-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by HAL-Univ-Nantes

HAL

archives-ouvertes

On the estimation of density-weighted average derivative
by wavelet methods under various dependence structures
Christophe Chesneau, Maher Kachour, Fabien Navarro

» To cite this version:

Christophe Chesneau, Maher Kachour, Fabien Navarro. On the estimation of density-weighted
average derivative by wavelet methods under various dependence structures. Sankhya A,
Springer Verlag, 2014, <10.1007/s13171-013-0032-1>. <hal-00668544v3>

HAL 1Id: hal-00668544
https://hal.archives-ouvertes.fr /hal-00668544v3
Submitted on 31 May 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francgais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://core.ac.uk/display/53005956?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr
https://hal.archives-ouvertes.fr/hal-00668544v3

On the estimation of density-weighted average derivative
by wavelet methods under various dependence structures

CHRISTOPHE CHESNEAU!, MAHER KACHOUR® AND FABIEN NAVARRO!?

LLMNO, Université de Caen Basse-Normandie, Département de Mathématiques,
UFR de Sciences, 14032 Caen Cedex, France. E-mail: christophe.chesneau@unicaen.fr.
2GREYC CNRS-ENSICAEN-Université de Caen,

14050 Caen Cedex, France. E-mail: fabien.navarro@ensicaen.fr.

3 Ecole supérieure de commerce IDRAC, 7, rue Sergent Michel Berthet CP 607,
69258 Lyon Cedex 09, France. E-mail: maher.kachour@idraclyon.com.

May 30, 2013

Abstract

The problem of estimating the density-weighted average derivative of a regression
function is considered. We present a new consistent estimator based on a plug-in ap-
proach and wavelet projections. Its performances are explored under various depen-
dence structures on the observations: the independent case, the p-mixing case and the
a-mixing case. More precisely, denoting n the number of observations, in the indepen-
dent case, we prove that it attains 1/n under the mean squared error, in the p-mixing
case, 1/y/n under the mean absolute error, and, in the a-mixing case, \/Inn/n under
the mean absolute error. A short simulation study illustrates the theory.

Key words and phrases: Nonparametric estimation of density-weighted average deriva-
tive, "Plug-in’ approach, Wavelets, Consistency, p-mixing, a-mixing.

AMS 2000 Subject Classifications: 62G07, 62G20.

1 Introduction

We consider the following nonparametric regression model:

E:f(X2)+£lv (S {L"'an}a (11)



where the design variables (or input variables) Xi,...,X,, are n identically distributed
random variables with common unknown density function g, the noise £1,...,&, are n
identically distributed random variables with E(&) = 0 and E(&)) < oo, and f is an
unknown regression function. Moreover, it is understood that &; is independent of X;, for
any ¢ € {1,...,n}. In this paper, we are interested in the pointwise estimation of the
density-weighted average derivative, which is defined as follows

§=E (¢(X))/' () = [ #a)f (). (1.2)

from (X1,Y1),...,(Xn,Ys). It is known that the estimation of ¢ is of interest in many
statistical and econometric models, especially in the context of estimation of coefficients in
index models (for review see, e.g., Powell (1994) and Matzkin (2007)). Indeed, estimation
of coefficients in single index models relies on the fact that averaged derivatives of the
conditional mean are proportional to the coefficients (see, e.g., Stoker (1986, 1989), Powell
et al. (1989) and Hérdle and Stoker (1989)). Also further motivation of average derivative
estimate can be found in specific problems in economics, such as measuring the positive
definiteness of the aggregate income effects matrix for assessing the ”Law of Demand” (see
Hardle et al. (1991)), policy analysis of tax and subsidy reform (see Deaton and Ng (1998)),
and nonlinear pricing in labor markets (see Coppejans and Sieg (2005)).

When (X1,Y7),...,(X,,Y,) are i.i.d., the most frequently used nonparametric tech-
niques are based on kernel estimators. Three different approaches can be found in Héardle
and Stoker (1989), Powell et al. (1989) and Stoker (1991). Their consistency are established.
Recent theoretical and practical developments related to these estimators can be found in,
e.g., Hardle et al. (1992), Tiirlach (1994), Powell and Stoker (1996), Banerjee (2007), Schaf-
gans and Zinde-Walsh (2010) and Cattaneo et al. (2010, 2011). A new estimator based on
orthogonal series methods has been introduced in Prakasa Rao (1995). More precisely, using
the same plug-in approach of Powell et al. (1989), & the estimator of the density-weighted
average derivative has the following form

R 2 e
5= -2 3 vigl(xo), (13)
=1
where g, denotes an orthogonal series estimator of ¢’ constructed from X1, ..., X;_1, X1, X,,.

Moreover, the consistency of this estimator is proved.

In this study, we develop a new estimator based on a different plug-in approach to the
one in Powell et al. (1989) and a particular orthogonal series method: the wavelet series
method. The main advantage of this method is its adaptability to the varying degrees
of smoothness of the underlying unknown curves. For a complete discussion of wavelets
and their applications in statistics, we refer to Antoniadis (1997), Héardle et al. (1998) and
Vidakovic (1999).



When (X1,Y1),..., (X, Y,) are i.i.d., we prove that our estimator attains the paramet-
ric rate of convergence 1/n under the Mean Square Error (MSE). This rate is a bit better
to the one attains by the estimator in Prakasa Rao (1995). Moreover, the flexibility of our
approach enables us to consider possible dependent observations, thus opening new perspec-
tives of applications. This is illustrated by the considerations of the p-mixing dependence
introduced by Kolmogorov and Rozanov (1960) and the a-mixing dependence introduced by
Rosenblatt (1956). Adopting the Mean Absolute Error (MAE), we prove that our estimator
attains the rate of convergence 1/4/n in the p-mixing case, and /Inn/n in the a-mixing
case. All these results prove the consistency of our estimator and its robustness in term of
dependence on the observations. Mention that, to the best of our knowledge, the estima-
tion of ¢ in such a dependent setting has never been explored earlier. A simulation study
illustrates the performance of the proposed wavelet method in finite sample situations.

