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Abstract

Non-Riemannian gravitational theories suggest alternative avenues to understand properties of

quantum gravity and provide a concrete setting to study condensed matter systems with non-

relativistic symmetry. Derivation of an action principle for these theories generally proved chal-

lenging for various reasons. In this technical note, we employ the formulation of double field theory

to construct actions for a variety of such theories. This formulation helps removing ambiguities in

the corresponding equations of motion. In particular, we embed Torsional Newton-Cartan gravity,

Carrollian gravity and String Newton-Cartan gravity in double field theory, derive their actions

and compare with the previously obtained results in literature.
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I. INTRODUCTION AND SUMMARY

Non-Riemannian gravitational theories have attracted renewed interest [1–4] mainly due

to the role they might play as an alternative route to understanding properties of quan-

tum gravity [5–7]. However, despite various attempts, providing actions for non-relativistic

gravity based on local Galilean and Carrollian symmetries proved difficult. It was not until

recently that successful attempts have been made [2, 8, 9] for certain classes and limits of non-

relativistic geometries. Importance of understanding dynamics of non-Riemannian gravity

is underpinned by the far-reaching possibilities this entails: theories based on Galilean sym-

metry play a role on truncations of string theory [10–12], post-Newtonian physics [13–16],

and provide a natural setting to study response in condensed matter systems with Galilean

symmetry [17–20]. Carrollian symmetry, on the other hand, is relevant to description of

excitations in the near horizon geometry of black holes [21–23], and is instrumental in flat

space holography [24, 25].

In the particular cases of the Bargmann and Carroll algebras it has been known that

the corresponding algebra of generators of the non-Riemannian space-time symmetries can

be constructed via null reduction of a parent relativistic theory with a null isometry [26–

29]. In the context of string theory they can be further related by means of T-duality
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transformations [30–33]. When T-duality is applied in the null direction of the parent

relativistic theory a mapping between non-Riemannian geometries, in particular Torsional

Newton-Cartan (TNC) or Carroll type, can be established [10, 30, 32]. We note that this can

be done for algebras obtained via group contractions of the Poincaré group, while algebras

obtained from large speed of light expansions, i.e. expansions in 1/c, will fall out of the

scope of this construction [2, 6].

This seems to indicate that we should be able to describe both type of geometries, Rie-

mannian and non-Riemannian, in a T-invariant formulation of gravity. Indeed, such a

formulation exists. It is based on doubling the degrees of freedom by treating D space-time

coordinates and the corresponding D space-time momenta of the compact directions on equal

footing [34–38]. This results in a local O(D,D) invariant theory and the aforementioned

T-duality transformation becomes an O(D,D) rotation. This double field theory (DFT) is

based on a generalized metric H and a generalized dilaton d encompassing the degrees of

freedom in the NS sector of string theory, namely the matter content of the theory consists

of metric, the Kalb-Ramond field and dilaton. This generalized metric H is required to

be an O(D,D) tensor. Parametrization of the generalized metric in terms of the original

relativistic content {g, B, φ} is known since the postulation of double field theory as a T-

duality invariant generalization of string gravity [36]. Importantly however, the generalized

metric is not restricted to this form and in particular admits non-Riemannian parametriza-

tions, where the TNC and Carroll limits appear as particular cases [32]. This means that

the gravitional dynamics of such non-Riemannian geometries can be obtained by simply

considering the double field equations of motion1

RMN = 0, R = 0 (1)

with R 6= ηMNRMN being the generalization of the Ricci tensor and Ricci scalar to a local

O(D,D) geometry. The tensor and curvature scalar appearing in (1) can be written in terms

of the generalized metric and dilaton allowing us to fix a non-Riemannian parametrization

of H and obtaining the corresponding gravitational equations of motion.

The goal of this work is to derive the actions and corresponding equations of motion of

certain type of non-Riemannian geometries by means of their embedding in double field the-

ory. The relation between DFT and non-Riemannian geometries has already been explored

1 These equations can also be unified into a single master equation, as shown in [39, 40]. We would like to

thank Jeong-Hyuck Park for pointing this out.
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in some detail in the literature, see e.g. [41, 42]. We will employ the general parametriza-

tion for H given by Park and Morand [32] and derive the corresponding general equations

of motion. We will then specify to particular cases of interest: Torsional Newton-Cartan

(TNC) theory, Carrollian theory and the string Newton-Cartan (SNC) theory. Some or

part of these equations of motion have been obtained from world-sheet beta-functions of

string theory [43–45] or from reductions of ordinary Einstein’s equations. However, in all of

these approaches some extra geometric constraints arise. DFT formulation is free of these

constraints which will allow us to generalize and complete the existing studies.

The plan of the paper is as follows. In section II we give a brief introduction to double

field theory, presenting the basic tensors which will be used to construct the non-relativistic

actions. In sections III, IV and V we determine, respectively, embeddings of TNC, Carroll

and SNC theories in double field theory. Using these embeddings we write down the respec-

tive actions and compute the equations of motion. In section VI we compare and discuss the

equations of motion found in the current work with the ones already found in the literature.

Our work should be viewed as a compendium of useful results on non-Riemannian gravity

theories rather than an extensive discussion of their physical properties.

Notation and conventions

Throughout the paper greek indices {µ, ν, ρ, . . . } denote curved spacetime directions of

TNC, Carroll and SNC. The first letters of the latin alphabet (both lowercase and uppercase)

refer to flat directions, e.g. the TNC inverse transverse metric is given by hµν = eµae
ν
b δ

ab

and the SNC timelike vielbein is τAµ . Capital latin letters from the middle of the alphabet

{M,N, . . . } are reserved for the DFT directions, e.g. for TNC we will haveM = 0, 1, . . . , 2d+

1, where d = D − 1 is the dimension of the TNC spacetime. Their lowercase versions refer

to half of the DFT directions, i.e. m = 0, 1, . . . , d for the TNC case.

The Riemann tensor is always defined via the action of the commutator of covariant

derivatives on an arbitrary vector:

[Dµ, Dν ]Aρ = −Rλ
ρµνAλ − 2Γλ

[µν]DλAρ (2)

where Γρ
µν is the connection associated to Dµ.
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II. DOUBLED GRAVITY

In this section we review the necessary ingredients of double field gravity. We will not

be thorough in our discussion and will only discuss the key ingredients. For a broader

discussion see for example [32, 34–36, 46, 47]. A double field theory of gravity should be

invariant under O(D,D) rotations and under double diffeomorphisms. As mentioned in the

introduction the basic ingredients are the generalized metric H, generalized dilaton d, and

the O(D,D) invariant metric η, given below. Coordinates on double geometry are denoted

by XM and can be decomposed as XM = (Xµ, X̄ν) with the invariant metric

ηMN =



0 1

1 0



 . (3)

Double diffeomorphisms are generated via the generalized Lie derivative L̂ξ acting on an

arbitrary tensor density with weight ω as [32]

LξTM1..Mn
= ξN∂NTM1...Mn

+ ω∂Nξ
NTM1...Mn

+
n∑

i=1

(∂Mi
ξN − ∂NξMi

)T N
M1...Mi−1 Mi+1...Mn

(4)

with ξM = (ξµ, ξ̃µ) a generalized vector. The form (4) was originally devised such that it

reduces to the one form symmetry for the B-field in addition to the standard Lie derivative

Lξ on the Xµ coordinates after the so called “section” or strong constraint ∂̄µ = 0 has

been imposed [48]. This condition arises from the covariant constraint ηMN∂
M∂N = 0

introduced to reduce the degrees of freedom to their original value and in fact follows from

the requirement that the Lie derivatives form a closed symmetry algebra2. Under (4) it can

be shown that after exponentiation the generalized dilaton, e−2d, will act as a scalar density

of unit weight and consequently as the integral measure, while, by construction, H will be

an O(D,D) symmetric tensor satisfying

HACη
CDHBD = ηAB. (5)

A. Generalized dilaton and Metric

When considering a Riemannian manifold the generalized dilaton has a simple expression

in terms of the usual dilaton φ and ordinary “undoubled” metric gµν which will be useful

2 We thank Chris Blair for pointing this out to us.
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for example when considering TNC and Carrollian geometries:

e−2d = e−2φ
√

− det gµν ≡ e. (6)

The most general form of H that is symmetric and compatible with (5) is classified by

two non-negative integers, (n, n̄) with n + n̄ < D, and is of the form [32]

HMN =


Kµν − BµρH

ρσBσν + 2xi
(µBν)ρy

ρ
i − 2x̄ı̄

(µBν)ρȳ
ρ
ı̄ −HνρBρµ + yνi x

i
µ − ȳνı̄ x̄

ı̄
µ

−HµρBρν + yνi x
i
µ − ȳνı̄ x̄

ı̄
µ Hµν


 (7)

with 1 ≤ i ≤ n and 1 ≤ ı̄ ≤ n̄. Here, B is a skew-symmetric matrix that is identified with

the Kalb-Ramond field of string theory, while K and H are symmetric matrices3. They have

n+ n̄ null eigenvalues each,

Hµνxi
ν = Hµν x̄ı̄

ν = 0, Kµνy
ν
j = Kµν ȳ

ν
̄ = 0 , (8)

The corresponding null eigenvectors of H and K are denoted as x, x̄ and y, ȳ respectively.

They are subject to the following completeness relation

HµρKρν + yµi x
i
ν + ȳµı̄ x̄

ı̄
ν = δµν (9)

from which the following identities can be inferred

yµi x
j
µ = δji , ȳµı̄ x̄

̄
µ = δ̄ı̄ , yµi x̄

̄
µ = ȳµı̄ x

j
µ = 0, HρµKµνH

νσ = Hρσ, KρµH
µνKνσ = Kρσ

(10)

Once the “section” condition is imposed, the generalized Lie derivative (4) reduces to (up

to GL(n)×GL(n̄) transformations and Milne shifts)

δxi
µ = Lξx

i
µ , δx̄ı̄

µ = Lξx̄
ı̄
µ , δyνj = Lξy

ν
j , δȳν̄ = Lξȳ

ν
̄ , (11)

δHµν = LξH
µν , δKµν = LξKµν ,

δBµν = LξBµν + ∂µξ̃ν − ∂ν ξ̃µ

Note that the trace HM
M = 2(n− n̄)4 is an O(D,D) invariant scalar and also that the B-field

acts as an O(D,D) transformation, i.e. its contribution to the generalized metric can be

3 These matrices are identified with the target space metric and inverse metric respectively, when the target

space is Riemannian
4 In [49] it was shown that, upon BRST quantization, a critical bosonic string theory can only be anomaly-

free if the trace of the generalized metric is zero, i.e. we have to impose n = n̄ at the quantum level for a

critical theory to be consistent.
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factorized as follows:

HAB =



1 B
0 1







K Z

ZT H







 1 0

−B 1



 (12)

where we defined

Zµ
ν ≡ yµi x

i
ν − ȳµı̄ x̄

ı̄
ν . (13)

The generalized metric (7) as well as the relations (8)-(10) are invariant under the GL(n)×
GL(n̄) rotations

(
xi
µ, y

µ
i , x̄

ı̄
µ, ȳ

ν
ı̄

)
→

(
xj
µR

i
j ,
(
R−1

) j

i
yνj , x̄

̄
µR̄

ı̄
̄ ,
(
R̄−1

) ̄

ı̄
ȳνj

)
, (14)

and under the generalized shift symmetry

(yµi )
′
= yµi + V µ

i

(ȳµı̄ )
′ = ȳµı̄ + V̄ µ

ı̄

(Kµν)
′ = Kµν − 2xi

(µKν)ρV
ρ
i − 2x̄ı̄

(µKν)ρV̄
ρ
ı̄ +

(
xi
µVρi + x̄ı̄

µV̄ρı̄

) (
xi
νV

ρ
i + x̄ı̄

ν V̄
ρ
ı̄

)

(Bµν)
′ = Bµν − 2xi

[µVν]i + 2x̄ı̄
[µV̄ν ]̄ı + 2xi

[µx̄
̄

ν]

(
yρi V̄ρ̄ + ȳρ̄ Vρi + VρiV̄

ρ
̄

)

(15)

with Vµi and V̄µı̄ being the transformation parameters and we defined V µ
i ≡ HµρVρi, V̄

µ
ı̄ ≡

HµρV̄ρı̄.

