorem 3.3. We now prove that

|62 — 02| =0 (nfé 10gn> .

VARIANCE OF NOISE ¢2. Observe that

1 « . . N 2
) > ot = w0) e, oo (o) = Fn - (ti — ) Lpt,, 4oo( (Tn) + &

I 7 2 « -
=D Vi) + o ;w )& + ;53, (6.40)
where we denote for i =1,...,n,
vi(n) =0 - (ti — wo)Lp,, +oo[(w0) =7~ (ti — w)Lp,, yoof(w). (6.41)
We have
SUP [vi(n)| = jlelg |’Yo (ti — uo) L, 400 (U0) = Fn - (ti — an)]l[ti,-i-oo[(an)‘
< v —Anl - 31611]3’ ti — o)L, +oof(0)]
+ [Anl ?25 ‘(ti =o)Ly, yoof(uo) — (t; — an)]l[ti,Jroo[(an)‘
=00 =) + Fnl O (uo = Un), (6.42)

using straightforward dominations and Lemma 7.2, so that in the end, thanks to the previous
results we have a.s.

sup |v;(m,)] = O (n_% log n) . (6.43)
i€N
It is thus easy to see that a.s.
1 n
— Z v (H,) =0 (n_l log® n) =0 (n_% log n) , (6.44)
n i

and also that, via Corollary 7.7, a.s.

zz vi(Mn)&i = (Z v (Mn ) O(logn) =0 (n_% log n) . (6.45)

From the Law of the Iterated Logarithm (see Breiman, 1992, Chapter 13, page 291) we have a.s.

711 é & —o03) = (nf%(loglog n)%) =0 (nié logn) (6.46)

and the desired result follows from (6.44), (6.45) and (6.46) put together into (6.40). O

Proof of Theorem /.2. To finish the proof, we need to show (4.3) i.e. that

~2 ~2% 1
o, — 0, —O[FD(TL 2).
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We use the decomposition (6.40)

8721:%2 7, "F%Z%nngz ngu
i i=1 i:l

i=1

where v;(7n) =70 - (ti — w0) Lz, oo (t0) = Fn * (£ = Un )L, 400 (Un)-
Having proved in Proposition 4.1 that

Yn =7 = Op (n_%), Uy, —ug = Op (n_%)
we add these relationships to those from (4.2) and find that

1 1

Yn = Y0 = Op (TFE) ; Un —up = Op (nfi) . (6.47)
We now use (6.47) together with (6.42), we are able to write

sup vi(7,)| = Op (n~#). (6.48)
€N

It is hence easy to see that

Nl=

).

% Z V(M) = Op (nfl) =op (nf
i=1

and also that

n

e (Sen) oo (7).

which once both substituted into (6.40) yield

1 n
Sl eio (nt).
ni:l

What was done above with the problem and 2 can be done with the pseudo-problem and &2*
without any kind of modification so that

We observe that

1
n
—_— o | — N . B n
n n*_:Z n n—n* ' ¥

i=n*+1

_n n—n ) (0(2)+OIP (n*—%)) +n—nn .(0(2)_‘_0? ((n—n*)fé)) +op (n_%),
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using the Central Limit Theorem, and in the end we get

* *
~2 2 TN

Op = On = — - Op (n*fé) + - Op ((n—n*)fé) + op (nié)

)erton((5) ) v o)

=

Il
o
—~
—
~—

o
=
/N
:I
W=

7 Technical results

Theorem 7.1 (Polya’s Theorem). Let (g5, )nen be a sequence of non decreasing (or non increasing)
functions defined over I = [a, b] C R. If g, converges pointwise to g (i.e. gn(x) — g(x) as
n — 400, for any x € I) and g is continuous then

S;él; lgn(2) — g(x)] P 0.

Proof of Lemma 7.1. Assume the functions g, are non decreasing over I (if not, consider their

opposites —gy,). ¢ is continuous over I and thus bounded since I is compact. ¢ is also non

decreasing over I as the limit of a sequence of non decreasing functions. Let € > 0 and k > 9(b)=g(a)

such that ‘
Ja=ap<...<ap=bel" Vi=0,....k—1, glai1) — gla;) <e.

Now let « € I and let i € N such that a; < z < a;41. Since g, and g are non decreasing, we find
that

n(aiv1) — glai1) + ¢,
n(ai) — g(a;) — e

S gnlaiv1) —g(ai) < g
2 gn(ai) —g(ais1) 2 g
The pointwise convergence of g,, to g and the finiteness of k together ensure that

dNo €N, Vn > Ny, Vi=0,...,k, |gn(a;) — g(a;)| <e,
which implies with both of the inequations mentioned above that

ANy € N, ¥n > Ny, Vz € 1, |gn(z) — g(z)| < e.