The remainder of the paper is set out as follows. Next, in Section 2, we discuss the
preliminaries of the wavelet orthogonal bases and we recall the definition of some mixing
conditions. Section is devoted to our wavelet estimator. Assumptions on (1.1) are described
in Section 4. Section 5 presents our main theoretical results. A short simulation study
illustrates the theory in Section 6. Finally, the proofs are postponed to Section 7.

2 Preliminaries and Definitions

2.1 Orthonormal bases of compactly supported wavelets

Let the following set of functions

1
L2(0.1) = {1 0.0 > B [l = [ (hio)Pac}.
0

For the purposes of this paper, we use the compactly supported wavelet bases on [0, 1]
briefly described below.

Let N > 10 be a fixed integer, and ¢ and % be the initial wavelet functions of the
Daubechies wavelets db2N. These functions have the features to be compactly supported
and C! (see Daubechies (1992)). Set

din(x) =212¢2x — k),  pju(x) = 2/2p(2x — k)

and A; = {0,...,27 — 1}. Then, with an appropriate treatment at the boundaries, the
collection
B={¢ri, k€Ar; Vji; jEN-{0,...,7 =1}, k€ Aj}

is an orthonormal basis of IL2([0, 1]), provided the primary resolution level 7 is large enough
to ensure that the support of ¢, and 1, with £ € A; is not the whole of [0, 1] (see, e.g.,
Cohen et al. (1993) and Mallat (2009)).



Hence, any h € L2([0, 1]) can be expanded on B as

h(z) =Y arpdri(@) +> D Bistn(a), (2.1)

keA~ j=7 keA;

where

1 1
aT’k_/o h(z)pr i (z)dx, Bj’k_/o h(x)aj (z)dx.

For more details about wavelet bases, we refer to Meyer (1992), Daubechies (1992), Cohen
et al. (1993) and Mallat (2009).

2.2 Mixing conditions

In this subsection, we recall the definitions of two standard kinds of dependence for random
sequences: the p-mixing dependence and the a-mixing dependence.

Let Z = (Zi)iez be a strictly stationary random sequence defined on a probability space
(Q, A, P). For j € Z, define the o-fields

F2oi=0(Zy, k<j),  Fio=0(Zk k>7j).

—OO,j - 7,00

Definition 2.1 (p-mixing dependence) For any m € 7Z, we define the m-th mazimal
correlation coefficient of (Zy)iez by
|Cov(U, V)|

pm = sup —_—
(UV)ELA(FZ )XLA(FEZ ) V Y (U)V(V)

where Cov(.,.) denotes the covariance function and IL>(D) denotes the space of square-
integrable, D-measurable (real-valued) random variables for any D € {Fgoo’o,]-"n%m}.
We say that (Zy)iez is p-mizing if and only if limy, o0 prm = 0.

Full details on p-mixing can be found in, e.g., Kolmogorov and Rozanov (1960), Doukhan
(1994), Shao (1995) and Zhengyan and Lu (1996).

Definition 2.2 (a-mixing dependence) For any m € Z, we define the m-th strong miz-
ing coefficient of (Zi)iez by

= sup IP(AN B) — P(A)P(B)].
(AB)EFZ X FE o

We say that (Zi)iez is a-mizing if and only if limy,—eo oy = 0.

Full details on a-mixing can be found in, e.g., Rosenblatt (1956), Doukhan (1994), Carrasco
and Chen (2002) and Fryzlewicz and Subba Rao (2011).



3 A new wavelet-based estimator for §

Proposition 3.1 below provides another expression of the density-weighted average derivative
(1.2) in terms of wavelet coefficients.

Proposition 3.1 Consider the regression model with random design (1.1). Suppose that

supp(X1) = [0,1], fg € ]L2([0 1]), ¢ € L*([0,1]) and g(0) = g(1) = 0. Then the density-
weighted average derivative (1.2) can be expressed as

Z Ar kCrk + Z Z Bj7kdj7k s

kEA, j=T keA;
where

1
/ f ¢Tk() CT,k—/O g/(x)¢7,k($)dx7 (3'1)

/ F@) g @) p(@)de,  dyy = /O g (@) (w)da. (3.2)

We consider the following plug-in estimator for §:

= Z Qr kCr +Z Z Biwdjx | (33)

keAr J=T k€EA;
where
) 1 n A 1 n )
Qr k= E ZY;QST,]C(XZ)’ Crk = _ﬁ Z(¢T,k> (Xl)7 (34)
i=1 i=1
R 1< . 1 — ,
Pik=— > Yiik(X),  dig= - D (Wik) (X0 (3.5)
i=1 i=1

and jo is an integer which will be chosen a posteriori.

Remark 3.1 The construction of our estimator (3.3) uses a plug-in approach derived to
Proposition 3.1. Note that it completely differs to the estimator (1.3) of Prakasa Rao (1995).

Remark 3.2 Mention that ¢, (3.4) and afm (3.5) have been introduced by Prakasa Rao
(1996) in the derivative density estimation problem via wavelets. In the context of dependent
observations, see Chaubey et al. (2005) and Chaubey et al. (2006).



Proposition 3.2 Suppose that supp(X1) = [0,1]. Then

o G, (3.4) and Bj,k (3.5) are unbiased estimators for oy (3.1) and B (3.2) respec-
tively.

e under g(0) = g(1) =0, ¢, 1 (3.4) and Czj,k (3.5) are unbiased estimators for ¢, (3.1)
and d; i, (3.2) respectively.