Finally we note that in the present work we do not include a cosmological constant term

in the DFT action. However this generalization is straightforward as one only needs to add a

term proportional to e−2dΛDFT to the action [50]. This term could potentially be important

when considering non-relativistic holography.

B. Connection and Curvature

In analogy with general relativity we will introduce a connection ΓCAB that will allow us

to covariantize derivative interactions. The following unique Christoffel connection is found

[47]

ΓCAB = 2
(
P∂CPP̄

)
[AB]

+ 2
(
P̄ D
[A P̄ E

B] − P D
[A P E

B]

)
∂DPEC

− 4

(
1

P M
M − 1

PC[AP
D

B] +
1

P̄ M
M − 1

P̄C[A]P̄
D

B]

)(
∂Dd+

(
P∂EPP̄

)
[ED]

) (16)

with PMN and P̄MN the projector operators defined as
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PMN =
1

2
(ηMN +HMN) , (17)

P̄MN =
1

2
(ηMN −HMN) , (18)

and satisfying the standard properties P 2 = P, P̄ 2 = P̄ , P P̄ = 0, P + P̄ = 1, and with the

corresponding traces

P M
M = D + n− n̄ , P̄ M

M = D − n + n̄ (19)

The connection (16) is determined uniquely after imposing compatibility with H, d, and

the Lie derivative (4) as well as the additional set of projection constraints5

P DEF
ABC ΓDEF = 0, P̄ DEF

ABC ΓDEF = 0 (20)

with

P DEF
ABC ≡ P D

A P
[E

[B P
F ]

C] +
2

P M
M − 1

PA[BP
[E

C] P F ]D , (21)

P̄ DEF
ABC ≡ P̄ D

A P̄
[E

[B P̄
F ]

C] +
2

P̄ M
M − 1

P̄A[BP̄
[E

C] P̄ F ]D . (22)

A field strength RABCD for the connection Γ can be constructed as usual

RCDAB = ∂AΓBCD − ∂BΓACD + Γ E
AC ΓBED − Γ E

BC ΓAED (23)

However (23) is not a covariant object, in fact no fully covariant four-index Riemann cur-

vature can be constructed in DFT [46, 48]. Nevertheless we can build the semi-covariant

curvature [46–48] RABCD

RABCD =
1

2

(
RABCD +RCDAB − ΓE

ABΓECD

)
, (24)

satisfying symmetry properties

RABCD = RCDAB = R[AB][CD] , RA[BCD] = 0 (25)

and the semi-covariant transformation rule

δξRABCD = L̂ξRABCD + 2∇[A

((
P + P̄

) EFG

B][CD]
∂E∂F ξG

)

+2∇[C

((
P + P̄

) EFG

D][AB]
∂E∂F ξG

)
. (26)

5 If these projections are not enforced the connection can not be fully determined [48]. However the relevant

covariant curvatures constructed from it will be unique.
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Even though the curvature defined in (25) is not covariant we can build the following co-

variant contraction

R ≡
(
PACPBD − P̄ACP̄BD

)
RABCD (27)

which we will call the doubled Ricci scalar. It can be shown that it can be written in terms

of the double fields H and d as

R = 4HMN∂M∂Nd− ∂M∂NHMN − 4HMN∂Md∂Nd+ 4∂MHMN∂Nd

+
1

8
HMN∂MHKL∂NHKL − 1

2
HMN∂MHKL∂KHNL (28)

Equipped with (27), we can write down the DFT equivalent of the Einstein-Hilbert action

SDFT =

∫
dDxdDx̃ e−2dR. (29)

The equations of motion are then found by varying (29), and given by6

δS =

∫
dDxdDx̃e−2d

[
δHMNKMN − 2Rδd

]
(30)

with KMN defined as

KMN =
1

8
∂MHKL∂NHKL − 1

4
(∂L − 2 (∂Ld))

(
HLK∂KHMN

)
+ 2∂M∂Nd

− 1

2
∂(MHKL∂LHN)K +

1

2
(∂L − 2 (∂Ld))

(
HKL∂(MHN)K +HK

(M∂KHL
N)

)
.

(31)

We need to ensure δHMN satisfies (5), this can be achieved as long as we assume the variation

takes the form [36]

δHMN = PM
L δMLKP̄N

K + P̄M
L δMLKPN

K . (32)

After assuming the form (32) we find that the equations of motion associated to the action

(29) are nothing but7

RMN = 0 ,

R = 0
(33)

6 It is important to note that the variation cannot be performed using the parametrization (7) for fixed

(n, n̄). This would miss n× n̄ equations [51].
7 The same result could also be obtained by using the following property of the Riemann tensor [52]:

δRMNPQ = ∇[MδΓN ]PQ +∇[P δΓQ]MN .
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where the double Ricci tensor is now expressed in terms of K:

RMN = P̄L
MKLKP

K
N + PL

MKLKP̄
K
N . (34)

Calling RMN as generalized Ricci tensor is appropriate as it can be related to the semi-

covariant curvature via RMN = PR
MRA

RASP̄
S
N . Note however, R 6= ηMNRMN=0.

In the following sections we will consider action (29) and equations of motion (33) for

some choices of (7), in particular TNC, Carroll and SNC parametrizations. This will allow us

to write non-Riemannian gravitational equations of motion by means of the parametrization

(7). Our usage of the relation between DFT and the previously mentioned non-relativistic

geometries will not go further than (7). A detailed analysis pertaining the symmetries and

related aspects of non-Riemann geometry following from (7) has been done by Blair et al.

in [53].

III. TYPE I TNC GEOMETRY

A. Basics

A covariant treatment of Galilean symmetry was first obtained by Cartan [54–56] which

later lead to the Newton-Cartan (NC) geometry as the underlying structure of classical New-

tonian gravity. Subsequent work [57–61] clarified the algebra of spacetime transformations

and its representation theory that underlies NC geometry. In particular it was shown in

[62] that the NC geometry follows from gauging the Bargmann algebra, that is, the U(1)

central extension of Galilean boost algebra, together with translations and rotations. Gen-

eralization of the Newton-Carton geometry to include torsion was obtained in [63, 64], and

this extension was coined “torsional Newton-Cartan” (TNC) geometry8. A crucial element

in this geometry is the U(1) gauge symmetry corresponding to the aforementioned central

charge and physically related to mass conservation. Non-relativistic gravity has recently

been studied in the context of non-relativistic effective actions [17], non-relativistic holog-

raphy [18], post-Newtonian expansions of general relativity [14], and more recently in the

context of string theory [12, 44, 65]. We remark that in this paper we will not consider

Type II Newton-Cartan geometries, which arise from a 1/c expansion of General Relativity

[2, 6, 14].

8 In fact, it was argued that it is necessary to include torsion in this theory, see [64].
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TNC geometries are characterized by local Galilean symmetry of its tangent space. The

non-relativistic spacetime is embedded using a set of spatial frames eaµ used to define a

spatial (or transverse) metric

hµν = eaµe
b
νδab , (35)

and a temporal frame τµ used as a universal one-form clock. The local Galilean symmetry

can be extended by including a local U(1) transformation through the introduction of a mass

one-form mµ. This centrally extended local Galilean symmetry acts on the metric complex

{eaµ, τµ} and the U(1) connection mµ as

δeaµ = Lξe
a
µ + λaτµ + λa

be
b
µ ,

δτµ = Lξτµ ,

δmµ = Lξmµ + λae
a
µ + ∂µσ ,

(36)

with λa a local Galilean boost parameter, λab a local parameter of rotations, σ a U(1)

gauge transformation parameter, and ξµ parametrizing diffeomorphisms. The square matrix

(τµ, e
a
µ) has an inverse (−υµ, eµa) where these inverse frames are orthogonal

υµτµ = −1 , eµaτµ = 0 , eaµυ
µ = 0 , (37)

and complete

eaνe
µ
a − υµτν = δµν . (38)

Making use of inverse spatial frames eµa , one can define an inverse spatial metric as

hµν = eµae
ν
bδ

ab , (39)

such that the completeness relation can be rewritten as

hµρhρν − υµτν = δµν . (40)

It is well known that a geometry described by these fields and symmetries can be obtained

from null reduction of a relativistic theory described by the line element

ds2 = 2τµdx
µ(du−mνdx

ν) + hµνdx
µdxν , (41)

where u is the direction associated to the null isometry, i.e. ∂u is a Killing vector. Note

that the null reduction of the relativistic connection will not give exactly the connection we

12



use in this text, (45), however the difference between the two is simply given by the torsion

component.

Instead of the set of variables {τµ, υν, hµν , hµν , mµ} it will be more convenient for us to

work with the boost-invariant set {τµ, υ̂µ, h̄µν , h
µν ,Φ} where {υ̂µ, h̄µν ,Φ} are defined as

h̄µν ≡ hµν − τµmν − τνmµ,

υ̂µ ≡ υµ − hµνmν

Φ ≡ −υρmρ +
1

2
hρσmρmσ

(42)

which are the boost-invariant combinations with the physical interpretation of a spatial

metric, an “inverse clock”, and Newton gravitational potential (i.e. the scalar which will

appear in Poisson’s equation). While these variables are explicitly invariant under Galilean

boosts, they still transform under the U(1) extension as

δσh̄µν = −2τ(µ∂ν)σ , δσυ̂
µ = −hµν∂νσ , δσΦ = −υ̂ρ∂ρσ , (43)

whereas {τµ, hµν} remain invariant under all local gauge transformations. The Galilean

invariant fields are subject to the identities

h̄µρh
ρν − υ̂ντµ = δνµ , υ̂µτµ = −1 , υ̂µh̄µν = 2Φτν . (44)

The connection we will use is9

Γρ
µν = −υ̂ρ∂µτν +

1

2
hρσ

(
∂µh̄νσ + ∂ν h̄µσ − ∂σh̄µν

)
(45)

which is manifestly boost invariant, but not U(1) invariant. Note that this connection is

compatible with hµν and τµ. The antisymmetric part of this connection is poportional to

the torsion tensor of TNC:

Fµν ≡ ∂[µτν], (46)

in terms of which we define the acceleration

aµ ≡ υ̂ρFρµ. (47)

In the following section we will reformulate this theory by embedding it in DFT.

