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1. Introduction

Compressive sensing [18,19,27,29,45] provides efficient methods that allow to recover (approximately)
sparse vectors from a surprisingly small amount of random measurements. Although compressive sensing
was initially motivated by signal processing applications, it has recently inspired a new generation of hybrid
methodologies in computational mathematics. This includes compressive sensing techniques for polynomial
interpolation [1,41,43], high-dimensional function approximation [2,3,22], the numerical solution of PDEs [15,
31,33], uncertainty quantification of PDEs with random inputs [28,38,42,50,51], dynamical systems [48], and
inverse problems in PDEs [5]. In this paper, our main application of interest is the numerical approximation
of PDEs based on compressive sensing via the CORSING (COmpRessed SolvING) method [15,16].
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A key theoretical task in compressive sensing is to provide estimates for the so-called restricted isometry
constants or, strongly related to this, to derive the null space property, of random measurement matrices.
Such estimates lead to bounds on the sufficient number of measurements for recovery in terms of the
sparsity and the dimension of the vector to be recovered. We also note that, besides compressive sensing,
the estimation of the restricted isometry constant of a matrix is a central problem in, e.g., the analysis of
list-decodeable linear codes [21], and Johnson-Lindenstrauss embeddings [34,39].

A class of structured measurement matrices, which plays an important role in compressive sensing as
well as in the CORSING method for the numerical solution of PDEs, arises from random sampling function
systems (such as the Fourier system). While corresponding bounds on the restricted isometry constants exist
for orthonormal systems that are bounded in the L*°-norm [18,29,45,10], similar estimates for the more
general class of bounded Riesz systems (where orthogonality does not necessary hold) are not yet available
in the literature up to the best of the authors’ knowledge. The CORSING method, however, typically requires
to work with Riesz systems rather than orthonormal systems, which raises the need for such a generalization.

The contribution of this paper is twofold. On the one hand, we provide a new analysis of the restricted
isometry constants and null space property of matrices arising from random sampling in bounded Riesz
systems, which also improves the available bounds for the orthonormal case. On the other hand, we take
advantage of this result to obtain substantially improved theoretical guarantees for the CORSING method.

1.1. Main results

Recall that the restricted isometry constant of sparsity level s of a matrix A with N columns is defined
by

eoi= sup [IAfI3-1|
€Ds,N

where Dy = {f € CV : |fllo < s, |fllz2 = 1} is the set of unit-norm vectors with support size at
most s. Our main theorem establishes a concentration inequality, which implies bounds for the restricted
isometry constants (and establishes the null space property) of a random matrix whose rows are independent,
identically distributed, and uniformly bounded random vectors.

Theorem 1.1. There exist absolute constants k,cg,c1 > 0 such that the following holds. Let X1,..., X, be
independent copies of a random vector X € CN with bounded coordinates, i.c., for alli=1,..., N we have
(X, e;)| < K for some K > 0 where e1, ..., ey is the standard basis of CN. Let T C {f € CN ¢ ||f|l1 < V/s},
0 € (0,k) and assume that

m > co K26~ 2slog(eN) log®(sK?/6) . (1.1)

Then, with probability exceeding 1 — 2 exp(—82m/(sK?)),

1 m
;IGIIT)‘E;IU,XN ~ B X)P| < e (5 + 0 sup IS X)) (1:2)

Remark 1.2. The values of the constants in the above theorem can be chosen as x = %(10 —7v/2) = 0.3066,
co = 1600(99 + 70\/5) ~ 316792 and c¢; = 492. We have not optimized these constants in our proof and
believe that they can be further reduced.

Theorem 1.1 fits into a line of work [9,20,22,30,45] that studies the restricted isometry constants of
random matrices associated with random sampling from a bounded orthonormal system. In the break-
through work [20] it was established that the restricted isometry constant €5 of such a matrix satisfies
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€s < Jp with probability at least 1 — N7 provided that the number of measurements m satisfies
m > ¢;7slog®(N) (where ¢y and ¢; only depend on &). In [45] generic chaining techniques were used
to show that m > coe~2slog(slog(N))log?(s) log(N) suffice to guarantee that e, < & with high probability.
Using a different technique, [9] showed that m > coe~Sslog(s) log?(N) measurements are sufficient for a
discrete bounded orthonormal system. The latter result was generalized in [22] to continuous sampling sce-
narios. Inspired by the methods in [9] it was shown in [30] that for a discrete bounded orthonormal system
m > coe~2log®(s/e)log(eN)log(1/e) measurements are sufficient. Recently, the work [6] has shown that
the condition m > c¢oslog(s)log(N/s) is necessary for a randomly subsampled Hadamard matrix to satisfy
gs < ¢1. Hence, for constant §, K and for s < N¢ for some a < 1, say, the bound (1.1) is optimal up to a
factor of log(s).

Theorem 1.1 improves on these state-of-the-art results in several ways. In the setting of continuous
bounded orthonormal systems, it shows that m > coe~2slog(eN)log?(s/e) measurements suffice to guar-
antee that 5 < ¢ with high probability. In particular, compared to [30], we remove a log(1/¢) factor and
achieve a result in the setting of continuous sampling. Compared to [22], we improve the dependence on
¢. Finally, Theorem 1.1 more generally yields estimates on the restricted isometry constants of matrices
associated with random sampling from a bounded Riesz system. We refer to Theorem 2.3 and Remark 2.4
for details.

Our proof of Theorem 1.1 is inspired by the methods in [9] and [30], but in contrast to these references
we develop our proof in the terminology of generic chaining [47]. We believe that this makes the proof more
transparent, at least, for those familiar with generic chaining techniques. Moreover, our proof leads to the
improved dependence in 6 in (1.1) (resp. in ¢ in estimates for the RIP).

Although Theorem 1.1 is concerned with subsets of the ¢!-ball, it is possible to extend it to subsets
of a weighted /!-ball, i.e., the unit ball of the norm || f|lu,1 := >27_; wj|fj|, where w; > 1 is a sequence
of weights. We refer the reader to Section 2.3 for more details on this extension and its applications to
weighted compressive sensing and uncertainty quantification.

We apply Theorem 1.1 to obtain improved robust recovery guarantees for the CORSING method. This is a
recently introduced numerical method for computing a sparse approximation of the solution to a PDE based
on compressive sensing [12,15,16]. Given a PDE admitting a weak formulation, the idea of the method is to
assemble a reduced Petrov-Galerkin discretization via random sampling and to solve this reduced system
using a sparse recovery algorithm. Compared to other nonlinear approximation methods for PDEs, such as
adaptive finite elements or adaptive wavelets methods (see, e.g., [49] and references therein), CORSING has
the advantages that no a posteriori error indicators are needed and that the assembly of the discretization
matrix as well as the sparse recovery step (here performed via Orthogonal Matching Pursuit (OMP)) can be
easily parallelized. We refer to [16] for a more detailed discussion and to [12,14-16] for numerical experiments
for multi-dimensional advection-diffusion-reaction equations and the Stokes problem.

The best available theoretical guarantees for the CORSING method [16] state that in order to recover the
best s-term approximation of the PDE solution with respect to a Riesz basis of trial functions, it is sufficient
to assemble a number of rows proportional to s? (up to logarithmic factors) under suitable assumptions
involving the trial and test functions and the bilinear form defining the weak formulation of the PDE. This
is highly suboptimal compared to standard compressive sensing results, where a number of measurements
proportional to s (up to log factors) is usually sufficient. Indeed, numerical experiments show that the
quadratic scaling s? is highly pessimistic (see [16, Figure 8]). Another limitation of the state-of-the-art
results is the assumption that one solves an NP-hard problem ezactly in the recovery phase.

In this paper, we bridge these gaps by showing robust recovery guarantees under optimal linear scaling
between m and s (up to log factors) which cover sparse recovery via ¢!-minimization and via orthogonal
matching pursuit (OMP). The latter is preferred in practice. This result is stated in Theorem 3.9. The main
technical challenge is to establish an improved bound on the sufficient size of the reduced Petrov-Galerkin
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discretization by analyzing the restricted isometry constant of the corresponding random matrix, which
does not have a trivial covariance. This challenge is overcome thanks to Theorem 1.1.

1.2. Organization of the paper

In Section 2 we present several consequences of Theorem 1.1 for sparse recovery via ¢!-minimization
in the case of subsampled bounded Riesz systems (Sections 2.1 and 2.2). Taking advantage of the theory
presented in Section 2, we prove new recovery guarantees for the CORSING method in Section 3, focusing
on the case where recovery is performed via orthogonal matching pursuit. Section 4 develops the proof of
Theorem 1.1 and is the technical core of the paper.

1.8. Notation

Throughout the paper we will use the following notation. Given N € N, we define [N] := {1,...,N}.
Moreover, given a vector € CV, we denote its /P-norm as ||z, = (Zjvzl |z;|P)}/P for p > 0 and its (°-norm
as ||lzllo = |{j € [N] : @; # 0}|. Moreover, we let Bjy = {z € CN : ||z||, < 1} for p > 0. We denote the
set of s-sparse vectors of CV as ¥, y := {x € CV : ||z|¢ < s} and the set of s-sparse unit vectors of C¥
as Dy n := {x € CN : ||z|lo < s,||z|]2 = 1}. Finally, the notation X <Y hides the presence of a constant
¢ > 0 independent of X and Y such that X < ¢Y. Given a set S, |S| denotes its cardinality. Moreover,
if § C [N], then S¢ is the complement set of S with respect to [N]. We use letters ¢, ¢ or ¢, with k € N
to denote universal (or absolute) constants and it is understood that such numbers are not necessarily the
same on every occurrence.

2. Sparse recovery in bounded Riesz systems

This section outlines several applications of our main result, Theorem 1.1, in compressive sensing. We
focus on new sparse recovery guarantees for subsampled bounded Riesz systems, which extend previously
known results for these settings (Sections 2.1 and 2.2). Most of the recovery guarantees rely on the notion
of restricted isometry property.

Definition 2.1 (Restricted isometry property). The restricted isometry constant €4 of a matrix A € C™*N

is defined by

£y = sup ‘||Af||§ - 1’. (2.1)
f€Ds N

If a matrix A € C™*¥ satisfies ¢, < ¢ for some € > 0, then we say that A satisfies RIP(e, s).
2.1. Subsampled bounded Riesz systems

The first application of Theorem 1.1 is concerned with the recovery of functions having a sparse expansion
with respect to a Riesz system. We start by recalling the definition of a Riesz system.

Definition 2.2 (Riesz system). Let (H,(:,-)y) denote a complex Hilbert space. A sequence (¢;);en Wwith
¢; € H is called a Riesz system if there exist constants 0 < ¢, < Cy < oo, such that for every f =

(fn)nGN € éz((c);

2
collf ey < || 2 s, < Collf ey (2:2)
JEN
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Let us point out that an orthogonal system is a Riesz system with constants ¢y, = Cy = 1.

In the following, we focus on Riesz systems for Hilbert spaces of the form H = L?(S, i), where S C R”
and p is a probability measure on S. For the Hilbert space L?(S, i) the inner product (-, ) 12(8,) and the
corresponding norm || - || z2(s,,) are given by

(f,9)L2(s,0) =/f(w)m dp(w) and || fllz2cs,) = /(> s, -
5

We consider a sequence (1 : S = C);en of bounded, measurable functions satisfying (2.2). Let F' € H be
a function with a finite and sparse Riesz expansion, i.e.,

F=> fity and feS.n. (2.3)

JE[N]

In this setting, we are interested in the problem of recovering the coefficients f of the function F € L?(S, u1)
with respect to (1;) () from a finite number of samples F'(w1), ... F'(wy,), where wy, ..., wy,, € S are drawn
ii.d. at random with respect to the measure p. We will outline two approaches to address this question.
The first one is based on the restricted isometry property (Theorem 2.3) and the second one is based on
the ¢2-robust null space property (Theorem 2.6).