4 Model assumptions

4.1 Assumptions on f and g

We formulate the following assumptions on f and g:

H1. The support of X7, denoted by supp(X1), is compact. In order to fix the notations,
we suppose that supp(X;) = [0, 1].

H2. There exists a known constant C; > 0 such that

sup |f(x)| < Ch.
z€[0,1]

H3. The function g satisfies g(0) = ¢g(1) = 0 and there exist two known constants Cy > 0
and C3 > 0 such that

sup g(r) < Ca, sup |g'(z)| < Cs.
z€[0,1] z€[0,1]

Let us now make some brief comments on these assumptions. The assumption H1 is
similar to (Hardle and Tsybakov, 1993, Assumption (A3)) or (Banerjee, 2007, Assumption
Al). In our study, we make it to apply the wavelet methodology described in Section
3. The noncompactly supported case arises several technical difficulties for the wavelet
methods (see Juditsky and Lambert-Lacroix (2004) and Reynaud-Bouret et al. (2011)).
Their adaptations in the context of the density-weighted average derivative estimation is
not immediatly clear. The assumptions H2 and H3 are standard in this framework. They
are satisfied by a wide variety of functions.

4.2 Assumptions on the wavelet coefficients of f¢g and ¢’

Let s; > 0, s > 0 and B;; and d;; be given by (3.2). We formulate the following
assumptions on 3;; and d; x:



H4(s1). There exists a constant Cy > 0 such that

Wj,k| < 042—1'(81—%1/2)'

H5(s2). There exists a constant Cs > 0 such that

|dj x| < C52790521/2)
The assumptions H4(s1) and H5(s2) characterize the degrees of smoothness of fg and ¢
respectively.

Remark 4.1 In terms of function sets, H4(s1) and H5(s2) are equivalent to fg € Lg, (M)
and g' € Lg,(Ms) with My > 0 and My > 0 respectively, where

£,01) = {h:[0,1) = B; |hD(@) —nlD )] < Mla —y|*, s = [s] +a, a e (0,1]},

M >0, |s| is the integer part of s and h\15)) the | s|-th derivatives of h. We refer to (Hdirdle
et al., 1998, Chapter 8).

5 Main results

5.1 The independent case

In this subsection, we suppose that (X1, Y1),...,(X,,Y,) are independent.
Before presenting the main result, let us set two propositions which will be usefull in
the proofs.

Proposition 5.1 Consider the nonparametric regression model, defined by (1;1)' Assume
that H1, H2 and H3 hold. Let B and d;j be given by (3.2), and Bjj and d; be given
by (3.5) with j such that 2/ < n. Then

o there exists a constant C > 0 such that

A 1
E ((Bix - Bia)!) < O, (5.1)
e there exists a constant C > 0 such that
. 247
E (s — da)') < 0= (5.2)

These inequalities hold with (& i, ¢+ k) in (3.4) instead of (Bj,lm dj,k), and (or i, cr i) in (3.1)
instead of (Bjk,djx) forj=r.



Proposition 5.2 Consider the nonparametric regression model, defined by (1.1).

o Suppose that H1, H2, H3, H4(s1) and H5(s2) hold. Let B;j and d; be given by
(3.2), and B and djy, be given by (3.5) with j such that 27 < n. Then there exists a
constant C > 0 such that

_‘_7
n n n?

L 9—3(2s1-1)  9—j(2s2+1) 92
E ((5j,kdj,k — 5j,kdj,k)2) <C (

e Suppose that H1, H2 and H3 hold. Let o) and c,j be given by (3.1), and G, and
Crr be given by (3.4). Then there exists a constant C' > 0 such that

PO 1
E ((ar,kCT,k - aT,kCT,k)Q) < Cﬁ

The following theorem establishes the upper bound of the MSE of our estimator.

Theorem 5.1 Assume that H1, H2, H3, H4(s1) with s1 > 3/2 and H5(s3) with sy > 1/2
hold. Let & be given by (1.2) and & be given by (3.3) with jo such that n'/* < 200+1 < 2p1/4,
Then there exists a constant C > 0 such that

E((6-67) < C%.

Remark 5.1 Theorem 5.1 shows that, under some assumptions, our estimator (3.3) has
a better MSE than the one in Prakasa Rao (1995), i.e. q¢*(n)/n, where q(n) satifies
lim,, o0 g(n) = 0.

Remark 5.2 The level jo described in Theorem 5.1 is such that S attains the parametric
rate of convergence 1/n without depending on the knowledge of the regularity of f or g in
its construction. In this sense, § is adaptive.

There are many practical situations in which it is not appropriate to assume that the
observations (X1, Y1),...,(X,,Y,) are independent. The most typical scenario concerns
the dynamic economic systems which are modelled as multiple time series. For details and
applications of dependent nonparametric regression model (1.1), see White and Domowitz
(1984), Liitkepohl (1992) and the references therein.

The rest of the study is devoted to the estimation of § in the p-mixing case and the
a-mixing case. For technical convenience, the performance of (3.3) is explored via the MAE
(not the MSE).



5.2 The p-mixing case

Now, we assume that (X1,Y1),...,(X,,Y,) coming from a p-mixing strictly stationary
process (X, Yy)iez (1.1) (for details see Definition 2.1).

Before presenting the main result, let us set two propositions which will be usefull in
the proofs.