9 See also [66, 67] for a classification of TNC connections.
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B. Embedding in DFT

By examining (41) we can identify the following metric and inverse relativistic metrics:

gµν =



h̄µν τµ

τµ 0



 , gµν =



 hµν −υ̂µ

−υ̂µ 2Φ



 , (48)

which can be embedded in DFT as

HMN =




h̄µν τµ 0 0

τµ 0 0 0

0 0 hµν −υ̂µ

0 0 −υ̂µ 2Φ




. (49)

We now apply a T-duality transformation to swap the null direction u with the dual null

direction ū,

T M
N =




δµν 0 0 0

0 0 0 1

0 0 δ ν
µ 0

0 1 0 0




, (50)

which results in the following TNC generalized metric:

HMN =




h̄µν 0 0 τµ

0 2Φ −υ̂ν 0

0 −υ̂µ hµν 0

τν 0 0 0




. (51)

The generalized metrics (49) and (51) will produce the same actions and equations of motion,

however note that the lower right block in (51) is now degenerate meaning that the latter

has a clearer non-relativistic interpretation. As shown in [68], after adding matter to this

parametrization we find that the embedding is given by10

Kmn =


hµν 0

0 0


 , Hmn =


 hµν hµρℵρ

hνρℵρ hρσℵρℵσ


 , Bmn =


B̄µν −mµ

mν 0


 (52)

10 Note that now we are briefly using m,n as indices of the DFT tensors, as a way to avoid introducing new

symbols. We have m = 0, 1, . . . , d+ 1 and µ = 0, 1, . . . , d where d is the dimension of the TNC spacetime

and d+ 1 = D is the dimension of its uplift, which includes the null direction u.

14



and

xm =
1√
2


τµ − ℵµ

1


 , x̄m =

1√
2


τµ + ℵµ

−1


 ,

ym =
1√
2


 −υµ

1− υµℵµ


 , ȳm =

1√
2


 −υµ

−1 − υµℵµ,


 . (53)

where ℵµ ≡ −Bµu appears from the dimensional reduction of the B-field. We also define

bµν ≡ ∂[µℵν], eµ ≡ υ̂ρbρµ. (54)

The tensors Kµν and Hµν both have 2 = 1 + 1 null eigenvectors and the trace of the

generalized metric is HM
M = 0, implying that a TNC geometry corresponds to a (1,1) theory

in the DFT framework.

C. Action and equations of motion

Having obtained the embedding of TNC geometry in double field theory, we can now

immediately write down its action using the DFT action in equation (29). We first introduce

the following notation. Given an arbitrary tensor Aµν... we will define for brevity

Aµν... ≡ Aρσ...h
µρhνσ . . . (55)

Note that the only TNC fields which naturally have upper indices are υ̂µ and hµν , hence any

other tensor with upper indices is to be understood as defined via (55).

Now, the TNC action is given by11

S =

∫
ddx e

[
R+

1

2
aµaµ +

1

2
e
µ
eµ − 4aµDµφ+ 4DµφDµφ− 1

12
HµνρHµνρ

−1

2
υ̂ρHρµνb

µν − 1

2
(F µνFµν + bµνbµν) Φ

] (56)

with H = dB, b = dℵ and

e ≡
√

deth̄

2Φ
e−2φ. (57)

11 It is worth noting that this same action can also be obtained as the dimensional reduction of the standard

NS-NS sector of supergravity

SNS−NS =

∫
dDx e−2φ

√
− det g

(
R− 1

12
H2 + 4 (∂φ)

2

)

where g is the Riemannian metric appearing in (48), Hµνρ is the field-strength of the B-field and D = d+1

with d the dimension of the TNC spacetime. Note however that this null reduction is not fully consistent,

as one needs to impose Poisson’s equation on-shell, rather than deriving it from the (null-reduced) action.
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We choose the independent fields of our theory to be Φ, υ̂µ, hµν , Bµν and ℵµ, see Appendix

A for useful identites.

The variation of the action (56) with respect to Φ imposes a generalized twistlessness

contraint on torsion:

FµνF
µν = bµνb

µν . (58)

The equations for the matter fields are

DµD
µφ+ aµDµφ− 2DµφD

µφ =
1

2
e
2 − 1

12
HµνρH

µνρ − 1

2
υ̂λHλµνb

µν − 1

2
FµνF

µνΦ (59)

Dρbρµ − 2Dρφ bρµ =
1

2
F ρσHρσµ (60)

DρHρµν + aρHρµν − 2DρφHρµν = 2D[µeν] − 2υ̂λDλbµν + 2a[µeν] + 4bρ[µFν]ρΦ

+ (2υ̂ρDρφ−Dρυ̂
ρ) bµν , (61)

while the equation for τµ is

DρFρµ + aρFρµ − 2DρφFρµ =
1

2
bρσHρσµ + e

ρbρµ. (62)

The equation obtained from the variation with respect to hµν requires more care. First of

all, notice that we must have τµτνδh
µν = 0. This means that the most general variation is

given by

δhµν = (∆S)
µ
ρ δMρν + δMµρ (∆S)

ν
ρ (63)

where δMµν is an arbitrary symmetric tensor and (∆S)
µ

ν = hµρh̄ρν . It also follows that the

time-time projection of the equation obtained from this variation will be trivially zero, i.e.

we will not be able to obtain Newton’s law from this variation. This will also be true for

variation of the Carrollian and SNC actions and is, in fact, a general property inherited

from double field theory [51]. By imposing an ansatz on the generalized metric and then

computing the variation of the resulting action we will end up with n × n̄ equations less

than we would initially expect. However, this problem can be easily avoided by taking the

variation of the DFT action first and imposing the TNC ansatz on the resulting equations

of motion (1). With this in mind, we find that the variation of (56) with respect to hµν

produces the equation

R(µν) + 2D(µDν)φ− 1

4
hρσhλκHµρλHνσκ =

aµaν − eµeν

2
− υ̂ρD(µFν)ρ + υ̂λhρσbρ(µHν)λσ

− (FµρFνσh
ρσ − bµρbνσh

ρσ) Φ

+Rρσ (∆T )
ρ

µ (∆T )
σ

ν

(64)
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where we defined

Rµν ≡ Rµν + 2DµDνφ− 1

4
hρσhλκHµρλHνσκ + a2τµτνΦ− e

2τµτνΦ. (65)

Note that because of the presence of Rµν in (64) the time-time projection of Einstein’s equa-

tions is identically zero. As we already explained, Newton’s law can be found by imposing

the TNC ansatz on the DFT equations (1). The resulting equation is

DµDµΦ + 3aµDµΦ +m2
ΦΦ− 2FµνF

µνΦ2 = ρK + ρm (66)

with

m2
Φ = a2 + e

2 + 4aµDµφ− υ̂ρHρµνb
µν , (67)

ρK = υ̂µDµDν υ̂
ν +Dµυ̂

νDν υ̂
µ = −υ̂µDµKν

ν +KµνKµν , (68)

ρm =
1

4
υ̂µυ̂νHµρσH

ρσ
ν − 2υ̂µυ̂νDµDνφ. (69)

Notice that by using the identities

υ̂µυ̂νRµν = −υ̂µDµDν υ̂
ν + υ̂µDνDµυ̂

ν + aµDµΦ+ 2a2Φ, (70)

Dµυ̂
ρDρυ̂

ν + υ̂ρDµDρυ̂
ν = hνσ (DµDσΦ+ 2Dµaσ Φ + 2aσDµΦ) , (71)

we can rewrite (66) as

υ̂µυ̂νRµν =
1

4
υ̂µυ̂νHµρσH

ρσ
ν − 2υ̂µυ̂νDµDνφ− a2Φ + e

2Φ (72)

so that the full Einstein’s equations can compactly be written as

R(µν) + 2D(µDν)φ− 1

4
hρσhλκHµρλHνσκ =

aµaν − eµeν

2
− υ̂ρD(µFν)ρ + υ̂λhρσbρ(µHν)λσ

− (FµρFνσh
ρσ − bµρbνσh

ρσ) Φ.

(73)
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In summary, the TNC equations of motion are given by

FµνF
µν = bµνb

µν , (74)

DρFρµ + aρFρµ − 2DρφFρµ =
1

2
bρσHρσµ + e

ρbρµ (75)

Dρbρµ − 2Dρφ bρµ =
1

2
F ρσHρσµ, (76)

DµD
µφ+ aµDµφ− 2DµφD

µφ =
1

2
e
2 − 1

12
HµνρH

µνρ − 1

2
υ̂λHλµνb

µν − 1

2
FµνF

µνΦ,

(77)

DρHρµν + aρHρµν − 2DρφHρµν = 2D[µeν] − 2υ̂λDλbµν + 2a[µeν] + 4bρ[µFν]ρΦ

+ (2υ̂ρDρφ−Dρυ̂
ρ) bµν , (78)

R(µν) + 2D(µDν)φ− 1

4
hρσhλκHµρλHνσκ =

aµaν − eµeν

2
− υ̂ρD(µFν)ρ + υ̂λhρσbρ(µHν)λσ

− (FµρFνσh
ρσ − bµρbνσh

ρσ) Φ, (79)

where we remind the reader of the short-hand notation (55), as well as the following defini-

tions

aµ = υ̂ρFρµ = 2υ̂ρ∂[ρτµ],

eµ = υ̂ρbρµ = 2υ̂ρ∂[ρℵµ]

(80)

and Φ is Newton’s potential, not to be confused with the dilaton φ.

Note that these equations are manifestly invariant under almost all transformations de-

scribed by the Bargmann algebra. The only nontrivial transformation corresponds to the

U(1) generator mµ. However a straightforward (but tedious) computation shows that these

equations are indeed invariant under mass U(1), although not manifestly so. We will discuss

some properties of these equations and their relation to known results in section VI.

IV. CARROLLIAN GEOMETRY

A. Basics

The Carroll algebra can be obtained by considering a particular contraction (c → 0) of the

Poincaré algebra [69–71]. In [72] it was suggested that this algebra could play an important

role in flat space holography, hence it would be interesting to study how field theories couple

to Carrollian spacetime, see e.g. [73–75]. To this end, one needs a gravitational action

coupled to matter, and this is precisely what we will compute below.
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We will describe Carrollian geometry using the same set of symbols we already introduced

for the TNC case above. However, these fields will now transform under the Carrollian boosts

rather than the Galilean boosts:

δCτµ = λµ, δCh
µν = 2hρ(µυν)λρ. (81)

Moreover we replace the gauge field mµ by a contravariant vector Mµ, which transforms as

δMµ = LξM
µ + eµaλ

a = LξM
µ + hµνλν . (82)

This allows us to build the following manifestly boost-invariant tensors

τ̂µ = τµ − hµνM
ν ,

ĥµν = hµν − 2M (µυν) + 2Φυµυν ≡ h̄µν + 2Φυµυν , (83)

Φ = −Mµτµ +
1

2
hµνM

µMν = −Mµτ̂µ −
1

2
hµνM

µMν ,

which have the interpretation as the boost-invariant clock one-form, inverse spatial met-

ric and the Newton potential respectively. They satisfy the following orthogonality and

completeness relations

ĥµρhρν − υµτ̂ν = δµν , τ̂µĥ
µρ = 0 = υµhµρ. (84)

It is possible to embed a Carrollian geometry in a Lorentzian one just as we did for TNC in

(41):

ds2 = du(2Φ du− 2τ̂µdx
µ) + hµνdx

µdxν (85)

A connection compatible with τ̂µ, υ
µ, hµν and ĥµν can be constructed [70, 76]:

Γ̃ρ
µν = −υρ∂µτ̂ν +

1

2
ĥµλ (∂µhνλ + ∂νhµλ − ∂λhµν)− ĥµλKλµτ̂ν , (86)

where we introduced the extrinsic curvature

Kµν = −1

2
Lυhµν = −1

2
(υρ∂ρhµν + (∂µυ

ρ) hρν + (∂νυ
ρ) hµρ) . (87)

However, we find it more convenient to use a slightly different connection,

Γρ
µν ≡ Γ̃ρ

µν + ĥµλKλµτ̂ν . (88)
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Using τ̂µĥ
µν = 0, it is easy to show that this connection is still compatible with τ̂µ and ĥµν ,

but now we have

Dµυ
ν = −ĥνλKλµ, Dρhµν = −2Kρ(µτ̂ν) (89)

where we used

υµKµν = υρDρυ
µ = 0. (90)

We also define the following tensors in analogy with TNC:

Fµν ≡ ∂[µτ̂ν], aµ ≡ υρFρµ. (91)

B. Embedding in DFT

Given the relativistic geometry (85) we can construct the generalized metric

HMN =




hµν −τ̂µ 0 0

−τ̂µ 2Φ 0 0

0 0 h̄µν υµ

0 0 υµ 0




. (92)

There are clearly some similarities between this metric and the TNC one (49). In fact when

the scalars Φ(C) and Φ(TNC) are both zero (which implies Mµ = mµ = 0) it is easy to see that

the two generalized metrics become identical up to some obvious identifications. When the

two scalars are not zero we still have a relation between the two geometries, but it is a bit

more involved. To see this we can start from (92) and then apply a T-duality transformation

that swaps the Carrollian directions µ with their dual ones µ̄ and arrive at

HMN →




h̄µν 0 0 υµ

0 2Φ −τ̂ν 0

0 −τ̂µ hµν 0

υν 0 0 0




. (93)

This is equivalent to (51) if we make the identifications

h̄µν

(C) ↔ h̄(TNC)
µν , τ̂ (C)µ ↔ υ̂µ

(TNC), Φ(C) ↔ Φ(TNC), (94)

h(C)
µν ↔ hµν

(TNC), υµ

(C) ↔ τ (TNC)
µ , Mµ

(C) ↔ m(TNC)
µ . (95)
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This is the same duality that was proposed and discussed in [70, 76, 77], however when

working in the DFT framework it is clear what the interpretation of this duality is, i.e. it

is simply a T-duality following from the fact that this theory is embedded in string theory!