O
Lemma 7.2. Let k € N*, there exists a constant C' € R%. such that for any (u,u') € [u, T)*
s[up ] |(t — u’)k]l[t7+oo[(u’) —(t— u)kll[t) +Oo[(u)| =Clu —/|. (7.1)
telu,u
Proof of Lemma 7.2. For any (u,u’) € [u, u]? we have
t s[upﬂ |(t — U/)k]l[t, toof(u') = (t = U)kﬂ[t, too(u)] < t s[upi]{I(t —u )k —(t - u)’“lll[t, too[ (1)}
€lu,u €lu,u
+ t s[upi]{|t - U|k|]1[t, toof(U) = Ly, oo ()]}
clu,u
(7.2)
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The mean value theorem guarantees that there exists v between w and ' such that
(t—u)f — (t —u) = =kt —v)" 1w —u).
We thus have

sup {|(t — /)" — (t —w)* [y, 4o (@)} < sup |(t —u')* = (t —u)"|
t€u, u] t€(u, ul

< k[T — w7 u — | (7.3)

Because |t — u| < |u’ — u| whenever |1 4 oop(u') — 1p, 1oop(u)| # 0, we also find that

) S[upf]{ﬁ — P L, ool (W) = Lt oo (W)} < Ju—o/|* < fu— |7 — uf* (7.4)
clu,u
And now (7.1) is a simple consequence of (7.2), (7.3) and (7.4). O

Lemma 7.3. For any n' € R X [u, U], there exists C € R’ such that for any n € R x [u, U]

ts[up]lu(n,t)—u(n’,t)l < Cln=7'l- (7.5)
clu, u

Proof of Lemma 7.5. We have indeed

S[up | lu(n,t) — p(n' )| = S[up ] 17 - (t = )L, oo (u) = 7' (t = u )Ly, foof(u)]
telu,u t€lu,@

< sup [y =] = w) L, oof (u)]

t€u, u]
+ ) S[UPT 1Y [(t = w)Lig, toof(w) = (¢ = u") Lz, oo (u)]]
clu,u
<y =71+ sup_ [t —ul
te€(u, 7]
+1- el (£ = )T, oo (u) = (8 = )L, oo ()]
clu,u
<=9 [@—ul+ 1 sup (8 = w)Lpp, poof(w) = (t — u) L, oo (w)]-
clu,u
And now (7.5) is a simple consequence of Lemma 7.2. O

Lemma 7.4. Let A C R X [u, U] be a bounded set. Then,

Ve >0, 3m(e) €N, Ini, ..., M) € A,

vn.n' € A, 35,5 € {L,...,m(e)}, S [0 t) = @', )] = [p(ns. 1) — wng, ]| <,
clu,u

Proof of Lemma 7.4. It suffices to prove the following claim

Ve >0, 3m(e) €N, Iy, ... M) € A,
Vne A, 3je{l,...,m(e)}, sup } lu(n,t) — png, t)| <e.

te€lu,u

and then use the triangle inequality. To see that the claim holds, it suffices, thanks to Lemma 7.3,
to exhibit a finite and tight enough grid of A such that any point in A lies close enough to a point
of the grid. The existence of such a grid is obviously guaranteed since A C R? is bounded. O

Lemma 7.5. Recall the definition of b, given in (6.2). Let

2

00) = (S -1 =100 2 ) + L [ o) =t 0. (75)
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Then, under Assumptions (A1)-(A4),

ba(6) > 0. (7.7)
b(0) = 0, with equality if and only if 6 = 6. (7.8)
bn(0') = bn(0), uniformly in n, as @ — 0. (7.9)
bn(6) — b(6), asn — +oo. (7.10)

Proof of Lemma 7.5. We will prove each claim separately.

PROOF OF (7.7). That b,(6) > 0 is trivial since the first term in (6.2) is non negative (having

x—1—1logx > 0 with equality only if 2 = 1), and the second term in (6.2) is obviously non

negative too.

PROOF OF (7.8). That b(f) > 0 is again easy enough to prove, both terms in (7.6) being

trivially non negative. If @ # 6y then either 02 # 02 which implies the first term is positive, or
w(no, ) # p(n,-) which implies the second term is positive (since f is assumed positive on [u, T]).

Hence if 6 # 0y then b(0) > 0. That § = 6, implies b(f) = 0 is of course straightforward.

PROOF OF (7.9). We first observe that

%Z (o, ti Z: (o> ti) — p(n, t:))°

§I>—‘

.
—

1 n
= |2 37 Rutno, ) — o 13) = uCn, )] - o ) — alr2)
=1
1 n
< = 31200, t5) — ' t5) — )| < |, 1) — o 1)
i=1
< ( sup |p(no,t) — p(n, )|+ sup |u(n’,t) — u(mﬂl) - osup p(n' t) — p(n,t)|. (T.11)
t€[u, u] t€[u, te[u, Ul

As 0’ — 6, the convergence of the first term of b, to the first term of b is obviously uniform in n
since this part of b,, does not involve n at all. As 6/ — 6, via Lemma 7.3, we also obtain

sup |u(n',t) — u(n, t)] — 0,
t€u,
which ensures that the second part of (6.2) converges uniformly in n thanks to (7.11).
PROOF OF (7.10). Thanks to Assumption (A1), it is easy to see that

n

= lost) = )2 = [ .0 = o1 dAF (1)

i=1

-/ o, ) — i, 002 AF (1) = / " o, ) — i, 012 £(0) .