Proposition 5.3 Consider the nonparametric regression model, defined by A(l.l). SuAppose
that H1, H2, H3 and (5.5) hold. Let B and d; be given by (3.2), and B and d; be
given by (3.5). Then

o there exists a constant C > 0 such that
A 1
E ((5j,k - 5j,k)2> <C-, (5.3)

o there exists a constant C > 0 such that

R 22j
E ((dj,k - dj,k)2) <o (5.4)

These inequalities hold with (Gr k, ¢r1) in (3.4) instead of (Bj,k” ch,k), and (o, cr ) in (3.1)
instead of (Bjx,d;k) for j =7.

Proposition 5.4 Consider the nonparametric regression model, defined by (1.1).

o Suppose that H1, H2, H3, H4(s1), H5(s2) and (5.5) hold, Let ;) and d;}, be given
by (3.2), and Bj,k and dj,k be given by (3.5). Then there exists a constant C' > 0 such
that

53 9—i(s1-1/2)  9—j(s2+1/2)  9j
E <|5j,k:dj,k: - Bj,kdj,ko <C NG + o +=.

e Suppose that H1, H2, H3 and (5.5) hold. Let o) and c.p, be given by (3.1), and
Grp and Crp be given by (3.4). Then there exists a constant C' > 0 such that

1
v

E (|&T,ké7',k - aT,kCT,kD < C

Theorem 5.2 determines the upper bound of the MAFE of our estimator in the p-mixing case.

Theorem 5.2 Consider the nonparametric regression model, defined by (1.1). Suppose that



o there exists a constant C,. > 0 such that
oo
> pm <G, (5.5)
m=1

e H1, H2, H3, H4(s;) with s1 > 3/2 and H5(s2) with so > 1/2 hold.
Let 0 be given by (1.2) and § be given by (3.3) with jo such that n'/* < 200+1 < 2p1/4. Then
there exists a constant C > 0 such that
1

E(ﬁ—&)ngﬁ

5.3 The a-mixing case

Here, we assume that (X1,Y7),...,(X,,Ys) coming from a a-mixing strictly stationary
process (X, Yy)iez (1.1) (for details see Definition 2.2).

Again, before presenting the main result, let us set two propositions which will be usefull
in the proofs.

Proposition 5.5 Consider the nonparametric regression model, defined by (1.1). Suppose
that

o there exist two constants a > 0 and b > 0 such that the strong mixing coefficient
satisfies

e H1, H2, H3, H4(s;) with s1 > 3/2 and H5(s2) with so > 1/2 hold.

Let B; and dj;j, be given by (3.2), and Bj,k and chJg be given by (3.5) with j such that
27 < n. Then

o there exists a constant C > 0 such that

Inn

E ((Bix - Bia)?) < 0, (5.7)
e there exists a constant C > 0 such that
N 227 lnn
E ((djx — djp)?) < 0= (5.8)

These inequalities hold with (& i, ¢+ k) in (3.4) instead of (Bj,lm dj,k), and (or i, cr i) in (3.1)
instead of (Bjk,djx) forj=r.

10



Proposition 5.6 Consider the nonparametric regression model, defined by (1.1).

o Suppose that H1, H2, H3, H4(sy), H5(s2) and (5.6) hold. Let B and d;j be given
by (3.2), and B, and d; i, be given by (3.5) with j satisfying 2J < n. Then there exists
a constant C > 0 such that

A A . 1 . | -1
E (1854ds — Biadsal) < C (2_“81_1/2)‘ [Inn o sy [ QJM> ,
n n n

e Suppose that H1, H2, H3 and (5.6) hold. Let o) and c.p, be given by (3.1), and
Grp and Crp be given by (3.4). Then there exists a constant C' > 0 such that

A s Inn
E (’aT,k‘CT,k - aT,kCT,kD <C T
Theorem 5.3 investigates the upper bound of the MAE of our estimator in the a-mixing

case.

Theorem 5.3 Consider the nonparametric regression model, defined by (1.1). Suppose that
H1, H2, H3, H4(s1) with s; > 3/2, H5(s2) with so > 1/2 and (5.6) hold. Let § be given
by (1.2) and & be given by (3.3) with jo such that (n/Inn)Y/* < 20011 < 9(n/Inn)'/4. Then
there exists a constant C > 0 such that

E (\5 - 5\) < cﬁ.

6 Simulation results

In this section, we present a simulation study designed to illustrate the finite-sample perfor-
mance of the proposed wavelet density-weighted average derivative estimator ) (3.3). We
consider the nonparametric regression model (1.1) whith i.i.d. Xq,..., X, having a com-
mon unknown density function g and the error (&)icz is an autoregressive process of order
one (AR(1)) given by

§i=adi1+e€,

where (€;)iez is a sequence of i.i.d. random variables having the normal distribution
N(0,02). Note that Y7,...,Y,, are dependent, (& )iz is strictly stationary and strongly
mixing for |a| < 1, (see, e.g., Doukhan (1994) and Carrasco and Chen (2002)) and the
variance of £ is 0’? = 02/(1 — a?). We aim to estimate § (1.2) from (X;,Y;)’s data gener-
ated according to (1.1). The performance of the proposed method was studied for two sets
of designs distribution for X;, a Beta(2,2) (i.e., g1(z) = 6z(1 — x)) and a Beta(3,3) (i.e.,
g2(r) = 302%(1 — x)?) with three test regression functions (see Figure 1). They are defined
by

11



1 1 1

0.8 0.8] 0.8
0.6 0.6| 0.6|
~ ~ ~

0.4] 0.4 0.4

0.2 0.2] 0.2]

—g1
---92

00 0.2 0.4 v 0.6 0.8 1 OO 0.2 0.4 . 0.6 0.8 1 00

(a) (b)

Figure 1: Theoretical regression functions (a): f;
and gs.

(a) Sine:

0.2 0.4 v 0.6 0.8 1 0 0.2 0.4 " 0.6 0.8 .1

(c) (d)

. (b): fa. (c): f3. Design densities (d): ¢1

fi(xz) = 0.5+ 0.3sin(4rz).

