-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by HAL-Univ-Nantes

HAL

archives-ouvertes

Large-time asymptotics of solutions to the
Kramers-Fokker-Planck equation with a short-range
potential
Xue Ping Wang

» To cite this version:

Xue Ping Wang. Large-time asymptotics of solutions to the Kramers-Fokker-Planck equation
with a short-range potential. 2014. <hal-00955484v3>

HAL Id: hal-00955484
https://hal.archives-ouvertes.fr /hal-00955484v3
Submitted on 31 Mar 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://core.ac.uk/display/53002413?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr
https://hal.archives-ouvertes.fr/hal-00955484v3

LARGE-TIME ASYMPTOTICS OF SOLUTIONS
TO THE KRAMERS-FOKKER-PLANCK EQUATION
WITH A SHORT-RANGE POTENTIAL

XUE PING WANG

ABSTRACT. In this work, we use scattering method to study the Kramers-Fokker-
Planck equation with a potential whose gradient tends to zero at the infinity. For
short-range potentials in dimension three, we show that complex eigenvalues do not
accumulate at low-energies and establish the low-energy resolvent asymptotics. This
combined with high energy pseudospectral estimates valid in more general situations
gives the large-time asymptotics of the solution in weighted L? spaces.

1. INTRODUCTION

The Kramers equation ([I7]), also called the Fokker-Planck equation ([6] [8,[9]) or the
Kramers-Fokker-Planck equation ([10}[11]), is the evolution equation for the distribution
functions describing the Brownian motion of particles in an external field :

ow F(z), ~kT
W—( v Vm—i—vv (”}/’U m )"‘ v)W, (11)

m
where W = W (t;z,v), z,v € R", t > 0 and F(x) = —mVV (z) is the external force. In
this equation, = and v represent the position and velocity of particles, m the mass, k
the Boltzmann constant, v the friction coefficient and 7" the temperature of the media.
This equation is a special case of the more general Fokker-Planck equation ([17]). After
a change of unknowns and for appropriate values of physical constants, the Kramers-
Fokker-Planck equation (LI]) can be written into the form ([, [17])

Owu(t; x,v) + Pu(t;z,v) =0, (z,v) e R" xR*,n>1,t> 0, (1.2)
with some initial data
u(0; z,v) = ug(x, v). (1.3)
Here P is the Kramers-Fokker-Planck (KFP, in short) operator:

1
P:—AU+Z|U|2—g+v-Vx—VV(x)-VU, (1.4)

where the potential V() is supposed to be a real-valued C* function.
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2 XUE PING WANG

The large-time asymptotics of the solution is motivated by the trend to equilibrium
in statistical physics and is studied by several authors in the case where |[VV (z)| — 400
as |z| — +oo. See [Il, 6 [7, 8 @, 10, 18] and references quoted therein. Note that in
the work [10] on low-temperature analysis of the tunnelling effect, only the condition
|[VV(x)| > C > 0 outside some compact set is needed. In these cases, the spectrum of
P is discrete in a neighbourhood of zero and nonzero eigenvalues of P are of strictly
positive real parts. If in addition V(x) > 0 outside some compact set, the square-root,
m, of the Maxwilliam is an eigenfunction of P associated with the eigenvalue zero, where
m is defined by

w(z,0) = —— e EAVE). (1.5)
(2m)3
It is proven in these situations that the solution w(t) to (L2) with initial data ug con-
verges exponentially rapidly to m in the sense that there exists some o > 0 such that
for any nice initial data ug, one has in appropriate spaces

u(t) = (m,ug)m + O(e™"), t— +oo, (1.6)

where V (z) is assumed to be normalized by

/ e V@dy =1

and o can be evaluated in some regimes in terms of the spectral gap between zero and
the real parts of other nonzero eigenvalues. Since the change of the unknown from (L)
to (L2) is essentially given by W (t) = mu(t) with appropriate choice of physical con-
stants, this result shows that the distribution functions governed by (III) always tend,
up to some multiplicative constant depending only on the initial data, to the Maxwillian
m?, as t — +oo and justifies the well-known phenomenon of the return to equilibrium
in statistical physics. Since the KFP operator is neither elliptic nor selfadjoint, the
proof of such result is highly nontrivial and is realized first by the entropy method in
[6] (see also [18]) and later on by microlocal and spectral methods in [8, 9] [10]. If V(x)
is slowly increasing so that |VV(z)| — 0 as |z| — oo, (for example, V(z) ~ c¢{x)* or
V(z) ~ aln|z| as || = oo for some 0 < p < 1 and a,c > 0), m is still an eigenfunction
of P associated with the eigenvalue zero (in the second case it may be an eigenfunction
for some values of a and a resonant state for some other values of @), but now the essen-
tial spectrum of P is equal to [0, +oo[ and there is no spectral gap between the eigenvalue
zero and the other part of the spectrum of P. A natural question at this connection
is whether there still exists some phenomenon of the return to equilibrium in such cases.

The goal of this work is to study spectral properties of the KFP operator and large-
time asymptotics of the solutions to the KFP equation with a potential V' (z) such
that |VV(z)] — 0 as |z] — +o00. Although our final result concerns only short-range
potentials in dimension three, some results hold for slowly increasing potentials in any
dimension. Throughout this work, we assume that V is C! on R" and

VV(z)| < C{z)™*", zecR", (1.7)

for some p > —1, where () = (1+]z|?)!/2. The potential is said to be slowly increasing
if —1 < p <0 and if it is positive near outside some compact, and to be of short-range
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if p > 1. The KFP operator P with the maximal domain in L? is a closed, accretive (
RP > 0) and hypoelliptic operator. Denote

P=P+W, (1.8)

with Py =v-V, = A, 4+ v]* =2 and W = —=VV (2) - V,. If p> —1, W is a relatively
compact perturbation of the free KFP operator Py: W (P +1)~! is a compact operator
in L?. One can check that the essential spectrum of P is equal to o(P) = [0, +o0|
and the non-zero complex eigenvalues of P have strictly positive real parts and may
accumulate towards some points in the essential spectrum.

The main results of this paper can be summarized as follows.

Theorem 1.1. (a). Assume n > 1 and the condition (1.7) with p > —1. Then there
exists C > 0 such that o(P) N {z;|Sz] > C,Rz < %|%z\§} = 0 and the resolvent
R(z) = (P — 2)™" satisfies the estimates

C
IR(2)|| < —, (1.9)
EE
and o
(1= A, +0?)2R(2)|| < prs (1.10)
VA

for |Sz| > C and Rz < %Bz\%.
(b). Assume n =3 and p > 1. Then P has no eigenvalues in a neighborhood of 0.
Let S(t) = e~ be the semigroup of contractions generated by —P. One has

IS(t)|| p2omsp2e < CE2, ¢ 0. (1.11)
for any s > 2. Here £2* = L*(R2"; (x)**dzdv).

07

3

5, there exists € > 0 such that one

(c). Assume n =3 and p > 2. Then for any s >
has the following asymptotics

1 _3_
S(t) = (4ﬁt)%<m,->m+0(t 279, t— +oo, (1.12)

as operators from L** to L%,

It may be interesting to compare ([LI2)) with (L€). The space distributions of solu-
tions to (L)) in both cases are governed by the Maxwillian, but for decreasing poten-
tials, the density of distribution decays in time like 2. Recall that it is well-known
for Schrédinger operator H = —A, + U(x) with a real-valued potential U(x) that the
space-decay rates of solutions to Hu = 0 determine the low-energy asymptotics of the
resolvent (H — z)~! near the threshold zero, which in turn determine large-time asymp-
totics of solutions to the evolution equation (see, for example, [19]). From this point
of view, the difference between (.6 and (L.I2)) may be explained by the lack of de-
cay in w-variables in the Maxwillian m? in our case and one may even expect that the
solution to the KFP equation behaves like t~* with a depending on a for critical po-

tentials V(z) ~ aln|z|, a €52, %[. Notice also that different from (L.G) there is no
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normalization for V(z) in (IL12). Although the KFP operator is a differential operator
of the first order in x-variables, the large-time behavior of solutions looks like those to
the heat equation described by e*** as t — +oo. This is due to the interplay between
the diffusion part and the transport part of the KFP operator P and will become clear
from spectral decomposition formula of e=**. Under stronger assumption on p, one can
calculate the second term in large-time asymptotics of solutions which is of the order
O(t%) in dimension three.

The method used in this work is scattering in nature: we regard the full KFP oper-
ator P as a perturbation of the free KFP operator P, without potential. A large part
of this work is devoted to a detailed analysis of the free KFP operator. Several basic
questions remain open for F, such as the high energy estimates for the free resolvent
near the positive real axis. A key step in the proof of the large-time asymptotics of
solutions to the full KFP equation is to show that the complex eigenvalues of P do not
accumulate towards the threshold zero. So far as the author knows, such a statement
is not yet proven for non-selfadjoint Schrédinger operators —A + U(z) with a general
complex-valued potential satisfying |U(z)| = O(|z|7"), p > 2. (See however [14], 20] for
dissipative potentials (SU(z) < 0)). Results like (LII]) and (TI2) may fail if there is
a sequence of complex eigenvalues tending to zero tangentially to the imaginary axis.
For the KFP operator P with a short-rang potential in dimension three, we prove that
there are no complex eigenvalues in neighborhood of zero by making use of the method
of threshold spectral analysis and the supersymmetric structure of the operator.