Note that this duality is mapping two theories that are in principle really different, since

one is a non-relativistic theory while the other is an ultra-relativistic theory. In some sense

it seems like this T-duality is acting on these spacetimes as c ↔ 1/c with c being the speed

of light. It is also interesting to note that when acting with this transformation on the

Carrollian side we are effectively generating massive particles, which will correspond to the

eigenstates of the U(1) generator on the TNC side.

Moreover we remark that this duality only maps the TNC generalized metric to the

Carrollian one (and vice versa). To map the full actions to one another we would need to

transform the partial derivatives as well, i.e. we would need a transformation of the form

(∂µ)
(Car) ↔ (∂µ)(TNC), (96)

but it is not clear what a partial derivative with upper index means in a non-relativistic

(or ultra-relativistic) theory. It will be interesting to explore this duality in more detail in

future works, to understand if the two actions can indeed be mapped to each other.

C. Action and equations of motion

Given an arbitrary tensor Aµν... we define

Aµν... ≡ Aρσ...ĥ
µρĥνσ . . . (97)

The only Carroll fields which naturally have upper indices are υµ, h̄µν , ĥµν and Mµ, hence

any other tensor with upper indices is to be understood as defined via (97).

The action for a Carrollian gravitational theory is given by12

12 As for TNC, this action can be obtained as the dimensional reduction of the standard NS-NS sector of

the supergravity actions, with (relativistic) metric given by gµν appearing in (85). Furthermore note that

when Φ(Carroll) = 0 this action correctly reduces to (56) with Φ(TNC) = 0.
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S =

∫
ddx e

[
R+

1

2
aµaµ +

1

2
e
µ
eµ − 4aµDµφ+ 4DµφDµφ+ 2KυµDµΦ+ 4υµDµφ υνDνΦ

+2Φ

(
KµνKµν −K2 − 4υµDµφ υνDνφ− 4KυµDµφ+

1

4
υρυσHµν

ρHµνσ

)

− 1

12
HµνρH

µνρ +
1

2
bµνHµνρυ

ρ

]

(98)

with K ≡ ĥµνKµν = −Dµυ
µ, R ≡ ĥµνRµν and the measure is defined as

e = e−2φ

√
2Φ

det h̄µν
= e−2φ

√
2Φdet h̄µν , (99)

where h̄µν = hµν − τ̂µτ̂ν
2Φ

. We choose the independent fields of our theory to be Φ, υµ, ĥµν , Bµν

and ℵµ, see Appendix B for useful identites.

The variation of the action with respect to Φ gives

Rµνυ
µυν =

1

4
υρυσHµν

ρHµνσ − 2υµυνDµDνφ. (100)

Note that contrary to what happened for TNC, this equation does not impose any constraint

on the antisymmetric part of the connection, however it does impose a constraint on intrinsic

torsion, which in the Carrollian case is given by the extrinsic curvature [78].

The equations for the matter fields are

DµD
µφ+ aµDµφ− 2DµφD

µφ = 2υµυν (ΦDµDνφ− 2ΦDµφDνφ+DµφDνΦ)− 2KΦυµDµφ

− 1

12
HµνρHµνρ +

1

2
υρυσΦH µν

ρ Hσµν +
e
µ
eµ

2
+

1

2
υρbµνHρµν

(101)

Dρbρµ − 2Dρφ bρµ = −2ΦυρDρeµ − 2ΦeρKρµ + 2ΦeµK + 4ΦυρDρΦ eµ

+
1

2
F ρσHρσµ + 2DρΦ υσHρσµ − 2ΦυρaσHρσµ (102)

DρHρµν + aρHρµν − 2DρφHρµν = υρDρbµν − 2υρDρφ bµν − 2K ρ

[µ bν]ρ −Kbµν

+ 2Φυρυσ (DρHσµν − 2DρφHσµν) + 2υρυσDρΦHσµν

+ 4ΦυσK ρ

[µ Hν]ρσ − 2KΦυρHρµν . (103)

The equation for υµ is

DρFρµ + aρFρµ − 2DρφFρµ = −4ΦυρD(ρaµ) + 2ΦaµK + 4ΦυρDρφ aµ − 2υρDρΦ aµ

+ 2υρDρDµΦ+ 2KρµD
ρΦ− 2KDµΦ− 4υρDρφDµΦ

+
1

2
bρσHρσµ − e

ρbρµ − 2Φυρ
e
σHρσµ.

(104)
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Einstein’s equations are given by

R(µν) + 2D(µDν)φ− 1

4
H ρσ

µ Hνρσ =
aµaν − eµeν

2
+D(µaν) − F ρ

(µ Kν)ρ + υρb σ
(µHν)ρσ

+ 2υρKµνDρΦ− 2ΦKKµν + 2ΦυρDρKµν

− 4ΦυρKµνDρφ− ΦυλυκH ρ
µλ Hνκρ.

(105)

Once again one equation is missing, but it can be found directly from DFT. It is found

to be

DµDµΦ− aµDµΦ− 2DµφDµΦ + (a2 − e
2)Φ =

1

4
(F µνFµν − bµνbµν)− 2KΦυρDρΦ

+ 2Φυρυσ (DρDσΦ− 2DρφDσΦ) .

(106)

It is also possible to rewrite these equations in terms of h̄µν = ĥµν + 2Φυµυν rather than

ĥµν . The new connection Γ̄ρ
µν is defined as

Γρ
µν = Γ̄ρ

µν + 2ΦυρKµν (107)

where quantities with a bar on them are understood to be defined with h̄µν instead of ĥµν ,

i.e.

Γ̄ρ
µν = −υρ∂µτ̂ν +

1

2
h̄µλ (∂µhνλ + ∂νhµλ − ∂λhµν) . (108)

The new Ricci tensor is related to the old one via

Rµν = R̄µν − 2υρD̄ρΦKµν + 2ΦKKµν − 2ΦυρD̄ρKµν . (109)

The action and equations will look nicer when using this connection, however h̄µν , ĥµν and

τ̂µ are not compatible now:

D̄µh̄
ρσ = 2υρυσD̄µΦ− 8Kµλh̄

λ(ρυσ)Φ,

D̄µĥ
ρσ = −4Kµλh̄

λ(ρυσ)Φ,

D̄µτ̂ν = −2KµνΦ.

(110)

The action can then be rewritten as

S =

∫
ddx e

[
R̄+

1

2
aµaµ +

1

2
e
µ
eµ − 4aµD̄µφ+ 4D̄µφD̄µφ+ 4υµυνD̄µφ D̄νΦ

−8ΦKυρD̄ρφ− 1

12
HµνρH

µνρ +
1

2
bµνυρHµνρ

]
,

(111)
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where now the tensors with upper indices are defined using h̄µν and we will always write

any expression such that no derivatives act on h̄µν , e.g. D̄µφ = h̄µνD̄νφ 6= D̄ν

(
h̄µνφ

)
. The

resulting equations of motion for the geometric fields are

R̄µνυ
µυν =

1

4
υρυσHµν

ρHµνσ − 2υµυνD̄µD̄νφ (112)

D̄ρFρµ + aρFρµ − 2D̄ρφFρµ =
1

2
bρσHρσµ + e

ρbµρ + 2D̄ρKρµ − 2KD̄µΦ

+ 2υρD̄µD̄ρΦ− 4υρD̄ρφDµΦ (113)

R̄(µν) + 2D̄(µD̄ν)φ− 1

4
H ρσ

µ Hνρσ =
aµaν − eµeν

2
+D(µaν) − F ρ

(µ Kν)ρ + υρb σ
(µHν)ρσ

+ 4Φυρ

(
D̄ρKµν −KKµν +

D̄ρΦ

Φ
Kµν

)
(114)

The equations for the matter fields are

D̄µD̄
µφ+ aµD̄µφ− 2D̄µφD̄

µφ = 2υµυνDµΦDνφ− 1

2
HρµνHρµν +

1

2
e
µ
eµ +

1

2
υρbµνHρµν

(115)

D̄ρbρµ − 2D̄ρφ bρµ =
1

2
F ρσHρσµ + 2υρD̄σΦHρσµ (116)

D̄ρHρµν + aρHρµν − 2D̄ρφHρµν = 2b ρ

[µ Kν]ρ −Kbµν + υρ
(
D̄ρbµν − 2D̄ρφ bµν + 2υσD̄σΦHρµν

)
.

(117)

The ”missing” equation is

D̄µD̄νΦ− aµD̄µΦ− 2D̄µφ D̄µΦ =
1

4
(F µνFµν − bµνbµν) . (118)

As in the case of TNC, we note that the equations (112)-(117) are manifestly invariant

under transformations corresponding to the Carroll algebra. We also recall the following

definitions:

aµ = υρFρµ = 2υρ∂[ρτ̂µ],

eµ = υρbρµ = 2υρ∂[ρℵµ],

Kµν = −1

2
Lυhµν = −1

2
(υρ∂ρhµν + (∂µυ

ρ)hρν + (∂νυ
ρ)hµρ) ,

(119)

which have the physical interpretation as the acceleration field, the electric and the extrinsic

curvature of the geometry.
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V. STRING NEWTON-CARTAN GEOMETRY

A. Basics

In [10, 79–82] a non-relativistic string theory was formulated, which was then found to

correspond to a target space geometry called String Newton-Cartan (SNC) [11, 30, 83–86].

A D-dimensional SNC spacetime naturally splits into two longitudinal directions and D− 2

transverse directions, that are mapped to each other by means of string Galilean boosts.

Recent works have delved deeper into the quantum aspects of such non-relativistic string

theory, in particular studying the Weyl symmetry and computing the beta functions, that

are required to vanish for the theory to be anomaly-free [43, 45].

The basic geometric fields are the longitudinal and transverse vielbeins, τAµ , υ
µ
A, E

A′

µ , Eµ
A′

where A runs over the two longitudinal directions and A′ runs over the remaining transverse

directions. Using the transverse vielbeins we can build, as usual, two tensors h⊥

µν and hµν .