O
Lemma 7.6. Let A C R x [u, @] be a bounded set, and let ny € A, then under Assumptions
(A1)-(A4),
sup| £ 3 o)
up 77 )t i
neA n =1 ’
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Proof of Lemma 7.6. Let ¢ > 0, n € A, and apply Lemma 7.4 to get the corresponding m(e) € N,
M, ey €A, 4,5 €{1,...,m(e)}. We can write with the triangle inequality

n n

%z)Wmm—Mmmm:%Z)Wmm—Mm%M&

1
+- Z{ 1(nos i) — pn, t:)] = [u(ng, ti) — u(ng, t)1} &
1 n
< 77 7 77 ’7t i +e-— |§l|
(G L e)}{ g ! ! } ";

Hence

(4,5")€{1,..., i=1

sup{%z (10, t , )]§}< - sup ()}{ > lu(nyts )]éz}
+e-%2|@»|. (7.12)
i=1

Let us now recall Kolmogorov’s criterion, a proof of which is available in Section 17 of Loeve
(1991) on pages 250-251. This criterion guarantees that for any sequence (Y;);en of independent
random variables and any numerical sequence (b;);en such that

—+oo

Var;
Y~ <00, bn = o0,
i=1 Ot
we have
SO, 0G-BY) 0
bn
For each couple (j,7") € {1,...,m(e)}, Kolmogorov’s criterion ensures that

n

% D g ts) = plngr, t))6 <=0,

i=1

for the coefficients [w(n;,t;) — u(nj,t;)] are obviously bounded, and it suffices to pick Y; =
[11(n;, ti) — p(n;,ti))€ and b; = i. Having only a finite number of couples (4, j') € {1,...,m(e)}?
to consider allows us to write

n

1 a.s.
i = ulmgsti) = plnyr, ))& <= 0, (7.13)
(3l Lem(e)} T =

By (7.13), the first term on the right hand side of (7.12) converges almost surely to zero. The
Strong Law of Large Numbers ensures that the second term on the right hand side of (7.12)
converges almost surely to e - (27r_1a2)%, and the result follows, since all the work done above for
(&n)nen can be done again for (=&, )nen. O

Lemma 7.7. Let (Z;)ien be a sequence of independent identically distributed random variables
such that for all i € N, either Z; ~ N(0,02) with 0® > 0, or Z; ~ x*(k) with k > 0. Then a.s., as
n — +o0o

Zn = O(logn).
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Proof of Lemma 7.7. Denote Y,, = Z,, when the random variables are Gaussian, and Y,, = Z,,/5
when the random variables considered are chi-squared (so that Ee2** and Ee~2¥1 are both finite).
We will show that a.s. Y;, = O(logn).

For any € > 0, from Markov’s inequality we get:

P(n e >¢€) =P (n %™ > %) <€ n ?Ee’.

From there it is easy to see that for any € > 0 we have
2
ZP (n~te™| >€) = efQFEeQYI < o0,

which directly implies via Borel-Cantelli’s Lemma (see for example Billingsley, 1995, Section 4,
page 59) that a.s.

e¥n =o(n).
In particular, a.s. for any n large enough,
Y, <logn.

What was done with (Y},),en can be done again with (=Y}, ),en so that in the end we have a.s for
any n large enough,

—logn <Y, <logn.
O

Lemma 7.8. Under Assumptions (A1)-(A4), for any no € R x [u, @], there exists C € RY such
that for any n large enough, and for any n

n

nt " [ulno, ti) — p(n, )] = Clin — ol

=1

Proof of Lemma 7.8. We have already almost proved this result in (3.3) (see Theorem 3.3). There
is however a small difficulty since the majoration was obtained for 7 = (3,v) and not n = (v, u).

Let V3 and V5 two non empty open intervals of Ju, ug[ such that their closures V1 and V; are
do not overlap. We have

‘IZ plno, ti) — (.t (Z p(nonti) — g, 1)) Lo () +
=1
Z 7705 775 )] ]1V2(t1)>

=1

Using the same arguments we used to prove (3.3), we find that there exists C' € R such that
(remembering the definition of the intercept 8 of the model)

),n ! Z Ly, (%‘)) -Cly —l?,
i=1

),n Y 1y, (h‘)) -C|B = Bol?,
=1

n

12 (o, ti) — p(n, t;)])* > min (n

i=1
n

12 w(no, t;) — p(n,t )]2 > min (n

=1

o
i

and since for j = 1,2 we have

n*lzn:nvj(ti) —>/ ft)dt >0,
1=1

J
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there exists C' € R” such that for any n large enough

n

12 7707 777 )] >C|FY_’YO|2)
1=1

ntY " [ulno, ti (n,t:)]* = €18 — Bol*.
i=1

Notice now that

lu—uol =g ' Bo — 7B

= v 11Bo — vy 1B
o M1 {180 = Bl + 18— v0v '8}
o {180 = Bl + v "Bl Iy = 0l }
Yo (180 = B1 + lul Iy = o)
|