The organisation of this work is as follows. In Section 2, we study in detail the
spectral properties of the model operator P, and establish some dispersive estimate for
the semigroup generated by —F,. We also prove the limiting absorption principles and
the low-energy asymptotics of the resolvent Ry(z) = (Py — z)7!, as well as some high
energy resolvent estimates. these estimates are pseudo-spectral in nature, because the
numerical range of the free KFP operator is equal to the right half complex plane. The
threshold spectral properties of the full KFP operator P with a short-range potential
is analyzed in Section 3. We prove that there is no eigenvalue of P in a neighborhood
of zero and calculate the lower-energy resolvent asymptotics. For technical reasons, we
only prove these results when the dimension n is equal to three, but we believe that
they remain true when n > 4. Finally, in Section 4, we prove a high energy pseudo-
spectral estimate in general situation and this combined with the low energy resolvent
estimates obtained in dimension three allows to prove the time-decay and the large-time
asymptotics of solutions. In Appendix A, we study a family of nonselfadjoint harmonic
oscillators which may be regarded as complex translation in variables of selfadjoint har-
monic oscillators. We prove some quantitative estimates with respect to the parameters
of translation, establish a spectral decomposition formula and prove some uniform time-
decay estimates of the semigroup. These results are used in Section 2 to analyze the
free KFP operator.
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2. THE FREE KRAMERS-FOKKER-PLANCK OPERATOR

Denote by Py the free KEP operator (with VV = 0):
n
5

Py is a non-selfadjoint and hypoelliptic operator with loss of % derivative in x vari-
ables. The following result is known (see [§, [16]). In particular, the essential maximal
accretivity is discussed in Proposition 2.4 of [16].

1
J%ZU.VI—AU+ZwP— (2.1)

Proposition 2.1. One has

|Avull? + [JoPull + [ Daf3ul® < C(| Poul® + Jul®), we SRZ) — (22)
Py defined on S(RZY) is essentially maximally accretive, i.e., the closure of Py in
LA(R3") with core S(RZY) is of mazimal domain D(Fy) = {u € L*(RY.); Pou €
L*(R2%)} and R(Pou,u) > 0 for u € D(F).

Henceforth we still denote by P, its closed extension in L? with maximal domain
D(Py) = {u € L*(R2"); Pyu € L*(R2%)}.

In terms of Fourier transform in x-variables, we have for u € D(F)

Pou(z,v) = FL.Po(&)a(é,v), where (2.3)
BE) = ~Bo+y >+ 2i6)" =5+ e (24)
W€0) = (o602 [ e ua) do. (2.5)
Denote . R
D(By) = {f € L(RZ): (&) € L*(B2)}. (2.6)

Then P, £ fxﬁgPof;ig is a direct integral of the family of complex harmonic operators
{Py(€): ¢ € R"} which is studied in Appendix A.

The following abstract result may be useful to determine the spectrum of operators
which are direct integral of a family of nonselfadjoint operators. See also Theorem 8.3
of [4] for families of bounded nonselfadjoint operators.

Theorem 2.2. Let H be a separable Hilbert space, X a non empty open set of R™
and H = {f : X = H;||f| = (Jy | f(2)|[%dx}2 < 4o0}. Here dx is the Lebesque
measure of R™. Suppose that both {Q(x);z € X} and the adjoints {Q(x)*;x € X} are
strongly continuous families of closed, densely defined operators with constant domains
D, D* C H, respectively. Suppose in addition that for each z € C\ Uzexo(Q(x)), one
has

sup [(Q(z) = 2)| < +oc. (2.7

Let Q) be the closed, densely defined operator in H such that for any f in the domain of
Q, one has f(x) € D about everywhere and

Qf =Q(x)f(x) inH. (2.8)
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Then one has

0(Q) = Usexo(Q(z)) (2.9)

Proof. If z & U,exo(Q(z)), define R, : H — H by (R.f)(z) = (Q(z) — 2)7' f(x),
f € H. Then (2.7) shows that R, is bounded on H. One can check that (Q —2)R, =1
on H and R,(Q — z) = 1 on D(Q). Thus z is in resolvent set of ). This shows that

0(Q) C Usexo(Q(x)).

Conversely, if z € o(Q(xo)) for some zy € X, then either ||[(Q(zo) — 2)un| — 0 or
I(Q(xo) — 2)*v,|| — 0 for some sequences {u,}, {v,} in H with ||u,|| = [|v.]| = 1. In
fact if one had both [|(Q(z) — 2)ul| > c||u|| and |[(Q(zo) — 2)*v|| > c||v|| for some ¢ > 0
and for all w € D and v € D*, z would belong to the resolvent set of Q(zy). Since
r — Q(x) is strongly continuous on D, for any € > 0, we can find f € H in the form
f = x(@x)up, (or g = x(x)v,, € H in the second case ||(Q(zg) — 2)*v,|| — 0) for some
ng and for some numerical function y supported in a sufficiently small neighborhood of
xo such that ||f]| = 1 and ||(Q — 2)f|| < € (or |g|| =1 and [[(Q — 2)*g|| < € ). This
shows that z € 0(Q). Consequently, 0(Q) D Uzexo(Q(x)). O

Remark that if the condition (2.7) is not satisfied, the equality (2.9) may fail. See
Theorem 8.3 of [4].

Proposition 2.3. Let Py denote the free KFP operator with the mazimal domain. Then
one has: o(Fp) = [0, +o0].

Proof. We want to apply Theorem 2.2l One sees that I} is unitarily equivalent with
Py which is a direct integral of a family of operators {Fy(£);¢ € R™} with constant
domain D. Lemma [A.1] shows that

Ugern (P (€)) = [0, +o0].

It is clear that D(Py(£)*) = D and & — Py(€) and 2 — Py(€)* are strongly continuous
on D. To apply Theorem to show that o(F) = [0, +oo[, it remains to check the
condition (Z2.7): for each z ¢ [0, +-00[, there exists some constant C, such that

I(Pa(§) — 2)7'| < C. (2.10)

uniformly in £ € R™. For ¢ in a compact, this follows from the fact that since Py(¢)

forms a holomorphic family of type (A) in sense of Kato, the resolvent (Py(£) — )" is
locally bounded in £ € R™ for each z & [0, +oo[ ([13]). For |¢] large (|€]* > |Rz| + 1),
using the representation

T R . )
(Po(g) _ z)_l — _/ e tFo(€)=2) 4 _/ o~ t(Po(&)=2) g4
0

T

with 7" > 3 fixed, one deduces from Corollary [A.4] that there exists C' = C(Rz) inde-
pendent of £ such that

I(Po(€) = =) Ml < O +

C
o (2.11)

for €2 > |Rz| + 1. This proves (2.I0) which finishes the proof of Proposition 2.3l O
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From Proposition [A.3 in Appendix A on a family of non-selfadjoint harmonic os-
cillators, one can deduce some time-decay estimates for e~*/* in appropriate spaces.
Denote

52’5(R2”) =L (R2"; <x)23d:cdv).
and
L = LP(RY; LA(RY)), p>1,

equipped with their natural norms.
Theorem 2.4. (a). One has the following dispersive type estimate: 3C > 0 such that

C
le™ P ulle < lluller, 23, (2.12)

foru e L.
(b). For s > %, one has for some Cs > 0

C
le=tFou| p2ms < =2
t2

'L[/||L‘/2,s7 (213)

fort >3 and u € L*®.

Proof. For u € S(RY,), we denote by @ the Fourier transform of v« in z-variables.
Then one has
—tPy

e~ Poul| Ol (2.14)

1
< @
Here £; denotes the space L'(Rg; L*(R})). Corollary [A4] gives for any £ € R"
—&2(t—2—+15)

B @) e )
le™ PO al|; < WHU(&')HL%- (2.15)

Since t — 2 — = > ¢ot > 0 for some ¢y > 0 when ¢ > 3, one obtains that
1P (E) e )

P () < d
ey < f el

< Ct 3 ||ul| g (2.16)

for t > 3 and for any u € S. An argument of density proves (a) for any u € £

Theorem [2.4] (b) is a consequence of Theorem 2.4 (a). O

For a symbol a(z,v;&,7n), denote by a*(x,v, D,, D,) the associated Weyl pseudo-
differential operator defined by

a"(x,v, Dy, Dy)u(z, v) (2.17)

_ 2 // i(z—a’)-E+i(v—0")n (ZE—I—I v+ 5 T])U(Zlfll)/)dl’/d'll/dgdn
7T

2 2
for u € S(RZ",).



8 XUE PING WANG

The following Proposition is a spectral decomposition for the semigroup e~** which
follows from Proposition [A.3] given in Appendix A and some elementary symbolic cal-
culus for Weyl pseudo-differential operators (see [12]).