These fields satisfy the following completeness relations

hµρh⊥

ρν − υµ
Aτ

A
ν = δµν , υµ

Aτ
B
µ = −δBA , τAµ h

µρ = υµ
Ah

⊥

µρ = 0 (120)

and transform under string boosts with parameter ΣA′

A as

δΣυ
µ
A = −Eµ

A′Σ
A′

A , δΣE
A′

µ = −τAµ Σ
A′

A , δEµ
A′ = δΣτ

A
µ = 0. (121)

The metric of the longitudinal space is ηAB = diag (−1, 1) and our convention for the

longitudinal Levi-Civita symbol is ǫ01 = +1.

Furthermore we can introduce a ZA symmetry in the theory via the gauge field mA
µ , which

transforms under boosts as

δΣm
A
µ = EA′

µ ΣA
A′ . (122)

This allows us to build the following manifestly boost invariant quantities:

h̄µν = h⊥

µν + 2ηABm
A
(µτ

B
ν),

uµ
A = υµ

A + hµρmρA,

ΦAB = 2uρ(Am B)
ρ − hµνmA

µm
B
ν = −uµAuνBh̄µν ,

(123)

which satisfy

hµρh̄ρν − uµ
Aτ

A
ν = δµν , uµ

Aτ
B
µ = −δBA , uµ

Ah̄µρ = ΦABτ
B
ρ (124)
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The ZA transformations of the fields are

δZm
A
µ = Dµσ

A,

δZ h̄µν = 2ηABτ
AB
(µ Dν)σ

B

δZu
µ
A = hµρDρσ

A

δZΦ
AB = 2uρ(ADρσ

B).

(125)

Note that this transformation is a symmetry of SNC only if the foliation constraint is im-

posed. However, one can avoid imposing this constraint by requiring the B-field to transform

as well [65], the full ZA transformations are then given by the upcoming (158).

Using these fields it is also possible to construct the following boost-invariant connection:

Γρ
µν = −uρ

A

(
∂µτ

A
ν + ωµǫ

A
Bτ

B
ν

)
+

1

2
hρσ

(
∂µh̄νσ + ∂ν h̄µσ − ∂σh̄µν

)

= −uρ
A∇µτ

A
ν +

1

2
hρσ

(
∂µh̄νσ + ∂νh̄µσ − ∂σh̄µν

) (126)

where we introduced the spin connection ω AB
µ ≡ ωµǫ

AB, associated with the longitudinal

covariant derivative ∇µ. The connection (126) is compatible with hµν and τAµ and has an

antisymmetric component

2Γρ

[µν] ≡ −uρ
AF

A
µν , (127)

where we defined the “torsion” tensors as13

FA
µν ≡ 2∂[µτ

A
ν] + 2ǫABω[µτ

B
ν] = 2∇[µτ

A
ν] . (128)

We can also decompose these tensors as

FA
µν = fAǫBCτ

B
µ τCν + 2a BA

[µ τν]B + F̃A
µν (129)

where we defined the acceleration aµAB, the temporal part of torsion fA and the transverse

torsion tensor F̃A
µν as

uρ
AFρµB ≡ aµAB , uµAa BC

µ = ǫABfC , uµAF̃µνB = 0 . (130)

Finally we define the extrinsic curvature in the usual way:

KA
µν = −1

2
Luh̄µν (131)

13 Note that FA
µν = 0 is the so called foliation constraint.
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which satisfies in particular

KA
µνh

µν = −Dµu
µA,

hµνhρσKA
µρKB

νσ = Dµu
νADνu

µB +
1

4
hµνhρσFµνCFρσDΦ

ACΦBD.
(132)

Below we discuss how this structure is embedded in the double field theory framework.

B. Embedding in DFT

To find the embedding of SNC in DFT we will use the same approach used for TNC [68],

namely we will compare the SNC worldsheet action [43],

SSNC =− 1

2

∫
d2σ

[
e ∂Xµ∂Xν h̄µν + ǫαβ

(
λeατµ + λ̄ēατ̄µ

)
∂βX

µ
]

− 1

2

∫
d2σ εαβ∂αX

µ∂βX
νBµν ,

(133)

with the worldsheet action written in terms of DFT fields14,

SDFT =− 1

2

∫
d2σ

[
e ∂Xµ∂Xν Kµν + 2ǫαβ

(
βαax

a
µ + β̄αāx̄

ā
µ

)
∂βX

µ
]

− 1

2

∫
d2σ

[
εαβ∂αX

µ∂βX
νBµν − 2γαβ

(
βαax

a
µ − β̄αāx̄

ā
µ

)
∂βX

µ
]
.

(134)

To make the identifications needed to define the SNC embedding we need to rewrite (133)

in a more suitable way. In particular there are two issues we need to address:

1. We need to have a term proportional to γαβλ∂βX
µ and γαβλ̄∂βX

µ to be able to

properly identity the null eigenvectors of DFT;

2. We need to make sure that Kµν is a degenerate matrix, which is not the case if we

naively identify Kµν = h̄µν .

The first issue is simply solved by the following field redefinition:

Aα =
1

2
(λ− λ̄)e0α +

1

2
(λ+ λ̄)e1α =

1

2
λeα − 1

2
λ̄ēα. (135)

14 We define eα ≡ e0α + e1α, ēα ≡ e0α − e1α, and similarly for τ and τ̄ . Notice that γαβ = ηabeαae
β
b =

−eα0 e
β
0 + eα1 e

β
1 = −4e(αēβ) where eα ≡ 1

2 (e
α
0 + eα1 ), ē

α ≡ 1
2 (e

α
0 − eα1 ), such that eαeα = 1 = ēαēα and

eαēα = 0. Moreover we have εαβ = eǫabeαae
β
b with ε01 = −ε01 = +1 and eαa = e−1εαβebβεba, which implies

eα = − 1
2eε

αβ ēβ and ēα = 1
2eε

αβeβ. Note that our convention for the worldsheet Levi-Civita symbol εαβ

is the opposite of the one for the longitudinal SNC Levi-Civita symbol ǫAB.
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In terms of these new Lagrange multipliers the SNC action becomes

SSNC =− 1

2

∫
d2σ

[
e ∂Xµ∂Xν h̄µν + 2ǫαβτ 1µAα∂βX

µ
]

− 1

2

∫
d2σ

[
ǫαβ∂αX

µ∂βX
νBµν + 2eγαβτ 0µAα∂βX

µ
]
,

(136)

This form of the action makes it easy for us to identify the null eigenvectors of DFT, however

we still have to solve problem (2), i.e. the fact that Kµν = h̄µν is not a degenerate matrix.

To solve this issue we can make use of the Stueckelberg symmetry of the SNC action. The

action (133) is invariant under the following transformations with parameters CA [11, 65]:

δh̄µν = 2CA
(µτ

B
ν)ηAB, δBµν = −2CA

[µτ
B
ν] ǫAB (137)

λ′ = λ+ e−1ǫαβ ēαC̄β, λ̄′ = λ̄+ e−1ǫαβeαCβ, (138)

where Cµ = C0
µ + C1

µ and C̄µ = C0
µ − C1

µ. This means we can rewrite the action in terms of

h⊥

µν and B̄µν by choosing CA
µ = −mA

µ . After redefining the Lagrange multipliers one more

time we arrive at the action

SSNC =− 1

2

∫
d2σ

[
e ∂Xµ∂Xν h⊥

µν + 2ǫαβτ 1µAα∂βX
µ
]

− 1

2

∫
d2σ

[
ǫαβ∂αX

µ∂βX
νB̄µν + 2eγαβτ 0µAα∂βX

µ
]
,

(139)

where now all the tensors appearing in (139) are manifestly ZA invariant. This allows us to

make the following identifications:

Kµν = h⊥

µν , Bµν = B̄µν (140)

and

(
βαxµ + β̄αx̄µ

)
= (τµ + τ̄µ)Aα = 2τ 0µAα

(
βαxµ − β̄αx̄µ

)
= − (τµ − τ̄µ)Aα = −2τ 1µAα,

(141)

This is solved by (note the mismatch of bars between DFT and SNC fields)

xµ =
1√
2
τ̄µ, βα =

1√
2
Aα

x̄µ =
1√
2
τµ, β̄α =

1√
2
Aα.

(142)

By requiring xµy
µ = 1 = x̄µȳ

µ we find

yµa = −
√
2 ῡµ, ȳµā = −

√
2 υµ. (143)
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Moreover we have

Hµν = hµν (144)

and

Zν
µ = τµυ

ν − τ̄µῡ
ν . (145)

In summary, string Newton-Cartan can be embedded in DFT as

Kµν = h⊥

µν , Hµν = hµν (146)

Bµν = Bµν , Zν
µ = −τµυ

ν + τ̄µῡ
ν (147)

and the eigenvectors are

xµ =
1√
2
τ̄µ, yµ = −

√
2 ῡµ

x̄µ =
1√
2
τµ, ȳµ = −

√
2 υµ.

(148)

An issue with this parametrization is that it does not include the gauge fieldmA
µ . To reinstate

it we can once again make a Stueckelberg transformation (or a shift transformation (15) from

the point of view of DFT)

(yµ)′ = yµ +HµρVρ

(ȳµ)′ = ȳµ +HµρV̄ρ

(Kµν)
′ = Kµν − 2x(µKν)ρV

ρ − 2x̄(µKν)ρV̄
ρ +

(
xµVρ + x̄µV̄ρ

) (
xνV

ρ + x̄ν V̄
ρ
)

(Bµν)
′ = Bµν − 2x[µVν] + 2x̄[µV̄ν] + 2x[µx̄ν]

(
yρV̄ρ + ȳρVρ + VρV̄

ρ
)

(149)

where Vµ, V̄µ are two arbitrary local parameters and we set V ρ ≡ HρµVµ for brevity. The

choice Vµ = 1
2
mµ, V̄µ = 1

2
m̄µ gives

(yµ)′ = −ῡµ +
1

2
mµ

(ȳµ)′ = −υµ +
1

2
m̄µ

(Kµν)
′ = hµν −

1

2
ϕ̄τµτν −

1

2
ϕτ̄µτ̄ν − T τ(µτ̄ν)

(Bµν)
′ = Bµν + T τ[µτ̄ν]

(150)

with

ϕ ≡ 2ūµmµ +
1

2
m2

ϕ̄ ≡ 2uµm̄µ +
1

2
m̄2

T ≡ uµmµ + ūµm̄µ +
1

2
m · m̄

(151)
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and

uµ ≡ υµ − 1

2
hµρm̄ρ, ūµ ≡ ῡµ − 1

2
hµρmρ (152)

h̄µν = h⊥

µν − τ(µm̄ν) − τ̄(µmν), Bµν = B̄µν + τ[µm̄ν] − τ̄[µmν]. (153)

Changing back from lightcone coordinates we finally find

Kµν = h̄µν + ΦABτ
A
µ τ

B
ν ,

Hµν = hµν ,

Zµ
ν = −ǫABu

µAτBν ,

Bµν = Bµν −
1

2
ΦǫABτ

A
µ τ

B
ν ,

(154)

where we defined Φ ≡ ΦA
A.

C. Action and equations of motion

Given an arbitrary tensor Aµν... we will define

Aµν... ≡ Aρσ...h
µρhνσ . . . (155)

The only SNC fields which naturally have upper curved indices are uµ
A and hµν hence any

other tensor with upper indices is to be understood as defined via (155).