The first approach is to show that the matrix

1

A= o Wit e

(2.4)

satisfies RIP (g, s) under suitable conditions on m, s, and e. If A satisfies RIP (g, 2s) for € < 1/4/2, then the
coefficients of F' with respect to (¢;) je[n] can be recovered from noisy observations y; = F'(wi)+e1, ..., Ym =
F(wm) + em with |le]]2 < ¢ via the quadratically-constrained basis pursuit program (see, e.g., [17, Theorem
2.1])

nrl([ijr}V |E21E subject to v/ CymAz —yll2 < C. (BP¢)
ze

This approach will lead to some limitations on the restricted isometry constant e that are particularly
restrictive when the ratio ¢, /Cy is small.

Theorem 2.3. There are absolute constants co,c1 > 0, such that the following holds. Let H = L*(S, ) and
let (v;)jerny be a Riesz system. Let e € (1 — (CJJ; 1), Ky = maxen |[¥;ll sy and assume that

m > comax{C;? 1} Kin s log? (sK7, max{C,?% 1}177%)log(eN) , (2.5)
where n = (e — 1+ é—t) > 0. Then, with probability at least
1—2exp(—c; min{C?p, 1In*m/(K3s))
the matriz A defined in (2.4) satisfies RIP(e, s).
Remark 2.4. As pointed out above, an orthonormal system is a special case of a Riesz system with ¢y =

Cy = 1. Therefore, Theorem 2.3 also recovers and extends known results for bounded orthonormal systems
[9,30,22].
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Proof of Theorem 2.3. Let X (w) := (¢)j(w));en], Where w € S is chosen at random with respect to u, and
let X5,...,X,, denote independent copies of X. Then, recalling (2.2), (2.4) and that ||f|l2 =1 for f € Dy n
we see that

EX, /)P = IFZ2(5, € lesll £, Coll F1I3] = [cy, Cy)

and

m

1
o DX, f)IP = Gyl Af13-

j=1

Further, let x,c; > 0 denote the constants in Theorem 1.1 and observe that D, 5y C \/EBéY . Therefore,
setting n = e — 1+ (C;i and applying Theorem 1.1 with § = ¢y min{Cy,1} -5, T = /sBY N S¥~! and
noticing that with these parameters we have § < k, shows that the following event occurs with probability

exceeding 1 — 2 exp(—cmin{C?, 1}n2m/(sKi)):

mm{CwJ}ﬂ_'_mm{Cw:l}ﬂ sup [E\(f,X>|2

1
sup |[|Af]3 - E|(f, )] <
IAfIl3 Cy |(f, X)) Cy 2 Cy 2 fep.n

f€Ds N

1
< min{C,/,,l}(l + C_)g <n,
Y

provided that (2.5) is satisfied for a suitable constant ¢y > 0. In the above event, we find that for all
f € Ds n the inequality

@
o n<lAfIE <14, (26)
¥

holds. Recalling the definition of 1, the inequality (2.6) reads

(-a<lafls (1+e-14 ) v,
P

which implies RIP(e, s) for € € (1 — g—i, 1) and concludes the proof. O

Remark 2.5. An inspection of the proof of Theorem 2.3 reveals that a sufficient assumption on (1;) ;e[ is
that the relation (2.2) holds only for every f € 3, n. This relaxed assumption will be used for the analysis
in Section 2.2 and for the application to the CORSING method in Section 3.

As pointed out above, the fact that the matrix A defined in (2.4) only satisfies RIP(e, s) for e € (1— g; 1)
might cause difficulties for recovering the coefficients of the function F, since, e.g., [29, Theorem 6.12] requires
that A satisfies RIP (g, 2s) for ¢ < 1/4/2 in order to recover all s-sparse signals via (BP.). Thus, if the ratio
¢y /Oy satisfies ¢y /Cy < (V/2 — 1)/+/2, then the assumption on the restricted isometry constant cannot be
satisfied. We note that it is possible to relax the assumption on e and require that A satisfies RIP(e, ts)
with € < \/(t — 1)/t with t > 4/3 (see [17, Theorem 2.1]). Following this approach requires that ¢t > Cy /cy
and therefore requires the number of measurements m at rate Cy/cy.

Below we provide an alternative analysis of the problem of recovering the coefficients of F' based on the
£2-robust null space property. This will circumvent the limitations due to the restricted isometry property

analysis and leads to a better measurement complexity.
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Theorem 2.6. There exist absolute constants cg,c1 > 0 such that the following holds. Let s,m, N € N and
A€ C™N be defined as in (2.4). Let |le|l2 < ¢, f € CN and set y = Af + e € C™. Assume that

2
m > co (“m{cicip}) K2 s log?(sK2 max{1,Cy}/cy) log(eN) . (2.7)

Then, with probability at least 1 — 2 exp(—ci(cy/ max{l, C’w})zm/(sKi)) any minimizer f# of the program
(BP.) satisfies

9
S min |f 2l 142 VA,

2 zEX,

1=l

IN

7/1
— — 14
2\/5 zenéln ||f Z||1+ C

Remark 2.7. If f € ¥, n, then min.cx,  ||f — 2|1 = 0 and we conclude that for universal constants ¢, ¢’ > 0

If = f#]l < e(Cy/ey)v/sC and || f — f#]l2 < ¢ (Cy/ey)C.

If = £#12

IN

As mentioned above, the proof of Theorem 2.6 relies on the notion of the £2-robust null space property
and its relation to sparse recovery via ¢'-minimization.

Definition 2.8. A matrix A € C™*" satisfies the £2-robust null space property of order s with constants
€(0,1) and 7 > 0 if

= ose lx + 71l Ao,

[vslla <
s

holds for every v € CY and every set S C [N] with |S| < s.

The relation between stable recovery of f € C¥ and the £2-robust null space property is stated by the
following theorem (see, e.g., [29, Theorem 4.22]).

Theorem 2.9. Let A € C™*N satisfy the £?-robust null space property of order s with constants o € (0,1)
and 7 > 0. Let |le|]la < ¢, f € CN and set y = Af + e. Then any minimizer f# of the program (BP;)
satisfies

||f_f#||1§00 min Hf_Z”l"‘Cm/g(,
z€Xs N
_#), < S0 . B
If = 1%l < 75 min 1 = 2l + e

(14a)?

: (3+a) _
—Q

l—o

with ¢y = and ¢1 =

Proof of Theorem 2.6. By Theorem 2.9 it suffices to show that A as defined in (2.4) satisfies the £2-robust
null space property of order s with o = = and C;’” Define the cone

Tos 1= {f e CN VS C[N] with |S| < s || fs]l2 > \f I fsellx } (2.8)
It is known (see e.g. [26,32]) that if

1
inf A —
TN Y
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with S¥=1:={f € CN : | f|lz = 1}, then A satisfies the £2-robust null space property with constants 7 and
a. Moreover, by [26, Lemma 3],

Tas € (2+a ) conv(Ds y) € (2+a 1)V/sBY .
Hence, it is enough to show that

. co
inf A s v
24 FBY NSV -1 |Afll2 > e

This lower bound is found by applying Theorem 1.1 with a minor modification, which corresponds to working
with s’ = 165 and multiplying the right-hand side of (1.2) by 16. Since E||Af||2 > °—fp||f||§,

inf Az||2 > inf E|Az||2 — sup Af||2 — E|Af|>
R N L R . N [
C
> s ||ASIE-ElASI|-

Cy fevs'BNNSN-1

By Theorem 1.1 applied for vs'BN N SN=1 C /¢/BY and § = c¢y/(64 - ¢o max{1,Cy}), where
co > 0 is the constant from Theorem 1.1, the supremum is bounded with probability at least 1 —
2 exp(—c1(cy/ max{1, C¢})2m/(sKi)) by

s [IAf13 -~ EllAfI3|
fevs'BNNSN-1

16 - cg ¢y )
— 1 + su E ,X 2.9
64-coCy max{l,C¢}< fevRRnsN -1 (£, 01 (2.9)

Cy
<— - (1+C,
- 4C¢ max{l,C'w}( + ¢)

provided that (recall that s’ = 16s) for a constant ¢ > 0 depending on ¢

1 2
m>c- (M) K7, s log(sKy max{1,Cy}/cy)? log(eN) .
Cyp

We distinguish two cases on the event (2.9). For Cy, < 1, we find

Cy Cy Cy
— (14 Cy) < ——(14+Cy) < — . 2.10
4C¢ max{l,C’w}( + 1/1) - 4C¢,( + w) - 2C¢ ( )
On the other hand, for Cy > 1,
Cy Cy Cy
—(1 < 2 (1 < —. 2.11
10y max{1,Cy) L T = qaz (I Ov) < 50 (211)

Combining the estimates (2.9), (2.10) and (2.11) concludes the proof. O
2.2. Coherence-based sampling

We conclude this section with an application of Theorem 1.1 that will be essential for our analysis of the
CORSING method in Section 3. We consider vectors {by,...,by} € C¥ with M > N, such that the matrix
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B=(bi| by| ---| bu)" eCM*N (2.12)
satisfies
esllfI3 < IBFI3 < Cllfll3,  forall fe X, (2.13)

and suitable constants 0 < ¢g < Cpg. The constants cg and Cp are also known as the minimum and
the maximum s-sparse eigenvalues of B*B (see [46]). Our goal is to construct a matrix that satisfies the
restricted isometry property by sampling a small number of rows of B. Following [35], the idea is to sample
according to the local coherence. We say that v € RM is a local coherence for B if

m?ﬁ] |Bjn|? <v; for all j € [M]. (2.14)
ne

Il v
PlX = b ) = . 2.15
( \ ) =T (2:15)

Let X1,...,X,, denote independent copies of X and consider

Define a random vector X € CV by

1

m(xl\ X)) (2.16)

A=

Then for any f € CV,

Bl A=Y 0 e = s LS jon pr = osllag3
j=1 i=1

Wl v

Moreover, for each i € [N] and e; a standard basis vector of C™ we have

1
(X, e)| < Vvl max — max |Bjn| < V/[|v]1 . (2.17)

JE[M] \/Z neg[N)

Now, applying Theorem 1.1 and arguing similarly to Theorem 2.3, we obtain the following RIP result for
the matrix A.

Theorem 2.10. There exist universal constants cy,c; > 0, such that the following holds. Let B € CM>*N pe
such that (2.13) holds. Let s,m € N and e € (1 — &&,1). Letv € RM be such that (2.14) holds and assume

m > co max{C5?, 1} 02 sl|v1 log(sl|v ]l max{C5%, 1}~?) log(eN)

with n =& —1+ ¢&. Then, with probability at least 1 — 2exp(—c1 min{C%, 1}n’m/(||v|1s)) the matriz A
defined in (2.16) satisfies RIP(e, s).

2.8. Extension to weighted (*-minimization
The previous sections studied the impact of Theorem 1.1 on sparse recovery via ¢'-minimization. The

weighted ¢'-minimization program (see (BP, ) below) was suggested in [44] as a means of incorporating
additional information on the smoothness of the function F': S — C, when trying to solve the interpolation
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problem discussed in Section 2.1. Recall that we aim at finding the coefficients of a function F': S — C with
respect to a bounded Riesz system (1;) jen from a finite number noisy observations F'(wq)+e1, ..., F(wy)+
em. Our strategy is based on the assumption that the sequence of coefficients of (f;);e[n, which represent the
function F = 3" JE[N] fjt; with respect to () jen, is s-sparse. In real world scenarios smoothness of I often
plays a crucial role. In this section we discuss the problem of amalgamating smoothness assumptions with
sparsity assumptions on F'. Weighted sparsity and weighted ¢;-minimization is also crucial for compressive
sensing approaches to function recovery in high-dimensions and, in particular, for solving parametric PDEs
[42,22,8] appearing for instance in the context of uncertainty quantification. We refer the reader to [44,42,
22,3] and the references therein for an introduction to the subject and examples. In this section our path to
recovery guarantees for weighted ¢!-minimization passes through a suitable weighted notion of the restricted
isometry property as used in [44].