Proposition 2.5. For anyt > 3, one has

o0

o tPo — Ze—lt+(t—2)Aa¢p;ﬂ(v’ D,,D,), (2.18)

=0

where the series is norm-convergent as operators in L*(R2") and p;(v,&,n) is given by

p(v,&n) = / e /2 Z e 2P (0 + 0 + 2i) b (v — v + 2i€) | dv’, 1 €N.

la|=l
(2.19)
In particular,
po(v, &,m) = 23" T, (2.20)
We just indicate that for ¢ > 3, one has t — 2 — ﬁ > (0 and
PR p (v, Dy, Dy) = €11 (2.21)

is a bounded operator, where Hf is the Riesz projection of f’o(f ) associated with the
eigenvalue E; = [ + |£]?. See Lemma [AJ] in Appendix A. The norm-convergence as
operators in L*(R2") of the right-hand side of (2.I8) follows from (AI0) which gives:

- 1

Z e =22 pi (v, Dy, Dy)|| € ——, 1> 3.

1=0 (1—e)
The detail of the proof is omitted. As an application of this spectral decomposition
(21]), we can establish the following result on large-time approximation of solutions to
the free KFP equation.

Proposition 2.6. There exists C > 0 such that
—t
et — et DSepiu o < Ol — el (222

for t >3 and for any u € LY with ey € L.

Proof. By a direction calculation, one can check that

FSE, c = ey, (2.23)
Fole POTSE, ¢ = oDy .24

pv is continuous on L£'. In fact, let 7 : u(x,v) = u(x + 2v,v). Then one has

pou(r,v) = <¢077'U>L2(R3)($)¢0(U)7

1 v 2

o FE is the first eigenfunction of —A, + 4. It follows that

where 1)y =

lpuller < | do()fule + 2v,v)ldedv = | do(v)luly, v)ldydv < [l
R=m R4m
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Denote ug = e 22=p¥uy for u € L' with suppe@ compact. The proof of Lemma [A.2]

shows that if n = 1, one has

et |y |
k=1
00 k Cj
_ 2 2 .
— Ze t(k+€)+2¢ Z%(4§2)J (2.25)
— !
k=1 7=0
B 6—52(t—2)—t+€—§2(t—2) *.1 452 )j
o l—ett 1 —et &= jliet —1
J=1
2
—€2(t=2)—t 42 o
e e
< —— 1+ —— t> 0.
- 1l—et + 1—et |’

When n > 1, we deduce from the explicit formula for the Riesz projections Hi and the
above one-dimensional bound that there exist some constants C', a > 0 such that

e I < O+ e >3 (2:26)
k=1

Making use of the above estimate and following the proof of Theorem 2.4l with u replaced
by u — ug, one obtains

[e.e]
le™ ™ (u —wo)[e= < C Y e FHEI (@ — dio) |y
k=1

—t

e
= C’tT lu—uollgr, >3 (2.27)

2
Since e~y = et=2A 'y an argument of density proves the desired result. O

The time-decay of e~*? is governed by the first eigenvalue of the harmonic oscillator
in v-variables and propagation of energy due to the transport term v-V,. Although this
term is of the first order in &, Theorem [2.4] shows that solutions to the free KFP equa-
tion decay like those to the heat equation in space variables. A natural question is to
see if the results of Theorem 2.4 are still true for the full KFP operator with a potential
V(z) such that |VV(z)| tends to zero sufficiently rapidly. In this work, we prove a re-
sult similar to Theorem [2.4] (b) through resolvent estimates for the full KFP operator P.

In order to study the resolvent of P, we establish here some limiting absorption
principles for the resolvent of F, and its low-energy asymptotics. Different from the
limiting absorption principle for selfadjopint operators, the problem we want to study
here is pseudospectral in nature, because R is located in the interior of the numerical
range of Py. Set Ro(z) = (Py—2)~', Ro(2) = (Py—2)"" and Ry(z,&) = (Py(€) —2)~ " for
z ¢ Ry. Then Ry(z) = f;igﬁo(z)fx_)g Note that Ry(z) is multiplication in £-variables
by RO(Z ) 5)
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Proposition 2.7. Let | € N and | < a <1+ 1 be fized. Take x > 0 and x € C5°(R})
with supp x C{&, €] <a+4}, x(§) =1 when [§] <a+3 and 0 < x(§) < 1. Then one
has

l Hg
= — —k 2.2
;X(£)§2+k_z+rz(z,£), (2:28)
for any & € R™ and z € C with Rz < a and Sz # 0. Here r(z,£) is holomorphic in z
with Nz < a verifying the estimate

sup ||Tz(2,€)||L(L2(Rg)) < Q. (2.29)
Rz<a,E€R™

Proof. Let xy; =1 — x. For Rz < 0, one has

Ro(z.6) = / o~ HPo©)-2) g
0

— / x1(&)e —t(Po(&)— dt—l—/ X(é")e—t(ﬁo(ﬁ)—z) dt
0 0

L 128 + D(=9). (2:30)
Since RPy(€) > 0, it is clear that for each fixed T, fOT Y1(£)e~tP©=2) gt is uniformly
bounded in £ and z with Rz < a:
T
||/ X1 (€)™ PO ]| 5 2 zgy) < T,
0
for all £ € R™. Corollary [A.4]l with T' = 3 shows that
e PO |5 Loy < Ce 7277 =) (2.31)

for t > 3. Since x; is supported in €2 > a + 3, I1(z, £) is holomorphic in z with Rz < a
and verifies the estimate ([Z29). To study Iy(z,¢), we decompose e~*70(&) as

PO = Ji(t,€) + Ju(t, ),

where J;(t,&) = e‘tp0(5)5§ with S¢ = 22:0 I and S5 = 1 — S5 For Rz < 0, the
contribution of Ji (¢, &) to Ro(z,£) is

/0 et E)dt 252—1—/{:—,2

By (A.4), one has for t > T > 0

0 k j
1ot ) I Bra) < Y e EHER2EY " %(452)’ 2 o (t,6) + Jn(t,€)  (2.32)
k=i+1 3=0 J:
where
, I+1 452 0
le(t’g) _ —f (t—2) Z Z C] —tk
=0 k=l-+1

JQQ(t,é—) — e_fz(t—Q) Z (4£2)] ZC] —tk.

/|
j=l+2 J:

k=j
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Jo1(t,€) and Jao(t, €) can be evaluated as in the proof of Proposition [A.3] (see also the
proof of (2.20) in the case | = 0) and we omit the details here. One has for some C,a > 0

I+1 ,
et o) (4€2)711
Ialt.€) < SIS T (2.33)
j=0 "
Jaa(t,€) < CemaEt-+nt (2.34)

for t > T. Since [£] is bounded on the support of x, this implies that there exists some
constant C' such that

| J2(t, &) || Ber2mny) < Ce™ (+1) (2.35)

uniformly in & € suppyx and t > T. We obtain a decomposition for Ro(z,f) when
Rz < 0:

1 Hg
2?58+k_—wwfx (2.36)
where

ne€) =iz )+ [ et o

By the estimates (2Z:31)) and (2.34)), r;(z, ) is holomorphic in z with Rz < a and verifies
the estimate (2.29]). Since the both sides of (2.36]) are holomorphic in z € C\ R, with
Rz < a, this representation formula remains valid for z in this region. U

For r, s € R, introduce the weighted Sobolev space
= {u e S'(R*™); (1 + |D,|* + |v|* + | D, |3 ) (x)*u € L*}.
Denote B(r, s;7’,s") the space of continuous linear operators from H™* to H"*. The

hypoellipticity of Py (Proposition 2.1]) shows that (P, + 1)~ € B(0,0;2,0). A commu-
tator argument shows that (P, + 1)~ € B(0, s;2, s) for any s € R.

Corollary 2.8. Set Ry(z) = (Py—2)7!, 2 € R,

(a). Assumen > 1. Let I be a compact interval of R which does not contain any non
negative integer. Then for any s > —, one has
sup || Ro(A £ i€)||B0,5:2,—5) < 00 (2.37)
AeI;e€]0,1]
The boundary values of the resolvent Ry(A£i0) = lim,_,o, Ro(AEie€) exists in B(0, s;2, —s)
for A € I and is continuous in \.
(b). Assumen > 3. Let I be a compact interval containing some non negative integer.
Then for any s > 1, one has
sup ||R0(>\ + 7:6)”3(075;27_8) < 0 (238)
Ael;e€]0,1]
for any k € N, the limite Ry(k+10) = lim, 4 ,ar, Ro(z) exists in B(0, s; 2, —s) for any
s> 1. One has Ry(0+i0) = Ry(0 —i0) and Ry(k +10) — Ro(k —i0) € B(0, s;2, —s) for
anys>% if k> 1.
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Proof. Proposition [2.7] shows that

I
Ro(2) = Y  X(Da)IP (=Ay +k —2) 7" +1i(2), (2.39)
k=0
for z € C with Rz < a and 32 # 0 and that r(z) is bounded on L? and holomorphic
in 2z with Rz < a. x(D )", k=0,1,---, are Weyl pseudodifferential operators with
nice symbols b, independent of x:
(DI = by (v, D, D) (2.40)

with bg(v, &, n) given by

br(v,&,m) = /n e~/ Z X(E)Va(v + 0+ 2i) (v — V" +2i€) | dv'.  (2.41)

|a|=k
In particular,
bo(v, €, 17) = 23 x(§)e v T HAERE, (2.42)
These Weyl pseudodifferential operators belong to B(r, s; 7', s) for any r, 7", s € R ([12]).