Using the parametrization (154) we find that the SNC action is given by15

S =

∫
dDx e

[
R− aµAB(aµ(AB) −

1

2
ηABaµ) + (aµ − 2Dµφ) (aµ − 2Dµφ)

−1

2
F µνAFB

µν(ΦAB − 1

2
ηABΦ) +

1

2
ǫABu

ρAF µνBHρµν −
1

12
HρµνHρµν

] (156)

where we defined aµ ≡ a A
µA , Φ ≡ ΦA

A and the invariant measure is given by

e ≡ e−2φ

√
det h̄

det Φ
. (157)

This action is invariant under the ZA transformations

δh̄µν = 2τ A
(µ Dν)σA, δBµν = 2ǫABτ

A
[µDν]σ

B,

δuµA = hµνDνσ
A, δΦAB = 2uµ(ADµσ

B).
(158)

15 Close to the completion of this work we became aware of the work of Bergshoeff et al. [87] where they

obtained a similar action by taking a particular non-relativistic limit of NS-NS gravity.
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The equations of motion can be found by varying the action with respect to the indepen-

dent fields hµν , uµ
A and ΦAB

16, also see Appendix C for useful identities. Sometimes it will be

useful to further decompose the acceleration in its antisymmetric and traceless symmetric

components:

a AB
µ = SAB

µ +
1

2
ηABaµ + ǫABAµ (159)

with S AB
µ ηAB = 0 and we recall aµ = a AB

µ ηAB.

Taking the variation of (156) with respect to ΦAB we find the equation17

F µνAFµνA = 0, (160)

which we will use when writing the remaining equations. The space projection of the equa-

tion of motion for uµ
A is

DρF µ
ρA + a B

ρA F µρ
B − 2F µ

ρAD
ρφ =

1

2
ǫABF

ρσBHµ
ρσ, (161)

while the time projection is

DρS AB
ρ + aρS AB

ρ − 2SρABDρφ = −1

4
F µνAFB

µνΦ + 2ǫ
(A
CFB)C , (162)

where we defined

FBC ≡ −AρS BC
ρ +

1

4
uρ(BFC)

µν H
µν

ρ . (163)

The equation for the B-field is

DρH µν
ρ + aρH µν

ρ − 2DρφH µν
ρ = 2Ωµν + ǫABHµνAB, (164)

where we defined

HµνAB ≡ 2uρADρF
µνB − 2uρAF µνBDρφ− 2D[µaν]AB − 2SµA

CSνBC

−KAF µνB + 2F
[µ
ρCF

ν]ρAΦBC
(165)

as well as Ωµν ≡ 2∂[µων] and KA ≡ hµνKA
µν .

The dilaton equation is

DµDµφ− 1

2
Dµaµ + 2aµD

µφ− 2DµφDµφ− 1

2
aµa

µ =
1

4
ǫABu

ρAF µνBHρµν −
1

12
HρµνHρµν .

(166)

16 Note that, despite appearances, the action does not depend on the spin connection, i.e. δS/δωµ = 0.
17 The action actually only depends on the trace of the tensor ΦAB, as can be seen by expanding the Ricci

scalar and noticing that the FµνAFB
µνΦAB terms cancel out. This is why the corresponding equation is a

singlet and not a tensor.

31



The space-space projection of Einstein’s equations is

R(µν) + 2D(µDν)φ− 1

4
Hµ

ρσH
νρσ = uρ

AD
(µF ν)A

ρ + SµABSν
AB

− ǫABuσ
AF

ρ(µ
BH

ν)
ρσ −

1

2
F µρAF ν

ρAΦ.
(167)

The time-space projection is

hµρuσAR(ρσ)+2uρADµDρφ+ aµuρADρφ− 1

4
Hµ

ρσH
ρσ

λ uλA =
1

2
uρAuσ

BDρF
µB

σ − uρ
BD

µa (AB)
ρ + uρADµaρ

− 1

2
uρBDρa

µ
BA +

1

2
uρADρa

µ − 2aµ[AB]uρ
BDρφ− aµuρADρφ− 1

2
aµKA +

1

2
aµBAKB

− F µ
ρCa

ρB(AΦ
C)
B + aρF µ

ρCΦ
AC +

1

2
aρF µA

ρ Φ +
1

2
F µρBDρΦ

A
B − 1

2
F µρADρΦ

+ ǫABPµ
B,

(168)

where

PµB = −1

2
uσBDρHµ

ρσ + uρBHµ
ρσD

σφ+ aρuλBHµ
ρλ +

1

2
F µρCuσBuλ

CHρσλ

− 1

2
aρCBuσ

CH
µ
ρσ −DµfB − 1

2
aµfB + aµBCfC +

1

2
aµCBfC + aµBCfC

(169)

Finally the time-time component (found directly from DFT) is given by

uµAuν
ARµν+2uµAuν

ADµDνφ− 1

4
uµAuν

AHµρσH
ρσ

ν =
3

2
SρABDρΦAB − 3

4
aµDµΦ

− 3

4
aµaµΦ+ SµABSµACΦ

C
B − 2fAfA + ǫABQAB

(170)

where

QAB = −1

2
uρ

Au
σ
BD

λHρσλ + uµ
Au

ν
BHµνρD

ρφ+ uµ
Au

ν
BDµAν + 2fAu

µ
BDµφ+

3

2
uµ
ADµfB

− uµ
Au

νCSρ
CBHµνρ − uµ

Au
ν
Ba

ρHµνρ + fAKB + 3AµSµACΦ
C
B

− 1

4
F µν

Au
ρCHρµνΦBC − 1

4
F µν

Bu
ρ
AHρµνΦ+

1

4
F µνCuρ

AHρµνΦBC

(171)

We remind the reader of the definitions of some of the fields appearing in these equations:

FA
µν = 2∇[µτ

A
ν] ≡ fAǫBCτ

B
µ τCν + 2aBA

[µ τν]B + F̃A
µν

aAB
µ = uρAFB

ρµ ≡ SAB
µ +

1

2
ηABaµ + ǫABAµ.

(172)

These equations are clearly more complicated than the ones found for TNC or Carroll,

as there is no obvious way to combine the time and space projections of an equation into

a single simpler equation. Despite this technical difficulty, it is possible to show that these

equations are invariant under the SNC algebra as expected. In the next section we will

discuss these equations and their relations to previous results .
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VI. COMPARISON WITH KNOWN RESULTS

A. TNC beta functions

In [44], three of us computed the beta functions for string theory describing a Type I

TNC target space. The equations obtained by setting those beta functions to zero were the

two twistlessness contraints

Fµν = aµτν − τµaν , (173)

bµν = eµτν − τµeν , (174)

two scalar equations

D · a+ a2 = 2e2 + 2 (a ·Dφ) , (175)

D · e = 2 (e ·Dφ) , (176)

and two tensor equations

R(µν) −
1

4
Hρσ

(µHν)ρσ + 2D(µDν)φ =
e
2
(
2Φτµτν − h̄µν

)
− eµeν

2
− e

σ (∆T )
ρ

(µHν)ρσ

+ (∆S)
ρ

(µ Dν)aρ +
aµaν − 2a2Φτµτν

2
, (177)

DρHρµν + aρHρµν − 2Hρ
µνDρφ = 2 (∆S)

ρ

[µDν]eρ − 2 (∆T )
ρ

[µDν]eρ − 2a[µeν]

+ (2υ̂ρDρφ−Dρυ
ρ) bµν (178)

where we remind the reader of the definitions of the projectors (∆T )
µ

ν ≡ −υ̂µτν and (∆S)
µ

ν ≡
hµρh̄ρν which satisfy

(∆S)
µ
ν + (∆T )

µ
ν = δµν . (179)

We now want to compare these equations with the ones obtained from DFT. First of all,

notice that in [44] twistless torsion was assumed from the start which explains the difference

between the equations (173)-(174) and (58). To compare the rest of the equations, we

impose the twistlessness constraints in equations (59)-(62) and (73). We then find two

scalar equations

D · a+ a2 = e
2 + 2 (a ·Dφ) , (180)

D · e = 2 (e ·Dφ) , (181)
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and two tensor equations

R(µν) −
1

4
Hρσ

(µHν)ρσ + 2D(µDν)φ =
2e2Φτµτν − eµeν

2
− 2a2Φτµτν − aµaν

2

+ (∆S)
ρ

(µ Dν)aρ − e
σ (∆T )

ρ

(µ Hν)ρσ , (182)

DρHρµν + aρHρµν − 2Hρ
µνDρφ = 2 (∆S)

ρ

[µDν]eρ − 2 (∆T )
ρ

[µDν]eρ − 2a[µeν]

+ (2υ̂ρDρφ−Dρυ
ρ) bµν (183)

where in the last equation we also used the Bianchi identity for bµν . The main difference

between these two sets of equations is the factor in front of e2 in (175) and (180). The further

difference in equations (177) and (182) arise precisely because of this factor of 2, since one

needs to use the scalar equations to prove that the remaining equations are U(1) invariant.

In other words, the form of Einstein’s equations depends on the factor in front of e2 in

the scalar equation, because of the requirement of U(1)-mass invariance, also see upcoming

equations (184) and (185). Hence it looks like the DFT and beta functions computations

produce almost the same result with the difference being a factor of two in (175) and (180).

It is worth noting that this difference goes away when we consider torsionless geometries,

since in that case we have eµ = 0 and world-sheet beta functions and double field theory

give rise to the same set of equations in the target space.

Despite this difference, both sets of equations describe spacetimes with the same symme-

tries. In fact, we could generalize them further by modifying equations (180) and (182) by

introducing an arbitrary constant λ:

D · a + a2 = (1 + λ)e2 + 2 (a ·Dφ) , (184)

R(µν) −
1

4
Hρσ

(µHν)ρσ + 2D(µDν)φ =
e
2
(
2Φτµτν − λ h̄µν

)
− eµeν

2
− 2a2Φτµτν − aµaν

2

+ (∆S)
ρ

(µ Dν)aρ − e
σ (∆T )

ρ

(µHν)ρσ (185)

while keeping the other equations unchanged. These equations are U(1) invariant for any

choice of the constant λ and they are written in terms of manifestly boost-invariant quanti-

ties. Therefore, they describe theories with extended Galilean symmetry. The only difference

between the theories with λ = 0 and λ = 1 is that the former can be found by a variational

principle starting from the action (56), while the latter can be found by requiring vanishing

of Weyl anomaly in the string embedding.

Finally, note that to arrive at the parametrization (52)-(53) one needs to perform field

redefinitions involving both the B-field and ℵ. While such field redefinitions are allowed at
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the classical level, it is not clear whether this will produce the same actions at the quantum

level as the path integral measure may, in principle, transform as well. This question is

beyond the scope of this work and should be addressed separately in future.

B. SNC beta functions

In [43, 45] the beta functions for a worldsheet with SNC target space have been computed.

They imposed the so called foliation constraint through their computation:

∇[µτ
A
ν] = 0 = FA

µν . (186)

If we impose this geometrical constraint, the equations (161)-(171) become

DρH µν
ρ − 2DρφH µν

ρ = 0,

DµDµφ− 2DµφDµφ = − 1

12
HρµνHρµν ,

R(µν) + 2D(µDν)φ− 1

4
Hµ

ρσH
νρσ = 0, (187)

hµρuσAR(ρσ) + 2uρADµDρφ− 1

4
Hµ

ρσH
ρσ

λ uλA =
1

2
ǫABu

σB
(
DρHµ

ρσ − 2uρBHµ
ρσD

ρφ
)
,

uµAuν
ARµν + 2uµAuν

ADµDνφ− 1

4
uµAuν

AHµρσH
ρσ

ν = −1

2
ǫABuρ

Au
σ
B

(
DλHρσλ − 2HρσλD

λφ
)

where in the first equation we used the fact that the foliation constraint implies18

Ωµν = uρ
Aτ

A
[µΩν]ρ =⇒ Ωµν = 0. (188)

Note that the connection used in the present work is in general different from the one used

in the literature, however they are actually equal when the foliation constraint is imposed.