2.3.1. Weighted fP-spaces and the weighted RIP

In order to quantify smoothness information on the function that we are trying to interpolate, we follow
the reference [44] and use the following weighted versions of (P-spaces for 0 < p < 2. Let w = (w;);e[n)
denote a sequence of weights with w; > 1 and for 0 < p < 2 set

o=

= {r e fllup = (X w} I5P)

JE[N]

} . (2.18)

Later the weight sequence (w;) ;e[ is chosen in a way, such that w; > [|1;| e (s). The work [44] recognized
that there is a notion of sparsity which is consistent with the weighted version of ¢P-spaces in (2.18). For
each f € CN we define a suitable version of the °-norm given by setting

o= > w?, (2.19)

J€{j:f;7#0}

and calling a signal f € C s-sparse respect to the sequence w, if || f||w.0 < s.
The notion of sparsity with respect to a weight sequence w € [1,00)" gives rise to the following version
of the restricted isometry property.

Definition 2.11 (Weighted restricted isometry property). Let

Dsn(w):={f €CY ¢ |flwo <s, [fl2=1}. (2.20)

The weighted restricted isometry constant e ,, of a matrix A € C™*¥ is defined by

cowi=  sup IS5~ 1], (2.21)
fGDS-,N(w)

If a matrix A € C™*N satisfies &5, < € for some & > 0, then we say that A satisfies w-RIP(e, s).

A crucial observation is that the Cauchy-Schwarz inequality implies that every f € D, n(w) satisfies
N N\ 1/2
1l < (Do w?) Il < V5.
j=1

Hence, we find the familiar inclusion

Dy n(w) CV/sBj N SN (2.22)
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2.3.2. Recovery by weighted ¢'-minimization

In Section 2.1 we leveraged a connection between the restricted isometry property and recovery guarantees
of ¢'-minimization in order to use Theorem 1.1. A similar connection was observed for the weighted £-
minimization program,

m@i;r}v |2 |lw.1 subject to lv/CymAz —yll2 < ¢ (BPy.¢)
z€E
Let us state the following simplified version of this connection from [44].

Theorem 2.12 ([//, Theorem 4.5 & Corollary 4.3]). Let A € C™*N such that A satisfies w-RIP(e,s) for
e < 1/3 and for s > 2||w||%,. Let f € Dy n(w) and set y = Af + e with |le|]|2 < (. Further, let f# denote
the minimizer of (BP . ), then there exist constants cy,c1 > 0 depending only on e > 0, such that

Hf - f#HwJ S CO\/§<7
If = 2 < i€

Using this result we can employ the same strategy as in Section 2.1 in order to show recovery guarantees
for the weighted ¢'-minimization program, provided that we have a suitable version of Theorem 1.1.

2.8.3. Weighted restricted isometry property for Riesz frames
Recalling the inclusion (2.22), we will use the following result in order to obtain recovery guarantees for
the program (BP,, ¢).

Theorem 2.13. There exist absolute constants k,cg,c1 > 0 such that the following holds. Let Xq,..., X,
be independent copies of a random vector X € CN such that for all j = 1,...,N we have |{X,e;)| < K;
for some K; > 0 where eq,...,en is the standard basis of CN. Let wj > Kj forallj=1,...,N and let
T C{feCV :||fllwa <3}, 0 €(0,k). Assume further that

m > cod 2slog(eN)log?(s/d) . (2.23)

Then, with probability exceeding 1 — 2 exp(—§%m/s),
1 m
sup | — XOP=ENSX)P <e(6+0supE|(f, X)|?) . 2.24
fg;\m;“f )~ BN XP| < e2(6 -+ Ssup BIGS X)) (2:24)

This enables us to show the following result on the w-RIP (g, s) for truncated Riesz sequences (and in
particular for bounded orthonormal systems).

Theorem 2.14. There are absolute constants co,c1 > 0, such that the following holds. Let H = L?(S, u) and
let (;)jeiny be a truncated Riesz system. Let € € (1 — %, 1), wj > ||¢j|lLe(s) and assume that

m > co max{C? 1}n"?slog(s max{C,?, 1}n"2)?log(eN) , (2.25)

where n = (¢ — 1+ Cy) > 0. Then, with probability at least 1 — 2 exp(—cy min{Cy, 1}n?m/s) the matriz A
defined in (2.4) satisfies w-RIP(g, s).

Theorem 2.14 follows from Theorem 2.13 by chasing through to argument of Theorem 2.3, and replacing
the application of Theorem 1.1 to Dy ny C \/EBéY by applying Theorem 2.13 to the weighted version
DS7N(U)) g \/EBQ{U



242 S. Brugiapaglia et al. / Appl. Comput. Harmon. Anal. 53 (2021) 231-269

We will outline how to deduce Theorem 2.13 after we have established the proof of Theorem 1.1. The
difference of the proofs of Theorem 1.1 and of Theorem 2.13 is limited to technical details.

3. Application to numerical approximation of PDEs

As an application of the theory presented in Section 2, we consider the CORSING (COmpRessed SolvING)
method for the numerical approximation of solutions of PDEs based on compressive sensing [12,15,16]. The
CORSING method is a general paradigm to compute a sparse approximation to the solution of a PDE that
admits a weak formulation. It assembles a reduced Petrov-Galerkin discretization via compressive sensing.
As discussed in [16], the advantages of this method compared to other nonlinear approximation methods for
PDEs, such as adaptive finite elements or adaptive wavelets methods (see, e.g., [49] and references therein),
are that (i) no a posteriori error indicators are needed and (ii) the assembly of the discretization matrix and
the sparse recovery, here performed via Orthogonal Matching Pursuit (OMP), can be easily parallelized.

Here, we will focus on the restricted isometry analysis and sparse recovery guarantees for CORSING.
For numerical experiments for multi-dimensional advection-diffusion-reaction equations and for the Stokes
problem, we refer the reader to [15,12,16,14]. We also note in passing that the CORSING paradigm can
be adapted to the framework of collocation techniques for PDEs (see [13]). For an overview of numerical
methods for PDEs based on compressive sensing, we refer the reader to [13, Section 1.2].

Concerning the sparse recovery method, we resort to OMP as opposed to ¢!-minimization for two main
reasons, mainly related to computational efficiency considerations: (i) given a target sparsity level, using
OMP we can easily control the number of iterations and, consequently, the computational cost of the recovery
phase; (ii) OMP is easily parallelizable. For a numerical comparison between OMP and ¢!-minimization in
this context, we refer to [15, Section 5]. Finally, we note that the restricted isometry analysis of CORSING
presented here can be applied when different sparse recovery procedures are considered.

The section is structured as follows. After describing the setting of weak problems in Hilbert spaces
in Section 3.1, we recall the main elements of the CORSING method in Section 3.2. Then, we present an
RIP analysis for the CORSING discretization matrix in Section 3.3 and discuss recovery guarantees for the
method when the solution is approximated via OMP in Section 3.4.

3.1. Weak problems in Hilbert spaces

Let U and V be separable Hilbert spaces equipped with inner products (-, )y and (+,-)y, and norms
I lo =,/ and || - ||y = (-,)i/*. We consider a weak problem of the form

findueU: a(u,v)=F(@), YveV, (3.1)

where a : U X V' — R is a bilinear form and F € V*, the dual space of V. An important example of (3.1) is
the weak formulation of the advection-diffusion-reaction equation with homogeneous boundary conditions,
where U = V = H}(D), D C R? is the physical domain, and the bilinear form is

a(u,v) = /,uVu Vv + (8- Vu) + puvdz, Yu,v € HY(D), (3.2)
D

where 1 : D - R, f: D — R% and p: D — R are the diffusion, advection, and reaction coefficients. The
operator F is defined by

Flu) := /uFdJ;, Yu € Hy (D),
D



S. Brugiapaglia et al. / Appl. Comput. Harmon. Anal. 53 (2021) 231-269 243

where F': D — R is the forcing term (see, e.g., [40] for more details). The analysis in this section will focus
on abstract weak problems of the form (3.1), but it can be specified to particular PDEs, such as (3.2) (see
[16]).

In order to guarantee the existence and uniqueness of the solution to (3.1), we assume that the bilinear
form a(-,-) satisfies the hypotheses of the classical Babuska-Necdas theory (see, e.g., [40, Theorem 5.1.2]),
namely

a(u,v)

Ja>0: inf sup ————— > q, (3.3)
uelU\ {0} e\ foy lullullvllv

38 >0: sup sup M <5, (3.4)
wet\{o} vevr{oy l[ullu[vllv

sup a(u,v) >0, YveV\{0}. (3.5)

uclU

Consider two Riesz bases (¢;) jen and (&;)qen for U and V, respectively, i.e., satisfying relation (2.2).
We denote the lower and the upper Riesz constants of (y;),en as ¢, and Cy, respectively. Analogously,
we denote the Riesz constants of the system ({;),en as ¢¢ and Ce¢. Finally, define the reconstruction and
decomposition operators ® : (2(N) — U and ®* : U — ¢*(N), respectively, by

Ox = Z zjp;, Vo € (2(N), (®*u); = (u,97)u, Vj €N,
JjEN

*

where (¢} )jen is the biorthogonal basis of (¢;)jen (see [23]). The operators = and Z* are defined analo-

gously. By the Riesz property,
collally < |@allf < Cylll3,  cellallf < [|1Ex]3 < Cellz3 - (3.6)

We discretize problem (3.1) via a Petrov-Galerkin approach. Let N, M € N and consider the finite dimen-
sional truncated spaces

UN :=span(p;)jeny, VM = span(&y) e (3.7)

called the trial and the test space, respectively. Accordingly we call (¢;)rern] and (§;);eny trial and test
basis functions, respectively. We associate with these spaces a finite dimensional formulation of (3.1), namely

findu e UY :  a(u,v) = F(v), Yve VM, (3.8)
By the bilinearity of a(-,-) and the linearity of F, (3.8) can be discretized as a linear system
Bz =c¢, (3.9)
where B € CM*N and ¢ € CM are defined by
By = alenés)s co=F(&), Vi€[N), Vge (M) (3.10)

The linear system (3.9) is usually referred to as a Petrov-Galerkin discretization of (3.1), or, in particular, as
a Galerkin discretization when N = M and UY = VM. This general class of discretizations contains many
popular numerical approximation methods for PDEs, whose most prominent example is the finite element
method (see, e.g., [40]).
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Remark 3.1 (On the Riesz basis assumption). When the physical domain D has dimension d = 1, it is easy
to construct orthonormal bases for the trial and the test functions. For example, in the case of homogeneous
boundary conditions, i.e., U =V = H}(D) with D = (0, 1), we can consider hierarchical hat functions (see,
e.g., [25]) as trial basis functions and Fourier-like functions (e.g., sine functions) as test basis functions.
This setting, considered in [15,16], leads to two orthonormal bases of H (D). When D = (0,1)¢ with d > 1,
generalizing the Fourier-like basis while preserving orthogonality is easily done via tensorization. However,
tensorizing the hierarchical basis of hat functions does not preserve orthogonality. In order to obtain a stable
discretization, one can instead resort to biorthogonal spline wavelets to obtain a Riesz basis (see [14] for
more details).

3.2. The CORSING method

In order to take advantage of the compressive sensing paradigm, we consider a Petrov-Galerkin dis-
cretization of (3.1), where the bilinear form is evaluated at trial and test basis functions that satisfy suitable
incoherence properties. Solving the discritized linear system in (3.9) can be expensive from a computational
perspective. The idea of CORSING is to solve the discretized system (3.9) via compressive sensing, with
the aim of computing an s-sparse approximation to the solution to (3.1), with s < N, i.e., the computed
solution belongs to the space

Uf:{ijwwmo<§.
JE[N]

The quality of the approximation space U depends on the sparsity or compressibility of the solution with
respect to the trial basis. When the trial basis is a Fourier-like basis, sparsity or compressibility is observed
when the most important frequencies of the solution are clustered over different regions of the spectrum
due to multiscale phenomena (see, e.g., [37]). On the other hand, using a hierarchical (or wavelet) basis as
a trial basis leads to sparsity or compressibility of solutions with localized features or boundary layers (see
[12,16]).