Since for any compact interval I’ C R, one has

sup  |[{(z)7 (A, — (A ie))_l(x>_s||B(Lz(Rg)) < 00 (2.43)
AEI e€]0,1]

for any s > 1/2 if I’ does not contain 0 and for any s > 1 and n > 3 if I’ contains 0, it
follows from (2.39) that for I C] — oo, a|

sup  [[Ro(A £ i6)|50.50.s) < 00 (2.44)
Ael;e€]0,1]

fors>1if INN=0ors>1andn >3if INN # (. Estimates (2.37) and (2.383)
follow from (2.44]) and the resolvent equation

RQ(Z) = RO(_].) + (1 + Z)RO(_l)RO(Z)
by noticing that Ro(—1) € B(0, s;2, s) for any s € R. The other assertions of Corollary
2.8 can be proven by making use of the properties of (—A, — (A £40))~'. O

The formula (2.39) can also be used to study the threshold asymptotics of the resol-
vent Ro(z) as z — k, Sz # 0, k € N. To simplify calculations, we only consider the
threshold zero in the case n = 3.

Proposition 2.9. Let n = 3. One has the following low-energy resolvent asymptotics
for Ry(2): for s,s' > 3 and s+ s' > 2, there exists € > 0 such that

Ry(z) = Go+ O(|2°), as z — 0,z ¢ R, (2.45)

as operators in B(—1,s;1,—s"). More generally, for any integer N > 1 and s > N + %,
there exists € > 0

N
Ry(z) = Z 253Gy + O(|z\%+€), as z — 0,z ¢ Ry, (2.46)

J=0
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as operators in B(—1, s;1, —s). Here the branch of 22 is chosen such that its maginary
part is positive when z € Ry and G; € B(—1,s;1, —s) fors > j+%, j > 1. In particular,

Go = Fy + I, (2.47)
where Fy is the operator with integral kernel

Yo(v)o(v')

2.48
Arnle — 2| (248)
and Fy € B(—1,s;1,—5") for any s,s' >0 and s + s’ > % Gy :HY = HY S, 5> %,
is an operator of rank one with integral kernel given by

Ko, 50,0) = o (0)olv'). (2.49)

Fo(x,v; 2’ v') =

[N

Here 1y = (271')_%6_% is the first eigenfunction of the harmonic oscillator —A, + %.

Proof. Note that by a complex interpolation, the results on the resolvent Ry(z) in
Corollary 2.8 also hold in B(—1,s; 1,—s).

For z ¢ R, (239) with [ = 0 shows that
Ro(2) = b¥ (v, Dy, Dy)(— Ay — 2) ™ 4+ 10(2), (2.50)

with ro(2) € B(—1,0;1,0) holomorphic in z when Rz < a for some a €]0, 1[. Here the
cut-off x(€) is chosen such that xy € C5° and x(£) = 1 in a neighbourhood of {|¢|* < a}.
Therefore ry(z) admits a convergent expansion in powers of z for z near 0

ro(2) = 10(0) + 2r5(0) + - - -
in B(—1,0;1,0). It is sufficient to analyze the lower-energy expansion of by (v, D, D, )(—A,—
z)7!
The integral kernel of b¥ (v, D,, D,)(—A, — 2)™', 2 € Ry, is given by

) ; 1
K . 1o\ ivzly—(z—2')|
(x,2"5v,0"; 2) /Rge e p—

®(v,0',y) dy (2.51)

with
O(v,0,y) = (21) 2e 5+ / s eI (6 dE.
R

Since x € C§°, one has the following asymptotic expansion for K (z,2';v,v'; z) : for any
ec€0,1]] and N >0

N
\K (z,2';v,0'; 2) ZZ%KJ z, 2 v,0)| < C’N5|z| 2 g — o [Nt i ) (9 59)
7=0
where
37
4r
Remark that for N > 1, ¢/, s > N + 1 and 0 < e <min{s,s'} =N — 3,

O

Kj(z,2;0,0") = Iy (z =2 )P0 (v, 0, y)dy. (2.53)
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and the same is true if N =0 and s,s" > % with s + s’ > 2. We obtain the asymptotic
expansion for b (v, Dy, D,)(=A, — z)~! in powers of 22 for z near 0 and z & R, .

N
DY (v, Doy D) (= Ay — 2)™0 = 3" 22 + O(|2] 2+, as (2.54)

J=0

as operators in B(0,s;0,—s), s,s > N +% (and s + ¢ > 2 if N = 0). By the
hypoelltpticity of Py, this expansion still holds in B(—1,s’;1, —s). This proves (2.46l)
with Gj, given by

6" (0)
T

To show (2.47) and (2.49)), note that since x(0) = 1, one has

[ (0,3 dy = (O e)en(v) = w(w)ulv)

Gy = Kaj + Gajt1 = Kyj1, J 2 0. (2.55)

One can then calculate that

Ko(z,2',v,0") = %/qu)(v,v’,y)mdy
- 74ﬁ|;_x,‘¢o<v>wo<v'> (2.56)
i O G
and
Ki(z,2'v,0") = ﬁ RS(I)(U,U',y)dy:ﬁ@bo(v)@bo(v’). (2.57)

This shows (2.49) and that Gy = Fo+ Fy with Fy = Ky 1+70(0), Ko 1 being the operator
with the integral kernel

1

Kou(w,',v0,0) = = / (0,07, y)(
AT Jgs |Z/ - (

1 1

z—a)| |z — 2]

)dy,
which is a smooth function and

Ko (z,2',0,0") = O(o(v)iho(v') |z — 2/|7?)

for |z — 2’| large. Therefore Ky is bounded in B(—1,s;1,—s') for any s,s" > 0 and
s+ s > 2. This shows that F; = Kq 4 ro(0) has the same continuity property, which
proves the decomposition (2.47) for Gj. O

The following high-energy pseudo-spectral estimate is used in the proof of Theorem

T (a).
Proposition 2.10. Let n > 1. Then for every § > 0, there exists M > 0 such that

M
- (2.58)

|23

[Ro(2)]] <
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and u
I0- &+ R < (299
yAK
for |Sz| > § and Rz < ﬁ|$z|%
Proof. We first prove that for some constant C' > 0
C
[1Ro(2)]] < —, (2.60)
|23
for z = —% +ip with u € R. It suffices to show that
C
HRO(—— + i, )@y < (2.61)
2 |25
uniformly in & € R”™. Notice that Py(0) is selfadjoint and that one has
C'I£|
1Ro(2,0)|| < 5= and [Jv - €Ro(z,0)]| <
Sz VIS2|
for &z # 0. Making use of the resolvent equation
fzo(% §) = fzo(% 0) — Ro(zf)w ) féo(% 0),
one obtains o
| Ro(2,€)lBr2y < —\32|’ (2.62)

if €] < e14/]2] for some ¢; > 0. For ¢|z|2 < |¢] with ¢ > 0 small enough, since we are
concerned with estimates for |z| large, we can use a rotation and a rescaling to reduce
to a semiclassical problem. Set A(h) = —h%A, + % + iv1. Then

1Ro(z, &) = [€72M1(A(h) = )71
where h = [£]7% and 2’ = [{|7%(£ + z). According to Theorem 1.4 of [5], one has

I(Ah) = )M < Cn75, (2.63)
if0<h<hg || <Cand Rz < B ,‘2 . In particular, for z = —% + iy with 4 real, one
has

| Ro(z, €Il < C'h3 < C"|| 75, (2.64)

for c|z|z < |¢| < ¢7Y|z|2. This proves (Z:60). Now to prove (Z58), set z = A + iy with
A, b € R and write

. n .
Ro(A+ip) = Ro(—5 +in) — (A + )Ro(—§ +ip) Ro(A + ip).
According to (2.60),

CIx+%] 1

R, <2 <
if [N < ﬁ\,uﬁ and |u| > M for some M > 1 large enough. (Z58) follows from (2.60)
and the equation Ro(A+ip) = (1+(A+%)Ro(—% +ip)) ' Ro(—% +w) When IA| M|\sz|l
with M > 0 sufficiently large. The estimate ([2.58) for ®z = A\ < —=- |\sz\ follows from

I+ 2
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the accretivity of B

To show (2.59)), notice that for z = X + ip with A\, u € R, one has the identity
2, 1 2 n 2
IVoull” + Zlllolul™ = (A + D)llull” + R((Fo = 2)u, u)
for uw € D. One obtains from (2.58) that

1
IVuRo(2)wll* + Z o[ Ro(2)w]

n
< PSR )wl + ull Bo(2)ew]
AL L

< oy Lojp, wer2,
EIERNEIE
for |Sz| > M and Rz < ﬁ|$z|% [(2.59) is proven. O

Remark that when n > 3, Corollary 2.8 shows the existence of the boundary values
of the free resolvent Ry(A £ ¢0) for any A > 0. But so far it is still unclear what kind
of upper bound one can expect for Ry(\ £i0) as A — +oo. From Propositions and
210, one can deduce the following

Corollary 2.11. Let n = 3. Let Sy(t), t > 0, denote the semigroup generated by —P,.
Then for any integer N > 1 and s > N + %, the following asymptotic expansion holds
for some € > 0

e ! = Z =5 ByGlar + Ot~ NZH_E)’ t — +o0, (2.65)

kEN,2k+1<N

in B(0,s,0,). Here By is some non zero constant. In particular, the leading term oG
s a rank-one operator given by

ﬁ%C%’::81§<nk” ymg : L2 — LB (2.66)

T2

for any s > 2. Here mp(x,v) =1 ® y(v).