(b) Wave (see Marron et al. (1998)):

fa(x) = 0.5 4 0.2 cos(4mz) + 0.1 cos(24mx).

(a) Cusp:

fa(x) = /|x — 0.5

The primary level is 7 = 0, and the Symmlet wavelet with 6 vanishing moments were
used throughout all experiments. Here, jo = logy(n)/2, thus we keep only the 270 wavelet
coefficients to perform the reconstruction. We conduct N = 100 Monte Carlo replications
for each experiment on samples of size n = 256,512,1024 and 2048. The MAE performance
is computed as MAE(9) = N1 Zf\; 1 |0;—6;]. All simulations were carried out using Matlab.

It is also of interest to make comparisons with the popular kernel estimator developed
by Powell et al. (1989) and the proposed estimator. More precisely, we consider the kernel

estimator defined as follow

SK 2 - Al
0" = —; Z Y;g;
i=1

where

N 1 - !
gz(x) (n _ 1)h2 ;:1:

J#i

(Xl)a

(=)

h is the bandwidth and K’ denotes the derivative of a kernel function K. This estimator
only makes sense if K’ exists and is non-zero. Since the Gaussian kernel has derivatives

12



of all orders this is a common choice for density derivative estimation. Even if no theory
exists in this dependent context, for the sake of simplicity, the Silverman rule-of-thumb
(rot) is used to select the bandwidth. Indeed, this rule may also be applied to density
derivative estimation and, since we use second order Gaussian kernel, the rot bandwidth is
hrot = 0.976n~ /7, where  is the sample standard deviation (see, e.g., Hansen (2009)).

We study the influence of the noise level (i.e., the variance of the AR(1)-process ag,
ranging from ”low noise” with o, = 0.02, and o = 0.05, thus ¢ = 0.02 through "medium
noise” with o, = 0.06, and o = 0.6, thus o¢ = 0.075 to "high noise” with o, = 0.1, and
a = 0.7, thus o¢ = 0.14) on the estimators.

Table 1 reports the mean of the MAE over 100 replications, calculated across the sam-
pled times for each realization. As expected, increasing the variance of the AR(1)-process
increases the MAE and the MAE is decreasing as the sample size increases. Our wavelet
estimator is slightly better than the Kernel one in almost all cases but none of them clearly
outperforms the others for all tests functions, level of noise and all sample sizes.

Conclusion

In this paper we introduce a new density-weighted average derivative estimator using wavelet
methods. We evaluate its theoretical performances under various dependence assumptions
on the observations. In particular, Theorems 5.1, 5.2 and 5.3 imply the consistency of
our estimator (3.3), i.e. limn_>oo(§ £ 0, for the considered dependence structures. This
illustrates the flexibility of our approach. Our results could be useful to econometricians
and statisticians working with density-weighted average derivative estimation, as a simple
theory using dependent observations has been absent in this literature until now.

7 Proofs

7.1 On the construction of §
Proof of Proposition 3.1

Using supp(X3) = [0, 1], g(0) = ¢g(1) = 0 and an integration by part, we obtain
1 1
5 = [¢(2) f(2)]} — 2 /0 f(@)g(x)g (x)de = —2 /O f(@)g(x)g (). (7.1)

Since fg € L2([0,1]) and ¢’ € L2([0, 1]), we can expand fg on B as (2.1):

F@g(x) =D arpdrp(@) + > > Bintjk(x),

keA, j=7 keA;
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Table 1: 100x mean MAE values of estimator (3.3), from 100 replications of the model
(1.1) of sample sizes 256, 512,1024 and 2048.

o¢ = 0.02
91 g2

n 256 512 1024 2048 | 256 512 1024 2048
MAE(d;,) 16.995 10.874 7.368 5.463 | 21.306 14.124 10.853  7.767
MAE(d7) 26.595 28.040 25.159 22465 | 46.443 50.442 54.003 57.082
MAE(ds,) 13.161 9.299  6.527  4.555 | 15.404 11.626 8.088  5.852
MAE(OF) 13401 9.184 6.030 4.949 | 18.633 13.262 10.741 7.169
MAE(ds,) 16.049 10.838 7.574  5.373 | 17.800 12.659 10.017 6.695
MAE(dff) 12389 8816 6.065 4.710 | 15.960 11.290 9.090  6.309

o¢ = 0.075
MAE(d;) 16.499 10.857 6.555 6.369 | 32.286 34.796 32.016 34.532
MAE(OF) 28.144 24984 24.802 22961 | 49.598 49.585 49.357 51.668
MAE(ds,) 12.637 9.448 5.858 5.095 | 15978 14.015 8.961  5.729
MAE(df) 13230 9.089 6.632 5864 | 12.902 10.682 6.936  4.517
MAE(dz,) 15.758 11.163 6.918  6.425 | 18.598 16.780 9.879  7.175
MAE(dff) 11.834 8746 6209 5363 | 11.062 10.098 6.652  4.484

o¢ = 0.14
MAE(d7,) 14.874 9.934  7.500 5.044 | 34.457 32.840 33.062 33.222
MAE(6F) 26266 25873 24.093 20.847 | 45.886 51.442 50.582 52.013
MAE(ds,) 12.093 8.196 6.759  4.377 | 18.663 12.750 9.186  6.622
MAE(d7) 12594 9.668 8.074 5340 | 14.944 9.628  7.558  4.862
MAE(dz,) 14.385 9.923 8390 5.215 | 21.728 15.784 12.041 7.256
MAE(dff) 11.807 9.246 7.335 4.650 | 13.235 8812 7480 4.931

where o) and f;, are (3.1), and

g@) = crpbrp(@)+ > digtjn(),

keA, j=7 keA;
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where ¢, ;, and d;, are (3.2). Observing that the integral term in (7.1) is the scalar product
of fg and ¢/, the orthonormality of B on LL2([0, 1]) yields