<
<
<
< g (1 + max(lul, [a])) - max(|Bo — B, Iy = v0))-

From here, since u € [u, 7| is bounded, it is straightforward that there exists C' € R* such that
for any n large enough

IZ 7707 777 )] >O|7_70|27
i=1
n
IZ 7707 77775)] >C|U’_u0|27
i=1
which ends the proof. O

Lemma 7.9. Recall the definition of A%, given in (6.39). Under Assumptions (A1)-(A4) and
conditions (2.6), as n — +00

n"3 AL, (00) 5 N (0, 1(0)) (7.14)

Proof of Lemma 7.9. We will show that any linear combination of the coordinates of A;.,(6p) is
asymptotically normal using Lyapounov’s Theorem. Let a € R3, ||a|| # 0, so that differential
calculus allows us to write

alfn (X1n|9)

Qo - 8l1n(X1n|9)
2l

ot (X1.|0
x vy in(X1:016)

<Oé, ATn(HO» = a1 Ho2

6o ) 0o
1 n* " n*
= Q1 - po) Z [(f - UO)]l[t +oof (UO) fz — Q2 p ]l[t +oo[ UO fz}
0 =1 0 =1

where we denote, fori=1,...,n

1 _
Z; = [{(ti — o)L, oo[(u0) - 1 — VoL, 400[ (o) - az} &+ 503 {0'0 2.2 1}
(7.15)
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Since for ¢ = 1,....n
E [<aa ATn(QO»] =0

Let us now find the expression of Var (a, A}
1 # j, so are Z; and Z; and we hence write

E[¢] = 0 and E[¢?] = 02, we deduce that E[Z;] = 0, and hence that

. (00)). Because & and ; are independent when

*

Var (a, A}, (00)) = o5 * Z Var Z;
i=1

—0042{[t — o)Ly, 4oof(uo) -

+ia§ - Var [00_251-2 — 1} } ,

2
—Yoly,, +oo[(10) - 042} - Var;

because Cov [&;, {05 ¢Z — 1}] = 0, and we finally get

Var (o, A7.,, Lit;, 4oof(uo) - @

1

" 2
=0y 42{[ ’Yo]l[ti7+oo[(11,0)'042:| 'O'g—F

=1

We can hence write

- X o1 2 _
n* ! Var (o, A7, (60)) = o QF Z [(ti —u0) L1, +oo[(0) - 1 — Y0 L[, +00[(v0) '042} + 3% a3
i=1
2 o)1 - 2
= Ofl . O'O F Z(tz — UO) ]]'[ti,JrOO[(uO)
i=1
1 ’ﬂ
_ 2(11(12 UO ’70 {n— Z t —UO t +oo[(u0)}
2 29 1 i o I 4
+ a5 05 % - Z]l[tiﬁoo[(uo) +aj - 590
i=1
= <a7]1:n(90)a> )
where we denote
a1 - 2 o 1 =
- Z(ti —u) Ly, roo(v) —0o WF Z(ti —u)lp,, yoof(u) 0
i=1 =1
I,(0) = .l . (7.16
1: ( ) o 2,}/2;;1[“7_’_00[(111) O ( )
- 1
L 2
Remark that, by virtue of Assumption (A1), it is easy to check that for any 0 € ©
110 (0) — 1(0), (7.17)

and observe that just like 1(0), I, (0) is positive definite, since all its principal minor determinants

are positive.

Let us now check that the random variables Z; meet Lyapounov’s Theorem (see Billingsley,
1995, page 362) requirements before wrapping up this proof. The random variables Z; are inde-

pendent and trivially L?2. We denote V2
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holds, that is

Zi —RBZ; 246
3&>0§:E+———— =o(1).
Indeed we have (6 = 1)
Z; —EZ; v
Se|fEal -
1=1 =
n* 1 -

= 3 - E|Zl|3
Var? (o, A7,,,(00)) ™ i

= ! g_ZE|Z|

n*2 (o, It (00)ox

The first term of this last product is O (n*_%) thanks to (7.17), and recalling the definition

of Z; from (7.15), there is no difficulty in showing that the last term of the product, namely
LS E |ZZ-|3 converges to a finite limit. Indeed we find, using trivial dominations and Assump-
tion (A1) once again,

3

1 _
2 = {6~ ), (0] -1 = 208 i) -2} &+ Jaa {6 — 1)
)3
= 1
Z |(ti — uo) Lt oof(u0) - 1 — Yoz, 4oo[(u0) - 2| + 5

1
EIZi[® < ( ti —uo)Ly, JFOO[(U’O)'al_70]1[ti,+oo[(u0)'a2|+‘§a3
X E (6] +[og” & ~1])°
3
O[3>
(I&Iﬂoo & -1))°
‘1

<0(1)- - Z (‘(t — o)Lz, toof(0) - 01 — Yol ft,, 4oof(u0) - 2| + 503
=1

3|'—‘

1 n
- ZE|Zi|3 <
nia

y

<O(1).