In order to reduce the dimensionality of the discretization (3.9), we pick m < M test indices 71 ..., 7, €
[M] i.i.d. at random according to a discrete probability measure p € R on the index set [M], i.e.,

P(ri = q) = pq; for i € [m], ¢ € [M]. (3.11)
Then, the resulting CORSING discretization of (3.8) is given by the underdetermined linear system
Az =y, (3.12)
where A € C™*N and y € C™ are defined by
Aij = algs &), vi= F(&). Vi€ m], ¥ e [N, (3.13)

Taking advantage of the compressive sensing paradigm, in the recovery phase we seek an s-sparse solution
to (3.12), by considering an approximate solution & € C" to the optimization program

Z %argzénzin]v ID(Az — y)||2, (3.14)

where D € R™*™ is a diagonal preconditioning matrix with diagonal elements

D;; = ) for i € [m]. (3.15)
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The CORSING solution is then defined by

i=0k= >  &jp;. (3.16)

A detailed discussion of the case where Z is computed via OMP will be carried out in Section 3.4.
3.3. Restricted isometry property

A first theoretical analysis of the CORSING method was proposed in [16]. The main tool employed is
the local a-coherence, a generalization of the local coherence [4,35] to bilinear forms in Hilbert spaces that
implements a preconditioning as suggested in [43].

Definition 3.2 (local a-coherence). Given N € N U {oo}, the sequence " := (u))qen defined by

py = sup la(p;,&)I?, g €N, (3.17)
JE[N]

is called the local a-coherence of (¢;) v With respect to (§4)qeN-

In the following, we will assume that u € ¢1(N), for every N € N. The next proposition gives a sufficient
condition on p¥ and M in order for UN and VM to satisfy the inf-sup condition. The result immediately
follows from [16, Lemma 3.6] and [16, Remark 3.11].

Proposition 3.3. Let s, N,M € N, with s < N, and v € (0,1) be such that

2
,uév < Qe (3.18)
q>M §
Then,
. a(u, v) 1
inf sup ———— > (1—7)2a. (3.19)

welN yeyu |ullullollvy

In the following we will assume to have access to a computable (but not necessarily sharp) upper bound

VN = (1)) gen to the local a-coherence, i.e., p) < vl for all ¢ € N and define

yNM (l/év)qe[M] cRM . (3.20)

Throughout this section, we choose the probability density p in (3.11) over the test indices as

N M

The analysis carried out in [16] provides sufficient conditions on M and m that guarantee an optimal
error estimate in expectation for CORSING. Yet, the recovery analysis in [16] has two main limitations: (i)
m depends quadratically on s (up to logarithmic factors), whereas from the compressive sensing theory
one expects this dependence to be linear (up to logarithmic factors); (ii) the vector & is assumed to solve
(3.14) exactly, whereas in practice OMP (or another approach for sparse recovery) has to be employed to
approximate the solution to (3.14).
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These two issues are fixed in the following. In particular, thanks to the analysis based on the restricted
isometry property, we show that a linear dependence of m on s (up to logarithmic factors) is sufficient
and prove a recovery error estimate for the case that the CORSING solution Z is approximated via OMP
(Section 3.4).

We start by defining a condition number of the weak infinite-dimensional problem (3.1) by

K= %5/822, (3.22)
CpCetr
where o and § are the inf-sup and continuity constants of a(-,-) defined in (3.3) and (3.4), respectively. Of
course, in general we have k > 1.
We also introduce the preconditioned and rescaled versions of A and y defined in (3.13) by

A=—1 _pa g pr, (3.23)

N N X o

where D is defined as in (3.15). This normalization ensures that E||At||3 < ||t||3 for every ¢t € ¥, y. In this
setting, the following RIP result holds.

Theorem 3.4 (RIP for the CORSING matriz). There exist universal constants co,c1 > 0 such that the
following holds. Let s, N € N with s < N, v € (0,1) and choose M = M (s, N, ™) such that

2
Q~YC,C,
q>M §

Further, let k be defined as in (3.22) and let vN"M be defined as in (3.20). Then, for every

|
K

1—
€€ (1 - —7, 1), and accordingly n=¢—1+ (3.24)
K

with probability at least

2mmin{l, C2C23*
1—2exp —cln {NM% gﬁ )
A

the rescaled CORSING matriz A defined in (3.23) satisfies the RIP (e, s) provided that

N,M |2
slog(eN)log? sl . (3.25)
min{1, 0305264} n?

M

= “min{1, CZC254) 2

Proof. This theorem is a consequence of Theorem 2.10. In order to apply this result, we need to find
constants cg and Cp such that (2.13) holds.
Let us start by estimating cp. Thanks to Proposition 3.3 and to the Riesz property (3.6) of (¢;);jen and

(€4)qen, we have

2
inf |33 >c inf | 53 =c ( inf sup ZTi)
eeson\{0} 2[5 T Peeson\(oy 1Bzf|F Y\ eex v \{0) seran foy 1R2]U |22
> ( inf S ¢ Bz )2
> ¢ in up
P\ s\ 0} zermi\ (o) 020 [E2]5
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2
= cg,c&( inf sup M) > (1 —7)epcea’.

weUN\{0} ey g0y llullu|lvlly

Let us now estimate Cg. Using the continuity (3.4) of a(-,-) and the Riesz property, we see that

|Bal?
W o TR B 2 3 e 3 alontolen )

z€¥, v \{0} 162; N\{O} || ||2 JE[N] kE[N q€[M]

< sup CLPQ Z a(u, fq)Q'

weUN\{0} ||U||U ae[M]

Notice that for every u € U,

3 au.&)? = lla(u. ) o (Elran) |3 < Jalu, )2

q€[M]

Elrnm gy < lullfBCe, (3.26)

where = is the reconstruction operator associated with the test basis ({;)4en and where we have used that
121, < C¢ and that [|a(u,-)|v+ < |lul|yB. Combining the above inequalities yields

B
sup I $||2
z€Xs n\{0} HxHQ

< ﬁQCS(,Cg.

The proof is concluded by applying Theorem 2.10 with c¢g = (1 — v)cycea? and Cp = C,Cef%. O

Remark 3.5 (Limitations on ¢). Relation (3.24) implies a lower bound for the RIP constant. In particular,
by letting v — 0T in (3.24), we obtain the necessary condition

1
e>1——. (3.27)
K
This will imply restrictions on x to guarantee the recovery via OMP, studied in the next section. Note that
this restriction on the RIP constant is analogous to the one discussed in Section 2.1.

3.4. Recovery via orthogonal matching pursuit

We study the performance of the CORSING recovery scheme when the approximate solution Z to (3.14) is
computed via OMP. We choose the OMP algorithm thanks to its parallelizability and its ability to control
the number of iterations, and hence the resulting computational cost, when an estimate of the target sparsity
is known. In order to prove a precise recovery estimate, we define the output of OMP (Algorithm 3.6) taking
into account the ¢?-normalization of the columns (lines 1 and 8 in Algorithm 3.6).

Algorithm 3.6. (Orthogonal Matching Pursuit)
Inputs: A= (ay|---lay) € C™N beC™ seN
Output: £ € X5 N
Procedure: & = OMP(A, y, s)
1: B+ AR, with Rj, = 0;i/|a;l|2, for j,k € [N];
2. S+ 0; 2« 0
3: fori=1,...,sdo
4 k4 arg max |(B*(y — B1));l;

5 S SU{k):
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6: & < argmin,ccn ||Bz — y||2 s.t. supp(z) C S;
7: end for
s 7 « Ri;

The main tool employed here is [29, Theorem 6.25], a recovery theorem for OMP based on the RIP. This
theorem is the generalization of a result first published in [52]; see also [24]. We give its version in a discrete
setting and at the same time add a slight generalization regarding the ¢?-normalization of the columns.

Theorem 3.7. There erist constants K € N, C > 0, and * € (0,1) such that for every s € N, the
following holds. If A € C™*N satisfies the RIP(e, (K + 1)s), with ¢ < £* then, for any y € C™, the output
& = 0MP(A,y, Ks) of Algorithm 3.6 is such that

[AZ —yllo <C inf [[Az —y2.
z2€Xs N
Possible values for the constants are K =12, C' = 49. Moreover,

*_

1/6  if the columns of A are £%2-normalized,
1/13  otherwise.

Proof. If A has ¢?>-normalized columns, then the theorem is a direct consequence of [29, Theorem 6.25]
(with a minor modification of the proof in order to have C'inf.cyx,  [|Az — yl|2 instead of C||Azxge —yl|2 in
the right-hand side of the recovery error bound). The values of the constants K = 12, C = 49 and £* = 1/6
are deduced by a direct inspection of the proof (see, in particular, [29, Proposition 6.24]).

Let us now assume that there exists some j € [N], with |la;||2 # 1. First, observe that if A satisfies the
RIP(e, (K +1)s) then 1 —e < ||a;]|3 < 1 +¢, for every j € [N]. Then, considering the normalization matrix
R defined in step 1 of Algorithm 3.6, a direct computation shows that, for every (K + 1)s-sparse vector z,
it holds

1+e¢ 2e
JARSB < 1+ IRelE < o108 = (14 125 el

and, similarly ||ARz||2 > (1—2¢/(1+¢))| z||3. Hence, the matrix AR satisfies the RIP(2¢/(1 —¢), (K +1)s).
Now, defining 2 := OMP(AR, y, Ks), we have # = R2. Applying [29, Theorem 6.25] to AR, we finally obtain

A% —ylla = [[ARZ =yl <C inf [[ARz -yl =C inf [Az—yll,
ZEZS,N ZGZS,N

provided that the RIP constant of AR is less than or equal to 1/6. This is equivalent to require 2¢/(1—¢) <
1/6, which is equivalent to e < 1/13 =:¢*. O

Remark 3.8. An inspection of the argument employed in [29, Theorem 6.25] reveals that the constants K, C,
and €* of Theorem 3.7 are intertwined. For example, one could relax the condition on ¢* and consequently
increase the values of C' and K.

Using the notation of Algorithm 3.6, we consider the CORSING solution defined by
i := ®(0MP(DA, Dy, k)) , (3.28)

where D is as defined in (3.15). Theorem 3.9 shows that, in order to achieve a CORSING error ||4 — u||u
comparable to the best approximation error of u in U in expectation, it is sufficient to choose k = O(s)
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iterations of OMP in (3.28). Notice that it is possible to show a version of this theorem in probability,
analogously to [16].

Theorem 3.9 (Recovery guarantee for CORSING). There exist constants K € N, C > 0, and * € (0,1) such
that the following holds. Let ||u|ly < L for some L > 0 and assume that the constant x defined in (3.22)
satisfies

1
< . 3.29
" 1 —e* ( )
Let s, N,M € N, with s < N, and
€(0,1-—(1—-¢€")r), ce€ I—T,e , (3.30)
be such that the following truncation condition holds:
a?ye,c
2 = Kfl)g
q>M
Then, provided that m satisfies (3.25), where n = ¢ — 14 =2, the CORSING solution @ computed via OMP
as in (3.28) satisfies
. 1+C :
BUTs ] < (14 5 ) mf = wilo + 22 331)

where Trv = min{1, L/|v||y}v and where { = 2exp(— min{LC$C§ﬁ4}n2m/(5125||VN’MH%)) bounds the
failure probability of the RIP. Possible values for the constants are K = 12, C = 49 and ¢* = 1/13.

Proof. The argument is analogous to that of [16, Theorem 3.13], where the role of the restricted inf-sup
property is replaced by the RIP. Consider the constants K, C, and £* as in Theorem 3.7 and define the
event

QRrrip 1= {[l satisfies RIP (e, K + 1)s)}.
We split the expectation accordingly as
Ell[T (@) = ullv] = E[Lage T (@) — ullv] + E[log, [ TL(@) — ullv] -

The second term is bounded by 2L(, since the adopted choice of M and m guarantees P (QGp) < ¢, thanks
to Theorem 3.4, and due to the truncation via 7y,.