The connection used in [43, 45] is

Γ̄ρ
µν =

1

2
hρσ

(
∂µh̄νσ + ∂ν h̄µσ − ∂σh̄µν

)
+

1

2
uρAuσ

A (∂µτνσ + ∂ντµσ − ∂στµν) (189)

where τµν ≡ τAµ τνA. One can check that when FA
µν = 0 we have

Γρ
µν = Γ̄ρ

µν . (190)

This means that the equations (187) are exactly the same as the ones that are obtained by

requiring the cancellation of the Weyl anomaly in the worldsheet theory.

18 Note that this is a sort of ”twistlelss condition” on the field strength of ωµ.
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C. Comparison of TNC and SNC equations of motion

It was found in [65] that, under certain assumptions which we review below, the SNC

worldsheet action reduces to that of TNC. It is then natural to ask whether the equations

of motion of SNC also reduce to the ones of TNC. The basic condition under which SNC

reduces to TNC is the presence of an isometry along a compact longitudinal direction. We

can then split the SNC spacetime directions as m = (µ, u), where u is the compact direction

and µ will describe the TNC directions. Then we impose the following gauge choice on the

SNC fields:

mA
M = 0, τ 0ν = 0, τ 1u = 1, EA′

u = 0. (191)

Substituting this ansatz in the equations of motion would be quite tedious. Luckily, since

the equations of motion are obtained from an action, which in turn is obtained from the

generalized metric of DFT, it will suffice to compare the generalized metrics rather than the

equations or the actions. Comparing (52)-(53) with (154) we see that the two parametriza-

tions are indeed the same once we impose the following identifications:

υµ
1 = 0, υu

1 = 1,

υµ
0 = υµ, υu

0 = υµℵµ,

hµν

(SNC) = hµν

(TNC), hµu

(SNC) = hµρℵρ, (192)

huu
(SNC) = hρσℵρℵσ, B(SNC)

µν = B(TNC)
µν

B(SNC)
µu = −mµ.

In addition, it is not hard to check that the invariant measure of SNC (157) correctly reduces

to the one of TNC (57).

This identification implies that the SNC equations of motion will match the ones obtained

for TNC, at least in the DFT formulation. Unfortunately, the SNC beta functions have

only been computed under the assumption that the foliation constraint is satisfied19 , and

similarily the TNC beta functions have been computed assuming twistless torsion, so we

cannot compare the full SNC and TNC equations obtained from DFT with the ones obtained

by setting the beta functions to zero. However we already showed that when FA
µν = 0 the

19 The SNC beta functions without the requirement of the foliation constraint were also computed, but only

at the linearized level.
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SNC equations (187) do indeed match the ones computed in [43, 45]. Using the identification

between the SNC and TNC generalized metrics this also implies that the SNC beta functions

with FA
µν = 0 match the TNC beta functions with Fµν = 0.

Finally, we have not found any existing results in the literature on actions of Carrollian

geometry to compare with our result in section IV.

VII. DISCUSSION AND OUTLOOK

In this work we studied a family of non-relativistic gravity theories in the framework

of Double Field Theory. In particular we studied three spacetimes which are related to

each other: Type I Torsional Newton Cartan, String Newton-Cartan and Carroll. The non-

relativistic actions we found are respectively given by equations (56), (156) and (98) . As far

as we know, these actions are explicitly presented for the first time in the literature. They

should correspond to consistent truncations of the related Supergravity actions obtained

from string theory and hence are fundamental ingredients in the study of non-relativistic

quantum gravity.

These three geometries correspond to a DFT embedding with n = 1 = n̄, so it is natural

to ask how they are related to each other. Relation between Carrollian and TNC geometries

was already proposed in [21, 70]. We found that this connection becomes more clear in the

context of DFT: to relate TNC to Carroll we simply have to perform a T-duality on the

generalized metric. This is quite a curious result by itself, in that, it implies T-duality in

this case transforms a non-relativistic geometry to the null20 Carrolian geometry. It would

be interesting to figure out physical implications of this. Moreover, we also explicitly showed

how one can recover the TNC generalized metric from the SNC one by using the prescriptions

proposed in [65]. This means that the three non-relativistic geometries, Torsional Newton-

Cartan, Carrollian, and String Newton-Cartan are all related to each other by either a

T-duality or a null reduction/uplift.

By varying the actions we also obtained a set of equations of motion for the three afore-

mentioned non-relativistic geometries. In particular we consistently found that each set of

equations misses a projected component. As we discussed, this is a general property of DFT:

n× n̄ number of equations — which equals one equation in our case — would be missing in

20 In some sense, ultra-relativistic, as it is obtained by the limit c → 0.
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the final set of equations. The full DFT framework [32] resolves this issue as (1) provides

the complete set. This means that theories with n× n̄ 6= 0 are to be considered as particular

sectors of Double Field Theories rather than independent theories by themselves. When

working at the level of low energy effective actions one should then append the missing

constraints to the equations of motion derived from the actions (56), (98) and (156). For

example, to define a TNC theory we need to provide the action (56) together with an extra

equation, Newton’s law, which should be imposed on-shell. This resembles the self-duality

condition of the 5-form field in the effective action for Type IIB String Theory, albeit the

origin of the issue is clearly different here.

Once equations of motion were found, we asked whether these equations match the ones

already known in the literature. For TNC we showed that the equations in the present

work match the ones obtained from world-sheet beta functions [44] when e · dℵ, that is,

contraction of the electric field with the field strength of the Kalb Ramond vector, in (62)

vanishes. In its presence the difference between the two sets of equations turns out to be

merely a factor of 2. The origin of this discrepancy is not clear to us, see section VIA for a

more detailed discussion. On the other hand, we showed that the SNC equations of motion

obtained from DFT match precisely the ones obtained in [43, 45] from the world-sheet beta

functions when the foliation constraint is imposed. As already mentioned, the generalized

SNC metric reduces to the TNC one in a particular limit, which implies that the equations

of motion will also reduce to the TNC ones. Recalling that the foliation constraint reduces

to the torsionless limit on the TNC side we conclude that the SNC beta functions [43, 45]

reduce to the TNC ones [44], which is consistent with what we found by embedding both

theories in the DFT framework. It is worth stressing that the discrepancy between the TNC

equations and beta functions disappears in the absence of dℵ, which is also implied by the

foliation constraint on the SNC side. The full (non-linearized) SNC beta functions with

∇[µτ
A
ν] 6= 0 are not known, therefore we are unable to tell if the discrepancy we find in TNC

theory will also appear for SNC.

The present work can be extended in a number of ways. The most obvious direction is

studying solutions to the non-relativistic actions (56), (98) and (156). Of particular interest

would be solutions that are equivalent to black holes in general relativity. The definition

of a black hole in a non-Riemannian manifold is unclear [88–91], and we believe that the

actions presented in this work would help clarify their physical interpretation. In particular,
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variations of on-shell actions (note that the DFT on-shell action is trivially zero up to

boundary terms) would allow for investigation of the thermodynamical properties of such

hypothetical black holes and possibly relate them to holographically dual theories in non-

relativistic quantum plasmas. Another interesting direction would be to study the relation

between TNC and Carroll (94)-(95), i.e. understanding in detail the T-duality map between

a non-relativistic limit and an ultra-relativistic one.
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Appendix A: TNC identities

1. Identities

The connection we use is

Γρ
µν = −υ̂ρ∂µτν +

1

2
hρσ

(
∂µh̄νσ + ∂ν h̄µσ − ∂σh̄µν

)
. (A1)

Integration by parts is not as straightforward as in usual general relativity. Instead we have

DµA
µ = e−1∂µ (eA

µ)− aµA
µ + 2AµDµφ, (A2)

where Aµ is an arbitrary vector.

Many geometric identities can be derived from the completeness relation

− υ̂µτν + hµρh̄ρν = δµν . (A3)

For example we can take the derivative of this relation and then multiply with h̄. This gives

Dρh̄µν = 2τ(µh̄ν)λDρυ̂
λ − 2τµτνDρΦ (A4)

and

DσDρh̄µν = 2τ(µh̄ν)λDσDρυ̂
λ + 2τ(µD̄σhν)λDρυ̂

λ − 2τµτνDσDρΦ. (A5)

More useful identities can be derived by the definition of the connection:

hρσDσh̄µν = 4hρσFσ(µτν)Φ + 2τ(µDν)υ̂
ρ

υ̂ρDρυ
µ = hρσ (DσΦ + 2aσΦ)

hµρDρυ̂
ν = hνρDρυ̂

µ + 2ΦFρσh
µρhνσ.

(A6)

2. Variational calculus

We choose the independent geometric fields to be hµν , υ̂µ and Φ. The variations of the

dependant fields are given by

δh̄µν = −2τµτνδΦ + 2τ(µh̄ν)ρδυ̂
ρ − h̄µρh̄νσδh

ρσ

δτµ = τµτρδυ̂
ρ − h̄µρτσδh

ρσ.
(A7)
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The variation of the measure is then

δe =
e

2

(
h̄ρσδh̄ρσ −

δΦ

Φ
− 4δφ

)
=

e

2

(
−h̄ρσδh

ρσ + 2τρδυ̂
ρ − 4δφ

)
(A8)

The variation of the acceleration is

δaµ = δυ̂ρFρµ + 2υ̂ρD[ρδτµ] − aµυ̂
ρδτρ. (A9)

The variation of the connection is

δΓρ
µν =− 1

2
δυ̂ρFµν − υ̂Dµδτν −

1

2
υ̂Fµντσδυ̂

σ +
1

2
hρσ

(
Dµδh̄νσ +Dνδh̄µσ −Dσδh̄µν

)

+
1

2
δhρσ

(
Dµh̄νσ +Dνh̄µσ −Dσh̄µν

)
− 2Φτ(µFν)σδh

ρσ − 2τ(µFν)σh
ρσδΦ

− δτ(µFν)σh
ρσΦ + hρσh̄λ(µFν)σδυ̂

λ.

(A10)

The Palatini identity in the presence of torsion is

δRµν = DρδΓ
ρ
νµ −DνδΓ

ρ
ρµ − 2Γσ

[νρ]δΓ
ρ
σµ = DρδΓ

ρ
νµ −DνδΓ

ρ
ρµ + υ̂σFνρδΓ

ρ
σµ. (A11)

The indipendent matter fields are ℵµ, Bµν and φ. The variation of bµν is

δbµν = 2D[µδℵν] − 2Γρ

[µν]δℵρ (A12)

so that the variation of the electric field is

δeµ = δυ̂ρbρµ + 2D[µδℵν] − 2υ̂νΓρ

[µν]δℵρ, (A13)

while that of Hµνρ can be written as

δHρµν = 3D[ρδBµν] − 2Γσ
[ρµ]δBνσ − 2Γσ

[νρ]δBµσ − 2Γσ
[µν]δBρσ. (A14)

The Kalb-Ramond matter satisfies the usual Bianchi identities

dH = db = 0. (A15)

In the twistless case we have bµν = eµτν − eντµ, then we can express the Bianchi identity

in terms of eµ rather than bµν . We find

∂[ρbµν] = 2D[µeντρ] + 2a[µeντρ] = 0. (A16)

A similar identity can be derived for the acceleration, yielding

∂[ρFµν] = 2D[µaντρ] = 0. (A17)
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Appendix B: Carroll identities

1. Identities

The connection we utilize when varying the action is

Γρ
µν = −υρ∂µτ̂ν +

1

2
ĥρσ (∂µhνσ + ∂νhµσ − ∂σhµν) , (B1)

from which we find the following identitiy

DµA
µ = e−1∂µ (eA

µ)− aµA
µ + 2AµDµφ, (B2)

valid for any arbitrary vector Aµ. From the completeness relation and the definition of the

connection it is possible to derive the following identities:

Dρhµν = −Kρµτ̂ν −Kρν τ̂µ

Dµυ
ν = −ĥνρKρµ,

υρDρυ
µ = 0,

(B3)

where the extrinsic curvature was defined in the main text as

Kµν = −1

2
Lυhµν = −1

2
(υρ∂ρhµν + (∂µυ

ρ) hρν + (∂νυ
ρ) hµρ) . (B4)

2. Variational calculus

We will use ĥµν , υµ,Φ as indipendent geometric fields. The other geometric fields are

related to them via

δhµν = 2τ(µhν)ρδυ
ρ − hµρhνσδĥ

ρσ

δτ̂µ = τµτρδυ
ρ − hµρτσδĥ

ρσ

δh̄µν = δĥµν − 4Φυ(µδυν) − 2δΦ υµυν.