Lyapounov’s Theorem thus applies here and leads to

l 7, —EZ;
4 N(0,1),
=1 Vﬁﬁ

i.e. multiplying numerator and denominator by oy 2 we get

Var? (a, A3, (0)) o

that is

n*z <04Ji*m(9o)a>

Nl
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and because of (7.17) we can also write,

Az, (6
<1a7 l.n( 0)> . iN(O,l),
n*2 (a, I(0p)a)?
which, remembering that a.s. n* ~ n, is equivalent to (7.14). O

Lemma 7.10. Recall the definition of By, given in (6.14). Under Assumptions (A1)-(A4) and
conditions (2.6), as n — 400,

lBT:n(QO) L2 1(6o), as n — +o0. (7.18)
n
le;n(ﬁ) 225 1(6p), as 6 — 6y and n — +oo. (7.19)
n

where the asymptotic Fisher Information Matriz 1(-) is defined in (2.3).

Proof of Lemma 7.10. We will prove each claim separately.

PRrROOF OF (7.18). Differential calculus provides the following expressions for the coefficients of
1

— B3, (0).
n* l.n( )
. L1 &
(55 ) S SR RS
1, I
531 n e D &+ 0 (t — wo) e, oof(uo) — 2 - (t — )] e, oo (u),
=1
1, I
— Brin (0 p-e D &+ 70+ (ti = w0)lp,, oo (u0) =7+ (ti = w)] (£ — u) L, 100 (w),
=1
1 1 &
_B* _ =22 ~ 1
(n* 1n ) =0 9 H*Z [ti, +oo[
1, 1 &
531 n =-—0" WE > (& +0 - (ti = wo) L, roof(uo) =¥ - (ti — u)] L, froof(w),
=1
1, sl & 2
Bl . =-30 +o s Z (& + 70+ (ti — o)L, roof(to) — v+ (ti — W, +oo[(w)]
i=1

The convergence we claim is then a direct consequence of Assumption (A1) and the fact that n* ~n
and, depending on the coefficients, either the Strong Law of Large Numbers or Kolmogorov’s
criterion. Notice that

1 a.s.
FBTn(HO) - Ifn(eo) > 0,
where I, is defined in (7.16).

PROOF OF (7.19). We will show that in fact, as n — 400 and 6 — 0y,

* 1 * 1 * a.s.
Ol:n(e) = EBlzn(oo) - EBln(e) — 05

which will end the proof since n* ~ n. We will consider each coefficient of C},,, () in turn, making
use of Assumption (A1) once again and apply repeatedly the Strong Law of Large Numbers and
Kolmogorov’s criterion as well as Lemma 7.2, whenever needed.
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n* n*
1

* — 51
Cla(O11 = 0% 3 (i = 0) W, e (w0) = 0% 2 D (1 =), e (u)

n*
i=1 =1

RIS
= (05?077 —Z(t — 10)*Lpt,, oof (10)

1 & 1 &
(F t —u0)* Ly, 4oof(u0) — pors Z(ti - U)Qﬂ[ti,+oo[(u)>
+0(1)- O (u—wug) — 0.

then last equality holding true because of Lemma 7.2.

n* n*

. 2 o1 9 o1
Cln(0)22 = 0575 — Y 1p peol(uwo) =0 Y D i, oof(u)

i=1 i=1

~ (=) =

B 1 1
+o 272 o Z]l[ti,Jroo[(uO) T Z ]l[ti,+oo[(u)
=1

i= i=1
=0(1)-O(1) + O(1) - [{Fn+(uo) — F(uo)} + {F(uo) = F(u)} +{F(u) = Fu-(u)}]
=0(1)+0O(1) - [o(1) + o(1) + o(1)] — 0,

the last equality holding true because of the uniform convergence of Fj,+ to F' over any compact
subset such as [u, @] (see Assumption (Al), and its Remark 1).

. 1, 1
Cln(®)ss = 507" =07 — D &+ 70 (B — w0) L, foof(u0) = 7 - (t — u) Ly, joof(w)]?
1=1
[
_< ‘704_0'06;2@2)
=1
Loy 4 6 -6y 1 = 2
:E(U =0y )= (07" =0 )EZQ
=1
R
-0 GEZ;[% (ti — wo)Lpt,, +oo[(u0) — ¥+ (ti — w)lp,, 4oo(u)] &
—6 o 2
-0 — [0 - (ti — o)Lz, toof(to) — ¥+ (ti — W)L, 400 (w)]
=1

= o) +ol1) 7€t o1) +o(1) £55 0,
i=1

where the two last o(1) are direct consequences of Lemmas 7.3 and 7.6.
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Those same Lemmas used together with Lemma 7.2, the Strong Law of Large Numbers as well as
the well-known Cauchy-Schwarz inequality imply that a.s.

n*

N 4 1
Cln(0)2s =0 47; D [& 0 (= uo) Ly, oof(u0) =7+ (i = w)] Lpr,, ooy (w)

=1

L1 E
-0y 470; Zfi]l[ti, oo (U0)