Now, consider a generic w € UYN. Observing that 77, is 1-Lipschitz with respect to || - || and using the
triangle inequality, we find

E[loge |T2(@) — ullu] = E[loge | T2(2) = To(u)|v] < E[lope |2 — ullv]
SE[]‘QRIP”ﬁinU} +I[*:[]-Qmpnuiw”U]' (332)

Notice that the second expectation in (3.32) is trivially bounded by ||u — w]|y. In order to bound the other
expectation, we note that & = OMP(DA, Dy,n) = OMP(A, §,n) and that Theorem 3.7 holds on the event
Qgrip- Therefore, denoting z = ®*w, we have the chain of inequalities
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12— wlf < CollE — 213 < @ -2))3 <

1 _“pg(\lflf — gl + | Az = gl2)?

<

C = .
(1+ )14z - g,

Hence, we estimate

A [ N
E[]‘QRIP”U/—U}HU] < 1 ;p6<1+C>]E[1QR1P||AZ_?J”2]' (3.33)

Now, exploiting that the 7;’s are i.i.d., the Riesz property of ({;)qen (see the definition in (3.23)), and the
continuity (3.4) of a(-,-), we have

E[||Az - §[3] = B72C; ' C B[ D(Az — y)|3] = B72C,1Ct Y fa(w, &) — F(&))
q€[M]
=B72C 't Y alw —u,8)? <t w =l
q€[M]

Note that we have used inequality (3.26) in the last step. Now, applying Jensen’s inequality to the previous
relation we obtain E[||Az — §|2] < C';l/QHw — ul|y, which, combined with (3.33), yields

Cy < N 1+C
J Va—wloa® <52+ OB(IA ~ gl < Sl —wlo.

Qrip

Combining the above inequalities completes the proof. O

Remark 3.10. Plugging * = 1/13 into relation (3.29), we obtain

13

<15
D

(3.34)

which is a very restrictive condition. As already mentioned in Remark 3.8, the value of €* can be made larger,
in price of larger values of K and C. An interesting open question is whether £* can be made arbitrarily close
to 1, or if there is a maximal admissible value strictly lower than 1 (see also the discussion in Section 2.1).

We believe that the sufficient condition (3.34) is too conservative. Indeed, numerical experiments show
the success of the CORSING method in computing accurate sparse approximations via OMP in problems
where (3.34) is not met (e.g., advection-dominated problems), see [15,12,16]. Bridging this gap between
theory and practice and showing recovery guarantees for OMP without assuming (3.34) is left to future
work.

4. Proof of Theorem 1.1
In this section we prove Theorem 1.1. Recall that X € C¥ is a random vector with bounded components,

ie., foralli < N :[(X,e;)| < K, where ey,...,en denotes the standard basis of CV and that X1,...,X,,
are independent copies of X. We aim to bound

1% NEo 2
sup mZ;I(f,XzH E|(f, X)?|, (4.1)

for T C \/EBﬁ . Let us recall the following deviation inequality for the empirical process [11, Theorem 2.3].
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Theorem 4.1. Let F be a class of functions f : S — R on some set S and let X1, ..., X,, denote independent
S-valued random variables, which are independent copies of random variable X. Set

Z;:?gg‘;f(xi)—Ef(X) )

ai— = sup IEf(X)2 and Br =sup | fllre~ -
feF fer

Then, for any u > 0,

P (Zf >EZr + \/2u(03f 1 287EZ5) + éﬁfu) < 2exp(—u) . (4.2)

Theorem 4.1 is related to Talagrand’s concentration inequality for the empirical process. We employ
Theorem 4.1’s inequality by considering Fr = {|(f,-)|> : f € T} for the set T C /sB}. In this case, for
any u > 0, the event of (4.2) reads

sup —Z|f, ~EI(f, X \<1Esup\—2|f, 2~ Elf, 201

fel
Fr p ' bl 7 I 3 T

Now using the fact that X has bounded coordinates, we obtain that

E|(f, X)|* < sK? supE|(f. X)> and  sup ||(f, X) ||z~ < Ks
fer feT

Hence, if we set u = §?m/(K?%s) for § € (0,1), then Theorem 4.1 yields that with probability at least
1 —2exp(—6°m/(K?s)),

1 m
sup | SIS X0 ~ BIS X)P| < Esup \— Rl EI(f, X))
€ P
' 1 v (4.3)
+ (262 SupE|<f7Xl>|2 + 46° sup ‘_ Z ‘<f7Xl>|2 - ]E|<f7X>|2D + =
fer ferm — 3
It remains to estimate the expectation of the process in (4.1). By symmetrization [36, Lemma 6.3],
E sup —Zlﬂ ~E|(f,X ||<2Esup]—2|f, e, (4.4)
€T

where (g;)ie[m) denotes a sequence of independent symmetric Bernoulli random variables, also independent
of (X;)ie[m)- The following theorem provides a bound for the right-hand-side of (4.4).

Theorem 4.2. Let T C /sBY and let § € (0,1). Then, the following holds:

E sup —ZI X

feT

§(280+200\/§)\/8K log? (5K2/6)log(eN)<E P_Z| X )1/2

m fer m

+ (69 + 49v/2) § Z I(f, X3)|2 + (643 + 468v/2) 6m

i=1
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Let us observe that this bound implies a bound for the right-hand side of (4.4) provided that ¢ € (0, 1)
is small enough.

Corollary 4.3. Let T C /sBJ and let § € (0, % (10 — 7V/2)). Assume that

m > 1600(99 + 70v/2) 625 K% log(s K2 /8)? log(eN) . (4.5)
Then, the following holds:
E sup | — Z [(f, Xi)|? — B|(f, X)|?| < 8(161 + 117v/2) § + 14(10 4 7v/2) § sup E| (£, X)|?
fET feT

Proof. Let T' C /sB} and § € (0,1/218). Choosing m > ¢~ 2sK?log(sK?/§)?log(eN) for an appropriate
absolute constant ¢ > 1600(99 + 701/2), it follows from (4.4) and Theorem 4.2, that

Eaup o 3107508 Bl X0 < 25 (Esmp 3100 24)“2
+ (69 + 49v/2) 6Z|f, + (643 + 468v/2) 6m

i=1

By the arithmetic-mean-geometric-mean inequality we have

o(sup | 1 x0)) " = VB (s sup 310 x0])

Combining this with the fact that
1 & 1 &
Esup|— > (£, Xo) 2| < Esup [ 37 [, Xol? ~ EI(f, X)12| + sup EI(f, X) P,
serim ; Z ser!m ; Z ser

we obtain the inequality

E -E )|
up| Z| £, X = EI(f, X0)
1 m
5 . - ; 2_ 2 (46)
< (70 + 49V2) E?‘é‘%’m;'“” E|(f, X)]

+ (70 + 49v2)d sup E| (f, X) |2 + (644 + 468V/2)0
feT

Assuming that § € (0, 55 (10 — 7v/2)), we conclude from (4.6), that

sup —Z| £ XD = E|(f, Xo)?| < 8(161 + 117v/2) 6 + 14(10 + 7v/2) § sup E|(f, X)|?

feT ferT

This implies the desired estimate. O
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With this estimate all pieces are in place to deduce Theorem 1.1.

Proof of Theorem 1.1. Combining Corollary 4.3 with the event (4.3), it follows that with probability at
least 1 — 2exp(—d2m/(K?2s)),

sup | — Z (f, Xo)l? = E[(f, X)[?

fer'm

< 8(161 + 117v/2)d + 14(10 + 7v2) sup E|(f, X)|?
feT

2

E)
+ \/§5<8upE|<f, X)) + 8(161 + 117/2)8 + 14(10 + 7\/§)asup1m<f,x>\2) +T
feT ferT 3

Using the arithmetic-mean-geometric-mean inequality, we find
1

V26( sup EI(f, X +8(161 + 117v/2)5 + 14(10 + Tv2)8 sup E| (£, X))

fer feT

5
<6+ 2supE|(f, X >|2+8(161+117\/_) +14(10+7\f)—supE\<f, X)[?
2 jer 2 fer

Hence, on the same event and using the fact that § < 1,

(1457 + 1053v/2)6 + - 5 (421 +294v/2)8 sup E|(f, X)|?
feT

CM»—

sup _Z|f7 _E|<f’X>|

fer

This implies the theorem, since (421 + 294v/2) < £(1457 + 1053v/2) < 492. O
We are left with establishing Theorem 4.2. The proof of this theorem will occupy the rest of this section.
In order to establish Theorem 4.2 we will start by introducing a general quantity, which can control the

Bernoulli process. This quantity is a mixture of an ¢! approximation term and a finite precision approxi-
mation of a 2 functional (the meaning of the term “finite precision” will be clarified in Section 4.2).

4.1. Generic chaining
Let (T, d) denote a (semi-)metric space. An increasing sequence (A, ),>o of subsets of T is called admis-

sible if, for all n > 0, |A,| < 2%". For a set A C T we set d(A, x) = infue 4 d(a,z). A central object of study
in generic chaining are the functionals

Yo(T', d) := 1nf sup Z 2ad(Ap,t), (4.7
teT 137

where the infimum is taken over all admissible sequences A = (A4,,),>0 of subsets of T.
4.2. Bounding the Bernoulli process

In this section we consider subsets U of the space R™ equipped with the Euclidean distance and study
bounds for the Bernoulli process given by

sup Z Ti€i (4.8)
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where, as before, (¢;);<m is a sequence of independent symmetric Bernoulli random variables. The set U
will later be replaced by the set of sequences {(|(f,X;)|*)i<m : f € T} for some T C /sBjy. With the
intention of keeping the necessary notation as simple as possible, we formulate the results of this section in
terms of subsets of R™.

Hoeffding’s inequality implies that increments of the process sup,cy | Y iv; 2:€;| are subgaussian
with respect to the Euclidean metric on R™. Combining this observation with the trivial bound
sup, ey | Doy 2i&i| < supyep [|z]l1 and a standard generic chaining argument yields the bound (see [47], in
particular the discussion at the beginning of chapter 5)

E e < .—  inf { , } 4.
;gnge W)=t { sup el (] 2) (49)

For our result, we are only interested in a finite precision approximation for the Bernoulli process
Sup,ey | Yoi, z4€i|. We therefore propose to substitute b(U) by a finite precision version, which is able
to control the left hand side of (4.9). The following result is implicitly stated in [47]. A proof is provided for
the convenience of the reader.