1 [’
5= 2 /0 f@@)g @z =2 3 argers+ 33 Bixdn

ke, j=T keA;

Proposition 3.1 is proved. [

Proof of Proposition 3.2

e Since (Y1, X4),..., (Ys, X,) are identically distributed, & and X; are independent for
any 7 € {1,...,n}, and E(&) = 0, we have

E(Bjx) = E(itjx(X1)) = E(f(X1)b;x(X1)) / F(@)g(@)in(z)de = B

Similarly, we prove that E(é, k) = o .

e Using the identical distribution of X7, ..., X, E({1) = 0, an integration by parts and
g(0) = g(1) = 0, we obtain

1
Edy) = —E(()(X1) = — /0 9(2)(t65.) () dz
1 1
- —([g<x>wj,k<x>1é— /0 g’(x)zpj,k(:c)dx) - /0 § (@) () de = dy.

Similarly, we prove that E(¢, ;) = ¢, .

This ends the proof of Proposition 3.2. [J

7.2 Proof of the main results
7.2.1 The independent case

In the sequel, we assume that (X1,Y7), - ,(X,,Y,) are independent. To bound the fouth
cental moment of the estimators, defined by (3.4) and (3.5), we use the following version of
the Rosenthal inequality (see Rosenthal (1970)).

15



Lemma 7.1 Let n be a positive integer, p > 2 and Uy, ...,U, be n zero mean independent
random variables such that sup;cqy .y E(|UifP) < oo. Then there exists a constant C > 0

such that 2
IE( > <C| ) E(Ul") + (ZE(UE))
i=1

=1
Proof of Proposition 5.1

n

DU

=1

e Observe that

. 4
E ((Bj,k - 5j,k)4) = %E (Z(Yz’%’,k(Xi) - Bj,k))

=1

Set
U’i :Y;w],k(Xl)_ﬂ],k‘a &S {Lan}

Since (X1,Y1),...,(Xy,Y,) are i.i.d., we get that Uy, ..., U, are also i.i.d.. Moreover,
from Proposition 3.2, we have E(U;) = 0. Thus, Lemma 7.1 (with p = 4) yields

N 1
E (B — 8i0)*) < C—5 (E(U) + n?(E(UD))?).
Using H1, H2, the Holder inequality, H3, the independence between &; and Xj,

E(£}) < oo, applying the change of variables y = 27z — k, and using the fact that 1)
is compactly supported, we have for any u € {2,4},

E(UY) < CE((MY)k(X1))") < C(CF + E(ET))E((¢),6(X1))")
= C/ 7,/ij da:<C/ ’Lﬁjk d.’L‘

C2iu-2)/2 / ((@))dz < C2I=D/2, (7.2)
0
Therefore, since 27 < n, we obtain
. 1 . 1 1
E((ﬁgk Bik) ) <C <7132]+2> Scﬁ-

e We have

16



Now, set
U, = (qb],k),(Xl)*d],ka i€ {1,,71,}
Since Xi,...,X, are i.i.d., it is clear that Uy,...,U, are also i.i.d.. Moreover, by
Propostion 3.2, we have E(U;) = 0. Hence, Lemma 7.1 (with p = 4) yields
A 1
E ((djs — da)") < O (nE(U}) +n*(E(UD)?).
Using H2, the Holder inequality, H3, (¢;x) (z) = 239/24/(27 2 — k), applying the

change of variables y = 272 — k, and using the fact that 1 is compactly supported and
C!, we have for any u € {2,4},

1 1
EUY) < CE(((d;0) (X)) = C /O (i) (@))"g()dz < C /0 () () da
= CYBu=2/2 / 1(1/1'(x))“da: < 0Bu=2)/2, (7.3)
0

Putting these inequalities together and using 27 < n, we obtain

R 257 94 94j
E ((dj — djp)*) < C (n?) + nQ> <0

Proposition 5.1 is proved. [J

Proof of Proposition 5.2

e We have the following decomposition

Bindix — Bixdjx = Bin(dir — djx) + djx(Bix — Bix) + (Bik — Bix)(djn — djx).

Therefore
E ((/Bj,kczj,k - 5j,kdj,k)2> <3(Ty + T + T3),
where R )
Ty = B5,E ((dj,k - dj,k:)Z) , Thy=d,E ((5j,kz - ﬁj,k)2>
and

T5=E ((Bj,k - Bj,k)Z(Czj,k - dj,k)2> :

17



Upper bound for Ty. It follows from the Cauchy-Schwarz inequality, the second point
in Proposition 5.1 and H4(s;) that

. - . 92 9—i(2s1-1)
Ty < C3272(1+1/2) \/E ((dlk — d'k)4> <C AT _of
- -77 J? - n n
Upper bound for Ty. By the Cauchy-Schwarz inequality, the first point in Proposition
5.1 and H5(s2), we obtain

) R —j(2s2+1)
T, < 0522*2](6’%1/2) \/E ((5j,k _ /3J.7k)4> < 027

Upper bound for Ts. The Cauchy-Schwarz inequality and Proposition 5.1 yield

5 ; 124 2%
to2 i (G ) 2 (1 —0r) <0 T =05

Combining the inequalities above, we obtain

A a 9—i(2s1—1)  9—j(2s2+1)  92j
E ((5j,kdj,k - ﬁj,kdj,k)Q) <C ( + +

n

n n n?

e The proof of the second point is identical to the first one but with the bounds |a ;| <
C and |c¢; 1| < C thanks to H2 and H3.