=1
18 -
= Z [0 1, oo (1) = 05 * Y0l 1y, oo (10)] &
=1
1 & _
+ > [0+ (k= uo) i, toof(uo) =7+ (i — w)] 9y, 1o (w)
=1
=o(1) +o(1) ==
and also that a.s.
* 4 1 -
Clin(0)13 =0 4; D [t = wo) L, 4 oof(u0)] &
1=1
L1
-0 4n* Z &+ 70 - (ti — wo) L, oof(u0) — v - (ti — w)] (ti — u) Ty, 4oof(u)
=1

1 & _
- — Z t — U ]l[th_i_oo[(uo) -0 4(ti - u)]l[th_,_oo[(u)} &
=1

L&
4; > [0+ (k= uo) T, 4oof(uo) = v+ (i — w)] (£ — )y, oo (1)
=1

=o(1) +o(1) == 0.
and finally that a.s.

n*

. 1
Clin(0)12 =0 2; D & =0+ (ti — u0)] L, 400 (t0)
1=1
L1
-0 2; Z &+ 70 (ti — w0) Ly, 4oo(u0) — 27+ (i — u)] Dy, oof(u)
1=1

1 & B ~
= F Zgz : [UO 21[&,4—00[(“0) -0 2]1[151-,-1-00[(“)}
=1

1o B
+— > [=05%%0 - (t = uo) L, oo (u0) — 0> (Y0 - (£ — o) Lpt,, o0 (th0)
=1

=27 - (ti — )L, yoof(w))]
=o(1) +o(1) =2 0.

O

Proposition 7.11. Let 0 < 6, and let (pn)nen be a positive sequence such that, as n — +00
pn = 0(1) (7.20)
nié(logn) ot =0 (7.21)
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and denote

B(60,0pn) ={0 €O, [|0 = b0l = dpn},

Then, under Assumptions (A1)-(A4), a.s., there exists € >0 such that, for any n large enough

1 ~
sup —2[lln(Xln|9) - lln(Xln|9n)] < —€. (722)
0€B<(00,6pn) npn

sup [ll n(Xl n|9) ll:n(X1:n|90)] § —E€. (723)
0€B<(00,5pn) npy,

Proof of Proposition 7.11. This proposition is to be compared to the regularity condition imposed
in Ghosh et al. (2006) (see their condition (A4) in Chapter 4). The aim of this proposition is to
show that our model satisfies to a somewhat stronger version of that condition.

Let 0 < §. Notice first that, similarly to what was done in (6.20), we are able to deduce that
a.s.

2 flen (X1:018) — e (Krnl)] < 2 (Xal6) — hion (Xroa )] =1 6n(®). (7:24)

3

where i, is defined over R x [u, 7] x R} D © D B®(fy, dpn) b

' o2 n 1 n
in(0) =log 5 +1 Z & = 00) = —5 D [ +ulno, i) — (. ). (7.25)
=1 1=1
03 03 S 2 S 2 2
=log 5 +1-—3+— 25 —a3) Z & + p(no, ti) — p(n, t:)]*> — o2} . (7.26)

From (7.24) it is clear that we need only prove (7.23) to end the proof.

The rest of this proof is divided into 6 major steps. Step 1 shows that for a given n the
supremum considered is reached on a point 6,,. Step 2 and 3 focus on obtaining useful majorations
of the supremum. Step 4 is dedicated to proving that the sequence 6,, admits an accumulation
point (the coordinates of which satisfy to some conditions), while step 5 makes use of this last fact
to effectively dominate the supremum. Step 6 wraps up the proof.

STEP 1. We first show that a.s. for any n there exists ,, € Rx [u, ] xR such that ||6,,—0o|| > 0pn
and

in(0n) = sup  in(6). (7.27)
©eB<(00,0pn)

Let n € N and let (6,,1)ken be a sequence of points in B¢(6p, dp,,) such that

kgriloo in(Oni) = @EBfFelo),épn) in(0).
From (7.25) it is obvious that 0721,1@ is bounded: if it was not, we would be able to extract a
subsequence such that 07217 k) would go to 400 and thus 4, (0;,x;) would go to —oo. For the very
same reason, 7y too is bounded. Recalling that u,_; is bounded too by definition, we now see
that there exists a subsequence (0nx;)jen in B(0o,0p,) and a point 6, in B¢(fy,dp,) (ie. in
R x [u, @] x Ry, and such that |0, — 6g]| = dp,,) such that (0, x,)jen m 0.

Finally from (7.25) again it is easy to see that o2 > 0 for if it was not i, (0,x,) would go to
—oo once again, unless (by continuity of p with regard to 1) & + p(no,t;) — p(nn, t;) = 0 for all
i < n which a.s. does not happen.