The proof of Corollary 2.11] uses a representation of the free semigroup e** as con-
tour integral of the resolvent Ry(z) in the right half complex plane. See Section 4 for
more details in the case V' # 0 where we shall prove a similar result for the full KFP
operator P (see (LI12))). In the final step of the proof of (IL12), we shall apply Propo-
sition below to compute the leading term. As a preparation for the proof of this
proposition, we establish some formulae on the evolution of observables which may be
of interest in themselves.
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Lemma 2.12. Letn > 1. Fort >0 and 0 < s <t, one has the following equalities as
operators from S(RZ") to L*(R3",):

e Moy e = 7 (y; cosh s — 20, sinh s + 2(cosh s — 1)0,,)  (2.67)

1
e_(t_s)Poavje‘SPO = —ie_tpo((vj sinh s — 20, cosh s 4- 20, sinh s))  (2.68)
e Mo e = e7(g; + v, sinh s — 2(cosh s — 1)0,,
+2(sinh s — 5)0,,) (2.69)

Proof. For fixed t > 0, set f(s) = e~ (=g, (0 < s < . Proposition .1 shows
that for u € S, A¥e 0y € L? for any k € N, where A may be one of the operators

Vj, Oy, Oz J = 1,-++ ,n. As operators from S to L?, one has:
fl(s) = e =9 vle s = —26_(t_8)P°0vje_5P° (2.70)
2
f'(s) = —2e =P [UZ +v- 0y, 01)3} e 0 = f(s) + 20, " (2.71)

This shows that f(s) = Cye® + Cye™ — 28xje_tpo. C1, Cy can be determined by the
initial data f(0) = e"*?v; and f'(0) = =279, :

1 1
C, = e_tpo(gvj — 0y +0y;), Cy= €_tpo(§vj +0y; + Ozy).
This proves (2.67). ([2.68) follows from (2.67) and the equality

1
—(t—s) P —sPy __
e =g, el = —§f'(s).

To prove (2.69), one can check the following commutator relation:
t
[P0 ;] = —/0 =90y e=sPo s (2.72)

= —e " (vjsinh¢ — 2(cosht — 1)9,, + 2(sinh ¢ — )0,,) ,

which means that the commutator initially defined as forms on § x S extends to op-
erators from S to L? and the equality (272) holds. A successive application of this
commutator relation shows that if u € S, then (z)"e "0y € L? for any r € R. It follows

from (2.67) that
e—(t—s)Pol,je—SP() — e—tP()xj ‘l’/ e—(t—T)Po,Uje—TP() d7_
0

= e "(z; + v;sinh s — 2(cosh s — 1), + 2(sinh s — 5)0,,).
This proves (2.69)). O

Proposition 2.13. Let n = 3. Assume that u € L>~° for some % < 5 < 2 such that
there exists some constant ¢o and ¢ € L2 with (—A, + v*)y € L? such that

u(z,v) —co(l®1Y) € EQ";(R%U)
for some o > 0. Then on has
lim )\Ro()\)u = —C()<’¢J(), w)Lng (273)

A—0_
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in L2 for any s > 2, where mg = 1 @ o (v).

Proof. For A\ <0, Ry(\) maps £%~° to L>~¢ for any s and one has
C

Al
if s, > % with s + s > 2, uniformly in A €] — 1,0[. An argument of complex

interpolation shows that for any s, s’ > 0, there exists € > 0 such that

||R0()\)||B(0,0;0,0) S ||R0()\)||B(O,s’;0,—s) S Cs,s’

[ Ro(M) llB0.57:0,—5) < CIAITH. (2.74)
This shows that
ARy AN (u—co(1® 1)) =o0(l), asA—0_ (2.75)

in £>7° for any s > 0. To prove Proposition I3 it suffices to study the limit
limy0 ARo(AN)(1 ® ¢). By Proposition 27, the resolvent Ry(A\) can be decomposed
as

Ro(A) = b (v, Dy, Dy) (=2 — X) ™" 4 1ro(N) (2.76)
where

bo(v, &,17) = 22y (€)e VT HRIvERE

with x a smooth cut-off around 0 with compact support, and ry()) is uniformly bounded
as operators in L? for A < a for some a €]0, 1].

We claim that the following estimate holds uniformly in A < a:

(=) ro(M) (@) f1l < CAUSI + [ Hof1) (2.77)

for any f € D(H,), where Hy = —A,+v?—A,. Remark that ry()) is a pseudodifferential
operator in z-variables: ro(\) = ro()\, D,), with operator-valued symbol ro(), &) € B(L?)
(see (Z30])). The proof of Proposition 2.7 shows that ro(A, &) can be decomposed as

To(A, &) = 710.1(A, §) +10,2(A, §)
with

T R
7”0,1()\75):/ X1(£)e O gy
0

for some fixed T' > 3 and r (A, §) is smooth and rapidly decreasing in &, uniformly for
A < a (see (231)), (233) and (2.34)). Since roa(A, D,) is a convolution in x-variables
with a smooth and rapidly decreasing kernel, one has (x) %7 2(X, D,)(z)*® is uniformly
bounded for any s. To study r¢1(), D;), we use commutator techniques. One writes

(2) o1 (A, Dy)a* = (z) (:ﬁro,l(x Do)+ 3 _[lroa(x DWWJ]) |

j=1
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Making use of (272), one can calculate
[ro1 (A, D), 2]

T . T .
= —i(0¢x1)(Dy) / e " PO=Ngt 4 1 (D,) / [e~ M PN g 1t
0 0

T N
= —i(9,x1)(Dy) / et EO=N) gt (2.78)
0

T
+x1(Dy) / e =N (y; sinht — 2(cosht — 1)9,, + 2(sinht — )0, )dt
0

Since F, is accretive, one obtains
Iroa (A, Da), ] fl < CULFI+ Tlog fl + 100, £l + 1102, £1D, f €S

Similarly, one can check that the second commutator [ [ro1 (), Dy), x;], x;] verifies

Il [roa (A, Da), @, 2] fIl < CULFIT+ [ Hof])-
This proves that
[a) "2 roa (N2 Il < CULAN + (1o f1]) (2.79)

for any f € D(Hy), which gives (271). It follows from (Z77) and the uniform bound-
edness of ||ro(A)|| for A < a, a > 0, that for any s € [0, 2]

[{x) " ro(A)(z)* fI| < UL+ [ Hof 1)), (2.80)
Since 1 @ ¢ = (z)*f, with f, = (z)"* ® ¢ € D(H,) for any s > 2, it follows that
Aro( M) (1@ 1Y) =O0(|A]), A—0, (2.81)
in £%~¢ for any s > %, which together with (Z.75]) implies that
ARy(A\)u — coAby (v, Dy, D) (—Ap — A)"H1 @ 1)) = o(1) (2.82)

in £27%, s < %, as A — 0_. This estimate is valid in all dimensions.
Finally we calculate A\bY (v, D,, D,)(—A, — ) 7' (1®1%) which is independent of A < 0
in dimension n = 3. In fact, according to (2.51]) one has for A < 0 and n =3
A (0, Dy, D) (=D — A) TN (1 @) (2.83)
Ae—VPlly—(@—2")]
-,

o drly — (z —a'))|

O (v, v, y)Y (V) dydx'dv’

Ne— V|
_ / s

47 |a!|
=~ [ ([ evy dyyute) av
R?, JR3

= —x(0){¢0, V) 290 (v) = — (2o, ¥) L2800 (v).
This finishes the proof of Proposition 213l O

da:'/ O (v, v, y)Y (') dyd'
R6
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3. THRESHOLD SPECTRAL PROPERTIES OF THE KRAMERS-FOKKER-PLANCK
OPERATOR

Consider the Kramers-Fokker-Planck operator P = v-V,—V,V (2)-V,—A,+1|v[*— %
with a C! potential V (z) satisfying

V.V (z)| < Clx)™""', xR, (3.1)

for some p > —1. In fact, it is sufficient to suppose that V(z) is a Lipschitz function
satisfying (B.1]) about everywhere and one can even include some mild local singularities
in VV(z), by using hypoellipiticiy of the operator. But we will not care about such
generalization. P defined on D(P) = D(F,) is maximally dissipative. By Proposition
21 if p > —1, V.V (z) - V, is relatively compact with respect to Py. Consequently,
the spectrum of P is discrete outside R, and the complex eigenvalues of P may only
accumulate towards points in R,. The thresholds of P are the eigenvalues of —A, +
i|v\2 — % which are equal to N. To be simple, we study only the threshold zero in
dimension n = 3 under the condition p > 1.

Denote W = —=V,V(z) - V,. One has W* = —W and
(P—2)Ro(2) =1+ Ro(2)W =14 GoW + O(]2[°), €>0,
in B(0, —s;0,—s) for 1 <s < (14 p)/2 and z near 0 and z ¢ R,.