This ends the proof of Proposition 5.2. [J

The following Lemma will be very usefull for the proof of Theorem 5.1. It is a conse-

quence of the Cauchy-Schwarz inequality.

Lemma 7.2 Let n be a positive integer and Uy, ..., Uyn be n random variables such that
SUPje(1,...,n} E(Uf) < 0o. Then

2

() ) = (S veer)

Proof of Theorem 5.1

It follows from Proposition 3.1 that

Jo
-0 = -2 Z (GrpCrk — QrpCrk) — 2 Z Z (Bjxdjr — Bjrdjk)

ke, j=7 keA;

+ 2 ) > Bikdjn

j=jo+1 keA;

18



Therefore

E ((S - 5)2) < 12(W7 + Wa + Wa), (7.4)
where
2
Wy =E Z (dr,kér,k - aT,k’CT,kJ) ’
ke,
. 2
Jo R R
Wo=E | [ D> (Bisdix — Bindik)
j=‘l’ kGA]‘
and

2
oo
W3 = Z Z B kdjk
j=jo+1keA,
Let us now bound W7 and W5 in turn.
Upper bound for Wip. Owing to Lemma 7.2, the second point of Proposition 5.2 and
Card(A;) = 27, we obtain
2

1
< E AT AT - Ger T 2 < - .
Wi < kEEA: \/ ((Grplrr —argern)?) | <O (7.5)

Upper bound for Wy. It follows from Lemma 7.2, the first point of Proposition 5.2,
Card(A;) = 27, the elementary inequality: va +b+c < /a+Vb++/c, s1 > 3/2, 50 > 1/2
and 270 < nl/4 that

2

Wy < Z > \/ ( (Bj kel — ﬁj,kdj,k)2>
J=T kEA;
2
2-3(2s1—-1)  9—j(2s2+1)  92j
o[ -
< 2: Tt

Vi T T

AN
Q
B

<Q—j<s1—3/z) 9—i(s2-1/2) 223')

& ~3/2) | 1 (s2—1/2) , 1 & 9j
1 1 2230 1
< c( >§C. 76
vt vm T n (70
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Upper bound for Ws. By H4(s1) with s; > 3/2, H5(s) with so > 1/2 and 270+1 > nl/4)
we have

2 2
Ws < | D0 Y Bislldiel | <O D 22iltlRgnile i) ) < ol te)
Jj=jo+1 keA; Jj=jo+1
< 02—4j0§0l. (7.7)
n

Putting (7.4), (7.5), (7.6) and (7.7) together, we obtain

A 1
E ((5 - 5)2) <CO-.
n
This ends the proof of Theorem 5.1. [

7.2.2 The p-mixing case

In the sequel, we assume that (X1,Y1),...,(X,,Y,) coming from a p-mixing strictly sta-
tionary process (Xi, Y;)iez (1.1) (see Definition 2.1).

Proof of Proposition 5.3

e From Proposition 3.2, we have ]E(B]k) = Bj k. It follows that

R 1 n
E ((ﬁj,k - /Bj,k)Q) — EV <; ij,k(XZ)> =51 + 59,

where

n v—1

St = V0K Sa= 30 3 Cov (Vo u(X), Yids( ).

v=2 (=1
Upper bound for Sy. It follows from (7.2) with v = 2 that
1 1
Si < B ((Vigjr(X1)?) < C

Upper bound for Sy. The stationarity of (Xy,Y})iez implies that

n—1

2
S = > " (n—m)Cov (Vi1 (Xmi1), Yo x(X1))
m=1
9 n—1
< - |Cov (Yot 1¥j e (Xmr1), Y1905 1(X1)) |-
m=1
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A standard covariance inequality for p-mixing gives

|Cov (Yo 105k(Xmi1), Y1905.(X1)) | < E((Y1051(X1))%) pm

(see, for instance, (Zhengyan and Lu, 1996, Lemma 1.2.7.)).
Equation (7.2) with v = 2 yields

E((V1vj1(X1))?) < C.
Therefore, using (5.5),

1! 1 1

m=1 m=1

Combining the inequalities above, we obtain
A 1
E ((/Bj,k - Bj,k)2) < Cﬁ‘

e Proceeding as for the first point but with (1;x)"(X;) instead of Y1, (X;) and (7.3)
instead of (7.2).

Proposition 5.3 is proved. [J

Proof of Proposition 5.4

e We have the following decomposition

Bj,kd',k — Bikdjr = Bj,k(dj,k —djx) + dj,k(Bj,k — Bjk) + (@k — ﬂj,k)(czj,k —djr)-

Therefore
E (!@,kdj,k — Bjkd;k ) < +Tr+1T3,
where R X
Ty = |Bji|E (|dj,k - dj,k|) : 1o = |d;k|E (|5j,k - 5j7k|>
and

T;=E (I(Bj,k — Biw)(djk — dj,k)\) :
Upper bound for T}. Using the Cauchy-Schwarz inequality, the second point in Propo-
sition 5.3 and H4(s;), we obtain

i A ) 2J 9—j(s1-1/2)
Ty < 279 f1/2) \/E ((djk — djk)2> <ot/ L ot T
’ 7 \/ﬁ \/ﬁ

21



Upper bound for Ty. By the Cauchy-Schwarz inequality, the first point in Proposition
5.3 and H5(s2), we obtain

27j(32+1/2)

Ty < C5279(2+1/2) \/E ((Bj,k - 5j,k)2) < 07\/5

Upper bound for Ts. The Cauchy-Schwarz inequality and Proposition 5.3 yield

12 6 (G ) B (e ) <057 =5

The above inequalities imply that

sos 9—i(s1-1/2)  9—j(s2+1/2)  9j
E <|5j,k:dj,k: - Bj,kdj,ko <C NG + o +=.

e The proof of the second point is identical to the first one but with the bounds |a ;| <
C and || < C thanks to H2 and H3.