STEP 2. From the previous step and the continuity of 7,, with regard to 6 we are able to write

2 .
sup _[ll:n(Xl:n|9) - ll:n(Xl:n|90)] = 'Ln(en) (728)
©€B°(0y,6p,) T
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where (0,,)nen is the sequence defined in Step 1. We now derive a convenient majoration of i, (6,,).
Expanding from (7.26) we get

n

iul0,) = <1og—+1—0—)+WZa—ao LS {6+ lo.t) — )~ o)

i=1 i=1

0'2 O' " 2 2
<1Og_ +1- ;) TL0'00'2 Z g - UO TLO'2 Z 7707 77n, Z)]

n i=1

n

2

-— (o, ti) — p(nm, )&
n =1

Thanks to Lemma 7.8, we know that there exists C; € R such that

(0) < (tog D1 %) 4 T NN
in(0n) < og + = 225 o)
i=1

n nUO On

1 n
- 0—201”% —moll* — Z (o, ti) — w1, ti)|&

n

From there, the Law of the Iterated Logarithm and a factorisation of the last term together with
Corollary 7.7 lead to:

2
99

. 1 1
in(02) < (1058 + 1= ) 4 102 — of{Run = - Collna = ml?

1
1 n 2 2
Tt (Z;[M(ﬁmti) — (1, )] ) R,

where a.s. Ry, = O (n_%(log log n)%) and Ry, = O(logn). Lemma 7.3 ensures there exists
Uy € R% such that

) o8 1 1 1 1
in(00) < (1082 +1= 8} + 2102~ at|Ru = o Crlln il + —Carn o = ol R

n n n

We thus deduce that there exists C' € R such that:

) o 1 1
in(02) < (1082 +1- 2 ) = Z-Cllg, — ll + 210, ~ ol R, (7:29)

n

where a.s. R, =0 (n_% log n) Notice in particular that, due to (7.21), R, = o(py).

STEP 3. We obtain two majorations, (7.31) and (7.32), that we will make use of in the coming
steps. Using a conversion of § = (v, u,0?) into the spherical coordinate system we write 6,, as

0, = (11, COS Yy, COS Oy, Ty SIN Yy, COS Py, T SIN By )
where
(Tns ¥n, o) € R x [0, 27]x]0, =,
and deduce from (7.29) that

i od cos? ¢ 1
in(0n) < (1 L 1- —2 — COrpy—= R, 7.30
' ( ) ( o8 Tn sin ¢n * Tn sin (bn) " sin (bn + sin ¢n ( )
< (! % +1 % - (R, — C % b (7.31)
S8 Ty, SN @y, Ty SIN Oy sing, - T'n COS" @n]. :
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From (7.30) we also get the following majoration

o2 o2 1
in(0p) < [log —2— +1— o R,. 7.32
in(0n) <Ogrnsin¢n+ rnsin¢n) +sin¢n ( )

STEP 4. We show that the sequence (6,,)nen we built, converges to a finite limit 6, (extracting a
subsequence if necessary). Extracting a subsequence if necessary, we can assume that (¢, ¢,) —
(Voos Poo) € [0, 27] x [0, 7]. We consider the two following mutually exclusive situations.

SITUATION A: ¢oo = 0 mod 7. In this situation, there exists € > 0 such that for any n large
enough,

[Rn — Cry cos® ¢y | = (% — C cos? gbn) T

n

g —€Tn,

because a.s. R, = o(ry) (since R, = o(p,) and r,, < pp,). Used together with (7.31), this leads to

2 2
in(0r) < (L 4 _10g070> .

Ty, Sin ¢y, 7y, Sin ¢y, sin ¢y, ’

for any n large enough and hence i,(6,,) — —oo whether 7, goes to zero or not.

SITUATION B: ¢oo # 0 mod 7. In this situation, from (7.32), we see that r, — 0 and r,, — 400
both lead to iy, (6,) — —oc.

Observing that i,(f) converges a.s. to a finite value for any § € © as n — +oo, we see
that lim,,—s o i, (6,,) = —00 is not possible by construction of the sequence 6,,, and deduce that,
extracting a subsequence if necessary, there exists

(rooawooa¢oo) S R*-i- X [07 27T]X]07 W[v

such that lim,— ;o 0, = 0. Notice that in particular, o2, > 0.

STEP 5. We will now end the proof by showing that there exists € > 0 such that for any n large
enough

in(0n) < —€py.- (7.33)

We consider the two following mutually exclusive situations.
SITUATION A: 02 # 02. In this situation, from (7.29) we get

2 2
. 0o gp 1
and the right-hand side converges to
2 2
<1ogff_;+1_ff_g) <0,
UOO UOO

There hence exists € > 0 such that for any n large enough
in(0,) < —e.

Since p, = O(1) by (7.20), (7.33) is a direct consequence of this.
SITUATION B: 02, = 0. In this situation, recalling that for any z > 0

(-1 @1

1 1- <_ ’
ogx + T 5 3
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we deduce from (7.29) that for any n large enough

. 1 (o2 1 /02 P , 1
@) <=5 (2 =1) + 3 (2 -1) = ZCllm— ol + 25 16, ~ 6ol 7,

2\ o2 3 \ o2 2 2
2 2 2
op 1 (o3 1 1 9 1
<=2 -1) |=(Z2-1)-3| -=Clnn - — |6 — 60| R,
<U% )[3 <0% ) 2] 72 7 = 0l +U%|\ ol
1 (02 S 1
— (=5 —1) = =Cllmm —noll> + = 16n — bol| Rn
4<ag > 2 7 = 10l +0% | ol
1
< =5 {=cl(05 = 0)* = Il = noll*] + [10n — Ool| R }

where ¢ = min(1/4,C) > 0. It follows that for any n large enough

. 1
1
52

(=cl|0r — 601> + [|0n — 00| Rn)