Lemma 4.4. Let U C R™. Let ng,{ > 0, let (Ap)n>n, denote any admissible sequence for U and let m, :
U — A, be generic maps for n > ng. Moreover, let m,(x) = 0 for every x € U, for n < ng. Then, there is
a constant c(ng) € (1,2) such that

no+~£
Esug ’ Z%Ez < sup |z — Tpngre(x)]|1 + c(no) Sup Z 2% |1 () — Tt ()2 - (4.10)
S n=ng

Proof. For n < ng we set m,(z) = 0. Fix £ > 0 and observe that

no+4 m

= ’Z&‘i( i 7Tno+€ Z Zaz 7Tn - 7'('"_1(1‘))1‘

n=ng i=1

m
‘ E Ti&q
i=1

no -‘r[ m

<Hx77rno+[ Hl+ Z ‘ZEZ 7Tn 77Tn 1(1’))

n=ng =1

For x e R™ let Z, = Z?il €;x; denote the associated random variable. Taking suprema on each side in the
inequality above yields

no+4~4
Sug ‘ Z&m < Sup | — ngre()|1 + sup Z | Zr (@) = Zrp 1 ()] - (4.11)
S n no

By Hoeffding’s inequality (see, e.g., [7]) we obtain the estimate

_ogn—1,2

P(1Zrue) = Zrwso)] > 28 ullma(@) = 71 (2)2) < 2¢ (412)

Since (An)n>n, is admissible there are at most |A,||An—1] < 22""" pairs of the form (mn(z), mp—1(z)) and
it follows by a union bound that the event ,,(u)

V(mp(z), mno1(x)) € Ay X Ap—1 2 | Zn(0) — Z

Tn— 1

| < 2% ullmy (@) — T (2)]2 (4.13)
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occurs with probability at least 1 — 2 - 22" 2" T Therefore, a union bound over n = ng,...,ng + ¢

yields, that the probability that the event Q(u) = |J"** Q, (1) does not occur is bounded by

n=ngo

7l0+e 2n+1 277.—1 2 2 2 n0+e 2n+1 2n+1 2 2
23 22 e <2 2N 2 e < 2k(ng)e /7, (4.14)

n=no n=ngo

where r(ng) = 3" (2/e)" and where we used that u22"~! > u2/2 + 422"~2 > 42/2 4+ 27+! holds for

n=ngo

n > 1 and u > 1. On the event Q(u), the inequality (4.11) reads

TLQ-'rZ
sup [ Zy| < sup & = mngo(@) |1 +usup Y 2% [|m (@) = mnoa(@)]2 -
zeU zeU

zeU e

This implies that the following tail bound is valid for sup, ¢y |Zz|, no > 1 and u > 1,

no-+4~4
P(sup |Zs| > sup ||z — Tpgte(x)||1 + usup Z 2% ||, (x) — wn,l(m)Hg) < 2k(ng) e w2 (4.15)
zeU zeU zeU n=no
Set di = sup, ey [T — Ty +e(@) |1 and dy = sup,er Sp2h 2%
bound (4.15) yields

() — Tn—1(x)||2. Then, integrating the tail

oo

o0
E {sup Zw|] = /IP’ (sup |Z:] > t) dt < di +dsy /]P’ (sup |Z:| > dy +ud2> du
zeT zeT zelU
0 0
<d; + (2/{(710) /67“2/2du+ 1| ds
1

<dy+(

4
gn(no) + 1)da,

where we used the change of variable t = d; 4+ uds. This, shows that the desired estimate is true for
c(ng) = 2k(ng) + 1 > 0. Now, observe that by the definition of x(ny),
2n0+1 00 no+1

w=(®) 50 -0 SHew

n=0

This finishes the proof. O
This lemma leads us to introduce the following definition.

Definition 4.5. Let U C R™ and let A denote the set of all admissible sequences (A, )n>n, in U. For each
admissible sequence let 7, : U — A,, denote a generic map. For ng, £ > 0 we define

no+~4
bt (T) = inf { sup [ = Ty se(@) 1 + e(no) sup Y- 2% || (@) = w1 (@) }
A xzeT re n=ng

In order to find a bound for b, ¢(U) and hence for sup ¢y [> i, ;84| given a fixed set U C R™ it suffices
to identify a suitable admissible sequence (Ap)n>n,-
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4.8. Estimating by, ¢(T)

Returning to our initial setting we are looking for estimates of

SuPZ|fz 517

feTz 1

for a set T C /sBjy. By Lemma 4.4 it suffices to bound by, ¢({(|(f, Xi)|?)i<m : f € T}). Such bounds can
be achieved by constructing a suitable admissible sequence (A,),>n, in the set {(|(f, X;)|?)i<m : f € T}
In this section we provide such an admissible sequence for by, ¢({(|(f, Xi)|*)i<m : f € T}) based on an
inital covering of the set {((f, Xi))iem] : f € T} with respect to the (semi-)norms ||z||; defined below. The
construction is based on the notion of a weak covering of a set 7' C CV, which is explained in the following
subsection.

4.3.1. Weak coverings
We start by defining the empirical seminorms

T = max [(X;,x

lllr>c = max [(Xs,z)],
where I C [m] and X = (Xy,...,X,,) denotes a realization of the random vectors in question. Let By x :=
{z € CN : ||z]|;x < 1} denote the unit balls with respect to the seminorm || - ||; x. In the following we will

be interested in covering a set 7' C CV by the following family of sets for a given width p > 0,
B(p,M):={pBrx :IC[m]|I|<M}. (4.16)

Definition 4.6. Let p, M > 0. We say that T' C C¥ is weakly covered by B(p, M), if for some r € N, there
exits x1,...,7, € CN and sets By, ..., B, € B(p, M), such that

LTJ (x; + B;) (4.17)

We call the smallest » € N such that (4.17) is satisfied the weak covering number of T and denote this
number by N*(T, p, k). Moreover, we refer to the set {x1,...,2,} as weak covering or net.

For sets T' C \/EBéY C CN, Maurey’s empirical method can be used to estimate the size of a weak
covering of T

Lemma 4.7 (Maurey’s empirical method). Let T C \/sB, 6 € (0,1), p > 0 and X1,..., X,, denote random
vectors with bounded coordinates. Then,

2 2
46m >< 2logy(sK?/0) logy (2V)s K> - (4.18)

log (T’ PSK? log, (sK?2/9§) p?
Proof. We observe that every x € T C \/sBJ is a convex combination of V' = {£/se; + \/sie; : j € [N]},
i.e. there is a sequence (Ay)ycy with A, > 0 and }° ., A, = 1, such that > ., \,v = x. For a fixed
zeT C \/EBéY the associated sequence A = (A,),cy defines a probability distribution on V. Let Z denote
a random vector in V' with distribution A and let Z; for [ = 1,..., L denote independent copies of Z. Set
L =|K?%sp~?logy(sK?logy(sK?/5)/d)| and consider the random set
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J= {2 e [m] : ‘(Xi,@— %Z(Xi,zﬁ‘ >p}.

I<L

For this set we will bound the probability of the event, that |J| > dm/(sK?log,(sK?/J)). Recall that for
l1=1,...,L we have Ez (X;, Z;) = (X;,z). By Hoeflding’s inequality it follows that for every i € [m)]

26
sK?2log,(sK2/6)’

By (1 € T) < 2exp(=Lp* (5] X)) <

where we used that [(X;, 7)) < v/s||Xilloo < /sK for every ¢ € [m] and | € [L]. Hence, we have
Ez,. ..z ]| < %. Using Chebyshev’s inequality it follows that

4ém Ez, . .z, |J|slogy(sK?/5) 1
P (J> )< 12 <=
s A slog(sK?/8)/ — 4m -2
Therefore, we can find a realization of Z1, ..., Zy, such that |J| < %. For this realization we have

-1 _ -1 _
i = g (57 S}
I<L I<L

Since = € T is arbitrary, by considering all possible realizations of L~! > <1 Z; we obtain a weak covering
of T. For the choice of L = |p~2sK?log,(sK?log,(sK?2/8)/8)] < 2|p~2sK?logy(sK?/§)| we have at most
[V|L = (2N)E < (2N)% " Ksloga(sK*/8) realizations of Zy,. .., Zy. This implies the desired result. O

Based on this estimate we derive the following result, which provides the promised admissible sequence.

Theorem 4.8. Let T C /sBY and let § € (0,1). For ng = [log, log,(2N) + log, log,(sK?/8)] and ¢ =
[log,(sK?/d)] there is an admissible sequence (Ap)n>n, for T, such that

e Forall f €T we have

IS, XY Piepm) — Tno+e(1(F, X)) seim 1

m 4.19
< (69 +49v2) 6 ) |(f, Xi)|* + (643 + 468+/2) 6m. . (4.19)
i=1
e Forall f €T we have
no+4—1
D 25 [ (mnir () Xa) Piepm) — (0 () X)) iepomll2
e (4.20)

m

< (200 4 140v/2) Vs K22 (Z I(f, XZ-)|2>1/2.

Theorem 4.8 directly implies a bound for by, ¢ ({(|(f, Xi)|?)iem) : f € T}) with T C \/sBjY and henceforth
it implies a bound for the expectation of (4.1). We remark that the size of ng is determined by the initial
estimate given in Lemma 4.7, while the parameter ¢ depends on the desired approximation accuracy § € (0, 1)
and the £>°-diameter of the set {((f, Xi))icim) : f € T'}.
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4.8.2. Construction of an admissible sequence and proof of Theorem /.8

The goal of this section is ultimately to bound by, ¢(T) for a subset T C \/sB}Y, thereby identifying
no,£ > 0. The plan is to achieve a bound for b,,¢(T") by means of constructing an admissible sequence
(Ap)n>n, (see (4.27) below). The main point here is to ensure that the admissible sequence (A;)n>n,
balances the bounds for the terms

no+4—1
sup ||z — o pe(2)[l1 and sup Y 28| musi(@) = ma()]e -
xzeT n=no

The approach of this section is based on ideas in [9 30]. The argument we propose is based on the observation
that we have to deal with sequences (|{f, X;)|?)ie m) for f € T and aims at organizing the admissible sequence
(Ap)n>n, around this fact. A vital observatlon is that for a fixed i € [m] we have

X PP = g, Xa) PP| < 2max{[(f, X,)|, [{g. X)H(f, Xa) — (9, X)) -

We leverage this by coupling the approximation of |{f, X;}|? in the £>°-norm to the size of the coefficients
of the sequence (|{f, Xi>|2)i€[m]. This gives us a quasi-£*°-control along the chain. This £°°-control allows
us to simultaneously bound the differences ||m,41(x) — 7m,(x)||2 and, if ¢ is sufficiently large, to bound
[ = Tngre(2)]l1-

Henceforth, we will use the following notation. For an element f € T C /sBj and a realization of
X1, X we write fx = ((f, Xi))iepm) and |fx|* = (|(f, Xi)|?)ic[m]- Further, for the rest of this section
we fix an approximation accuracy § € (O, 1). Let ko denote a pos1t1ve integer satisfying ko = [log,(1/62)].
Moreover, we let £ = [logy(sK?/d)] and ng = [log,log,(2N) + log, log,(sK?2/8)] as in the setting of
Theorem 4.8.

Let us start by observing that Lemma 4.7 shows that for T C /sB é\{ there is a sequence of weak coverings
for the parametrized families of sets B(p,, M) with

46m
= sK27V? f =0,....0+Fk d M= . 4.21
Pn \/g or n ) £+ Ko, an SK?2 10g2(8K2/(S) ( )

We denote the associated nets as A,y in, for n = 0,...,¢+ ko. By (4.18) and since ng > log, log,(2N) +
log, log, (sK?2/§), the weak nets Ay, ..., Anyretk, corresponding to po, ..., perk, and M as in (4.21) satisfy

|gno+n| < 9logs (2N) log, (sK?/8)K?s/p? _ 9logs (2N) log, (sK2/5)-2™ < 22"0+",

and are therefore admissible sequences in T'. For each weak covering A, = {21,...,2,} any point z; for
t=1,...,r comes with its own unitball. Hence, each point in x; for ¢ = 1,...,7 is only correctly described
by the tuple (z;, | - [|x,r;) for ¢ =1,...,7. Let us therefore agree on the followmg notation. For each f € T
we denote by Tpy4n(f) any element T € An0+n of the weak net An0+n ={x1,...,z,} that satisfies

||$—7~Tno+n(f)“fno+n(f)7x nilln ||f_$7, I;, X

for a suitable I, 1n(f) C [m] with [In,4n(f)] < M such that the pair (Fng4n(f), || - | Toysn(y)) I8 an clement
of {(x4, ]| Togin f)))}ie[r]- By the same token we also introduce another piece of notation, which is necessary
because of the nature of the seminorms || - ||x,7. As pointed out above, by the definition of || - ||x,; each
approximant 7,,+n (f) is associated with a set I satisfying |I| < M, such that |[{f — Tpy+n(f), Xi)| > ppn for
all 1 € I. Let us therefore define,

Lngtn(f) ={i € [m] : [(f = Tngtn(f): Xi)| > pn} - (4.22)
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We denote the sequence Ty, (f); - -, Tng4n (f) by Zn(fx)-

We refine the admissible sequence (An0+n)n+%° based on our chosen approximation accuracy § > 0. For

each f € T and some n € N we consider the tuple (7, (f),..., Tne+n(f)) and inductively define sets
(Bng+n)i_o as Epy—1 := 0 and, for n =0,...,¢, as
Eugin = Bngin(fx) i= 0 € 1]+ [Faga(D Xl 2 V2 pub\ U Bugin(f) . (423)
k<n

We define an admissible sequence of approximations for an element f € T based on the data (T, 1n (f))5Ek0

and the associated sets (E,,+n(fx))_o- For each sequence |fx|?, we set

Tno CXOP1E, 0 ())iepm 5 if k€ [nyn+ ko),
72l i {<|< k(D) X)L, 4 () i .+ o) (424)

0, if k ¢ [n,n+ ko).