This ends the proof of Proposition 5.4. [J

Proof of Theorem 5.2

Using Proposition 3.1, we have

Jo
0—6 = =2 Z (GrkCrk — QrpCrk) — 22 Z (Bjrdjr — Birdjr)

kEA, j=T keA,;
oo
+ 2 ) ) Bikdik
j=jo+1 kJEAj
Therefore
E(\g—fﬂ) < Wi+ Wo + W, (7.8)
where

Jo
Wi= Y E(|arkérr—arpcrrl),  Woa=> > E (|Bj,k6zj,k - ﬂj,kdj,ﬂ)

keAr J=T kEAJ
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and

W= > > |Bixlldjx

j=jo+1keA,

Upper bound for Wi. The second point of Proposition 5.4 and Card(A;) = 27 give

W3<CQ%' (7.9)

Upper bound for Wa. It follows from the first point of Proposition 5.4, Card(A;) = 27,
51> 3/2, s3> 1/2 and 270 < n!/* that

jO = _ = .
[ 9-i(s1-1/2)  9—i(s2+1/2)  9j
W- < E 27 _
2 = Cj:T ( \/’E + \/ﬁ + n
1 Jo ( 12) 1 Jo ( ) 1 Jo
S C E 2—] 51—3 2 + E 2—] 82—1 2 + . E 22]
\/ﬁjZT \/ﬁjZT nj:T
1 1 2% 1
< L4 )<=, 1
< o(Gmrmt ) <o (0

Upper bound for W3. By H4(s1) with s; > 3/2, H5(s2) with sy > 1/2 and 2701 > nl/4,
we have

W3 < C Z 9i9—i(s1+1/2)9—j(s2+1/2) < 2~ Jo(s1+s2) < 027 %0 < Ci. (7.11)
Jj=jo+1 \/ﬁ

Putting (7.8), (7.9), (7.10) and (7.11) together, we obtain

E(ﬁ—&)gCQ%.

This ends the proof of Theorem 5.2. [J

7.2.3 The a-mixing case

Recall that, here, we assume that (Xi,Y7),...,(X,,Y,) coming from a a-mixing strictly
stationary process (X, Y;)iez (1.1) (see Definition 2.2).
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Proof of Proposition 5.5

e Proposition 3.2 yields E(Bj,k) = B k. Therefore,

R 1 n
E ((5j,k - /Bj,k)2) = EV (; Yi%‘,k(Xi)> = S1 + 5o,

where

n v—1

Si= L VORK)), S 5 30 Y Cov (Vo (). Vel ).

v=2 (=1

Upper bound for Sy. It follows from (7.2) with v = 2 that

S < %]E (V9 (X1))?) < C%-

Upper bound for Sa. The stationarity of (X, Y;)iez implies that
9 n—1
S = — > (n—m)Cov (Vns1hjx(Xms1), Ytk x(X1))
m=1

n—1

< n mz:l |Cov (Y4195 k(Xm+1), Y10j1(X1)) |-

Let [clnn] be the integer part of cInn where ¢ = 1/Inb. We have

n—1
Z |Cov (Y190 k(Xmt1), Y10 1(X1)) | =
m=1
[clnn]
Z |COV (Ym_l,_le,k(Xm—i-l)a quzz)],k‘(Xl)) ’
m=1
n—1

+ Z |Cov (Y19 (Xm+1), Y10 1(X1)) |.
m=[clnn|+1

On the one hand, the Cauchy-Schwarz inequality and (7.2) with u = 2 yield

|Cov (Yimt1¥) e (Xmt1), Y1bje(X1)) | < E(V1951(X1))%) < C.

Hence
[clnn]

> 1Cov (Yons19sk(Xmt1), Yithj k(X1)) < Clnn.

m=1
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On the other hand, a standard covariance inequality for a-mixing gives, for any v €
(0,1),

_ 1—y

Cov (Vi1 (Xomn), Vit (X1)) | < 1007, (E (a0 P/00)) 7
(See, for instance, Davydov (1970)).

Taking v = 1/2 and using (5.6), again (7.2) with u = 4 and 2/ < n, we obtain

n—1

Z |Cov (Y19 ke (Xmt1), Y10k (X1)) |
m=[clnn]+1

n—1
< ofe (M) Y v
m=[clnn|+1
o
< ¢y N < oymb 2 < C
m=[clnn]+1

Hence

n—1

Z |Cov (Yont19j1(Xm+1), Y10 x(X1)) | < C.

m=[clnn|+1
Then |
Sy < 21
n

Combining the inequalities above, we obtain
Inn

E ((Bj,k - ﬂj,k)2) < CT'

e The proof is similar to the first point. It is enough to replace Yj; 1 (X;) by (v;1) (X;),
apply (7.3) instead of (7.2) and observe that

n—1

Y 1Cov (i) (Ximr)s (i) (X1)) |

m=[clnn]+1

< o\/E(«z,z)j,k)'(Xl)f) S v

m=[clnn]+1

S 023j/22] Z b—m/? S Cz2j\/ﬁb—cln’n/2 S 022]
m=[clnn]+1

Proposition 5.5 is proved. [J
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Proof of Proposition 5.6

The proof of Proposition 5.6 is identical to the one of Proposition 5.4. It is enough to use
Proposition 5.5 instead of Proposition 5.3 and to replace 1/n by Inn/n. O

Proof of Theorem 5.3

The proof of Theorem 5.3 is identical to the one of Theorem 5.2. It suffices to use Proposition
5.6 instead of Proposition 5.4 and to replace 1/n by Inn/n. O
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