(B5)

The variation of the measure is then

δe =
e

2

(
h̄ρσδh̄ρσ +

δΦ

Φ
− 4δφ

)
=

e

2

(
−hµνδĥ

µν + 2τ̂µδυ
µ − 4δφ

)
. (B6)

The variation of the acceleration is

δaµ = δυρFρµ + 2υρD[ρδτ̂µ] − aµυ
ρδτ̂ρ. (B7)
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The variation of the connection is

δΓρ
µν =− 1

2
δυρFµν − υDµδτ̂ν −

1

2
υρFµν τ̂σδυ

σ +
1

2
ĥρσ (Dµδhνσ +Dνδhµσ −Dσδhµν)

+
1

2
δĥρσ (Dµhνσ +Dνhµσ −Dσhµν) + ĥρσhλ(µFν)σδυ

λ.
(B8)

The Palatini identity is

δRµν = DρδΓ
ρ
νµ −DνδΓ

ρ
ρµ − 2Γσ

[νρ]δΓ
ρ
σµ = DρδΓ

ρ
νµ −DνδΓ

ρ
ρµ + υσFνρδΓ

ρ
σµ. (B9)

The variations of the Kalb-Ramond matter fields are given by (A12)-(A14).

Appendix C: SNC identities

1. Identities

The connection is

Γρ
µν = −uρ

A∇µτ
A
ν +

1

2
hρσ

(
Dµh̄νσ +Dν h̄µσ −Dσh̄µν

)
(C1)

where we introduced the spin connection via

∇µτ
A
ν = ∂µτ

A
ν + Ω AB

µ τνB ≡ ∂µτ
A
ν + ωµǫ

A
Bτ

B
ν (C2)

and our convention for the longitudinal epsilon symbol is ǫ01 = +1. This connection is boost

invariant and compatible with hµν and τAµ ,

Dρh
µν = Dρτ

A
µ = 0, (C3)

where we are using the symbol D (not to be confused with the dimensionality of spacetime)

to denote the full covariant derivative, i.e.

Dµτ
A
ν = ∂µτ

A
ν − Γρ

µντ
A
ρ + ωµǫ

A
Bτ

B
ν = 0. (C4)

Integration by parts is then performed with the use of the identity

DµA
µ = e−1∂µ (eA

µ)− aµA
µ + 2AµDµφ, (C5)

where we recall aµ = aAB
µ ηAB.
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From the completeness relation we find the following decomposition

Dρh̄µν = 2τ A
(µ h̄ν)σDρu

σ
A − τAµ τ

B
ν DρΦAB. (C6)

From the definition of the connection we find

hρσ
(
Dµh̄νσ +Dνh̄µσ −Dσh̄µν

)
= −2hρσF A

σ(µ τ B
ν) ΦAB. (C7)

From the projections of this identity it follows that

hρ[µDρu
ν]
A =

1

2
F µνBΦBA (C8)

and

uν
(ADνu

µ

B) = hµν

(
a C
ν(A ΦB)C +

1

2
DνΦAB

)
. (C9)

Since ΦAB is a 2× 2 symmetric matrix, we can write its inverse as

(Φ−1)AB =
ΦAB − ηABΦ

detΦ
(C10)

where det Φ = 1
2
ǫABǫCDΦACΦBD and Φ = ΦA

A. Moreover since the longitudinal indices can

only take two different values, we have that

T [αβγ... ] = 0 (C11)

for any tensor T with three or more longitudinal indices.

The field strength of τAµ can be decomposed as

FA
µν = fAτBµ τCν ǫBC + 2aBA

[µ τν]B + FA
µν (C12)

with

uµ
AFµρB = 0, uµAa BC

µ = ǫABfC . (C13)

2. Variational calculus

The indipendent fields are uµ
A, h

µν ,ΦAB and Bµν . The other SNC fields are related via

δτAµ = τBµ τAρ δu
ρ
B − τAρ h̄µσδh

ρσ

δh̄µν = 2τA(µh̄ν)ρu
ρ
A − h̄µρh̄νσδh

ρσ − τAµ τ
B
ν δΦAB.

(C14)
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The variation of the connection is

δΓρ
µν = −uρ

A

(
Dµδτ

A
ν + Γσ

[µν]δτ
A
σ + ǫABτνBδωµ

)
− δuρ

AΓ
σ
[µν]τ

A
σ

+
1

2
hρσ

(
Dµδh̄νσ +Dνδh̄µσ −Dσδh̄µν

)
+

1

2
δhρσ

(
Dµh̄νσ +Dν h̄µσ −Dσh̄µν

)

+ hρσ
(
Γλ
[µσ]δh̄λν + Γλ

[νσ]δh̄λµ

)
+ δhρσ

(
Γλ
[µσ]h̄λν + Γλ

[νσ]h̄λµ

)
.

(C15)

The variation of the Ricci scalar can be found as usual through the Palatini identity

δRµν = DρδΓ
ρ
νµ −DνδΓ

ρ
ρµ − 2Γρ

[νσ]δΓ
σ
ρµ = DρδΓ

ρ
νµ −DνδΓ

ρ
ρµ − 2uρ

A∇[ντ
A
σ]δΓ

σ
ρµ. (C16)

The variation of the field strength of the B-field can be read off from (A14).

Appendix D: Actions in Einstein frame

In this section we will perform a conformal redefinition of the metric complex to rewrite

the non-relativistic string frame actions (56), (98), (111) and (156) in Einstein frame.

1. TNC

The action and equations of motion can be written in terms of the basic fields hµν , v̂µ

and Φ. The aforementioned fields transform as

hµν → e−αφhµν ,

υµ → e−αφυµ,

Φ → e−αφΦ,

(D1)

where e−αφ is the conformal factor and α = 4
d−1

. Then, in Einstein frame, the TNC action

(56) can be rewritten as

S =

∫
ddx

√
det h̄µν

2Φ

[
R+

1

2
aµaµ +

1

2
e−2αφ

e
µ
eµ − αDµφDµφ− 1

12
e−2αφHµνρHµνρ

−1

2
e−2αφυ̂ρHρµνb

µν − 1

2

(
F µνFµν + e−2αφbµνbµν

)
Φ

] (D2)
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2. Carroll

The action and equations of motion can be written in terms of the basic fields ĥµν , vµ

and Φ. The aforementioned fields transform as

ĥµν → e−αφĥµν ,

υµ → e−αφυµ,

Φ → e+αφΦ,

(D3)

where once again we have α = 4
d−1

. In Einstein frame the action (98) is

S =

∫
ddx

√
2Φdet h̄µν

[
R+

1

2
aµaµ +

1

2
e−2αφ

e
µ
eµ − αDµφDµφ+ 2KυµDµΦ

+2Φ

(
KµνKµν −K2 + αυµDµφ υνDνφ+

1

4
e−2αφυρυσHµν

ρHµνσ

)

− 1

12
e−2αφHµνρH

µνρ +
1

2
e−2αφbµνHµνρυ

ρ

]

(D4)

Similarily we can transform the action (111):

S =

∫
ddx

√
2Φdet h̄µν

[
R̄+

1

2
aµaµ +

1

2
e−2αφ

e
µ
eµ − α D̄µφD̄µφ

− 1

12
e−2αφHµνρH

µνρ +
1

2
e−2αφbµνυρHµνρ

]
,

(D5)

3. SNC

The action and equations of motion can be written in terms of the basic fields hµν , vµA

and ΦAB.The aforementioned fields transform as

hµν → e−αφhµν ,

uµ
A → e−αφuµ

A,

ΦAB → e−αφΦAB,

(D6)

where α = 4
D

for SNC. The action (156) can be written in Einstein frame as

S =

∫
dDx

√
det h̄µν

det ΦAB

[
R− aµAB(aµ(AB) −

1

2
ηABaµ) + aµaµ + α aµDµφ+ α(α− 1)DµφDµφ

−1

2
F µνAFB

µν(ΦAB − 1

2
ηABΦ) +

1

2
e−αφǫABu

ρAF µνBHρµν −
1

12
e−2αφHρµνHρµν

]

(D7)
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[33] J. Klusoň, “Remark About Non-Relativistic String in Newton-Cartan Background and Null

Reduction,” JHEP, vol. 05, p. 041, 2018.

[34] C. Hull and B. Zwiebach, “Double field theory,” Journal of High Energy Physics, vol. 2009,

pp. 099–099, sep 2009.

[35] O. Hohm, C. Hull, and B. Zwiebach, “Background independent action for double field theory,”

JHEP, vol. 07, p. 016, 2010.

[36] O. Hohm, C. Hull, and B. Zwiebach, “Generalized metric formulation of double field theory,”

JHEP, vol. 08, p. 008, 2010.

[37] W. Siegel, “Two vierbein formalism for string inspired axionic gravity,” Phys. Rev. D, vol. 47,

pp. 5453–5459, 1993.

[38] W. Siegel, “Superspace duality in low-energy superstrings,” Phys. Rev. D, vol. 48, pp. 2826–

2837, 1993.

[39] J.-H. Park, S.-J. Rey, W. Rim, and Y. Sakatani, “O(D, D) covariant Noether currents and

global charges in double field theory,” JHEP, vol. 11, p. 131, 2015.

[40] S. Angus, K. Cho, and J.-H. Park, “Einstein Double Field Equations,” Eur. Phys. J. C, vol. 78,

no. 6, p. 500, 2018.

[41] S. M. Ko, C. Melby-Thompson, R. Meyer, and J.-H. Park, “Dynamics of Perturbations in

Double Field Theory \& Non-Relativistic String Theory,” JHEP, vol. 12, p. 144, 2015.

[42] D. S. Berman, C. D. A. Blair, and R. Otsuki, “Non-Riemannian geometry of M-theory,”

JHEP, vol. 07, p. 175, 2019.

[43] J. Gomis, J. Oh, and Z. Yan, “Nonrelativistic String Theory in Background Fields,” 2019.

[44] A. Gallegos, U. Gürsoy, and N. Zinnato, “Torsional Newton Cartan gravity from non-

relativistic strings,” JHEP, vol. 09, p. 172, 2020.

[45] Z. Yan and M. Yu, “Background Field Method for Nonlinear Sigma Models in Nonrelativistic

String Theory,” JHEP, vol. 03, p. 181, 2020.

49



[46] O. Hohm and B. Zwiebach, “On the Riemann Tensor in Double Field Theory,” JHEP, vol. 05,

p. 126, 2012.

[47] I. Jeon, K. Lee, and J.-H. Park, “Stringy differential geometry, beyond riemann,” Phys. Rev.

D, vol. 84, p. 044022, Aug 2011.
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