We also introduce the notation m, ,|(f, X;)|? for the i-th component of 7; ,|fx|*. Given these maps and
using this shorthand notation, we set

T /(s X2 =iy [, Xa) [P =20, i 6] < (11 4+ 9v2) prpr,
Wlﬁl‘<f»Xi>|2 ;:{ ol ' it ' _ (4.25)
0, otherwise,
for every i € [m] and
7rn0+n+1| fa Z Z th|<fa Xz>|2 3 (426)

k<n L[k, k+kol

for all ¢ € [m]. The associated sequence of sets Ay, +n+1 is the range of the maps myy4nt1 : T — Angtnti
forn=0,...,0—1, ie.

A ={(X X0 wlrXP), TeT) (427)

k<nlelk,k+ko]

Moreover, for n = —1, note that 7, |fx| = 0 and A,,, = {0}. To show that the sequence of sets (A, 1n)-h
we need to provide a bound for the size of A, 4+n for each n =0,...,¢ — 1. We recall that by construction

|/~1n| < 22" provided that n > ng. Moreover, for each n € [0, /] and every f € T we have that the elements
in A, 4+n are determined by the first n elements 7, (f), ..., Tng+n—1(f). Hence,

~ . - ;
| Angtnl < H | Ao k| < 92 k<n—12 < 92" -1 < 22
k<n—1

Therefore, the sequence (An)zoztf; is an admissible sequence for T'. Before we turn to the proof of Theorem 4.8

let us observe the following fact concerning the ¢*°-norm of the approximants, which will come handy in
proofing Theorem 4.8. For each f € T the definition (4.25) implies that,
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max 7Tno+n| X |2 < Z Z Wlﬁl'(.ﬂ X1>|2

i€[m] k=0 1€ [k, k-+ko]

ko
< (IL+9vV2)V/sK? > 27k a2
=0

k<n—1

(4.28)

< (11 +9V2)/sK? ir’“ i 9-1/2

k=0 =0

< (80 + 58v/2)/sK? .

Now that these estimates are in place we are left with ensuring the properties of this sequence claimed by
Theorem 4.8. We have split this task into several lemmas, which can be combined to three leading principles
for the admissible sequence, £2-stability, v2-boundedness and £*-approzimation.

o (%-stability. Lemma 4.9 contains the observation that for i € E,, ., the approximants (7, +n(f), X;)
have size roughly equal to p,. In line with this observation is Lemma 4.11, which states that the sequence
(| Eng+n|p?)h—o captures essentially the £2-norm of ({f, X;))ie[m]-

o 72-boundedness. Lemma 4.10 provides the key bound for |7, +n+1]fx|? — Tngin|fx|?||2 and therefore
a bound for the rightmost term in by, ¢(T).

o (-approxzimation. Lemma 4.12 finally provides a bound for the ¢'-approximation term and is the last
step towards proving Theorem 4.8.

We start with the observation regarding the interplay between the approximants 7,4+, (f) and the sets

Eno+n~

Lemma 4.9. Let £ > 0, f € T C \/EBQZY and let X1,...,X,, denote realizations of X. Let mpq41 : T —
A1 be defined as in (4.26), (4.25), and (4.24) and let Ey,, ..., En e denote the associated sets defined
as in (4.23). Then, for all n = Uk € [nyn+ kol and for all © € [m] \ U, <, Ing+n(f) we have
1 en (D (Tng1x(f), Xa)| < (3 + \/_)

Proof. We first observe that if n = 0 the definition of the nets gnﬁn implies that for each ¢ € [m],
[(Tng (f), Xi)| < |Tng (WK < po and, if n > 1, the definition (4.23) of the set E, 4, implies that
1z, (D) Tngsn—1(f), Xi)| < V2 - pp_1. Further, by definition (4.22) of the sets I,,,+n(f), for all i € [m]

outside of the set U, < Ing+n(f) the estimates | [(Tn, 1 (f), Xi)| = [{f, X} | < px and | [(Tng4n—1(f), Xi)| =
[{(f, Xi)| | < pn—1 hold simultaneously. Recalling the definition (4.21) of py, it follows that

[(Trot+k(F)s Xi) LBy 10 (1) < 1,4, (OO Xi) [ + o)
< 1En0+n< D) ([(Tng+n—1(f), Xi)| + pn—1 + pi) (4.29)
< (3+V2)pn.

This concludes the proof. O

Let us further observe that by a similar argument as in the lemma we find that for each i € [m]\
Un<e Ino+n(f), and for each n = 0,...,¢ we have the bounds

\[pnglE 0+n()|<ﬂ-n0+n( ), X >|<1Eno+n()|<faXi>‘+pn

and
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15,040 DI X)) < Lo ()| (Frgn (£, Xi) |+ pn < (4+V2)pn

In conjunction with Lemma 4.9 these bounds imply that for i € [m]\ U, </, Ino+n(f) and n=0,...,¢,

(4.30) if i € Epyyn, then for all k € [n,n + ko), |(Fngar(f), Xi)|2 < (3 +12)%p2,
(431) i i € Eng i, then (V2 — 1202 < |(f, X0I? < (V2 + 4203

Lemma 4.10. Let (A,)n>n, be as in (4.27), f € T C \/sBY and E,, ..., En +¢ defined as in (4.23). Then,

||7Tn0+n+1|fX|2 - 7Tno+n|fX| H2 40 + 29\/_ \% |En0+n pn .
Proof. Let f € T. Expanding the short-hand notation |fx|? and the ¢? norm, we have
2 2 - 2 22\ /2
ottt = gl P2 = (30 gm0, X = magaldF, X)H?) 0 (4.32)
i=1

Recalling the definition (4.26) of m,|(f, X;)|? for each i € [m], we find that the right hand side of (4.32) is
equal to

(X(E Y Axr- Y X sfinsr))”

i=1 k<nle[k,k+ko] k<n—11i€[k,k+ko]

- (i( ) 7TZ‘ZE,5|<f7Xi>|2)2)1/2 : (4.33)

=1 l€[n,n+ko]

By definition (4.25) and recalling (4.24), we see that the support of the approximant (Wﬁle, Xi>|2)i€[m] is
contained in the intersection of E,,, 4, and the set

T = {i € [m] + [{Faga(F), X)[* = [(Fngi-1(f), X) 2| < (11 +9V2) pupr} -

Hence, we can rewrite the above sum in (4.33) as

m

(YW@ Y Lot Froes XD ~ | Frgera (. X2
i=1 l€[n,n+ko]
< (11+9v2) (Z( PO 1Jn,,(i)pz)2)1/2
i=1 le[n,n+ko)

Recalling that p; = K+/52~%/2 this implies

Z o= K5 Z 9-1/2 — [ /5212 Z o—1/2

l€[n,n+ko) le[n,n+ko] 1€[0,ko]

s 2
< K522y o2 < L1(\/52*”/2.
— V2-1

Hence, the right hand side of (4.32) is bounded by

m /
(40 + 29v/2) p (§ 1p, .. ()2 K\/s27"/2)? ) < (40 + 29V2) /[ Engml 0 -
————

=Pn
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Combining the above inequalities, we obtain the desired estimate. O

Lemma 4.11. Let E,,, ..., E, 10 be the sets associated with m,,1¢|fx|?, defined as in (4.23). Then, for every
realization of X1, ..., X, and for every f € T C \/EBéY, we have

2 - 1 Z |Eno+n|pn < Z | f’ : (434)

n</t

Proof. The sets (En,1n)%_o together with the set E, := {i € [m] : [(Tn,1e(f), Xi)| < v2pe} form a partition
of the set [m]. Let Zo(fx) = (Ing(f), - -+, Ing+e(f)) denote the sets associated with the initial approximants
defined in (4.22). Then, by definitions (4.23) and (4.22), and using the fact that the sets (E,,1n)5_, are
disjoint, for every i € [m] \ U,,<p Ing+n(f), we see that

‘>Z|f7 |1Eno+n()

n</t

= Z |<7~Tno+n(f)7 Xi>|1En,0+n, (Z) - pnlEn0+n (Z)

n</t
2 Z(\/Qpn - pn)lE'rL0+rL( Z 2 - 1 Z pnlEnD+u '
n<t n<t

Squaring both sides of the inequality above, summing over all indices i € [m] \ |, <, Ino+n(f) and, again,
using the fact that the sets E,, 1, are disjoint, it follows that

STUL X > > (XD > (V2=1) 0} | Enginl - (4.35)
im1 i€[mN\U < Ing+n(f) n<t

This is the desired estimate. O

Next we study the problem of bounding the difference |||fx|?> — Tno+e¢|fx|?||1- The following lemma
provides a key step towards Theorem 4.8.

Lemma 4.12. Let T C \/EBéY and let mpore © T — Apg+e be as defined in (4.26). Further, let ng >
log, log,(2N) + log, log, (sK?2/8) with § € (0,1), £ = [logy(sK?/d)], ko = [logy(1/6%)]. Then, for every
realization of X1,...,Xm and every f € T we have

m m
D A Tngre (f Xa) 2 = [(f, X0) 2] < (69 +49V2) 6 Y |(f, Xi)|* + (643 + 468v/2) dm . (4.36)
i=1 i=1

Proof. For the approximation m,,¢|(f, X;)|? we let T, (f), ..., Fng+e(f) denote the inital approximants

in T and E,,,...,En,+¢ the corresponding sets of indices defined in (4.23). Further, let Z,(fx) =
(Ing (), - -y Ing+e(f)) denote the sets associated with the approximants, defined by (4.22). Moreover, we
define the sets

= [m]\ U Ingtn(f) and J°= U Ingn(f)

n<t n<t

We split the proof into two main parts. First, we show that the contribution from the set J¢ to the
approximation error, i.e., ||(|fx|* — Tnorelfx|?)|sc]l1, is bounded by 16(40 + 29+/2) 6m. Afterwards, we
study the contributions of the set J, namely ||(|fx|? — Tno+elfx|)]s]]1-
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For the first part, recalling from (4.21) that M = 4dm/(sK?log,(sK?/4)), we observe that by the
definition of weak covering and by the definition (4.22) of the sets I 4+, we have |L,,+n(f)| < M and,
therefore,

46m(f +1)
‘<l+1 Lyyin < . 4.
|‘] |—( + )Ir?gzq o+ (f)|_8K210g2(SK2/6) ( 37)
Hence, using (4.28) we find that for each f € T C /sBy,
>[I X = g4, X2
ieJe
am(l +1)6 (4.38)
< 2 NE
< (s 6, X0 + ms el X0P) o a7y

< 16(40 + 29V2) om

In (4.38) we have used that ¢ = [logy(sK?2/§)]. Therefore, the contribution from the indices i € J¢ is
bounded by 16(40 + 29v/2) m.