Lemma 3.1. Assume n = 3 and let (31) be satisfied with p > 1 (i.e., the potential is
of short-range). Then, GoW is a compact operator in L2 for 1 < s < (1+ p)/2 and

kerpz—« (1 + GoW) = {0}. (3.2)

Proof. For1l < s < (14 p)/2, take 1 < s’ < s. Proposition (and the arguments
used in the proof of Corollary 28] shows that GoW € B(0,—s;1,—s"). The injection

H5~*" into £>~* is compact when s’ < s. Therefore Gy is a compact operator in £%7.

Let u € £%7% with u + GoWwu = 0. Then by the hypoellipticity of Py, one can check
that v € H*~% for any s > 1 and Pu = 0. According to (Z.47)), v can be decomposed as

U = —F(]WU — F1WU

Since Wu € H=4H17% and Fy € B(—1,s;1,—5') for any s,s" > % and s + s > 2, it
follows that u is in fact in H?~* for any s > % Using the condition p > 1 and repeating
the above argument, we deduce that FiWu € L?. By (2.48), one can calculate the

asymptotic behavior of FyWu for |z| large and obtains that
u(z,v) = w(z,v) +r(z,v), (3.3)

v2

where (v)*r € L*(RS ) and w(z,v) = C’(u)% with
C(u) = // LTSVIV@) - Vyu(z,v) dede. (3.4)
Re 2(27)?2
Let x € C§°(R) be a cut-off with x(7) = 1 for |7| < 1 and x(7) = 0 for |7| > 2 and

0 < x(r) < 1. Set xgr(x) = X(‘—;‘),R > 1 and € R® and ug(r) = xr(2)u(z,v). Then
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one has bl
vz, |z
Pup = 2212,
UR B X ( R Ju
Taking the real part of the equality (Pug,ur) = <%X’(|—R|)u ug), one obtains
v LR e, x|
[ [ 1. Syt xR dado = (L5 ) (35)
Since w is even in v (see (B.3)), one has
oy ) = 0
and the right hand side of the equality (B.3]) satisfies
vz, |z
2y g (3.6)
V- T N || vex |z

= R By vy + (e
< CR™ I (Jlwllgz—s + [Irllz2)[[{v)r]l 22
1. Taking the limit R — +oo in (B.5), one obtains that (9, +

// |(O u(z,v)|* dedv = 0. (3.7)

This shows that (9, + 3)u(z,v) = 0, a.e. in z,v. Since u € L>~* for any s > 3 and

2
Pu = 0, one sees that u is of the form u(z,v) = C(z)e” T for some C' € L>%(R3)
verifying the equation

forsome%<
Su(z,v) € L* a

v-V,C(x) + %U YV (@)C(x) = (3.8)

2)
a.e. in z for all v € R®. This proves that C(x) = 006_% a.e. for some constant ¢y and
u(x,v) = com.

Since u € £27* for any s > £ and m & L2 if ; < s < 2 when V/(z) is bounded, one

concludes that ¢y = 0, therefore u = 0. This proves that kerpz-s(1 4+ GoW) = {0}. O

A solution u, of the stationary equation Pu = 0 is called a resonant state if u € £>~*
for any s > , but u € L? and zero is then called a resonance of P. Lemma[3.Ilshows that
Zero is nelther an eigenvalue nor a resonance (i.e., a regular point) of the KFP operator
P if the potential is of short-range. This is in sharp contrast to Schrodinger operators
for which zero resonance may exist even for smooth and compactly supported potentials.
Lemma [B.I] makes easier the threshold spectral analysis for the KFP operator.

Theorem 3.2. Assume n =3 and p > 1. Then zero is not an accumulation point of
the eigenvalues of P and one has for any s, s’ > % with s + s > 2, 3¢ > 0 such that

R(z)=Ao+O(|z]), z—0,z¢ Ry, (3.9)

in B(—1,s; 1,—s"), where
Ag = (1+ GoW)'Go. (3.10)
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There exists 6 > 0 such that boundary values of the resolvent

R(A£i0) = lim RO\ % ie), A €]0,9]
e—04

exist in B(—1,s; 1, —s) for any s > % and are continuous in \.

Proof. Remark that Gy € B(—1,s;1,—s") for any s,s" > % and s + s’ > 2. Lemma
B.1 implies that kery,—s(1 + GoW) = {0} and GoW is compact on H7% for 1 < s <
(1+ p)/2. Therefore 1 + GoW is invertible on H'~* with bounded inverse. Since

1+ Ro(z)W =1+ GoW +O(|z[F), inB(1l,—s;1,—s), €>0,
for |z| small and z & R, it follows that 1 + Ro(2)W is invertible on H'~* for |z| small
and z € R, and that

(1+ Ro(z)W) ' = (14 GeW) ' +0(|2]), as 2] = 0,2 ¢ R,. (3.11)

In particular, 1+ Ry(2)W is injective in £27* for z near 0 and z ¢ R,. Since Ry(z)(P —
z) = 1+ Ro(z)W, this shows that P has no eigenvalues for |z| < § for some § > 0 and
that

R(z) = (1 + Ro(2)W) ' Ro(2) = Ao + O(]2]%), 2z € Ry, (3.12)
with Ag = (1+GoW)™'Gy. The existence of the boundary values R(A£i0) for 0 < X\ < &
follows from the first equality in (B.12). O

Theorem 3.3. Assume n =3 and p > 2. Then for any s > %, there exists € > 0 such
that

R(z) = Ag + 22 A1 + O(|2]219), (3.13)
in B(—1,s; 1,—s) for |z| small and z € R, where Ay is an operator of rank one given

by
Ay = (14 GoW) G (1 — W Ay). (3.14)

Proof. For s > %, one has
Ro(2) = Go + 22G + O(|2]2)
in B(—1,s;1,—s). If p> 2, one has W € B(0,—r;1,p+ 1 —r). Therefore for % <s<
(p+1)/2,it
Ro(2)W — (G + 22G1)W = O(|z]219)

in B(0, —s;0, —s). Since By = (1 4+ GoW)~! € B(0, —s;0, —s), it follows that

(1+ Ro(2)W)™" = By — 22 ByGiW By + O(]2|279).
From the resolvent equation R(z) = (1+ Ry(2)W) ' Ry(z), we obtain that

R(z) = BoGo + 22 ByG1(1 — WByGo) + O(|2]2%9)

in B(0,s;0,—s). An argument of hypoellticity shows that the same asymptics holds in
B(—1,s;1,—s). Remark that A; = ByG1(1 — W ByGy) is a rank one operator, because
(G is of rank one. O
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4. LARGE-TIME BEHAVIORS OF SOLUTIONS

The large-time behaviors of solutions to the KFP equation with a potential will be
deduced from resolvent asumptotics and a representation formula of the semigroup
S(t) = e7'P in terms of the resolvent. To this purpose, we need the following high
energy pseudospectral estimate.

Theorem 4.1. Letn > 1 and assume (3.1) with p > —1. Then there ezists C' > 0 such
that o(P) N {z|32| > O, Rz < L[S2|5} = 0 and

C
IR(2)|| < —, (4.1)
EE
and o
1(1— A, +0})3R(2)| s| T (4.2)
yAG

for |Sz| > C and Rz < é|$z|%

Proof. Let W = —V,V(z)-V,. @59) shows that |W Ro(z)||+||Ro(2)W|| = O(|2|75)
for z in the region {z;|Jz| > M, Rz < ﬁ\%zﬁ} Therefore (1 + Ro(z)W)™! exists
and is uniformly bounded if {z;|3z| > M, Rz < ﬁ\%zﬁ} with M sufficiently large.
Theorem K] follows from Proposition and the resolvent equation R(z) = (1 +
Ro(2)W) L Ry(2) for |Sz] > C and Rz < %|$z|% with C' > M sufficiently large. O

Lemma 4.2. Let n > 1 and assume (3.1]) with p > —1. Then

/e_tZR(z)fdz (4.3)

2!
for f € L? and t > 0, where the contour ~y is chosen such that

Y=7-Un Ut
with v+ = {z;2 = £iC + X £ iCX3, X > 0} and vy is a curve in the left-half compleze
plane joining —iC' and iC' for some C' > 0 sufficiently large, v being oriented from —ioco
to 4100.

Proof. The spectrum of P is void in the left side of v. By Theorem 1], for C' > 0
sufficiently large, 7 is contained in the resolvent set of P and

C
RGN < —5, z€7
EE

S()f =

2me

Therefore, the integral S(t) = = f,y e R(z)dz is norm convergent. In addition, one
can check as in the standard case (see, for example, [I3]) that S'(t)f = —PS(t)f for
f € D(P,) and that lim,_o; S(t) = I strongly. The uniqueness of solution to the
evolution equation u'(t) + Pu(t) = 0 for t > 0 and u(0) = u, implies that S(t) = S(t),
t > 0. [

Corollary 4.3. Assume that n =3 and p > 1. One has
1 —iz
S01.9) = 5= [ e RE gz >0, (4.0
r

271
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for any f,g € £L**, s > 1. Here
P—=T_ UT,UTl,

2 =080+ X207 N3N > 0} for § > 0 small enough and Ty = {z =

with Ty = {z;
0,6]}. T is oriented from —ioco to +ioco.