< 105 — Ool| (R, — |0 — Ool]) -

Thus, for any n large enough

116, — 0 ' 0, — 6

o Pn Pn Pn "

Recalling that
[0 — Goll = dpn,

R, = O(pn)u
2 2
0, =05 >0

we obtain for any n large enough,

) 1 |6, — 6ol 0\ 5 c5? c6?

n(On) < 35— | —c5 S —5 3P0 S — :

in(6n) o €3 ) Pu S T33P S T3oT
cs?
Hence (7.33) holds in this situation too: it suffices to take e = 3,2
UOO

We just proved that (7.33) holds in both cases considered.

STEP 6. (7.23) is a consequence of (7.28) and (7.33).
O

Lemma 7.12. Let 0 < § < 1 then under Assumptions (A1)—(A4) and conditions (2.6), a.s. there
ewists a constant C € R such that for any n large enough and for any 1 < iy, iz,i3 < 3

l 63lfn(X1n|9)

< .
0 0,00, <C (7.34)

for any 6 € B(0y,ddy,).

Proof of Lemma 7.12. Let 0 < § < 1. We will prove (7.34) stands true for any 1 < i1,49,i3 < 3.
First notice that for n large enough, 0 +— I7.,,(X1.,]0) is indeed infinitely continuously differentiable
over B(6y,dd,,) by definition of the pseudo-problem. Any 6 subsequently considered within this
proof is assumed to belong to B(6p,dd,). Any convergence subsequently mentioned within this
proof is uniform in € for § € B(fy, dd,,) for any n large enough thanks to Theorem 7.1 and Lemma
7.6.
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PROOF OF (7.34) FOR 8 = (3,0,0).

1 831Tn(X1n|9>

@
PRrOOF OF (7.34) FOR = (2,1,0).
R %; b roeil)) 5 | [ €000 ) < S
PROOF OF (7.34) FOR 8 = (2,0,1).
Ll %; (b= 0 00 o i | [ (=00 <
PROOF OF (7.34) FOR 8 = (1,2,0).
P2l 2| 1S | s 2 [ 0] < 2

PRrOOF OF (7.34) FOR = (1,1,1).

1 ’ﬂ
n Z =2y (ti = w) Ly, 4o0((w)

1 aSZTH(X1"|9)’ _ i

n  0y0udo? ot P
1]1&
=l D &+ 0 (B —wo) Ly, oof(uo) = 2 - (t — w)] g, oo (u)
i=1
ws 1 min(u,uo) u
e L et wswae—2 [ a-ws@ar

And this limit is bounded by 2 [u — u|(|y| + |y0])-
ProoOF OF (7.34) FOR 8 = (1,0,2).

100, (Xul) | 2 |18
n 0y (0027 | o |n [0 =7+ (ti = W Lje;, oo (w)] (i — w) T, foof (u)
2 |1 &
56 n [&i 470 - (ti = wo) e, oof(u0) = - (ti — w)] (ti — w) Ly, foof(u)
=1
s 2 min(u,ug) w 9
WFA 70-(t—u0)(t—u)f(t)dt—A vt —u) f(t)dt

And this limit is bounded by Z[a — u|?(]7] + [y0])-
PROOF OF (7.34) FOR 8 = (0,3,0).

l 831Tn(X1n|9>
n (Ou)?

-0
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PROOF OF (7.34) FOR = (0,2,1).

1
n—r+0o00 0'4'7

1 0%, (X1al6) 1
n  (0u)2002 |

Zﬂltum[

PROOF OF (7.34) FOR 8 = (0,1,2).

1 n
- Z [2i =7+ (ti = W)Ly, ool (W] YLy, 4oo] ()

1 83li‘:n(X1m|9)‘ 2

-~ 22 6
n  Ou(do?) o P
21 &
=5l & + 70 - (ti — o) Dy, 4oof (o) — v - (ti — )] Y}, oo (u)
1=1
a.s. 2 uo u
e 2| [ - ws@a- [Re- w0

And this limit is bounded by 2 [u — u|(|v?] + [107])-
ProoF OF (7.34) FOR 8 = (0,0, 3).

1831Tn(X1n|9) 1 31 S ’
TR b e D DI R R PR ()
1 31 ’
= 6 _2_ E gz +7- t - UO)]l]ti,Jroo[(uO) -7 (ti - u)]l]t“Jroo[(uﬂ
a.s. 1 2 2 v 2 2
e o8 |0 TR0 [ olt ) de

min(u,up) u
—2/ Y0 - (t—uo)(t —u)f(t)dt + / VAt —u)*f(t) df) ‘

And this limit is bounded by % [303 + o2 + (|| + |[70])* (@ — w)?].
(7.34) is thus a direct consequence of both the uniform convergences mentioned above and the
trivial majoration of all the limits involved by a fixed constant C' for any n large enough. O
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