In the second part of the proof, we estimate the approximation error corresponding to the set J. We start
by expressing the approximant 7| fx|? in an equivalent form (see (4.40) below) obtained by simplifying

a telescoping sum. Namely, for every i € J, we observe that, assuming that

15, (D (|5 k[ (F, Xo) P = 7 [, Xa)?) < (114 9V2) - pupr, (4.39)

for every k € [n,n + ko] and n € [0, ], then for each i € [m] the telescoping sum in the definition (4.26)
satisfies

Tno+el(f, X Z Yo (Ul XolP = s aea (), X))

n=0 n,n
k€[n,n+ko] (4.40)

—1
=3 T iho /s Xi Z 1,000 (D) (Trgtntro (), Xa)? .
n=0

Let us now verify the validity of (4.39). This is trivial if ¢ ¢ E, 4n. For i € E, 1y, it is implied by the
following estimate: For each ¢ € J and k € [n,n + ko], we have

(10 X = 2l X = (10 X = Fngrl U X P 18,0, ) € (T+2VD prpn . (441)

Let us show the validity of (4.41) for i € E, . Recall that for ¢ € J and k € [n,n + ko] the definition of
(4.21) implies that | [(f, X;)| — [(Fne+k(f), Xi)| | < pr. Therefore, by using (4.30) and (4.31) we find,

10 XD = [Fng (), XD |11, 6)
= |15 X = |Gt (£ X [ 18 X + 1R (1), X | L, )

< | |0, X+ |t (£, X L, ()

< (T+2V2)prpn

This proves the claim (4.41). With this we observe that for each i € J N Ey, 4, we have
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(f, X2 = 7 et [ Xa) P < (11 + 9V2) prprs - (4.42)

|7,
Indeed, for k > n + 1 we employ (4.41) and the triangle inequality to see that
|7r:7,,k|<f7 X¢)|2 - T‘—:;,k71|<fﬂ X¢>|2|
o il (F Xa) 12 = 1CF X 2+ 1, Xa) = i [, X¢>|2’

X2 = [ XD+ [ a4 KO = 10, X0 |

< ((7T+2V2)pupr + (T+2V2) pupi—1)
<(7+ 2\/§)<1 + \/§> pnpr = (11 + 9\/5) PnPk -

Further, for k = n the desired estimate follows from Lemma 4.9 and for k¥ < n we have 7, , |(f, X2 =o0.
This proves (4.42) and, consequently, (4.39) and, in turn, (4.40).

Taking advantage of the representation (4.40), the proof is now concluded by estimating ||(|fx|* —
Gno.e| fx|*)] 711, where we define

Gng | (f, X Z 15,0 (D) Fngnt ko () Xi) P - (4.43)

For any ¢ € J, there are two possibilities. Either ¢ belongs to a set E,,,,, for exactly one value of n =0,...,¢
(recall that the sets (E,,1rn)n<e¢ are disjoint), or ¢ does not belong to any of these sets. In the first case, i.e.,
i € Epg4n N J for some n = 0,...,¢ the estimate (4.41) applied for k = n + ko together with (4.31), i.e.,
(V2 —1)?p2 < |{f, X;)|? and the fact that ko = [log,(1/62)] imply that

‘<%no+n+ko (f)’ Xl>|2 - |<fa Xl>|2 < (11 + 9\/5) PnPn+ko
< (1149v2) p22750/% < (69 + 49v/2) 8|(f, X,)[*.

Hence, since the sets (Eyy+n)n<e¢ are disjoint, we obtain the estimate

S XD = Gl (£ X | < (69 +49vD) 8D I(F. X2 (4.44)

i€JNU, <4 Entng i=1

Next, let us consider the case that for all n < ¢ we have i ¢ F,, 1,. Under this condition, for all n < ¢ we
have ¢, ¢|(f, Xi)|> = 0. From the definition of E, 1, and the fact that 7,,¢(f) is associated with a weak
covering of parameter py, it follows that, for any i € J,

(s Xi)| < pe+ [(Fnore(£), Xi)l < pe+ V2p0 < (14 V2)pe < (14+V2)V5 .

Therefore, if i ¢ F,, for all n < ¢, we obtain

S |Gueeldf XaE — 10, X0) P > LX)

1€JNN <y Engin €I, <o Bfgan
< 0 < 0

1+ V2?3 |0 () Bl (4.45)

n<t

<1+ ﬁ)zmé .

IN
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Finally, since [m] = (JNU, <y Eng+n) U(J N« B 4,) UJC is a partition of [m], combining the estimates
(4.44), (4.45) and (4.38) we obtain,

>

Tna el (F, X0) 2 = |(, X0)P2|

i=1
= Y el XD = X0
ieJnUngéEnoJrn
D SR TS ST [T T
i€JNN, <, ESO+"
+ 3 sl (1. X2 = 145 X2
ieJC
< (69 +49v/2) 6 > [, XV 2 + (1 + v/2)%0m + 16(40 + 29v/2) 6m .

iGJﬂUnSZ Eng+n
This estimate finishes the proof. O
Having established these results we are ready to give the proof of Theorem 4.8.

Proof of Theorem 4.8. The inequality (4.19) coincides with the claim of Lemma 4.12.
Let us verify the second claim (4.20) of Theorem 4.8. By Lemma 4.10 we have the bound

no+4—1 no+4—1
Y 28 Tugrnilfx? = Tuginl fxPllz < (404+29v2) Y 284/ [Engnlon
n=no n=no

Recalling that p, = /K272, we see that the left hand side of (4.20) is bounded by

no+£—1 -1
(10+20v3) 3 28 V[ Buyrnlp? < (10 +20V2)V5K2F S \/[Eyinlpn -
n=ngo n=0
By using Cauchy-Schwarz to estimate the sum over n = 0,...,¢ — 1, it follows that this term is bounded by
, -1 12
(40 + 20v/2) - 2% \/E_SK( 3 |En0+n|pi) . (4.46)
n=0

Applying Lemma 4.11 to this estimate we obtain that (4.46) is bounded by
no [/ e 1/2
(200 + 140v2) Vis K24 (31 X))
i=1
Summarizing these estimates we obtain (4.20). O

The last step in this section is to establish Theorem 4.2 based on Theorem 4.8.

Proof of Theorem 4.2. Using Lemma 4.4 together with Theorem 4.8 we obtain that for ' C /sBJ, § €
(0,1), ng = [logy log,(2N) + log, log, (sK?2/8)] (thus, we obtain 2 < v/2,/log,(2N)log,(sK?2/5)) and
0= [logy(sK?/5)] < 2log,(sK?/6) the following bound holds:
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m

< (69 +49v2) 6 Y (£, Xi)|? + (643 + 468+/2) om

i=1

1 m
]Esup‘— X)) e
sup | DS XPe,

2 2 2 m 1/2
+ (280 + 200v/2) \/SK log (sK?/9) log(eN) (E sup LSy, Xi)?)
m fer M=

This is the desired estimate. O
4.4. Extension to Theorem 2.13

In this section we discuss the changes of the proof of Theorem 1.1 that are necessary in order to obtain
its weighted version, Theorem 2.13. The result in Section 2.3 can be obtained by the same argument as
presented in this section with minor modifications. For the convenience of the reader this section discusses
the necessary changes and their impact on the argument.

As a first step let us note that the arguments stated up to the subsection 4.3 are also valid in the context
of Theorem 2.13 and can be applied without changes after recognizing that under the assumption that
w; > |[(X;, ;)| for all j € [N], then for each f € CV with ||f|w,1 < /s we have

[ XD < M llwa max wi X < [ fllws < Vs (4.47)

Therefore, the main content of this subsection is to show that we can construct an admissible sequence
(Ap)n>ne, which mimics the behavior of the sequence we constructed in Theorem 4.8. In order to do this,
let us start by introducing some notation.

The argument that we would like to adopt is concerned with a weighted version of the £*-ball. Recall from
(2.18) that the definition of the weighted P-spaces gives the following definition for the weighted ¢!-norm.

For a sequence of weights w € [1,00)" we have
N
1l =il £51- (4.48)
j=1
The unit ball of this norm is given by
B ={f €CY :|[fllwy <1} (4.49)

Let us now indicate how the argument of Subsection 4.3 has to be adjusted in order to cover the set
{(|<fa X1>|2)l€[m} : f € T}a where T' C \/gBé\ll .

w

The first point is to find a weak covering of \/EBﬁ in order to get the argument started.

Lemma 4.13. Let T C \/sB} , 6 € (0,1) and p > 0. Assume that w € [1,00)" satisfies w; > (X, e;)| roe-
Then, for every realization of X1,...,X,, we have

log A" (T, ). 46m )) < 2logy(s/0)logy(2N)s

slogy(s/d p?
Sketch of Proof. The lemma is a staightforward adaption of Lemma 4.7. First observe that every x € Bé\{

is a convex combination of V = {ftwj/se;, iw;/se; : j € [N]}, i.e., there are coefficients A, > 0 with
> wev A = 1, such that

l‘:Z)\UU.

veV
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By arguing as in the proof of Lemma 4.7 we can construct random variables Z;, for [ = 1,..., L, such that
P(Z; = v) = A,. This sequence of random variables satisfies E(Z;, X;) = (z, X;) and for each i € [m)],

p) < 2exp(~Lp* /(oo (X, Z1))) < 2exp(=Lo/5),

(’i Z0 X)) — (2, X)) >
=1

since |(Xi, Z1)| < || Zi|w,1 maxen w]»_l\<Xi,ej>| < /s. The rest of the argument is identical to the argu-
ments in the proof of Lemma 4.7. O

4.4.1. Adaption of Theorem /.8
Let us state a version of Theorem 4.8, which can be used in the weighted context. The theorem and its
proof only contain minor changes compared to the result in Section 4.3.

Theorem 4.14. Let T C \/sBY and let § € (0,1). Assume that for all j € [N] we have w; > |(X,e;)| po.
Then, forng = [logy 1og2(eN)+log2 logy(s/6)] and € = [logy(s/0)] there is an admissible sequence (Ap)n>n,
for T such that

e Forall f €T we have

5% 1% = Tngrel Fx Pl < (69 +49v/2)6 Y T [(f, Xi)[* + (643 + 468/2)5 . (4.50)
=1

e Forall f € T we have

no+£—1
Y 2 Imaralfxl® = mal fxPllz < (200 4 140v/2) - VEs2F (I((F, X0) )icpm 2 - (4.51)
n=ngo

Let us summarize the necessary changes in the argument presented in Section 4.3. As in the covering
argument above, the following assumption is crucial for the deduction of Theorem 4.14:

for all j € [N] we have w; > [|[(X, e;)| L - (4.52)

The remainder is organized around the principles used in Section 4.3 and only contains remarks on the
minor changes that need to be applied in order to obtain Theorem 4.14.

As a general note in order to understand the adaptations we remark that the estimates in Section 4.3
mostly depend on the inner product |(f, X;)| for elements f € T C \/sB}. However, under the assumption
(4.52) the inner product |{f, X;)| satisfies the same bounds as before.

The initial admissible sequence. In oder to set up the initial admissible sequence we consider the norm
[fllx := max;epm [(f, Xi)| and observe that for T C \/sB;l we have the estimate sup;cr[|f[x < /s

w

provided that (4.52) is satisfied. Therefore, the initial sequence is defined as in (4.21) by setting

46m
=522 and M=—— . 4.53
pn = V52T an $To85(5/9) (4.53)
The above lemma then guarantees the existence of an admissible sequence for n = 0,--- ,¢ + ky. The

necessary definitions in (4.25) and (4.27) can be adapted without changes.
02-stability. Versions of Lemma 4.9 and Lemma 4.11 for the weighted setting can be deduced by the same
arguments as in Subsection 4.3.
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The ~v2-boundedness. A version of Lemma 4.10 can be deduced by exactly the same arguments. Further,
the bound for the o functional in the proof of Theorem 4.8 can be used up to replacing /sK by supcr || f|/x-
The ¢*-approzimation. In order to deduce a version of Lemma 4.12 we can again use the argument pre-
sented in Subsection 4.3. This is possible, since all arguments in the proof only depend on max;em [(f, X;)|?

and the differences ‘|(f, Xi)| = UTng+x(f), Xi)| |18, .., (). Further, by the choice of p,, Assumption (4.52),
it follows for f € /sBJ we have the bound || f||x < /s.
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