A+i0: A €|

Proof. P has no eigenvalues with real part equal to zero (see the arguments used
in the proof of Lemma B.I]) and their only possible accumulation points are in R,. If
n =3 and p > 1, Theorem and Theorem A.1] imply that there exists some &g > 0
such that

op(P)N{z; Rz <o} = 0. (4.5)

Consequently if 0 < § < dq is small enough, there is no spectrum of P in the interior
of the region between v and I' and the resolvent is holomorphic there. In addition, the
limiting absorption principles at low energies ensure that the integral

/WWMWMtW,
T

is convergent for any f,g € £L>* with s > 1. By analytic deformation, we conclude from

(@1 that

wmw:%ﬁﬂmwwpiffmmmm,wa

27 21 Jp

for any f,g € £L** with s > 1. O

The formula (4£4) is useful for studying the time-decay of solutions to the KFP
equation with a short-range potential (satisfying (7)) with p > 1).

Theorem 4.4. Assume n = 3.
(a). If p > 1, one has for any s > 3
15(t)] 150,50, < Cst ™2, > 0. (4.6)
(b). If p > 2, then for any s > 2, there exists some € > 0 such that
S(t)=t"2B; + Ot 27) (4.7)

in B(0,s;0,—s) as t — 400, where

1
2i/r

B = A (4.8)

s an operator of rank one.



THE KRAMERS-FOKKER-PLANCK EQUATION 25

Proof. Assume that n = 3 and p > 1. By Corollary .3, one has for f,g € £** with
s>1andfort>0

(St f,9) = £§(f5M«3Q+ND—RQ—ﬂmﬁgMA
+ %;; ;m64“+”1*”@%6+nx+z&4xwﬁgx1+4%&4A%dA(49)
- %;; Ome_ﬂk%é1ﬁxfa5+mk—i&%A%f¢ﬁ(l—{%&4A%dA
2 L+1L+1

For I, and I3, one can apply Theorem (1] to estimate
(R(G+ A £ N) f,9) < | fllps
for s > 1 and X €]0, M] for each fixed M > 0 and

g”?—l*l’s

(R +A£i670)f,9)| < Ouh =5 llz2 gl
for A > M with M > 1 sufficiently large. Therefore, if p > 1
[Tl < Ce™®|| fllnoslgllo.s (4.10)

for k = 2,3 and for any s > %

To show (4.6), it remains to prove that if p > 1 and n = 3, one has

| [ e (R(2) [, 9)dz| < Ct2 || £ c2e |9l o2 (4.11)
To

for any f,g € £L**, s> 3. For 1 < s < (p+ 1)/2, one has for some ¢ > 0
W(Ro(z) = Go) = O(|z]?),  in B(0,5;0,s)

for z near 0 and z ¢ R,. By Lemma 3.1} 1+ WG, is invertible in B(0, s;0, s) for any
1 <s<(p+1)/2. One obtains

Ro(2)T(2)’(1 4+ WGo)™" + O(|2|V+D0)  (4.12)

M) =

R(2) = Ro(2)(1 + WRy(2)) ™" =

J=0

in B(0, s;0,s) with s > 1, where N is taken such that (N + 1)ey > 5 and

T(z) = (14+ WGo) "W (Ro(2) — Gy). (4.13)
Consequently
N
| HRE) = i) T (4 WG g)de] < O flesalgllene, € >0,
" (4.14)

if s > 1. (A11)) follows from the following lemma which achieves the proof of (4.6). O
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Lemma 4.5. For each 7 > 0 and % <s<p+ %, there exists some C' > 0 such that

| e (Ro(2)T(2) (1 + WGo) 7 f, g)dz| < Ct™2 | f]| 2l gl 2 (4.15)
forany f,g € £2’5 andt > 0.
Proof. We want to show that
[{(Ro(2)T(2)’ — Ro(Z)T(Z))(1 + WGo) ™' £, )| < OV fl 2|9l c2s (4.16)

for z = A +i0 with A € [0,6] and for f,g € £** with 2 < s < p+ 1. Recall that
Ro(2) = b¥ (v, Dy, D) (—Ap—2) " 41 (2) with ro(2) abounded operator-valued function
holomorphic in z when Rz < a for some 0 < a < 1 (see (2.50)). Without loss, we can
choose 9 > 0 small such that 0 < § < a which gives

Ro(2) — Ro(2) = 0¥ (v, Dy, D) ((—Ap — 2) ™' — (=A, — 2)7H) (4.17)
for z = A 440 with A € [0,6], 0 < § < 1. Making use of the explicit formula for the
integral kernel of (—A, — 2)™!, one obtains

Ro(2) = Ro(2) = O(VA), A€ [0,9] (4.18)

in B(—1,s; 1,—s) for any s > 3. By Proposition 23, Ry(z) is uniformly bounded in
B(—1,s;1,—¢) for s, > % and s + s > 2. We deduce that for any % <s<p+ %,

WGy and (1 +WGo)™! belongs to B(0,s; 0,s) and

T(z) =0(]z|*) in B(0,s;0,s). (4.19)
Seeing (18], one obtains that for any 2 <s<p+iands =1+p—s>1,
T(2) = T(2) = (1 + WGo)"'W(Ro(2) — Ro(2)) = O(VA) (4.20)
in B(0,s; 0,5") for z = X+ 0. Since for j > 1,
Ro(2)T(2) — Ro(2)T(z)’ (4.21)

-1

M

= (Ro(2) = Ro(2))T(2) + Ro(2) ) _T(2 —T(2)T(z) !

”M

one can estimate |((Ry(2)T(2)! — Ro(Z)T' () )( +WGo)7tf, g)| by
[{(Ro(2)T(2)) = Ro(2)T(2)")(1 + WGo)~' f. )|
< C{ll(Ro(2) = Ro(2) 50,5 0, IT(2) 130,51 0.5) (4.22)

+Z||Ro 20,55 0,-9) 1 (T'(2) = T 500,55 0,5 1T () | 0,575 0.6 | T2 150 05 0,0

X[[ £l e
< CVAfllezsllgll ez

for % <s<p+ % and ' =14+p—s> % The above estimate is clearly also true when
j = 0. This proves (4.10) which implies (£15) and consequently (4.6]). O

g||£2,s
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Assume now p > 2. Theorem gives that if p > 2,

R(z) = Ag+ VZA + O(]2]279), 20,2 &Ry, (4.23)
in B(—1,s; 1,—s), s > 2. According to ([Z.23), I; can be evaluated by
1 /9
Li=— [ e™(VAA +0())f, g)d
0
and )
15— t_g<31f, 9 < CECI|| fll-rellgllp-r (4.24)
with
This proves (4.1). O

Proof of Theorem [I.1l Theorem [[.T] (a) is just Theorem A.I], Theorem [IT] (b) is con-
tained in Theorem B.21and Theorem [4.4] (a). Seeing Theorem [4.4] (b), to prove Theorem
[T (c), it remains to calculate the operator B; given in Theorem [L.74l

For u € £** with s > %, one can write

1
Blu = 3 3 <m0, (1 — WAQ)U>(1 + G()W)_lmo (426)
T2
1
= 2 3 <(1 — WAO)*mO,u>(1 + GOW)_lmO
T2
= (vo,u)
= =(vg, u
P 0, U)o
where
Ho = (1 + G()W)_lm(], vy = (1 — WA())*m(]. (427)

Since mg € £%7* for any s > % and (1—|—G0W)_1 € B(0,—s;0,—s), GoW and (W Ap)* €
B(0, —s, 7O §') for any s’ > % and § < s < 252 (if p > 2), vy, j1p belong to L£>~* for
any s > 2. In addition, pg satlsﬁes the equatlon

lim (1 + Ro(Z)W)ILLQ = (1 + G()W),U() =my

z—0,z¢R .
in £27%. It follows that

Puo = P()m() = 0. (428)
Similarly, since Ay = lim,_, .¢r, R(2)in B(—1,s;1, —s") for any s,s" > % with s+s" > 2

and (1 —WA)* =1+ AW (W being skew-adjoint), one can check that
P*VO = (P(] + W)* + W)mo (429)

Pgmo =0.

To prove that pg = m, we remark that the solution of the equation (1+ GoW)u = my
is unique in £%7° for any s > % Therefore it suffices to check that m also verifies the
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equation (1 + GoW)m = my. To show this, we notice that since (P, + W)m = 0, one
has for A < 0
(1+ Ry(M)W)m = —ARg(N\)m (4.30)
For p > 2, one hasm —mg € £%° for any 0 < s < p — % Proposition with ¢ = g
shows that
lim ARg(A\)m = —my. (4.31)
A—=0_

Taking the limit A — 0_ in (4.30), one obtains (1 + GoW)m = mg = (1 + GoW) .
According to Lemma B with p > 2, the operator 1 + GoW is invertible in £%~* for
any % <s< %, which gives po = m = (1 + GoW) tm,.

To show that vy = m, we notice that 1+ WG, € B(0, s;0, s) for any % <s< pTH and
is invertible and its inverse is given by:
(1+WGo) ' =1-W(1+GW) 'Gy=1—-WA,. (4.32)

Therefore vy = (1 — WAy)*mg = (1 — GgWW ) 'mg. Since m verifies also the equation
P*m = (P; — W)m = 0, the similar arguments as those used above allow to conclude
that (1 — G5W)m = mg which shows vy = (1 — G§W) 'my = m. This shows

1
Biu=—(m,u)m for u € L** with s > §, (4.33)
8m2 2
which proves (LI2) of Theorem [L.T] O

In the proof of Theorem [Tl (c), we showed that solutions to the equation Pu = 0
with u € £~ for any s > %, are given by u = em for some constant c¢. If V' is smooth
and coercive (|VV(z)] — oo and V(x) > 0 outside some compact), the hypoelliptic
estimate for P allows to conclude that if Pu=0and v € &', then u € S and u = e¢m for
some constant c¢. See [§, [11]. This kind of uniqueness result seems to be unknown for
potentials whose gradient tends to zero. Our proof not only shows that py = cm, but
also compute the constant ¢ which allows to give the universal constant in the leading

term of (LI2

Remarks. (a). Several interesting questions remain open. In particular, we do not
know if results like (LII) and (I.I2) hold for S(t) = e~ as operators from £! to £*.
See Theorem [2.4] for the free KFP operator.

(b). The assumptions on dimension and on the decay rate of the potential are only
used in low-energy resolvent asymptotics. While we believe that the condition n = 3
is only technical, the condition on the decay rate p is more essential to our approach
which consists in regarding the free KFP operator F, as model operator for the full KFP
operator with a potential. To study the low-energy resolvent asymptotics for potentials
with more slowly decreasing gradients, one may try to use other models such as the
Witten Laplacian

—Ay = (=V,+VV(x)) (V. + VV(x))
See [T, [§, 10] for relations between the KFP operator and the Witten Laplacian in
eigenvalue problems, when |VV (z)| — 400 and the spectrum is discrete near 0. When
|VV (x)| is slowly decreasing, under some reasonable additional conditions —Ay is a
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Schrodinger operator —A, + U(x) with a potential U(x) positive outside some compact
and slowly decreasing at the infinity. The threshold spectral properties for this class of
selfadjoint elliptic operators can be fairly well analyzed, making use of known results on
Schrédinger operators with globally positive and slowly decreasing potentials ([15], 22]).
The open question here is to see to which extent the approximation of the KFP operator
by the Witten Laplacian is valid in a scattering framework. We hope to return to this
problem in a forthcoming work.

APPENDIX A. A FAMILY OF COMPLEX HARMONIC OSCILLATORS

In this appendix, we study some basic spectral properties of a family of non-selfadjoint

harmonic oscillators
2

vton
15 +iv- &, (A.1)
where ¢ € R" are regarded as parameters. By Fourier transform in z-variables, the free
KFP P, is a direct integral of the family {Py(€): & € R"}. We give here some quanti-
tative results with explicit bounds in £. Note that non-selfadjoint harmonic operators
with complex frequency —A, + wx?, w € C, are studied by several authors. See for
example [2, 3] and references quoted therein.

po(g) =—-A, +

The operator By(€) can be written as
B©) = Dt 23 (0 4 206 - 2 P
v 4 — J J 2 :

{150(5),5 € R"} is a holomorphic family of type (A) in sense of Kato with constant
. 52 9 52 .

domain D = D(-A, + %) in L2(R7). Let Fj(s) = (—1)Yez e 7,5 € N, be the

Hermite polynomials and

03(s) = (Wam) e T Ey(s)

the normalized Hermite functions. For £ € R™ and o = (o, g, - -+, cv,) € N, define
Ya(v) = [ ] oy (v)) and 4§ (v) = ta(v + 2i€). (A.2)
j=1

For a, 3 € N*, £ — (Y5, wﬁ_g) extends to an entire function for £ € C and is constant
on iR. Therefore (¢S, 1&?) is constant for £ € C and one has

- 1, a=p
'3 &\ _ _ ) ) n n
<¢a,wﬁ>—a5—{0’ atB Va,3 € N* £ € R™. (A.3)
Using the definition of Hermite functions, one can check that for o = (v, -+, ) € N
£112 2¢2 e ngm 2j
[SI1P = TT O] —2=(2¢.)%). (A.4)

i
m=1 j=1 J:



30 XUE PING WANG

In fact, when n =1, £ =&, and k € N, one has
luil® = / oy + 2i)pr(y — 2i€)dy
R
2
— (2l / Fiuly + 2i€) Fu(y — 2i€)e=% dy
R

k k 9

= (Ve [ (3 Clie) IR ) Y Cl-2ie) e % dy

R =0 1=0

k
= N (kIV2m) T CLCL (V) E (1IV/2m) B (266 (- 2i€) /R b (y)i(y)dy

7,0=0
k. ]
2 j! C] 2 .
— 626 Z (k'k) (45‘2)]4,‘ j
Jj=0 '

k

262 Cf; 2\j
= e Z?(z;g ).
j=0

The general case n > 1 follows from the product formula:
1WEN% =TT lla, (- + 2i¢;)11.
j=1

(A)) shows that if € # 0, ||¢%| grows exponentially as |a| — +oo.

Lemma A.1. The spectrum of f’o(f) is purely discrete:

o(Po() ={E 2 1+€41 €N}, (A.5)
FEach eigenvalue Ej is semi-simple (i.e., its algebraic multiplicity and geometric multi-
plicity are equal) with multiplicity m; = #{a € N*;|a| =y +as + -+ a, = 1}. The
Riesz projection associated with the eigenvalue | + &2 is given by

Mo = Y (W50, ¢l (A.6)

a,|al=l

Proof. Tt is clear that the spectrum of Py(€) is purely discrete and ¢¢(v) is an eigen-
function associated with the eigenvalue . This means that o(Py(€)) D {l+&2;1 € N}.
Since By(£)* = PBy(—£) and that the linear span of {)=¢(v);a € N"} is dense in
L?, ]50(—5) can not have other eigenvalues than F;, [ = 0,1,---. This proves that
o(Py(€)) = {E =1+ €%1 e N}.

To show that E; is semisimple, assume by contradiction that dp € D such that
(Py(€) — B = ¥t |a| =1 and ¢ € C*. Then ¢% is in the range of Py(¢) — E; and
hence is orthogonal to the kernel of (Py(€) — E))* = Py(—¢) — E;. In particular, one has

(W, va®) = 0.

This is impossible due to (A.3)). This contradiction shows that the eigenvalue F; = [+ &2

is semisimple. Since the pole of the resolvent (Py(€) — z)! is simple at z = E, the
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range of the associated Riesz projection defined by

ep_ 5 (6) _ )
o= [, (@~ o

is equal to ker(Py(€)) — E;) and the kernel of TI¢ is equal to the range of Py(¢) — Ej.
The latter is the orthogonal complement of ker(FPy(—¢)) — E;) which is spanned by

{13%; || = 1}. The representation formula (AG]) then follows from (A.3). O
Lemma A.2. Let n=1. Then one has fort >0
(-2 e
Ze k) |6 || = ﬁeL £ eR. (A7)
J— 6_
k=0

Proof. In the case n =1, one has for any k € N
k

_ ) CY .
ITIG ] = (gl ]l = lwgll® = e* Zj—f(ﬁlé)f (A.8)

=0
The left-hand side of (A7) is norm convergent when ¢ > 0. In fact, one can calculate
the sum of the series as follows

Yo e m
k=0

00 k

J
_ k)26t N G g2y
- Y s Sugy
k=0 §=0
J
_ Z e—t(k+52 )+-2€2 + Z —t(k+£2)42£2 Z O'k (452)]‘
j=1 J:
—52(15—2)
_ ¢ —€2(t—2) j —tk
= T te Z ZC
J=1 k=j
—£2(t-2) 0 52 —t >
e _ g2 . Ct(—i
- 1_e-t+e“”Z Z’f — e (k=g et
7=1
—£2(t—2) o0 2 —t o
_ ¢ —€2(t—2) (4¢% _ —tk
= T te Z e Zk+] Yk+j7—1)-(k+1e
j=1 k=
—£%(t-2) & 2 —t 4
_ € —£2(t—2) 5
B EG AL Vvl Pty
j=1
—§2t 2) 0 452
—E2(t-2) 2
= 1 7 eet—1
—_ 6_
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Proposition A.3. Letn > 1. For any & € R™ andt > 0, one has the following formula

of spectral decomposition:

o~ tho(&) — Z S (A.9)
=0

where Hf is the Riesz projection associated with the eigenvalue | of Py(€) and the series
is norm convergent as operators on L*(R").

Proof. For n > 1, one has
I || < > [T 1%, (- +2i)]1%
a=(a1, ,an)EN";|a|=l j=1

By Lemma[A.2] the right-hand side of ([A.9]) is norm convergent for every ¢ > 0 and can
be evaluated by

_ 2 b 42 _
e Em < T D] ettt m | (A.10)
1=0 j=1 \aj=
o 2= 7)
B (1—et)n ~
Since the both sides of ([A.9) are equal on the dense subspace spanned by {¢$;a € N},
an argument of density shows that they are equal on the whole space L2 O

As a consequence of the proof of Proposition [A.3] we obtain the following estimate
on the semigroup

Corollary A.4. The following estimate holds for t > 0 and £ € R"

o 2= 7)

||e—tPO(£)||B(L2(Rg)) S m (A]_l)
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